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Radiations from Ba"! 


By Kunio NAGATANI 


Department of Physics, 
Tohoku University, Sendai 


Beta- and gamma-rays from 18-min Bal! were investigated using scin- 


tillation spectrometers. 


Bal4! was made from photofission of natural 


uranium. The end-point energy of the beta-ray was determined to be 
2.8-MeV and the gamma-rays of energies 0.125, 0.19, 0.28, 0.37, 0.46 
and 0.61-MeV, respectively, were observed. 


Introduction 


§1. 
Barium isotopes are often used for monitor- 
ing fission yields. Radiochemical methods for 
separating barium from other fission products, 
therefore, are very well established. 

In the course of radiochemical studies using 
a betatron, we have produced 18-min Ba"! 
which probably is an easier standard for 
shorter half-life studies than 85-min Ba'** or 
12.8-day Ba!4° which are usually employed as 
standards. 

Not very much, however, was known about 
the radiations from 18-min Ba"!. 

Until very recent year measurements were 
only done by absorption method.) So, it 
is felt worth while to measure the radiations 
from this nuclide with scintillation spectro- 
meters. 

During the course of this investigation, 
results of such scintillation spectrometer 
studies were reported. These results are 


’ generally in good agreements with ours, but 


in the present experiment a few more gamma- 
rays were observed. 


§2. Experimental Procedures and Results 


For producing Ba1*! from photofission, sam- 
ples of UO.Cl,-HCl-2H:O were irradiated for 
20-min with bremsstrahlung from a 25-MeV 


- betatron at Tohoku University. 


For separating barium from other fission 
products of uranium a procedure described 
by Glendenin® was modified so that more 
rapid preparation of the source could be 
achieved. 

After dissolving the irradiated uranium by 
fuming HNO;, the barium was _ separated 
chemically with NazCrO. as precipitate of 
BaCrO.. Before this step, the contaminations 
of other fission products were scavenged 
several times by Fe-c rier as precipitate of 


% i 
os 


Fe(OH)3. This process could be performed 
within 10 minutes or so after the irradiation 
was finished. 

The purities of these samples were checked 
by following the decay of the _beta-rays. 
From the decay curve, 18-min component was 
obtained after subtracting out some long com- 
ponents. These long components were 85-min 
Ba1*® and 3.7-hr La‘! which was the daughter 
product of 18-min Ba™!. In this experiment 
the 1l-min Ba!*? was not separated since it 
took rather long time to do chemical separa- 
tion. The decay curve is shown in Fig. 1. 

Also, we detected the well known gamma- 
rays belonging to 12.8-day Ba!4® which was 
prepared by the same chemical procedures 
from the same uranium compound irradated 
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Fig. 1. The decay curve of the beta-rays. 
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in Japan Atomic Energy Research Reactor. 
No other gamma-rays than those of Ba!*° were 
found in the source. 

Consequently, it was considered that the 
samples contained only barium and the con- 
taminations could be neglected. The gamma- 
rays were detected by a 13” x13” Nal(Tl) 
crystal and a 100 channel pulse height analy- 
ser. The spectra were very complicated be- 
cause of short lived component which might 
be considered to be 1l-min Ba™ and of its 
daughter product, 91-min La™, in addition to 
the longer three components. 
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Fig. 2. The spectra of the gamma-rays. 


So, we determined the gamma-rays of Ba"! 
subtracting the known gamma-rays due to 
Ba, La‘!, Bal? and La!4!, and following the 
decay of each photopeaks. Fig. 2 is these 
spectra. In each spectrum, a sharp peak was 
found at 0.075-MeV. In order to identify this 
peak, a spectrum of a calibration source 
In™*™ was measured under the same geometry. 
In this spectrum a sharp peak was similarly 
observed at 0.075-MeV. Therefore, it might 
be considered that the main contribution to 
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this peak came from a back scattering and a_ 
X-ray of lead blocks which were used for | 
shielding. So, even if a gamma-ray of Ba™? 
was included in this peak, it was not to be 


so strong. 


There was a very rapid decay at 0.25-Mev, | 


it might be assigned to Ba™. 

In the previous investigation,» the gamma- 
rays were reported at energies 0.20, 0.29 and 
0.46-MeV, respectively. In the present results, 
however, they were observed at energies 


0.19, 0.28 and 0.46-MeV. Besides then, weak - 


gamma-rays were also observed, at energies 
0.125, 0.37 and 0.61-MeV. Also, around 0.31- 
MeV, a broad peak which might be consider- 
ed to belong to Ba}4#!, was observed. 


Table I. Gamma-rays of Bal4!. 
Energy in MeV Intensity ratios 
0.125 25 
0.19 100 
0.28 45 
0.37 40 
0.46 20 
0.61 15 
0.31(?) — 


The intensity ratios were obtained from the 
photopeak areas in the spectra. 
of these were several ten precent. 
results are shown in Table I. 


The 


the end-point energy was determined to be 
2.8-MeV. This is in agreement with the pre- 
vious measurement.” 
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The beta-rays | 
were observed with an anthracene crystal and | 
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Angular Correlation Measurements in the Decay of In!” 


By Mitsuhiro KAWAMURA 
Department of Physics, Kyoto Prefectural University, Kyoto 
(Received August 22, 1959) 


The directional correlation and the polarization-direction correlation 
of the 722 Kev-556 Kev gamma-gamma cascade in Cd"4 have been measur- 
ed. It is found that the decay sequence of this cascade agrees well with 


the 4(E2)2(E2)0 sequence. 


The ratio of the rate of the positron decay 


to that of the cascade decay is also obtained as 3x 10-3. 


Introduction 


§1. 


The 50-day isomeric state of In™'™ decays 
to Sn™* by electron emission through the 
ground state of In and to Cd! by electron 
capture. In the latter transition, it is well 
confirmed from the coincidence measure- 
ments?-? and the Coulomb excitation experi- 
ments®-™ that the 556Kev gamma ray is 
emitted in succession to the 722 Kev gamma 
ray. For this gamma ray cascade, many direc- 
tional correlation measurements were carried 
out and their results were found to fit well 
with the theoretical correlation function in 
either case of the spin assignment of 4 or 
2 to the 1.28 Mev level. Now, in view of 
the fact that the energy ratio of the first two 
excited states in this nucleus is nearly two, 
the excitation should have the vibrational 
character.» Recently, a 2+ level having the 
energy of 1.20 Mev was found through the 
experiments of the Coulomb excitation’ and 
the (m, y) reaction. Combining this with the 
spin assignment of 4 to the 1.28 Mev level, 
the existence of the triplet of levels as de- 
scribed by Scharf-Goldhaber and Weneser™ 
can be suggested. Therefore, it is worth 
while to determine decisively the spin and the 
parity of the 1.28 Mev level. 


§2. Directional Correlation Experiments 


The source material obtained from Oak 
Ridge National Laboratory was InCl; in HCl 
solution. The gamma ray spectrum of In"*™ 
decay was measured by using an Nal(TI) cry- 
stal of the well type which had 1} inch in 
diameter and 2 inch thick having a hole of 
% inch in diameter and 13 inch in depth 
drilled along the center axis. The result is 
shown in Fig. 1. A higher peak seen in the 
figure corresponds mainly to the sum peak of 
the 556Kev and 722Kev gamma rays. In 


measuring the directional correlation, the 192 
Kev gamma ray having strong intensity was 
suppressed by using lead absorbers of 5mm 
thick placed on the front face of both detec- 
tors. Through this experiment, the RCA 
5819 photomultiplier tubes mounted with 
Nal(T1) crystals of 13 inch in diameter and 
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Fig. 1. Gamma ray spectrum of In14m, 


1 inch thick were used. The coincidence 
spectrometer used is the same one as report- 
ed previously. The gamma ray spectrum 
with the absorber is shown in Fig. 2. The 
pulse height analyzers were adjusted to reject 
completely the coincidence counts caused by 
the scattered gamma rays. 

The distance between the source and the 
front face of each crystal was 7cm. Since 
the source was used in liquid from and the 
measured life-time of the intermediate state 
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was shorter than 2.3x10-1°sec,1©.1” the at- 
tenuation of the anisotropy by the extranuclear 
effect was expected to be mostly avoided. 
The experimental result thus obtained is 
shown in Fig. 3. Some anomaly found at 
the angles of 165° and 180° can be explained 
as the effect of the annihilation gamma rays 
created at the source position. This view- 
point was confirmed further by another direc- 
tional correlation experiment in which one 
pulse height analyzer was adjusted to count 
only the gamma ray higher than 640 Kev so 
that any coincidence counts of the annihila- 
tion gamma ray should be completely exclud- 
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Fig. 2. Spectrum of In14m gamma ray with 5mm 
lead absorber. 
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Fig. 3. Directional correlation of the 556Key— 
722Kev gamma rays including the contribution 
of the annihilation radiations. 
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ed. The result is shown in Fig. 4. The 
disappearance of the above-mentioned anoma- 
ly confirms the existence of the annihilation 
gamma rays due to the positron decay. 
Moreover, by using the experimental data 
given in Fig. 3, the ratio of the rate of the 
positron decay to that of the cascade decay 
could be estimated as 3x10-%. Thus, if the 
branching fraction for the K-capture decay 
to the 1.28 Mev level of Cd!* per decay of 
In™™ is 3.5% as reported by John e¢ al.®, 
that for the positron decay becomes 0.01%. 
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Fig. 4. Directional correlation of the 556Kev-— 
722Kev gamma rays not including the contribu- 
tion of the annihilation radiations. 


The result shown in Fig. 4 can be express- 
ed as 


W(@)=1+(0.091-+0.006)P2(cos 8) 
+(0.030--0.009)P.(cos @) . (Es 


This formula is corrected for the finite an- 
gular resolution. The theoretical values of 
Az; and As for various combinations of the 
spin assignments to the second excited state 
and the multipole mixings for the 722 Kev 
gamma ray are tabulated in Table I with the 
experimental values. The fit between the ex- 
perimental and theoretical values is tolerably 
well in either case of the 4(Q)2(Q)0 or 2(D, Q) 
2(Q)0 (06=—0.20) sequence. Therefore, it is 
difficult to choose the best case from the 
result of the directional correlation measure- 
ment. But this ambiguity can be removed 
by the  polarization-direction correlation 
measurement. 


1960) 


Table I. The theoretical values of A, and A, 
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for various combinations of the spin assignments to the 
2nd excited state and the multipole mixings for the 7 


22Kev gamma ray and the experimental values. 


Cascade | As Ag o* 

4(Q)2(Q)0 0.1020 0.0091 

3(D, Q)2(Q)0 0.1330 — 0.0067 —0.30 
3(D, Q)2(Q)0 0.1064 — 0.0049 —0.25 
3(D, Q)2(Q)0 0.0740 ~0.0031 —0.20 
2(D, Q)2(Q)0 0.0564 0.0196 —0.25 
2(D, Q)2(Q)0 0.0967 0.0126 —0.20 
2(D, Q)2(Q)0 0.1357 0.0072 —0.15 
Experimental 0.091+0.006 0.030+0.009 


* 6 is the ratio of the reduced matrix element of the quadrupole transition to that of the dipole 


transition. 


§3. Polarization-Direction Correlation 


a) Polarimeter 

Schematic arrangement of the polarimeter 
is shown in Fig. 5. In this figure, the Z-axis 
is perpendicular to the plane containing the 
center-axis of the scatterer (X-axis) and that 
of the direction counter, and the Y-axis is 
parallel to the center-axis of the direction 
counter. 
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Fig. 5. Schematic arrangement of the polari- 
meter. 


A plastic phosphor (P) composed of poly- 
styrene, p-terphenyl (1%), POPOP (0.03%) 
and zincstearate (0.03%) was used as_ the 
scatterer and the crystals for the direction 
counter (D) and the side counter (S) were 
Nal(Tl) of 13 inch in diameter and 1 inch 
thick. The distances between the source and 
the front face of the D crystal and that of 
the phosphor P are both 5cm. The front 
face of the S crystal is placed at a distance 
of 5cm from the X-axis, and the line connec- 
ing the center of the phosphor P and that of 
the front face of the S crystal makes an angle 
of 80° with the X-axis. This angle gives the 
maximum asymmetry ratio for the gamma 


ray of about 750 Kev. The gamma ray beam 
collimated into the phosphor P is scattered in 
the same phosphor and detected by the S cry- 
stal. The lead shield of 5cm thick is suf- 
ficient to protect the S crystal against the 
direct radiation from the source. The col- 
limator, the scatterer and the S crystal, be- 
ing fixed with each other, can be rotated 
around the X-axis. Besides, lead absorbers 
of 5mm thick were put in front of the D 
crystal and the phosphor P to attenuate the 
192 Kev gamma ray. Among them the one 
for the D crystal is also useful to suppress 
the scattered gamma rays entering into the 
same crystal. The electronic circuits are 
similar in principle to those used in the direc- 
tional correlation measurements and _ their 
block diagram is shown in Fig. 6. 


b) Adjustment of the apparatus 
For the calibration of the polarimeter, the 


Fig. 6. Block diagram of the triple coincidence 
circuits used for the measurement of the polari- 
zation-direction correlation. 

P.M.-RCA5819; P.A.-6AK5 cathode follower 

L.A.—Model 500 linear amplifier 

P.H.A.-pulse height analyzer 

G-gate circuit; Coinc-double coincidence cir- 
cuit 

D.L.-G.E. DL1100 giving 0.54 sec delay. 
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660 Kev gamma ray of Cs'? was used, be- 
cause the gamma ray energy of this isotope 
was nearly equal to that of In'™. The 
spectrum of the pulses in the S channel which 
are in coincidence with all pulses in the P 
channel is shown in Fig. 7. In this figure, 


I5O0KeV, 


0 10 20 30 40 50 
Pulse height 
Fig. 7. Gamma ray spectrum of the S-channel in 
coincidence with all pulses in P-channel. 


the higher peak, in view of its energy, cor- 
responds to singly scattered gamma rays from 
the phosphor P and the swelling seen at about 
150 Kev can be explained to be caused by 
doubly scattered gamma rays, because the 
pulses of this part are in coincidence mainly 
with those of the low energy part of the P 
channel spectrum. Undesirable admixture of 
doubly scattered component mentioned above 
was avoided by adjusting the pulse height 
analyzer in the S channel to stop out the 
pulses corresponding to the energy less than 
220 Kev. The pulse height analyzers in the 
D and P channel were adjusted so as to count 
only the gamma rays higher than about 120 
Kev and about 100 Kev, respectively. The 
accidental counts in the triple coincidence 
measurement are considered to be caused 
mostly by the coincidence events between the 
true P-S coincidence pulses and the output 
pulses from the D channel, because the ac- 
cidental coincidence rate contained in the P-S 
coincidence rate is estimated to be negligible 
in comparison with the true coincidence rate 
due to small single counts in the side counter. 
These counts were measured by delaying the 
pulses in the D channel by 0.5 sec and the 
true triple coincidence counts amounted to 
about 10/min throughout this experiment. 
The source position was adjusted so that the 
P-S coincidence rate should be equal to each 
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other for the perpendicular and parallel posi- 
tions.* 


c) Asymmetry parameter of the polarimeter 

The correlation function expected for the 
polarization-direction correlation measurements 
on cascade gamma rays has been calculated 
by several authors.1?.2 The calculated cor- 
relation is given as a function of @ and ¢, 
where @ is the angle between the directions 
of emissions of the cascade gamma rays and 
y is the angle between the electric vector of 
the gamma ray entering into the phosphor P 
and the normal to the plane of the two 
gamma rays. When the polarization-direction 
correlation function for a cascade is given by 
W(@, v) and only the electric vectors for ¢ 
=90° and 0° are measured, the triple coinci- 
dence rate N,,(9) and N.i(g) can be written?» 
as 


N\\(@)=C[W(8, 90°)do(e, 0°) 

+ W(8, 0°)do(s, 90°)], 
N.i(@)=C[W(8, 90°)do(e, 90°) 

+W(8, 0°)do(e, 0°)]. G2) 


Here, Nj\\(@) and N.:(@) represent the rates 
for the cases in which the plane of scattering 
of the incident gamma ray into the phosphor 
P is parallel and perpendicular to the plane 
containing both of the cascade gamma rays, 
respectively. C is a numerical factor which 
is independent of all angular variables and 
do(8, &) denotes the differential cross section 
for scattering of the incident gamma ray of 
energy ko, where # is the scattering angle 
and ~ the angle between the direction of 
polarization of the incident gamma ray and 
the plane of scattering. do(#, #) is given by 
the well-known Klein-Nishina formula as: 


Wate 2 ¢icaal, Rana 
do(a, aver: hy? ee - 


—2 sin? 2 cos jee 7 


(3) 
with 


= ko 
1+ (Ro/mc?)(1—cos 8) ’ 


where k is the energy of the secondary 
quantum. 


es 


* The perpendicular and parallel positions cor- 
respond to the positions at which the axis of the 
S crystal coincides with the Z-axis and the Y-axis, 
respectively. 


ae 
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In estimating Nj\(0) and N.(0) theoretically, 
the effects of finite size of all the detectors 
were not sufficiently taken into account in 
Metzger and Deutsch’s paper.1®) 

This situation is improved in the present 
paper. However, straight-forward calculation 
is so complicated and tedious that some sim- 
plifications have been introduced in the actual 
calculation. Firstly, the D crystal is sub- 
stituted as shown in Fig. 8 by five points D, 
(7=0, 1, 2, 3, 4), all of which lie on a plane at 


Fig. 8. [Illustrative figure of the scattering phos- 
phor, the direction and the side crystals. 


the middle of the front and back faces of the 
crystal. Similarly, the phosphor P is repre- 
sented, as seen in the same figure, by fiften 
POmMtstr .: (7 =ON, 2,3, 455 k= 1,253). In this 
approximation, the coincidence counting rate 
corresponding to Eq. (2) is expressed as 


Ni(0)=ALS W(8:i;, 90°)ax;(0°) 
> W443, 0°)o:(90°)] , 
Ni(O)=ALX W(6:3, 90°)oi;(90°) 


+2 W(Gi5, 0° )oi(0°)], (5) 


where A is a numerical factor which is in- 
dependent of all angular variables and 4; is 


the angle between OD: and OPix. 
oi) (~=0° or 90°) is expressed as 


oi (X)= di Ee jd Os jk) « (6) 


In this formula, » is the linear absorption 
coefficient of the plastic phosphor for the in- 
cident gamma ray, and x is the distance 
between Py, and Py. doijx(0°) denotes the 
cross section that the incident gamma ray 
polarized linearly along the normal to the 
(OD:, OPs«) plane is scattered at the point Pix 
and enters into the S crystal at the perpen- 
dicular position. doij(90°) corresponds to the 
one for the parallel position. To simplify the 
calculation, the S crystal is replaced by a 
square, as shown in Fig. 8, which lies on a 
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plane placed at the middle of the front and 
back faces of crystal and has the same area 
as that of a circle of 1-1/2 inch in diameter. 
oi0°) and o:;(90°) depend on the geometry 
of the polarimeter and the energy of the in- 
cident gamma ray and are called asymmetry 
parameters of the polarimeter. The result of 
numerical calculation on this parameter is 
given for various gamma ray energies in re- 
ference 23). For the 0.89 Mev-1.12 Mev 
gamma-gamma cascade of Sc** which has the 
well-established decay sequence of 4(E2)2(E2)0, 


the calculated value of Nj)(90°)/N1(90°) was 
0.89, while the experimental one was obtain- 
ed as 0.92+0.03. The fit seems to be well 
within the limit of standard error. 
d) Measurement and result 
Since the measured two gamma rays of 
Cd!4 have nearly the same energy, the ef- 
ficiency of the polarimeter counting one 
gamma ray by the phosphor P and the other 
by the D crystal is approximately equal to 
that of the reversed case. Taking this condi- 
tion into consideration, the averaged polari- 
zation-direction correlation function can be 
expressed as follows. Namely, for 4(E2) 
-2(E2)0, 
CWO, ¢)>av=1+0.1020P2(cos 8) 
+0.0091 P.(cos @)+ [—0.0510P2?(cos 8) 
+0.0008P.?(cos 7)]cos 2¢ , C7a) 
and for 2(E2+M1)2(E2)0, where d=—0.20, 
<W(O, ¢)>av=1+4+0.0967P2(cos 8) 
+0.0126Pi(cos #)+ [—0.0953P2?(cos 0) 
+0.0011P.2(cos @)|cos 2¢ . (8) 
The calculated values of M\(0)/N.(@) as 
obtained by putting Eq. (7) or Eq. (8) and the 
calculated values of 0:;(0°) and o:;(90°) for the 
averaged energy 640 Kev of the two gamma 
rays into Eq. (5) are shown in Fig. 9 together 
with the experimental ones. Among the 
above-mentioned sequences, the curve for the 
4(E2)2(E2)0 sequence shows good fit with the 
measured values. 


§ 4. Discussion 

As seen in Table I, Az andA.z from the 
measured correlation function show some dis- 
agreement with those of the 4(E2)2(E2)0 
sequence. This disagreement can be removed 
by taking the contribution of the gamma ray 
from the recently found 2+ level,’ which 
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is situated by 0.08 Mev below the 1.28 Mev 
level, into consideration in addition to that 
of the 4(E2)2(E2)0 sequence. Namely, good 
fit with the experimental A, and A, could be 
obtained by putting d=+78.2 for the gamma 
ray emitted in the transition from the 2+ 
level to the first excited state and by estimat- 
ing the rate of this transition being 7% to 
that from the 4* level. The estimated inten- 
sity of 7% is consistent with the one obtain- 
ed from the theoretical estimation of. the K- 
electron capture transition? from the ground 
state of In! to the 1.20 Mev level. 


0.96 


4{E2)2(E2) 0 
+7 %2(E2+MI)2(E2)0 
(8= 78.2) 


ee 4(E2)2(E2)0 


<—.— 2\E2+M1)2(E2)0 
(3=-0.20) 


0.84 


0,80 


76 


90° 150° 180° 


120° 
Angle (deg) 


Fig. 9. Comparison between the experimental 
and theoretical polarization-direction correla- 
tions. 


After this correction, the theoretical polari- 
zation-direction correlation function becomes 


Wea, @)Pas— ll +0.091P2(cos 0) 
+0.030P.(cos #)+ [—0.045P.?(cos 0) 
+0.003P.2(cos 0)|cos 2¢ . (9) 


The value of the N,,(0)/Ni(@) calculated from 
this function fits well with the experimental 
one as shown in Fig. 9. 
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The differential cross sections for the elastic scattering of 13.93 MeV 
protons by deuterons were measured with accuracy varying from 1 to 
3% at angles from 12° to 164° in the center-of-mass system. A shallow 
Coulomb-nuclear interference minimum near 17° was observed. The 
angular distribution is in good agreement with that of neutrons scattered 
by deuterons at 14 MeV, although the »—d cross sections seem systemati- 
cally a little smaller than the m-~d cross sections at backward angles. 
For forward angles, the experimental results contradict with the predic- 
tion of the existing theory. The small-angle p—d elastic scattering at 
10.14 MeV was also investigated and a similar shallow Coulomb-nuclear 
interference was observed, in contrast with the theoretical curve of 
Christian and Gammel. 

The p—p scattering experiment at 14.16 MeV is also described. Measure- 
ments were made with accuracy of 1 to 2% for angles from 30° to 114° 


? 


in the center-of-mass system. 


$1. Introduction 


As one of the scattering experiments on 
light nuclei which we intend to investigate 
using the beam of the INSJ 160cm variable 
energy cyclotron, the angular distribution of 
the elastically scattered protons by deuterons 
at 13.93 MeV was studied. The investigation 
of the break-up protons from the p—d interac- 
tion was made in parallel. This will be 
reported in another paper in the future. 

The nucleon-deuteron system has been the 
subject of many experimental and theoretical 
investigations», in the hope of finding some 
informations on the nuclear forces, e.g. the 
nature of m—n forces, evidence for charge 
symmetry, existence of three-body forces and 
so on. As for the p—d elastic scattering in 
the intermediate energy region above 10 MeV, 
two carefully measured data at 20.6 MeV” 
and at 40 MeV have recently been published. 
But an accurate p—d experiment at 14 MeV 
seems most convenient for the comparison of 
p—d and n—d scattering, since the most 
precise experiments of the n—d elastic scat- 
tering in this energy region have already been 
performed at 14 MeV.” 


* Department of Physics, Faculty of Science, 
University of Kyoto, Kyoto 


Christian and Gammel® analysed the p—d 
and m—d scattering data in the energy range 
of 1 to 14 MeV, obtaining good agreement 
with experiments. This seems to show, as 
they explained, that much information on the 
n—n forces can not be expected from the ana- 
lysis of the elastic scattering experiment in 
this energy region. But as has been shown 
by de Borde and Massey®, who also obtained 
with Serber-forces the angular distribution 
for the n—d elastic scattering at 14 MeV in 
reasonable agreement with experiments, there 
are still considerable discrepancies between 
theory and experiment for the p—d scatter- 
ing at small angles in the energy region above 
10 MeV. Seagrave and Cranberg have recent- 
ly shown” that the experimental results at 
low energy, near 3 MeV, are also somewhat 
different from the expectation of the theory. 
A discrepancy seems to exist also at 9.7 MeV; 
while the angular distribution curve due to 
Christian and Gammel shows a marked Cou- 
lomb-nuclear interference minimum near 20° 
c.m., the experimental curve is rather flat 
and distinctively higher than the theoretical 
one at these small angles”,®. Therefore, we 
investigated also the small-angle p—d scatter- 
ing at 10 MeV with improved angular resolu- 
tion. 
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The proton-proton scattering experiment at 
14 MeV was originally performed in order to 
check our experimental procedures in the p—d 
experiment. In spite of insufficient accuracies 
at small angles, we will report the results in 
view of the recent general interest in the p—p 
scattering at intermediate energies”,!». We 
intend to perform a more elaborate and ac- 
curate experiment at the same energy in the 
near future. 


§2. Experimental Arrangements 


The experimental arrangements were almost 
the same as those described in detail previous- 
ly1D. The characteristic features are repeated 
here briefly. 

(i) Beam collimation 

The external proton beam from the cyclo- 
tron is focused at the target position by means 
of a pair of quadrupole magnets and a sector- 
type bending magnet™. The first defining 
slit 7mm wide and the second defining hole 
of 3.5mm diameter are located at 446cm and 
at 54cm from the center of the scattering 
chamber, respectively. Among several non- 
defining diaphragms, the final anti-scattering 
baffle of 6mm diameter lying 35cm beyond 
the second defining hole limits the spray of 
the protons off the last defining hole edge to 
a cone of half-angle 0.6°, so that the front 
slit of the detector sees no edge of the col- 
limator hole even at a counter angle of 5°. 
All these diaphragms were made of graphite. 
That the actual main beam was even more 
parallel than defined by this collimator was 
confirmed by the beam spot 4mm wide by 
3.9mm high on a lucite plate placed on the 
turn table in the scattering chamber. 


(ii) Scattering chamber and gas target chamber 

A 15cm diameter gas target chamber! with 
a 25 micron Mylar window, which was 1.6 cm 
high and extended to 290° of arc, was located 
at the center of the 100cm diameter scatter- 
ing chamber’. 
(ili) Detector system 

Two detector systems were mounted on the 
turn table in the scattering chamber, one for 
smaller angles and the other for larger angles, 
lying 45° apart from each other. The defin- 
ing slits were made of 0.6mm thick brass. 
The dimensions of the slits are summarized 
in Table I. 


Scattered protons and recoil deuterons were 
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Table I. Slit dimensions (in millimeters) 
Detector I | Detector II 
Width of front slit 2.023 5.007 
Width of rear slit 2.014 4.996 
Height of rear slit 6.008 7.661 
Distance from the scat- 304.2 262.2 
tering center to rear slit 
Distance between slits 200.2 1431 


detected by the scintillation counters mounted 
behind the slits. For the detector I which 
was used for smaller angles, a 1.5mm thick 
Nal crystal was used, while for the detector 
II, a CsI crystal as thin as 0.5mm was used 
in order to reduce gamma-ray or neutron 
background. Thus, the p—d elastic proton 
peak in the pulse height spectrum could be 
well resolved from the background and the 
cross section could be measured at angles up 
to 110° in the laboratory system. Another 
scintillation detector set on the side wall of 
the scattering chamber at 40° laboratory angle 
was used as a monitor. 


(iv) Control of the beam energy 

Method of measurement of the beam energy 
was described previously. With a carbon 
diaphragm 2mm wide by 5mm high inserted 
in the vacuum tank of the cyclotron and the 
collimator slits described in (i), the beam path 
was finely defined, and constancy of the beam 
energy was monitored by means of the proton 
resonance signal from the above-mentioned 
sector magnet. Thus, the beam energy was 
considered to be kept constant within 0.4% 
throughout the course of the experiment. 


§3. The p—d Elastic Scattering at 13.93 MeV 
(i) Procedures 

Deuterium gas of 99% purity was obtained 
by electrolysis from heavy water and by pass- 
ing through a heated palladium tube. The 
pressure of the target gas was 30cm Hg. 

Pulses from the detector I was recorded 
with two 20-channel pulse height analysers 
whose channels were set in series. Another 
20-channel pulse height analyser was used to 
record the pulses from the detector II at the 
same time. A typical pulse height distribu- 
tion is shown in Fig. 1. 

The main peak was found to be always ac- 
companied by a uniformly distributed low- 
pulse-height tail. Such a tail was more clear- 
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ly seen in the case of the b—p scattering. 
In order to investigate the origin of the tail, 
a p—p check run was performed, in which 
the coincidences between scattered and recoil 
protons were observed with a defining counter 
set at 45° on one side accompanied by a con- 
jugate counter with appropriate aperture set 
at 45° on the other side. In coincidence count- 
ing, even with sufficiently low bias-settings, 


Ep=!3.93 MEV @.as=30° 
2000 P LAB = SO 


P-D ELASTIC PROTON 


RECOIL DEUTERON PEAK 


1500) 
1000 
wy 
re 
7a 
8 
500 
10 
PULSE HEIGHT (VOLTS) 
Fig. 1. Pulse height distribution of charged par- 


ticles from the p—d interaction at 13.93 MeV. 
The threshold channel for the elastic peak is 
indicated by ‘‘A’’. 


the amount of the tail relative to the main 
peak was reduced to one-fifth of that in single 
counting. It can be concluded from this fact 
that the greater part of the tail is not due to 
the low energy component of the incident 
beam, but due to the multiple scattering 
by the detector slit-edges, mainly by its front 
slit-edges. The total number of counts in the 
tail remaining in the coincidence counting 
still amounted to 0.7% of those in the peak, 
but taking into account the geometry used, 
we can conclude that at least half of them 
are due to the slit-edge scattering. Therefore, 
in determining the number of the protons scat- 
tered by deuterons, we set the cutoff threshold 
just below the main peak and discarded all 
counts falling in the tail (Fig. 1). 

The recoil-deuteron peak lies on or partly 
on the background arising from the break-up 
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protons. The method of subtracting this 
background is seen from Fig. 1. Correctness 
of this procedures was assured for some angles 
by the results of the p—d break-up experiment, 
in which protons and deuterons were dis- 
criminated with a particle-selecting three- 
proportional counter combined with a scin- 
tillation counter!) 

Two independent data-taking runs were 
performed and in each run the measurements 
at some angles were repeated at intervals 
throughout the run to detect any drift of the 
instruments and the increase in the impurities 
in the target gas. All the measurements for 
the same angle agreed with each other within 
the experimental error. 


(ii) Results 

The final results are presented in Table II. 
They are based on the weighted means of 
the individual data for each angle. The 
relativistic relations were used in transform- 
ing the angle and the cross section from the 
laboratory to the center-of-mass system. The 
energy of the proton beam used was 13.93 
0.07 MeV 


(ii) Corrections and errors 
(a) Impurities in the target gas. 

Hydrogen contamination in the target gas 
was found to increase with time because of 
evolution of impurity gases, probably H:.O 
and other organic compounds. The amount 
of the hydrogen atoms as a function of time 
could be measured within the accuracy of 20% 
by using the well-resolved —p peaks in the 
pulse height spectra at some angles larger 
than 21° (see Fig. 1) and the p—/ cross sections 
which will be described in Sec. 4. Thus, the 
initially contained hydrogen ocmponent was 
also determined to be 1.04 0.2%. Accuracy 
of this methed of determination was confirmed 
by mass-spectroscopic analysis. Although 
impurities other than hydrogen were found 
to be negligible in the initial gas, the impurity 
peak due to the protons scattered by heavier 
nuclei began to appear and increased with 
time accompanied by the above mentioned 
increase in hydrogen contamina tion. At 
laboratory angles of 21° and smaller, the peaks 
due to the impurities of hydrogen and heavier 
nuclei could not be resolved from the p—d 
elastic peak. The data at these angles must 
be corrected for these back-grounds. Correc- 
tions for the protons scattered by hydrogen 
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Table Il. Differential cross sections for elastic scat- 
tering of 13.93 MeV protons by deuterons in the 
center-of-mass system 
Angles denoted by (d) are recoil deuteron points 


aE EEEEEESEEEEEEED 


éc.m. oc.m. Probable 
(degrees) (mb/steradian) error % 
11.70 134.4 4.8 
13.20 120.7 2.4 
14.70 Les 5 eg) 
16.20 112.8 Wet 
17.70 114.0 Io 
19.20 113.4 Ie 
20.69 isis} Ves 
22.18 Il eal 
23.68 114.8 WZ, 
25.16 T2387 hee, 
26.65 114.0 Te, 
28.14 Ii} th dite 
29.62 1255 Nea! 
31.10 DR ila 
34.06 109.1 tO 
37.00 103.8 1.0 
40.66 97.6 ital 
44.30 92.3 1.0 
Sileiayl 81.9 en 
58.61 70.5 ead 
65.59 60.1 ileal 
72.42 50.3 eal 
79.10 41.6 Thee} 
80.55 39.9 Ihadl 
81.85 SS eZ 
Sols 36.3 pe 
84.52 35.0 ileal 
85.58 Domo iS 
85.73 Souk imal 
87.00 BW diel 
88.27 30.7 jkeih 
89.52 29.5 est 
90.34(d) 28.3 Hie, 
90.78 28.6 1.0 
91.88 ZO 1.4 
92.02 Pal be7 1.0 
93.25 26.3 1.0 
95.80 24.1 10 
98.10 Pil te) iL) 
100.35(d) 20.3 7, 
103.95 17.0 0.9 
109.58 1353 1e8 
110.35(d) 13.2 2.4 
114.96 10.79 eet 
120.08 9.03 ivi 
120.36(d) 9.02 24 
124.96 8.41 1.4 
125.36(d) 8.45 3.4 
129.57 9.61 ie 
130.37(d) 9.54 2.7 
133.95 12522 2} 
134.37(d) 11.76 2.8 
138.08 16.1 1.3 
138 .38(d) 16.6 3.1 
144 .38(d) 26.2 3.0 
148 .39(d) 35.8 1.8 
150.39(d) 42.9 1.7 
152.40(d) 48.3 1.6 
154.40(d) 53.8 0G 
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156.40(d) 61.3 1.7 
158.41(d) 69.5 1.6 
160.41(d) 76.6 1.6 
162.41(d) 84.3 ot 
164.41(d) 92.4 ore 


were made, based upon the amount of hydrogen 
atoms in the target determined as described 
above and the p—p cross sections at small 
angles. The correction amounted to 1.4% for 
rots 

In order to estimate the background counts 
due to the heavier nuclei, the relative dif- 
ferential cross sections for the protons elastic- 
ally scattered by the impurity nuclei were 
measured from 8° to 30° laboratory angles, 
by accumulating the impurities in the evacu- 
ated chamber. The results were in agreement 
with those in the p—p check run in which 
the impurity peak due to heavier nuclei could 
be separated from the f—p peak up to 15°. 
They were also consistent with the assump- 
tion that the impurity atoms were oxygen 
mixed with small amount of nitrogen or carbon 
and that the cross sections for angles smaller 
than 15° were those due to Coulomb scatter- 
ing, Thus, the background counts due to 
the heavier nuclei at small angles were 
estimated by extrapolating them, as in the 
case of the hydrogen components, from the 
angular region where the separated peaks 
were observed. The corrections amounted to 
6% for 8° and 4.5% for 9° of the total counts, 
decreasing with increasing angle. 

In addition to the above-mentioned back- 
grounds, some protons scattered by the 
structure in the scattering chamber entered 
the detectors. This background was measured 
by evacuating the target chamber and was 
found negligible for angles larger than 15°. 

Uncertainties in these background subtrac- 
tions, which were estimated to be 30 to 40% 
of the corrections, limited the accuracy of 
the results at the smallest angles. 

For the recoil deuterons, the ambiguities in 
subtracting the background due to the break- 
up protons were estimated as upper limits to 
be 10% of the amount of the subtracted counts. 
(b) Multiple scattering 

Loss in beam charge collection due to mul- 
tiple scattering in the target gas and in the 
foils of the target chamber was estimated to 
be 0.3% by the use of the Moliére’s theory 
which includes single and plural scattering 


experimental errors of 1 to 1.5%. 
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effects. The error in this correction will be 
negligible. The effect of multiple scattering 
on the scattered particles to be detected was 
also estimated. It is considerably reduced by 
mutual compensation of the scattered-in and 
-out. An example of this compensation con- 
sidered is schematically shown in Fig. 2. The 
corrections for incomplete -or over-compensa- 
tion were estimated to be 1.4% at 8°, 0.5% 
at 9° and negligibly small at other measured 
angles for protons. They were also negligible 
for recoil deuterons. That the above-men- 
tioned compensation is effective was partly 
evidenced by the results of the p—p check 
run in which the measurements were carefully 
made with the two detectors of different 
geometry, I and II, at several angles from 15° 
to 30°, no difference being found within the 
In view 
of the approximate nature of the estimation, 
an error of 50% of this correction has been 
assumed. 


FOIL OF 
CHAMBR 


DETECTOR 
SLIT 


Fig. 2. Illustration of the compensation effect of 
scattered-in and-out particles. 
A-A: scattered-out particle. 
particle. 


B-B: scattered-in 


(c) Slit-edge-penetration and -scattering 
We have concluded as described in Sec. 3 


(i) that most of the low-pulse-height counts 


were due to the slit-edge scattering and cut 
them off. But the particles scattered by the 


| slit-edges contribute also to the main peak 
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above the cutoff threshold. The amounts of 
this contribution were estimated by the ex- 
trapolation from the counts per channel in 
the tail and subtracted. The corrections 
varied with angles from 0.4% to 1%. We 
also estimated them theoretically using the 
equation of Courant!, the calculated being 
somewhat smaller than the experimental es- 
timates. The error was taken to be half of 
the correction tentatively. 

(d) Correction for inelastic scattering in the 
scintillator. 


According to the recent investigation of D. 
H. Service at Minnesota, the effect of 
inelastic nuclear reactions in the scintillator 
which causes low-pulse-height counts can be 
neglected for the energy of the present work. 
(e) Other errors 

Accuracy of the measurement of the geo- 
metrical factors was 0.2% for each detector. 
Corrections for finite beam size and for finite 
angular resolution of the detector were made 
by the use of the relation of Critchfield!®™. 

The error in the alignment of the instru- 
ments relative to the incident beam is believed 
to be 0.03°. This causes, together with the 
error in reading of the graduation on the turn 
table, the uncertainty of 1.4% at 8° in the 
cross section, decreasing with increasing 
angle. 

The error in measurement of the deuterium 
gas density was 0.25%, mainly due to the 
uncertainty in the correction for the impurity 
hydrogen described in Sec. 3 (i). 

The error in the collected charge, consist- 
ing of errors in calibration of the integrator 
and of its zero drift, was 0.7%. The error 
arising from the neglect of the low-energy 
components of the incident beam was estimated 
to be less than 0.5% (Sec. 3 (j),) 

The various errors considered above, to- 
gether with the one due to the counting 
statistics, have been combined quadratically 
and are given in the third column of Table 
II as the estimated probable errors. 

The uncertainty in the beam energy at the 
target center was 0.5%, including its fluctua- 
tion (Sec. 2 (iv)). The half-width of the energy 
spread was 0.9%. 

(iv) Discussion 

The results of the present work are com- 

pared with those of the 14.1 MeV z—d scat- 


tering in Fig. 3. 
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In view of the fairly large quoted errors in 
the n—d data, the cross sections for p—d and 
n—d scattering are in goodagreement, although 
the p—d cross sections seem to be system- 
atically a little smaller than the m—d cross 
sections at backward angles. The differences 
may be still larger if one takes account of 
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Fig. 3. Angular distribution of the protons elastical- 
ly scattered by deuterons at 13.93 MeV. 
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Fig. 4. Angular distribution for the p—d elastic 
scattering at 10-14 MeV in the small angle region 
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Table III. Differential cross sections for p—d elastic _ 


scattering at 10.14 MeV. 


6c.m. oc.m. Probable 
(degrees) (mb/steradian) error % 
14.99 145.2 il 
16.53 13Gel Ball 
18.01 128.0 2:4 
I9E55 131.0 Dei 
21.04 129.6 au 
D2a52 1OIeS Zell 
24.00 129.7 Del 
26.97 126.4 1.9 
29.97 127.9 0.9 
44.52 labile a 0.8 


the difference of 1.2% in the energy used. 
The experimental values of the cross section 
are considerably higher than the theoretical 
prediction of de Borde and Massey at the 
forward angles®. As was mentioned by de 
Borde and Massey, the situation will be the 
same if one calculates according to the results 
of Christian and Gammel. 

Since a similar discrepancy seems to exist 
at 9.7 MeV, as was mentioned in the Introduc- 
tion, we measured the differential cross sec- 
tions also at 10.14 MeV for the small angle 
region. The results are given in Table III. 
The energy of the incident protons was 10.14-+ 
0.05 MeV. In Fig. 4, the results of the present 
work are compared with those at 9.7 MeV of 
Allred et al.. The theoretical curve taken 
from the paper of Christian and Gammel is 
also included. The results of Allred et al. 
seem to be systematically higher than ours 
by an amount outside the combined errors, 
even if the difference in the energy is taken 
into account. A similar tendency of the data 
of Allred et al. is found in the p—p) scatter- 
ing experiment near 9.7 MeV, their results 
being higher than those of the recent work 
of Johnston and Young at Minnesota. Ac- 
cording to the results of the present work, 
the discrepancy between theory and experi- 
ment has been reduced, but the experimental 
results are still higher than the theoretical 
and show no such distinctive Coulomb-nuclear 
interference minimum as predicted by the 
theory, which should be observed at least 
with the improved angular resolution of the 
present experiment. 


These discrepancies between experiment 


| 
| 
| 
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and theory for both 14 MeV and 10 MeV, may 
indicate that some deficit still exists in the 
assumptions or approximations which have 
been hitherto involved in the theory. In any 
case, a phase shift analysis of the data of the 
present work, making use of the method of 
Christian and Gammel will be valuable for the 
test of the existing theory. 


§4. Proton-proton Scattering at 14.16 MeV 


The experimental apparatus and procedures 
were the same as for the p—d experiment 
except the target gas. Commercial tank 
hydrogen was used as the target gas. Volu- 
metric analysis showed that this gas consisted 
of 99.6% Hz, 0.25% Ne and 0.15% On, other 
impurities being negligible. The determina- 
tion of the amount of the impurities by the 
same method as described in detail in Sec. 3 
was consistent with this result. Impurities 
owing to the evolution from the target cham- 
ber were also found. Since the primary 
purpose of the p—p experiment was the check 
of the f—d experiment, no effort to eliminate 
these impurities was made for the sake of 
time-saving. 

The uncertainties in the corrections for the 
background due to these impurities affected 
considerably the accuracy of the results for 
the angles smaller than 15° in the laboratory 


Table IV. Proton-proton scattering cross sections 
at 14.16 MeV in the center-of-mass system. 


éc.m. TC. Probable 
(degrees) (mb/steradian) error % 
18.07 48.2 9.8 
20.07 40.9 5.4 
22.08 BY 53) 6.4 
24.09 S15), 33 4.6 
26.09 34.1 Sel 
30.11 33.4 2.0 
Rolo Bs) 33.8 eS 
40.14 Bhs 0.9 
45.15 34.9 1.4 
50.17 35.0 1.0 
60.18 Bono 0.9 
70.20 3Y0)..(8) iO 
80.21 35.9 eZ 
90.21 36.2 12 
108.20 Baal hed 
110.20 35.6 TO 
114.19 35.4 ieZz 
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system, where the impurity peak could not 
be separated from the p—p peak. 

The results are given in Table IV and in 
Fig. 5. The energy of the incident protons 
was 14.16 0.07 MeV. In transforming the 
angle and the cross section from the labo- 
ratory to the center-of-mass system, the rela- 
tivistic relations have been used. 


45 
= 
q 
q 
© 40) 
uJ 
= 
(op) 
= 
$ 
= I 
= 
S35 
ee 
3 a 
3 I 
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Fig. 5. Angular distribution for the proton-proton 
scattering at 14.16 MeV. 
Curve I: Calculated with S-wave phase shift 


SQy=54.0° 
Curve II: Calculated with 
SQp=09. 5 2i00=S0l 2, {Oi 3 
P§o=1.2° and 2d2.=0.2° 


@c.m. 


The various sources of error were carefully 
examined and the estimation of the errors 
given in the table was made with the similar 
procedures to those in the p—d experiment. 
Although the errors asigned to the cross sec- 
tion values for forward angles are somewhat 
large, the results for angles larger than 30° 
in the center-of-mass system are considered 
to have comparable accuracy to the existing 
data at other energy values between 9 and 
21 MeV?!*)-22), 

The angular distribution at 14 MeV appears 
to have rather a flat maximum at 90°, as in 
the case of 9.7 MeV", in contrast with the 
data at 18.2 MeV, in which it appears to have 
a flat minimum». But the accuracy of the 
experiments is not sufficient for definite con- 
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clusion. As is shown by the curve I in Fig. 
5, the angular distribution is fitted fairly well 
with the S-wave phase shift alone, although 
the experimental curve shows a somewhat 
sharper interference minimum near 30° in 
the center-of-mass system. 

No systematic phase shift analysis was at- 
tempted, but some qualitative informations 
on the P-wave phase shift are inferred. The 
differential cross section can be written in 
the S-, P -and D-wave approximation as*? 


k?a(0)= Ao(800, 202, 0) + Al ALZ1 
+ Ax(A)Z.+ As(A)Z; , 

where the parameters, 71, Z. and Z;, are 
certain functions of the P-wave phase shifts, 
P§), Pdi, and ?d2, and approximately expres- 
sed as 

L1=9 <P 62> =(Pd0)?-+3(F 01)? 57 62), 

22=9< Pd > =F 0o+3? 0145702 
and 


Zu= 200s) LPP AP IgE Bs +9" H1" Bs 


for small values of the P-wave phase shifts. 
Explicit formulae of A:(@) are found in the 
literature. Except at extremely small angles, 
Ai(@) is almost independent of angle and one 
can put Ai(#)=1 for 6220°, with sufficient 
accuracy in our case. Further, it is seen that 
the shape of the function A» at 0=20° is also 
nearly independent of ‘09 for its value bet- 
ween 45° and 55°. Consequently, if one assumes 
P6,=0.2° to 0.3° as expected from the current 
theory of nuclear forces, angular dependence 
of Ao is fixed and a certain region in the 
Z2,—Z3 plane, inside of which the good fit to 
the experimental results is obtained, are de- 
termined from the experimental angular dis- 
tribution between 20° and 90°, irrespective of 
the S-wave phase shift. Thus, we found that 


| Za |<O0:2(| <P 0 >< 173°) 
and 
—0.05< Z;<0.03 
namely the average P-wave phase shift is 
very small. 

The curve II in Fig. 5 is an example which 
fits the experimental results with S-, P- and 
D-wave phase shifts. 

More accurate data especially at small an- 
gles between 20° and 30° in the center-of- 
mass system will serve to determine the values 
of the above-mentioned parameters more de- 
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finitely, and even if a unique set of the phase 
shifts can not be obtained, as MacGregor has 
shown, an important information on the P- 
wave, and accordingly on the nuclear forces 
in the triplet odd states will be obtained. 
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The Mg*(p, 7)Al® reaction was studied at the three resonances of 317, 
392 and 437 kev proton energy. The level of A126, corresponding to the 
third excited state (3.97 Mev) in Mg?6, was found at 4.18+0.02 Mev. 
Through the angular distributions of 7-rays, spins and parities of this 
level and some other levels were assigned as follows: 3.16 Mev, J=2+; 
4.18 Mev, J=3+; 6.61 Mev, J=3-; 6.68 Mev, J=2* or 3+; 6.72 Mev, 
J=4+ or 4-. The second and third excited states in Mg?6 were estimated 
to be J=2+ and J=3+ respectively. Excitation energies, the gamma 
decay scheme, and the radiation yield of the resonance levels are also given. 
The correspondence between levels of Mg?6 and Al?6 is discussed and a 


possible excited state configuration of Mg?6 is suggested. 


§1. Introduction 

The energy levels of the nucleus Al”*, which 
~ is the central member of the isobaric triplets 
Meg”*, Al?é and Si%, have been studied by 
many investigators. Swann, Mandeville and 
Whitehead» reported the existence of three 
levels obtained from the energy measure- 
ments of neutrons from the reaction 
Mg(d, m)Al’®, whilst Browne” found five 
levels of Al?* in his accurate measurements 
of the reaction Si2*(d, w)Al*, in which reac- 
tion only T=0 states are expected to be 
reached. On the other hand, Endt, Kluyver 
and Van der Leun® have found seven levels 
by the study of y-rays from the reaction 
Mg*(p, 7)Al’®. They showed that the lowest 
level of 0.235 Mev is the T=1 level corre- 
sponding to the ground state of Mg”, and 
that it decays to Mg” by emitting positrons. 
By the analysis of the same reaction y-rays, 
Kavanagh, Mills, and Sherr’? have found a 
new level of 2.074 Mev which was considered 


to be the second T=1 analogue level of the 
first excited state of 1.83 Mev in Mg**. Bya 
more extended study of the same reaction, 
Green, Singh and Willmott® have found five 
more levels and have shown that the 3.16 
Mev level among them is the third 7=1 level 
corresponding to the 2.97 Mev level of Mg’s. 
Recently Hinds and Middleton” have reported 
about sixty levels of Al?® from the investiga- 
tion of the reactions Al?7(He*®, w)Al?® and 
Mg”4(He?, p)Al®, which includes the fourth 
T=1 level reported by us at about the same 
time.” In the present paper more details 
about our investigation will be given. 


§2. Experimental Method 

The Mg®® target was bombarded with the 
proton beam accelerated by the 600KV 
Cockcroft-Walton type accelerator in Kyoto 
University. The energy spread of the proton 
beam analyzed by a 90° magnetic deflector 
was several kev at the energy of some hundred 
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kev. The isotopically enriched Mg” target, 
which was in the form of a thin metallic film 
on a copper plate of 0.5mm thickness, was 
made by using the isotope separator of Kyoto 
University®. In order to avoid the 7-rays 
from the carbon-proton reaction, during the 
experiments the targets were replaced by 
new ones every few hours because the deposit 
of carbon on the target became gradually 
appreciable in 30 or 40 minutes in spite of 
the use of a liquid air trap on the path of 
proton beam. The current intensity of the 
proton beam used was 10~15 wA. 

For the measurement of the y-ray spectra, 
a large scintillation counter incorporating a 
5’ x4” Nal(Tl) crystal and an EMI 6099B 
photomultiplier was used. The resolution 
thus obtained was better than that of previous 
studies of the same y-ray spectrum, and the 
high efficiency of the large crystal made it 
possible to investigate the lowest resonance 
reaction which had a low y-ray yield. To 
obtain the pulse height distribution, two types 
of pulse height analyser were used, i.e. a 10- 
channel kick-sorter of Johnston-type served 
for the energy determination of the y-ray 
spectrum and a 100-channel kick-sorter of 
Hutchinson-Scarrott-type (Sunvic Co.) was 


used for intensity and coincidence measure- 
ments. 
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COUNTER 
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Fig. 1. Schematic view of the assembly for gamma- 
ray angular distribution measurements. 
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The scintillation counter was screened by 
5cem thick lead blocks from background 
radiation. These lead shields reduced the 
background to about 1/4 of its original inten- 
sity. The remaining soft y-ray component, 
however, still proved troublesome in the 
analysis of the low energy part of the r-ray 


spectrum. The counter was mounted upona | 


table which rotated about the target. The 


distance between the counter and the target — 


was 150mm. This arrangement is shown in 
Pigeele 


§3. Measurement and Analysis 


(1) Resonances 

The y-ray yield versus the energy of the 
bombarding proton is shown in Fig. 2. This 
yield contains only high energy y-rays which 
exceed 3.2 Mev. The width of the groups is 
due to the target thickness as well as the 
energy spread of the proton beam. 


Mg*cprAl® 
Excitation Curve 
CEs>22 Mev) 


COUNTS 
Aone 
T 


3 
oO 
ij 


~ 315 kev 
8000 


300 350 


400 450 key 


Fig. 2. Gamma-ray yield from the reaction 
Me%(p, AL. 


The aim of this excitation function was not 
so much the precise determination of the 
resonance energy, as the operating voltage 
of the high tension apparatus and the estima- 
tion of the absolute yield at each resonance. 
The absolute values of the voltage in Fig. 2 
were calculated from the values of the voltage 
and loading current in the, primary circuit of 
the high tension equipment, and the relative 
scale was calculated from the exciting current 
of the magnetic analyser. 

The purity of the enriched Mg” target 
seems to be high, because in the excitation 
curve the resonances due to the (p, 7) reaction 
from Mg** was not obviously observed. This 
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should appear at energies of 338.5-+0.5 and 
454.2+0.3 kev. 

The approximate resonance energies derived 
from our experiments are shown in Table iL 
and are compared with the previous results 
of other investigators. In the following, the 
values of the resonance energies as reported 
by Hunt et al. will be used. 

Table I. The resonances in the Mg5(p, 7)AL6 

reaction below 500 kev. 


Taylor Kluyver Hunt This 


9) 
Author Tangen et al2© et al.) et alJ2 work 


segs yand p+ pr if yandpt 7 
Bohonih 31023 31 $316 730.7 315 
eonance 30264 388 «305 «| 301.5-4055 385 
energy 43044 “441 436.540.4440 
in kev. 49945 494 501 495.6+0.6 

all +10 

1015 all +15 


(2) Analysis of y-ray spectra 

The pulse height distributions of the 7-rays 
at the three resonances 317 kev, 392 kev and 
437 kev, using the 100-channel kick-sorter, are 
shown in Figs. 3, 4 and 5 respectively. In 
each resonance two pulse height distributions 
were taken at angles of 90° and 0° to the 
incident proton beam. These two distributions 
were normalized by a fixed monitor counter 
mounted at an angle of 270° or 240° to the 


COUNTS PER CHANNEL 


317 kev Tesonance 
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incident beam. 

To obtain the y-ray spectra from the pulse 
height distributions, the pulse height distri- 
bution of several different monochromatic 7- 
rays, listed below, was measured with the 
same geometry. 

Ey=1.28 Mev from Na?2(@* decay) 

Ey=2.36 Mev from C(p, 7)N® 

at Ey~450 kev 

Ey=4.43 Mev }from B(, 7)C¥ 

Ey=11.67 Mev) at E»y~300 kev 

Ey=6.14 Mev from F!*(p, a, 7)O1* 

at E»~350 kev. 
These are presented in Fig. 6. It is seen 
that the pulse height distribution of the 
monochromatic y-rays of energies from 3 to 
7 Mev has three peaks; the full energy peak, 
one-quantum escape peak and a two-quantum 
escape peak. The y-rays higher than 10 Mev, 
however, give a single peak at the position 
corresponding to the escape of one quantum. 

The analysis of the y spectrum from 
Meg”*(p, r)Al® has been performed by “ peel- 
ing off” successive y-ray spectra from the 
high energy end of the total spectrum. The 
spectrum of an individual 7-ray was determin- 
ed from the nearest monochromatic calibration 
y-rays by interpolation and by normalizing to 
the full energy peak. 

By this procedure we were able to find 
small y-ray components which showed no 
peaks in the total pulse height distribution. 


Mg Cp.) AL 


e C0 
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<) 


60 
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Fig. 3. The scintillation spectra taken at the 317 kev resonance at 0 and 90 degrees to the proton 
re nee The dotted curves show the pulse spectra of individual gamma-rays into which the 0 degree 


spectrum was decomposed. 
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Fig. 4. The scintillation spectra taken at the 392 kev resonance at 0 and 90 degrees to the proton 
beam. ‘The dotted curves show the pulse spectra of individual gamma-rays into which the 0 degree 


spectrum was decomposed. 


However, it should be admitted that this 
method is liable to possible error. The com- 
ponent y-rays deduced by this method are 
shown in Figs. 3, 4 and 5. 

For the y-rays with energies above 5 Mev, 
the position of their one-quantum escape peak, 
the highest peak for these y-rays, was used 
for the energy determination. The position 
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Fig. 5. The scintillation spectra taken at the 437- 


kev resonance at 0 and 90 degrees to the proton 
beam. The dotted curves show the pulse spectra 
of individual gamma-rays into which the 0 degree 
spectrum was decomposed. 


of this peak plus 0.51 Mev was found to be 


linear up to 10 Mev. In case when the y-ray 
spectrum was very complicated, the peak 
position of a y-ray sometimes appeared slight- 
ly shifted in the total spectrum, due to the 
effect of the neighbouring y-rays. The real 
position of the peak was found by the “ peel- 
ing off” procedure. 

The relative intensities of every y-ray com- 
ponent were calculated by using the table!” 
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Fig. 6. Standard gamma-ray spectra measured 
with a Nal crystal, 5 inches in diameter and 4 
inches high, normalizing the relative value of 
the intensity at full energy peak. 
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Table II. Gamma-rays observed at the 317 kev 
resonance. 

pe (Mev) Transition israwad Anisotropy A, 
6.19% 6.61>0.42" 32°5+-3.3 —0.26+-0.025 
4.854+0.05 6.61>1.76 18.3+4+2.1 0.20+0.06 
4.55+0.04 6.61>2.07 6.441.9 0.20+0.14 
4.11+0.06 6.61>2.54 3.341.4 0.10+0.24 
3.76+0.04 4.18>0.42 16.54+2.1 -—0.21+0.07 
3.46+0.03 6.61>3.16 12.8+2.1 0.19+0.10 
2.96+0.04 (6.61>3.68) 7.2+1.3 

2.75+0.04 3.16>0.42 10.8+41.4 

2.43+0.03 6.6124.18 20.342.5 -0.27+0.06 
2.08+0.02 1 ae 125 
(1.80+0.04)** oo (3.34+1.0) 

1.64+0.03 eG oe 16.442.3 

1.35+0.015 1.76>0.42 20.5+-2.7 

1.07+0.01 3.16>2.07 4.7+0.9 

1.007+0.01 2.07-1.06 6.8+1.4 

0.838+0.008 1.06>0.23 13.1+2.2 

0.418+0.005 0.420 —_ 

1.40 3.16>1.76 <oail! 

0.511 annih. rad. rk 


*: accepted standard ;-ray. 
** > existence doubtful. 
*** > not accurately measured. 


of calculated efficiency of NalI(Tl) and are 
listed, together with their energies, in Tables 
II, IJ] and IV. These values of intensity are 
normalized to the total decay from the reso- 
nance level as 100. 


(3) Angular distributions 

The spectrum of the 7-rays was obtained 
with the large crystal counter placed at a 
distance of 15cm from the target at angles 
of 90° and 0° to the proton beam. The small 
crystal counter at a fixed position served as 
a monitor. The pulse height distributions at 
the three resonances are shown in Figs. 3, 4 
and 5. The relative intensity of each y-ray 
component was determined and the aniso- 
tropies of some of the 7-rays were calculated. 
In Tables II, III and IV they are presented 
in the form of coefficient Az, assuming the 
angular distribution to be of the form W(@)= 
1+G.,A:2P.(cos 6), with G.=0.916. The errors 
of these A» values are caused mainly by the 
statistical errors of the number of counts. 
Another source of error arising from the 
procedure of decomposing the pulse height 
distributions in different ways was also con- 
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Table III. Gamma-rays observed at the 392 kev 
resonance. 
Ey (Mev) Transition ei pears 
6.26* 6.680.42 9.0+0.9 0.04+0.04 
(5.61+0.06)** 6.68>1.06 2.2411 
4.88+0.05 6.68>1.76 6.341.7 
4.6140.05  6.68->2.07 See NEIL 
4.19+0.04 6.6822.54 7.742.5 
3.79+0.04 4.18>0.42 19.14+2.7 
3.52+0.03 6.68>3.16 9.84+3.0 
(2.96+0.04)** 6.68>3.75 5.84+2.3 
2.8340.03 {3tecpigs 1842.1 
6.68>4.18 
2.51+0.02 {4:59-02107 30.9+3.7 
2.540 
6.682>4.59 
2.08+0.02 {2:54-00.42 31.8+5.7 
3.16>1.06 
1.79+0.04 fe geeye 12.243.4 
1.64+0.015 2.07-0.42 14.0+4.6 
1.34+0.02 1.76>0.42 12.343.6 
1.083+0.015 3.16-2.07 
1.01£0.01 ae Blea 
0.839+0.007 1.06>0.23 28.7+4.1 
0.418 0.420 RE 
2.36 Cl contamination very weak 


: eo 


OzoIt annih. rad. 


*: accepted standard j-ray. 
** > existence doubtful. 


*** > not accurately measured. 


sidered, but this source of error was found 
to be less than, or nearly equal to, the 
statistical error, by employing several trial 
procedures of decomposition. The relative 
intensities of the ;-ray components used in 
the calculation of the anisotropies were cor- 
rected for the finite solid angle subtended by 
the counter (factor Gz) and the absorption 
effects of the target backing materials. 


(4) Coincidence spectrum 

In order to determine the decay scheme for 
many y-rays, especially for some of the 7- 
rays involving the level and decay mode not 
previously reported, coincidence spectra were 
taken. One of them in the case of the 392- 
kev resonance is illustrated in Fig. 7. These 
pulse height distributions were obtained from 
the large crystal counter with the 100-channel 
kick-sorter which was gated by the pulse from 
the small crystal counter and single channel 
analyser. The resolving time of the coinci- 
dence arrangement was 2r~6y sec. 
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In the interpretation of coincidence spectra, 
care was needed to exclude coincidences from 
the “Compton tails” of the y-rays of energy 


Table IV. Gamma-rays observed at the 437 kev 


resonance. 
as Relati Anisotro 
H, (Mev) Transition eames = Ws PY 
6.72% 6.7250 45.944.6 —0.09+0.04 
6.2340.07  6.72->0.42 29.344.9 —-0.19+0.05 
(5.6140.07)** 6.721.06 2.441.7 
4.674-0.05 6,722.07. 8.5400.5 
4.18+0.04  6.7222.54 5.141.4 
3.784.0.04 4.1850.42 4.841.2 
(3.054.0.06)** (6.723.75) 2.541.8 
2.8340.03 4.59>1.76 3.641.0 
2.5440.088  6.7224.18 ——*#e 
6.72->4.59 
2.1040.04 {3-27-25 12.046.0 
(3. 75-1, 85) 

(1.85+0.03)** 1 se) My) 
1.64440.01%* 2.0730.42 4.343.3 
1.34640.01*** 1.7650.42 3.642.4 
1.009-+0.008*** 2.07>1.06 4.341.8 
0.839-+0.007** 1.06>0.23 6.941.7 

kK KKK 


0.418+0.005*** 0.420 


Do C2 contamination strong 
0.511 1 Y 


accepted standard ;-ray. 

** + existence doubtful. 

mean value in the three resonances. 

not accurately measured. 

§: measured in coincidence with 3.8 Mev ;- 
ray, aS the 2.2-2.6 Mev region was ob- 
scured by a strong Cl2-p y-ray in the singles 
spectra. 


T T 
ne GATE 19-22mev _| 


- COINCIDENCE COUNTS PER CHANNEL 


30 40 

PULSE HEIGHT (Mew 

Fig. 7. Spectra in coincidence with the 2.08 Mev 
y-ray and 2.83 Mev ;-ray, taken at the 392 kev 
resonance. 
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higher than the ones in question. 

The two 7-rays of 2.43 Mev and 3.76 Mev 
obtained in the case of the 317 kev resonance 
were found to be in cascade from their coinci- 
dence nature, and the fact that the sum of 
these two energies is equal to the energy 
difference between the resonance level (6.61 
Mev) and the second excited level (0.42 Mev) 
suggested the existence of a new level at 
either 2.85 Mev or 4.18 Mev above the ground 
state. To distinguish between the two pos- 
sibilities, the energy shifts of these 7-rays in 
the case of three different resonances were 
measured. It was found that the energy of 
2.5 Mev y-ray changed, whilst the energy of 
the 3.8 Mev y-ray remained constant. These 
energies are presented in Table V, and the 
coincidence spectra of the 2.5 Mev y-rays at 
the three resonances are shown in Fig. 8. 
From these experimental facts the existence 
of a level of 4.18 Mev above the ground state 
could be concluded. This level is considered 


Table V. 
Reso- Excitation Energy of y-ray 
nance energy 2.5 Mev 3.8 Mev 


317 kev 6.61 Mev 
392 kev 6.68 Mev 
437 kev 6.72 Mev 


2.43+0.03 Mev 
2.51+0.02 Mev 
2.54+0.03 Mev 


3.76+0.04 Mev 
3.79+0.04 Mev 
3.78+0.04 Mev 


——1 437 res. 
—~ ThC” Calibration 


50 
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2.0 25 
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Fig. 8. 2.5 Mev parts of the coincidence spectra 
gated by the 3.8 Mev ;-ray, taken at the three 
different resonances, showing the energy shift 
of the 2.5Mev ;-ray together with the 2.615- 
Mev calibration line of ThC’’, 
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to be the T=1 level expected at an excitation 
of about 4.20 Mev,' corresponding to the 3.97- 
Mev level in Mg”. 


§ 4, 
Decay scheme 

The number of y+-ray components observed 
in this experiment is more than in those 
previously reported, but almost all of the ;- 
rays could be fitted to the level scheme previ- 
ously proposed,” apart from the newly intro- 
duced level of 4.18 Mev, which had not been 
known before the work of Hinds and Middle- 
ton® reported quite recently. 

To determine the decay mode of the reso- 
nance level, we have considered the energies 
and the relative intensities of the 7-rays as 
well as the interpretation of coincidence 
spectra. As the decay mode of the lower 
levels, we have mainly adopted that proposed 
by Green e¢ al. on the bases of a number 
of coincidence measurements. These previous 
assignments were almost consistent with our 
y-ray energies, relative intensities and co- 
incidence spectra, except for a few cascades. 

The y-ray cascade involving the 4.18 Mev 
level has been mentioned in the previous 
section. Recent measurements of Hinds and 
Middleton indicate the existence of doublet 
levels at 4.191+0.010 and 4.202+0.010 Mev, 
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the former probably corresponding to our 
4.18 Mev level which was found by us inde- 
pendently. 

The 2.83 and 2.52 Mev y-rays observed at 
the 392 kev resonance were assigned to transi- 
tions from the 4.59 Mev level to the 1.76 and 
2.07 Mev levels. This was concluded from 
the observed intensities and was checked with 
the coincidence measurements. The 4.55 
Mev level was previously found and reportea 
to decay with 7-rays of 3.50 and 4.14 Mev to 
the 1.07 and 0.42 Mev levels.» At the 392 
kev resonance, y-rays of this energy were 
observed, but the assignment of these 7-rays 
to transitions from the resonance level to the 
3.16 and 2.54 Mev levels was preferable from 
the analysis of coincidence spectra. Their 
4.55 Mev level may correspond to the 4.541+ 
0.010 Mev level reported by Hinds and Mid- 
dleton, and then our 4.59 Mev level probably 
corresponds to the Hinds’ 4.595+0.010 Mev 
level. 

The 1.40 Mev 7-ray, previously assigned to 
transitions from the 3.16 Mev level to the 1.76 
Mev level with a branching ratio of 12% of 
the decay of the 3.16 Mev level, was not 
positively observed, and was less than 8% in 
our measurements. 

The cascades involving the 2.07 Mev level 
will be discussed later. The decay scheme 
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Fig. 9. Level scheme of Al” together with that of Mg 
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Excitation energies, the gamma-ray decay 


scheme and relative branching ratios in Al are illustrated. 
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thus obtained is shown in Fig. 9. 

The energies of every level were computed 
from the energies of the y-rays, which were 
measured within an experimental error of 1% 


Table VI. Excitation energies of the levels in Al” 
(in Mey). 
Excited 
a. (2) (3) (4) 
1 0.229 0.229+0.003 0.23 (0.229) 
2 0.416 0.418+0.002 0.42 0.418+0.005 
3 1.052 1.060+0.002 1.07 1.068+0.009 
4 1.755 1.762+0.003 1.76 1.764+0.015 
5 1.846 1.8534+0.003 1.86 
6 2.067 2.07340.003 2.08 2.070+0.015 
2.09 
7 2.362 2.368+0.003 2.32 
8 2.542 2.5484+0.004 2.54 2.5140.003 
tS 3.155 3.160+0.006 3.16 3.15+0.02 
17 3.675 3.67 
19 3.746 3.76 
22, 4.191 4.18+0.02 
23 4.202 
27 4.541 4.55 
28 4.595 4.59+0.02 
29 4.613 


(1) Hinds and Middleton, reference 6 (1959), from 
the Al’"(He?, a)APS and Mg?4(He3, p)Al6 re- 
actions. The experimental error is +10 kev. 

(2) Browne, reference 19 (1959), from _ the 
Si28(d, a)Al® reaction. 

(3) Green, Singh and Willmott, reference 5 (1956), 
from the Mg?5(p, 7)Al6 reaction. 

(4) Present investigation from the Mg?5(p, 7)A%6 
reaction. 
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and calibrated by using the energies of the 
standard ;-rays from Na” (1.277 Mev) and | 
ThC” (2.615 Mev), and also using the energies 
of the Mg?(p, 7)Al?* reaction y-rays, as cited 
in Tables I-IV. The energies of the third 
and seventh excited levels were determined 
from the energy of the first excited state 
which was reported as 0.229-+0.003 Mev.?® — 
The energies of these excited states have 
also been measured by other investigators, 
and especially Hinds and Middleton® recently 
reported many more excited levels than had © 
previously been known, the energies of which 
were obtained with high precision by magnetic 
analysis of a-particles and protons from the 
reactions Al?’(He?, a)Al?* and Mg4(He®, p)Al’®. 
Our values deduced from the y-ray energies 
are compared in Table VI with these more 
precise energies, and both results coincide 
fairly satisfactorily with each other within 
the experimental error, which in turn supports 
the transition assignments listed in Tables 
II-IV. 


Spin and Parity 

From the anisotropy A2 of the y-rays, as- 
suming the angular distributions of the form: 
W (@)=1+G:2A2P.(cos @), the spin and parity 
of the levels concerned were assigned. 

The theoretical values of A: for some pos- 
sible cases were calculated,!© assuming a pure 
multipole transition. They are presented in 
Table VII. 

At the 317 kev resonance, the 6.19 Mev ;- 


Table VII. Theoretical anisotropy (Ay). 
Proton orb. ang. mom. Spin of res. level Channel spin Anisotropy A: for the final state of spin 
p r c i Jy=3 Jy=4 Jy=5 
0 es 2 0.0000 0.0000 0.0000 — 
Ba 3 0.0000 0.0000 0.0000 0.0000 
i Dy —0.0100 0.0143 —— —— 
= 2 —0.3500 0.1000 —— — 
1 2m 3 0.1000 —0.0286 — —— 
om 2 —0.2400 0.3000 —0.1000 0.1429 
on 3 0.3000 —0.3750 0.1250 —0.1786 
Al 3 0.2806 —0.1964 0.2750 —0.1000 
O* 2 0.0000 —— a — 
ilies 2 0.0500 —0.0714 =. —-- 
Wee 3 —0 0143 0.0204 Se ——- 
2 2 200d 
3+ ee s-wave (l,=0) predominant 
4+ 2 OER —().2806 0.3929 —0.1429 
4+ 3 0.1341 —0.0281 0.0393 —0.0143 
5 3 —— 0.3341 —0.2476 0.3741 
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ray leading to the 0.42 Mev /J=3* level has 
A,=—0.26+0.025, and the 4.85 and 4.55 Mev 
r-rays leading to the 1.76 and 2.07 Mev levels, 
both known to be J=2+,® have A,=0.20-+0.06 
and 0.20+0.14, respectively. If we consider 
only pure multipole transitions, these values 
can uniquely be fitted with the theoretical 
values for J,=3-, due to p-wave capture, with 
the channel spin mixing ratio of t=0.21-+0.05. 
Here ¢ is the fraction of states formed by the 
channel spin J-=2 to states formed by /,=3. 
If we take into account the admixture of 
higher multipole component for these y-rays, 
the experimental anisotropies can also be 
fitted with the theoretical predictions for 
Jr=4* and J,=4-. In the case of J,=4+, about 
10% admixture of E2 component of M1 is 
necessary, and the d-wave capture at this low 
proton energy seems to be improbable. The 
J,=4 assignment requires admixture of M2 
component to £1, and the M2 transitions 
with an £3 admixture, which seem to be un- 
likely in view of the fact that the angular 
distributions of ;-rays measured at higher 
resonances by Green et al.°) show almost pure 
F1 character. So we have assigned this reso- 
nance level as /,;=3-, which is considered to 
be the most probable. 

Using these values of the resonance spin and 


channel spin mixing ratio, the anisotropies of 


dipole transition y-rays from the resonance 
level to the final states /=2, 3 and 4 are calcu- 
lated to be A:=0.206, —0.258, and 0.086, res- 
pectively. The measured anisotropies of 7- 
rays leading to the 3.16 and 4.18 Mev levels 
from the resonance level have A: values of 
0.19+0.10 and —0.27+0.06, respectively, so it 
is natural to assume these levels as /=2 and 
3, respectively, fed from the resonance level 
by the strong almost pure dipole transitions. 
A small possibility of /=4 for the 3.16 Mev 
level remains of course, only from these con- 
siderations. On the other hand, these two 
levels in Al2* are considered to have T=1 
character and to correspond to the second and 
third excited levels in Mg”, mainly from their 
excitation energies. Further discussions about 
this point will be given later. Then, since the 
second and third excited levels in Mg” have 
been assigned!” as either 2* or 3* from the 
stripping reaction Mg?5(d, p)Mg”®, our Az 
values indicate that the 3.16 and 4.18 Mev 
levels must be /=2? and 3, respectively, if the 
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T=1 assignments are confirmed. In this case, 
it follows that the second excited state in 
Mg” is J=2*, and the third excited state 3+. 
This /=2* assignment for the second excited 
state is consistent with the presence of the 
2.97 Mey direct ground state transition y-ray 
from this state, following the electron 
capture decay of Al?*.18 To conclude, we 
consider it very probable that the 3.16 and 
4.18 Mev levels have T=1 character and have 
spin and parity of 2* and 3+, respectively. 

At the 392 kev resonance, all 7-ray angular 
distributions are isotropic within the experi- 
mental error. So we have assumed this reso- 
nance level to be either 2* or 3+, due to s- 
wave capture, although the possibility of 
J,=2- or 3- with an appropriate channel spin 
mixing ratio cannot be excluded. 

At the 437 kev resonance, the anisotropies 
of two strong y-ray components to the ground 
state of J/=5* and the second excited state of 
J=3* are Az2=—0.09+0.04 and —0.19-£0.05 
respectively. These values agree with the 
calculated values of A:=—0.100 and A2= 
—0.196 in the case of /,=4-, and also with 
the values of A,.=—0.088+0.03 and A.= 
—0.190+-0.05 in the case of /,=4*, wth the 
channel spin mixing ratio ¢=1.9*33. Un- 
fortunately, unique assignment cannot be 
given from our experimental informations. 


Table VIII. Resonance strength for three 
Mg(p, 7)AP® resonances. 

Reso: fist Bon 

nance df 2J,.-+1)—" + (ev pi y (ey 

(kev) ea Te+Ly tev) Pytly Oe 

317 3 0.36+0.07 0.051+0.010 
2, 0.128+0.026 

392 or 3 0.64+0.13 °r 9991 -+0.018 

437 4 0.69+0.14 0.077+0.015 


Radiation yield 

From the thick target yield of y-rays from 
the resonance level, the quantity (2/,+)J/ pI’y/ 
/(»+T,) was calculated, where J, is the spin 
of the resonance level, J’, is the proton width 
and /’y is the radiation width of the resonance 
level. These are given in Table VIII. These 
values agree fairly well with the previous 
results.» 
The level doublet at 2.07 Mev 

The existence of a 2.06 Mev level was first 
shown by Browne” (1954) who studied the 
reaction Si?8(d, w)Al?® which is considered to 
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lead only to T=0 states of the final nucleus. 
Al2® should be expected to have a T=1 level 
in the neighbourhood of 2 Mev, corresponding 
to the first excited state of Mg?®. Kavanagh, 
Mills and Sherr® (1955) suggested the ex- 
istence of a T=1 level at 2.074 Mev in ad- 
dition to the 2.064 Mev level, reported by 
Browne. This was also supported by Green, 
Singh and Willmott (1956) who assigned 
energies of 2.09 and 2.08 Mev to this doublet, 
with a definite separation of 10 kev. These 
authors proposed the level doublet from 
their study of the y-ray spectra from the 
Mg?5(p, 7)Al® reaction, and the existence of 
this doublet was based upon the change of 
the decay mode of the 2.07 Mev level (1.64 
and 1.01 Mev 7-rays) from resonance to reso- 
nance. The y-rays leading to these levels 
could not be resolved in their experiments, 
of course, and the transition assignment of 
the low energy y-rays may not be free from 
some doubt in view of the very complicated 
level structure of Al?*. Our experimental 
results do not necessarily postulate the ex- 
istence of the doublet, proposing about equal 
transition rate of the 2.07 Mev level to the 
0.42 and 1.06 Mev levels. 

The recent analysis of the Si28(d, a)Al?6 
reaction by Browne,™ in which many more 
levels of Al? were obtained up to the 3.6 
Mev, has re-assigned the energy of the previ- 
ously reported 2.064 Mev level which now 
becomes 2.073-£0.003 Mev. The recent study 
of the Al?(He*, a)Al?® and Mg?4(He3, p)Al?® 
reactions by Hinds and Middleton, which 
should indicate both T=1 and T=0 levels, 
agrees very closely with the level scheme 
proposed by Browne. No extra levels other 
than those found by the (d, a) reaction are 
indicated, and their 2.067+-0.010 Mev level 
has no doublet structure with separation 
greater than 4kev. The level scheme pro- 
posed by Hinds and Middleton has been 
verified by Taylor, de Barros et al. froma 
study of the same Al?”(He?, w)Al* reaction, 
with magnetic analysis. In this experiment 
it is of interest to note that the 2.07 Mev level 
has at least twice the strength of neighboring 
transitions.» 

If the significance of the Si2®(d, a)Al2* ex- 
periment of Browne is to be taken literally, 
it would suggest that there are in fact no 
T=1 levels in Al?* up to an excitation of 
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3.596 Mev, apart from the 0.229Mev level 


\] 


\] 
i] 
\| 


which had only 10% of the intensity of the | 


ground state transition and which is claimed 
to be the T=1 level corresponding to the 


ground state of Mg’®. 
There seems to be no obvious answer to this 
difficulty other than supposing fairly large 


isobraic spin impurity for the T=1 level in | 
question which is then not inhibited in the 


Si28(d, w)Al?* reaction. 
The same argument may also have to be 


applied to the 3.16 Mev level, which is fed by ~ 


the a-articles from the (d, w) reaction fairly 
significantly, in spite of its assumed T=1 
character. 


The 4.18 Mev level 

Referring to the energy level scheme re- 
ported by Hinds and Middleton, it may be that 
either the 4.191 Mev level or the 4.202 Mev 
level in Al?* is the analogue level to the 
third excited state of Mg”®. The 4.18 Mev 
level in this paper, which perhaps corresponds 
to their 4.191 Mev level, is considered to be 
the T=1 level in question™ on the following 
grounds. 

By the isobaric spin selection rule,2™.2 the 
dipole transition with no change of isobaric 
spin in self-conjugate nuclei may be expected 
to be small. One might expect therefore the 
317 kev and 392 kev resonance levels to be 
T=0 levels, due to their reasonably strong 
y-decay to the assumed T=1 levels at 3.16 
Mev and 2.07 Mev in Al?6.1 

Conversely, assuming that these resonance 
levels are T=0, one may expect strong transi- 
tions to T=1 levels of the final nucleus. The 
strength of the y-decay in the observed 
spectrum leading to the 4.18 Mev level then 
suggests that this is a T=1 state. 

If one assumes the Mg?* configuration to 
be (dsj), this would require a spin sequence 
J=0*, 2+, 4*, and assuming the ground state 
and 1.83 Mev level of Mg?* to correspond to 
the 0* and 2+ states respectively, the 2.97 
Mev level of Mg”?® would need to be 4+ in 
consistent with this picture, whilst experi- 
mentally it is assigned to be J=2*. In ad- 
dition, the 4.18 Mev level of Al?* is indicated 
to have spin 3 from our experiment and this 
implies that the 3.97 Mev level of Mg? would 
also be 3+. This assignment is not possible 


on the pure jj-coupling scheme assuming 
T=k 


rr 
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If we assume the excited state configuration 
of Mg” to become (ds/2)-8(si/2)! from, say, 2.5 
Mev upwards, implying an (s1y2) admixture, 
this would permit J=2*+ and J=3* for the 
2.97 Mev and 3.97 Mev levels with T=1. 

The introduction of the mixed configuration 
between the 1.83 Mev and 2.97 Mev levels is 
based on the fact that the 1.83 Mev level ex- 
citation has been satisfactorily calculated by 
Thieberger and Talmi”) on the pure jj-cou- 
pling scheme, using parameters which also 
give good agreement for a wide range of 
nuclei. 

Although the introduction of the (ds/2)-8(s1/2) 
configuration is suggested tentatively, it would 
permit understanding of the level spins of 
Mg?*. By introducting into Al* a similar 
configurational mixing, states with /=2+* or 
3* may be obtained with either T=1 or T=0. 
The spin correspondence between levels of 
Meg? and Al?* would then follow without 
reference to the isobaric spin of the Al?® 
states. 
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Gamma-rays from the reaction Al?’ (p, 7)Si?8 have been studied at the 
four resonances occurring at E, = 226, 294, 326, and 405 kev by the use 
of a large Nal crystal scintillation spectrometer. The gamma-ray 
transitions from the resonane states to the levels in Si?8 at 1.78 Mev(Ist), 
4.62 Mev(2nd), 6.91 Mev, and 8.58 Mev were observed. Spins and parities 
of these levels and some of the resonance levels are deduced from the 
anisotropies of gamma-rays as follows: 4.62 Mev, J= 4); 6.91 Mev, 
J = 2+ or 4+; 8.58 Mev, J=3+; 11.90 Mev, J=4C-); 11.98 Mev, J=4-. 
J=4(+) for the second excited state suggests the collective nature of 
this excited v level which has been expected from the other evidences 


found in neighbouring nuclei. 


The gamma-ray yield and the branching 


ratios of each resonance level are also given. 


§1. Introduction 

The reaction Al?(p, 7)Si28 shows numerous 
sharp resonances in the region below Ey~2 
Mev.» The gamma-ray spectrum was in- 
vestigated by Casson at the 326 and 405 kev 
resonances, and by Rutherglen et al. at the 
five resonancess between E,=400—700 kev.© 
The latter authors also measured the angular 
distributions of the more prominent gamma- 
rays and assigned spins and parities to the 
resonance states and the first excited state 
in Si?8, In Ey=0.65—2.20 Mev region, Gove 
et al. measured the angular distribution of 
gamma-ray transitions leading to the ground 
or first excited state.” 

The excitation energies of the first and 
second excited states in Si?® have been deter- 
mined accurately by magnetic analyses of 
the charged particles from the reactions 
Si(p, p’)Si?8 and P#(p, w)Si?8.8.9 The higher 
excited states were investigated by the re- 
action Al?"(d, n)Si?® by Calvert ef al., and 
by Rubin et al. The angular distribution 
of neutron groups from this reaction has also 
been measured, and the orbital angular mo- 
mentum of a captured nucleon was assigned 
on the basis of the theory of the stripping 
reaction.10.12) 

In the present work, the more complete in- 
vestigation of the de-excitation gamma-rays 
following the proton capture in Al’ was at- 
tempted, and some definite informations were 
obtained. From the angular distribution of 
each gamma-ray line, spins and parities are 
assigned to some of the levels in Si2® includ- 
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ing the second excited state, which will be 
of some interest from the point that the col- 
lective mode of excitation may exist in this 
mass region. 


§2. Experimental Apparatus and Procedure 


A proton beam up to 70 wA from the 500 KV 
Cockcroft-Walton generator, after 90° mag- 
netic deflection, passed through a hole of 
8mm diameter at a distance of 15 cm from 
the target, producing a beam spot of about 
8 mm high and 4 mm wide on the target. 
A thick target of pure aluminium was used 
in order to permit high incident current, 
which is necessary for securing the reasonable 
counts at the weak resonances as observed. 
The proton current incident upon the target 
was measured by a current integrator of the 
Higinbotham type, and for the gamma-ray 
yield measurements, two pieces of permanent 
magnet were installed at the entrance of the 
target box, which itself served as a Faraday 
cage. 

Gamma-ray spectra were measured with a 
large Nal(Tl) crystal, 5 in. in diameter by 4 
in. thick, coupled to an EMI-6099B photomul- 
tiplier. Another 1.5 in. dia. x2 in. Nal(Tl 
crystal, coupled to a Dumont-6292 photo- 
multiplier, was used as a monitor counter 
and also for the coincidence measurements. 
These crystal-photomultiplier assemblies were 
shielded by a layer of lead, about 5 cm thick, 
and were mounted on a large angular distribu- 
tion apparatus, as illustrated in Fig. 1 of the 
preceding paper. No collimation of the 
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gamma-ray beam was used. The output 
pulses from the photomultiplier were delay- 
line shaped, and fed into a 100-channel Hut- 
chinson-Scarrott type or a 10-channel Johnstone 
type pulse height analyser. The counting 
loss due to the dead time of the 100-channel 
analyser was corrected by the discriminator- 
scaler system connected in parallel. In co- 
incidence measurements, amplified puises 
from the small crystal were pulse-height 
selected, by means of a single channel ana- 
lyser, and phase-inverted, which opened the 
gate circuit of the 100-channel analyser, to 
whose main input were fed the 3.7 sec- 
delayed pulses from the large crystal. The 
coincidence resolving time of the system (2r) 
was about 6 microseconds. 

The gamma-ray energies were determined 
by the 10-channel analyser, whose linearity 
and stability were superior to those of the 
100-channel analyser. In these measurements, 
the crystal was placed close to the target 
(~30 mm), in order to increase the counting 
rate to a reasonable level. Energy calibra- 
tion was carried out with the gamma-rays 
from the radioisotopes Na”? (1.277 Mev) and 
ThC” (2.614 Mev) for the low energy part of 
the spectra, as well as with the gamma-rays 
from the reaction F 1%, a, 7)O1%(6.14 Mev) 
and the reaction Al?’(p, 7)Si28(7.25—7.36 Mev) 
using the known Q-value of 11.588 Mev, for 
the high energy part of the spectra. 

For coincidence measurements, two crystals 


- were generally placed at 90° and 270° to the 


beam, respectively, and as close to the 
target as possible (~25mm). Although this 
geometry was necessary to get a reasonable 
coincidence rate, sum peaks due to the co- 
incident detection of cascade gamma-rays 
were expected to appear in both crystals to 
a significant amount, and these effects were 


- corrected using the crystal efficiencies and 


the standard line shapes described below, 
taking into account the angular correlation 
of two gamma-rays. 

To obtain the angular distribution of each 
gamma-ray line, it is necessary to subtract 
the escape peaks or the Compton tails of 
higher energy gamma-rays, i.e. to decompose 
the observed spectrum into the sum of vari- 
ous gamma-rays. For this purpose, the line 
shape of monochromatic gamma-rays emitted 
from a point source at a distance of 150 mm 
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from the front face of the crystal was meas- 
ured as a function of energy with the follow- 
ing sources: B"(p, 7)C12(11.67, 4.43 Mev), 
C13(p, 7)N14(8.00 Mev), F}%(p, a, 7)O%(6.14 Mev), 
Na**(2.754 Mev), C(p, 7)N#5(2.37 Mev), Na” 
(1.277 Mev), Cs"*7(0.662 Mev). The spectra of 
five of these for the large crystal are shown 
in Fig. 1. The monochromatic line shape of 
any desired energy can be constructed with 
the help of a special diagram, which allows 
easy interpolation between the measured 
monochromatic line shapes mentioned above. 


ae Aas Mev 
some 275 Mev 


RELATIVE COUNTS 


Fig. 1. Line shapes of monochromatic gamma- 
rays of five different energies for 5in. dia. x 
4in. Nal crystal, with no collimation. The 
distance between the front face of the crystal 
and sources was 150mm. 


The actual scintillation spectrum was decom- 
posed into its constituent gamma-rays by 
successive numerical fitting and subtraction of 
the monochromatic line shapes thus obtained. 
Individual pulse height spectra of each com- 
ponent gamma-ray obtained by this process 
are shown by the dotted curves in Figs. 5-7, 
and these were used for the calculation of 
relative intensities as well as angular distribu- 
tions. The relative intensities of each gamma- 
ray were computed from the decomposed 
spectra using the crystal detection efficiencies 
tabulated by Wolicki ef al. This method 
was checked to be correct within 10% with 
the cascade lines from the B"(p, 7)C” reaction 
(11.67, 4.43 Mev) and from Na*4(2.75, 1.37 Mev). 
The quoted errors for the relative intensities 
(Tables I-IV) include this 10% uncertainty 
for the efficiency, as well as the statistical 
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uncertainty of the counts in the peak channels 
where the standard line shape was numerically 
normalized to fit the original spectra. In the 
evaluation of the angular distribution coef- 
ficient As, we must take into account not only 
the statistical error, but the uncertainty due 
to the various possible errors in the subtraction 
process but this was found not to exceed the 
statistical error by the trial of analysing and 
combining several data, and the quoted error 
for A: in Tables III and IV are mainly of 
statistical origin. 


——- COUNTS PER 10 uC. 


—— PROTON ENERGY Ckev) 


Fig. 2. Thick target excitation curve of gamma- 
rays observed at 55 degrees to the proton beam, 
with the discriminator bias corresponding to the 
gamma-ray energies greater than 5.8 Mev. The 
distance between the front face of the crystal 
and the target was 29mm. 


In angular distribution measurements, the 
front face of the crystal was 150 mm apart 
from the target, and the integrated proton 
current was used as a monitor as well as the 
10-channel counts from the other small Nal 
crystal, placed about 80mm apart from the 
target. The distance between the centre of 
the target and the main crystal was held 
constant within one millimeter with a jig at 
any angular setting of the counter, and if 
the deviation of the proton beam spot from the 
centre of the target was recognized, the cor- 
rection was applied. The gamma-ray spectra 
were measured just above and below a re- 
sonance, and the contributions from the lower 
resonances were subtracted as well as the 
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background of various kinds. This subtrac- 
tion was safely performed in virtue of the. 
fact that the contributions from the lower 
resonances are always small in our Ey» region, 
as can be seen from the thick target excita- 
tion curve shown in Fig. 2, and also of the 
fact that the gamma-rays from the 294, 326, 
and 405 kev resonances have almost the same 
spectra and angular distributions. | 

Background of various sources was found | 
to appear, i.e. natural radioactivity anda 
cosmic-ray with a constant level, reaction . 
gamma-rays produced by the proton beam 
striking the magnet box, defining slits, and 
aperture, whose intensities depend on the 
energy as well as on the intensity of the 
proton beam, and also contaminant gamma- 
rays from the target such as the 2.3 Mev 
gamma-ray from the C(p, 7)N™ reaction and 
the 6.14 Mev gamma-ray from the F!°(f,a, 7 )O”” 
reaction, which are due to a slow buildup of 
carbon and fluorine on the target surface. 
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Fig. 3. Scintillation spectrum taken at the 226- 
kev resonance at zero degree to the proton 
beam with the front face of the crystal close 
to the target (~30mm). 


Although a liquid air cold trap was installed 
in front of the target box, these contaminant 
gamma-rays could not be eliminated alto- 
gether, and frequently appeared as a con- 
taminant peak, which was very troublesome. 
Considerable portions of these backgrounds 
however, could be subtracted by the above- 
mentioned process. 


§3. The Decay Scheme of the De-excitation 
Gamma-rays 


In Figs. 3-7 are shown the gamma-ray 
Spectra observed at the resonances of 226, 
294, 326, and 405kev proton energy. The 
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226 kev resonance level, at an excitation of 
11.80 Mev in Si’’, decays predominantly to 
the first excited state at 1.78 Mev, while 
other three resonance levels decay mainly to 
the second excited state at 4.62 Mev and the 
state at 6.91Mev, by the gamma-rays of 
7.29—7.36 Mev and 4.96—5.07 Mev, _respec- 
tively. At the 405kev resonance, weak 
transition to the first excited state is also 
present, in accordance with the observation 
of Rutherglen et al. The state at 6.91 Mev 


Table I. Gamma-rays observed at the 226 kev 
resonance. 
Ey(Mev) Transition Relative intensity 
10.032 11.81>1.78 100+10.8 
ier) 1.780 94.24 9.9 
11.81>4.62 <[28 
11.81>6.91 <4.7 
Ze Li: C® contamination 


a: Energy standard. 


Table Il. Gamma-rays observed at the 294 kev 
resonance. 
Ey (Mev) Transition Relative intensity 
7.25% 11.87>4.62 , 
(6.80) 8°5851.78} Hua 
5.14+0.05 6.91>1.78 
4.98-40.05 118756.91} 39.045.1 
4-08-40,100 @ (11-87-57 :90) 8.0+3.8 
3.29+0.04 11.87-8.58 10.1+2.1 
2.85+0.03 4,621.78 56.4+6.7 
1.775+0.015 1.780 
(F149 contamination) 
6.14 (7.90->1.78) 
4.620 <<@lib 
368 existence doubtful 4,743.3 
Ree, C¥ contamination 


a: Energy standard 
b: Not direct observation. 


decays by a 5.130.04Mev gamma-ray to 
the first excited state, so the peak at about 
5.1 Mev is actually composed of two com- 
ponents. This is verified by the coincidence 
spectra gated by the 7.3 Mev peak and by 
this 5 Mev peak as shown in Fig. 9, and in 
addition, by a slight energy shift of one 
component recognized at the 294 and 326 kev 
resonances. Our 6.910.03 Mev state 1s con- 
sidered to correspond to the 6.88=-0.06 Mev 
state observed by Rubin et al. by the 
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Al(d, n)Si?® reaction. The 4.62 Mev state 
fed from the resonance level by the 7.3 Mev 
line, decays predominantly to the first excited 
state by a 2.84Mev gamma-ray. The direct 
ground state transition was found to be less 
than 2% of cascade transition. 
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Fig. 4. Main part of the scintillation spectrum 
taken at the 294kev resonance at zero degee 
to the proton beam, with a 10-channel pulse 
height analyser and the crystal close the target. 
The dotted line shows the contribution from 
the 226 kev resonance. 
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fig. 5. High energy part of the scintillation spec- 


trum taken at the 326kev resonance at zero 
degree with a 100-channel pulse height analyser. 
Front face of the crystal was 150mm apart 
from the target. Contributions from the lower 
resonances were subtracted, and the dotted cur- 
ves show the individual pulse height spectra of 
each component gamma-ray, into which the 
observed spectrum was decomposed. 


Other weak components of 3.29—3.40 Mev, 
~4.0Mev, 4.60Mev, 6.8Mev, and 8.5 Mev 
were observed at some of the resonances, as 
given in Tables II-IV. The 3 Mev component 
was observed to be 3.29+0.04Mev at the 
204kev resonance, 3.330.04Mev at the 
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Table Il. Gamma-rays observed at the 326kev Fig. 9. As the decomposition of the 7.3 Mev 
resonance. peak at the 405kev resonance is consistent 
. 3 with the presence of a 6.8 Mev component 
Hiy(Mev) | Transition oe Viswae ai of about 10% of the main component, the 
8.58 Mev level must decay to the first excited 
"6 a Pe a, 75.747.6 0.26+0.03 state by a gamma-ray of 6.80 Mev energy. 
5.13+0.05 6.91-1.78 A 4.60Mev gamma-ray was observed at 
4.99-0.05 11,906.91} 2 ee aa ae the 405 kev resonance with the intensity of 
3.95+0.10 (11.90>7.90) 7.9+2.6 about 10% of that of the 2.84 Mev component, 
3.3340.04 11,908.58 5.42.2 in the singles spectra. At the 294 and 326 
2.84g40.03 4.62>1.78 83.4+9.2 0.24+0.04 kev resonances, however, it is less than 2%, 
hae O1S pela 79 if present. In the coincidence spectrum at 
the 405 kev resonance gated by the 7.3 Mev 
8.4 abate peak, the 4.60 Mev component is less than 
6.14 e contamination 3% of 2.84 Mev line, after careful subtraction 
(7.90>1.78) of the sum peak due to the coincident detec- 
oe a 7 tion of the 2.84 and 1.78 Mev cascade gamma- 
2.26 C2 contamination 


b: Not direct observation 


326 kev resonance, and 3.40+0.03 Mev at the 
405kev resonance. So this must be the 
primary gamma-ray de-exciting the resonance 
level to the state at 8.58+-0.04 Mev, observed 
by Rubin et al. as 8.57:0.08 Mev. This 3 
Mev component is in coincidence with the 
7.3 Mev peak at the 405kev resonance, but 
not with the pulses corresponding to the 
energy région 8 to 9 Mev, as can be seen in 
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rays. Since the other evidences are reported 
that the 4.6 Mev gamma-ray observed in the 
Al?"(p, 7)Si2® reaction is not due to the direct 
ground state transition from the 4.62 Mev 
level,‘ we assigned it tentatively as a transi- 
tion from the 9.2,Mev T=1 level to the 
4.62 Mev second excited level. The transition 
from the resonance level to this 9.2 Mev 
level includes 2.7, Mev gamma-ray, which 
would be difficult to observe in our case, if 
it is present, on account of the strong 2.84 
Mev line. 
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Fig 6. High energy part of the scintillation spectra taken at the 405 kev resonance at zero and 
90 degrees to the proton beam. Contributions from the lower resonances were subtracted and 
the dotted curves show the individual pulse height spectra into which the 90 degrees spectrum 


was decomposed. 
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Fig. 7. Low energy part of the scintillation spectra at the 405 kev resonance, taken at zero and 90 
degrees to the proton beam. Contributions from the lower resonances were subtrated. The 
dotted curves show the individual pulse height spectra into which the 90 degrees spectrum was 


decomposed. 


A gamma-ray of about 4 Mev energy was 
present at the 294 and 326kev resonances, 
as listed in Tables II and III, but the yield 
-was too low to make a definite coincidence 
work on these weak components at these re- 
sonances, and only a tentative assignment is 
that it may be the transition from the re- 
-sonance level to the 7.90 Mev level known 
from the (d, 2) reaction, with a possible decay 
of the 7.90 Mev level to the first excited 
state by a 6.12Mev gamma-ray. The 6.12 
Mev component was difficult to discriminate 
against the possible background 6.14 Mev 
gamma-ray from the F4(p, a, 7)O" reaction, 
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Fig. 8. Small-crystal scintillation spectrum, taken 
at the 405kev resonance. Gate positions for 
the coincidence measurements are shown. 


and its existence was not established. Also 
a slight indication of the presence of about 
8.5 Mev gamma-ray was observed, but its ex- 
istence or the decay mode could not be es- 
tablished with any certainty. The decay 
scheme thus determined is illustrated in Fig. 
10 together with the branching ratios of each 
resonance level, and the exictation energies 
deduced from the gamma-ray energies are 
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Fig. 9. Coincidence spectra taken at the 405 kev 
resonance, with a thick target and a 100-channel 
pulse height analyser. Small contributions from 
chance coincidence counts, sum peak counts in 
the large crystal, and false coincidence counts 
due to the sum peaks in the gate crystal were 


carefully subtracted. 
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by the Al" (d, 2) Si?8 reaction. 
Mev levels are discussed in the text. 
previous work. 


compared with the other values reported 
previously.» 91) In Tables I to IV are sum- 
marized the gamma-ray energies and relative 
intensities at each resonance, together with 
the anisotropies of each gamma-ray line, 
where measured. The relative intensities are 
shown as the number of photons per 100 
captures. 

It will be of some value to compare the 
present result with those previously reported. 
Rutherglen e¢ al. interpreted the 7.3 Mev 
peak of their gamma-ray spectra as a mixture 
of two components, of transitions from the 
resonance level to the levels at 4.6 and 5.2 
Mey, with such a comparable intensity ratio 
as to affect the angular distribution appreciab- 
ly. Present work with better resolution is 
inconsistent with this interpretation. Mono- 
energetic line shape for a 7.3 Mev gamma-ray, 
interpolated from the line shapes of mono- 
chromatic 6.14 and 8.00 Mev gamma-ray, and 
shown by the dotted lines in Figs. 5 and 6, 
is in close agreement with the line shapes 


The spin assignment of the 4.62, 6.91, 8.58, 11.90, and 11.98- 
The assignment for the first excited state is from 


observed in the Al?"(p, 7)Si?8 reaction. Only 
a small amount of 6.8Mev component is 
considered to be included in this peak, which 
was confirmed by the coincidence results. 
Also, the de-excitation gamma-ray of the 5.2 
Mev level, i.e. a 3.4 Mev line of fixed energy 
or a 5.2 Mev line coincident with the 7.3 Mev 
peak, is to be found with the Rutherglen’s 
scheme, but there was not any appreciable 
indication of its presence. 

The 5.1 Mev gamma-ray had been assigned 
as a cascade transition decaying from the 
resonance level through the level at 7.1 Mev 
to the first excited state.’ Though the decay 
mode was confirmed by our coincidence re- 
sults, precise determination of gamma-ray 
energies indicates that the intermediate state 
is at 6.91+0.03 Mev excitation. This value, 
as Stated above, is in agreement with the ex- 
citation energy of the corresponding level, 
6.88+0.06 Mev, obtained from the energy 
measurement of neutron group in the reac- 
tion Al**(d, 2)Si28, within experimental error. 
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As to the direct ground state transition 
from the second excited state, though a 4.6 
Mev line was observed and reported at the 
993 kev resonance, it was found that the line 
is not accompanied by the 2.84 Mev—1.78 Mev 
cascade gamma-rays at the other resonances 
nor in the reaction Mg?(a, 2, 7)Si28.13)19 
Rutherglen e¢ al. also do not report 4.6 Mev 
line at the five resonances between E,= 
400—700 kev. These are in agreement with 
our results, and are consistent with the /=4“ 
assignment to the 4.62 Mev level as described 
below. 

§4. Spin and Parity Assignments to Levels 
in Si?8 

The angular distribution of each gamma- 
| ray line was measured by analysing spectra 
taken at zero and 90 degrees to the proton 
beam.. The anisotropy observed was fitted 
into the angular distribution formula W’(0)= 
1+G:A:2P2 (cos @), where Gs, the correction 
factor for finite solid angle of the detector, 
was calculated to be 0.916 between £y=3~8 
Mev for our geometry.* In Tables III and IV 
are given the measured values of A» for each 
| gamma-ray, at the 326 and 405 kev resonances. 
The resonances at 226 and 294kev were too 
weak to allow any definite conclusions to be 


* In the case of a d-wave capture followed by a 
quadrupole or higher multipole transition, the an- 
gular distribution formula includes Ps(cos@) term, 
me. 

W '(6)=1+G2A2P2(cos 0)+G1AsPx(cos 8) . 
We have measured only the anisotropy, R= 
W'(0°)/W'(90°), on the assumption that the d-wave 
capture followed by a quadrupole transition will be 
a rather rare case in our Hy, region. The anisotropy 
R is related to the coefficients A, in the absence 
of the P,(cos @) term by the relation 
R=(1+-G2A2)/{1—(G2A2/2)} 

i.e. A,=(R-1)/G.(1+R/2), which was used through- 
| out the analysis, and to the coefficients As, Ay by 


| the relation 


Ra(1+G2A,+GsAp/{1 — (G2As/2)+ (38G4A4/8)} 
if the Pi(cos@) term is present. Therefore, the 
experimentally obtained A, value, (# — 1)/G21+-R/2), 
deduced on the assumption of the absence of 
Pi(cos @) term, is to be compared with the theoretical 
value {As+(5G4A4/12G2)}/(1 +-(7G4A4/12)} in the case 
the P;(cos @) term is expected. As we had no exact 
value for G4, we used instead the theoretical value 
{ Ay-+(5.A4/12)} /{1-+(7As4/12)}, but the difference from 
the exact value was estimated to be only a few 


percents, 
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drawn from measurements. 

When a resonance state is well isolated 
and is formed by a single angular momentum 
of the incident proton, as in our cases, the 
theoretical angular distribution of the primary 
or the intermediate gamma-ray in the (9,7) 
cascade is uniquely determined by specifying 
the quantum numbers and parameters such 
as channel spin s, orbital angular momentum 
Z of the incident proton, spin fi, js, etc. of 
the intermediate states (see Fig. 11), spin J of 
the state to which the observed gamma-ray 
leads, and the multipole order Li, L’/1, Le, L’2, 
etc. and mixing ratios 01, 02, etc. of the in- 
termediate gamma-ray as well as the observed 
gamma-ray.** As the ground state spin of 


Fig’ 11. Energy level diagram for the (p, 7,7, 7) 
reaction showing the notation employed in the 
text for quantum numbers. 


** In the case that the resonance level is well 
isolated and the interference between the incident 
proton waves does not occur, the theoretical an- 
gular distribution formulae for the first, second, 
and third gamma-rays in the (p,7) cascade are ex- 
pressed as follows, apart from trivial and com- 
plicated factors involving powers of —1, 

Ist gamma-ray: 

W (0)= ZF (LIS, sk) Zi(InI, Ly! J, Joie) Py(cos 8) 

2nd gamma-ray: 
W (0)= die Z (Ul, sk) 
x W (Shed 2, Lyk) Z,(LoIo Lio! Jr, Jzht)P(cos 0) 

3rd gamma-ray; 
W (0)=dieZ (lAlA, sk)W (SdeSid2, Lik) 

x W (AJ3oJ3, Lok) Zi L3d3L3'J3, Ik) Px(cos @) . 
The components of different channel spin or dif- 
ferent multipole order of the preceding radiations 
contribute incoherently. In our analysis, numerical 
values of the functions 7, W, and Z,, and the sign 
of multipole interference term which affects the 
sign of 0, and 62 cited in Table VI, were taken 
from reference 16, 
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Table IV. Gamma-rays observed at the 405 kev 
resonance. 


ag Relative Aniso- 
Fy (Mev) Transition intensity, tropy As 
10.240.15 11.98>1.78  6.6+42.3 
7.36% 11.98->4.62 66.546.7 
6.80 8.58-51.78 (7.241.4)»f 0-2140.02 
11.98->6.91 
5.1030.04 [1§-Qr rt 73 24.442.9  0.2540.05 
4.60+0.05 (9.22>4.62) 7.54+2.5 
3.4040.03 11.98>8.58  7.241.4 —0,160.08 
2.8440.02 4.621.78 76.647.7  0.2440.02 
1.7854+0.015 1.7850 106.4413.8 0.25+0.03 
existence 
Pee doubtful 
4.62->0 <23 
2.34 C} contamination 


a: Energy standard 
b: Not direct observation 


Table V.  Anisotropies A, computed for pure 
radiation. 
Theoretical A, for the first 
gamma-ray leading to the 
state of spin 
l Ji 8 j=2 jos Io=5 
O22 orss Zor isotropic 
LS 2 —0.010 0.014 — — 
a 2 -—0.350 0.100 —0.143 _ 
1 Oe 3 0.100 —0.029 0.041 — 
os 2 -—0.240 0.300 —0.100 0.143 
a S 0.300 —0.375 0.125 —0.179 
Ah 3 0.281 —0.196 0.275 —0.100 
O+ a isotropic 
As 2 0.050 —0.071 — — 
1+ 3 —0.014 0.020 — ~- 
2 7 ae s-wave (l1=0) predominant 
4+ a 0.3734 —0.281 0.393 —0.143 
4+ 3 0.134% —0.028 0.039 -—0.014 
Lay =o _— 0.334 —0.248 0.374 


a: Coefficient of Py(cos @) appears in these cases, 
5 7 beat 
and the value (4+ 12 As)/(a “+ 12 A.) is listed, 


which is to be compared with the experimental 
anisotropies. 


Al" is J=5/2, with even parity, the resonance 
states that can be formed by s-,p-, or d- 
wave proton capture are as follows: s-wave, 
FOZ) 5.3 ;.)-WAVG,1 1, fj = le 2 eed 
d-wave, 1=2, j:=0*, 1, 2*, 3*, 4* 5. The 
theoretical angular distribution coefficients of 


the primary gamma-ray de-exciting the re- 
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sonance state are given in Table V, for all | 
these possible cases, with the combination 
of channel spin s=2 or 3, and the final state | 
spin jx(=J in this case)=2, 3, 4, or 5.1 Here 
the coefficients are calculated assuming the 
pure multipolarity of the allowed lowest order, 
but in the actual cases, it is necessary to 
take into account a small admixture of higher 
multipole component, and the coefficients as 
a function of mixing ratio 6;, were calculated 
for the cases as cited in Table VI, which are 
of actual interest. Angular distribution meas- . 
urements of the second and third gamma-rays 
in the cascade are also necessary in order to 
determine the spin sequence uniquely, and 
the theoretical coefficients of these cascade 
gamma-rays, which contain the parameters 
such as the channel spin mixing ratio ¢ and 
the multipole mixing ratios of the first and 
second gamma-rays, 6; and 0:, were also 
calculated. 


405 kev resonance : 

The main transition at this resonance is 
the 7.36 Mev—2.84 Mev—1.78 Mev triple cas- 
cade. From the measured A, values of these 
three lines, we can deduce spin and parity 
of the resonance state as well as the second 
excited state. 

The observed anisotropy of the 7.3 Mev 
peak is A,=0.21+0.02, in fair agreement 
with the result obtained previously, A2,= 
0.190.007. The effect of a small admixture 
of the 6.8 Mev component which is included > 
in this peak was corrected assuming the 
8.58 Mev level as /=3*(as discussed below), 
and using the theoretical angular distribution 
coefficient for the second transition of a 
4-(E1)3*(M1)2* cascade, A2=—0.196. The cor- 
rected value, A,°*?-°":—0.245-0.02, wacuam 
dopted for the 7.36 Mev component. The ob- 
served anistropy of the second gamma-ray, 
2.84 Mev line, is A,=0.24++0.02. Even if the 
2.76 Mev line, proposed as a possible transi- 
tion from the resonance level to the 9.2 Mev 
(3*) level, would exist, the correction due to 
the effect of this line was estimated to be 
+0.01 or less. The observed anisotropy of 
the third gamma-ray, 1.78 Mev line, is A,= 
0.250.038. The effect of the contribution 
from other two cascades, namely, 3.40 Mev- 
6.80 Mev-1.78 Mev and 5.07 Mev-5.13 Mev— 
1.78 Mev must be corrected. If we take the 
6.91 Mey level, the imtermediate level of the 
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Table VI. 


Gamma-rays from the Reaction Al?"(p, 7) Si8 
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Comparison between the experimentally observed anisotropies and the theoretical predic- 


tions, for the main triple cascade transition at the 405 kev resonance, 


Spin sequence 


JL) I(L2L'y)- 
J3(L3h'3)I 


First gamma-ray 
Az?zr. = 1).244+0.02 


Third gamma-ray 
Ay? ®?- = 20.26+0.03 
Expected values 


Second gamma-ray 
Ag®@P. = (1).2440.02 


2-(DQ)2(DQ)2+(Q)0*|No; Ast? or <0.195 (t=0)t 


2~(DQ)3(DQ)2*(Q)0+ |Yes; if 0.11<d,<0.15 (t=0)4 |Yes; if ~9:02<02<0.02 


3-(DQ)2(DQ)2+(Q)0+|Yes: if 5.8<t<12.5 0 


3>(DQ)3(DQ)2+(Q)0* Yes; 
3-(D@)4(Q)2+(Q)0* Yes; 
4~(QO)2(DQ)2+*(Q)0* |Yes; 


if 0.06<t<0.14¢ 


if —0.09<d,< —0.03 


4 (DQ)3(DQ)2+(Q)0+ junfavourable; 0.37<6,<0.43 
4-(DQ)4(Q)2+(Q)0+ 
4+(Q)2(DQ)2*(Q)0+ 
4*(DQ)4(Q)2*(Q)0+ 


Yes; if —0.13<0,<—0.03 
MESS WOR VS af) 
Yes; if 0.60<t<0.95 ¢ 


if 9.07<d,<0.11 (f=0)4|No; Agit?or.— —0.35040.006 


No; Astheor. <0.06 No 0.012 
No ~0-340~~0.337 
2.7<6,<A.3 NOD. 162-2 0007 
Te mO ee he Tal ~().094~ — 0.034 

y 73.< } 

eS) 09 ear No  0029~ 0.068 
Eh O68 <6, 2019 0.159~ 0.171 
Yes; if 47 g,< 2.7 No 0.052~ 0.077 
No —0.350~—0.349 
0. 1330-64 0.136~ 0.140 
Yes; if _9'0<3,<_1.6 No = 0,020-u 004 
ban 0.48 = Oa - 0,40 0.226~ 0.237 
Yes; if 6 3<3,<- 4.7 Yes 6/070~ 0.076 
Yes; Aytheor-=0.238+0.006] Yes 0.237~ 0.239 
Le 20 e td 0.014~ 0.058 
Yess if 7 7<p,<21.0 [N° Locos’ 01009 
Yes; Agthor-=0.22140.014 | Yes 0.215~ 0.241. 


a: Unique channel 


spin was assumed for these cases as the mixing of other channel spin requires 


larger values of 6 in the interpretation of our results. 
t is the fraction of states formed by the channel spin s=3 to the states formed by s=2. 


c: As 6; is considered to be small, 6; was taken to be zero for these cases. 


Non zero value of 0; 


allows larger range for channel spin ratio t, but it does not affect the following conclusions. 


latter cascade, as J=2+, A.°*?-°7T- is 0.26, and 
if we take it as J=4t, A.°*P-°o- remains 0.25. 


' Therefore, the correction is not serious in 


either case, and we adopted the value 
Aer? -orr. =(),26+0.03 for the third gamma-ray 
of the triple cascade. 

From the anisotropy of the first gamma- 
ray, ten spin sequences listed in Table VI 
seem to be possible with reference to Table 
V, and the calculated theoretical angular 
distribution coefficients of the first gamma- 
ray for these cases, taking into account the 
multipole mixing, are compared with the ex- 
perimentally obtained values in Table VI. 


Here, the ground and first excited states are 


known to be J=0* and 2+, respectively. As 
is shown in Table VI, eight cases of ten can 
be fitted with the experimental anisotropy of 
the first gamma-ray with the appropriate 
values for the channel spin mixing ratio f or 
multipole mixing 6;. One case is unfavoura- 
ble because quadrupole component is too 
large. The experimental anisotropy of the 
second gamma-ray was compared with the 
theoretical values which were obtained by 
applying the values of ¢ or 6, determined 


from the anisotropy of the first gamma-ray 
to the original formulae for the second gamma- 
ray, which contain ¢, 61, and 02, in general. 
Two cases can be fitted without any specific- 
ation, and again six cases can be fitted with 
the appropriate choices of the mixing ratio, 
02, aS shown in the third column of Table 
VI. In the last column of Table VI, the 
theoretically expected coefficients for the third 
gamma-ray are given which were calculated 
using the values of ¢,0: and 02, preveously 
determined. Here the selection is rather 
stringent, as no multipole mixing can occur 
in this last gamma-ray, and after all, only 
the two cases, i.e. 4-(DQ)4(Q)2*(Q)0* and 
4+(DQ)4(Q)2*(Q)0*, are found to be consistent 
with our observation. There may seem to 
remain a slight possibility in the sequence 
4-(DQ)3(DQ)2*(Q)0+ from our data, but this 
is further depressed by the fact that the an- 
gular distribution of the gamma-ray(s) lead- 
ing to the level at about 4.6Mevy from the 
652 kev resonance, measured by Rutherglen 
et al.,™ is also very different from the distri- 
bution expected with the pure dipole transi- 
tion to a f=3 level, rather agreeing with 
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the distribution expected with the assignment 
of J=4. Thus the J=4 character for the 
second excited state is considered to be well 
established. The parity of the state is ex- 
pected to be even, but this point will further 
be discussed later. As to the resonance state, 
fi=4- assignment will be reasonable, since 
no alpha-particles from the Al?"(p, a)Mg** re- 
action was observed at this resonance® and 
also our A» coefficients for the second and 
third gamma-rays seem to favour the 
4-(DQ)4(Q)2*(Q)0* sequence. This assign- 
ment is in accord with that of Rutherglen 
et al., based upon the gamma-ray decay modes 
and the absence of alpha-particles. The main 
transition at this resonance, 7.36 Mev gamma- 
ray to the second excited state, is therefore 
of El character, with a small (~1%) admix- 
ture of M2 component. Fairy significant 
transition to the 2+ first excited state from 
the resonance state must also be of M2 (or 
M2+E8) character, and the M2 mixture in 
the main E1 component is considered to be 
quite possible. 

From the anisotropy of A»,=0.25+0.05 for 
the composite 5.1 Mev line, the intermediate 
state at 6.91 Mev is found to be consistent 
with /,=2 or 4, as is seen from Table VI, 
now that the resonance state was determined 
to be fi=4-. fr=3* or 3- is excluded, since 
in this case, above A» coefficient cannot be 
fitted with the theoretical value in a reason- 
able range of 0; or 0. If the parity of the 
state is odd, as is consistent with the assign- 
ment of J»=1 to the stripping pattern of the 
(d,m) neutron group leading to this state, 
J2=2- may be decisive as the level decays 
to the 2* first excited state. But the possi- 
bility of #4=2*+ or 4* cannot be excluded, 
since the /»=1 assignment is not well es- 
tablished. 

The 8.58 Mev level had been assigned to 
be J=2* or 3* on the basis of the J»=0 pat- 
tern of the neutron group leading to this 
level. Then, A,=—0.16-+0.08 of our 3.40 
Mev line, decaying from the 4- resonance 
state to this level, fixes the spin and parity 
0) YS Bh 
326 kev resonance : 

At this resonance, gamma-ray angular dis- 
tributions and decay modes are almost the 
same as those at the 405 kev resonance, and 
the A» values of the first and second gamma- 
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rays in the main cascade fix the resonance 
state to be /,=4+ or 4+, as can be seen from 
Table V and Table VI. P-wave capture is 
favourable from the gamma-ray yield which 
is noted in the next section. 


§5. Gamma-ray Yields and Proton Widths 


From the thick target yield of gamma-rays 
de-exciting the resonance level, the quantity 
(2h+DP.I,/Trtly) was calculated for the 
four resonances and is listed in Table VII. 
In this calculation, the efficiency of the 
counter was taken from the tables of Wolicki 
et al.,“ applying it to our decomposed spectra, 
and the stopping power of Al was taken from 
the experiments by Warshaw.!” The absolute 
values of our results are smaller by about a 
factor of two than the previous measurements 
using a G-—M counter,® to whose efficiency 
may be ascribed some part of the discrepancy, 
as the precise gamma-ray spectra had been 
unknown. As is clear from Table VII, the 
gamma-ray yield decreases rapidly with the 
proton energy, and this is considered to be 
due to the influence of the Coulomb barrier. 
The limiting factor of the resonance strength | 
I'yl’y/T'p+l'y) must, therefore, be J’», and we 
are forced to assume /"p<J'y, in our reso- 
nances. The proton widths J"», obtained with 
this assumption, are listed in the fourth 
column of Table VII. At the resonances 
above E,~600 kev, resonance strengths do 
not increase with the energy on the average, 
indicating that they are limited by ly. The 
magnitude of radiation widths, deduced from 
the resonance strengths at this region, are 
about 0.1~1 ev, as are also generally found in 
neighbouring nuclei. Our values of I» listed 
are smaller by about two orders of magni- 
tude than these normal widths for Jy, and 
the above assumption, /’,<J’y, is considered 
to be valid. To remove the influence of the 
Coulomb barrier, the square of the reduced 
width 7» was calculated using the graphs of 
Coulomb wave functions,1® and the results 
are shown in Table VII, in unit of the sum 
rule limit, 7#2/“R?. Here yw is the reduced 
proton mass, AM,/(A+1), and the channel 
radius R was taken as R=1.5A3x10-3 cm. 
The resulting reduced widths are nearly con- 
stant, indicating that the decrease of the re- 
sonance strength can almost be explained by 
a barrier factor. If we assume d-wave capture 
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Table VII. 


Gamma-rays from the Reaction Al2"(p, 7)Si28 39 


Resonance strenghts and proton widths. 


Resonance (24-41) Ppl 7|(T pt+T7) J, r,(ev) Incident proton 73/(#2[eR2) 
energy (kev) (ev) orb. ang. momentum 
405 0.15+0.03 zi 0.017 1 3.3 «10-3 
326 0.028+0.006 4 0.0031 1 on 
294 0.0042,+0.0013 4a 0.00047 1 Bell ag 
226 0.00094 + 0.0003 2? 0.00019 0 Ball te 


! _ a: At this resonance, 7.25 Mey gamma-ray was anisotropic with a positive A» value, suggesting J;=4+ 
or 3-. As the transition to the 2+ first excited state was not found, we assumed tentaively as 


j=4. 


J,=4+ assignment with a d-wave capture leads to 77, | Hw?) ~70 Salis 


‘|b: The 226 key resonance state decays almost completely to the 2+ first excited state, and the 10 Mev 


de-excitation gamma-ray was measured to be nearly isotropic. 


So Ji=1-, 2+, or 3+ may be possible. 


From the absence of the transition to the 4+ state, we assumed tentatively as Jj=2. 


7 for the 326kev resonance, 7»? amounts to 
| 120 x 10-*(#?/R2), 12 percent of the sum rule 
|limit. Therefore J=4~ assignment to the re- 
‘| sonance state with a p-wave capture is pref- 
'erable. As to the 226 kev resonance, p-wave 
} assignment gives 7 p2?~32 x 10-3(#2/uR?), while 
| s-wave assignment, consistent with the near- 
} ly isotropic distribution of the gamma-radia- 
| tion, gives a value nearly equal to those ob- 
' tained at the three higher resonances. But 
| a definite assignment can not be given, since 
a considerable fluctuation may be expected 
} for 7,2. In Weisskopf’s estimate of 7,’?= 
| D/xKR,® if the values of K~10"%cm and 
| D~200 kev, a plausible level distance in our 
| case, are assumed, we have o/h) wR?) = 
| (D/xKR)/(h2/“R2)~7 x10-, rather in good 
| agreement with our experimental results. 


§6. Discussions 


From the results of our work and those 
| of previous workers, many resonance levels 
| in the Al2(p, y)Si2® reaction were found to 
| decay mainly to the ground state, first ex- 
| cited state, second excited state, or the 6.91 
| Mev excited state, with different relative 
| intensities from resonance to resonance. De- 
| excitations to some other levels also exist, 
put they are weak and limited in number. 
| Second excited state at 4.62 Mev was found 
F to decay through the first excited state to 
the ground state. 

Recently it was found that the nuclei in the 
18< A<30 region are expected to have large 
deformation and the strong coupling collective 
model may be applicable to a description of 
the level structure of these nuclei...» 
This was suggested from the fact that the 


level sequences and other properties of the 
mirror pair, Mg*°—Al?*, well investigated by 
means of (f,7) and (d, p) reactions, were 
successfully described in terms of the rota- 
tional model. 25) Applications to other 
nuclei in this region were also tried by several 
authors, and Bromley ef al. explained the 
level properties of Si?® in the frame of this 
model.*? According to this interpretation, 
the core nucleus, Si#*, is expected to have 
deformations of |d|~0.2, the value deduced 
from the equilibrium deformation using the 
Nilsson model, and the rotational excitations 
characterized by a J=0t, 2+, 4+,--- spin sequ- 
ence are expected. Since the second excited 
state of Si2® was determined to be /=4 from our 
results, this rotational description is consid- 
ered to have some relevance to this nucleus. 
The parity of the second excited state must 
be even in this interpretation, of course. 
One objection to this assignment is that 
Rubin adopted /,=1 to fit the stripping pat- 
tern of the neutron group leading to the 
state at about 4.6Mev in the Al?" (d, 7)Si%8 
reaction. Consequent odd parity second ex- 
cited state was explained as a possible 27 
state, which can be expected, using a sphe- 
roidal potential shell model, from the com- 
bination of one particle in the d5/2(5/2) state 
and another in the /f;/2(1/2) state, the configur- 
tion which makes available a low excited 
state of odd parity if we assume large posi- 
tive deformation of the nucleus. This con- 
figuration, however, cannot make available 
a state of spin 4, and also there are some 
evidences that the Si?® may have negative 
spheroidicity.2 Furthermore, in a preceding 
experiment, Calvert et al. had not assigned 
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any definite /,-value to the corresponding 
group, and also Rubin’s /»=1 assignment to 
his stripping pattern seems to be not free 
from some ambiguity. Therefore, we believe 
even parity for the 4.62 Mev second excited 
state, a plausible assignment from the various 
theoretical considerations. 

There may seem to be some relevance for 
a vibrational description of the level structure 
to this nucleus, since on a pure j—j coupling 
scheme, Si?8 corresponds to the closing of the 
dsj2 shell for both protons and neutrons, and 
therefore, spherical shape is expected to be 
preferred, in which case collective nature 
manifests itself as a vibrational oscillations 
of the nuclear shape. In this model, rather 
closely spaced triplet of ,/=0*, 2*, and 4* or 
a doublet of /=2+ and 4* are expected as 
second excited states, which have not been 
found, however, in Si?®. High resolution 
work on the reaction P#(p, a)Si?® indicates 
only a single level at an excitation of 
4.617-0.008 Mev, at the same _ position 
deduced from our gamma-ray energy measu- 
rements, 4.626-+0.020 Mev. No transition to 
the 2* member of this triplet was present in 
our resonance, nor was there any indication 
of an /J»=0 stripping pattern of the (d, 2) 
neutron group leading to the state at about 
4.6 Mev. Although the ratio of the excita- 
tion energy, F2/E,=2.60, may seem to favour 
the vibrational interpretation, introduction of 
a vibration-rotation correction term allows 
the interpretation in terms of a rotational 
excitation, with reasonable values for mo- 
ment of inertia and vibrational quantum 
energy, aS was shown by Bromley e al.2? 
Further measurements on this and other 
neighbouring nuclides, especially with high 
resolution and by various reactions, are neces- 
sary in order to establish the suitable model 
of the nucleus for this mass region. 
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A 160cm Synchro- and Variable Energy Ordinary Cyclotron 
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A 160cm cyclotron have been constructed as the first accelerator of the 
Institute for Nuclear Study, University of Tokyo. This cyclotton can be 
used as a variable energy ordinary cyclotron as well as a synchro-cyclotron 
by changing the dee-system and the oscillator system. 

As an ordinary cyclotron it can produce protons of any desired energy 
between 7.5 and 15 MeV, deuterons between 15 and 21 MeV, and a par- 
ticles between 30 and 42 Mev. These beams are now being used for 
various experiments on nuclear reactions and for production of radio- 
isotopes. 

As a synchro-cyclotron, it can produce protons of 57 MeV in energy and 
the beam is extracted with high efficiency at a radius near 2 =1 with an 
electrostatic deflector. 
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§1. Introduction 

The Institute for Nuclear Study, University 
of Tokyo, has been founded in 1955 after two 
year’s period for planning, and the facilities 
in the institute are open to the common usage 
by all the research members in Japan. A 160 
cm synchro-cyclotron has been established as 
the first accelerator of this institute and the 
most remarkable characteristic of this cyclo- 
tron is that it can be used as an ordinary 
cyclotron as well as a synchro-cyclotron. 

This accelerator, as an ordinary cyclotron, 
produces protons of any desired energy bet- 
ween 7.5 and 15 MeV, deuterons between 15 
and 21 MeV and a-particles between 30 and 


2 ‘Deceased. 
*& Now at Tokyo-Shibaura Electric Coe 


Kawasaki, Kanagawa-ken. 
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42 MeV. These accelerated particles are used 
for study of nuclear reactions or production 
of radioisotopes. As a synchro-cyclotron, it 
can produce protons of 57 MeV which can be 
used for study of characteristic nuclear reac- 
tions in this energy range. The general ar- 
rangement of the cyclotron and _ particle 
analysing apparatus are shown in Fig. 1. Key 
points of the design by which the two kinds 
of operation of a cyclotron were realized are 
shown in Fig. 2 (a) and (b). As can be seen 
in the figures, the electro magnet, the vacuum 
tank and the vacuum pump are common, and 
the oscillator system is interchanged for the 
two kinds of operation. The magnitude of 
magnetic field must be changed in two cases 
from several tenth of Wb/m? to 1.6 Wb/m?, and 
we can perform this variation by changing 
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Fig. 1, General arrangement of the equipments. 
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Fig. 2(a). Arrangement for the case of ordinary cyclotron. 


A: Magnet yoke, B: 32 inch oil diffusion pump, 
C: Ion source, D: Current probe, 

E: Target for radioisotope production, 

F; Dee G: Stem, 

H: Plate loop, I: Cathode loop, 

J: Shorting plate, K: Capacity compensator, 

L: r-f deflector, M: Magnetic channel, 


N: Common flange for both oscillator systems. 


Fig. 2(b). Arrangement for the case of synchro-cyclotron, 


A: Magnet yoke, B: 32inch oil diffusion pump, 
C: Ion source, D: Current probe, 

E: Target for radioisotope production, 

KenbDee; G: Stem, 

H: Plate loop, I: Cathode loop, 

J: Dummy dee, K: Rotating condenser, 

L: By pass condenser, M: Induction motor, 

N: Common flange for both oscillator systems, 

QO: Exit port for the synchro-cyclotron beam. 
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Table I. 


a & 


Specifications and performances 


(1) Main magnet 


Total Weight 

Weight of copper 

Number of turns of coils 
Maximum current 

Pole diameter 

Pole tip gap 

Magnetic induction at gap 
Field stability 

M. G. set 


70 tons 

21.8 tons 

1536 

400 A 

160 cm (63 inches) 

25 cm 

0—1.96 Wb/m?2 

+10-4 over all excitation 
240 kW 


(2) Vacuum system 


(3) 


Main diffusion pump 
Fore diffusion pumps 
Rotary pump 

End vacuum 
Operating vacuum 


32’’ dia., speed 20000 1/sec 
10/’ dia., two in series 
Speed 3000 1/min 

1 x 10-6 mm Hg 

5-8 x10-§ mm Hg 


Oscillator 


(a) For ordinary cyclotron 


Resonant cavity 
Frequency 

Q of the cavity 
Capacity of each dee 
Oscillator type 

D. C. bias 

Oscillator tube 


Power Supply 


Shielded Lecher-wire type, 4/4 mode 

Variable between 8.4 and 12.0 Mc/sec 

4500-5000 (obs.) 

360 pF (calc.) 

Grounded grid, self-excited, cathode at high voltage 
Up to 1500 V, negative 

Two 9T71 (RCA 5770 equiv.) in parallel. 

Maximum plate dissipation, 50 kW x2 

250 kW, 6-pole mercury arc rectifier, 

D. C. voltage range, 2 to 15 kV 


(b) For synchro-cyclotron 


Resonant cavity 
Frequency 

Q of the cavity 
Capacity of dee 
Rotating condenser 


Modulation frequency 
Oscillator type 

D. C. bias 

Oscillator tube 


Power supply 


12.80 coaxial type, 4/2 mode 
Modulated between 24.3 and 20.3 Mc/sec 


~1000 

550 pF 

Gap between plate, 1mm 
Maximum capacity, 830 pF 

Minimum capacity, 130 pF 


Up to 2250 c/sec 

Grounded grid, self-excited, cathode at high voltage 
Up to 1500 V, negative 

Single 8T50, 

Maximum plate dissipation, 25 kW 

Common with that for ordinary cyclotron 


(4) Performances 


(a) Ordinary cyclotron 
ie Sire Internal beam External b 
Dariael ae xternal beam 
rticles Range of energy | (stable) | (stable) 
Proton 7.5-15 MeV 600 nA 200 nA*, 0.5 pA** 
Deuteron 15 -21 MeV 600 pA 200 pA*, 0.5 pA** 
a-particle 30 -42 MeV 300 pA 100 pA*, 0.3 pA** 
(b) Synchro cyclotron 
Particles Energy | Internal beam External beam 
Proton 57 MeV | 0.8 nA (at n=1.0) | 0.5 pA%e 


* On the current probe, about 10cm away from the exit of the deflector. 
** At the Faraday cup of the scattering chamber, after passing through two collimating slits 
each 5mm in diameter and 80cm apart. 
*e* At the exit port of the vacuum tank of the cyclotron. 


| 1960) A 160cm 


| only the coil current of the magnet without 
jany change of so called “‘shimming’’, as 
\described in § 3. 

As this cyclotron is for common usage by 
\research members who have wide field of re- 
searches, it has been designed so as to have 
an above mentioned wide range of ability. 
‘For the same reason, the details of this cyclo- 
itron have been designed to acquire a reliable 
jand stable working conditions. 

Another important characteristic feature of 
this cyclotron is that the energy of the beam 
| is variable when it is operated as an ordinary 
cyclotron. The variation of the beam energy 
jis achieved by changing the magnetic field 
fand the frequency of the oscillator, instead 
}of the method of energy absorption by foils. 
! Such a variable energy cyclotron must full- 
| fill the following two conditions. 

(a) The main magnet must be able to 
} produce variable magnetic field adequate for 
i cyclotron, including the focussing ability, by 
lonly changing the coil current, that is, wi- 
thout any change of the shimming on the 
|surface of the pole tip. 

| (b) The frequency of the oscillator can be 
| changed easily. 

To fullfill the first condition (a), the pole 
| profile of the magnet is designed so that the 
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magnetic induction in the pole is constant. 
This is the same method as the design prin- 
ciple of the magnet of the 16” variable energy 
cyclotron at Institute for Solid State Physics, 
University of Tokyo. To fulfill the second 
condition (b), the resonator of the oscillator 
is a shielded Lecher-wire type and special 
cautions are payed in the design of the short- 
ing plate so as to be moved very easily. 

In the synchro-cyclotron case; this accelera- 
tor has the following special feature that 
80% of the accelerated ions can pass over the 
nm=0.2 point and can reach to n=1 point. 
About 50% of the internal beam can be ex- 
tracted with an electrostatic deflector just 
before  =1 point, as will be described ina 
separate paper. The origins by which such 
an extraction method has succeeded are the 
very good azymuthal uniformity of the magne- 
tic field, low value of the dee bias voltage 
and selected configuration of the ion source 
and feeler. All these may have served to 
supress the radial oscillations and vertical 
diverging of ions. 

The progress of the design and manufac- 
turing was as follows. 

1953 Discussion on fundamental quali- 
fications was started. 
July, 1954 Fundamental qualifications were 


Fig. 3. Cyclotron at the stage of assembling, seen from the side of the ion source. 


fixed, and design was started. 
Design for the order to manufac- 
turers was finished, and ordered 
to Tokyo-Shibaura Electric Co. 
Ltd. 

Sept. 1957 Finished as an ordinary cyclotron. 
May, 1958 Finished as a synchro-cyclotron. 
Specifications and performances are shown in 
Table I. 


Feb. 1955 


§2. General Arrangements of the 
Equipments 

Most equipments are arranged on the earth’s 
surface, since the Institute is located on an 
open field and the level of subterranean water 
is high. The median plane of the magnetic 
field is 120cm high from the floor, and the 
base of the main magnet and the oil diffusion 
pumps are set in a pit. Fig. 1 shows the 
general arrangement of the equipments. Fig. 
3 is a photograph of the cyclotron taken from 
the side of the ion source. 

The cyclotron is shielded by concrete on 
the three sides and top, and by movable water 
tank on the west side. A CO: fire extinguisher 
system is provided in this cave. The alarm 
rings when the temperature rises to the dan- 
gerous level. Either of the two oscillator 
systems which is not being used is placed at 
the south-west corner of the cyclotron room. 
It is covered by a vacuum can and the ac- 
celerating electrodes are maintained in vac- 
uum. The crossed rails are used when the 
oscillator systems are exchanged each other. 

The extracted beams from the cyclotron 
are lead to the next room through beam ducts 
and are focused on the target by focusing 
magnets. All the mortor generator sets for 
magnet excitation are assembled together in 
a separated room because of their vibrations 
and noises. The hot laboratory at the south 
is connected by a passage to the cyclotron 
building. 


§3. Main Magnet 


In order to achieve the dual purpose of a 
synchro- and ordinary-cyclotron and the energy 
variation of the ordinary cyclotron, the mag- 
net is required to have such a property that 
its radial field distribution varies as small as 
possible in a wide range of flux density. This 
requirement is fulfilled by adopting the spe- 
cial design of the pole piece whose profile is 
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shown in Fig. 4. 


diameter increases considerably from _ the» 
Consequently, the: 


pole tip to the pole base. 


magnetic induction becomes nearly constant} 
in the pole piece and the saturation of the: 
iron near the edge of the pole tip is carefully’ 


avoided. The effects of this design are seen) 
in the excitation curve and the radial field! 
distribution, both of which are shown in Fig., 
5. The excitation curve does not show any’ 
saturation effect untill the flux density reaches; 
to a considerably high value, and the field: 
distribution shows only small variation in 4. 
wide range of flux density. 

The raw material of the yokes and the pole 
pieces is ordinary soft-steel of carbon content 
less than 0.2%. The pole pieces and the 
yokes consist of 10 blocks, each of which are: 
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Fig. 5(a). 
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Its feature is that the: 


Bc=0.56 Wb/m2 
Bce=0.8 1 Wbh/m? 
Be=!.00 Wb/m? 
Be =1.33 Wbh/m2 
a Bc=1.76 Wb/m2 
+ Bc=1.93 Wb/m2 


" Radial Field Distribution 


= 


89 
OF 0.251030 O4:005Vi060 0.708 
r (m) 
| Fig. 5(b). Radial field distribution of the main 
| magnet. 
= 800R 
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Fig. 5(c). Cross section of the pole tip of the 
} main magnet. 


imade of rolled iron plates about 100 mm thick. 
|The pole tips are 135 mm thick and have Rose 
ishim on them, but have no shim gaps. The 
coils are housed in steel tanks and are cooled 
iby circulation of transformer oil. The coil 
icurrent is stabilized by a single feed-back loop 

f a chopper amplifier. The cross section of 
ithe pole tip is shown in Fig. 5(c). The pole 
face is shaped conically in step wise. This 
icone shape gives a field fall-off about 2% at 
ithe exit radius and provides the magnetic fo- 
cusing action for the beam. The shape of 
Rose shim has been determined by a cut-and- 
jtry method in view of the small variation of 
lfield distribution in a wide range of flux den- 
lsity. The variation as shown in Pigs 571s 
ltolerable for the various aims of the cyclotron. 
magnet has also “‘ Electromagnetic 


|Shims’’. There are some grooves on the rear 


lan change azimuthal and radial field distri- 
lnutions slightly by this electromagnetic shims 
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during the operation of the cyclotron. How- 
ever, fortunately there is no need for us to 
use these shims at least in the case of ordinary 
cyclotron. 

As regards the azimuthal asymmetry of the 
field, the first harmonics has the most im- 
portant effect to the beam orbit. The width 
of the pole gap had a small first order asym- 
metry when the magnet was constructed, and 
the results of field measurements also showed 
a similar symmetry. This was corrected by 
inserting a thin steel liner at the appropriate 
position between the upper and the side yoke. 
Thus the amplitude of the first harmonics of 
field asymmetry becomes less than 1/10000 
over all range of excitation. The location of 
the magnetic median plane and the measure- 
ment of mu-value of the field are performed 
by a new method. Its principle is such that 
the radial component of field is measured 
carefully with a search coil whose effective 
axis coincides exactly to the geometrical cen- 
tre plane and with a electronic flux meter. 
The results show such deviations of the magne- 
tic median plane from the geometrical centre 
plane as less than 5mm near the centre and 
less than 1mm near the exit radius. The n- 
values of field are shown in Fig. 6. The 
further details of the magnet and of the field 
measurements were described elsewhere.” 


§ 4. 


Vacuum Tank and Components 
Attached to It. 


(i) Vacuum Tank 
The vacuum tank is made of 18-8 stainless 


Glee a : 2.0 
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Fig. 6. m-values of magnetic field of the main 
magnet. 
x Bc = 1.76 wb/m? 
« Be = 1.33 wb/m?2 


48 
steel. The walls are 2cm thick and welded 
together. The rather large length along the 


supporting rod of the ion source is required 
by the conditions to be fulfilled by the com- 
bined use for ordinary cyclotron and synchro- 
cyclotron. 

The top and the bottom walls are bolted to 
the pole tip of the main magnet. A band of 
“‘O”’ ring is provided on the vertical surface 
of the pole tip. No vacuum difficulties have 
been encountered. The inner surfaces of 
tank walls and pole tip have linings of cop- 
per plates of 4mm thick to allow the radio- 
frequency current to flow. On the side walls 
of the vacuum tank, many ports are provided 
such as the beam exits of ordinary cyclotron 
and of synchro-cyclotron, the connection port 
to the vacuum pump, the inlet of ion source 
rod, current probe, target and so on. 


Gi) Jon Source and Feelers 

The ion source consists of a graphite anode 
and a hair pin type tungsten filament of 2mm 
in diameter. The anode is of Oak Ridge 
type» for ordinary cyclotron and open cone 
for synchro-cyclotron. 

The filament is heated by D.C. obtained 
from a three-phase full wave rectifier with 
germanium rectifiers. Its maximum output 
is 5 volts and 400 amperes. The D.C. power 
supply of the anode is a three-phase full wave 
rectifier with selenium rectifiers and its maxi- 
mum output is 500 volts and 5 amperes. 

The life of tungsten filament exceeds 30 
hours. In the occasion of its exchange, we 
need not break the vacuum of cyclotron by 
using a gate valve, and also need not remove 


ION. SOURCE 


NORTH DEE SOUTH 
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all the connections of electric leads and water | 


cooling pipes, because they are made flexible. 
The exchange finishes within 10 minutes. 
The feeler for ordinary cyclotron is a verti- 
cal feeler of graphite which is attached to 
the edge of the north dee and shown in Fig. 
7. The cone of ion source supports another 
graphite plate along the dee line. 


Such a set | 


(Vol. 15, | 


of two plates has a function of selecting the | 


interval of the initial phase of ions relative 
to the radio frequency voltage. And accord- 


ingly, we can suppress the ion load for the | 


oscillator power and obtain the more mono- 
energetic beams with the good grouping of 
orbit centres. We have compared it with the 
ordinary feelers of jaw type and recognized 
the effects above described. The feelers for 
synchro-cyclotron are the jaws of graphite 
attached to the edges of dee. The details of 
them are shown in Fig. 19(§ 14). 
(ii) Deflector 

The deflector described in this section is 
for ordinary cyclotron. It is an r-f type ex- 
ternal deflector which can be superimposed 
by a negative D.C. potential up to50kV. An 


r-f by-pass capacitor of 600 pF is mounted on | 


the supporting rod of the deflector in vacuum. 
All components are attached to a flanged plate 


which has wheels and can be moved easily 


for mounting and removing. 

Exit radius is designed to be 72cm. De- 
flector channel begins at 90° counter clockwise 
from the dee line and extends for 60° of arc. 
The distance between deflector and septum is 
9mm at the entrance of deflector channel and 
15mm at the exit. The septum is made of 

graphite plate of 2mm thick. 


Bit (iv) Current Probe and Target 


VERTICAL 


ION cone Comm T° PLATE 


FEELER 


VERTICAL FEELER 


The port next to that for the 
ion source is one for a current 
probe, and the neighbouring port 
is for a target which is used for 
the production of radioisotopes. 


a 


Fig. 7. Vertical feeler and ion source. 


Vertical feeler and stopping plate trap the ions which 


start the ion source at the phases far from the 


r-f voltage. Thus the ions which pass through the channel 
between both plates start the ion source at the phases near 


resonance, 


| NORTH DEE 


Each port is provided with a 
gate valve. The current probe 
is motor-driven and its tip moves 
between 30cm and 150cm from 
the centre of main magnet. 
penne target is hand-operated. 
or deflected beams is selected by 
positioning of the target rod. 


Thej} 
The | 
bombardment by internal beams _ 
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|5. Oscillator System for Ordinary 


Cyclotron 


\\) Dees, Dee Stems and Shorting Plate 

One of the distinctive features of the oscil- 
itor system of our cyclotron is its resonant 
avity of a shielded Lecher-wire type. Two 
fees and their stems are enclosed in a cavity 
‘ith copper liners covering both the vacuum 
ank and the stem tank and the stems are 
srminated by a shorting plate. Oscillations 
{£ a push-pull mode of 2/4 in which the two 
ee voltages are 180° out of phase are excited 
ithis cavity. Main advantages of adopting 
| Lecher-wire type cavity instead of a more 
sual coaxial type one which has two separated 
ee systems are as follows. (a) Variation 


v 


feasible, since the shorting plate is not neces- 
ary to contact with the stem tank liner and 


' tems. (b) It is easy to insulate the dee system 
yicom the outer conductors and to surpress the 
fo-called multipactoring effects by applying 
). C. bias voltage toit. (c) It isnot necessary 
> balance the two resonant frequencies of 
jne two dee systems, and moreover, the 
jesonant frequencies of parallel mode in which 
jae two dee voltages are in phase, are enough 
part from that of the required push-pull 
jiode. These facts make adjustments of the 
jscillator system simpler in various respects. 
' Fig. 8 shows the oscillator system extract- 
jd from the vacuum tank. The whole assembly 
; mounted ona carriage which moves on the 
Hails with guide bars. This has increased ac- 
‘2ssibility to the vacuum tank and has assured 
ye reproducibility of the position of the dee 
lystem relative to the magnet centre. 

Each dee consists of copper plate 4mm 


jluminium alloy). Graphite sheets 2mm thick 
jJover the insides of the dees and reduce the 
dng life activities. The inside height of dee 
ivailable to the beam is 7cm. Ions are ex- 
tracted from the south dee which holds a 
japtum made of 2mm thick curved graphite 
jlates. The exit radius is 72cm; the deflec- 
lor channel is located on the 60° arc beginn- 
| ig from the centre line of the dee interface. 
ihe dee frame is bolted to the stem, so that 
jach dee is separable from its stem. 

| The material of the main part of each dee 
item was made by extruding a 270mm o.d. 
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and 25mm thick steel pipe together with a 
copper pipe covering it. Thus, the mechani- 
cally strong and round dee stems of constant 
diameter along their length were obtained 
and contacts of the shorting plate with the 
dee stems can be always kept in satisfactory 
condition wherever is the position of the 
shorting plate along the stems. 

Two supports of each dee fixed on the car- 
riage outside of the vacuum are equipped 
with mechanisms which actuate up-down and 
right-left positioning of each dee. The stems 
are electrically insulated from both the stem 
supports and the stem tank. Vacuum seals 
between the stems and the stem tank end 


Fig. 8. Oscillator system for ordinary cyclotron 
A: South dee, B: North dee, C, D: Dee stems, 
E: Feeler, F: Septum, G, H: Dee veltage pick-up, 
I: Plate coupling loop, J: Plate coupling adjuster, 
K: Cu strips, L: Shorting plate, M: Carriage, 
N: Oscillator housing, O: Flange. 


\| 
| Shorting Plate 


Ag _ Contact 


[eae 
O 10 20mm 


Fig. 9. Contact mechamism between shorting plate 
and stem. 
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plate are achieved with stainless steel bellows. 

The shorting plate can be moved remotely 
from the console by means of motor drive 
and thus the resonant frequency can be chang- 
ed from 8.4 to 12.0 Mc/sec. The contact me- 
chanism between the shorting plate and the 
stems was carefully designed, since it should 
carry the of current up to about 4000 A peak 
at the maximum rating. Thirty-two copper 
brocks each of which has a contact line of 
soft-soldered 5mm silver wire are set up 
around the circumference of each stem and 
are pressed into contact with the stem from 
outside by a phosphor bronze tube which is 
actuated by oil pressure. The copper brocks 
are connected with the shorting plate by 
flexible copper strips. Details of this part 
are shown in Fig. 9. With 3mm gap and 50 
cm depth of the interface between the short- 
ing plate and the stem tank liner, the r-f 
voltages on the end points of the stems be- 
hind the shorting plate could be reduced to 
less than 0.15% of the dee voltage by putting 
the capacitors of about 0.02 uF at the ends 
of the stems. 


(11) Oscillator 

The oscillator is of a grounded-grid self- 
excited type, two 9T71 triodes being used in 
parallel. Fig. 10 is a photograph of the main 
part of the oscillator and the circuit diagram 
is schematically shown in Fig. 11. The oscil- 
lator housing is placed directly on the stem 
tank and the connections between the oscil- 
lator tube and the plate-and the cathode-loop 
were made as short as possible, so that the 
resonant frequencies of both the plate and the 
cathode circuits could always be kept higher 
than the oscillation frequency. Owing to this 
consideration, the adjustments of the coupl- 
ing condition, required for satisfactory oscil- 
lations in wide frequency range, become very 
simple. The plate loop is inserted just in 
the middle of the two dee stems. 

A coupling adjustor, an alminium plate, 
which can be moved up and down by motor 
drive with the tank evacuated, changes the 
magnetic flux through the loop. The cathode 
loop which is just above the south dee stem 
had also initially a similar coupling adjustor, 
which was later removed since it was found 
unnecessary to change the cateode coupling 
finely. 


The adjustments of the coupling conditions 
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required for the satisfactory oscillators effi- 
ciency are achieved mainly by changing the 
two capacitors, Cp and C;, which are put in 


Fig. 10. Oscillator for ordinary cyclotron. 
A, B- Filament transformers (Ty), 
C, D: Choke coils (Ly), 
E, F: Oscillater tube water jacket, 
G: Ceramic condenser (Cy), 
H, I, J: Ceramic condenser (Cy), 
KG Grid grounding condenser (Cy), 
O 


1BR 
M,N: Water cooling pipes, 
: A part of cathode line, P: Grounded plate, , 
Q: Pick-up for grid overvoltage relay. 
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Fig. 11. Schematic diagram of osillator circiut 
for ordinary cyclotron. 


yapallel with the plates of the oscillator tubes 
pnd in series with the cathode line, respec- 
ively. These adjustments make the ratios of 
jhe plate and the cathode swing to the dee 
Jroltage to have suitable values. According 
jo the experiences in the initial operations, it 
Is necessary to change these coupling only 
tepwise and for the ranges of 1 to 1.5 Mc/sec 
)f frequency change, nothing is needed to 
hange except the position of the shorting 
ate. This is partly due to the surplus 
ower of the oscillator and to the circums- 
ances that in almost all cases the severe 
onditions are not required for the sufficient 
,-f output power. 

| The D.C. power for the oscillator up to 250 
iW is supplied by means of a 6-pole mercury 
irc rectifier and its output D.C. voltage is 
cept constant within 2% by automatic control 
st any value continuously from 2 to 15kV. 
\ filter reduces ripples of the output voltages 
o less than 0.5%. 

_ In the initial oscillator test without ion 
oad, the dee-to-ground voltages up to 130kV 
yeak at 10 Mc/sec were attained without any 
ignificant trouble such as parasitic oscilla- 
jions, except that some parts in the cavity 
vere damaged because of their insufficient 
‘oolings. They were immediately repaired, 
sind it was found that in the full frequency 
‘ange of 8.4 to 12.0 Mc/sec satisfactory oscil- 
fations can be easily obtained. 


};6. Oscillator for Synchro-Cyclotron 


(i) Dee, Earth Plate and Stem 

The coaxial part of the cavity is connected 
© a single dee on one end and to a rotating 
condenser on the other end. They form a 
yalf wave length resonance circuit. The 
ivhole assembly is mounted on a carriage and 
4nas the same advantages as mentioned in §5. 
| The dee consists of 4mm copper plates 
rovering the framework of silumin. The 
inside height of the most part of the dee is 
B3cm., but it is 12cm at large radius, so as 
‘o house an internal electrostatic deflector. 
We intended to try to extract the beam with 
an electrostatic deflector at 7 =1, from the 
very start of the design. Therefore the radius 
xf the dee is larger than the radius of the 
nagnet pole for this purpose. 

A steel pipe 320mm in diameter covered by 
sopper plate forms the stem of the dee. Two 
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sets of cylinders of steatite porcelain mounted 
inside the vacuum tank (the stem tank) sup- 
port the stem at two positions. 

Flexible copper plates connect the end of 
the stem with the stator of the rotating con- 
denser. The dee system is insulated from 
the outer conductors, so that negative D.C. 
bias voltage can be applied to it. 

The dummy dee and the earth plates are 
supported by the frame work which is fixed 
to the frange of the stem tank. They are 
connected electrically with the copper plates 
which cover the inner surface of the stem 
tank. 


(ii) Rotating Condenser 

It is necessary to modulate the frequency 
by 20% in order to accelerate protons up to 
the radius ” = 1, where their energy becomes 
60 MeV. Larger dee voltages together with 
increasing rates of frequency modulation are 
desirable to increase the beam intensity. These 
requirements increase the load on the modu- 
lator of the oscillator frequency. A variable 
condenser of rotating disc with many teeth 
around it, seems to be the best solution at 
present. 

A induction motor to drive the rotating 
condenser is mounted in vacuum, like the case 
of the Philips synchro-cyclotron at Amster- 
dam”. Fig. 12 shows the rotating condenser 
with its framework. 


Rotation of 3000r. p. m. is easily obtainable 
in vacuum, which corresponds to the modula- 
tion frequency of 1500 c/sec, and we found no 
trouble up to 4500 r. p.m. in the case of the 
mechanical test in the factory. 

We have been concerned about the life of 
the ball bearings, which rotate at high speed 
in vacuum. Diffusion pump oil is used for 
lubrication in vacuum, and we can supply the 
oil from outside of the vacuum. Charging of 
a small amount of oil at an interval of several 
days has been sufficient. Several ten c.c. of 
oil is kept in the grooves near the bearings. 
Owing to a good dynamic balance, the ampli- 
tude of the vibration of the framework was 
reduced to about 1 micron at 3000r. p.m. 

The weight of the rotor is about 150kg 
and that of the framework about 1000 kg. 

During the initial operation of about 500 
hours, the amplitude of vibration remained 
steady, and no trouble was found on the ball 
bearings at the overhaul. 
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The next thing we concerned about is the 
heating up of the rotor by the ohmic loss of 
the high frequency current. Since all the 
rotating parts are in vacuum, they cannot be 
cooled directly by water. Therefore, thermal 


radiation was increased by forming a black 
surface layer of AgS on thin silver plating. 
Under this silver plating thick copper plating 
was made on the steel body in order to carry 
the high frequency current. The centre shaft, 
which carries the rotor but does not rotate 
itself, is cooled by circulating oil. 


Fig. 12. Photograph of the rotating condenser. 
A: Frame work, B: Stator. 
C: Teeth of the rotar, 


D: M: Micalex supporte, E: Centre shaft. 


Many disc shaped by-pass condensers draw 
the high frequency current from the rotating 
condenser. Neverthless the high frequency 
voltage of the rotor amounts to several hund- 
red volts. Therefore we must insulate the 
centre shaft from the framework with two 
rigid insulators. The material of the insula- 
tors is Micalex, a compound of mica and glass 
which has good mechanical properties. A 
silver contact brush is mounted to protect the 
ball bearings from the high frequency current, 
which results from the stray capacity between 
the centre shaft and its surroundings. The 
condenser gap between the rotor and the stator 
can be adjusted by shimming plates. The gap 
is 10+0.1mm at present. The stator is 
supported rigidly on the framework by six 
Steatite porcelain cylinders. The framework 
is fixed at the end of the stem tank. 

A large cover with wheels is used to obtain 
vacuum space for rotating condenser assembly, 


so that it is easy to inspect them. 
(iii) Oscillator 
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On account of the large dee-to-ground capa+ 
city (550 uuF), the impedance of the ste 
was necessary to be lowered to 12.80. 

We obtain the frequency modulation from 
20.3 to 24.3Mc/sec., varying the capacity of 
the rotating condenser from 130 to 830 uuF.. 

The grounded-grid self-excitation system is 
used for the oscillator. The oscillator tube 
whose plate loss is 25kW is coupled with the 
dee cavity by a plate loop. 
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Fig. 13. Schematic diagram of the synchro-cyclo- 
tron oscillator. 


The feedback voltage is picked up capaci- 
tively near the condenser end of the stem, in 
order to suppress the parasitic oscillation, 
which is caused by a higher resonance mode 
of the dee stem. The quality value, ‘“‘Q”’ of 
the dee system was considerably lower than 
the expected value. Even after some improve- 
ments, it has remained at 900-1200 which is 
about 1/2 of the expected value. Consequently, 
the oscillation was somewhat difficult on the 
lower frequency side. We put 30 “uF capa- 
city in parallel to the plate of the tube. Then, 
the amplitude of the plate swing increased. 
The amplitude of the cathode swing in the 
lower frequency has increased by inserting 
an inductance in parallel to the cathode capa- 
city of the tube. The modulation of the 
amplitude remains 2:1 after the improve- 
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ment. Although the dee voltage can be raised 
over 10kV against the spark over of the con- 
im denser gap, temperature rise of the rotating 
condenser limits the dee voltage up to 7kV 
for continuous operation. 


 §7. Vacuum System 


The volume of vacuum space of this cyclo- 
‘fi tron is about 9,000 1, and the total surface 
area of materials in contact with vacuum is 
}about 1.4x10®cm?. Most of the materials 
consist of copper, soft steel and stainless steel. 

They have been well polished and especial- 
ly soft steel was plated with nickel as possi- 
ble, so that a quantity of outgassing is reduced 
to 1x10- mmHg 1/sec-cm?. The total leakage 
is less than 2x10-* mmHg 1/sec. 

Most of the structures were welded together 
by the Heliarc process and a few parts were 
soldered with silver, and soft soldering was 
entirely avoided. Vacuum seals are of double 
grooves fitted with either ‘‘O”’ ring or square 
gasket, designed to be metal-to-metal contact 
at the flanges. 

A scheme of the pumping system is shown 
in Fig. 14. The main pump is 32 inch oil 
diffusion pump, backed by a 10 inch ordinary 
oil diffusion pump in order to be able to purify 
the oil in the main pump. So that, a suffi- 
ciently good end vacuum was obtained without 
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Fig. 14. Diagram of the vacuum system, 


A 160cm Cyclotron 53 


any cooling baffle or trap. 

The heater wattage of the main pump is 
5.2 kW, and the speed of evacuation at 5x 10- 
mmHg is 20,000 1/sec for air, 35,000 1/sec for 
helium and 37,000 I/sec for hydrogen gas 
respectively. A pressure of 1x10-°mmHg is 
obtained as the end vacuum measured with 
a high speed ionisation gauge without liquid 
nitrogen trap. In initial rough evacuation, 
three rotary pumps of 3,000 1/min in speed 
are used. 

When the cyclotron is in operation, the 
pressure is about 5x10-° mmHg, and this 
value is obtained within ninety minutes after 
switching on heaters of oil diffusion pumps. 

In the synchro-cyclotron case, the tank 
which houses the rotating condenser is eva- 
cuated differentially with a 6 inch oil diffusion 
pump. 

Most of the vacuum valves are operated by 
compressed air. 


§8. Cooling System 


As cooling materials, transformer oil is used 
for the coils of the main magnet and for the 
deflector, well-water for the vacuum pumps 
and pure water for all the other parts to be 
cooled. Pure water is obtained by the method 
of ion exchange. With a few exceptions, the 
flow of these cooling materials are controlled 
so that the rise of temperature is less than 
10°C. Warmed pure water and oil are cooled 
in a heat exchanger by water circulating from 
a pool of 25 meters square and 2 meters deep. 

As the materials of the pipes for pure 
water, iron was perfectly avoided. Hard vinyl 
tubes were used for the main pipes and cop- 
per or soft vinyl tubes were also used locally. 
But afterwards it has become clear that soft 
vinyl tubes are very weak for rise of tem- 
perature, so they have been replaced, after 
one year use, by synthetic rubber tubes for 
aeroplanes. 

A valve is installed at every branch of the 
cooling system to control flow adequately. 
A thermometer of thermister type is installed 
at the outlet of any cooling pipe where it is 
especially required to measure the temperature 
remotely in operating condition. This served 
very much to prevent any accidents. 


§9. Control System 
The control system contains, as is usually 
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so, ‘‘on’’ and “‘ off ’’ of every element, regu- 
lation of voltages and currents, position cont- 
rol of mechanical elements by mortor drive, 
interlocks for safety, alarms and indications 
of accidents and various other indications. 

The control console consists of thirty seven 
unit panels of drawer type which are exchange- 
able one another, and each unit provides some 
meters, switches, handles for regulation and 
lamps of three colours for indication. 

All the control lines which interlock more 
than two components of the machine mutual- 
ly are brought together in a cross-conect panel 
to be easily reorganized. Relays, except the 
peculiar ones to each component, are also as- 
sembled together on a relay panel for easy 
keeping. 

At the time of any accident, the defective 
component itself and the related ones are 
automatically switched off, the alarm is rung, 
and an indicator in the central indicator panel 
indicates the defective part of the components. 

Mechanical movements of the ion source, 
deflector, dees, capacity compensators, current 
probe, shorting plate and slits are driven by 
motors remotely from the control console. 
And their positions are indicated at the con- 
sole by means of celsin motors or voltages of 
hellical potentiometers attached coaxially to 
the rotation axes. These remote control me- 
chanisms are indispensable to find out rapidly 
an optimum condition of the cyclotron in 
operation. 


To prevent any fatal damage of the ma- 
chines or any danger to human lives as fast 
as possible, ten emergency switches in total 
are arranged in every room shown in Fig. 1. | 
Any one of these emergency switches stops 
the electric sources of all the components ex- | 
cept the cooling and the vacuum system. 


§10. Beam Focusing System for Ordinary 
Cyclotron 


The leading ideas of the design of the fo- — 
cusing system are such that, first, we can | 
obtain nearly the best condition of the beam 
without changing the position of the experi- 
mental apparatus whenever the kind or the 
energy of the beam is changed, and that, 
secondly, we may lead the beam in several 
different directions in the measuring room and 
can make arrangements of several experiments 
independently. Fig. 15 shows the out-line of 
the beam focusing system. The beam which 
leaves the r-f deflector goes through a magne- 
tic shielding channel, a pair of quadrupole 
magnets and a sector magnet. Then it is 
lead to the measuring room through the con- 
crete shielding wall and is focused to any 
one of the three different positions which are 
apart from the cyclotron by more than 8 
meters. The first course supplies the beam 
to the large scattering chamber and the se- 
cond straight course supplies the beam to the 
experiments of neutron or gamma-ray. The 
third course, into which the sector magnet 
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Fig. 15. Beam focussing system. 
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| deflects the beam to the opposite direction 
| against the first course by changing the po- 
| larity of its field, supplies the beam to the 
| analyser system of high energy resolution. 
| This system is now under construction. 

The magnetic shielding channel is shown 
in Fig. 16 and its position is indicated in Fig. 
15. This device is needed lest the beam should 

pass too close to the yoke of main magnet. 

| The coil currents of the pair of quadrupole 
magnets are supplied separately by stabilized 
current sources, and controlled independently. 
| The entrance edge of the sector magnet can 
be turned around and the entrance angle of 
the beam to the field boundary can be changed 
} from —30 degrees to +30 degrees. 
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of field reduction. 


The charactors of the quadrupole lens, of 
‘the sector magnet and of the combined lens 
tare calculated and then are verified by the 
stretch wire method and also with a Polonium- 
‘a source anda CsI scintillator. By changing 
{the coil currents of the three magnets, we 
ican obtain the first order focusing in hori- 
zontal and vertical directions even when the 
i positions of the source and the image are 
‘varied considerably and the kind and the 
jenergy of the beam are changed. In this 
i} system, we obtained the momentum resolution 
J of 0.2% with a Po-a@ source. 

| The positions of current probes and slits 
tare shown in Fig. 15. Some of them are 1n- 
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sulated and the currents into them can be 
read at the console. These currents can 
guide the cyclotron operation and the adjust- 
ments of the three coil currents of the focus- 
ing system. And, we can pass the considerable 
parts of the external beam through a slit of 
6mm in width and placed before the experi- 
mental equipments, the best image being 5 
mm wide and 10mm high. The data of the 
coil currents for the actual beam are analys- 
ed by the optical formula®. These analysis 
gave the following conclusions about the na- 
ture of the cyclotron external beam. 

(1) The beam has a rather sharp source 
point in the horizontal direction but its posi- 
tion changes considerably according to the 
conditions of the cyclotron operation. (2) The 
source point in the vertical direction is not 
so sharp but the divergence in this direction 
is very small. (3) The spreads of beam energy 
are rather small and the energy resolution at 
half maximum may be about 0.5%. The de- 
tails of the design, analysis, construction, 
and performances of this system have been 
described elsewhere”. 
$11. Scattering Chamber for Ordinary 
Cyclotron 


The scattering chamber is 100 cm in inner 
diameter and 40cm in height and has thirty 
three ports on its side wall to which many 
detectors can be attached simultaneously. By 
this method, we can obtain a high efficiency 
of measurements and it is suitable for the 
common usage by a large number of resear- 
chers. The ports are distributed at intervals 
of five degrees and cover the scattering angles 
between 10° and 170°. Further, a turntable 
of 84cm in diameter is provided in vacuum 
within the chamber and detectors attached to 
it can be set any desired angle. Graduation 
marks are scratched with interval of 1/10° on 
the periphery. The accuracy of the gradua- 
tion is within 20’... The axis of this turntable 
is supported by precision ball bearings and 
is coaxial with the target supporting rod. 
Both can be turned separately. Fig. 17 shows 
the scattering chamber and its accessaries. 
We referred in many respects to the 60-inch 
scattering chamber by Yntema and White”. 

The beam collimator in front of the scat- 
tering chamber contains two defining slits 80 
cm apart and four antiscattering slits. Each 
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slit is fixed at the end of a cylinder and these placed at the position of the rotation axis of 


cylinders are inserted into a guide cylinder. 
Thus the change of slit dimensions is easily 
accomplished. 

The beam collector is a Farady cup of 7.6 
cm in inner diameter and 22cm in length. 
Two small electromagnets and a guard ring 
is provided to suppress the effects of second- 
ary electrons. 

For the precise and easy alignment of the 
scattering chamber to the incident beam, the 
functions of the adjustment mechanisms are 
as follows. The target holder can be moved 
in two directions perpendicular to each other 
in horizontal plane and the target surface is 


Fig. 17. 100cm scattering chamber. 

: Target holder F: Faraday cup 

: Tuntable G: Gate valve 

: Vernier of graduations H: Vacum evaporator 
: Collimator I: Target changer 
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Fig. 18. Photograph of the beam focussing system 
and the scattering chamber, 


the turntable. The beam collimator has ad- 
justment screws for up and down, and for 


rotations in a vertical and a horizontal plane. — 
The support of the detector slit on the turn- | 


table has also adjustment screws for up and 


down and for rotation in a horizontal plane. | 
The support of the scattering chamber itself 
consists of three columns of steel frame. 


Each has screws or wheels for leveling and 


for translation in the horizontal plane or ro- | 


tation in a horizontal plane around the axis 


through the front defining slit of the beam | 


collimator. 
The scattering chamber is evacuated with 


a 6-inch oil diffusion pump and a 5001/min 
rotary pump. A liquid nitrogen trap is pro- © 
vided at the lid of the scattering chamber, | 


and a vacuum evaporator can be attached al- — 
so to the lid. The exchange of targets is] 
possible without breaking the vacuum. Fig. © 
18 shows the combination of the focusing © 
magnets, beam ducts and the scattering 
chamber. 

We have constructed also a multiplate 
camera which is modified from the one by | 
Allred et al.®. 
intervals of 2.5 degrees between 7.5 and 172.5 
degrees of scattering angles. Both a ring of 


single slit for foil targets and a ring of double © 


slits for gas targets are provided. They are 
interchanged each other in the respective use. 
The multiplate camera is put entirely in the 
scattering chamber and fitted to a conical fit 
on the turntable. 


§12. Shielding 


An outline of the shielding has been shown 
already in Fig. 1. The side walls and the 
ceiling are made of ordinary concrete of 150 
cm and 96cm thick respectively. The water 
tank which consists the movable part of the 
shielding walls is 150cm thick. The space 
around the beam ducts where the wall is 
penetrated is filled up with blocks of heavy 
concrete, of iron and of paraffin. And other 
openings in the shielding walls are filled with 
ordinary concrete blocks or small water tanks. 

Some examples of the results of surveying 
the neutron flux outside of the shielding, 
which are obtained with a Nuclear-Chicago 
model 2112 ratemeter and model DN3 neutron 
probe, are as follows. When deuterons are 


Nuclear plates are placed at | 
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accelerated to 19MeV and its intensity is 
0.05 uA at the scattering chamber, neutron 
fluxes are (1) 30n/cm?/sec at the immediate 
vicinity of the main shielding wall and (2) 
0.3 n/cm?/sec at the control room. When pro- 
tons of 57MeV and 1A are accelerated in 
the synchro-cyclotron, the neutron fluxes at 
the places above described are (1) 10 n/cm2/sec 
and (2) less than 0.1 n/cm?/sec respectively. 


§13. Operation of Ordinary Cyclotron 


After general assembling had been finished 
we accelerated protons at the frequency of 
9.7 Mc/sec for the first time on September 28, 
1957. As soon as the magnetic field was ad- 
justed to the resonance value, we obtained a 
beam of 300A at the exit radius. In the 
next day a deflected beam of 30 uA was ob- 
tained after some adjustments of deflector 
position. We assured successively that stable 
internal and deflected beams were obtained in 
the expected range of energy. After setting 
the focusing magnets, beam ducts and scat- 
tering chamber, we began experiments of 
nuclear reactions from January, 1958. 

A few kinds of trouble have been experi- 
enced in the operation of long time duration 
such as the cracking of the insulators of Steat 
ite- or ordinary porcelain. Such difficulties 
have been overcome by the protection against 
the discharge or by the increase of the air 
cooling. 
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The performances are listed in Table I ($1). 
The maximum current obtained at the focus 
point of the straight section through a slit 
of lcmx1lcm is 4A of protons of 14 MeV. 
During the ten months since January, 1958, 
various experiments on (1) p-p, p-d, p-a, He?- 
a and a-a scatterings, (2) (p, p), (p, p’), (d, n), 
(p,m) and (a, fp) reactions, (5) production of 
several radioisotopes have been performed. 
The cyclotron is working in full of 24 hours 
except Sundays and the days of periodical 
inspection which are arranged once in ten 
days. The working efficiency is about 55% 
for 24 hours of a working day. 


§ 14. Initial Operation of Synchro- 


Cyclotron 


During the period of use of the ordinary 
cyclotron beam for experiments of various 
nuclear reactions, we took a period of about 
a month for the initial operation of synchro- 
cyclotron in May, 1958. Since we intended 
from the very start to try the beam extrac- 
tion at m = 1 proposed by Hamilton and Lip- 
kin*?, our main object was to find how much 
of the internal beam could be brought out 
until m = 1 by eliminating the various causes 
of loss of the beam between z = 0.2 and 1. 
Azimuthal inhomogeneities of the magnetic 
field which are negligible in our case, the 
ion source configuration, its position and the 
dee bias voltage were found to be important 


Fig. 19. Arrangement of ion source and feeler for the synchro-cyclotron. 
(a) Optimum arrangemeut. 
(b) Usually accepted arrangement. 
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factors for the efficiency. For example, with 
an usually accepted type of ion source such 
as shown in Fig. 19(b), only about 30% of 
the circulating beam 
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Fig. 20. Oscilloscope patterns of the intern 
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dee voltage of 7kV, which is about 80% of 
the beam intensity inside » = 0.2, under the 
optimum conditions, where the ion source was 
slightly shifted north from the magnet centre 
and the magnitude of the dee bias voltage 
was reduced to as low as 100 volts negative. 
The effect of the dee bias voltage is illust- 
rated by the oscilloscope patterns in Fig. 20. 
In the second test period from December, 
1958 to January, 1959, we set a 65° arc electro- 
static deflector channel at a radius near n=1 
inside the dee, and from 70 to 80% of the 
circulating beam up to m=1 could be defiect- 
ed on to an area of 10cm wide and 3cm in 
height at the prescribed exit port of the va- 
cuum tank. This beam size has been reduced 
to an area of 2cm in diameter by inserting 
inside the tank a magnetic channel in which 
the magnetic field increases with radius. This 
beam will be brought to the experimental 
room through a pair of quadrupole focusing 
magnets in the near future. The beam inten- 
sity inside 2 =0.2 is at present limited to 
about 1 4A for continuous operation because 
the dee voltage can not exceed about 7kV as 
is mentioned in §6. Details on the beam ex- 
traction at m=1 will be reported elsewhere. 
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The variation principle in the kinetic theory of gases is extended to the 
case of a dense gas made of rigid-sphere molecules with the finite 


radius. 


The solution of Enskog’s first approximation equation for the 


dense gas of rigid-sphere molecules is derived from the variation principle. 
The local entropy production per unit time is the maximum in this 


variational principle. 


The correction to the entropy due to imperfect- 


ness of the gas is calculated from the virial expansion of the equation 


of state for a rigid-sphere gas. 


Introduction 


§ 1. 


The variation principle in the kinetic theory 
of gases was established by Hellund and 
Uehling», Curtiss and Hirschfelder», and 
Ono. Especially, Ono showed that this 
principle has a close relation to the extremum 
of the production of entropy in the thermo- 
dynamics of irreversible processes. Up to 
now, however, this variation principle has 
been proved only for a dilute gas. 

The purpose of the present paper is to 
generalize this principle to the case of a 
slightly dense gas consisting of rigid-sphere 
molecules, based on Enskog’s modification of 
the Boltzmann equation”, as a first step to 
furnish the method of solving the problems 
in the kinetic theory of fluids from the 
thermodynamical point of view. 

In Enskog’s theory of a dense gas the 
molecules are no longer points but sheres of 
fiinite radius, and there appears the collisional 
transfer due to the finite size of molecules in 
addition to the ordinary fluxes arising from 
the flow of molecules across the surface. From 
these flux vectors we can obtain the thermody- 
namic expression for the local production of 
entropy by means of the Gibbs relation. 

The entropy of a dilute gas can be defined 
in terms of the singlet molecular distribution 
function, and is equal to the minus of 
Boltzmann’s H-function in the case of the 
ideal gas. Then the local entropy production 
per unit time can be derived from the entropy 
balance, and given by the collisional term in 
the Boltzmann equation. In the present case, 
however, the correction to the entropy due to 
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imperfectness of the gas should be taken into 
account. If one regards this correction as a 
small quantity, this can be achieved by adding 
the equilibrium value of the additional entropy 
calculated from the virial expansion of the 
equation of state. After all, the entropy pro- 
duction per unit time at each point of space 
is calculated by means of the modified 
Bolzmann equation. 

Thus, in the same manner as in the case 
of the dilute gas*, it will be shown that 
Enskog’s first approximation solution is the 
solution which maximize the entropy pro- 
duction to the first order under the condition 
that the entropy production in terms of mo- 
lecular expressions is equal to the one based 
on the Gibbs relation in the thermodynamics 
of irreversible processes. 

§2. The Modified Boltzmann Equation for a 
Dense Gas 


Let us consider briefly Enskog’s modification 
of the Boltzmann equation for a dense gas 
consisting of rigid-sphere molecules, in which 
the molecular encounters are instantaneous and 
consequently binary irrespective of its density. 

We shall define the singlet distribution func- 
tion f(r, v,t) in such a way that the probable 
number of molecules with positional coordi- 
nates in the range dr about rand with velocities 
in the range dv about v is f(r, v, t)drdv, f being 
normalized to the number density n: 


\ far, v, ide=n(r;1) | (2.1) 


Tne variation of this function with time obeys 
the Boltzmann equation : 
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| where F is the external force acting upon a 
molecure, m the mass of a molecule, and 
| (Of/0t)eon the collisional change of distribution 
| function. The collision term of Enskog’s 
| modification” is given in the form 
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x o(g-k)dkdv, . (2.3) 
| where k is the unit vector in the direction of 
! line of centers of molecules, o the diameter 
_of a molecule, g=v,—v the relative velocity, 
; and v’, v1 the velocities of the molecules after 
| the collision characterized by v,v, and k. 
Here we used the notation x for Enskog’s 
| probability factor) by which the frequency 
of collisions ina gas made up of rigid-sphere 
molecules differs from that in a gas made 
up of point molecules. The value of yin an 
equilibrium uniform gas depend only on the 
density. But in a non-uniform gas the value 
of x may by expected to depend on the spatial 
derivatives of the density. 

If the conditions in gas are slowly varying 
in space, we may use the local equilibrium 
value x? for x to the second approximation, 
and expand f(r+ck, v,t) and x(r-+02/k,t) in 
a power series in o, and retain the terms 
( only up to the second. Then (2.3) may be 
j written in the form: 


(2.2) 


of = 1 2.4 
where 
| r=x'\\ Ff —Sfo(g-k)dkder , (24-1) 
| jar | Ce (FoF inh jag- Wdkde, 
(2.4-2) 
pay \\e rors +ffijor(g-k)dkdu, , 
(2.4-3) 


ja || (ae: Uprfi—frrfosorg-Wydkde, , 
(2.4-4) 

| [mre f Uf 1 Srfy}o(g- kdkdv, , 
(2.4-5) 
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hay (ee: POY Ls —fforlg-Kdkdv, , 


(2.4-6) 
where /’; and fi are, respectively, f(r, v1, t) 
and fi(r, v1, ft). 
From (2.2) and (2.4) we obtain our funda- 
mental equation 


OF ty. pf pf SMA), 


at (2.5) 


§3. Equation of Change and Flux Vectors 

Let us consider the fluxes of various mo- 
lecular properties, such as mass, momentum 
and kinetic energy, across a surface element 
in a dense gas. Let us denote one of these 


properties by ~, and the average ~ of this 
property at each point of space is given by 


np = [vyae } (3.1) 


Then the stream velocity vo is defined by 
pvy=\moyde ; 


in which p=nm is the mass density. 
Multiplying (2.5) by ~ and integrating over 
the velocity space, we find 


And) 
ot 


(3.2) 


on (oe 
+p-nbou—n | 31 +o: v7 p+—— 77 | 


= dh), (3.3) 


where 
1g)=\ ee, (3.4) 


If ~ is one of the summational invariants the 
right hand side of (3.3) is, after a rather 
cumbersome calculation shown in Appendix I, 
reduced to the following form: 
6 
VMP=—P-Ic¢)+ OY) , (3.5) 
t=1 
where 


sH=Fx\ (low) Halig- bakdedy, 
+Z\\\o—wsn(er in 2) 
x(g:k)dkdvdv, , 
p= Fa0| | stk rd! Wo: Widkdodoy 


+Fa0\| line yin rae ry —~)} 


x (g:k)dkdvdv; . 


(3.6) 


(3.7) 
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As was pointed out by Hirschfelder et al®, 
J.) is the contribution of the collisional 
transfer of # to the flux vector. In addition 
to the above-mentioned collisional transfer, 
there exists a flux due to the flow of molecules 
across the surface moving with the mass 
average velocity vo, given by 


Ilb)= \ Vidoe 


where V=v—w is called the peculiar velocity. 
On the other hand, there remains the term 
OW) given by (3.7). This term has not been 
taken into consideration by other authors for 
the transfer of kinetic energy, but it is 
necessary to obtain the correct expression for 
the energy balance equation. It givesacartain 
kind of energy source. 

We shall derive the hydrodynamic equations 
from the general equation of change (3.3), by 
considering the following three kinds of the 
summational invariants, 1, mV=m(v—vwo) and 
mV2/2=m(v—vo)?/2 as ~. 

(1) The equation of continuity: Let us 
consider the case of the first summational 
invariant, 1. Then, using (2.1) and (3.2) we 
obtain the continuity equaiion : 


St + np-w=0, 


where J; and @, given respectively by (3.6) 
and (3.7), vanish identically, and D/Di denotes 
the hydrodynamic operator 0/0t-+vo0:[. 

(I) The equation of motion: Let us con- 
sider the case of the second summational in- 
variant, mV=m(v—wvo). Then we obtain, from 
(3.3), 


(3.8) 


(3.9) 


Dvo a 
0 Di +7-P=nF, (3.10) 
where P is given by 
P=Pi;tP., (3.11) 
Pe=(m VVfdv , (3.11-K) 
and P.=J.[mV] . (3.11-C) 


We can immediately see that (3.10) is the 
equation of motion and P is the pressure 
tensor. 

(III) The equation of energy balance: We 
have only to put mV?/2=m(v—w)/2. Here 
we should take account of the dependence of 
Vo on the spatial coordinates. Then we have 

DU 


Moroes al BND feel watt 7/ 371) 6 


Di (3.13) 
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where U is the kinetic contribution to the 
internal energy per molecule, and q is the 
thermal energy flux, respectively, given by 


Pi 5m| V2fdv , (3.13) 

and 
q= +4 (3.14) 
a= 5m V2Vfdv (3.14-K) 
qe=Iel4mV?] (3.14-C) 


Hereafter the mark » is used to denote the 
quantity per molecule. In derivation of the 
above equation, it should be noted that 
@[mV2/2] does not vanish and is given by 


(3.15) 


O[4mV?]=—Pe: Pvo , 
The local temperature JT defined by 
pueT=zm\ V2fdo , (3.16) 
2 2 
which leads to 
nU=<nkT (3.17) 


If the system is not so far from equilibrium, 
we may choose as the zeroth approximation 
to the distribution function the Maxwell 
function given by 


3/2 
0 =n ee 
P(r, v,f nr, 2 oar) 


( m(v—vo)? 

eae ie I 

(3.18) 

where 7, Uo, and T are respectively given by 

(2.1), (3.2) and (3.16) and are generally functions 
of the spatial coordinates. 

Then, the distribution function f may be 


written in terms of a perturbation function ¢ 
defined by 


F=f1t+¢@) . (3.19) 


From (2.1), (3.2), (3.16) and (3.19) we can prove 
the following relations: 


[/'sde=0 (3.20-1 
[efrddv=0 ' (3.20-IT) 
5” V2fddv=0. — (3.20-II1) 


If we use (3.19) and (3.20), the pressure 
tensors given by (8.11) are written as the first 
approximation in the forms 


Pr=mkTU+m| VV/%4de (3.21-K) 


| 1960) 


fj and 


» 
= gre Suk TU+m | VV odo | 


_>~ 6 Ss V-UVo 
career uo] 


where U is the unit tensor, S the rate of shear 
tensor defined by 


(3.21-C) 


i! Ovo; Ovo: | 1 
Sig= : a= igV-U 
a et oe (germ), B22) 
and 
b= Sno! (3.23) 
ees 4y0 3)1/2 
B= n2!L(nmkT)” (3.24) 
| Then the total pressure tensor is 
r-[pe(-t8)p 
+ (14+ gabe) VVp'edo—2a 825) 
where 
pPi=nkTi1-+nbr%) , (3.26) 


! which is the equilibrium hydrostatic pressure 
-at the local temperature and density, differing 
from that of the ideal gas case by n?kTbx°. 
This means that the gas is not ideal but 
f imperfect. On the other hand the equation 
jof state in equilibrium for rigid spheres is 
(obtained from the equilibrium statistical 
j mechanics in the virial expansion form 
P=nkT [1 +bn+0.6250b2n? 

+0.28696%n?+0.115b¢2'+---]. (3.27) 
Thus 5 has the meaning of the second virial 
coefficient per molecule, and x° may be ex- 
i pressed in terms of the density expansion as 
X°=1+0.6250bn+0.2869b21?-+ 0.115532? + - -- 

(3.28) 

} On the other hand, with use of the pertur- 
i bation function the thermal energy fluxes, gx 
hand q, given by (3.14) are expressed in the 
1 forms: 


geszm\ V* Veddv,  (8.29-K) 

and 
tae Ts, pil. PROC 
qo=-— nde e+ oom ae (3: ) 


| It should be noted that bx and @ in these 
| flux vectors are indepedent of the molecular 


| distribution. 
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§ 4. 


Statistical Expression of the Irreversi- 
ble Production of Entropy 

We shall first consider the equilibrium 
values of the entropy of an imperfact gas 
made of rigid spheres. The entropy of an 
imperfact gas can be given by the form: 


Seo) ia 


g {dim |" (oe 0 dvi 4.1 
OT ly , id Mn ( . ) 
where the subscript ‘‘id’’ denotes a function 
for the corresponding perfect gas. This 
equation allows us to calculate the equilibrium 
value of the entropy S®, if we know the e- 
quation of state in the form of p° as a function 
of T and volume V. Then we obtain from 
(3.26) and (4.1), the expression for the entropy 
per unit volume 

ndr—ndi,—mar| ATO adn} (4.2) 
where we used mw instead of V as the inde- 
pendent variable. Since X° is independent of 
the temperature as seen from (3.28), we obtain 


nS°=nS?,+nS? (4.3) 


corr ? 


€ 0 
MS corr 


= —knb\"s8dn ; (4.4) 


where So. is the correction to entropy per 
molecule due to the imperfectness of the gas. 

On the other hand, the entropy per molecule 
of an ideal gas composed of point molecules 
is known to be 


Sta=H Inn+3in 74 Sin (aE) I 


h Zz 
(4.5) 
In fact, according to the H-theorem™, the 
entropy density of the gas of point molecules 
is given by 


nb.=# f—Inf)dv , (4.6) 
which becomes identical with (4.5) for the 
equilibrium distribution f=/* apart from the 
constant. 

For the present, the system is moderately 
dense and the correction due to the gas imper- 
fection appear through the % factor, and 
furthermore we assume the % factor to be 
equal to the equilibrium value x° without 


* Usually the is given by ns= 
— if In fdv, but the expression of the entropy of 


ideal gas in Bose- and Fermi- statistics becomes 
identical with (4.6) in classical limit. 


entropy 
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appreciable error. Then we may write the 
entropy density of the imperfect gas out of 
equilibrium as the sum of (4.6) and (4.4) 


nS=nSi+ nS» ’ 


nSi= 08%, —hnb\"22dn (4.7) 
Multiplying (2.5) by k(11—In/) and integrat- 
ing with respect to v, we obtain, 


¢ 6 
PH r-b\of—tn Adv=k> I(—Inf) , 
t=1 
(4.8) 
where J; is given by (3.4). The manner of 
derivation of (4.8) is similar to that for (3.3), 
but its third member vanishes in this case. 
Using the equation of continuity (3.9) we can 
rewrite (4.8) as 
DS, 


n+p. al Vi Sines —kS nan. 9) 
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Since the entropy due to the gas imper- 
fection, So. depends on the spatial coordinates} 
only through the number density ”, we can} 
easily obtain 


n= kbyy- ae (4.10), 


where we used again the continuity equation 


for n. 
From (3.18) and (3.19), we have 


mV2 3 2rkT 
= iI 3 
aa In z +In(1+¢) 


In f=In n— 
(4.11) 
Substituting the above expression into (4.9), 


and reminding that mV2/2 is one of the sum-. 


mational invariants, we can write the right- 
hand side of (4.9), according to (3.4) and (3.5), 
as follows: | 


> i(lnf)=—F -y-3( 2) +0(— Fr) | ea M9) 


2kT 


1 


ee ee i E w 
Seer Gea) es vo—k XL) 


2kT 
(4.12) 


a tT ag 


In the derivation of the above equation, it should be noted that 


o rs _to 
2k. a fe ( 


=a fees As 
2 lade WaT 


we lieens pees tae 
=a | pera Qe Be 


Here we have ignored the terms higher than the square of ¢, and g. and P, in (4.12) are 
given by (3.29-C) and (3.21-C), respectively. To the same approximation [i(@) [cf. (3.4)] are 


reduced to 
10(8)=| 6 h8do=— Fat (6 489d PPo%g- Rakes, (4.13-1) 
0/4) — IL 8 lie 2 
L =| op0do= 7] Suber 2 nb2P.—nkTU) : (-=)| ; (4.13-2) 
1()= \ Jiidv=— [tie V-7 In 2) fddv=0 , (4.13-3) 
and 
I.°(¢)=15(b) = 15°(¢)=0 , (4.13-4) 


En a and Px are given by (3.29-K) and (3.21-K), respectively, [cf. Appendix II]. Here 
i? and /J;° indicate the first approximations to the integrals J; and Ji, respectively. 
From (4.7), (4.9), (4.10) and (4.13), we obtain finally the expression for the entropy balance 


equation 


A 


DS 


u—-+-o[s 


Dt 


where o and t! are respectively given by 


]=z"[s] , 


(4.14) 
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ols] =#| Va-Inf)fde+ & (4.15) 


t{s|= A+ | ao Ebr . rz 


A | Pe Znba(P—nk ro) | (- z a 


Ly 
+Rn2dv0°7 + vo . (4.16) 


We can immediately see that o is the entropy flux vector and rt! is the irreversible production 
| of entropy per unit volume and unit time. 
If we use (4.11) and neglect ¢? in the first member of the right-hand side of (4.15), we 
| immediately obtain from (3.29-K) and (3.14) 


(eee =i [s60'+ 4 —-0-—-4,)F4fivotlg- Kidkdodes (4.18) 


where ~ is any function of the molecular velocity v. This bracket expression may be 
symmetrized by the same arguments as in Appendix I, as 


{p, B= Z| [lO tev —$—-$00 + ty —d—- Bd PPoXG-Kdkdvdor= (4, br) 4.19) 


The operator { } is linear, so we have 


{L+9, BI ={P, OF HIP, OF 5 (4.20) 


| and it can easily be shown that 
{¢, b= Z| [loro sgn eryinerg- Widkdode,=0 ; (4.21) 
Since the integrand can never be negative, {¢,¢} vanishes if and only if ¢ is a linear 


& combination of the summational invariants. 
Consequently, we can obtain from (4.13-1) 


‘| —RIG)=ROLO, PF - (4.22) 
| Using (3.21), (3.29) and (4.22), we can express (4.16) in the following form: 
| 3kT_[_17, 6.8.8], .fr-0 ? 

t[s]=kLLG, OFA a of 7: | a : 7 tal Tr | E08 (4.23) 


| of which the second, third, and fourth terms are independent of the molecular distribution. 


| §5. The Entropy Production in the Thermo- Sen (P—pou): (- Vvo ) reais 
dynamics of Irreversible Processes ib Ge 
In the thermodynamics of irreversible where is the equilibrium hydrostatic 
| processes, the local entropy production is pressure. re 

| calculated with use of the Gibbs relation, and In the case of a dense gas of rigid sphere 
| is given as a function of the thermal energy molecules, we may use (3.25) and (3.29) for 
| flux g, the pressure tensor P, y(1/T) and pu/T: P and q, respectively. Then we have 
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rl[s| = 


Tera POSkr Ss SSeLeer-wr 
hi af r= [+ Ea F = [tal T ] 
1 


5 ie PNG eae Oi 2 | 
+[1+ S nba ow Pt [it 2 nb 


x(Pe—nkTU) : Goa) . (6.2) 


Here the entropy production must be positive 
according to the second law of thermo- 
dynamics. 

If the statistical entropy production given 
by (4.23) is equal to the thermodynamic entropy 
production cll[s] obtained from the Gibbs 
relation, that is tl=rtH, we have 


[1 + ne . ra + E + Enon | 
x(Pi—nkTU): (5) =m, $}. (6.3) 


For convenience we shall write above equation 
in the following form 


[e/%edv= iad, o}, (6.4) 
where 
= 3 pe (eV yp 
& cea 9 Vive 
+| 1+ Zabee Jn Vimo Va (=) ; 


(5.5) 


the flux vectors defined by (3.21-K) and 
(3.29-K) being used. 

§6. Enskog’s First Approximation Solution 
and Variation Principle for the Modified 
Boltzmann Equation 


If we apply the Chapman-Enskog pertur- 
bation method to the modified Boltzmann e- 
quation (2.5), we readily obtain Enskog’s first 
approximation equation*? 


IF 3 mV? 5 
| (14-2 npyo\(MV?_ 5 Vy. 
fq (lten ae > Ver in T 


2 od Grane \in sf 2 
+(1+ 5 nbye Jin VV. 3 V vU) : eau 
= | lw + br —$*—o1*) Pfa(g-k)dkdu, , 


(6.1) 


* For the details of derivation of (6.1), see pp. 
276-280 of Chapman and Cowling’s book5), The 
zeroth and first approximation in the present paper 
correspond to the first and the second approximation 
in Chapman and Cowling’s book. 
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where the notation ¢* is used to be dis- 
tinguished from an arbitrary perturbation 
function ¢ in the previous sections. 

Then it is quite obvious from (5.5) and (6.1) 
that Enskog’s solution satisfies the relation : 


[eretdo= boo 6}. 


This is the same as the condition (5.4), and 
therefore the solution of (6.1), ¢*, is compati- 
ble with the Gibbs relation in the irreversible 
thermodynamics. 

If we multiply (6.1) by a trial function ¢, 
which satisfies the conditions (3.20) and (5.4), 
then according to the definition of the bracket 
notation (4.18), we find . 


[eyrsdv= (4, P =H, d} =k, 6}. 
(6.3), 
From the properties of the bracket notation, 
(4.20) and (4.21), we obtain 


{¢*—, *—G}={O*, BLO, o*}—{O*, oF 
+{¢, d}20. (6.4) 
Thus we have the following inequality 


{$*, o*} = (4, o} . (6.5) 
This implies that the perturbation ¢, compati- | 
ble with the thermodynamic Gibbs relation, 
maximizes the value of {¢,¢} when ¢ is the 
solution of Enskog’s first approximation > 
equation (6.1). | 
Since in the present variation principle the 
intensive variables, such as 7, S, fu are all 
prescribed at every point of the space, the 
last three terms in (4.23) are constant inde- 
pendent of ¢. Hence the variation principle 
expressed by (6.5) refers to the maximum of 
the local entropy production per unit time. 
Thus we have 


(6.2) | 


| 


w1[S|=Maximum, (6.6) 
with the condition 
vl[S}J=cll[S] . (6.7) 


The solution of this variational principle which 
satisfies the auxiliary conditions (3.20), is 
determined unambiguously. ) 
This principle can further be rewritten in 
the equivalent form . 


c[ s|-FmIS] =Maximum, (6.8) ; 


where the variation may be taken as to the | 
peaturbation ¢ without the restriction con- 
ditions except the simple ones (8.20). This 


1960) 


formula seems to be entirely analogous to the 
hermodynamic variation principle proposed 
by Onsager”. 


| § 7. Conclusion 


It has been shown that the Enskog’s first 
Japproximation solution is obtained as the 
solution of the variation principle. The local 
entropy production is the maximum for this 
solution under the condition to satisfy the 
hermodynamic Gibbs relation. Thus it has 
been found that the same variation principle 
jas that demonstrated by Ono* in the case of 
Ya dilute gas is preserved also in the case of 
fa dense gas composed of hard sphere mole- 
cules, if we add the correction due to the gas 
imperfection to the entropy. 

Consequently, it seems to be possible that, 
Hin the linear transport processes well described 
jin the frame of the irreversible thermody- 
namics based on the Gibbs relation, the most 
probable distribution function in kinetic 
Gtheory, compatible with this thermodynamic 
#description, can be obtained by maximization 
of the local entropy production per unit time 
nder the condition that the Gibbs relation 
be satisfied. Then, with use of this distri- 


Lg) =| bfudv 


ig) =| fae 


4 


1d) =\ hed 


a 
all 

=F |r sora’ eg: Wdkdede, 
Al 


=F | [le tay dt iia Kako, 


=F 0\\\o i$ Xe re ihiola: Ridkdode, ; 


fon \ | \ (b’—S) kk : Orr fi)-+ (bv —dnkk : (Aref ylo(g-k)dkdedo, , 
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bution function the transport coefficients can 
be calculated. The variational method based 
on the principle described above seems to be 
useful to get approximate values of transport 
coefficients, especially for the case of a dense 
gas, in which the direct solution of Enskog’s 
first approximation equation is so complicated. 


Acknowledgement 

The author wishes to express his great 
gratitude to Prof. Syu One at the University 
of Tokyo for his invaluable advice and en- 
couragement. A part of this work has been 
supported by a Grant in Aid for Fundamental 
Scientific Research from the Ministry of 
Education. 


Appendix I 
From (3.4) and (2.4-1), we have 


hig) =| hao 


<1 | (orn eo: k)dkdvdv, . 
(A-1) 
The integral on the right hand side of this 


equation may be symmetrized by the same 
argument as in a proof of the H-theorem: 


(p= =i [YOR era: k)dkdvdv, 


[or -prn— Ffdo(g-Kdkdvdv, 


| By a similar manipulation it can be shown that 


(A-2) 

=| | [1-9 9k ffi Gai Vk Pf leXa- Kdkdodor (A-3) 
(A-4) 

(A-5) 
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Ig) =| bed 


=7"| | [iy ones Dh) + (pr — pk ff )\k-7X)o%(g- k)dkdvdvy , (A-6) | 


and 
(=| pedo | 

7 —59"| | [w+ dv —9—-gayiek PON Sf’ —ffolg- kdkdvdey . (A-7) | 

| 

| 


If / is one of the summational invariants, that is ¢’+¢q1’=~+¢1, then it can be immediately 
seen that 


(Y’—d){k Pf j}o(g:- kydkdvdv, , 


= 
we 
eS 
SS 
\| 
| 
wla wla 
os 
wry 


LB(p)=— | [Wk 729) fhior(g- Kodkdedey : 


Mp= 0 {wo ax: P( shir in 2) [oro Wiakdode, . 
\\ 


a 


1g) =F \ (loo k-ffir in} (g-p2)oXg- K)dkdeder 


and 


Is(p)=0 . 


Consequently, we have 
Ld) +b) 
=—7-| 2\\\(w —hxffiko(g- kdkdvdv, 
r| 5 \\\o —werikoro-b) dede, | 


+5 ||2i&e-re’—W)oX9-Hgkded, (A-8) 
and 


Ih) + Ie() 
ei LF \\\o- WRC ke yin log: K)dkdvdv, 


wal [\zrn4 k-p In ra rh’ —$)}oX(g- Kdkdvdy, . (A-9) 


Thus we have the expressions (3.5), (3.6) and (3.7) for the summational invariants d. 


Appendix II i 
The integral Ji(¢) is given by 


| 
| 
| 
| 
| 
| 
d 
‘I 
| 
| 


1(6)= | Jbae (i=1, 2,3, 4,5, 6), (A-10) 
where /; is defined by (2.4). Throughout the present treatment the perturbation function ¢ 
and the space derivatives of u,v, T are considered to be small quantities. Substituting 


f=f1+¢) into fi, and retaining only the first order perturbation, we get the following 
expressions for jj. 


Neglecting the square terms of ¢ in fi, we have 
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jo=2\ (+44 b— di) f PorX(g- k)dkdv, 


jas the first approximation to j,. 
by ji°. 
Since J, and Js themselves involve the derivatives of the macroscopic variables, then we 


may neglect all the terms involving ¢, and write f° instead of f in these J. Then, preforming 
the integration of the terms /,° and J;°, we obtain the following results: 


Jt=—nbre| v-{2p tf n+ (= Ei hea Vv in 7} 


Hereafter we shall denote the first approximation to /; 


Oi 
ZT 77 VE sel gout VN 0 = 
+5 VV: po» (1 aralé | (A-11) 
J9=—nbe(V-p In x) f°. CE 


Finally, j:, Js, Js are all zero in this approximation, since they involve the second derivatives 
/of the macroscopic variables or squares of the first derivatives: 


Jf=Je= Jo=0 . (A-13) 
6 Replacing /; in (A-10) by /,°, we obtain 
1@=n\ [loo ood FR eG gkaole , 


Wes ; nas] S51 ( mV" yrogqyp— 2 2. |» VV ado | 


te A ae Bean 


1($)= — nbs \( V-p In 2°)f%¢dv=0 , 


: and 


11°(¢) = 156) =16(G)=9 . 


4) D. Enskog: K. Svenska Vetenskaps Akade- 
miens Handle. 63 (1921) no. 4. 
fea) E. J. Hellund and E. A. Uehling: Phys.Rev. 5) S, Chapman and T. G. Cowling: The Mathe: 
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Liquid structure can be considered as a lattice distorted heavily by 
many dislocation lines. The dislocation density is supposed to be limited 
by the mutual contact of the cores of the dislocation lines. Calculation 
of the free energy as function of the dislocation density showed that 
above a certain temperature the lattice which has no dislocations at low 
temperatures changes abruptly into liquid by the appearance of the high- 
est density of dislocations. Calculated heat of fusion of various metals 
agrees fairly well with experiment if the core radius is taken to be of 
the order of the lattice constant. In this model the thermal expansion 
of the liquids can be explained just in the same way as that of solids. 
A method of calculation was applied to determine the Griineisen constant 


of molecular liquids with the result confirming this model. 


81. Introduction 


Models of liquid structure which have been 
used frequently to explain the properties of 
liquids are, 1) method of free volume”, 2) 
method of lattice gas with interstitial sub- 
lattices, 3) hole theory® 4) to regard the 
liquid as an aggregate of crystallites» etc. 
Though each of them has its own feature, it 
does not seem that the mechanism of melting 
has been made clear quantitatively enough. 
Theories proposed up to now are either so 
idealized that the comparison with experiment 
is not easy or is showing only the instability 
of solid lattice above a certain temperature. 

The most characteristic property of liquid 
as compared with solid is of course its fluidity. 
Even when a substance has a number of dif- 
ferent phases, what is called liquid phase 
among condensed phases is that which is 
fluid. Hole theories attempt to explain the 
fluidity by the migration of lattice vacancies, 
but it is easy to show that such vacancies as 
assumed in ordinary treatment never make 
such convenient migration under shear stress 
to give shear flow. Eyring’s theory of the 
viscosity of liquid cannot be justified if taken 
in its strict sense. Therefore, a lattice con- 
taining vacancies remains to be solid always. 
In order to explain the fluidity any model of 
liquid structure, if it is going to make use 
of a lattice-like arrangement of molecules, 
should consider dislocations. 

The model of liquid structure treated in 
this paper is based upon the observation that 
the liquid is crystal-like in short range but 


has no long range order. The molecules are 
considered to take lattice-like arrangement 
which, however, is saturated by many disloca- 
tion lines, or in other words, is distorted by 
the highest density of dislocations. In the 
following sections it will be shown that the 
melting of solid can be explained by the sud- 
den appearance of dislocations in a perfect 
lattice and that this phase transition is always 
accompanied by the latent heat of fusion. 


§2. Dislocation Network 


We wish to form a dislocation network in . 


a monatomic lattice of one gram atom. Let 
the lattice be simple cubic, and its lattice 
constant be a, which is fixed to a certain 
value simply, irrespective of the dislocation 
density. For the sake of simplicity the density 
of dislocations is considered to be uniform 
throughout the lattice. Now, by calculating 
the excess free energy of the lattice due to 
the presence of dislocations as function of the 
dislocation density o it will be shown that 
when the temperature is below a certain tem- 
perature 7 the state of perfect lattice where 
o=0 is the most stable one, and on the other 
hand when the temperature is above Ty; the 
state of the highest disorder where p=pmax 
is the most stable one. The transition tem- 
perature Ty should then correspond to the 
melting temperature, and the state of the 
disordered lattice to the liquid state. 

The lattice is divided into a number of 
cubic domains of equal volume. The size of 
a domain is variable, while the lattice constant 
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is fixed. Each domain is given a line element 
of dislocation. Therefore, when the disloca- 
tion density is specified, the volume of a 
domain is determined which, however, cannot 
be excessively small because of the necessity 
to contain a dislocation line element. The 
direction of a line element is assumed to be 
parallel to one of the three [100] axes. In 
case neighboring domains have their line ele- 
ments passing through their common domain 
boundary, these two elements are regarded 
to form one dislocation branch. If the bounda- 
ry between neighboring domains is passed 
only by one line element of either domain, 
we regard the other domain to have a node 
at its center and the former line element or 
branch is extended up to here. A branch, 
which is always straight, may be composed 
fof one, two or more line elements. Some 
fi'domains have nodes and others have not. A 
i node may be associated with from 3, the 
& minimum number, to 6, the maximum number, 
branches. In this way we obtain a complete 
configuration of the dislocation network except 
that the Burgers vector of each branch is not 
defined yet. Fig. 1 shows an example of the 
way the line elements are connected with 
others to form branches and nodes. By chang- 


line 


Dislocation 
element 


Fig. 1. (a) A domain showing three possible 
directions of the dislocation line element. 
(b) Branches and nodes of the dislocation 
network formed by connecting the line ele- 
ments in different domains. 
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ing the directions of the elements we can 
compose other configurations of the network. 

Quantities needed for the calculation of the 
free energy F as function of the dislocation 
density 0 are as follows. 


Dislocation line density (total length of the 
lines per unit volume of the lattice) --- p 


Edge length of a domain-----.-.- 
Number of atoms in a domain --- 9-3/2q-3 


Total number of domains in the lattice. --- 
+» n= Nai p?/? 
Total length of the dislocation lines ------- 
++ Noao 
Here No is the Avogadro number. The ex- 
tension of the line elements of branches men- 
tioned above becomes necessary very often to 
complete the connection of all branches as 
seen in Fig. 1. Contribution from such ex- 
tensions is neglected for simplicity, however, 
since it does not change much the following 
calculation even if taken into account. 


§3. Energy due to Dislocations 


The increase of energy E due to the pre- 
sence of dislocations is calculated as follows. 
Energy per atomic plane, &, is divided as 
usual into two parts, core, which is the contri- 
bution from the dislocation core, and E€elas, 
which is the elastic deformation energy of 
the lattice surrounding the core. 

E=Ecore + Eelas : 

€elas depends logarithmically on the ratio of 
the mean distance between the lines to the 
radius of the core, 70, where the cross-section 
of a core is assumed to be a circle. 

€elas = (1/472) Goa? In (071/?/21/?70) . CR} 
Here the distance between the lines is approxi- 
mated by the edge length of a domain, p-¥?, 
and the absolute value of the Burgers vector 
is taken as equal to the lattice constant a. 
The difference due to type of dislocation is 
neglected. The form of this expression is so 
chosen as to make G&ela, zero when the area 
of one of the domain walls o~! is equal to the 
cross-section of the core 70. Gy is the modulus 
of rigidity of the lattice. The effect of the 
value of the Poisson’s ratio is neglected for 
simplicity. 

On the other hand, the core energy is rather 
difficult to treat theoretically. We wish to 
define the core size to be such that its di- 
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ameter represents the minimum distance of 
approach of neighboring dislocation line ele- 
ments without destroying the “dislocation 
structure” of themselves, and suppose here a 
core is made of only several atoms per atomic 
plane, judging from the experiment of Fuku- 
shima and Ookawa on the grain boundaries in 
two-dimensional soap bubble raft». 

Recently Mandurin calculated the strain 
energy of a screw dislocation line in a cylinder 
of radius R®. For a certain configuration of 
the dislocation in a simple cubic lattice, he 
found that the energy per unit length is given 
by: 

(1/472)Gmb? In (R/r’) . 


Here Gn is the geometrical mean of two 
macroscopic elastic coefficients, 6 the Burgers 
vector and 7’ a length which depends on the 
lattice constant and slightly on the ratio of 
the two elastic coefficients. 7’ is much smaller 
than the lattice constant. If we introduce a 
radius of core 7, which he did not need to 
make use of, the above expression can be 
divided into the core and the “ elastic” part 
as 


(1/477) Gnb*{1n (70/7) +1n (R/ro)} . 


This expression of the core energy, when 
transferred to our case, will give for the core 
energy per atomic plane the following equa- 
tion. 


Ecore={In (ro/r’)/47} Gna? . 


Because his calculation is based upon the as- 
sumption that each atom interacts with its 
neighbor through Hooke’s law force, this 
equation cannot be expected to give a good 
approximation. Some other laws of force 
should be applied to determine the interactions 
among atoms contained in the core. Never- 
theless, it does not seem very unreasonable 
to expect that even such forces not obeying 
Hooke’s law due to the large displacement 
will be closely related to the macroscopic 
elastic coefficients. 

For this reason we will make use of some 
kind of modulus of rigidity, denoted as G, 
for the expression of the core energy per 
atomic plane and write 


Ecore=aGa ) (2) 
ignoring that this expression is not so appro- 
priate for edge dislocations as for screw ones. 


a is considered to be a fraction of unity when 
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the core radius is taken to be of the order of 
the lattice constant a. 
Thus the total energy E becomes | 
E=Noa5p{Ga—(1/82)Go In (zpre)}. (3) 
If the random arrangement of atoms in | 
liquids is to be described by a lattice distorted _ 
by dislocations, it is most natural to consider 
the upper limit of @ to be the one at which | 
the lattice is filled with the cores, so that 


-1/2— 71/2, , 


(4). 


Omax 

Corresponding energy, written as Emax is 
Emax=(a/z)(a/r)?GVo; Vo=Noa*?, (5) 

which is purely core energy. We will assume 
later that the radius of the core is equal to. 
the lattice constant for the purpose of sim- 
plifying the calculation, though a little larger 
radius should be more reasonable. 


§ 4. 

The increase of entropy, designated as S, 
is composed of two parts; the one is that 
part which can be calculated as kln P where 
P is the number of configurations of the dis- 
location network at some given dislocation 
density, and the other is that part due to the 
decrease of the frequencies of the atomic 
vibrations. 


Entropy due to Dislocations 


S= Sconfig oF Syib . 


(1) Number of configurations of the disloca- 
tion network 

First we calculate the number of the dis- 
location line branches. This differs from the 
total number of the domains, m. Since when 
neighboring line elements coalesce into a single 
line we get only one branch instead of two, 
we have to subtract from m the number of 
such connections. The probability that a 
boundary between neighboring domains is 
passed through by the two line elements at 
the same time is (1/3)?. As the total number 
of the boundaries is 3”, the expectation value 
of the number of such connections is 7/3, and 
the total number of the branches will become 
(2/3)n. But, in addition to this, we have to 
take into consideration that if a domain has 
a node in it the number of the branches _in- 
creases by one, because the line element in 
that domain is divided into two lines at the 
node and we shall get two branches instead 
of one. So we have to add the total number 
of nodes, v, to the above figure. Thus the 
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total number of branches written as B, be- 
comes 

B=(2/3)n+y» , 

.fwhere the terms on the right side will be 
4 considered to represent the most probable 
‘values respectively, and the same thing for 
‘ithe left side. 

In the case of Fig. 1 the relation among 
these numbers is as follows. The number of 
‘domains (or line elements) is 9. The number 
of boundaries which are passed through by 
} two line elements from both sides is 1, marked 
by * in the figure. The number of nodes is 
‘}6, and the total number of branches is 14, 
‘which is equal to 9 minus 1 plus 6. Here 6 
branches are perpendicular to the sheet, half 
upward and half downward. 

Considering that we have chosen as our 
lattice a simple cubic lattice, we want to use 
the following 26 Burgers vectors to determine 
the number of configurations. 


a{100] type--- 6 in all, 
a{110] type --- 12 in all, 
a{111] type--- 8 in all. 


The absolute value of the Burgers vector is 
different from a, the lattice constant, for the 
last two types. We will take this into accouut 
by interpreting the equation (2) as expressing 
the mean value of the core energy per atomic 
plane, and expecting somewhat large value 
of a. 

To determine the physical state of a branch, 
‘the direction of each branch has to be specified 
too. The freedom of this selection is two for 
each branch. But since, by simultaneous in- 
version of the Burgers vector and changing 
- of the direction of the branch we obtain the 

same physical state, the number of different 
states of a dislocation of a branch is again 26. 
Therefore, if there were no restrictions to 
be taken into account, the number of configu- 
rations of the network, denoted as P, would 
be. 

P=>d3226% , 
where B; is the number of branches for a 
given configuration of the line elements, and 
the summation is over 3” configurations of 
the n line elernents, considering that the free- 
dom of the direction of each dislocation line 
element in a domain is 3. We want to sim- 
plify this equation by taking the most proba- 
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ble value of Bi, which will be written as B, 
and assume 


Peo 
though this expression of P will give a little 
smaller value of entropy rather than when 
the original expression is used. 

But actually, because of the condition that 
the vector sum of the Burgers vectors of the 
branches meeting at a common node must 
satisfy the Kirchhoff’s law, we have to replace 
B in the above equation by B minus the 
number of the nodes »y, that is B—y=(2/3)n. 
Then, 


Co Oe 


Further we have to consider that the num- 
ber of the ways of the combinations of the 
Burgers vectors at each node is still more 
limited because of geometrical reason. For 
example, the number of possible combinations 
of the Burgers vectors of three branches 
meeting at a node is not 26?=676, where the 
exponent of the left hand side is the number 
of the branches minus the number of the 
above-mentioned conditions, that is, three 
minus one. Among the various combinations 
of the Burgers vectors of the free two branches, 
such ones as a[100] and a@[100] are prohibited 
because the third branch cannot take either 


the vector a[200] or the vector a[200], while 
such ones as the combinations a[100] and a[010] 
are allowed. In case of three branches meet- 
ing at a node the number of possible com- 
binations is 264 in reality. If this number is 
factorized between the free two branches the 
value of 2641/2~ 16.3 is obtained for one free 
branch. Approximate calculation shows that 
nearly the same figure can be applied to every 
node associated with arbitrary number of 
branches. Thus we obtain finally 
P3710 BGI Cre ae 20 © 
Then Sconfig can be written as 
Sconfig=k In P=a’e??RInC , (6) 

where fF is the gas constant. This quantity 
increases with o, reaching maximum when 
0= 0max - 
(2) Vibrational entropy 

We assume that when the lattice is perfect 
all atoms vibrate with the same frequency f/f 
in three directions, while in the presence of 
dislocations the atoms contained in the dis- 
location cores change their frequency of the 
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modes polarized in the direction parallel to 
the Burgers vector from f to f/f’, as this 
direction is the easiest direction for atoms to 
change positions, while the atoms not contained 
in the cores do not change their frequency. 
f’ is assumed to be a constant independent 
of the dislocation density. The ratio f/f’ 
can be expressed approximately as follows. 
The frequency f for the perfect lattice can 
be written, since each atom is surrounded by 
six neighboring atoms in a cubic lattice, 
roughly as: 

(22 f)?m=2K+4K’; K, K’>0, 
where m is the mass of an atom, K and K’ 
are spring constants for the change of the 
atomic distance and that of the valency angle 
respectively. For the vibrational mode of an 
atom belonging to the core, which is polarized 
in the direction parallel to the Burgers vector, 
the form of the contribution to the potential 
energy from the side of the center of the 
line changes as 

(K’/2)%27> —(K/2)x?; K”’>0, 
where x is the displacement of the atom from 
its equilibrium position, and in the right side 
such terms are omitted which are constant or 
linear to x, since they do not affect the fre- 
quency. The value of K” will differ among 
atoms, being large for those near the center 
of the line, so that we will take its mean 
value. From this we obtain 


(272 f’)?m=2K+3K’—K” . 
Now if we let tentatively 
YM ION AAS 
then 


ffir 
The vibrational entropy of the perfect lat- 
tice is at temperature T 


3RIn (RT/hf) , 


where it is assumed that TS/Af/k. If we 
measure the entropy of our lattice with the 
above value as the standard the excess entropy 
Syib becomes the following, since the total 
length of the dislocation lines divided by the 
lattice constant, that is, the total number of 
atomic planes passed through by all branches, 
is @oNo, 

Svin=peR In (f/f) , Co 
where p is the number of atoms belonging to 
the core per atomic plane. Thus the vibra- 


tional entropy increases linearly with the dis- 
location density, a natural result from that 
the number of atoms vibrating with /f’ in 


one of the three directions increases linearly | 
with the total length of the dislocation lines. 
This entropy reaches maximum when 0=Pmax, | 


as 

Svib, max= FP In Coie ) 
where p in (7) was taken to be equal to 
(7o/a)?. 
in cores. 


§5. Free Energy due to Dislocations and 
the Melting of Solid 


From the above calculations the free energy © 
F can be expressed as function of the disloca- | 


tion density o as follows 
F'= Vya?e{aG—(1/87) Go In (p70?) } 
— RT{a303/2 In C+pa’o In (f/f’)}. 


Fig. 2 with temperature as parameter. The 
three curves correspond to different tempera- 
tures respectively. Some appropriate values 
were used for the coefficients in (9) to draw 
these curves. As can be seen in the figure, 


Oo 


arbitrary unit 


Fig. 2. Free energy F vs. dislocation density 0 
at three temperatures. Constants used in draw- 
ing the figure are the same as those used to 
obtain Eq. (11) from (10), and G is assumed to 
be equal to Gp. 


when T<Ty the free energy becomes mini- 
mum (zero) at p=0 and when T>T; at p 
=(max, Where Ty is a temperature to be deter- 
mined by letting p=Omax and F=0 in (9). 
This feature of F as function of 0 remains 
unchanged even when other values were used 
for the coefficients as can be seen easily from 
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(8) | 


In this case all atoms are contained 


(9) — 


The dependency of F upon pe is shown in 


4) Accordingly it is concluded that when T< Js 
sgthe state of the perfect lattice is the most 
,fstable phase which should correspond to solid, 
and when 7T>Ty, the state of p= Ores athe 
jmost stable one which should correspond to 
. liquid. Ty; is then to be regarded to express 
the melting temperature, and the energy and 
‘jthe entropy associated with this transition are 
the latent heat of fusion Ly; and the entropy 
of fusion Sy; respectively. Thus 


Ly=(a/z)(a/r0)?GVo ’ 
Sr={x*(a/ro)’ In C+1n (f/f PR , 
Tz=Ly/Syz . 

In order to compare this result with experi- 
ment we assume that the radius of the core 
vo is equal to the lattice constant a, and a/z 
=0.050, and take the values calculated above 


fifor C and f/f’, that is, 20 and 21/2 respec- 
tively. From this we obtain 


(10) 


Ly=0.050GVo , 
={1.08(Config)+0.69(Vib)}E.U. 
=A: 


The value of a/z was so chosen as to give 
the best agreement between the theoretical 
heat of fusion and the experimental value for 
various metals. This value of a, which is 
about 0.157, seems to be a little smaller than 
expected, especially when we remind that the 
‘absolute value of the Burgers vector was not 
always restricted to be the same as the lattice 
constant in §4. It should be more reasonable 
to take a somewhat larger value of the core 
-radius, say 1.5a, and make @ be about 0.35. 
'This change would cause the decrease of the 
configurational entropy. But in our present 
calculation we want to content ourselves by 
' taking the above simple figures for the sake 
of simplicity. 

As for the entropy of fusion S; discussions 
will be given later. 


(11) 
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§6. Heat and Entropy of Fusion 


As is shown in the preceding section the 
heat of fusion is determined by the modulus 
of rigidity G. In order to compare our result 
with experiment we will express the rigidity 
as function of the elastic coefficients of the 
lattice. Because the model we are discussing 
is a cubic lattice, there are three independent 
elastic coefficients, which are: 


Gilwhes) Moi (GEE 
From these coefficients we can construct the 
following three different rigidities, G’, G’’ and 


GS 

G’=cu ’ 

G’=(Cu—Ci2)/2 , 

GC” =3C44(Cu— C12) /(4C44 + C11 — C12) ° 
Here G’ is the rigidity which is for the shear 
stress along (100) plane in the [010] direction, 
G” is that for the shear stress along (110) 
plane in the [110] direction and G’” is that 
for the shear stress along (111) plane in the 
[211] direction. We will not consider rigidities 
for the shear stress along other planes, as 
the above three sets of planes are the most 
important glide planes. Now, because the 
number of the planes (100), that of (110) and 
that of (111), passing the atoms respectively, 
contained in. the lattice are in the ratio of 
6:12:8, the following weighted mean value 
of the rigidities will be used. 


Gmean=(3G’ +6G”’ +4G”/13 . (12) 
Thus equation (11) becomes 
= 0.050G enn Vo . (13) 


Assuming that this equation holds independent 
of the crystalline system of real crystals we 
will compare in Table I the theoretical heat 
of fusion, which was calculated from the 
elastic coefficients ci; and the atomic volume 
Vo, with experimental value of various metals. 
Constants needed for calculation were taken 
from the American Institute of Physics Hand- 
book (1957). As the elastic coefficients are 
for the room temperature the theoretical heat 


Table I. Heat of Fusion of Metals. 
| Nani Wiel GU SING? AlQUE AIG OSi qusGe joPboh ReinyNi hai 
Ly (calc.) | 6.22 0.23 1.34 1.419 1.18 1.16 3.5 3.3 0.60 24 2.0, 7.2 
Ly (meas.) | 0126 0/2301.30 ANB 1e27cV09e46 (3.55048 20.5 28 in 
; in units of 1014 erg/mol 
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at the melting temperature should be a little 
smaller than the tabulated value, though the 
increase of Vo cancels the decrease of cij to 
some ‘extent. The agreement between both 
columns is fairly good, however. 

As for the entropy of fusion S; it is known 
well that experimental value of many monato- 
mic solids is nearly 2E.U., agreeing very 
roughly with the value given in the preceding 
section tentatively as 1.76E.U. This value 
should be lowered if the core radius is taked 
to be larger than the lattice constant, as said 
before, because of the decrease of the con- 
figurational entropy. But since S; must de- 
pend strongly upon the way the vibrational 
frequency of atoms changes when contained 
in the dislocation cores, it is difficult to pre- 
dict its exact value. For example, measured 
values of S; for Si and Ge are as high as of 
the order of 6.5E.U., indicating that a large 
decrease of the frequency occurs when the 
lattice is distorted by dislocations, even though 
these solids contract upon fusion, apart from 
the problem of the configurational entropy. 
By the way, the contraction of these valence 
crystals seems to favor our model of liquid 
structure. Hole theory of melting on the 
other hand is perhaps not suited to treat such 
cases. 


$7. Thermal Expansion of Liquids 


In this paper the liquid structure is regarded 
to form a lattice distorted by the maximum 
dislocation density. Therefore, if the number 
of configurations of the dislocation network at 
the highest density of dislocations does not 
change with temperature, for which the con- 
stancy of the core radius is the first necessary 
condition, the thermal expansion of a liquid 
is caused merely because of the decrease of 
the vibrational frequency of atoms with the 
increase of the volume of the lattice. This 
situation seems to hold for simple metals and 
non-associated liquids at least at temperatures 
near melting temperatures as shown below. 
At such temperatures the expansion due to 
the increase of the number of holes will not 
make much contribution. On the other hand, 
associated liquids do not seem to do such 
simple thermal expansion. According to the 
author’s opinion associated liquids are charac- 
terized by that the dislocation cores change 
their radius with temperature, which would 
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correspond to the generally accepted theory 
that the hydrogen bonds break up gradually 
with the rise of temperature in these liquids. 

If all vibrational modes in the lattice change 
their frequencies in the same manner with 
the change of the volume of the lattice, the 
derivative of the entropy of the lattice against 
the volume can be written as 


(OS/OV )r= - (Cry/Vo)(d ln f/d in Vo) , 


where Cy is the atomic heat at constant | 
volume and Vp» is the atomic volume. Com- 
bining this with the thermodynamical equation © 
(OS/OV)r=ar/x we obtain the well known 
Griineisen formula | 


ar=1Crx|Vo (14) 
where ar is the thermal expansion chefficient © 
and x is the compressibility, and 


ry=—dlnf/dinVo, 


which is a dimensionless number. The Gri- 
neisen’s constant 7 is of the order of two for 
various solid metals, changing very slightly 

with temperature. Theoretically 7 is nearly | 
equal to (7+2)/6 when the repulsive potential © 
between neighboring atoms is of the 7-” type, — 


where y is the distance between them. " 
' 


i SE wes 


for example 7 is 10, y will be two. 

For liquid metals it has been shown experi- 
mentally? that the value of y determined © 
from the thermal expansion coefficient and | 
the compressibility agrees closely with that i 
of the corresponding solid metal. This fact © 
favors our model. 

For molecular liquids, however, a little dif- 
ferent expression of the Griineisen’s formula 
has to be applied. Among the vibrational 
modes of a molecule participating in the mo- 
lecular heat there are three modes of the 
translational vibration of the center of mass 
of the molecule, three modes of the rotatary 
oscillation of the molecule around its axes of 
moment of inertia, and a number of intra- 
molecular vibrational modes. If the molecule 
is linear the number of the rotatary oscilla- 
tions is only two. It will be a good approxi- 
mation to consider that only the former six 
or five modes change their frequencies in the 
same way with the volume of the lattice, 
while the latter intramolecular vibrations keep 
their frequencies constant. As the character- 
istic temperature of the intermolecular vibra- 
tions is usually much lower than the room 
temperature, the molecular heat at constant 
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Table II. Griineisen’s Constant of Liquids 


| OSs Cole -OuCr 


Acetone 


Ether Benzene Toluene Aniline 


r | 1.87 2.22 1.99 1.72 


Psa, 3.40 


1-82 2.93 


iyvolume entering our question is either 5R or 
OR depending upon whether the molecule is 
|linear or not, where R is the gas constant. 
} From this we obtain in place of (14), 


3 +++ monatomic molecule 
Mm @r=(7 Ryx/Vo) x \5--- linear molecule 


6 --- multiatomic molecule. 

(15) 
}Using this equation we can determine y by 
ithe measurement of a7, x and Vo. 

In Table II are given the values of the 
Griineisen’s constant of several organic liquids 
determined by (15) from the thermal expan- 
ision coefficient and the compressibility. The 
iconstants used in the calculation were taken 
6 from the American Institute of Physics Hand- 
book and the Tables of Physical Constants (in 
Japanese) by K. Shiba. They are for 20°C. 
The value of y obtained thus lies in the range 
from about 2 to 3, showing that the repulsive 
potential between neighboring molecules obeys 
roughly the inverse 12th power law, though, 
of course, this potential is not a very good 
one for large molecules. 


§8. Summary and Discussions 


The structure of liquids was approximated 
| by a lattice distorted by the highest density 
‘of dislocations, or in other words, by a lattice 
q composed entirely of dislocation cores. By 
assuming the core radius to be of the order 
‘of the lattice constant the heat of fusion was 
, expressed as function of three elastic coef- 
) ficients of cubic lattice. Experimental values 
) of the heat of fusion of various metals agree 
(fairly well with the calculated values if our 
/ expression is assumed to hold independent of 


crystal structure. 

As for the entropy of fusion it is not yet 
possible to predict its exact value for real 
substances. Tentative calculation suggested 
that for monatomic substances about 1E.U. 
is of the configurational and the remaining, 
about 1E.U. for example, is of the vibrational 
origin. 

The thermal expansion of liquids was ex- 
plained on this model as only due due to the 
decrease of the vibrational frequency of atoms 
or molecules with the increase of the volume 
of the lattice. Griineisen’s constant was calcu- 
lated from physical constants for several 
organic liquids, the result being advantageous 
to our model. 

The concept of lattice vacancies is not in- 
cluded in this paper for the sake of simplicity, 
because the properties of liquids treated in 
this paper are easily explained merely by the 
introduction of the dislocations as shown in 
the text, though at temperatures far above 
the melting point the concept of lattice vacan- 
cies is useful. 
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Using Feynman diagrams, the dissipative hehaviour of a large quantum 
system of many fermions is discussed. 
expansion of the time-dependent perturbation theory, the master equation 
is derived for the time sufficiently long compared to the effective colli- 
sion time and for a slowly varying initial distribution in the momentum 
Van Hove’s result for weak coupling limit and the equation for 
low density limit are obtained as special cases. 


space. 


Introduction 


§1. 


An excellent general analysis of the dissipa- 
tive behaviour for a large quantum system 
was made by Van Hove.” It was made clear 
that whether the system behaves dissipative 
or not is entirely determined by the location 
of poles of the resolvent 

IRV) =1/(A—)) 
where H is the total hamiltonian of the 
system. 

In the present article, we shall make an 
attempt to study the approach to equilibrium 
for the case of a system of many fermions 
which are interacting by two-body potential 
without external fields. Although our stand- 
~point is in many respects similar to Van 
Hove’s one, the present theory is based on a 
slightly different method from his. 

We use Feynman diagram methods” which 
are familiar in the quantum field theory. Es- 
pecially the expansion in terms of linked 
clusters is useful for studying the long time 
behaviour of the von Neumann equation for 
the time evolution of the density matrix. As 
is well known, for a large system, the con- 
tribution of each linked diagram is propor- 
tional to the volume. Then one of the most 
advantageous points of our theory is that 
tiansition to limiting cases, such as weak 
coupling limit or low density limit, is easily 
performed, since in these limits the linked 
diagrams can be classified according to the 
order of magnitude of their contributions and 
the most divergent terms can be put together 
in forms of convergent series. Since Wick’s 
theorem,*? which seems to be essential to our 
diagram techniques, is not applicable to boson 
systems in its usual form, we confine our dis- 


On the basis of linked cluster 


cussions for the present to fermion systems. _ 
However, the same method will be applicable) 
to some other systems, such as an electron 
phonon system. 

The postulate of random a priori phases” is 
employed for the initial setting of the ensem._ 
ble and then only spatially homogeneous” 
systems are dealt with.» The extension of 
our diagram techniques to systems which are 
inhomogeneous to some extent seems to be 
possible. 

In §2, we give a brief description of the 
system dealt with in this article. Our start- 
ing equation is the von Neumann equation for 
the density matrix in the interaction represen-_ 
tation. 

Then §3 to §6 are devoted to detailed 
study of Feynman diagrams and their contribu- 
tions to the temporal evolution of the density 
matrix. Each of diagrams in our treatment 
is always composed of two usual Feynman 
diagrams due to the intervention of the den- 
sity matrix element (§3). This necessitates a_ 
slight modification of the usual formulation 
such as in calculating the ground state energy 
for a fermion system®” (§4 and §6). To ob- 
tain the usual master equation, we have to 
introduce a notion of complementary diagrams 
which are intimately related to Pauli’s exclu- 
sion principle and successive collision processes 
(§ 5). 

In §7, we show that the transition probability 
becomes asymptotically independent of time 
for sufficiently long time after the initial 
setting of the ensemble, if the quantities of 
the order of the reciprocal of the volume are 
neglected as in Van Hove’s theory.) The 
time independent transition probability ensures 
the validity of the usual master equation. 
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| Although the time necessary for the master 
equation to get valid should be much larger 
j than the effective collision time, it is usually 
| much shorter than the Poincaré cycle. Ano- 
) ther restriction is that the initial distribution 
| in the momentum space should be a slowly 
| varying function of unperturbed energy. 

| In the last section, two limiting cases are 
| treated. For weak coupling limit, we get the 
‘Same result as Van Hove®) obtained, and for 
jlow density limit, our result agrees with 
) Prigogine and Résibois’ one®? and corresponds 
| to the quantum mechanical version of R. Brout’s 
@ work.}© 


$§2. Hamiltonian and Basic Representation 
4 Let us consider a system of mutually 
jinteracting N fermions, of which the hamilto- 
5 nian is given in the second quantized form: 


H=Hp+1V (2.1) 
Ay= 2 C xQx*ax (2.2) 
| € x=h?K?/2m (2.3) 
1 Pe=Hi20 w(K — Ki) DI IGCA- Kil Ka Re)! 
Ky! , Ky! 


lwhere m is the mass of a particle, © the 
(volume of the system, 6x, three products of 
+ Kronecker’s deltas and axt, ax, respectively, 
Jare creation and annihilation operators of a 
I fermion with momentum #K, which satisfy 
j the commutation relations 

[ax*, Ax |4=Cxt ax: + ax Ax*=O0«-(K—-K’) 

B [a@xt, ax*)+=[ex, ax’|=0 (2.4) 
jand v(K) is the Fourier component of the two- 
\ body potential v(v) devided by the coupling 
i/parameter 2: 

; au(K)=Sdro(ne*"" . (2.5) 
1 We have assumed here that the perturbation 
‘is the sum of interactions due to the two-body 


+ potential v(r) which depends only on the inter- 
particle distance. 
We shall consider the statistical ensemble of 


the systems which is described by the statis- 


) tical operator o(t). The temporal variation of 
| the statistical operator in the interaction re- 
] 
F 


‘presentation obeys the Von Neumann equation 
given by 


Oe ray mehr: ils 
erties h {V@)o(t)— of) Vid) 


; 
; 


: 


| _-*4 1V@), o(d)] (2.6) 
ih 


i 
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where 
V@)=exp [¢Hot/h] V exp [—7Hot/h] Da) 


If the perturbation V is given by (2.3), we 
have 


1 
VOj=—> VKy! — Bi) 6 er( Ki 4-Ko— Ki — Ky’) 


20, KjK,K3K, 


XK ax,* (bax, (Har (bar, (t) (2.8) 
where 
ax(t)=exp [¢Aot/hlax exp [—7Hot/h] 
=ax exp [—7€ xt/hA] , (2.9) 
ax*(t)=exp [¢Aot/hlaxt exp [—iAbt/h] 
=axt exp [¢€ xt/h] . (2.10) 


The solution of the von Neumann equation 
in the interaction representation, (2.6), is given 
in the form 


e(t) = UZ) 0(0) U*@) (2.11) 


where the unitary operators, U(¢) and U*(d), 
are expanded in the ordered exponential: 


U(t)= =,(— sp (of adp ed es 


h t>tp>tp—1>--t1>0 
x Vit) Vitv-1)- +: Vita) , 


v= 2 (7) 


x Viti’) Vibe") » - Vida) « (2a) 


The density operator o(f) at any instant is 
uniquely determined by (2.11), provided that 
the initial condition is properly given. However, 
the initial setting of the density operator can- 
not be determined uniquely, since the correla- 
tion between phase factors of wave functions 
of the constituent members of the ensemble 
cannot be determined directly by our know- 
ledge of the system. 

In this article we adopt the postulate of 
random a priori phases as conventionally in- 
troduced in the statistical theory of many- 
particle system,” though this postulate is not 
justified and especially in compatible with the 
spatial inhomogeneity of the system.” 

The postulate of random phase in the 7- 
representation is expressed as 


<n’ \o(0)|n>=<nlo(o)|\2>Oxr[n—n’] (2.14) 
where ” stands for a set of occupation num- 
bers x, Mx’ ,-°°. 


(2:12) 


§ BLO iY Gbadtagen ‘ia -dty’ 


t>t/q>t/q—1>->tl’>0 


§3. Diagrams and Wick’s Theorem 


Let us write the diagonal element of (2-11) 
in the 2-representation 
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<n|o(2)|n> = <n|U@e(0)U*(0)|n> 


= Dd <nlU@I|n’> <n’ \o(0)|n’’ > <n’ |U*(t)|n>. 


(31) 


It is seen from (2.12) and (2.13) that the r.h.s. 
of the above equation is expressed in terms 
of the matrix elements such as <mlax(t) 
Bx(t)|m’> where a and P represent either a 
creation or an annihilation operator. It is 
convenient to classify the contribution of these 
terms with use of Feynman diagrams. 

It is necessary to use Wick’s theorem*® for 
the purpose of calculating the diagonal ele- 
ment by a method similar to those employed 
in other many-body problems. Then, we can 
proceed in quite analogous way to the case of 
the calculation of the ground state energy of 
a many-fermion system based on the time- 
dependent perturbation theory.°? However, 
there is a difference arising from the fact that 
we deal with an m-z matrix element referred 
to the arbitrary set of the occupation numbers, 
while in the usual perturbation theory the 
only matrix element referred to the lowest 
eigenstate m of the unperturbed hamiltonian 
is concerned, where corresponds to the set 
such that the one-particle states inside the 
Fermi sphere are all occupied and those out- 
side it vacant. Then we shall write Wick’s 
theorem for our system in defining the con- 
traction of operators in a slightly different 
way. Another different point is that the 
momentum representation is used instead of 
the coordinate representation, since it is more 
convenient for our case. 

Taking account of the above points, we shall 
introduce the following definitions. We define 
the contraction of two operators ax and Bx’ 
with respect to the state ” by 


Ax(t)Bx’(t)=<nlak@)Be’()\n> . 
Then it is evident from the definition that 
Gx(b)ax’ (t)= axt(t) ax’*(t’)=0 
ax*(t) ax’ (t’)=6x,[K—K’] exp [7 € k(t—t1/h|nx 
=—fx(t—v’) (3.2) 
ax(b)a x’*(t’)=dx,[K—K’] exp [—7€ x(t 
—t/h\l—nx)=gr(t-?’) . 
The system of contractions is defined, similar- 
ly, for example, by 


ABs Fede jee G2 =(—1)P(@p)(Bd)- - -(#D), 

(3.3) 
where (—1)? assumes 1 or —1 according as 
the permutation between the l.h.s. and the 


r.h.s. is even or odd. 
With use of the above definitions, we find 
the theorem: 


Theorem 

<nlap---7|n>=[:@B---f:+- + +:aB- 7) 
eee bape Fite +B Fite], | 
(3.4) | 

where the summation in the r.h.s. extends 
over all the possible combinations of contrac- 
tions. This is the Wick’s theorem for our | 
case and its proof will be given in the Ap- 
pendix. 
Let us consider the case where the density | 
matrix is initially diagonal as given by (2.14). . 
Then we obtain, from (3.1), 


<nlo(t)|n> = <nlU@|n’> <n’|o(0)|n’> 
x <n’ |Ut(2)|n>. (3.5) 


The r.h.s. of the above equation is the same ( 
with (3.4) except that the diagonal matrix 
<n’|o(0)|n’> is inserted. The insertion of © 
this matrix, however, does not make any © 
difference on the above-mentioned theorem. 
It gives only a factor <n’|o(0)|m’> for a de-— 
finition diagram. Then it is possible to make © 
one-to-one correspondence between the term | 
contributing to <nlo(t)|m> and the Feynman — 
diagram composed of closed loops of particle | 
lines, which hereafter we refer to vacuum | 
diagram. However, this Feynman diagram } 
consists of two parts. In one part the vertices © 
are arranged to the right with increasing time © 
starting from the middle and in the other — 
part they are arranged to the left (see Fig. 2, ! 
3, etc.). They are connected each other on 
the vertical line at the middle of the diagram, © 
which will be called the o(0)-line. The line 
drawn at the middle corresponds to the loca- 
tion where o(0) is inserted, the left portion | 
corresponding to U(#) and the right one to 
OF). ' 

It seems useful to give here the prescrip- . 
tions for writing down the contribution to 
<nle@)|n> of a given diagram, although they 


annem ait 


are not so different from the usual ones.!) 

(1) Each of contractions is expressed by a 
solid line, which will be called particle line, as 
illustrated in Fig. 1, where #) and 7@ may | 
refer either to the left portion or to the right 
one of the 0(o)-line. ) 

(2) Each interaction corresponding to a 
matrix element of iAV/h is expressed by a 
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vertical dotted line connecting two vertices, 
!which will be called interaction line, 6 being 
1 or —1 according as the vertices are located 
jon the right portion or on the left portion. 

, As an example, let us consider one of the 
simplest terms second order in 2: 


yal ia ia a Ne Ee UE 
) a6 h \ h )( a dion tes) 
; x |v Ke— Ky)? 6xr[ Aa + K3— K2— Ki] 

X gxilh = ti froth = thy )or3(th A fra(ti— ty’) 
XC ++i +1, Mxe—1, e341, nxs—1, 
--:|0(0)|-+-mxit1, Mxe—1, mxs+1, Nel 
4 (3.6) 
iIt is obvious that this corresponds to the dia- 
jgram given by Fig. 2. 


() ) 
ey | ec 


Ot 

tt) K + (2) gx (tL ¢'2)) 
Fig. 1. 
p(O)- line 

| Keo 

| Ks | 

| { 

K4 

Fig. 2. 


We shall consider the general prescriptions 
Bfor constructing the term corresponding to a 
Weiven diagram 7’. We can easily find the 
(product of f’s and g’s corresponding to the 
diagram by the prescriptions (1) and (2). In 
the first place we have to multiply the pro- 
duct by the diagonal element of the initial 
fdensity matrix <n’|o(o)|n’>. Since the dif- 
yference between two sets 7 and m’ appears 
flonly in connection with the wave numbers Au, 


fof particle lines which cross the o(o)-line, the 

set nv’ is mx,---, Mx+1, mx+l1,-:-:, mx’—1, 

- and we obtain 

) (3) Multiply the product by 

| oie-, Nit, Neatl, °°:, nei —1, Mee —1,:*: 

i |o(o)|---, neitl, Nrgtl, +°:, Nr’ —l, 
ee te 

bcorresponding to the particle lines crossing 

“the o(o)-line from left or right. 

7) Then we have the further three prescriptions 
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to complete the contribution of a given diagram 
tonthesn-hsihobG5Np 

(4) Integrate with respect to the time varia- 
bles over the ranges 

brig St >; OST Sew SA o> 0 
where p and gq are the number of interaction 
lines in the left portion and in the right por- 
tion of the o(o0)-line respectively. 

(5) Take the summation over all the wave 
numbers which correspond to the particle lines 
in the given diagram. 

(6) Divide the integral by (—1)*g(I) where 
h is the number of closed loops of particle 
lines and g(I’) is the number of permutations 
(including identity) which bring the given dia- 
gram I’ into the diagrams topologically equi- 
valent to itself. 

The necessity of the symmetry number is 
rather obvious for the case of the simplest 
diagram given in Fig. 2. Since the summa- 
tion over the intermediate states extends over 
all the possible values of wave numbers, each 
arrangement of vertices and lines is counted 
twice in the summation and consequently we 
have to divide the integral by two correspond- 
ing to g(/)=2. 

In the foregoing treatment we have restrict- 
ed ourselves to the diagonal elements. How- 


_ ever, it is possible to extend our method in 


the present and the next sections to the case 
of the off-diagonal elements, as will be seen 
in the Appendix. 


§4. Application of Linked Cluster Expan- 
sion 
Having established the one-to-one corres- 
pondence between a Feynman diagram and a 
term in the right hand side of (3.5), we may 
decompose the temporal evolution of the den- 
sity matrix into the contribution of various 
diagrams 


Ver (nI\n" 52) <n'|o(0)|n’> (4.1) 


where the first summation extends over all 
the vacuum diagrams. The superscript (7) 
represents the reference state to which the 
definition of contraction is referred. For ex- 
ample, or™(n|n’;t) for the diagram given in 
Higst29 17," 18 
on™ (n|n’ ;f) =r, (+++, NK1, Nk, NK3, NK4,** -| 
oe) Met], Me.—1, nx3t1, Mes1—l, -+:; B) 
for Kit+K:—K,—kK.=0, 
otherwise. 


=0 
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We shall note here that if we fix the re- 
ference state m, we can generally construct 
the contribution or™(n’’\n’;t) for a given 
diagram according to the prescriptions given 
in the preceding section, the final state not 
being necessarily identical with the reference 
state m. Then we may regard o7™(n’’|n’;t) 
as the n’’-n’ matrix element of a matrix 
or™(t). 

On the other hand, so far as we concern the 
diagonal elements of the density matrix, we 
may regard <n|o|z > as the component of the 
vector referred to the axis”. Then (4.1) im- 
plies that o7(#) is an operator acting on the 
vector of which components are < n|p|” >’s and 
is rewritten symbolically as 


RDarO(n" |n"'sb < n’|p(o)\n’ > 
=( Nn" lar™(E)o(o)|n” > (4.2) 
Thus we can make each Feynman diagram J’ 
correspond to a or ™-operator. 

Let us now consider some properties of the 
or™-operators. First, sum of two or”-opera- 
tors is clearly corresponds to the sum of con- 
tributions of two diagrams. According to the 
general rule for matrix multiplication, we 
may also define the product of o7“-operators 
by 

Cn \ar™@Bbar OO|n’” Pee a |e ) 


ar™(n"|\n’ ;t) < n’|o(0)|n’ > (4.3) 
Since the matrix element of V(t) depends 
only on the transferred momentum and energy*, 
it is determined by the set of the differences 
of the occupation numbers for the final and 
initial states, m/’—m1’, n./’—n,’/, ---, which 
will be denoted by n’’—n’. Hence op™(n’’|n’;2) 
depends only on the set of the differences 
n’—n': 


or Mn" nN’ 5t)=or™(n”’ —n' 32) (4.4) 
n’ —n' =(- 2 Dy Nk’ —Nr1', Nk’ —NK»', cre -) 
(4.5) 
From (4.3) and (4.5), it can be shown that 
ar (2) ar OL) =ar MHar™(t) (4.6) 


It is in general known that the matrix ele- 
ment of or™(t) may involve the terms which 
diverge more strongly than N as N-oo and 
do more strongly than ¢t as t>0.* To avoid 
this divergence difficulty, it is necessary to 
rearrange the terms in such a way that it 

xk 
field. 


Ihe ats generally true when there is no external 
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may be proportional to N and ¢ as N= 
This will be achieved to a certain 
extent by rearrangement with use of the 


too, 


linked cluster expansion, which will be des- 


cribed in the remaining of this section. 

We shall classify the diagram into linked 
and unlinked diagrams. If any two of vertices 
of a diagram are connected directly or in- 
directly by at least one particle or interaction 
line, it is called a linked diagram, and other- 
wise it is called an unlinked diagram. 
diagrams in Fig. 3 and 5 (a)—(f) are unlinked, 
whereas those in Fig. 2 and 5 (g)—(i) are 


linked. The diagram without vertex, of which 


the contribution is mere multiplication of 1, is 


p (0) 


Bigias. 
the same family. 


conventionally treated as an unlinked diagram. 
Thus we may say that an unlinked diagram 


except the simplest one without vertex is 
always composed of two or more linked dia- 


grams. 


The | 


A simple example of diagrams belong to — 


i 
| 
} 
| 


Let us denote the constituent linked-diagrams | 


of a given diagram I’ by 11, Ws, - Then 
we may write 
P=nly+nJ.+ a Ee (4.7) i 


where 71, #2, --- are the uumbers of the linked 
diagrams /1, 12, ---, respectively. However, 
there exist, in general, 


; 
i 


: J 
a certain number of — 


diagrams which are composed of the same set 
of linked part, and consequently the expres- 


sion (4.7) does not correspond uniquely to a 
definite diagram. We shall call a set of dia- 


. 


grams composed of the same linked parts a_ 


family of diagrams and will be denoted by [/’]. 
These diagrams given in Fig. 3 form a family 
of diagrams.* 

It is evident that the summation over the 
wave numbers can be carried out for the con- 
stituent linked parts independently each other, 
and these diagrams are connected with each 


* For the physical implification of oe) see §7. 


| Other only through the restriction on the inte- 
gration with respect to time variables. It is, 
‘however, possible to remove the above restric- 
tion on the time variables by collecting the 
contributions of the diagrams belonging to the 
same family [7]. Then integration for every 
: linked part is performed from 0 to ¢ irrespec- 

{itive of the other linked parts, and integrations 
| for all the linked parts yield 


: on™ (t) = ETF = = lor, @) [or MO] ae (4. 8) 


where the o7“-operators are all commntative 
}each other according to (4.6). From combina- 
tion analysis we have obtained the numerical 
factor 


pe ale@ ye)" --/g@)ym na! 


Since the family of diagrams are uniquely 
determined by the set of numbers (17, mz, ---), 
the sum over all the families of diagrams is 
the same as the sum over the set of numbers 
(m1, M2, ---) and hence we obtain 


far?) Lara a) | 
=exp [az (A) , (4.9) 
which is equivalent to 

<nlo(t)|n > = < nl exp[az™] p(o)|n>, (4.10) 


“where 
4 aM bh= S ar™(t). (4.11) 
. linked 


(Tm! 2! --- 


The above result is the one called linked 
‘cluster expansion and is different from usual 
‘ones only in existence of the p(o)-line. 

It should be noted here that Eq. (4.11) has 
been derived without making any approxima- 
tion, and hence it is merely an alternative ex- 
ipression for the solution of the von Neumann 
-equation (2.6), which is much more convenient 
in dealing with the dissipative feature of the 
system. 

Furthermore, as will be seen in Appendix, 
the contribution of any linked diagram is pro- 
‘portional to N as No, so that the diver- 
gence difficulty from the higher power terms 


* As is illustrated in Fig. 3, the diagrams be- 
longing to the same family are drawn by the rear- 
-rangements of vertices in either side of the o(o0)- 
‘line in such a way as any order of vertices within 
each linked diagram should be kept unchanged. It 
must be noted that this rearrangement should not 
be made between the vertices which belong to the 


different portions of the p(o)-line. 
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in N does not appear. In this respect, our 
method seems to be more satisfactory than 
Van Hove’s one,” in which the solution is ex- 
panded in terms of the irreducible diagonal 
parts, since each irreducible diagonal part of 
Van Hove may contain such terms as diver- 
gent more rapidly than N, as illustrated in 
Fig. 4. (Hugenholtz’s diagrams” are used). 


Ss S S 
O(2) 0(2?) 0(3) 


Fig. 4. Irreducible diagonal parts which diverge 
in higher powers of Q. 


§5. Complementary Diagrams 


At first sight, the differentiation of (4.10) 
with respect to time seems to lead us directly 
to the usual master equation. However, 
derivation of the master equation from (4.10) 
is not really so simple. This is possible only 
for sufficiently large ¢, as will be seen below. 
Differentiating (4.10) with respect to f, we ob- 
ia 


£<nlo(t)|n >= >| 6 (n—n’ io} 


x<n'| exp fost) > (5.1) 
The first point we have to keep in mind is 
that the contribution of the linked diagrams 
may diverge more rapidly than ¢ as t- oo, and 
hence does not give proper transition probabi- 
lity. The second point is that < 2’| exp [a,™(¢)] 
0(0)|n’ > is not equal to < n’|o(t)|m’ > since the 
reference states for oz-operators are not the 
same. In other words, (5.1) is not necessarily 
identical with 


d = d Non Aro 
Sp nloln ==} o,™(n—n :)} 


x¢n'| exp [az E)Jo(o)|n" > (5.2) 
from which we expect to derive the master 
equation. 


Let us now consider the second point above- 
mentioned more in detail. We shall consider, 
for simplicity, the following term in (5.1) 


Sy oe 67,{™(n—n’ ;t) bearson’ —n'’;t) 


dt 
x(n" \o(0)|n” > (5.3) 
where I; and J are both linked diagrams 
crossing the p(o)-line and second order in 4 
(see Fig. 5). The corresponding terms in (5.2) 
1S 
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i We 


i Fe cae Dhara (nl —n" ;t) 


x <n’ |0(0)|n’ > (5.4) 


According to the definition of contraction, 
the difference between (5.3) and (5.4) appears 
only when 7; involves such a particle line K 
that it gives different values for nx and n’x. 
As seen from Fig. 5 (a) and (b), it takes place 
only when one of the particle lines of 7°: which 
cross the o(o)-line has the wave number K. 
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Basic structure 


(f) 
Concerning diagrams 
Bice: os 


Therefore, it is seen that the difference between 
(5.3) and (5.4) arises from the parts shown in 
Fig. 5 (c), (d), (e) and (f). Out of the four 
diagrams, those given by (c) and (e) have the 
particle line with the same wave number K 
which are in the same direction, whereas 
those given by (d) and (f) have those in the 
opposite directions. However, for sufficiently 
long time, the contribution of diagram of Fig. 
5 (e), (f), to which we refer as b-type diagrams, 
is small by the factor 1/t compared to that of 
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(1) 
Complementary 
diagrams 
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diagrams of Fig. 5 (c), (d), to which we refer 
as a-type diagrams, as will be demonstrated 
in §7. Then the contribution of the b-type 
diagrams may be neglected and we have only 
to consider the a-type diagrams, so far as the 
long time behaviour is concerned. This is 
also the case for more complicated diagrams, 
if we call a-type or b-type according as the 
whole J’: is confined between the two interac- 
tion lines of 7"; nearest to the e(o)-line on both 
sides, or not. 

Returning to the simplest diagrams 


as given by Fig. 5(c). Then its contri- 
bution to (5.4) vanishes since it in- 
volves the factor uxnx’ =nx(1—”x) 
=0, while its contribution to (5.3) 
does not vanish. However, it should 
be noted here that there exists the 


3 ----——------——_—- 


yields the contribution of the equal 
magnitude and opposite sign to that 
of (c). This diagram is produced 
from (c) by interchanging the final 
vertices with the two particle lines 
of the wave number K. We shall 
refer to (g) as the complementary 
diagram to (c). Then the contri- 
bution lost in changing the reference 
state from (7) to (m’) for the diagram 
I, of Fig. 5 (c) is in the equation 
(5.3) just cancelled with the contri- 
bution of its complementary diagram 
Fig. 5(g). In general, the existence 
of such complementary diagrams to 
more complicated diagrams of this 
type may be rather comprehensive 
if we remind that this is a direct 
consequence of Pauli’s exclusion 
principle. 

We shall next consider the case of 
Fig. 5 (d). Contrary to the former 
case, the contribution to (5.3) vanishes because 
it involves the factor mx(l1—nx«), while the 
contribution to (5.4) does not vanish. However, 
it is easily seen that the diagram Fig. 5 (d) 
makes the same contribution to (5.4) with 
that of Fig. 5 (h). In this case, we refer to 


pe 


* If we denote by I3 the complementary dias 
gram given by (g), then we obtain, corresponding 
to (5.3) 


d y, 
ae se hen | e(0)|n’> (5.5) 


of Fig. 5, we first consider the case © 


diagram given by Fig. 5 (g)*, which | 


1960) 


i the diagram Fig. 5 (h) as the complementary 
diagram to that of Fig. 5 (d). Then the 
contribution gained in changing the reference 
# state from (m) to (n’) for the diagram I’, of 
Fig. 5 (d) is just equal to that of the com- 
} plementary diagram Fig. 5 (h). This is also 
the case for more complicated diagrams of 
the same kind. 

These results are generalized to the products 
of more than two or (t)s. Then we can 
j change the reference state o;™(t) of Eq. (5.1) 
to (n’). Since the contribution of complemen- 
tary diagrams is not affected by the change 
of the reference state, we get 


p< mol) = BS Loan’ 32) 


—oo™(n—w' ;t)} <n’| exp [ar?E)Jo(0)|n’ > 
d } 
= — (2) (44 — 17’ + aia f / 
=| dt CroM(n—n Ls n’\o(t)|n’ > 
(5.6) 
where oo™(n—n’;t) is the total contribution 
of the complementary diagrams and ozo (n 
/ —n’;t) the total contributions of all the linked 
} diagrams except the complementary ones. 
' The contributions of O(1/f) are neglected in the 


} above. 
From the unitarity of U(t) we have 


<n|U(t)U*(t)|n>=1 (5.7) 
i and consequently 
£_<nlUQU*WIn> =0, 5.8) 
‘and 
: d 
NIN <2 tae Se, ©) es Sieh ite 10°" (0;t) ; 


(5.9) 
| Then we can rewrite (5.6) as 
2 Calon) = SF an ™n—n' sb 
x {<n'|o(t)|n” >—< n|o@)|2 > F- (5.10) 


| If the transition rate “ on0(n—n’ ;t) is po- 


i sitive definite and independent of time, (5.10) 
, becomes identical with the usual master equa- 
| tion. We shall discuss about this condition 
fin §7. 

| Before concluding this section, we shall 
| mention of some remarks on the complemen- 
} tary diagrams. 

First, although we have defined the com- 
| plementary diagrams only for the a-type dia- 
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grams, we can easily find that the diagram 
Fig. 5 (i) is in a similar complementary rela- 
tion to the b-type diagram Fig. 5 (e). But 
some of b-type diagrams, such as that of Fig. 
5 (h), have no complementary diagrams in a 
similar sense, so that the neglection of O(1/t) 
is essential in derivation of Eq. (5.6). 

In general, the complementary diagram is 
always linked and has two particle lines of 
the same direction and with the same wave 
number as a direct consequence of the con- 
servation of momentum. This is easily shown 
in the following manner. The complementary 
diagram cancels the contributions of such 
diagrams as Fig. 5 (c), (d), (e). However, the 
contribution of these diagrams are the part of 
O(1/2) of the contribution of diagrams Fig. 5 
(a), (b). If these contributions cancel with 
those of their complementary diagrams, the 
restriction other than the momentum conser- 
vation should not be imposed on the wave 
numbers of particle lines of the complementary 
diagrams, since each complementary diagram 
is composed of one linked diagram while the 
diagram of Fig. 5 (a) or (b) is composed of 
two. 

But the diagrams having two particle lines 
with the same wave numbers directly due to 
the momentum conservation are not neces- 
sarily the complementary diagrams. This will 
be seen from the diagram shown in Fig. 11 
(a). This diagram is not complementary dia- 
gram. In general, if the two particle lines 
with the same wave number K are confined 
to the same side of the o(o)-line, they are not 
complementary diagrams. This is because, in 
the diagram contributing to the transition 
rate (1 in Fig. 5), the particle line with the 
wave number A under consideration should 
cross the (o)-line. We shall consider such 
diagrams in the next section. 

Secondly, the complementary diagram, as 
given by Fig. 5 (h), corresponds to the succes- 
sive collision in classical language, and it 
causes the higher order divergence in ¢ for 
ox™(n—n’';t). Hence the exclusion of such 
complementary diagrams removes some of the 
terms which are divergent in the limit of in- 
finite t from the transition probability rate. 
But there remain other terms which diverge 
in the limit f-co and we shall deal with 
them in the next section. There further 
remain the diagrams among those correspond. 
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ing to successive collisions just as will be 
seen from the example of Fig. 5 (f). Such 
successive collisions corresponding to such 
diagrams are nothing but those reducible to 
higher order multiple collision because they 
follow so closely each other. It is obvious 
that these terms give the contribution of O(1/t) 
compared with the ordinary successive colli- 
sions. 

On the other hand, complementary diagrams 
as Fig. 5 (g), (i) are obtainable only with ne- 
glection of Pauli’s exclusion principle. It is 
rather natural consequence that they give no 
contribution to the transition probability. 

Finally we should note that the terms of 
O(1/2) have been ignored in (5.6). Since, for 
example, there does not exist the complemen- 
tary diagram which cancels the contribution 
of the diagram as shown in Fig. 6, because 
two independent restrictions are imposed on 
two sets of particle lines in this diagram, its 
contribution is O(1/2). However, it should be 
added that the cancellation due to Pauli’s 
principle are exactly fulfiled. 


Fig. 6. 


§6. Renormalization and Reduction of 
Diagrams 


To complete the removal of the divergent 
terms at foo from the transition probability 
rate, we perform the renormalization of par- 
ticle lines in an analogous way to the theory 
of one-body Green functions. However, in 
our case, the renormalization should be made 
only for the particle lines which are confined 
to one side of the 0(o)-line. 

Let us confine our discussions, for the time 
being, only to the left portion of the 0(o)-line. 
A free particle line which connects two verti- 
ces corresponds to the contribution of fx or 
&x. Similarly let us designate by Fx or Gr 
the contribution of a renormalized particle 
line, which is expressed by a heavy line in 
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Fig. 8 or Fig. 9. It corresponds to the total 
contribution of all the particle lines which 
end with the same wave number K at the 


two terminal vertices, between which there — 


may, or may not, be any diagram which at- 


taches itself only to the concerning particle 


line. The attached diagram may be decompos- 
ed in such a way as shown in Fig. 9. We call 


sth tna ae 
@) kel 
Fig. 7. Examples of renormalizable 
particle lines. 
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Fig. 8. Renormalized particle line. 
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Fig. 8. Renormalized particle line. 
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an attached part which cannot be decomposed 
into two parts an irreducible self-energy 
part, representing it as a whole by a square 
as in Fig. 9 and designating its whole contri- 
bution by 3i(K, f). 

Then, as is well known in the theory of 
Green functions, Fx and Gx satisfy the follow- 
ing integral equations: 


LL LLL LEAL 


}L960) 


fh Fe(t)=fx @+\ dt, |Patifatt 12K, ey 


0 © 
i xX Fr(t1) , (6.1) 
A Gx()=an(6)+ | dts [Patent 21K, Pe 
a 0 0 
X Gh) . (6.2) 


Using the Fourier transform, we get the soli- 
jions of (6.1) and (6.2) in the form 

| F(t) = 1 { dip innk exp [nt/h] 
| 2x Jo = Ex—y-ithnkd(K, 7) 
i B= 1 | ve th —nx) exp[—int/h] _ 
i Qn Jo” 9—Ex—ih(l—nn) DAK, 7) 

t>0 (6.4) 


}where >(K, 7) is the Fourier transform of 
E(k, t) ) 


(6.3) 


—<—x_>> — -—»-+--2[ >: +:—>[_ [t+ sess 


= -— + —[ |=. 


Q Fig. 9. Expansion of the renormalized particle 
| line in terms of self energy part. 


7- plane 
7- plane 


Fig. 10. 


Sand the contours C and C’ are such as shown 
Win Fig. 10. 

) Generally the integrands of (6.3) and (6.4) 
imay have many poles within the contours. 
In this article, however, we concern for prac- 
‘tical interests only cases where only one 
isimple pole exists on the real axis. Then we 


Fx(t)=oxnk exp [inxt/h] (6.6) 
Ge(d)=0xn(1—nx) exp [—77xt/h] (6.7) 
‘where 7x is the pole of the above integrands 
Jand px is the real coefficient.* 
| Quite similar results are obtained when we 
‘confine our discussions to the right portion of 
* Since 3\(K, 7) appears in the integrands only 


through the expression 7x >\(K, 7) or (—nx)>\(K,y), 
both 7x and ox can be determined independently 


\for the two cases; %x=9 and (1—nx)=0. 
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the o(0)-line, and the only difference is that 
t<0 for this case. 

We now return to the full linked diagram 
and make the reduction of linked diagrams, 
which is essential to eliminate the appearence 
of higher order poles from the integrand of 
time integrations in op(n—n’;t), as we show 
in the next section. 

A linked diagram is called reducible, if it 
contains at least two particle lines of the same 
direction and with the same momentum, asa 
direct consequence of the momentum conserva- 
tion, and irreducible, if it is not reducible. 
For example, the complementary diagrams 
discussed in the preceding section are all 
reducible. Then any reducible diagram can 
be reduced to an irreducible diagram unique- 
ly. Further, the total contribution of all the 
diagrams that can be reduced to the same 
irreducible diagram 7’, but that are not com- 


pi) 


: 


(Db) An example of 
irreducible diagrams 


(a) An example of 
reducible diagrams 


Fig. 11. 


plementary diagrams, (including the contribut- 
ing from I’ itself), is just equal to the contri- 
bution of the irreducible diagram /’ of which 
every particle line which does not cross the 
0(o)-line is replaced by the heavy line with its 
momentum, that is to say, for the particle 
line does not cross the o(o)-line, the contribu- 
tion fx or ge is replaced by Fe orGr. Then 
to calculate the total contribution of the linked 
diagrams except the complementary diagrams, 
we have only to consider the irreducible dia- 
grams of which every particle line confined to 
one side of the o(o)-line is replaced by the cor- 
responding renormalized particle line. 


§7. Long Time Behaviour of the System. 


In this section, we investigate the assympto- 
tic long time behaviour of the system. By 
long time, we mean a time, which is suffici- 
ently large compared to the time characteris- 
tic to the effective potential and to the time 
characteristic to the dispersion of initial dis- 
tribution in momentum space, and which is at 
the same time far shorter than the time 
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characteristic to the size of the system, or in 
other words, the time related to the Poincaré 
cycle of the system. Thus we introduce 
three characteristic times, or we may say 
three characteristic energies. The first one 
OvE is the typical transferred energy through 
one effective interaction; the second one 0, 
is the energy interval in which the initial 
density matrix remains almost constant and 
the last one OE is the typical difference 
between adjoining energy levels. Then our 
nomenclature long time is the time which 
satisfies the inequalities 


r=h/OESt 
tSr=h/d.E 
S1p=h/0,E 


In the present theory, the existence of such 
time interval is quite essential. The first 
condition of the above inequalities is necessary 
for the energy level of the system to be re- 
garded as continuous and is always satisfied 
by setting 2-0co. The second condition ?St» 
is also fulfiled when there exists an effective 
potential of finite force range. While these 
first two conditions are purely mechanical, the 
last one ft, is a statistical one and is not 
justified at very low temperatures, where an 
abrupt change of occupation probability in 
momentum space takes place near the Fermi 
surface. For the present we assume the 
existence of such time interval and confine 
our discussions to this time scale. 

Let us return to the collision factor of (5.10). 
We consider only the contribution of the ir- 
reducible linked diagram in which every 
particle line is replaced by the renormalized 
line in the sense mentioned in §6. Our pre- 
sent task is to carry out the time integration 
and investigate its long time asymptotic be- 
haviour, showing that the transition probabi- 
lity rate of Eq. (5.10) becomes independent of 
t and that this equation reduces to the usual 
master equation. 

The time depenpent part of the contribution 
has a form 


Sea [ate --anf | 


t>tp>->tl>0 t>tq’>--tl’>0 
dt’,:+- at’; exp [—i4E pt p/h]--- exp [—id&\t1/h] 
xexp [14€1't1’/h]---exp [74 &q' ty’ /hl, CEP) 


where 4&; and 4&;’ are the renormalized trans- 


(7.1) 


Hl 
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ferred energies* from left to right at vertices” 
corresponding to the times ¢; and t;’, respec- 
tively. Rewriting the time variables 


bint ia te—tite, i ee tp—tp-1—tp 
tt’, te’ —t’ te’, steers tg—l qt 
t>lp>->t1>0 t1>t2>0,---,tp>0 
t14t2 ++ +hp<t 
fore) (oe) —co+7p 
i dé 
Zp bedi 
| | Se | é 
0 0 otis 
X exp [2€(fit+te+--++ty—t)/h], 
B>0 
and putting 
AEp+4Epit--++4Ej=6; (=f, is eae Dp) 
—AEd —AE gi—:+-:—4éi/ =E'; G1, Y. -+-@) 
sae 


we obtain from (7.2) 


Gr Grek. 


co 


Nie [ate --ats 
0 0 


eS ©0 Tit Se ae ies ° 
Pe ate --aty| = exp [—7(€+&)t/h 
0 0 cotig cop’ 


: {exp HEL Stwiilee- exp e—ena/nl 


x exp [i(6’ +€)ty’/h]--- exp le’ + &y te Ha) 


BS0, Bie (7.3) 


As B>0, §’>0, all the integrals over time 
variables converge absolutely so that we may 
interchange the order of time integrations and 
we get 

—cotip —co+ip’ 


(—1)s+1 pe Ara) dE\ dy exp [—27&t/h] 
co+ip  o+ip’ 
ei, wal Gales 1 
E+n/2 E—y/2 E+(y/2—&) E—(y/2—€1) 
x - sie! en pe Ae pred 1 — eae x 
E+(y/2—Ep) E+(y/2—€2) E—(y/2—&’2) 
1 
 E@R=e%0) ee 
B>|81=0 


where we have introduced the new variables 


* Strictly speaking, if the particle line crosses 
the o(0)-line, the corresponding energy is not the 
renormalized energy. 

** The energy e; corresponds to the energy 
between ¢; and t;-1, when we take the energy at ¢ 
as the base. 


Hifferentiating with respect to ¢, we get 


—cofig  —co+ig’ 


| (—1)1 Fe iveal ag| dy(—21E/h) 

\ o+ip coh 48" 

i Xx exp [—27Et/h] (7.6) 

Bett fp e+(3-4) (G4) 

f.. 160) 1 1 
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(7.6) 
ir hus our problem is reduced to the study of 
doles of the integrand of the above expres- 
sion. As we show in the following, the im- 
sortant contribution comes from the pair of 
Jooles of the form 

E=+(7—*) 

x 
h 
mservation of energy. Unpaired poles also 
contribute, but their contributions cannot be 
s2xpressed in a simple form and do not ensure 
«she conservation of energy for the intermedia- 
ze states. However, the results give the 
Jisual collision factor of the dissipative master 
jaquation, if we assume its positive definite- 
eness. 

To see this, we first notice that any two of 
Bimici, <2, ---, En, x, ->-, €¢, are different 
each other* so that such a pair of singularities 
as mentioned above only comes from the parts 


1 1 1 It 


: 2 0 1 , 7 

- —& ==( 2-6 
wet fo ane ) . G ) 
/That the contribution of these parts corres- 
‘pond to that of pseudopoles of Van Hove is 


‘rather evident. For simplicity, we only con- 
!sider the simplest case, 


; They contribute ¢ j | which ensures the con- 


—cofig  —co+%p’ 
} 1 il 
otal aeliee (28) 
47? h gee E— ele 
co+tB co+ip y iy) 


= We neglect the exception of O(1/2). 
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(7.7) 
The typical diagram corresponding to this 
contribution is shown in Fig. 11 (b), in which 
the particle lines confined in one side of the 
o(o)-line must be all replaced by heavy lines. 
In carrying out the integration with respect 
to €, we may deform the path of integration 
into a closed contour by adding a half circle 
of infinitely large radius in the lower half of 
the complex plane. Then it can be seen that 
any pole in the contour is of first degree, 
since all 0, &, &, are different two by two. 
Further, by putting §’>0, we find that the 
ee 
iD 
integration over 7, where the contour is again 
formed in a closed one by adding an infinite 
half circle. Then as the result of integration 
with respect to 7, we get 


=| 1 1 3 {exp (—i&:t/h)— exp (—7&at/h)} 


only poles at E=( x) contribute after tht 


h Sei 
tot exp (i6:t/h)— exp fer—ene/a | 
102 


For any diagram which is not symmetrical 
with respect to the o(o)-line, there exists a 
mirror conjugate diagram relative to the o(o)- 
line and the contribution of such a diagram is 
just the complex conjugate of that of the 
original diagram. Then adding the contribu- 
tion of the mirror conjugate diagram to the 
above result, we get 


ee {sin (&:t/h)}—sin (€:t/h)} 


ae {sin [(6:—&3)t/#]— sin (& uh) (7.8) 
After we carry out the summation over & 
and &, this expression can be different from 
zero only when &:<%/t. This ensures the 
conservation of unperturbed energy between 
the initial and the final states. Further, for: 
&€:<0vE, OpE, the above expression also cancels 
out as will be seen by putting 
€1— 62 = &2/ 

in the first part of the square bracket of (7.8). 
Thus only non-zero contribution to (7.8) comes 
from the part 

E:<hift , &, = Min. {dv.E, 6,E} 
in which (7.4) becomes approximately 
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Thus transition rate becomes independent of 
time asymptotically, and hence gives the usual 
collision factor of the master equation in the 
time subject to the inequalities (7.1), provided 
that the transition rate is positive definite. 

Let us now show that the contribution of 
the b-type diagrams is small by the factor 
t/t or tp/f compared to that of the a-type 
diagrams, of which the justification we have 
not yet given. 

The fact that the time integral over ti—h’, 


Feet sus bs ee ely Ail CIE or (n—n' jf) 


gives the time-independent result shows that 
this time integral is contributed only from the 
small values of these time variables, not much 
larger than ty and tp. In terms of the origi- 
nal time variable used in Eq. (7.2), this means 
that the time integrations are non-vanishing 
only when all ¢’s and ?’’s are almost equal to 
a certain value, tr. This is in general true for 
the contribution of any irreducible linked dia- 
gram. For or™(n—n’;t), the time tr may 
have any value between 0 and ¢ and the inte- 
gration with respect to tr gives the value 
4 Ann's) 
the time tr should be practically equal to f. 
For example, in the case of the diagram of 
Fig. 5, tri is practically equal to t, since the 


proportional to t, while for 


contribution of J; to 4 -on™(n—n jt) is con- 


sidered. On the other hand, the time tr: may 
assume any value between 0 and Zr: for the 
a-type diagrams, while for the b-type diagrams 
it can take only value almost equal to tm. It 
is now clear that the b-type diagrams contri- 
bute O(1/t) compared with the a-type ones. 
Generality of this proof is evident by the de- 
finition of a- and b-type diagrams. 

Finally we shall mention of the relation of 
our results to the non-markoffian equation of 
Van Hove.» As has been shown by Van 
Hove, the system obeys the non-markoffian 
equation during the period not so long after 
the initial setting of the ensemble. In our 
case, the contribution of the b-type diagrams 
have been neglected as the quantity of O(1/d). 
However, it is valid only for sufficiently long 
time after initial setting of the ensemble. If 
t is not so large, our derivation of the master 


equation may not be legitimated, since some 
of the b-type diagrams have not their comple- 
mentary diagrams, and then the temporal 
behaviour of the system may become non- 
markoffian. 


§8. Application to Limiting Cases. 
(I) Weak coupling limit. 2-0, f>0, Mti~ 
finite. 

In this case, the important diagram which 
contributes to the transition probability in 
(5.10) is only the second order diagram of 
Fig. 2, since any linked diagram appeared 
there gives a contribution of O(.2t) and since 
the first order diagram does not contribute to 
the transition from n’ to v, unless 7’ is iden- 
tical with z. The substitution of this result 
to (5.10) gives the usual master equation based 
on the Born approximation;® 


d hal ANS Fils P 
“ap Sle ln> = 802 (|) a |v(R) |x +1’ —K 


x(1—nx«)—nx’) 
X Ox E {Exset éx-1—Ex—Ex} | 


X{<e0+, me +1, ne +1, nesn—1, x’ +—1, 
---lo(A|--+, te +1, me +1, nx+x—1, 

Mx'-«—1, --->—<nlp(t)|n>} 

Low density limit. C=N/2-0, 
Ct~ finite. 

In this case, the most important diagrams 
are those which have the least number of 
particle lines pointing to right, since each 
rightward particle line contributes O(C) as ¥ 
compared to the leftward one. These dia- 7 
grams are, as is well known, ladder-type dia- 
grams as illustrated in Fig. 12. The total 


(8.1) 


(If) 


t>- 0, 


p (0) p (0) 


p(O) 


Fig. 12. Simple examples of ladder type diagrams 


contribution of these diagrams to the transi- 
tion probability gives the collision factor at_ 
binary binary collision approximation, since, 
if we consider a two particle system, the only 
diagrams which give non-vanishing contribu- 
tion to the transition probability of (5.10) are 
also the ladder type diagrams. Then the 
resulting master equation agrees with Prigo- 
gine and Résibois’ one.” 


| It should be added that the errors of O(C) 
ome not only from the usual ternary collision 
perms, but also from the contribution of the 
p-type diagrams neglected in deriving (5.10). 
eChe latter corresponds to the error from the 
‘ffectively ternary collisions which are included 
n the successive binary collisions. This result 
Ssives the complete correspondence to the result 


mt 


if Brout for low density classical gases. 
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Appendix 


_ In this appendix we generalize some of the 
discussions of the text to the off-diagonal ele- 
“ment of the density matrix, <n’lo(t)|n>, 
giving in addition some supplementary proofs 
iwhich are not given in the text. In terms of 
diagrams, off-diagonal elements can be re- 
‘presented by those which have external lines, 
‘while diagonal elements are represented by 
jvacuum diagrams. By an external line we 
mean a particle line which runs from or 
‘towards the edge of the diagram. To make 
‘correspondence between the diagram and the 
‘contribution to the matrix element < 7’|o(¢)|”, 
‘we must first generalize the Wick’s theorem 
‘of §3 in the form which is applicable also to 
the off-diagonal element. This brings us first 
‘to the questions which state we should take 
as the reference state and what contribution 
should be represented by an external line. 
'The answer to these questions are, however, 
‘simple and as follows. If we take as the re- 
ference state the initial state m, then any off- 
‘diagonal element can be represented by the 
diagrams whose external lines all run from or 
‘towards the left edge of the diagram and the 
contribution corresponding to a leftward 
external line is (l—mx)axt and to a rightward 
one nxax. These contributions (l—”«)axt 
and mxax correspond, in electron-hole langua- 
ge, to the creation of an electron and a hole, 
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respectively. Since we have taken the initial 
state m as the reference state, or in other 
words, as the vacuum state, it is evident that 
there appears no external line which corresponds 
to the annihilation of an electron or a hole. 

Then Wick’s theorem in generalized form 
can be written as follows: 


( N'|a1alz++-Ap|n =< n'| [:dr-+ Ep: 
oe A1A2013" : “Ap: Fe ee tar £ ANA: : -Qp-1Qp: 
ee tales + Ops s+ + Aye Ay +- -||n> 
(A.1) 
where 
Qk=Nkdxe, for Aac=ax 
=(1—nx)axt, for Ak =Axgt (A.2) 
and in the right hand side we take the whole 
sum over all possible combinations of contrac- 
tions and creation operators of electrons or 
holes. The definition of each term in the 
r.h.s. is, for example, as follows: 


1Q1Q2013+++Olg? + * ps ++ Ag+ ++ Ap-1Ap: 
=(—1)?(Q1as)(A3Xq)+ + -(ApAp-1)Q2*++Ap  (A.3) 


where (—1)? again stands for +1 or —1 ac- 
cording as the permutation between the I.h.s. 
and the r.h.s. is even or odd. 

Let us give a brief proof of this theorem, 
which is of course valid for the special case of 
the diagonal element in which in the r.h.s. of 
Eq. (A.1) any term which involves operators 
a, 8, «+: vanishes, since 

« n\a\n »=0; AxkAk=Akadk*=0 
Proof of (A.1) 

If the momenta corresponding to the opera- 
tors are all different two by two, then the 
above theorem is evident since a«|m )=@x|n> 


and ax Bri < Ox K—K’). This shows that any 
difference between the l|.h.s. and the first term 
in the square bracket of the r.h.s. of Eq. (A. 
1) (or we may say any difference between ax 
and @x) originates from the product of opera- 
tors with equal momentum. Then we have 
only to prove for the case in which all a;‘s 
(j=1, 2, ---, p) have the same wave number 
K. We give the proof for such product, dis- 
tinguishing into two cases. 
() For Acaxad«Bx: where Ax, Bx represent 
the products of @« and a@x*, ax* being the 
self-adjoint operator of ax. In this case, the 
l.h.s. of (A.1) always vanishes and the r.h.s. 
is also seen to vanish from 

axkak=0 

Ax(ak@xt)=nk(1—nNx)axc=0 
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Aktacdk: +idkakadk: =0 
(Ax*ax)(Ax@xt)=nk(1—nx)=0 
[Ax AKAKtAx«t: = [AkAkAktAx*: => 
The reader will have noticed that the last 
equation shows the existence of the comple- 
mentary diagram for any diagram of the type 
described in Fig. 5 (c) and (e) of §5. 
(II) For axaxtaxadk*:::: Let us denote the 
r.h.s. of Eq. (A.1) which corresponds to such 
product by <n’|Axc?|n>, where p and q 
stand for the number of ax and a@x* respec- 
tively and |p—g|<1. For p=1, 
Ax@) =@xk=axze=).h.s. 
Arc =@xx*++Axakt=arcadxt= \.hs. 5 
For any value of p 
AKO 2-1) = Gx APP D+ axcaxt Ange? 
=A Ar? Va=agAg@O-bP-Y) 
Acr@D)=axartAg@1? V=acAn?3Y) 


using the result of (1) and noting that Ax”) 
is a pure number. Then our theorem is pro- 
ved by induction. 

Then the one-to-one correspondence between 
Feynman diagrams and the contribution to 
<n'|o(t)|2 > is evident and we have only men- 
tion that to the external line corresponds to 
the creation operator of an electron or a hole 
according as it points to left or right. The 
summation over the wave numbers of the 
external lines, however, should be made for 
each line only over the values which give the 
different values between vx and jx’. 

The linked cluster expansion is also applica- 
ble to diagrams which have external lines, 
since any linked diagram has even number of 
external lines on account of the conservation 
of the particle number throughout the interac- 
tion, so that the op-operators corresponding 
to such diagrams are as yet commutable each 
other. Then we get, after performing the 
linked cluster expansion 


Cn’ \o(t)|t >=< Nn" |ona™(t) exp [ox(2)]0(0)|2 > 
(A.4) 
where ona“(t) is the or™-operator correspood- 


ing to the contribution of the diagrams with 
external lines. 


Finally, let us make the order estimation for 
the contribution of a given linked diagram. 
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First, each interaction involves 1/2, as is 
seen from Eq. (2.3), so that if there are v 
interaction lines they contribute 2-”. The 
contribution of an interaction line also involves 
a product of three Kronecker’s deltas and it 
gives a restriction on the wave numbers of 
the particle lines. If we ignore these Kro- 
necker’s deltas, each of the summations over 
the wave numbers of the intermediate particle 
lines which connect between vertices gives 
O(2) and they contribute as a whole 2”, where 
p is the number of such particle lines. How- 
ever, as there are (v—1) independent dx,’s, 
the contribution of a linked diagram becomes 
as a total 


BIOs en SOs (A.5) 
where g is the half number of the external 
lines and we have used the relation 

ptq=2v 
The above order estimation shows that any 
linked vacuum diagram contributes O(.2) while 
that with external lines 2-1, 2-8, ---, since 
each linked diagram except the vacuum dia- 
gram should have at least four external lines. 
Then we find from (A.4) that the off-diagonal 
element of the density matrix is always 


smaller than the diagonal element at least by 
O(2). 
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Isothermal annealing of germanium single crystals irradiated by y-rays 
from Co 60 was studied. The variation of conductance with time was 
measured. The conductance curves are composed of three stages. To 
explain this fact, the model proposed by Fletcher and Brown may be 
employed with a certain modification. From the analysis of these curves, 
the activation energy of the direct recombination of vacancy interstitial 
pairs, that for the diffusion of interstitial atoms and that for the diffusion 
of vacancies were determined to be 0.765eV., 0.741 eV. and 1.250 eV., 


respectively. 


Annealing of germanium single crystals ir- 
radiated by y-rays from Co 60 at a tempera- 
ture range of 0~55°C was studied. Conduc- 
tivity variation was observed which may be 
attributable to the preferential annealing of 
interstitial atoms followed by the annealing 
of vacancies. 

Specimens about 1x1x5mm’ were cut 
from a single crystal of n-type germanium 
which had initially a resistivity of 15 ohm-cm 
at room temperature. 

The specimens were exposed to y-rays from 


Conductance 
Conductance moO 
mo a. Asymptote for both curves _| oe 
(Scale for 10°C) . ee a ee Scale for 20°C) 
qd 
20°C 
(3 
10 
10°C 
1.25 06 
(e) 50 100 
Annealing time (days) 
Fig. 1. Conductance of specimens vs annealing 


time. 


1500 Curie Co 60 to a total dose of 4x10’r at 
—77°C. The resistivity was observed to in- 
crease by about 25%”. 

After it was confirmed that remarkable 
resistivity change did not occur during the 
preservation of the irradiated specimens below 
—20°C, isothermal annealing of these speci- 
mens was carried out at predetermined con- 
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stant temperatures in the range from 10°C to 
55°C. The variation of resistance with time 
was measured. Typical curves showing the 
relations between the conductance of the speci- 
mens and annealing time interval at constant 
temperatures are shown in Fig. 1. During 
the course of annealing, the conductance in- 
creased at the initial stage, then decreased 
to a certain value and again increased asymp- 
totically to a final value oo. 


A(R) =(a-c) 
LU 


100 


50 


207 


Oo 10 20 30 40 50 gays 
Annealing time 


Fig. 2. Plot of (o)—o) vs annealing time. 


It was found that the last stage of anneal- 
ing may be represented by A(1—exp (—?/rs)). 
In order to obtain the time constant 73, the 
values of log (os—«o) were plotted against time, 
o being the conductance of the specimens 
during the annealing. The result is shown 
in Fig. 2 and it can be represented by a fairly 
good straight line except for the initial stage. 
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On closer examination of the deviation from 
linearity it was concluded that the conductance 
can be represented as 


iL 1 
> e- 4/14 kye-t/T2— Bze-t/73 
R R 1 3 


The constants t:, tz and t3; can be easily 
estimated by the graphical method. Their 
values are given in Fig. 3. 

To explain the fact that the conductance 
curve consists of three stages Fletcher and 
Brown’s interpretation®.® for annealing pro- 
cess was employed with a slight modification. 
It is well known that vacancies act as ac- 


(1) 


Time constant T 
hour 


At ————_——— + — 4 = 
e El, pea ee el ee eS 10/7 


Bigardo Plotvofecavsiel ae 


ceptors, whereas interstitial atoms act as 
donors. In n-type germanium used for our 
experiments a lattice vacancy can trap two 
electrons from conduction band and an inter- 
stitial atom supplies one to conduction band. 
In the present investigation the concentration 
of vacancy interstitial pairs is estimated to 
be of the order of 101%/cc, from the difference 
in resistivity before and after irradiation. In 
such a case it is almost evident that the 
vacancy interstitial pairs lie far apart from 
each other compared with the distance in each 
pair. When the specimens are heated to an 


(Vol. 15, 


annealing temperature, direct recombination 
of a vacancy with an interstitial atom in each 
pair may occur in the first stage. This is 
simply an annihilation of pairs and the amount 
annealed may be represented by a simple ex- 
ponential form with a time constant 71. 

The so-called “reverse annealing” stage, 
in which o decreases with a time constant Tz, 
may be considered as follows*-®. When the 
specimens are heated, direct recombination 
may occur as descrived above. One com- 
ponent of the Frenkel defects, presumably the 
interstitial atoms, will begin to diffuse faster 
than the vacancies. Once liberated from the 
vacancies, they will wander in the crystal 
lattice and will finally be annihilated at dis- 
locations or at the surface. This process may 
have a longer relaxation time than the direct 
recombination process. When these interstitial 
atoms disappear at dislocations or at the sur- 
face, o may decrease, because they are acting 
the role of donors in the crystal. 

After the preferential annealing by these 
mechanisms is over the vacancies left in the 
crystal may wander about in the crystal and 
be annihilated at dislocations or surfaces with 
a time constant Ts. 

If this model is adopted, analysis of the 
curves shown in Fig. 3 gives following values 
for the activation energies in the three stages; 
the activation energy for the direct recombi- 
nation of vacancy interstitial pairs, 0.765 
+0.004eV., that for the diffusion of the inter- 
stitial atoms, 0.7410.001leV., and that for 
the diffusion of the vacancies, 1.250++-0.001 eV. 
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Measurements of the a.c. and d.c. field effects were made on the con- 
ductance of the germanium surfaces cleaned by Joule heating up to about 
800°C in ultra-high vacuum. In the measurements of the a.c. field effect 
on the cleaned surface, the minimum of conductance showing the surface 
was slightly n-type was observed and the density of fast states was 
estimated at 1.7 x 1013/cm2-volt. When the surface was exposed to oxygen, 
the fast state density decreased down to 2.4 1012/cm2-volt and the sur- 
face potential decreased by 0.03 volts. These results suggest that the 
fast states are dangling bonds at the surface. In the measurements of 
the d.c. field effect on the cleaned surface, the slow decay of the changes 
in conductance was not recognized. The slow decay appeared when the 
surface was exposed to air. These results show that the slow states are 
attributed to adsorbed gases on the outer surface of the oxide layer of 


germanium. 


§1. Introduction 

Considerable progressY~2 has been made 
recently in understanding the physical proper- 
ties of the so-called ‘‘real surface’’ of germa- 
nium. It is now quite clear that two types 
of surface states having different time con- 
stants to reach equilibrium with the interior, 
“fast states’’ and ‘‘slow states’’, exist on a 
germanium real surface.0~21 The fast 
states, having the time constant of the order 
of microsecond or less,” are responsible for 
surface recombination of holes and electrons 
and considered to be located at the interface 
between the surface oxide layer and germanium 
proper. According to the investigations of 
several workers,®?® the fast states are acceptor 
levels and their density is about 10''~10” per 
cm.2 Recent development?»2 of the study on 
‘“cleaned surfaces’’ suggests that the fast states 
are Tamm-like levels. The time constants of 
the slow states vary from seconds to hours 
strongly depending on ambient gases and the 
oxide thickness.» +”)!®) Thus the slow states are 
considered to be located on the outer surface 
of the oxide layer, and their origin seemed to 
be attributed to adsorbed gases.’ 

The experiments to be reported here were 
designed to find more evidence for the models 
of the origin of surface states accepted at 
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present by means of the measurements of field 
effect for cleaned surfaces and its change 
with the exposure to oxygen or air. The pro- 
cedure to obtain the cleaned surface was 
heating the crystal up to 800°C in ultra-high 
vacuum. The measurements involve (A) a.c. 
field effect: the measurements of change in 
conductance with alternating transverse field 
for the study of fast states, (B) d.c. field 
effect: the measurements of change in con- 
ductance and its relaxation effect with d.c. 
transverse field for the study of slow states. 


§2. Experiments 


(A) a.c. field effect 

The sample used was an etched slice of 40 
ohm-mm #-type germanium single crystal 0.5 x 
2.5xX10 mm, which was mounted on the sample 
holder shown in Fig. 1. The measured sur- 
face was a (111) plane of the crystal. Spacing 
between the crystal surface and the field effect 
probe was about 0.07 mm. a.c. field effect was 
measured using a 50 cps field from peak to 
peak 410° volts/em. The circuit used was 
similar to Montgomery and Brown’s.” 

The sample holder was sealed in a glass test 
tube which was connected to high vacuum 
system shown in Fig. 2. After the sample 
stood in hydrogen gas at pressure about 5 cm 
Hg at 500°C for 24 hours in order to reduce 
the germanium surface, the system was eva- 
cuated to 10-’mmHg at 500°C for 24 hours 
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Fig. 1. The sample holder. P: quartz plate; 
M: mica sheet; F. field effect probe of eva- 
porated chromium film; Q: quartz rod; G. 
germanium slice; E. evaporated chromium 
electrode. 


i=) 


Fig. 2. The vacuum system. P: to oil diffusion 
Hickmann pump and gas reservoir; V: glass 
ground valve operated magnetically without 
grease; I: Alpert’s ionization gauge; G: tita- 
nium getter; T: test tube; C: cold trap. 


in an oven. During this evacuation, the fila- 
ment of Alpert’s ionization gauge, the titanium 
getters and the germanium slice were out- 
gassed by passing a.c. current through them. 
Soon after the oven was taken away, the 
trap was immersed into a liquid nitrogen 
bath, glass ground valves without grease were 
shut and ionization gauges and getters were 
operated, then the sample was heated up to 
800°C for ten minutes by passing a.c. current 
through it. The sample cooled to room 
temperature, in 20 minutes after the heating 
current was switched off, then measurements 
were performed. The pressure during measure- 
ments was maintained at 10-’mmHg. After 
the measurements for this cleaned surface 
was carried out, oxygen gas was introduced 
into the vacuum system up to few mmHg. 
After the sample was exposed to oxygen at- 
mosphere for one minute, the system was 
evacuated again to the pressure lower than 
10-° mmHg in order to avoid the discharge by 
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gases between the sample and the field effect 
probe, and then measurements was performed 
for this oxidized surface. In above mentioned 
cleaning process, the sample was converted to 
40 ohm-cm p-type due to the creation of ther- 
mal acceptors by heat-treatment. 

The measured a.c. field effect patterns for 
the cleaned and the oxidized surfaces are 
shown in Fig. 3. Curve (1) shows the theo- 
retical conductance change® versus induced 
surface charge density by transverse electric 
field in the case of no surface states. ¢s is 
the position of the Fermi level at the surface 
measured with respect to the Fermi level in 
intrinsic material, thus, ¢;>0 means that the 
surface is n-type and ¢:;<0 means that the 
surface is p-type. Curve (2) shows changes 
in conductance for the cleaned surface and 
curve (3) shows changes in conductance for the 
oxidized surface. In this figure the minimum 
points of experimental patterns are shifted so 
as to coincide with the minimum point of 
theoretical one. This may be allowed since 
on these surface it has been confirmed by d.c. 
field effect that the slow states do not exist. 


GG in pMHO- cm? 
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3x108 


Surface chages In Coul.-cm? 


Fig. 3. Measured field effect patterns compared 
with the theoretical change in conductance. 
Curve (1): theoretical conductance change versus 
induced surface charge density in the case of no 
surface states. @s; is the position of the Fermi 
level at the surface measured with respect to 
the Fermi level in intrinsic material. Curve (2): 
the field effect pattern of the cleaned surface. 
Curve (3): the field effect pattern of the oxidized 
surface. 


(B) d.c. field effect 

Slow decays of d.c. field effect were mea- 
sured by d.c. bridge circuit with a galvano- 
meter whose period was 2sec and sensitivity 
was 10-!° amp/div. The sample, etched slice 
of n-type 40 ohm-cm single crystal, was 
mounted on the same type holder shown in 
Pics 

The sample was cleaned by Joule heating 
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in ultra-high vacuum similarly to the case of 
the a.c. field effect experiment. In this case, 
the sample was heated up to 750°C for 20 
minutes, then allowed to cool to room tem- 
perature at the free radiation rate. The 
pressure was 3X10-* mmHg after this proce- 
dure. The resistivity of the sample was 
changed to p-type 12 ohm-cm owing to the 
creation of thermal acceptors due to this heat- 
treatment. 20 minutes after the heating cur- 
rent of the sample was switched off, a.c. field 
effect pattern showed the surface was p-type 
and field effect mobility was 5.8 cm?2/volt-sec. 
We could not measure d.c. field effect for one 
hour after the Joule heating because of the 
gradual change in the resistance due to change 
in the temperature of the sample. The 
changes in the conductance of the cleaned 
sample by d.c. transverse field are shown in Fig. 
4. Fig. 4 (a) was measured one hour after the 
Joule heating of the sample, and Fig. 4 (b) 
was measured 40 minutes later than measure 
ment (a). The field effect mobility is 77 cm?/ 
volt-sec, and 102 cm?/volt-sec respectively, in 
Fig. 4 (a) and Fig. 4 (b). Wecan not recognize 
slow decay of the d.c. field effect in Fig. 4 (a). 
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Fig. 4. The changes in conductance of the cleaned 
surface by d.c. transverse field; (a): measured 
one hour after the heating current was switched 
off, (b): measured 40 minutes later than measure- 
ment (a). Charges of +8 102 coulombs/cm” 
are induced on the germanium surface respective- 
ly at the arrows (++on) and (—on), and the fields 
were switched off at the arrow (off). 


In Fig. 4 (b) the slow decay cannot be recognized 
appreciably. After the measurements for the 
cleaned surface was carried out, the air was 
introduced into the test tube and then evacuated 
up to 10° mmHg immediately. The slow decay 
of d.c. field effect slightly appeared as shown in 
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Fig. 5 (a). Then the air was again introduced 
into the test-tube, the slow decay was observed 
as shown in Fig. 5 (b). In this figure, for the 
convenience of comparison, the value of 4G at 
t=0 for curve (a) is taken equal to that for 
curve (b). The test tube was evacuated again 
to 10-° mmHg, the slow decay much the same 
as Fig. 5. (a) was observed again. It is found 
that the surface changes to n-type after ex- 
posing to air. 


TIME (MIN) 2 
. 


Fig. 5. The relative slow decay curves of: d.c. 
field effect; (a): exposed to air and evacuated 
subsequently, (b): exposed to air. 


§ 3. Discussion 


In Fig. 3, the total surface charge density 
7, consists of a portion Ss. in the space 
charge layer, which contribute to the conduc- 
tance, and the other portion 2’; which is trap- 
ped in surface states. The theoretical curve 
(1) relates to changes in conductance per unit 
area of surface 4G versus S's. The experi- 
mental curve relates to 4G versus 27. From 
the curve (2) in Fig. 3 it is found that ¢s of 
the cleaned surface is 0.03 volts showing the 
surface is slightly m-type. Since the minimum 
in conductance was observed in the experi- 
mental curve, values of %'sxc and ¢s can be deter- 
mined for any value of conductance, then the 
relation between 3;=2'r—2 se and ¢s can be 
determined for any observed values of 4G. If 
we could obtain the relation between 4; and ¢s 
for a large range in ¢s, we would estimate 
the density of surface states and their distribu- 
tion in energy. Since we could only measure 
the relation between 2’; and ¢; for the limited 
range in ¢s in this experiment, the density of 
surface state per volt of surface potential was 
estimated to be 0(2'7—'sc)/O¢s. The estimated 
density of fast states are 1.7 x10"/cm?- volt for 
the cleaned surface and 2.410”/cm?-volt for 
oxidized surface. The surface potential, de- 
fined as the difference of the electrostatic 
potential at the surface from its bulk value, 
of the cleaned surface decreased by 0.03 volts 


98 Shinji KAWAJI 


with introduction and successive evacuation of 
oxygen. 

The result that the fast states density dec- 
reases by one order of magnitude due to ad- 
sorption of oxygen appears to show that the 
fast states we measured are dangling bonds at 
the surface of germanium proper and oxygen 
is adsorbed by making covalent bonds with 
unpaired electrons on the cleaned surface. 
But, in order to explain the fact that the 
cleaned surface is slightly »-type, or, the sur- 
face is charged positively to 3x 10-1’ coulombs/ 
cm?, we must consider the existence of some 
positively charged centers at or near the sur- 
face. In the case of d.c. field effect experi- 
ments the cleaned surface is p-type but not 
strongly. As mentioned in the section of d.c. 
field effect experiments, the surface remained 
always p-type, though the field effect mobility 
increased with time in vacuum of 3x10-° 
mmHg showing the decrease of fast state 
density due to the contamination of residual 
gases. These results show that the positive 
surface charges can not be attributed to the 
contamination of residual gases. If the energy 
of the acceptor levels attributed to the surface 
dangling bonds is far lower than the intrinsic 
Fermi level, it is necessary that the density 
of ionized donors at the surface is larger than 
10/cm? in order to explain our results. If the 
energy of the acceptor levels is 5~7kT higher 
than the intrinsic Fermi level referring to the 
data for real surfaces, the ionized donors of 
about 10'4/cm? are required to explain our 
results. The origin of these ionized donors at 
or near the surface is not well known. 

The result that the fast state density of 
oxidized surface is larger than the value for 
etched surfaces shows that the surface heated 
in high vacuum differ from etched surfaces in 
the surface structure. The measured fast 
state density of the cleaned surface is much 
smaller than the density of bonds cut at the 
(111) crystal plane, 7.3X10“/em.2 This may. 
be attributed to that the oxide could not be 
removed throughly by heat-treatment. 

Our results that the cleaned surfaces are 
slightly or p-type is different from the 
results by Handler and others?¥)23)24) who re- 
ported that the surface cleaned by argon-ion 
bombardment and subsequent annealing is 
strongly p-type. The surface cleaved in ultra- 
high vacuum is nearly intrinsic according to 
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the experiment of Barnes and Banbury,” but 
strongly p-type according to the experiment 
of Palmer and Dauenbaugh.?» In this respect 
further studies will be needed. 

It has been found by several workers that 
the relaxation time of d.c. field effect depends 
on oxide thickness!?!® and surrounding gas 
ambient.!©*) Hence it is considered that the 
slow states are attributed to gases adsorbed 
on the outer surface of the oxide layer of ger- 
manium.”) Our results, that the slow decay 
in d.c. field effect was not recognized on the 
cleaned surface as shown in Fig. 4 (a) and 
appeared only when the sample was exposed 
to air as shown in Fig. 5, also show the slow 
states are attributable to adsorbed gases. In 
Fig. 4 (b), which was measured one hundred 
minutes after the Joule heating of the sample, 
slow decay seemed to appear slightly. The 
increasing of the field effect mobility with time 
shows that the surface was covered gradually 
with residual gases and hence fast states 
decreased even in the high vacuum of 3x10-° 
mmHg. The result of Fig. 4 (b) seems to show 
that the number of slow states increases with 
increasing adsorbed gases. But this is not 
certain, since the magnitude of the decay is 
within the limit of the change in conductance 
due to fluctuation of temperature. 


§4. Conclusion 


By observing a.c. and d.c. field effect for the 
germanium surfaces cleaned by heating in 
ultra-high vacuum, it was found that (1) the 
cleaned surface was nearly intrinsic, (2) the 
fast state density was decreased with adsorp- 
tion of oxygen, (3) the slow decay of d.c. field 
effect could not be recognized on the cleaned 
surface, (4) the cleaned surface was getting 
more p-type with time even in the vacuum of 
10-° mmHg. 
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A new modification of silicon carbide crystal, having rhombohedral 
symmetry and a unit cell composed of 174 layers, was found by X-ray 
study. The cell size and symmetry were determined in a similar way 
as in a previous study of silicon carbide of 594 layers”). The structure, 
namely the stacking order of Si-C layers, of the new monification was 
determined by comparing the visual intensity with those calculated for 


a number of models. 
x3 by Wyckoff’s notation. 


Introduction 


For silicon carbide crystals, a number of 


modifications has been found. 


The modifica- 


tions are distinguished from each other by 


The structure is represented as {C(CCH);C3(CCH)11} 


the stacking order of Si-C layers along c- 


axis. 
many layers as 594”. 


The c-period sometimes includes as 
Here, a new modifica- 


tion having c-period of 174 layers and rhom- 
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bohedral symmetry is found (section 3). 

The new modification is found for many 
domains on a specimen surface. A fine X- 
ray source») was applied to resolve the reflec- 
tions of these domains (section 2). 

The structure of silicon carbide crystal is 
rather simple in respect that every Si-C layer 
occupies one of three sites, A, B and C of 
hexagonal base. For the new modification of 
long period, however, the number of possible 
orders of stacking in the period of 174 layers 
of rhombohedral lattice amounts to 2°’ taking 
into account that two successive layers do not 
occur at the same sites of A, Bor C. Of 
these, 50 models were selected, which were 
suggested from the characteristic feature of 
the observed intensity distribution (section 4). 

The intensities calculated for these models 
were compared with the visual one, and it 
was found that the intensity for the structure 
represented as {C(CCH);C;(CCH)u}x3 by 
Wyckoff’s notation shows the best agreement 
with the observed intensity. 


§2. Experimental 


The specimen, in which the new modifica- 
tion was found, is an opaque blackish low 
habit crystal of about 1x2x0.5 mm? covered 
with transparent glassy melt (Fig. l-e and 
—d). 

Fig. l-a and -b reproduce the c-axis oscil- 
lation photographs of the specimen. The 
main body of the specimen shows the reflec- 
tions of six-layer period (indicated by A in 
the figure). A thin surface layer of the speci- 
men, shown in Fig. 1-d, gives many series 
of the reflections of fine intervals correspond- 
ing to the new long period (indicated by B, 
C and D, E in the figure). These series show 
that the specimen surface is composed of 
many domains. A divergent X-ray beam, 
from an intense fine source and through a 
thin slit parallel to the specimen surface, 
gives rise to the reflections of different do- 
main at different positions on the film. Of 
these domains, those giving the reflections B 
and C in Fig. 1-b have the same orientations, 
and those giving E in Fig. l-a show twin 
orientation relative to the formers. There is 
also a domain giving diffuse scattering in- 
dicated by F in Fig. l-a. The diffuse scatter- 
ing has maxima at the positions corresponding 
to those of the reflections due to six-layer 
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period. Therefore, the structure of the do- 
main probably has a sequence of Si-C layers 
modulated from the regular six-layer period”. 


§3. Determination of Cell Size and Sym- 
metry 


It is observed in Fig. l-a and —b that (1017) 


reflections of the new modification are dis- 
posed relative to those of six-layer period as 
shown schematically in Fig. 2 (b); the reflec- 


| 


tions (1011) and (1014) of six-layer period . 


coincide respectively with the reflections 
(101, 29) and (101, 116) due to the new long 
period, (1012) and (1015) of six-layer period 
shift in one direction from (101, 59) and (101, 


=— (10756) (10T5)(6) = (1015)(6) 
=—«1074y6) (OT4\6) —(1074)(6) 
= NCOT113)(174) 
(lOT3)\(6) (10T3)(6) (1OT3)(6) 
(10T-83)(174) 
1QT-62Ki74 
te (ors (lOT2X6) 
8 
6 (1OT-47XI77) 
E 4 
= : 
ae set (10T-32)(174) s 
OTN) lorie) (lOTI)(6) 
UOT: 26 (174) 
(1OT-17)(174) 
(a) (b) (c) 
ie 74 rad 


Fig. 2. Distributions of reciprocal (1011) lattice 
points corresponding to 171, 174 and 177 layers 
rhombohedral structures relative to those of 
6-layer structure. 


146) of the new long period, and (1013) shifts 
by the same distance in the opposite direction 
from (101, 86). Similar observations of reflec- 
tions over all {101/} lattice rods revealed the 
rhombohedral symmetry of the modification. 
The extinction rule for rhombohedral sym- 
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metry indicates that the period of reciprocal 
c-axis of the modification corresponds to one 
third the way between two successive reflec- 
tions. The oscillation photographs show that 
the interval between (1011) and (1012) reflec- 
tions of six-layer period is equal to nine 
intervals of the reflections of long period plus 
the separation of two thirds the way between 
two successive reflections. Then the number 


a 
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of layers in one cell should be 6(9 x 3+2)=174. 
Other layer numbers near 174, say 171 or 177, 
are ruled out, since the dispositions of their 
reflections relative to those due to six-layer 
period are evidently different as shown in 
Fig. 2 (a) and (c). 

The cell of the new modification has a 
c-period as long as 2.51x174=436.7 A and 
three rhombohedral units of 58 layers. 


b 


Fig. l-a and -b. Oscillation photographs of SiC specimen containing the domains of 174-layer 


period. The left of b is the original of the right. 


The reflections indicated by A show 6-layer 


period, those B, C, D and E show 174-layer period, and F diffuse scattering. 
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c d 


Fig. l-c and-d. Micrographic photographs of the 
specimen (x10). The surface indicated by ar- 
row in ¢ is shown in d, on which many domains 
of 174-layer period exist. 


§ 4. Determination of Structure 


It is noted in Fig. 1-a and —b that the re- 
flections due to 174-laye1 structure are strong 
in the vicinity of those due to six-layer 
period, and that relative intensity of them 
resembles that of ordinary six-layer structure 
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(CCH), This suggests that the regular 
sequence of ordinary six-layer structure is 
dominant in the rhombohedral unit of 58- 
layers. The 58-layer period can contain, at 
maximum, nine sequence of six-layer struc- 
ture. The sequences longer than seven, how- 
ever, seem to be unlikely, since the corre- 
sponding minima of reflection would coincide 
with the observed intense reflections of (101, 
26), (101, 32) and (101, 83). Table I shows 
that the Laue functions arising from seven 
or more regular sequences of six-layer period 
have minima at every three or four periods 
of the reciprocal c-axis of 174-layer structure. 
(101, 26), (101, 32) of 174-layer structure occur 
at three reciprocal c-periods from (1011) of 
six-layer period, and (101, 62), (101, 83) at four 


Table I. 


Number of sequence of 6-layer period | 9 


Angle between successive minima of 


Laue function 3.2 


3.6 AS ie ANS 5.8 9.7 


Angles between successive minima of Laue functions arising from various sequences of 6-layer period 
are shown by the unit of 174-layer reciprocal lattice period. 


reciprocal c-periods from (1012), (1013) of six- 
layer period respectively. Other shorter se- 
quences have also unfavourable minima, but 
they are always combined with certain se- 
quence of layers to compose 58-layer period, 
and the unfavourable minima may be extin- 
guished if we select an appropriate disposition 
of these separated sequences. Thus, the 58- 
layer period is considered to consist of three 
ranges, P and Q, having three to six regular 
sequences of six-layer structure, and the inter- 
range FR having the layers of 58 minus those 
included in P and Q (Fig. 3). 

The ranges P and Q occupy the main part of 
08-layer period. The phase difference between 
the reflections from P and Q will appreciably 
affect the intensity distribution. For example, 
the relative disposition of P and Q should be 
such that (101, 29) reflection, corresponding 
to 1/6 point of the reciprocal c-period of a 
Si-C layer, is far weaker than (101, 116), 4/6 
point. The consideration on this point will 
be described in detail in another paper”), 

For the stacking order in range R, we as- 


sume 1) the continuation of either sequence 
of the range P or Q, Models 1 and 2 in Fig. 
3, 2) those found in the structures reported 
for various periods corresponding to the num- 
ber of layers, Models 5 and 8 in the figure, 
or those of no definite order, Model 7. 

We should first refer two fundamental re- 
strictions for the structure of silicon carbide 
that 1) any two successive layers do not oc- 
cupy the same sites of A, B or C, and 2) both 
end layers of rhombohedral unit can be as- 
sumed to have the same sites of A, B or C as 
shown in Appendix. 

Thus, 50 models for the new structure were 
constructed, and some of them are shown in 
Fig. 3. Here, 6m and 6” mean that the 
ranges P and @ consist of m and n sequences 
of six-layer structure, and a, b, ¢ and d in- 
dicate the combinations of the possible num- 
bers of m and n. In Model la, for example, 
P and @ have 4 and 5 sequences of six-layer 
structure respectively and are separated by R 
of 4 layers following the stacking order in P. 

The 174-layer period contains three of each 
unit shown in Fig. 3, and the three units are 
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Fig, 3. Examples of possible model structures shown in (1120) sections. m and mare the 
number of sequences of 6-layer structure in ranges P and Q. For each model, several 
combinations of possible m and m can be considered as indicated. fF is the inter-range 
including the layers of the number of 58-6 (m+n). Those having opposite rhombohedral 
shift are distinguished from each other as Model lal and la2, ABC from left to right 
being specified by 1, and the reversal by 2. 


stacked with rhombohedral shift ABC or ACB. 
These two kinds of rhombohedral shifts pro- 
duce two different structures from the same 
unit, for examples, lal and 1a2; the shift 
ABC from left to right in Fig. 3 is specified 
by 1 and the reversal by 2. 

The intensities for these models were cal- 
culated by the method given in a previous 
paper». The number of terms of the struc- 
ture factor formula was so large that the 
error arising from round-off was negligible 
when four decimal figures were used. 

Of these models, 152 which can be written 
as {C(CCH);C3(CCH)i1} x3 by Wyckoff’s nota- 


tion gives the intensity of the best agreement 
with the observed intensity as shown in Fig. 
4. Some other models, for examples, 6al 
represented as {C(CCH)7;Co(CCH)9}x3, and 
lal, represented as {C(CCH)sC3(CCH)10} x 3, 
show fairly good agreement with the observed 
as far as strong reflections are concerned 
(Table II), since they are different from 1b2 
only in reversal of rhombohedral shift and 
the disposition of two successive layers at 
about middle of the rhombohedral unit. But, 
they reveal definite disagreements in the 


detailed intensity distributions; for 6al, (101, 
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50) reflection would be vanishingly weak while 
it has detectable intensity, and for lal, the 
reflections from (101, 41) to (101, 47) and from 
(101, 71) to (101, 77) etc. have intensity distri- 
butions quite different from the observed. 


Thus, the new modification is concluded 


to have the structure represented as 
{C(CCH);C3(CCH)11} <O: 


[ = | 


Fig. 4. Intensity distribution along (1011) axis of 
(a) observed and (6) calculated. 


§5. Discussion 


The structure of new modification has the 
rhombohedral unit built from two ranges of 
ordinary six-layer structure separated by 4 
layers. The two ranges are composed of, 
respectively, 5 and 4 sequences of six-layer 
structure orientating with each other mirror- 
symmetrically with respect to (0001) plane. 
4 layers separating two ranges follow the 
stacking order of the range having 5 sequence. 
The 174-layer periods found for many do- 
mains, indicated in Fig. 1, show the same 
structure, and the production of it does not 
seem to be due to a trivial origin. 

The growth mechanism for modification of 
such a long period is interesting, and several 
mechanisms have been proposed, e.g., the 
spiral growth mechanism was proposed by 
Frank” and investigated by Verma’). by the 
relations between the step-heights of the 
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spiral-terraces observed on SiC specimens and 

the c-periods of the structure, and Jagod- | 
zinski® proposed the layer-transposition me- 
chanism caused by vibration entropy in order 
to construct the modifications found for silicon 
carbide and zinc blende. The structure of 


Table II. Calculated intensities of (101/) reflections 
for Models 162, 6a1 and lal. 


Number of Models 
(1011) 

reflections 162 6al1 lal 
OU # 0) 0 0 
o 5 5 5 
8 5 0 vt 
ri) 16 19 2 
14 0 0 29 
17 47 Sil 0 
20 So 49 105 
2B 102 15 0 
26 1191 1220 1318 
29 NOE 131 Bil 
32 1584 1545 1768 
35 199 35 8 
38 93 150 296 
41 279 206 103 
44 3 0 185 
47 166 302 19 
50 116 0 RY 
5S 204 780 129 
56 1645 549 1666 
59 5583 3715 5598 
62 226 | 870 184 
65 89 72 183 
68 140 | 290 17 
(al 4 4 147 
74 163 1a 6 
Cell 52, oD 187 
80 171 63 15 
83 741 668 857 
86 1378 1325 1253 
89 2772 2718 2871 
92 178 30 92 
95 111 38 186 
98 97 25 28 
101 16 12 74 
104 by? 105 16 
107 20 79 45 
110 20 170 9 
113 ey 131 35 
116 6865 10075 6865 
119 36 134 36 
122 47 278 38 
125 20 67 42 
128 47 | 100 12 
Sil 20 20 79 
134 82 13 19 
iB 83 41 146 
140 et 16 59 
143 1994 1994 2064 
146 784 870 711 
149 343 309 402 
152 58 0 12 
158 28 12 0 
161 2 23 18 
164 5 13 5 
167 5 5 2) 
170 2 8 3 
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the new modification may be constructed by 
either of these mechanisms. These mecha- 
nisms, however, can not explain the preferen- 
tial occurence of the observed stacking order. 


Appendix 
We shall prove here that both end layers 
of the rhombohedral unit can be assumed on 
the same sites of A, B or C. If we express 
the sites A, B and C by 6=0, 1 and 2, the 
site S,! of m-th layer in the first rhombohedral 
unit can be represented as 
Se OO elo 2h (ls) 
the suffix 1 indicating the first rhombodedral 
unit. - 
The site of m-th layer in the second rhom- 
bohedral unit, succeeding to the first, is 
Sa a o+ 1 ( 2 ) 
for rhombohedral shift ABC, and the site of 
(n—1)-th layer in the same unit is 


P= ULLOl S10 2. ‘e 
iSO 2 occurs, the (—1)-th layer in 
the first unit should have the site 

S,1=0+1 ’ (4) 
and the relative shift between two successive 
layers is equal to 


ofS} 
by (1) and (4). 
If the condition takes place for all m-th 
layers in the unit, the structure is not other 
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than rhombohedron of three layers, namely 
COCHET 

Thus, the rhombohedral structure, longer 
than three layers, have at least one period 
corresponding to rhombohedral unit having 
both end layers on the same sites by another 
condition of (3). 

For reversed rhombohedral shift ACB shwon 
by S,?=6+2, the argument is quite similar. 
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Temperature ranges of formation of low temperature forms of ice and 
the hydrogen position in cubic and hexagonal forms were studied by 
electron diffraction. The ranges were found to vary according to the 
rate of condensation of water vapor and the discrepancies between the 
previous data for the ranges were attributed to the difference of the 
rate. Intensity of Debye-Scherrer patterns showed best agreement with 
Pauling’s half-hydrogen model for cubic ice as well as for hexagonal 
ice. Difference radial distribution and two-dimensional difference Fourier 
analysis of cubic ice revealed also that Pauling’s model is appropriate. 
From two-dimensional difference Fourier map of three different projec- 
tions, O-H distance was found to be 0.96+0.03A. By calculation, it 
was shown that a shift of electron cloud causes no appreciable shift of 
potential peak. An elliptical elongation of hydrogen peak perpendicular 
to O-H bond was observed, which can be attributed to a shift of H-O-H 
angle from the tetragonal angle as well as to anisotropic thermal vibra- 


tion, 


§1. Introduction 


Konig” has first found that ice crystallizes 
in a cubic structure when water vapor con- 
denses at temperatures below —80°C. Oxygen 
atoms of cubic ice are arranged in a diamond 
type lattice of a lattice constant a=6.36 A 
with the same O-O distance, 2.75 A, as in 
the ordinary hexagonal ice. The arrangement 
of the oxygen atoms is similar to that of 
silicon atoms in crystobalite, while the ar- 
rangement in the usual hexagonal ice is 
similar to that in tridimite. Since Konig ob- 
tained the cubic ice as a product of the 
residual vapor in electron diffraction camera, 
there had been some concern as to the effect 
of impurities (Owston and Lonsdale”). Re- 
cently, however, Honjo et al.* and Blackman 
and Lisgarten, by electron diffraction, and 
Shallcross and Carpenter®, by X-ray diffrac- 
tion, confirmed the existence of cubic form 
by condensing water vapor from prepared 
sources. Calculating electrostatic binding 
energy, Bjerrum® once concluded that the 
cubic form, if exist, is less stable at lower 
temperature. It was shown by Pitzer and 
Polissar®, however, that this conclusion is 
largely negated when additional interactions 
were taken into account. Thus, now there 
is no doubt about the existence of cubic ice. 
But, concerning the temperature range of its 


formation, the results of various authors do 
not coincide with each other. 

An important problem about ice crystal is 
the position of hydrogen atoms, which can 
hardly be determined by X-ray diffraction. 
Pauling®, Barnes, Bernal and Fowler™ and 
Owston'! proposed various models for hexago- 
nal ice. Pauling assumed a hydrodgen atom 
statistically distributed on two positions on 
each O-O bond with an O-H distance of about 
1.0 A, Barnes assumed a hydrogen atom at 
the center of each O-O bond and the last 
three authors assumed definite hydrogen posi- 
tion on each O-O bond with a O-H distance 
of about 1.0 A. 

The hydrogen position in hexagonal ice was 
studied by neutron diffraction’ and Peterson 
and Levy have recently showed, using single 
crystal of heavy ice, that Pauling’s model is 
appropriate for hexagonal ice. 

The scattering cross section of hydrogen 
atoms relative to those of heavier atoms is 
larger for electron than for X-rays (Laschkarew 
and Usyskin™). Taking advantage of this 
fact, hydrogen atoms in some crystals were 
determined successfully by electron diffraction 
method (cf. Weinstein™; Cowley). In pre- 
vious communications some results of the 
electron diffraction studies of formation (Honjo 
et al.) and hydrogen position of cubic ice 


106 


1960) 


(Honjo and Shimaoka!™®™) have been reported. 
In this paper the details will be described 
together with some additional results. 


§2. Experimentals 


1) General method 

Experiments were carried out using the 
low temperature specimen method which had 
been reported previously in detail*. Special 
precautions were paid to prevent the contami- 
nation of specimen by residual vapors. For 
this purpose, the apparatus was pre-evacuated 
up to about 2x10-° mmHg and so, when the 
reservoir of refrigerant attached to the speci- 
men holder was filled with liquid nitrogen, 
the vacuum of the specimen chamber reached 
to as high as 1x10-°* mmHg. Using a special 
shield, the specimen was exposed to residual 
vapors in the main volume of the apparatus 
only for short time when the diffraction pat- 
tern was observed. Thus, the deposit from 
residual vapor was reduced to a very small 
amount, presumably not more than a few A 
in thickness. 


2) The crystal formation 

A polycrystalline specimen of ice was formed 
by condensing water vapor on substrates at 
various temperatures ranging from that of 
liquid nitrogen to above —60°C. For the 
specimen base, use is made of thin collodion 
film for transmission method and a natural 
surface of silicon carbide single crystal for 
reflection method. The latter method was 
mainly used in the study of the crystal for- 
mation, since the specimen of this method 
was of better thermal contact with refrigerant, 
so that the temperature of specimen is much 
less influenced by the irradiation of the elec- 
tron beam than on thin collodion film. 

The water vapor was supplied from a 
prepared source, a small piece of silica gel 
which had absorbed a suitable amount of 
water vapor. The vapor was lead into the 
specimen chamber through a cock and was 
ejected onto the substrates from a movable 
jet. The rate of condensation of water vapor 
was varied in a wide range by varying the 
amount of absorbed vapor and the position 
of the jet. Thus, the slowest rate of deposi- 
tion was one or two order lower than that in 
the experiment of Blackman and Lisgarten. 


3) The intensity measurement 
As will be seen in the following section the 
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cubic ice formed at —150°C produced Debye 
ring patterns of no trace of hexagonal ice 
and no preferred orientation. Thus, the rela- 
tive values of structure amplitude, |F|, were 
determined from the intensity of ring by the 
relation 


I~pa?|F |? , 

where / is multiplicity and d is spacings. 

The intensity measurement was carried out 
by the photometry of Debye patterns, taken 
at 195°C, —160°C and) —120°G using. «s™= 
sector camera (Takagi'). The relative photo- 
graphic density was transformed to the rela- 
tive intensity by Karle and Karle’s method!®. 


12 


~~ 


(arbitrary scale) 
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Intensity 


collodion substrate 


(ee 
Fig. 1. The intensity curve of cubic ice and the 
collodion substrate. 


Fig. 1 is an intensity curve of cubic ice on 
collodion substrate photographed at —195°C. 
The contribution of collodion base to this 
curve subtracted by comparing with an inten- 
sity curve of the halo pattern due to collodion 
film alone taken at the same temperature; 
since first halo is almost separated from the 
inner-most (111) reflection of cubic ice, the 
subtraction could be performed without seri- 
ous difficulties. The half breadth of the co- 
herent peaks was almost the same for all 
rings, and the relative intensity was obtained 
by measuring the peak height. From the 
breadth, the crystal size was estimated to be 
80 A using Scherrer’s formula. The intensities 
of weak reflections of high orders were esti- 
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mated also by the visual method. The first 
column in Table I shows the percentage in- 
tensities of Debye rings due to cubic ice rela- 
tive to that of (220) ring. The statistical 
deviation of the intensity data of 10 independ- 
ent measurements were less than 15% in 


Fig. 2. Transmission electron diffraction patterns 
of ice formed on thin collodion films at tempe- 
ratures a) —70°C, b) and b’) — 100°C, c) ~ 150°C 
and d) —195°C. 
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average. 

The temperature factor was determined 
using the above mentioned intensity data at 
three temperatures, assuming that the thermal 
vibration of atom was spherically symmetric. 
Thus, the Debye temperature @ was found 
to be 200+12°K, which nearly coincides with 
calorimetric value for hexagonal ice, 195°K | 
(Owston!). 


a 


Fig. 4. Reflection electron diffraction patterns of 
ice formed on silicon carbide substrate at 100°C. 
a) is due to the initial deposit and b) is due to 
the deposit condensed rapidly on a). 


§3. Study of the Crystal Formation 


Typical electron diffraction patterns due to 
ice observed by the transmission method with 
normal incidence of electrons to the support- 
ing film were reproduced in Fig. 2a), b), c) 
and d). The characteristic features of the 
patterns are depicted schematically in Fig. 3. 
The patterns a) and c) correspond apparently 
to hexagonal and cubic ice, respectively, with 
the indices indicated in the figure. Almost 
all rings in the pattern b) can be indexed by 
the cubic lattice, but there are some strong 
additional rings corresponding to the basal 
reflections of hexagonal lattice such as (10, 0) | 
and (12,0). Since many rings of the | 
basal reflections coincide with those of 
cubic lattice, the diffraction pattern | 
can be considered to be due to the 
texture of the specimen composed of 
cubic ice of no preferred orientation 
and hexagonal ice of preferred orien- 
tation having basal plane parallel to | 
the plane of substrate. In fact, non- 
basal hexagonal reflections did appear 
when the specimen film was inclined | 
to the incident electron beam, as — 
shown in Fig. 2-b’). Fig. 2-d) is a 
typical halo pattern. 

Above four types of diffraction 
patterns were obtained from the. 
specimens of ice formed in the tem- 
perature ranges a) above —80°C, b) | 


(11,6) 


(22,0) 
(21,5) 


(531) 
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from —80°C to —120°C, c) from —120°C to 
—150°C and d) from —150°C to —195°C, re- 
spectively. The intensity ratio between cubic 
and hexagonal rings from the specimen formed 
in therange b) varied according to the tem- 
perature of formation and the rate of deposi- 
tion, the intensity of cubic rings increasing 
at the cost of that of hexagonal rings with 
decreasing temperature and decreasing rate 
of deposition. There was no indication for 
preferred orientation of cubic ice prepared in 
the range c). 

Results of reflection experiments were 
similar to those of transmission experiments. 
It was noted, however, that at the initial 
stage of formation only cubic form was 
formed even above —120°C. When the rate 
of condensation was high, the ice formed on 
the initial layer was hexagonal having pre- 
ferred orientation, (00,1) paralleled to the 
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substrate surface, while, when the rate is 
slow, cubic ice continued to be formed. Fig. 
4—a) and b) shows the reflection pattern ob- 
tained from the ice formed at —100°C; a) 
shows the cubic pattern from the initial layer 
and b) shows the hexagonal pattern from the 
deposit on the former. 

As for the transformation between various 
forms of ice, the following observations should 
be mentioned. When hexagonal ice was held 
at temperatures in the range from —100°C 
to —195°C, no change was observed on the 
pattern for a few hours, showing that trans- 
formation from hexagonal to cubic hardly 
occurs at low temperatures. In spite of the 
fact that the vapor pressure of ice exceeds 
1x10-°mmHg at about —100°C, ice layers 
survive on substrate above this temperature 
and electron diffraction pattern was observed 
sometimes for several minuites even at —65°C. 


Table I. Observed and calculated intensities of cubic ice relative to that of 
(220) Debye ring put equal to 100. 
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Similar phenomenon was reported by Konig 
and Blackman and Lisgarten. While these 
authors reported some indication of trans- 
formation from cubic to hexagonal at about 
—80°C, no definite such indication was re- 
cognized in the present experiment. 

The ice formed at the temperature below 
—150°C, which shows halo pattern, was 
gradually transformed to the cubic ice when 
the temperature raised to above —150°C. 


Trial and Error Study of Hydrogen 
Position 
1) Cubic ice 

The observed relative intensity of cubic ice 
was tabulated in Table I, and compared with 
the intensities calculated for various models 
analogous to those proposed for hexagonal 
ice. In Fig. 5, the intensities were plotted 
on logarithmic scale, the calculated intensities 
being displaced vertically for clarity. Crosses 
represent the observed intensity /%,., and 
plain circles, the intensity J%,, corrected for 
the temperature effect assuming 9=203°K. 
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Fig. 5. Comparison of the relative intensities. 
Triangles, black circles and dotted circles 


represent the calculated intensities, respec- 
tively, i) disregarding hydrogen scattering, 
I°~|Fo°|?, ii) due to Pauling’s half hydrogen 
model, Jp~|Fp|?, and iii) due to Barnes’ 
model, Jz~|Fz|?._ For the atom form factor 
of oxygen f? and hydrogen /¥”, the values 
given by Ibers? were used. 

The primary extinction effect can be con- 
sidered to be negligible in the present case; 
the maximum possible value of structure fac- 
tor F=f; is 3.34 volts at the angle of (111) 
reflection which corresponds to the value of 
the extinction coefficient f(A) about 0,96 for 
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crystal thickness=100 A (Blackman??, Honjo 
and Kitamura”?). 

In the lower order reflections, such as (111), 
(311), (222), (400), (422) and ((511), (333)) etc., 
the considerable differences were found be- 
tween Ions and [-°. This indicates that the 
contribution of hydrogen scattering were 
significant in the lower order reflections. The 
overall trend of the observed intensities can 
be fitted by Barnes’ model as well as Pauling’s 
model. The trend of the intensities (331), 
(440), (664) and (844), and the appearance of 
(222) and (442) and non-appearance of (622) 
and (662) reflections, however, are definitely 
more favorable for Pauling’s model than for 
Barnes’ model. 

Using the scale factor given in the next 
section, reliability factor R= >°||Fops|—|Feaill 
/>\|Fops| was calculated and the values 8%, 
19% and 20%, were obtained, respectively for 
Fp, Fe and F.°. Assuming Pauling’s model 
the temperature factor was re-calculated by 
Wilson’s method and a value O=203°K was 
obtained, which coincide well with the value 
determined from temperature variation of 
intensity. 

Thus, the Pauling’s model is most probable, 
though there are slight discrepancies in (440), 
(620) and (533) reflections. These discrepan- 
cies, 6=|17%,,—I?21/I%eo Which exceeds 1.50, 
could not be eliminated by changing O-H 
bond length in a range from 0.90 to 1.05 A as 
shown in Fig. 6. 
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Fig. 6. The variation of the discrepancy’ para- 


meter 9 by changing O-H bond length in Paul- 
ing’s model, 
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In the above consideration, only non-polar 
structure were considered. If we allow 
polarity, a structure model as shown in Fig. 
7 can be conceived. This structure is not 
cubic but tetragonal belonging to 4: md 
(Cw) with polar c-axis and gives Debye- 
Scherrer pattern of intensity quite similar to 
that due to Pauling’s half hydrogen model as 
shown in the last column of Table I. Thus, 
as far as intensity data of Debye-Scherrer 
rings of lower orders are concerned, we can 
not rule out this structure. But, no indica- 
tions for tetragonality of lattice parameter, 
namely, line splitting or unevenness of line 
breadth, were observed, and it seems very 
improvable, if not impossible, that such a 
tetragonal structure has an axial ratio exactly 
equal to unity. 


Fig. 7. Polar model for cubic ice. 
2) Hexagonal ice 

It was difficult to prepare specimens of 
hexagonal ice quite free from preferred ori- 
entation and admixture of cubic ice. Thus, 
no detailed study of its intensity was under- 
taken. But the following comment may be 
worth mentioning. Fig. 2-a) is due to spe- 
cimen of comparatively weak preferred ori- 
entation. Fig. 8 shows the intensities calcu- 
lated for Pauling’s model (full lines) and for 
the super-lattice rings due to Owston’s model 
(chain lines). This model containing eight- 
H.O molecules was proposed taking into con- 
sideration the results of Bjerrum’s calculation, 
and could not be eliminated by the early 
neutron diffraction data due to Wollan, David- 
son and Shull. When we compare Fig. 2-a) 
(Fig. 3-a)) with Fig. 8, it is noted that over- 
all trend of the observed rings shows reason- 
able agreement with the calculated values for 
Pauling’s model and that no trace of (00, 1), 
(10, 1) and (00, 3) reflections, which must be 
fairly strong for Owston’s model, was ob- 
served, while their higher order reflections 
(00, 2) and (20, 2) could be certainly observed. 
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Thus, we can eliminate Owston’s model. 
Similar conclusion can be drawn also for other 
super-lattice structures as proposed by Bernal 
and Fowler. 
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Fig. 8. Calculated intensities for Pauling’s and 
Owston’s models of hexagonal ice. 
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Fig. 9. Polar model for hexagonal ice. Black 
circles represent hydrogen atoms. Single and 
double plain circles represent oxygen atoms as 
shown in d). When a) be A-plane (g=0), b) or 
c) are possible for B-plane (¢=1/2). 


As in the case of cubic ice, we can con- 
struct a simple polar structure as shown in 
Fig. 9, which gives Debye-Scherrer pattern of 
intensity quite similar to that due to Pauling’s 
model. Campbell? and Rossmann?# have 
once reported the piezo- and pyro-electricities 
of hexagonal ice, but this was negated by 
latter experiments. 


§5. Fourier Analysis 

The hydrogen positions in cubic ice were 
studied by Fourier method: the difference 
radial distribution, two dimensional Fourier 


112 


map of potential distribution were synthesized 
from the observed data. 

Wilson’s statistical method to put the ob- 
served relative intensities on absolute scale 
is not favorable in the circumstance of the 
present case, that the crystal have high sym- 
metry and the intensity of higher order re- 
flections can hardly be measured with high 
accuracy. Thus, the observed intensities was 
put on the absolute scale in the following 
way. The potential distribution in the crystal 
can be given by 


Qoos(r) = V+ V2 +E > Fs) exp [u(s-r)] , 


where V°, V“ are mean inner potential of 
the crystal due to oxygen atoms and hydrogen 
atoms, respectively, € is the scaling factor to 
be determined and s is the scattering vector 
of magnitude s=|s|=4zsin 0/4. The peak 
height of oxygen atoms in this distribution 
should be equal to the peak height in the 
potential distribution of oxygen frame work 
calculated by 


ge=V°+ >) Fe%s) exp [z(s-r)] . 
Therefore, 
€=[>) F.(s) exp [2(s-r)] 
—V7/>X. Fo,.(8) exp [2(s-1)] . 


V“ was calculated to be 1.04 volts assuming 
neutral hydrogen. 


1) Radial distribution function 
The difference radial distribution function 


PADN)=P7Dr)—r7 Der) 
=F \orodet rs) +orrot(n) 


+9" (ri)e"(r2)|dridr. 
=r >) Si[Lops(si)— Le%(si)] sin (sur) 


was calculated from the observed intensity 
Ions and the calculated intensity 1°. Here 
yr) and g”(1r) represent the potential distri- 
bution due to oxygen atoms and hydrogen 
atoms, respectively, and the summation is 
taken over discrete numbers of Debye rings, 
si representing their s-values and Jops(si) and 
I.°(si) the intensity of the 7-th ring including 
the multiplicity. The zero-th term of this 
summation is given by 7[2V°V#+(V#)]. 
Actually the summation was taken upto s=11, 
and the result was shown in Fig. 10. This 
distribution function should consist of O-H 
and H-H peaks and not of O-O peaks which 
correspond to 
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IO GA = rl 9(r1)e(rz)dridrs . 


Though the H-H peaks can hardly be re- 
cognized in Fig. 10, O-H peaks are clearly 
found at about r=1.0 A, well corresponding 
to Pauling’s model. No peak is found at 
y=1.38 A, corresponding to O-H distance in 
Barnes’ model. 
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Fig. 10. Difference radial distribution curve. 


2) Two dimensional Fourier synthesis 

For the synthesis of the Fourier maps three 
premises had to be used. One is the assump- 
tion of the existence of the center of sym- 
metry at the mid-point of O-O bond. The 
other premise is due to the circumstance that 
reflections having different indices, e.g. (660) 
and (820), overlap on the same Debye ring. 
In the present calculation, the intensities of 
such composite Debye rings were divided into 
their components with the ratio determined 
by Pauling’s model. Fortunately, the inten- 
sities of such composite Debye rings were so 
weak that the results were not sensitively 
influenced by the ratio of the division. Divi- 
sions in other ratio such as in a ratio of the 
calculated intensities disregarding hydrogen 
scattering and in the ratio of multiplicities 
of reflections, gave nearly identical results. 
The sign of the structure factor F(rk/) was 
determined according to that of |F°(hkl)|, 
since it can naturally be considered that 
IF (hRD|>|F#(hkl)|. For reflections of F.°=0, 
the sign expected from Pauling’s model was 
used; of these reflections, (222) was the only 
one used for the synthesis, and the sign is 
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independent of the position of hydrogen atoms 
so far as they are on O_O bond. 

Two dimensional potential Fourier maps 
projected on (001), (110) and (111) plane were 
calculated by Beevers and Lipson’s strip, the 
summation being terminated at (10, 2, 0), 
((993), (755), (771)) and (862) reflections for 
the three projections, respectively, all corre- 
sponding to s~1l. Fig. 11 shows the po- 
tential Fourier map of the (001) projection 
calculated by using the structure ampli- 
tudes given by the square root of the ob- 
served intensities, j,1;, without correction of 
thermal effect. Two peaks at (0, 0), (a/4, a/4) 
are surely the potential peaks of oxygen 
atoms. In this map containing thermal vibra- 
tion of atoms, the resolution is so poor that 
the indication of hydrogen atoms are only 


a/4 400 
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Fig. 11. Potential Fourier map of (001) projec- 
tion. The contour heights are shown in arbit- 
rary scale. 
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Fig. 12. Potential Fourier map of (001) projec- 
tion corrected for the thermal effect. The unit 
of the contour scale is 0.37 volt-A. 
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recognized as bulges of oxygen peaks along 
O-O bond. Fig. 12 shows the potential Fourier 
map of the same projection obtained from 
temperature corrected data assuming the 
Debye temperature 9=203°K. The figures 
attached to contour lines represent the poten- 
tial value in 0.37 volt-A unit. The mean 
inner potential was calculated to be 3.70 volts 
by Tull’s method”), assuming neutral oxygen 
and hydrogen atoms, of which V°=2.64 volts 
is due to oxygen atoms and the rest V“=1.06 
volts to hydrogen atoms. For oxygen peaks 
at (0, 0) and (@/4, a/4), the contour lines above 
140 units, or 52volt-A, were omitted. In 
this map, the termination effect is considerable 
as revealed by comparing it with the two 
dimensional potential Fourier map of the 
oxygen frame work of the same projection, 
Fig. 13, constructed by synthesizing F.°(hkl) 
with the same termination. The sections of 
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Fig. 13. Potential Fourier map of oxygen frame 
work projected on (001). The unit of the cont- 
our scale is 0.37 volt-A. 
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Fig. 14. Comparison of the sections along (110) 
in the maps of Fig. 12 (full line) and Fig. 13 
(chain line). 
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Fig. 12 and Fig. 13 along O-O bond are com- 
pared in Fig. 14. We can see that the peaks 
marked by crosses in Fig. 12 are erroneous 
ones due to the termination effect, and that 
the two peaks on O-O bond are true ones 
though they are considerably affected by the 
same effect. Thus, the difference Fourier 
map, where the contribution of oxygen atoms, 
Fig. 13, was subtracted from Fig. 12, was 
constructed and shown in Fig. 15. In this 
map two peaks on O-O bond stand out in 


a/4 


Fig. 15. Difference potential Fourier map project- 
ed on (001). The unit of the contour scale is 
0.37 volt-A. 


Fig. 16. Difference potential Fourier map project- 
ed on (110). The unit of the contour scale is 
0.26 volt-A. 
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relief against a smooth back ground. Their 
height is 30volt-A (82 units) being 0.97A 
distant from the oxygen atoms. It is noted | 
that the shape of their contours is elliptically 
elongated perpendicular to O-O bond. 

Fig. 16 reproduces the difference potential 
Fourier map projected on (110) and plotted 
with the unit of contour height equal to 0.26 
volt-A. In this projection oxygen atoms are © 
at (0, c/8). We find two separate peaks of a | 
height about 20 volt-A (75 units) on the line 
connecting oxygen atoms and elongate peaks © 
of height 65volt-A (245 units) at (0, 0) and 
(a/4, c/2). The former two peaks are at a 
distance 0.98 A from the oxygen atom. 

Fig. 17 reproduces the difference potential — 
Fourier map projected on (111). In this pro- 
jection oxygen atoms are at (0, 0), (a,/2, b,/6) 
and (0, 0,/3). We find two elongate peaks of 
height 26 volt-A (41 units) at a distance 0.94 A 
from the oxygen on each line connecting these | 
oxygen positions and circular peaks of height 
48 volt-A (74 units) just upon the oxygen posi- 
tion. 

Above mentioned peaks in the difference 
Fourier maps, Fig. 15, Fig. 16 and Fig. 17, 
can very reasonably explained by Pauling’s 
half-hydrogen model: the three maps corre- 
spond to the areas in the dotted line of the 
Fig. 18-a), b) and c), respectively. The hy- 
drogen peaks in (001) projection just corre- 
spond to two half-hydrogen atoms on the 
bond connecting two oxygen atoms marked | 
by A and B in Fig. 18-d). In (110) projec- | 
tion, two peaks of 20 volt-A height correspond 


Fig. 17. Difference potential Fourier map project- 


ed on (111), 
0.64 volt-A. 


The unit of the contour scale is 
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to the half-hydrogen atoms on AD-bond and 
the elongate peaks at (0, 0) and (a/4, c/2) cor- 
respond to 4-half-hydrogen atoms on AB and 
AC bonds unresolved on account of the fore- 
shortening of the bonds. In (111) projection, 
the peak 48volt-A at (a,/2, b,/6) corresponds 
to 2-half-hydrogen atoms on AB projected 
edge on, and peaks of 26volt-A arranged 
hexagonally around it are half-hydrogen atoms 
on six O-O bonds, three around A-oxygen and 
three around B-oxygen. As shown in the 
next section a half-hydrogen is expected to 
give a peak of height about 25 volt-A in two 
dimensional Fourier maps with the termina- 
tion at s=11A™!. The observed peaks have 
reasonable height. 


Fig. 18. Key diagrams for Fourier maps of cubic 
ice projected on a) (001), b) (110) and c) (111). 
d) represents the frame work of the cubic st- 


ructure. 


§6. Potential Distribution of Hydrogen 
Atom in Two Dimensional Fourier Map 


The potential in an atom is the sum of the 
positive potential due to nucleus and the nega- 
tive potential due to electron cloud. In cry- 
stal, the distribution of electrons must shift, 
more or less, from that in the isolated neutral 
atom. This may result in a deformation of 
contour lines of potential and a displacement 
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of potential peak from the position of nucleus. 
Following consideration gives a rough estima- 
tion of such effects and is useful for further 
discussion of the potential Fourier map ob- 
tained in the last section. 

The two dimensional potential distribution 
in an isolated spherically symmetric atom, 
g(r), is given by Hanckel inversion of the 
atomic scattering factor f. for electrons: 


er) =(1/2n)| fai(srsds (1) 


(Weinstein™), where Jy is Bessel function of 
zero-th order. For hydrogen atoms, 
pp ES ’ 
where f/f,” is the atomic scattering factor for 
X-rays given by 
wt ={4/(4+az7s")} , 

az being Bohr’s radius. Thus, the -two- 
dimensional potential distribution g” of hy- 
drogen atom, is the sum of the distribution 
grr) due to nucleus (proton) and that, ¢.(r), 
due to electron: 


ge" (r)=Onl7)+ eer) ; 
where 


eu(r)=(/2m)) Als) lsr)sds . (1a) 


mt (r= (fen) "(— FHS eds same 


Here, if we construct a function 
g(r, Ar)=enr)+¢cr+47) , 
this will give the potential distribution due 
to a “hydrogen atom”, in which the center 
of electron distribution shifts a distance dr 
from the position of proton. As the matter 
of fact, the integrals (la), (1b) are both 
divergent and we can not calculate g(r, 47). 
We can calculate, however, a similar potential 
distribution by the following way. 
Consider a crystal composed only of hy- 
drogen atoms. The two dimensional potential 
distribution of the crystal is given by 


g(x, V)=Onlx, V)+GL%, Y) 5 
where 
gn(x, ¥)=(1/A){Fn(000) 
+2 >; Fra(hk0) cos 2x(hx+ky)} , 
ge(x, ¥)=(1/A){F.(000) 
+2 >, F.(hk0) cos 2x(hx+ky)} , 


provided that the crystal has a center of sym- 
metry, ¢n and g are the potential distribution 
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due to the nucleus and electron cloud, re- 
spectively. Fnr(hkO) and F.(hkO) are the cry- 
stal structure factors due to the nucleus and 
electron cloud, that is, they are given by 
attributing the scattering factors 1/s? and 
—f4/s?, respectively, for each atomic position. 
The first terms of the series, F,(000)/A and 
F.(000)/A, can not be known seperately, but 
the sum of them, {/,(000)+ F.(000)}/A = F4(000) 
/A, can be calculated, since F'”(000)/v is equal 
to V“, where V” is the mean inner potential 
of the crystal and v is the unit cell volume. 
The remainders 


—F(000)/A 


can be calculated with any desired approxi- 
mation by summing up the series to corre- 
sponding terms. These gp’ and ¢.’ are the 
parts of potential distribution that determine 
the variation of potential relative to the levels 
determined by the mean inner potential. 
gn (r) and ¢’(r) were calculated for (001) pro- 
jection of a hypothetical face centered cubic 
crystal of hydrogen of lattice constant a=5.0 
A. The mean inner potential of this crystal 
is calculated to be 0.8 volts by Tull’s method. 
Series were terminated at s=11 A7-!, the same 
as the Fourier series in the last section. The 
potential distribution along [110] axis are 
shown in Fig. 19-a) by full line. In this 


a) 
: vA 


b) 


==7(h) O° 05 Xo) na 


Fig. 19. Potential distribution of hydrogen atom. 
a) for proton and electron cloud. b) for hyd- 
rogen atom in normal (full line) and ionized 
(chain line) states. 
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direction, H-H distance is 3.5A. It is noted | 
that ¢n’(r) shows far steeper distribution than — 
g(r). This is, due to the fact that the 
former is the potential distribution due to 
point charge, while the latter is that due to 
electron cloud. For comparison, ¢n’(7) and 
v-(r) were calculated with a termination at 
Smax=15 A-!. @n’(r) becomes higher and 


steeper with increasing Smax, while g(r) 


shows no difference for smax larger than 10 — 
A-!. The full line in Fig. 19-b) shows the 

sum of gn‘(r) and ¢’(r) for Smax=11 A“, 
F#(000)/A=a- V4=4.0 volt-A. This gives the 
potential distribution of the “neutral” hy- 
drogen crystal. Fig. 20 shows the two-dimen- 
sional map’ of ¢n/(r)+ g(r + 4r)+F'#(000)/A 
for some values of 4r. These maps give the 
change of the two-dimensional potential dis- 
tribution of a hydrogen atom in the crystal, 


a) 


ae © Dre0.28 
pelea. 
Clars0.44 d) ar=0,6A 


<2 


f) ar=o0 


e€) ar=0.8A 


Fig. 20. Two dimensional distribution for hyd- 
rogen peak. Contours are drawn at an interval 
of 10 volt-A. Contours of heights below 10 
volt-A are omitted. 


when the center of electron cloud shift dr 
from the position of nucleus, provided that 
the mean inner potential does not change 
with the shift. Fig. 20-a) corresponds to the 
neutral hydrogen atom, while Fig. 20-f) to 
the ionized state of the atom. By the shift 
Ar, the out-skirt of the potential distribution 
is distorted considerably, but there occurs no 


plus ; 


1960) 


appreciable change near the summit and the 
position of the peak nearly coincide with the 
position of nucleus. The shift of the peak 
position is at maximum 0.02 A for 4r=0.4 &. 

It was assumed in the above consideration 
that electron cloud shifts without changing 
its spherical distribution. This assumption 
seems to be unreal and the distribution may 
be more or less elongated along the line of 
shift. According to the above result, how- 
ever, such distortion also may affect only the 
out-skirt potential distribution and may not 
change the position of potential peak, espe- 
cially in the direction of the elongation. The 
above calculation shows also that heights of 
49 and 69 volt-A are expected for the potential 
peak of neutral and completely ionized hy- 
drogen atoms, respectively, in two-dimensional 
Fourier map with the termination at smax 
tls. 


§ 7. 
1) Crystal formation 

In Table Il summarizing the experimental 
data on the temperature ranges of formation 
of various forms of ice, the results of Black- 
man and Lisgarten and Shallcross and Car- 
penter are remarkably different from the 


Discussions 


Table II. Summary of experimental results of 
crystal formation from water vapor on a base 
at low temperature. 


Temperature ranges (°C) 


5 =| = a = a -60 
180 160 140 120 190 80 iC 
small . 
6ni hexagonal 
Konig crystals cubic g 
crystal : H 
Honjo et dl, growth poor cubic jhexagonal 
es 
Blackman & | amorphous or cubic | hexagonal 
Lisgarten small crystal 
Shalicross & “ss. cubic 
Carpenter amorphous | ">= hexagonal 
cubic w Se 
Bis paper [trae paftern) } hexagonal 
T ae) T T a 


others. It should be noted here the fact that 
Blackman and Lisgarten prepared ice crystal 
by condensing water vapor of higher vapor 
pressures, 10-1~10-* mmHg, while it was 
prepared from water vapor of pressures Om 
mmHg in Honjo et al.’s experiment, and from 
residual water vapor of pressure, presumably, 
of the same order in Konig’s experiment. 
The X-ray samples of Shallcross and Car- 
penter’s experiment must have been also 
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prepared from water vapor of much higher 
vapor pressures. Therefore, the rate of con- 
densation of water vapor must have been 
faster in Blackman and Lisgarten’s and 
Shallcross and Carpenter’s experiments than 
in the other electron diffraction studies. The 
result of present experiment shows that the 
temperature ranges vary considerably with 
the rate of condensation in such a way that 
the faster the condensation, the narrower the 
temperature range for cubic formation, and 
that the original data due to Konig, from 
—150°C to —80°C, is reasonable as the range 
for slow condensation. For fast condensation, 
it seems to be difficult to define the range, 
since the cubic sample prepared by rapid 
condensation is hardly free from hexagonal 
form. It is noted that the “cubic pattern” 
reproduced in Blackman and Lisgarten’s paper 
shows the trace of (10, 3) hexagonal ring be- 
tween (220) and (311) cubic rings. 

Concerning the transformation from cubic 
to hexagonal form at high temperature, no 
definite evidence was found in the present 
experiment, which is not consistent with 
Konig’s and Blackman and Lisgarten’s re- 
ports. It is worth while to mention here the 
possibility that Blackman and Lisgarten and 
Konig had observed the pattern of hexagonal 
ice recondensed at high temperatures. 

At present we can not say definitely whether 
the halo pattern, obtained at low temperatures, 
corresponds to amorphous or small crystals. 


2) The position of hydrogen atoms 

It was concluded that Pauling’s half-hy- 
drogen model is appropriate for cubic ice as 
well as for hexagonal ice. From the two 
dimensional Fourier maps shown in Section 
5, the mean distance between oxygen and 
hydrogen peaks are found to be 0.96 0.03 A. 
As was seen in Section 6, this distance must 
be equal to the distance between nuclei of 
oxygen and hydrogen atom and should be 
compared with the neutron data for O-H 
distance in hexagonal ice, 1.01 A, reported by 
Peterson and Levy. The present value is 
shorter than this value, though the difference 
exceeds only slightly the limit of accuracy of 
the psesent value. No reason can be conceived 
that the O-H bond length in cubic ice should 
be different from that in hexagonal ice. It 
is worth mentioning the fact that Kume and 
Kakiuch?2® recently have succeeded in deter- 
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mining the O-H bond length in hexagonal ice 
by the nuclear magnetic resonance and ob- 
tained a value 0.98+0.001 A at —190°C, as- 
suming that the hydrogen atom is on O-O 
bond. 


3) The elliptical shape in the two dimensional 
potential distribution of hydrogen atom 

It is noted in all two dimensional Fourier 
maps in Section 6, that hydrogen peaks show 
elliptical contours elongated perpendicular to 
O-H bond. For this fact following reasons 
may be conceived: i) termination effect of 
Fourier synthesis, ii) distortion of electron 
cloud, iii) shift of H-O-H bond angle from 
the tetragonal angle and iv) anisotropic thermal 
vibration. The first effect can be ruled out, 
since the difference Fourier map, constructed 
with the same termination, s=11A™ and 
composed of the structure factor: calculated 
for Pauling’s model, Fp, does not show ellip- 
tical but circular potential peaks of hydrogen 
atom. As was seen in Section 6, the second 
effect, if exist, can not distort so much the 
higher contours as observed. The third effect, 
suggested by Rundle?”, is that the water 
molecule in ice crystal reserves the H-O-H 
bond angle, 104.5°, of free molecule and so 
arranged that one O-H branch of it is along 
O-O bond and the other O-H branch deviates 


a) 


. = 
H H 
O O 
b) lh 
y U 
H- atom 
O- atom 


Fig. 21. Deviations of the hydrogen atom from 
O-O bond. Arrows represent O-O bond direc- 
tion. 
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neccessarily from the direction of O-O bond 
as shown in Fig. 2l-a). When this deviation 
occur at random around each O-atom, the net 
effect appears on Fourier map as an elonga- 
tion of hydrogen peak perpendicular to O-O 
bond. This effect as well as the anisotropic 
thermal effect can be taken into account by 
assuming that the hydrogen atom distributed 
with equal probability on a circle around O-O 
bond as shown in Fig. 21-b). The radius of 
circle u is estimated from Fourier map to be 
about 0.14. The atom form factor of hy- 
drogen atom in such distribution, fr”, is given 
by 
fre = f# exp[—s2uv? sin? 2/4] , 

being the angle between the direction of 
O-O bond and the scattering vector h. Using 
fr®, the structure factor Fr was calculated 
and compared with Fops and Fr in Table III. 


Table III. Comparison of the observed and 
calculated structure amplitudes. 

hkl Fobs Fp FR Fy 

111 4.86 Beat. BIBS 6.27 
220 4,66 4.71 4.55 ay ou! 
Sah 2.42 2382 2.34 2.34 
222 0.91 1.14 eal: 1.62 
400 (vA 2.58 Jao) 2.47 
33 2.49 209 2265 2.80 
422 2.49 2.61 2.63 2.69 
333 1.28 1.29 Ileal 1.16 
Bit Teal, 1.43 1.43 1.42 
440 Ze21 240% 2.54 2262 
531 72 1.48 1.46 1.48 
620 1.06 1.68 1.62 1.66 
533 1.03 1.38 1.39 1.38 
444 1.60 1.50 Sil 1.49 
551 1842 1.38 1.38 1.38 
711 1.07 1.07 1.00 1.01 
642 TSE 154 1.55 ly! 
553 0.92 0.90 0.95 0.92 
iu 0.88 0.86 0.87 0.86 


The agreement was slightly improved, result- 
ing the reliability factor Re=7.7%, while that 
of simple Pauling’s model Re=8.0%. 


4) Ionization 

With the accuracy of peak height in our 
Fourier maps, no definite conclusion can be 
drawn whether hydrogen atoms are ionized 
or not. But, it is noted that the calculated 
structure factors for completely ionized hy- 
drogen atom gives worse agreement, Ri=13%, 
than those for neutral hydrogen atom, R=8.0% 
(cf. Table III). 

In conclusion, the author wishes to express 
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For a system consisting of a medium-plasma and an externally inject- 
ed beam with non-uniform density and temperature, electron-plasma osci- 
lations are described on the basis of linear macroscopic equations. In 
the one-dimensional case the spatially growing plasma wave and the 
standing plasma wave are discussed. It is found that in the former a 
wave propagating towards descreasing density grows up higher than in 
the uniform case; in the latter the wave-length becomes shorter towards 
lower density and jumps of mode and frequency occur at a thickness of 
the layer greater than that in the uniform plasma. Towards increasing 
density the circumstances mentioned above are reversed. Finally a brief 


account is given on the two-dimensional case. 


$1. Introduction 


It has been known for many years that an 
elec'ron beam, passing through a medium 
plasma, interacts closely with it and gives rise 
to plasma oscillations. When the plasma is 
uniform in space, various features of plasma 
waves have recently been investigated in a 
series of papers by the author.»-» However, 
when the plasma is non-uniform, the conse- 
quences obtained in the uniform case may be 
more or less modified. Besides a coupling 
between longitudinal and transversal waves 
will appear owing to gradients of density and 
temperature. 

For non-uniform thermal plasmas in which 
no electron beam is present, electron-plasma 
oscillations have been treated in several 
papers.”-® Among them radiations emitted 
from plasma oscillations owing to density 
and temperature gradients have also been 
discussed.©®) 

In most cases of gaseous discharge, there 
exist non-uniform regions in thermal plasmas, 
through which electron beams are running. 
Therefore it is of importance to clarify effects 
of non-uniformity on plasma waves excited in 
such a medium. 

In the next section macroscopic equations 
for the system of thermal plasma and 
incident electron beam will be presented and 
linearized for oscillating components under 
suitable assumptions. The following two sec- 
tions will deal with one-dimensional cases, in 
which plasma waves are independent of trans- 


versal ones or radiations. In §3 the case of 
spatially growing plasma waves will be 
examined where the interaction of the beam 
modulated at an incident boundary with the 
plasma causes the amplification of modula- 
tion. The behaviours of standing plasma 
waves will also be treated in §4. The main 
purpose of these two sections will be to make 
apparent some modifications due to non-uni- 
formity by comparing results obtained with 
those in uniform cases. In §5, a brief con- 
sideration will be given in two-dimensional 
cases, where plasma waves will be coupled 
with radiation. 


§2. Basic Formulations 


To take into account effects of density and 
temperature gradients it is more convenient 
to treat plasmas macroscopically, since quanti- 
ties such as density and temperature can be 
expressed explicitly in fundamental equations. 
The macroscopic or phenomenological theory 
of plasma has been developed by Kihara” in 
general form. Ina similar way as his, funda- 
mental equations with respect to the j-th 
species, of which a plasma is composed, may 
be written as follows: 


0 
“pp 3) +: (mjnjv;)=0, (2.1) 


6) 
ra (mjn;0;)=en;(E+0; x B)—y-(P; 


+MjN;V5V5), @2) 


00; 2 
Wee mr yer Ee 01) (2.3) 
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The first is the equation of continuity where 
m3, Nj and U; are the particle mass, the num- 
ber density and the mean velocity of the j-th 
species respectively. The second represents 
the equation of motion in which the electric 
charge of the partial-pressure tensor of this 
species are respectively denoted by e; and Pj. 
The resistence acting on this species is neglect- 
ed, as we consider only a rarefied plasma with 
negligible friction. The gravitational force is 
also discarded. The third corresponds to the 
equation of thermal energy; (//1)0; is the 
mean thermal energy per particle where / is 
the number of degrees of freedom of the 
particle and @; is connected with the tempera- 
ture T; in such a way as 0;=«T;, « being the 
Boltzmann constant. q, denotes the heat flux 
of the j-th species. 

Here let us assume that the partial-pressure 
tensor is reduced to a scalar, which means 
that the viscous effect is ignored. Hence 


P;=n30;L, 


where I is the unit tensor. In general the 
heat-flow term does not always vanish in the 
non-uniform plasma, but we shall neglect it as 
it would be justified for our study of rapidly 
varying processes such as plasma oscillations. 
Thus Eqs. (2.1) to (2.3) become 


0 
a TV (nie) =0, (2.4) 
Gers V)es= (+0, x B)—-——yin0), 
ot my; M1jNj 
(255) 
0 2 
——— . = “U3. (2.6) 
(5p teev)a joa j 


Together with these, the following Maxwell 
equations must be satisfied. 


soe Oey, (2.7) 
VXE at 
pxH= 22 + D15€jNjV5 , (2.8) 
p-B=0, (2.9) 
7-D= d13e5nj « (2.10) 


Here we assume D=&F and B=/oH. 

Now we consider a system composed of a 
non-uniform plasma and an electron beam. 
Positive ions are supposed to constitute a con- 
tinuous background almost neutralizing nega- 
tive charges of electrons on the average. Ac- 
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cordingly one species in this system is electrons 
in the medium plasma and the other is those 
in the beam. 

Hereafter we write the subscript j as p for 
the former species and as b for the latter and 
put—e and m in place of e; and mj; respec- 
tively. We first consider a stationary relation 
for the medium plasma. If there is a hydro- 
static pressure gradient, we may suppose that 
the electron fluid will flow much more rapidly 
than the ions as is usually assumed. Thus a 
slight charge-separation will be induced and it 
will give rise to an electrostatic field Ko, 
which, in turn, will restrain the electron flow, 
resulting an immediate equilibrium state. 
Therefore in this state Up=0 and Eq. (2.5) 
gives a relation of balance 


eRk+ = (N09 m)=0, 


po 


(2.11) 


where the suffix 0 represents a stationary or 
equilibrium state. Then the number density 
of electrons mio is a little different from that 
of ions mj. Denoting its difference by dmpo, 
the electrostatic field Ho satisfies 


7 Ev=—<—(nio— Nm) = — —— itm, (2.12) 


which gives, by Eq. (2.11), 


We wiry eae 
Ona: a V | Nvo ; 


It is easily shown that dz» is much smaller 
than mp, if my and On are slowly varying 
functions of position. Thus a condition of 
quasi-neutrality of electric charge is fulfilled 
even in the presence of non-uniformity. 

For the beam, we simply assume that all 
the electrons have the same velocity and 
hence the temperature of the beam vanishes, 
or 0.=0. Thus Eq. (2.4) becomes 


7: (MvoWv0) = (Vo0- 7) v0 = 9. (2.13) 


Next we shall derive linearized equations of 
oscillating components for this system. For 
the medium plasma Eqs. (2.4)—(2.6) can be 
linearized as 


0 (22 \=—7-0n —Upi° Piva A (2.14) 
Ot N po Vivo 
0 é Ano ( Ny On ) 
— IBS es 
ot pe m m Ir No a Ano 
wi al Hs Bac V@ v0 I (2.15) 
On0 N po A no 
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where the subscript 1 represents the oscillat- 
ing component. Now it is convenient to intro- 
duce a displacement vector A» defined by 


Ay (2.17) 


pO 
ot 
Then Eqs. (2.14) and (2.16) give 


Up1 — 


Inserting these into Eq. (2.25), we finally 


obtain 


OPAr _ ey, Torn 4 ae A Ps 
Of ek nae ay pe nen 


+ re)+( ie Foe. 7)» 
A» Np A» 
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iat ‘ 
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: ml ep eae 


(2.18) 


where 7=(2/f)+1 and the subscript 0 is sup- 
pressed. The last term on the right-hand side 
of this equation comes from gradients of den- 
sity and temperature in the medium plasma. 

For the electron beam we can put 0n=0, 
Eqs. (2.4) and (2.5) are now reduced to 


( ne Uv0° rns are (MvoUo1), (2.19) 


( 0 + bia P on Ch te 
Ot m 


(2.20) 
Here we introduce a vector variable A, such 


as 
m=(5+ Uo0 *V Ay. (2 21) 
Ot : 
Inserting this into Eq. (2.19), we get 
Nyni=—P- (Nv Ad). (2.22) 


Thus Eq. (2.20) gives, by the help of Eq. (2.7), 
OO 2 e (OE 

a + ) 4 A, saa oe —< = as 

ot ( Ot me r) : </( Ot va XX) 


(2:20) 


Further, from Maxwell Equations we find for 
this system 


which becomes, by inserting Eqs. (2.17), (2.21) | 
and (2.22) 


OE e Ap 
bene ir = | re ar 
0A 
+im( 5, +0 v) oe — Un: (m0 )] 


=0. (2.24) : 


Thus Eqs. (2.18) (2.23) and (2.24) are the 
fundamental equations of this system for three 
variables KH, A, and A». It is, in general, 
very complicated to get, say, the equation of 
E alone by eliminating two other variables 
from these equations. Therefore we shall 
make further simplifications in later discus- 
sions. 

Now we consider the one-dimensional case 
where all quantities are functions of z and f¢. 
Then we get the following equations of z- 
components from Eqs. (2.18), (2.23) and (2.24) 


(OR; Gmbeh Oy 0 - Op HO) 
1 om ( Oz +D.) Oz om 19D 
9 (in O»)D: } |An=— § OES 
Oz m 
0 Gin \ cea. 20 
( ee ee An=——2_E:, (2.26) 
Re sat (Mp Ape t+» Are) , (RIF 
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where D.=0(In Np Op)/Oz. They correspond to 
longitudinal oscillations. Similarly equations 
of both x and y components can be written 
separately and they represent transversal os- 
cillations. The separability of components 
means that in the one-dimensional case there 
exists no coupling between longitudinal and 
transversal waves even in non-uniform plasmas. 
Details of longitudinal waves will be treated 
in the next section. 

In the two-dimensional problem the longitu- 
dinal wave cannot be separated from the 
transversal one. This case will be discussed 
in a later section. 


§3. Case of Spatially Growing Plasma Wave 
In this section we first take a cold plasma, 


so that @p=0. Then Eq. (2.25) is simply 
reduced to 
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(3.1) 


Hence, combining this with Eqs. (2.26) and 
(2.27), we get for E the equation. 


Eines aN (at ., 8) ptt Oe | prs 
( pte) Geto)" oe |B=o. 


where @,?=nype?/MEo, oy?=me?/mEo and the 
subscript zis omitted. Considering that 7» is 
a function of z, the above equation becomes 


OE FSA tas LL 
(oa toe (Gp te 2) +00 


+2vay? ne oat a — 0 ) 


Ny az Ot ‘ Oz 
1 @n»y 
ae 8 E= 
+ VW» EE | 0, (3.2) 


where vw» is simply written as v. 

Now we consider a spatially growing plasma 
wave. Inthe uniform plasma this case has 
been discussed in the previous paper.” Hence 
changes of wave-characteristics due to non- 
uniformity will be investigated here. 

We suppose the beam modulating with a 
constant frequency at an incident boundary, 
so that the time variation of the oscillating 
field E may be put exp(—zot). Thus Eq. 
(3.2) can be written as 


ae O Or" “) | or 
02 v op—o n)]dz |v 


/ 


Op” 2 


A’, i @ = 
Op—w? ane (wp?—@) n 


// 
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where is the abbreviation of m» and the 
prime to it is to take the derivative with res- 
pect to 2. 

To eliminate the term proportional to 0E/0z 
in Eq. (3.3) we carry out a transformation 


(2 2-01) ; 
gather. 


Op — oO 


(3.4) 


By means of this we obtain the equation for 
F 


Fr 
SCE of 0%, (3.9) 
de +0 
where 
Hi SC (3.6) 


wp(z)— 0 | 
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Thus in the frequency range of w?<o,%(2), 
o(z) is negative and growing oscillation is a 
solution. So far as o(z) is a slowly varying 
function of position, the solution of IDal., (ES) 
is obtained by means of the WKB approxima- 
tion. The result is 


v 


opti] 
A (@y2— w?) V2 i 


where C is an arbitrary constant. Here 
(wa»/V)(@y?— w)-¥/? indicates the growth rate of 
the amplified wave, which becomes infinite at 


F(2)=C (@,?—?)/4 exp fee ) 


Resonant 
point 


Fig. 1. Growth-rates of an amplified wave. The 
full line corresponds to a thermal plasma and 
the broken line to a cold plasma. 


the point corresponding to the resonance 
@p?=@? as shown by the broken line in Fig. 1. 
Thus it is clear that the growth rate increases 
as the wave travels down a density gradient, 
while decreases as the wave propagates towards 
an increasing density. 

So far as we have discussed about the cold 
plasma. If the plasma has a finite tempera- 
ture, we must be back to the set of Eqs. 
(2.25) —(2.27). If we take into account of the 
thermal effect, we obtain from these equations 
a differential equation of fourth order. It is 
easily seen that its solution for enough large 
@p?—@* approaches asymptotically that for the 
cold plasma. For w,?—o? comparable with 
V7?2w?/v2, Vr? being the mean square thermal 
velocity, 79,/m, the situation is not so simple 
and it makes an analytical treatment of the 
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equation very complicated. However by con- 
sidering the wave characteristics for the uni- 
form thermal plasma which has already 
investigated, it is possible to infer behaviours 
of the wave for this case in the near region 
of resonance. In the uniform cold plasma 
the infinity of the growth rate at the resonant 
point is suppressed by taking into account of 
thermal motions in the plasma. Then the 
growth rate becomes finite, but a little broaden- 
ed near the region of resonance. The same 
would be true for the non-uniform thermal 
plasma the real growth rate would behave like 
that shown by the full line in Fig. 1. 


§4. Case of Standing Plasma Wave 


As we have discussed in the preceding 
paper,” standing plasma waves are excited in 
a uniform layer with finite thickness. When 
the plasma has a slight non-uniformity, stand- 
ing waves will also grow up in a modified 
form. 

Here we consider only the cold plasma, 
since it is known that the effect of finite tem- 
perature is not remarkable unless the beam 
energy becomes comparable with the mean 
thermal energy. 

To see the behaviours of standing waves we 
shall study the waveform by use of Eq. (3.2). 
In the uniform case ’ and »’’ vanish and the 
equation yields the electric field of a form of 
exp [i(koz—of)], where the wave-number k and 
the complex frequency w= +/y are constants 
determined by the dispersion relation. It cor- 
responds to solve the equation as an initial- 
value problem. In the non-uniform case, 
unless effects of terms containing ’ and n’’ 
are too large, we may assume the electric 
field of a slightly modified form such as 


exp [2(§?k(z)\dz—(z)d)], (4.1) 


where the wave number k and the complex 
frequency w are supposed to be slowly vary- 
ing functions of the variable z. The frequency 
is independent of z for standing waves 
concerned, while the growth rate y varies 
slowly with z. 

For the wave-form (4.1), we obtain 


0 , 
( at +v e \B=—io—ho+00' DE, (4.2) 


Usually we are interested in the case where 
® is comparable with kv; that is to say, the 
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excited wave is nearly synchronized with the 
beam. Thus we may regard (o—kv) as the 
same order of magnitude of w or kv. Further- 
more the electric field will grow up propor- 
tionally to exp (yt), so that within the linear 
approximation yf is not far greater than 
unity; or t~1/ry. Then the right-hand side 
of Eq. (4.2) can be written as 


i(o—ko)(1+ ha r) 


aug 
If 
(W/k)(lr'I/r)<1, (4.3) 
then 
( & = o \ iio mB. (4.4) 
Similarly we get 
a OA tthe AA aR 
eae) ete (14 2 
elle WA 
abate 
which becomes 
=—(o—koPpk (4.5) 
if 
(1/R)(\R'|/k)<1 (4.6) 


holds in addition to (4.3). Thus by use of ap- 
proximations (1.4) and (4.5), Eq. (3.2) gives 
the approximate dispersion relation 


es 
wo Wee We Gy: (ku—w)? 
(4.7) 
Besides, if we assume 
(1/k)(\n0’|/2)<1 and (1/k?)(\n’’|/n)<1, (4.8) 


the relation (4.7) is reduced to the same form 
as the uniform case, which becomes 


Op? Wy” 
1 p 


“ot BF —_ 


Here it is to be noted that all inequalities 
(4.3), (4.6) and (4.8) would be reasonably valid 
if the rates of change of 7, Rk and n over a 
wavelength of the plasma wave are small 
enough, since k is inversely proportional to 
the wavelength. 

To see the variation of k with z, it is neces- 
sary to solve Eq. (4.9) by taking account of 
the change of w,?. We suppose w,? decreas- 
ing with distance in a plasma layer with 
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thickness D. Then the value of F=)7/@y? 
increases from z=0 to D, when o,? is kept 
_ constant. For o<1, typical curves represent- 
ing the relations between ®, y and k are 
given in a similar way as in the reference.» 


Wp =const 


kV fy, 2 (@) 


Fig. 2. Typical characteristic curves of wy) and 7 
versus k; (a) in a higher plasma-density and (b) 
in a lower plasma-density. 


(a) 


plasma density 


frequency 


fo) Dz Da Da 
thickness of plasma layer 


Fig. 3. (a) Spatial distribution of plasma density 
and (b) behaviours of mode and frequency 
against thickness of the plasma layer. 
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They are shown in F ig. 2, in which the curve 


_ (a) corresponds to the region near z=0 and (b) 


to the region near z=D. The characteristic 
curves are gradually deformed from (a) and 
(b) as the corresponding point goes from z=0 
to D. Then it is found that for a certain fre- 
quency » the value of kv/w, increases from P 
to @. When a standing wave is excited in 
this layer, the condition 


D 
§ k(@) dz=nx 
0 


must be satisfied. It is compared to that for 
the uniform case, k)\D=nz. Thus the fre- 
quency of standing wave is determined by 
satisfying the above condition. In such a 
frequency the wave-length diminishes succes- 
sively towards decreasing density. 

Contrary to the above, characteristic curves 
for the increasing density with distance move 
from (b) to (a), yielding more and more pro- 
longed wave-lengths. 

Now we discuss jumping phenomena of 
mode and frequency. As an illustration, the 
plasma is assumed to be uniform from A to 
B and thereafter have a decreasing density as 
shown in Fig. 3 (a). We suppose that the 
mode of m=3 starts, just when the distance 
from A reaches D;=AB. If the plasma be 
uniform throughout, the jump of mode and 
frequency to »=4 would occur at the thickness 


Fig. 4. An example of change of growth rate due 
to density variation. Curves (a) and (b) corres- 
pond to those in a uniform and a lower plasma- 
density, respectively. 
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D,. Then 7, would be just over 73 as argued 
lately.» However in the decreasing density, 
the third 1/2 wave-length diminishes and hence 
the first and the second 1/2 wave-lengths have 
to be prolonged. Accordingly the frequency 
@3 is more lowered as compared with the 
uniform case. At the thickness of Ds, ys in 
the uniform region AB becomes greater than 
y3, but in the lower-density region 7, is reduc- 
ed to zero or a very small value 7.’, as is seen 
in Fig. 4. Thus if we consider the effective 
growth-rate defined by 


i, (2 d 
Tert= p\r@ a 


rest for the fourth mode is still smaller than 
that for the third mode at the thickness D,. 
The mode-jump to ~=4 would occur at the 
thickness D,’ larger than D,, where rer; for 
the fourth mode would be just beyond that 
for the third mode. Consequently both the 
increment of distance and the range of fre- 
quency-pulling within which a definite mode 
is maintained increase due to the decrease of 
density, as indicated in Fig. 3 (b). 

For increasing density the opposite circum- 
stances may be concluded. 

Similar consequences for the mode-jumps 
will also be obtained by varying other para- 
meters such as the density and the velocity of 
the beam. 

It seems that the effects of non-uniformity 
on various features of plasma waves obtained 
in this and the last sections account for some 
experimental results! in which plasma 
oscillations have been observed in the region 
with concentration gradients. 

The oscillations observed in another experi- 
ment would be also ina non-uniform region.™ 
But the mechanism of exciting them is proba- 
bly a little different in nature from those 
discussed in this paper. It will be connected 
with emissivity of radiation in the next sec- 
tion. 


§5. Brief Discussion on Two-dimensional 
Case 


A most simple two-dimensional case will be 
that all gradients of density and temperature 
are in the direction perpendicular to the z-axis 
or to the beam velocity. For instance suppose 
both the plasma and the beam are confined 
within a cylinder with a definite radius and 
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Then plasma oscillations are 


| 


excited in this cylinder, but owing to the den- | 


sity and temperature gradients they couple 
with the transversal wave. This circumstance 


can be seen by solving the simultaneous equa- | 
We obtain an > 


tions (2.21), (2.26) and (2.27). 


equation for transversal components with 


source terms arising from longitudinal compo- | 


nent. Its solution represents, 
surface wave travelling with the beam and 


| 


however, a | 


decaying exponentially with distance away | 


from the beam. 
radiation from excited plasma waves cannot 
be emitted. This is naturally understood if 
we consider as follows: excited plasma waves 


Thus it turns out that the 


are regarded as a row of equal electric-dipole © 


moments with alternate directions parallel to 
the electric field. Therefore the radiation 
emitted from each dipole-moment cancels out 
each other at a distance of about a few wave- 
lengths far away from the beam and hence 
no radiated wave is totally observed. 

If gradients of density and temperature 


exist in the direction slightly deflected from — 


the beam velocity, we have a possibility of 


obtaining radiation which propagates nearly © 
is 
essentially the same as what Parker and > 


in the direction of gradients. This 
Tidman discussed 
beam.” ® 

Recently Kojima et al. observed radiations 
from a discharge-tube in which plasma os- 
cillations are excited.) It is found that the 
radiation with about plasma frequency has a 
maximum intensity in the direction perpendi- 
cular to the beam velocity. This cannot be 
explained by the mechanism mentioned above. 
It seems to give a plausible explanation if we 
place an equivalent electric-dipole for a nar- 
row region where the plasma oscillations 
exist. However, further considerations will 
be required for the mechanism of the equi- 
valent dipole. 


in the absence of the 


$6. Conclusion 


We have derived macroscopic equations of 
linear oscillations for the system comprising a 
non-uniform medium-plasma and a beam. 

In one-dimensional case longitudinal oscilla- 
tions are independent of transversal ones re- 
gardless of non-uniformity. 

As to spatially growing plasma waves, the 
growth rate is constant throughout the uniform 
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region, but it varies with distance in the non- 
uniform plasma. As the plasma frequency 
decreases and approaches the modulating 
frequency, a sort of resonance occurs, giving 
locally a rapid rise of growth rate. This is 
similar to the resonance in the uniform case, 
in which, however, the growth rate becomes 
very large throughout the region. As the 
plasma density still decreases, the growth rate 
falls sharply to zero soon after passing through 
its maximum. Towards increasing density, it 
is indicated that the amplitude and the growth 
rate monotonically decreases. 

For standing plasma waves, the dispersion 
relation in the varying plasma density is 
derived under appropriate approximations. The 
variations of the wave number and the growth 
rate due to non-uniformity are obtained by 
considering solutions of the dispersion solution. 
The result is that a standing wave in a definite 
layer has shorter wave-lengths towards de- 
creasing plasma-density and vice versa. Phe- 
nomena of jumps of mode and frequency 
accompanied by increasing layer-thickness are 
also considered. As compared with the uni- 
form case, an increment of layer-thickness in 
which a certain mode jumps to the next 
becomes greater towards decreasing density. 
The range of frequency-pulling gets wider in 
the same process. Towards increasing density, 
the situations are reversed. 

In two-dimensional cases we have the coupl- 
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ing of plasma waves and radiations. However, 
no satisfactory mechanism of radiation emitt- 
ed from excited plasma waves has been 
obtained. ‘This will require further investiga- 
tions. 
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By using the vapor-phase synthesis method, zinc sulfide single crystals 
were grown of pure zinc and bomb hydrogen sulfide and they were 
doped with two impurities, copper and chlorine. 

The brightness waves of E. L. in these crystals were studied by ap- 


plying rectangular pulse voltage. 


Since the E. L. of “in phase” was dominant in the crystals lacking 
chlorine and having appreciable voltage-dependency, it was concluded 
that it occurred as a result of the injection of electrons from the 


cathode. 


In order to classify the mechanism of E.L. of “out of phase,” in- 


frared quenching of E. L. was used. 


E.L. in ZnS:Cl, Cu was typical 


case sensitive to the quenching, and E. L. in artificial junction (ZnS:Cl- 


ZnS:Cu) was the typical case insensitive to the quenching. 


It was sup- 


posed that the difference between these two cases resulted from the 
difference in the mechanism supplying the primary electrons of E. L. 


$1. Introduction 


Since Destriau’s discovery» in 1932, many 
workers have carried out various kinds of 
investigations in the field of electrolumi- 
nescence. In the early days, light panels 
made by suspending the luminescent powders 
in dielectric mediums and by holding them 
between transparent conductive pieces of 
glass and aluminium electrodes, were general- 
ly used. This method was inadequate for 
studying the mechanism of electroluminescence 
(hereafter being denoted as E.L.), because 
the dielectric mediums had a considerable ef- 
fect on E. L. and the contact between the 
particles had to be taken into consideration. 

Piper and Williams” first conducted in- 
vestigations on the single crystals of ZnS and 
they reported many excellent results. The 
fundamental idea of the barrier theory, pro- 
posed by them and ascertained experimental- 
ly by Neumark” and Cusano,* has been sup- 
ported to this day. According to this theory, 
electroluminescence takes place by the impact 
ionization of luminescent centers by the fast 
conduction electrons accelerated by the high 
electric field at the barrier, and by the re- 
combination to the luminescent centers of 
the multiplied electrons. This conception was 
supported experimentally by the voltage- 
dependency of the brightness of E.L. The 
most interesting problem: in dealing with E.L. 


is that concerning the brightness waves 
against the time-varying exciting voltage. 
The prominent brightness of emission occurs 
at the voltage-drop and is generally called 
the “secondary peak.” Zalm, Diemer and 
Klassens,®? Haake, and other investigators 
considered this phenomenon to be a_ trapping 
effect. Also, the emission of light “zn phase” 
against the applied voltage was investigated 
by Frankl® and others. 

In spite of these investigations, the pheno- 
mena of E. L. are considered to be very com- 
plicated and largely affected by the kinds of 
impurities contained. Moreover, the problems 
of barrier, luminescence, electron multipli- 
cation, trap, etc, are related to each other, 
so that many unsolved questions concerning 
E. L. still remain. One such problem is the 
question as to where the primary electrons to 
be accelerated are supplied. 

In this paper, from the data obtained on 
ZnS single crystals doped with Cu and Cl, by 
applying rectangular pulse voltage, some dis- 
cussion about the problems is attempted. 


§2. The Preparation of ZnS Single Crystals 


Generally, single crystals of ZnS have been 
made by the vapor-phase methods. One of 
these, performed by Kremheller®) and others,» 
is the method of sublimation using pure ZnS 
powder. The other, which was used by 
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Frerichs™ and Bube™ for manufacturing CdS 
or ZnSe, is known as the vapor- phase synthesis 
method. 

The latter method, together with several 
device aimed at improving it, was adopted in 
this experiment. The structure of the furnace 
is shown schematically in Fig. 1. In regard 
to the furnace, special attention was paid to 
the introduction of zinc vapor and H.S gas. 
The temperature of the pure zinc to be vaporiz- 
ed was held at 700°~800°C, and at the same 
time argon gas was passed over the molten 
zinc carring the zinc vapor to the outlet of 
the leading tube, where H.S gas mixed with 
refined nitrogen was expelled from the other 
tube. 

The single colorless crystals of zinc sulfide 
grew and gathered thickly at the outlet of 


Gas Outlet 
| _/Al 
Se Ler 
te) ee ere ee 
~To NG Refined 
Controller Quartz Argon 
py To Bomb ures 


Pure Zinc 
180% 1220°C 
ZnS Single Crystals 


Pt-PtRh 


Fig. 1. Furnace for the growth of ZnS single 
crystals. 


the leading tube. The representative dimen- 
sions of the plate-like crystals were about 
1.5mm in width, 6~7 mm in length and about 
0.2 mm in thickness, and those of the bar-type 
crystals were 0.7~1mm in diameter, and 
1~2cm in length. 

For the purpose of doping these crystals 
with chlorine, the mixture of H.S and N; 
gases was passed through hydric chloride, 
while for doping with copper the crystals 
were immersed in a water solution of CuSO. 
after which they were heat-treated at 500°C 
in a furnace. 
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§3. The Relation between the Impurities 
contained and the Photoluminescence 
and Electroluminescence of ZnS Cry- 
stals 


As mentioned above, the single crystals 
grown by vapor phase synthesis, were color- 
less and transparent, and the physical data 
gathered on these crystal always exhibited 
the characteristic property of the impurity 
contained. The relation is tabulated on Table 1. 

The term “in phase” in the table means 
the electroluminescence emitted in the same 
phase of the applied voltage and the term 
“out of phase” means that of having phase- 
displacement from the exciting voltage. If 


Signal of 
Brightness Waves 


Pre Amplifier 


Fittr 


Pa 
UVDI_} Photo Multiplier 


Se, \ Digphragm 


Pulse Generator 


i Another mee ) 


Pulse Shape 
and 


IR 
Filter Electrode(Cu, Ag, or In) 


t Synchronization 
Single Crystal : 


Fig. 2. Schematic diagram of the apparatus for 
measuring the brightness waves of E.L. 


the voltage is of the rectangular pulse type, 
“out of phase” emission can be observed at 
the rise or fall of the pulse. 

The term “ With or Without UV” is used 
in classifying whether or not the E. L. con- 
tains ultraviolet emission (3500A~4000A). 


§4, Measurement of the Brightness Waves 

In the study of E.L. the wave shapes of 
the emission from ZnS single crystals, cor- 
responded to the exciting time-varying voltage, 
are frequently used, and called brightness 
waves. 


Table I. P. L. and E. L. of ZnS single crystals. 
; - F Flectroluminescence 
Crystals Photoluminescence sigs = ae a = ‘ re canes 
Pure No No = No. 
No or Very Weak Yes AAT U. V. Yes Very Weak 


Doped with Cu 


Strong Blue or allow 


Doped with Cl 


“No or? No 


| F ioped in Cl, Cu Scone Green or Bie 


Teens Bicen or Green 


vee nour we v. 
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A pulse generator used in the experiment 
has a rise time of a few microseconds, a 
duration variable from severl microseconds 
to a hundred milliseconds and a repetition 
rate variable from several cycles to several 
kilocycles, and its voltage varies from 0 to 2600 
volts positively. Other source of supply were 
also used, e.g., 60 cycle half-wave, sinuisoidal 
voltage of variable cycles and D.C. 

The emission intensity from ZnS single 
crystals was measured with a photomultiplier, 
1P21, after it passed through a low power 
microscope and sometimes also through a 
Matsuda UV-D1 filter (which is transparent 
in the range of 3200A~4000A). Subsequently 
it was observed with a synchroscope. The 
general features of the apparatus are shown 
im HigeeZe 
§5. Comparison of the Brightness Waves 
obtained by Applying the Pulse Vol- 
tage to those by the Voltage of 60 
cycle Half-waves 

Up until now sinuisoidal waves and 60 cycle 
half-waves have been mainly used in the 
measurement of brightness waves. The com- 
parison of wave forms obtained by pulse 
voltage to those obtained by the conventional 
method is not always possible, but the princi- 
pal features are shown in Photo 1. 


$6. E. LL. from ZnS Single Crystals doped 
with Copper Impurity alone 


With crystals grown by the vapor-phase 
reaction method, E. L. could not be observed 
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Fig. 3. Spectral distribution of quenching light 
for E.L. and photoconduction. 


so long as the crystals were not doped with 
any impurity, but from the crystal treated to 
contain copper a weak emission was observed. 

The brightness waves in this case were 
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mainly “in phase,” the ‘emission being noisy > 


and decaying rapidly (it was impossible to 
observe the decay time, which was perphaps 
about lysec.), and contained ultra-violet 
light which was thought to be the edge emis- 


sion. Photo. 2. is an example of this case. 


The voltage dependency of the emission in-— 


tensity was larger than in the other cases > 


shown in Fig. 4. 
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Fig. 4. Voltage-dependency of the brightness of 
ID, 


The weak “out of phase” emission also 
appeared and the time constant of the decay 
was about 50~70 “% seconds. 


§7. KE. L. Emission from ZnS:Cu, Cl. 


(Case of Infrared Quenching) 


Although in Section 5 the E. L. has been 
classified by the phase of brightness wave 
compared with the exciting voltage, it may 
be more advantageous for studying the mecha- 
nism of E. L. to classify E. L. according to 
whether or not it is affected by the infrared 
light. 

The single crystals having emissions easily 
reduced by infrared irradiation, were obtain- 
ed by doping them with chlorine during the 
crystal growth and baking them in a furnace 
after immersing in an aqueous solution of 
CuSO.s in order to add the copper impurity, 
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Photo. 1. Comparison of the brightness waves 
obtained by applying voltages of 60-~ half wave, 
Left side (60 
cps half wave): Top, wave form. The next two 
show the oscillogram of E.L. of ‘‘ out of phase ’’ 
at the voltage-drop and that of ‘‘in phase’’ 
plus ‘‘ out of phase’’. Next, wave form. The 
bottom shows E.L. of ‘‘ out of phase’’ at the 
voltage rise plus that of at the voltage-drop. 
Right side (rectangular pulse): Top, wave form 
Andel OLenephase 4 plus that of — out of 
phase ’’ at the pulse fall. Middle, wave form and 
E.L. remarkable at the pulse fall. Botom, wave 
form and E.L. remarkable at the pulse rise. 

(Time markers are at intervals of 100, sec.). 


and those of rectangular pulse. 


Medes 


E.L. of ZnS;Cu without Cl. 


wave form and noisy brightness waves of E.L. 
Right side; wave form and weak 


Photo. 2. 


of ‘‘in phase’’ 
brightness waves of E.L. of ‘‘out of phase”’ 
(Time markers are at intervals of 100, sec.). 
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The infrared quenching of E. L. takes place 
slowly under weak infrared irradiation and 
does not recover rapidly unless irradiated by 
violet or ultraviolet light. 

In Photo. 3, the top two photographs show 
microscopic views of the sample before (left) 
and after (right) the infrared irradiation. 
The photos on the lower left hand side sub- 
sequently show the aspects of reduction of 
the brightness waves at the part of the cry- 
stal affected by infrared light and the photos 
on the lower right hand side show the in- 
variant brightness waves of E.L. in the 
several small parts where quenching does not 
occur. 

The wave shapes on the left hand side of 
Photo. 4. show the variation of the current 
throughout the crystals before and after the 


Photo. 3. Infrared quenching on E.L. of ZnS;Cl, 
Cu. Left side: (Top) microscopic view of E.L. 
before the infrared irradiation, (Below) wave 
form, the brightness wave of E.L. before quen- 
ching and the aspect of the quenching of E.L. 
gradually by the infrared irradiation*. Right 
side: (Top) microscopic view of E.L. after the 
infrared irradiation, a small part of which is 
remains unaffected by the infrared light, and 
the lower photos indicate the invariant quality 
of E.L. both before and after irradiation. 
(Time markers are at intervals of 100% sec.). 


The reason for the occasional temporary in- 
crease in ‘‘the first peak’’ of E.L. at the pulse 
rise remains unknown. 
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infrared quenching by applying rectangular 
type pulse voltage, and those on the right 
hand side show the changes caused by the 
temperature rise. 

Though the instant kicks of current cor- 
responding with the rise and fall times 
of the applied pulse-voltages are invariant 
before and after infrared quenching, a DC- 
like flow of current was observed during the 
application of pulse voltage before the quench- 
ing, and disappeared after the infrared 
quenching. 

The spectral distribution of quenching effect 
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added in the figure under the zero line of the 
coordinate. 

It is suggested by the similarity of the 
energy range of the infrared quenching of 
E. L. to those of the photoconductivity of 
ZnS:Cl, Cu crystals that both of them are of 
the same origin, that is, the destruction of 
the action of the sensitizing centers in the 
crystals by the infrared irradiation. 

This will be discussed in detail later. 

The remarkable aspect in this case is the 
considerable change of the position of the 
light-emission and of the shapes of the bright- 


The infrared quenching and the tempe- 
rature dependence of the current throughout 
ZnS single crystals in the case of the quenching 
of E.L. Left side: Top, wave form, Below, the 
current waves before and after the infrared 
quenching. Right side: Top, wave form, Below, 


Photo. 4. 


the current wave forms at 25°C, 75°C, 
about 120°C. 
(Time markers are at intervals of 100 sec.). 


and 


for E. L. is shown in Fig. 3. together with 
that for infrared quenching of photoconduc- 
tion on the same ZnS:Cl, Cu single crystals. 
The ordinate scales indicate the E. L. quench- 
ing percent and the reduced photocurrent in 
the arbitrary scale for the constant amount 
of the incidental light having the photon 
energy shown in the abscissa. 

The enhancement rather than the quench- 
ing of emission and conduction was observed 
at the energies above 2.5e.v. as they were 


Photo. 5. Electroluminescence of artificial junc- 
tion produced by the diffusion of copper from 
one side of the crystal. Left side: the upper 
photo indicates the microscopic view of the 
crystal and those below are microscoscopic 
views of E.L.—in the middle photo the copper 
electrode was minus, and in the bottom photo 
the copper was plus. Right side: the top photo 
shows the current waves passing through the 
crystal; the next shows the pulse wave form; 
and the lower two show the brightness waves 
corresponding to the respective photographs to 
their left. 

(Time markers are at intervals of 100, sec.). 


ness waves when the direction of the applied 
field was inversed. This forms a good con- 
trast with the case described next. 


§8. E. L. from ZnS:Cl-ZnS:Cu 
(Case of Artificial Junction) 
A representative example of E. L., not af- 
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fected by infrared irradiation, was that of 
artificial junctions. 

Single crystals of ZnS:Cl (without Cu), 
which were believed to be n-type, were em- 
ployed as the base of the artificial p-n junc- 
tions. Copper, evaporated in vacuo, was 
added to one side of each crystals, and then 
the crystals were heat-treated in a furnace 
of 500°C for 30 minutes in a flow of argon. 
In each crystals by the diffusion of copper 
during this treatment the p-side of the junc- 
tion was created. After then electrodes were 
fixed at both sides of the crystals to measure 
the E. L. 

Photo. 5. contains the microscopic views of 
E. L. radiation both in the cases of making 
copper (f-side) minus and indium (m-side) 
plus, and in the reverse case. 

Also, this photo contains the brightness 
waves in both cases and the wave shapes of 
the current flow (shown on the top right hand 
side of the photo). 

In the artificial junction, the luminant posi- 
tion of the crystal is made invariant by re- 
versing the direction of the current, and 
brightness waves were recorded mainly at 
the rise time of the pulse voltage when the 
copper electrode was minus, and at the fall 
time of the pulse when the copper was plus. 

These facts show that the direction of the 
instant kick of the current, which make the 
barrier steeper, is the effective direction which 
causes E. L. in the crystals. 

By studying the current wave it becomes 
clear that the current through the crystal 
does not contain the stationary DC-like com- 
ponent. 

In the case it is also shown that little 
change of E. L. takes place by inserting, in 
series, a condenser of scores of micro-micro- 
farads to the circuit. 

This result gives substantial evidence to 
the theory that the junction in the crystal 
acts in the same way as does a small con- 
denser. 

Fig. 4. presents the relation between the 
brightness of the emission and the applied 
pulse voltage. 

In the case of infrared quenching, bright- 
ness, B, is known to be well-fitted to the 
formula, 

B=aexp(—C/V¥?) (ida) 


where a and C are constants and V the appli- 
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ed voltage. On the other hand in the case 


of artificial junction the experimental formula 
is 


B’=a' V exp (—C’/V 1”) CD 
where a’ and C’ are the other constants and 
the brightness is known to have a more in- 
tense voltage dependency. 

The “in phase” brightness of E. L. has 
more intense voltage dependency than the 
“out of phase” brightness as shown in the 
figure in samples of both ZnS; Cu and ZnS; 
CuNch 

The fact that ultra-violet light which is 
believed to be the edge emission was contain- 
ed only in “in phase” E. L. radiating from 
ZnS; Cu, but not from ZnS; Cu, Cl, was ex- 
plained by the difference in the number of 
the luminescent centers. 


§ 9. Discussion 


Barriers such as rectifying layers between 
p-and n-type ZnS or between CueS and ZnS 
in or on the surface of the ZnS single crystal 
are apt to be produced by doping the crystal 
with the copper impurity. The existence of 
these barriers, therefore, is considered as the 
requisite for E. L. 

The electric field must be concentrated in 
the barrier, when the voltage is applied in 
the reversed direction. According to Piper 
and Williams, the primary electrons existing 
previously in the conduction band are accele- 
rated by the strong field at the barrier and 
are multiplied by the impact on the lumi- 
nescent centers. 

The validity of this theory is proved by the 
fact that the voltage dependency of the bright- 
ness satisfies the formula (1) already described 

B=aexp (—C/V "?) Cay 

Also, according to the conception of Haake 
and other investigators, the electrons excited 
by the impact ionization of luminescent cen- 
ters are temporarily trapped in the traps and 
return to the original luminescent centers by 
being released thermally from the traps after 
the removal of the exciting voltage. Assum- 
ing that the recombination process is a one- 
molecular reaction, the brightness of the 
emission is expressed by the formula 


B= Bo exp (—?t/t) 


and 
t=1/s{exp (E/kT)} 
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where t is the decay time, s the frequency 
factor (which may be assumed to be 107}°sec.~’), 
E the depth of the traps from the bottom of 
the conduction band, K Boltzmann’s constant, 
and T the absolute temperature. 

With the above in mind the decay curves 
of the E. L. of several “out of phase” com- 
ponents were plotted in logarithmic scale 
against the time as shown in Fig. 5. 
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Fig. 5. Decay curves of the brightness in E.L. 
of ‘‘ out of phase ’’. 
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Fig. 6. Energy level diagram for ZnS single 
crystals having barriers. 


When the infrared quenching is studied, 
the decay time of the brightness waves at 
the fall time of the pulse is longer than that 
at the rise time. This effect may be explain- 
ed by the fact that the flowing time of the 
charge carriers through the bulk of the cry- 
stal before the emission is much longer at 
the fall time than that at the rise time, so 
that the several kinds of deep traps are filled 
which may otherwise have only a slight pro- 
bability of capturing electrons and therefore 
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vacant. On the contrary, at the rise time of 
the pulse the emission was thought to be pro- 
duced by the instant current through the cry- 
stals (the greatest part of which was suppos- 
ed to be produced by the field ionization of 
donors), and therefore, the decay time of the 
brightness waves is related only to the shal- 
low traps (supposed to be about 0.32e.v. be- 
low the bottom of the conduction band), be- 
coming as short as 100,» sec. or less. 


The following discussion, referring to the © 


energy level diagram in Fig. 6., is offered. 


(1) The interpretation of the infrared quench- 
ing 

The difference between the case in which 
the emission of E. L. is and is not quenched 
by infrared light may be attributed to the 
mechanism used in supplying the primary 
electrons before the impact of the electrons 
on the luminescent centers or other centers. 

As shown in Fig. 3. the energy of the ir- 
radiated light causing the quenching of E. L. 
corresponds to that of photoconductivity, and 
the crystals in which E. L. is easily quenched 
by infrared light, have several times more 
photoconductivity than the other crystals. 
These facts confirm the important role of the 
sensitizing centers in the crystal on the 
electroluminescence. 

The similar fact has already been pointed 
out by Bube™ and Rose™ in the case of CdS 
crystals, where the photoconductivity of the 
crystals is sensitized by the sensitizing centers. 

According to their theory, for the sake of 
the existence of the centers, the conduction 
electrons which are previously excited by 
photons or electrons, come to a longer life 
time and the CdS crystals become more 
photoconductive. 

In a similar way, in the electroluminescence 
of ZnS, the electrons, being excited by photons 
or other electrons and raised to the conduc- 
tion band, become to have a longer life time, 
through the assistance of the sensitizing cen- 
ters, and become the primary electrons of 
E. L. and impact-ionize the luminescent cen- 
ters under the strong electric field at the 
barriers and cause the electron multiplication 
which results in the strong radiation of E. L. 

Furthermore, in the crystals irradiated by 
infrared light, the holes trapped in the sensi- 
tizing center are excited down to the filled 
band and are recombined with the conduction 
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electrons, thereby reducing the number of 
the primary electrons and thus causing the 
weakness of the E. L. (as in photo. 3.) and 
the simultaneous disappearance of the DC-like 
current through the crystal (as in photo. 4.). 

Besides, the fact that this spectral distri- 
bution of the infrared quenching of E. L. cor- 
responds closely with that of the infrared 
radiation under ultra-violet irradiation which 
Browne! observed, seems to suggest that 
the sensitizing centers should be those ac- 
ceptors which are made of copper impurities. 


(2) The emission from the artificial junction 

In contrast to the above-mentioned it should 
be taken into consideration that in the case 
where no quenching by the infrared irradi- 
ation occurs, for example, as in the case of 
the artificial junction the electroluminescence 
cannot have any relationship to the sensitiz- 
ing center, and, in this case, it may be sup- 
posed that the barrier acts as a condenser in 
the crystal and the polarization current flows 
instantaneously through the crystal at the rise 
and the fall of the applied pulse. 

The charge and discharge of the condenser 
are synonymous with the electron capturing 
by the vacant donors and the field ionization 
of the filled donors in the barrier region and 
with the supply of the primary electrons from 
the donors to the conduction band during the 
process, and after the instant current at the 
rise and fall of the pulse, the preexcited 
electrons may return from the traps to the 
luminescent centers and emit a strong lumi- 
nescence. 

It can be understood from the theory of p- 
nm junctions that a strong electric field is pro- 
duced in the barrier, when the direction of 
the current is that of “hard flow”, namely, 
flowing from the m-side to the p-side. In the 
artificial junction the above condition which 
is effective for E. L. is realized at the fall 
time of the applied pulse when the copper 
electrode is set positive and the other side 
negative, and also at the rise time of the 
pulse when the copper electrode is set nega- 
tive, because in both cases the direction of 
the instant current flow becomes that of 
“hard flow”. (Refer to the current waves in 
Photo. 5.). 

The shapes and phase of the brightness 
waves in photo. 5. support the above theory. 

Also, the invariation of the brilliant posi- 
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tion of E. L. in the crystal, caused by invert- 
ing the applied pulse, is a proof of the con- 
sideration that the light of E. L. is emitted 
from the same barrier in spite of reversing 
the direction of the pulse voltage. 

Moreover, the lack of stationary DC-like 
parts on the current waves is an evidence of 
the instant flow through the barrier-capacitance 
as the field ionization of the donors. Also, 
the invariability of E. L. even after inserting 
a series condenser in the circuit may also be 
another evidence for this conception. 

Conversely, in the case of “ infrared quench- 
ing”, the reversal of the direction of the 
electric field changes the region, and the 
brightness of E. L. in the crystal, that is to 
say, the brightness at the cathode is often 
stronger than at the other parts. 


(3) Explanation of the voltage-dependence of 
“out of phase” E. L. 
As shown above, in the case of “infrared 
quenching ” the experimental formula 
B=aexp(—C/V 1") 
coincides well with the conventional theories. 
In the case of “artificial junction” the con- 
sidration that the primary electrons are pro- 
duced by the field ionization must lead to the 
other formula which depends more strongly 
upon the applied voltage than the former, 
namely, in its experimental form, 


B=a V exp (—C’/V/”) 


(4) The case of “in phase” E. L. 

In addition to the above mentioned, the 
primary electrons may be supplied by the in- 
jection from the electrodes or the exterior of 
the barrier in the crystals. It may be assum- 
ed that this is a case of “in phase”. It is 
evident also in this case, that for the strong 
emission the process of the impact excitation 
must be contained in the E. L. mechanism. 

As the injection of electrons from the ex- 
terior of the barrier is considered to have the 
need of appreciable field intensity (such as in 
the case of field emission), the voltage de- 
pendency of the brightness becomes strong as 
shown in Fig. 4. 

The electrons thus injected cause the lumi- 
nescent centers or other levels to become 
vacant due to the impact ionization where 
the electrons injected in succession may fall 
in and photons are emitted as E.L. These 
processes are apparently in phase against the 
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applied voltage and mostly independent of the 
traps, and E. L. accompaning them may have 
such a rapid decay time that it cannot be 
observed (as in photo. 2.). 

In this case the factor determining the re- 
quired voltage to produce E. L. is mainly the 
energy which is necessary for the injection 
of electrons from outside the barrier, so that 
the voltage dependency may be as severe as 
that shown in the experimental formula which 
is proportional to the exponential of. bV/? 
rather than to that of (—C/V1/"). Moreover, 
in the case of “in phase” E. L. the process 
of the electrons flowing through the barrier 
brings about a complex variation in the 
phenomena, namely, causing the luminescence 
to become noisy or producing the sudden ap- 
pearance Of “in phase” emission by raising 
the temperature. 

It was concluded from the weakness of the 
photoluminescence of ZnS; Cu without Cl 
crystals by the irradiation of 3650A that few 
luminescent centers exist in the crystal. 
Therefore the impact ionization may possibly 
proceed by exciting the electrons in the 
valence band and raising them up to the con- 
duction band, and the recombination of con- 
duction electrons and holes in the valence 
band may be executed directly. These mecha- 
nisms can easily explain the fact that the 
E. L. of the crystal (ZnS; Cu) contains the 
ultra-violet light corresponding to the edge 
emission of ZnS, (the peak of which is at 
about 3700A).!© 

The difference between Smith’s observation!” 
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of the edge emission in E. L. of ZnS and 
Frankl’s denial? of the existence of the emis- 
sion may be explained by the difference in 
the quantities of impurities contained in ZnS 
single crystals. 
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Electron microscope observation on oxide coated cathode is undertaken 
especially on its decomposition process and on the prolonged heat treat- 
ment. 

A new replica method which is used in this study is as follows; (1) 
deposition of SiO film at first on the specimen, (2) pressing the SiO- 
evaporated-specimen onto ethylmethacrylate resin film, (3) shadowing by 
germanium evaporation and (4) reinforcing with carbon film. This replica 
technique enables us to observe the exact surface structure of oxide 
cathode, -which has a porous surface and which is very unstable in the 
atomosphere. 

About the decomposition process, following results are obtained: 
Growth of the oxide crystal becomes significant at a certrin decomposi- 
tion—temperature. For “triple carbonate ”, this critical temperature lies 
at around 1100°C. With the “single carbonate”, crystal growth occurs 


at considerably lower temperature than with the triple. 


§1. Introduction 


Many studies have been made on various 
aspects of the oxide coated cathode during 
these fifty years since its discovery by A. 
Wehnelt. One of the most interesting fields 
of the investigations of oxide cathodes may 
be the correlation between cathode activity 
and particle size or crystal size of carbonates 
and oxides. Carbonates such as BaCOs, 
(BaSr)CO:, and (BaSrCa)CO:, used as emission 
paste are stable in the air and not only 
optical microscope observations but also ele- 
ctron microscope observations» of it have 
been done. Concerning the oxide crystal, 
only an X-ray diffraction method has been 
used especially in connection with the crystal 
growth of oxides®-». 

We have attempted to observe the crystal 
growth of oxides by an electron microscope. 
The main difficulties, which we have encoun- 
terd in the electron microscope study of 
oxide cathode, exist in preparing a suitable 
replica, owing to extremly porous structure 
of the oxide coating and its chemical insta- 
bility in the atmosphere. Yazawa et al® have 
tried to get a replica of the oxide in vacuum 
by a simple SiO-evaporation method, of which 
resolution was rather poor. By a special 
technique, we succeeded to prepare a suitable 
replica of the oxide coating without any 


formation of carbonates or hydrates and it 
enabled us to obtain an electron microscope 
image of a real surface of the oxide coating 
with considerable resolution. In this paper,* 
electron microscope obervation are presented, 
both of the thermal decomposition process of 
cathode coatings from carbonates to oxides 
and of prolonged heat treatment effect after 
decomposition. 


§ 2. Experimental Method 


A. Experimental specimens 

Emmission pastes which are used in the 
present study are “triple carbonate”, (Ba Sr 
Ca)CO; (Ba Sr Ca=47:43:10) and “single 
carbonate”, BaCO;; both are prepared from 
nitrates by a precipitation with sodium car- 
bonate. The carbonate is coated on a pure 
nickel flat sleeve (32 mmx2mmx0.8mm) by 
an ordinary spray method to a thickness of 
about 50 microns. 

Heat treatment of these carbonates is 
undertaken in an evacuating system at five 
points of temperature, i.e., MOC, CEU. 
950°C 1100°C and 1250°C for 3 to 60 minutes 
until appreciable outgassing is completed at 
each temperature. Temperature and time- 


* The following results have been outline at the 
Meeting of the Society of Applied Physics, Japan 
in 1957, 


length of heat treatement are given in Table 
I associated with the final vacuum degree at 
the end of the heat treatment. Temperature 
values in Table I indicate measured values 
at the sleeve metal using Pt-RtRh thermo- 
couple, therefore the surface temperature of 
the coating should be lower than that given 
in Table I by an amount 50°C or so. 

In order to clarify the effect of prolonged 
heat treatment after decomposition, continued 
heating is imposed upon the triple oxide 
which has finished its decomposition process. 
Temperature at decomposition and at con- 
tinued heat treatment and time-length of heat 
treatments are given in Table II. 


Table I. 
Decompositions Final Vacuum 
Specimen = jy ; degree 
No. Temperature Time mm Hg 
a6 min 
la(Triple) 60 =» 
la(Single) -~ 60 | 2 
2a(T) A a 15 ‘ ey 
ons) 850 5 1x 10-5 
3a(T) 2 le ae 
3b(S) 950 15 1x 10-5 
4a(T) seregnonitte : 
4b(S) | 1100 8 5x10-> 
5a(T) gets wlaectaen be af nie om 
5b(S) | 1250 aie 5x 10-8 
Table II. 
Heat treatment 
: Decomprosition 
press Temperatue Tempera- 7; 
: VG ture oe 
°C min 
6a(Triple) 850 9 
7a(T) 850 850 2: 


B. Electron microscopic replica technique 
Details of our replica technique is reported 
elsewere”, and only some outlines are men- 
tioned here. In an evacuating system, deposi- 
tion of SiO is made at first on the specimens 
which have finished the above mentioned heat 
treatments. Two tungsten coils in which a 
few milligrams of SiO is inserted are so 
located above the specimen, that depositions 
of SiO are made obliquely at the same 
incident angle from opposite direction. Next, 
air is introduced in the system very slowly. 
Then, the specimens with SiO film are molded 
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on a resin which is preheated at aboyt 120°C 
so slightly that the resin does not penetrate 
deeply into the specimen particles. After 
removing the oxide coating from the resin 
by dissolving with dilute nitric acid, the SiO 
replica is shadowcasted with germanium 
vapor. Further, carbon is vaporized so as to 
link up each pieces of the replica film on the 
resin, because the replica consists of very 
small pieces owing to the extreme roughness 
of the specimen surface and hence could not 
be mounted on the specimen screen. Before 
scooping up the replica on the mesh, the 
resin under replica is dissolved away with 
acetone. 


§3. Experimental Results 


A. Thermal treatment of carbonates 
A-1 Triple Carbonate 

Electron microscope image of triple car- 
bonate before any heat treatment and those 
of the specimens la, 2a, 3a, 4a, 5a given in 
Table I are shown in Fig. 1 to Fig. 6. From 
this series of photographs, following points 
many be stated. 

(i) The specimen for which heat treat- 
ment is undertaken at 700°C indicates no 
essential change both in shape and in surface 
structure of eace particle (Fig. 1 and Fig. 2). 

(ii) Heat treatment at 850°C produces con- 
siderable change at the surface of each 
particle as shown in Fig. 3. The smoothness 
of surface which we find in Fig. 1 and 2 
disappears and considerable roughness is seen. 

(iii) As shown in Fig. 4, many crystallites 
of very small size come out uniformly all 
over the specimen particle surface by the 
heat treatment at 950°C. These fine crystal- 
lites may be considered as new crystallites 
grown by heat treatment and the size of 
these new crystals are estimated as about 
500A on the average. 

(iv) By the heat treatment at 1100°C, each 
fine crystallite on the specimen surface be- 
comes a little larger in size and the crystal 
growth takes place to more extent compared. 
with Fig. 4 as illustrated in Fig. 5. 

(v) it will be noticed that the shape of 
specimen particles is not appreciably changed 
from that of untreated carbonate by the above 
mentioned heat treatments as shown in Fig. 
1~5. The specimen, however, when subjec- 
ted to a heat treatment ‘at 1250°C, indicates 


a 
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extensive crystal growth and the particles 
link up with each other. This will be seen 
in Fig. 6 and it is difficult to decide the 
original shape of each carbonate particle 
from this image. The size of new crystallite 
grown in each particle may be estimated as 
large as 1 micron in this case. 
A-2 Single Carbonate 

Electron microscope images of single car- 
bonate before any heat treatment and those 
of the specimen 1b~5b given in Table I are 
shown in Fig. 7 to Fig. 12. As seen in Fig. 
7, each particle of BaCO; has a calcite type 
crystal structure with a length of each side 
of about 0.5 micron. Through the heat 
treatment at 700°C, the edges of calcite 
structure become somewhat round and at the 
same time even the adjoining of  paricles 
occurs as indicated in Fig. 8. Such tendency 
becomes very remarkable when heat treat- 
ment is undertaken at 850°C (Fig. 9). When 
further heating is made at 950°C, some pro- 
jections begins to appear, which are considered 
as new centers of crystal growth, while no 
drastic change in the shape of particles takes 
place. This may be easily found in com- 
parison between Fig. 9 and Fig. 10. As the 
heat treatment is carried out at higher tem- 
perature, as at 1100°C and 1250°C, such a 
crystal growth is enhanced more intensely as 
we can find in Fig. 11 and Fig. 12. It is 
clearly seen from these photographs that the 
crystal growth takes place in laminar struc- 
ture. 

B. Thermal Treatment of Oxide Coatings 

after Decomposition 

In Fig. 13~Fig. 14, images obtained for 
the specimens 6a~7a in Table II are shown. 
For the specimen 6a, for which heat treat- 
ment has been undertaken at 850°C and for 
which the continued heating is imposed fur- 
ther at 850°C for 5 hrs, Fig. 13 which 
resembles Fig. 4 is obtained. Only difference 
between Fig. 4 and Fig. 13 is the difference 
in the size of fine crystallites which are found 
on the surface of the specimens. The size of 
fine crystallites in Fig. 4 is larger than that 
in Fig. 13 by a factor of about 2. If the 
decomposition of the carbonate has been done 
at 1100°C, Fig. 14 is obtained, which is very 
different from Fig. 13 in spite of the same 
condition of the prolonged heat treatment, 1.e. 
850°C and 5 hrs. In this case, crystal growth 
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takes place stratifically to a size as large as 
1 micron, rather resembling the specimen 5a 
in Fig. 6 mentioned above. 


§ 4. Discussions 

According to the study made by Eisenstein” 
with X-ray diffraction method on the decom- 
position process of (BaSr) COs, (1) crystal 


ei. 
we : 
——— 
Fig. 1. Electron micrograph of (Ba-Sr-Ca)CO3 
before thermal decomposition. 


|-- 


Fig. 2. Decomposition condition: 700°C for lhr., 


in vaccum. 


growth of carbonate begins at about 700°C, 
(2) crystal of BaCO; remains even after heat 
treatment at 795°C for 2 min., (3) crystal 
growth of oxide solid solution (BrSr)O begins 
at about 1000°C and (4) through the heat 
treatment at 1050°C for 5 min., crystal size 


140 S. HIROTA and T. IMAI (Vol. 15 


Mig, BS, SHOWS iS sania, Fig. 5: 
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Fig. 7. BaCO3 before thermal decomposition. Fig. 10. 950°C 15min. 


Fig. 8. Decomposition condition 700°C for lhr., Fig. 11. 1100°C 8min. 
in vaccum. 


Fig. 12. 1.25°C 3min. 


Fig. 9. 850°C 15min. 
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(2) 


|e 


Fig. 13. Prolonged thermal treatment at 850°C 
for 5hrs. is undertaken after decomposition at 
850°C for 15 min. 


of oxide particle reaches as large as 10 micron. 
Crystal growth of carbonate is also ascertained 
by the investigation of Wright® in which heat 
treatment is undertaken in the atmosphere of 
CO, for 30 min. In this case, crystal growth 
of carbonate begins at about 600°C and growth 
rate is especially larger for the carbonates 
which are coprecipitated with NazCOs. 
Results similar to those of Eisentein have 
been obtained by X-ray diffraction study by 
Yamaka" for BaO, (BaSr)O and (BaSrCa)O. 
Crystal growth of (BaSr)O is enhanced abrupt- 
ly at about 1050°C and the crystal size reaches 
100A at 1050°C, while it is 200~300A at 
900~1000°C. Aspects of this crystal growth, 
however, are little different for BaO and 
(BaSrCa)O. In the case of BaO, temperature 
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Fig. 14. Prolonged thermal treatment at 850°C 
for 5hrs. after decomposition at 1.100°C for 
3 min. 


| 
specimen decomposed 
with same conditions as the of Fig. 6 but the 


specimen was exposed without fromation of SiO 
replica. 


Fig. 16. The thermally 


at which abrupt crystal growth begins is 
lower than that for (BaSr)O by about 50°C, 
while in the case of (BaSrCa)O, crystal growth 
is less rapid. Another results have been 
given by Wright® which indicate that 
(BaSrCa)O, whose carbonate has been copre- 
cipitated with NaCO;, has a crystal size of 
0.5 micron at 900~1050°C. In his study, large 
difference is found in the growth rate of oxide 
crystal between specimens which are precipi- 
tated with various methods. 


Considering these points, each result shown 
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above does not coincide very well with each 
other, but following common conclusions will 
be drawn from the studies by X-ray diffrac- 
tion method. (1) Crystal growth of carbonate 
takes place at first before complete decom- 
position of carbonate to oxide. (2) Crystal 
growth of oxide becomes extensive above a 
certain critical temperature. For double and 
triple oxide, this critical temperature seems 
to exist around 1100°C. (3) For single oxide 
BaO, growth of oxide crystal is much easier 
than that for double and triple oxides. These 
three points which are deduced from X-ray 
analysis data may be applicable qualitatively 
to our present electron microscope observa- 
tion. We can find in our photographs that 
growth of oxide crystals occurs markedly at a 
temperature between 1100°C and 1250°C in 
the case of decomposition process of triple 
carbonate. It is also clear from our observa- 
tions that the crystal growth of single oxide 
begins at considerably lower temperature in 
comparison with that for the case of triple 
oxide. On the other hand, in considering the 
result (1), namely about the crystal growth 
of carbonate, it may be safely so stated. 
That larger grains, which are found on the 
surface of the specimen particle which is 
treated at 800°C (compare Fig, 3 with Fig. 4), 
will be attributed to the carbonate crystals 
which are grown considerably during the heat 
treatment. 

Surface appearance of the specimen in Fig. 
2 is not so different from that in Fig. 1. 
This implies that no significant change of 
carbonate crystal takes place during heat 
treatment at 700°C. 

If we consider that a real crystal growth 
of oxide occurs at treating temperature above 
900°C and if we also consider each fine 
perticle on the specimen surface as a single 
crystal, we can estimate roughly the crystal 
size of the triple oxide as shown in Fig. 15 
as a function of the decomposition tempera- 
ture. 

Considerable difference is found in the 
aspects of crystal growth between the single 
and the triple oxide. In the case of the 
single, each oxide particle consists originally 
of single crystal of about 0.5 micron and the 
crystal grows by a heat treatment at far 
lower temperature than for the triple. Each 
oxide particle is considered to consist of 
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polycrystals with many crystallites. When 
crystal grows, these many crystallites become 
centers of crystal growth. It may also be 
noted that, in the case of the single, melting 
of crystal is easily brought about when 
decomposition is made at high temperature. 
This will be reasonably ascribed to the 
formation of intermidiate compound BaO. 
BaCO; which has a melting point as low as 
900°C. 

We can find the effect of prolonged heat 
treatment by comparison between Fig. 3 and 
Fig. 13. In Fig. 3, heating is done only for 
15 minutes, while in Fig. 13, heat treatment , 


() 
| 


0.5 


—> Oxide crystal size 


e 0) 6) els) IHIS@) 1250 


> Decomposition temperature (v) 


Fig. 15. Correlation between decomposition tem- 
perature and crystal size. 


is continued for more than 5 hrs. It is con- 
sidered, therefore, that in Fig. 3 the decom- 
position of capbonate does not finish, and in 
Fig. 13 not only the decomposition of carbon- 
ate is completed but the crystal of oxide has 
also grown up, owing to the prolonged heating 
at 850°C. A rough estimation gives an oxide 
crystal size of 200~300A in Fig. 13. If we 
take this value as a crystal size at 850°C, this 
fits the curve in Fig. 15 showing the correla- 
tion between crystal size and treating tem~- 
perature. It is interesting that appreciable 
difference is also found in the oxide crystal 
size between Fig. 5 and Fig. 14, in spite of 
the same condition of carbonate decomposi- 
tion. This difference should be due to the 
fact that in Fig. 14 the continued heating 
after decomposition is imposed at 850°C for 
5 hours, while in Fig. 5, only decompositions 
treatment is done. 

Necessity of preparing of SiO film on the 
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specimen surface in high vacuum is clearly 
shown by the following experiment. Triple 
carbonates on both sides of flat nickel sleeve 
are decomposed at 1150°C (5 minutes heating), 
and depostion of SiO is made upon only one 
side of coating. Then, specimen is put out 
in the air and replica is prepared for the both 
sides of coating by the method mentioned in 
II B. Although the image similar to that 
shown in Fig. 6 obtained for the replica with 
SiO film, the one shown in Fig. 16 which is 
very different from Fig. 6 is obtained for the 
replica without SiO film. It may be clear 
that if the oxide coating after decomposition 
process is once taken out of the vacuum into 
the atmosphere, we could not obtain a replica 
which gives us a real image of oxide surface 
owing to the extreme transformations of it 
caused by chemical reaction between oxide 
and atmosphere. 


$5. Conclusion 


By means of a special replica technique, 
we can obtain a replica of the specimens 
which has a porous surface structure and 
which is very unstable in the atmosphere. 
This technique consists of SiO deposition in 
vacuum and of successive preparation of 
replica which is used for the powdered 
specimens. With this replica technique, the 
following results are obtained: (1) Growth of 
the oxide crystal becomes intense at a certain 
decompostition temperature. For triple car- 
bonate, this critical temseratere lies at around 
1100°C. At lower temperatures, for instance 
at 700°C in the case of the triple, we could 
not find any appreciable chance in the ap- 
pearance of surface of the carbonate speci- 
mens. (2) For the single carbonate, crystal 
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growth of oxide occurs at considerably lower | 
decomposition temperature than for the triple. | 


(3) At the crystal growth of oxide, many fine 
crystallites appear on the surface of specimen 
particle in the case of the triple. 
of single, one oxide parsicle grows up to the 
larger one as a whole. 
triple coating, the effect of prolonged heating 
after decomposition process is studied that 


this heating makes the growth of oxide crytals 


appreciable. 

The features of crystal growth of oxide 
coatings which are known only by the study 
with X-ray diffraction method are studied by 


the direct observation method, by the use of | 


the electron microscope. Continued investiga- 
tions are in progress concerning the relation 
between activity and crystal size of oxide 
coating. 

The authors wish to express their hearty 
thanks to Mr. Noake for his useful discus- 
sions. 

The authors also wish to thank Dr. Shindo 
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ing the course of this work. 
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Thermoluminescence of Zinc Sulfide Phosphors 
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The glow curves of the thermoluminescence of some zinc sulfide phos- 
phors are measured for two different exponential heating rates by means 
of an oscilloscope, and the values of the depth and frequency factor of 


their traps are obtained by the Booth method. 


The value of the fre- 


quency factor is not constant for all traps, but becomes larger as the 


depth increases. 


The equations are also developed which permit the analysis of the 
glow curves for the exponential heating rate. 


§1. Introduction 


The thermoluminescence of the phosphors 
has been measured to obtained the origin and 
depth of the trapping centers. The correla- 
tion between the depth and the glow peak 
temperature were formulated by Randall and 
Wilkins, and others”. When the trap depth 
is calculated from these formulas, the value 
of the frequency factor is assumed to be 
equal to 108 sec“! or the other reasonable 
numerical value for all traps. On the other 
hand, the value can be obtained from the 
measurements of the decay curves of the 
phosphorescence and the other phenomena. 
This value is not always in agreement with 
that assumed one. 

So the other methods by which the fre- 
quency factor was explicitly obtained from 
the glow curve were developed by Garlick and 
Gibson®, Grossweiner®, and Booth”. The first 
method is said to be inaccurate”. When the 
second is used, the heating rate is restricted. 
By the last the values of the trap depth and 
frequency factor can be obtained without the 
assumption and the restriction. 

The Booth method has been used for the 
analysis of the glow curves of a zZns:Cl 
single crystal” and of a X-ray coloured KC1 
crystal®, but not for the other zinc sulfide 
phosphors, although they have been measured 
by many workers. 

Therefore, the glow curves of some zinc 
sulfide powdered phosphors were measured 
for two different exponential heating rates 
by means of an oscilloscope, and the values 
of the depth and frequency factor ofmthe 
traps were calculated by the Booth method. 
And the observed values are compared with 
the ones which have been obtained from the 


measurements of the other phenomena. 

The equations are also developed which 
permit the analysis of the glow curves for 
the exponential heating rate. 


§2. Preparation of Specimens 


Zinc sulfide was precipitated by H:S from 
aqueous solution of zinc sulfate which was 
one of commercial reagents of the special 
grade. The zinc sulfide was mixed with 
potassium chloride, or moreover one of lead 
acetate, manganese chloride, and cupric chlo- 
ride, and was fired in air at about 950°C in 
an electric furnace. The initial concentra- 
tions of potassium chloride, lead acetate, 
manganese chloride, and cupric chloride were 
approximately 10%, 1%, 1%, and 0.1% in 
weight, respectively, but the final concentra- 
tions were unknown, as a part of them 
vaporized out probably during the firing. 
The zinc sulfide only was fired under the 
same condition, 

When the phosphors are excited at room 


Specimen Fluores. | Hine | E(eV) | s(sec-1) 
ZnS yellow no 0.20 {1.1105 
(very weak) 0.42 |4.5x107 
ZnS:Cl yellow green 0.23 |8.2x104 
0.43 17.5107 
ZnS-Mn:-Cl} orange orange] 0.23 |2.3 x10 
0.36 |5.9 x 106 
0.50 |7.5x108 
-Pb-Cl ellow green 0.33 |7.8 x107 
ye ‘ 0.43 {6.1 x108 
0.58 12.5x 1010 
-Cu-Cl ellow green 0.26 |5.1x105 
agree se 0.56 |1.3x10!0 
Table I. Luminescence, trap depth, and frequency 


factor of the zinc sulfide phosphors. 
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temperature with the radiation of the black 
light lamp whose spectrum is a band in the 
range of 330myz~380my with a maximum at 
355myz, they emit the light as given in Table 
I. The ZnS phosphor phosphoresces also 
emitting a weak green light at low tempera- 
ture. 


§3. Analysis of Glow Curve 


We shall calculate the shape of the glow 
curve, when the trap depth is single valued 
and when the temperature rises exponentially. 

The rising of the temperature is given by 

T=T..—(To— To)exp(—att) , el) 
where T is the absolute temperature at time 
t, T.. the final one, 7» the initial one, and a 
the decay constant. 

Differentiating Eq. (1) with respect to ¢, 

dT=a(T..—T)dt . (2) 
By analogy with the derivation of the Ran- 


dail and Wilkins formula”, the following 
equation is obtained: 


T=C msexp(—E/kT) 
ps S . 
x exp| - | Be adda “ 


(3) 
where J is the glow intensity, s the frequen- 
cy factor, © the trap depth, k the Boltzmann 
constant, C a constant, and m the initial 
number of the trapped electrons. 

It is found from this equation that the glow 
curve has a single maximum. Differentiat- 
ing Eq. (3) with respect to T and being equal 
to zero, the temperature at the glow maxi- 
mum (7%*) is given by 

RT*? a T..—T*) (P) 
The term a(T..—T*) is the heating rate at 
RF: 

If C, E,s, To, T., and a are assumed to be 
equal to unity, 0.3eV, 10° sec7!, 150°K, 300°K, 
and 1/150 sec"!, respectively, a curve which 
has a maximum at 205°K is obtained by the 
numerical and graphical approximate calcula- 
tion as shown in Fig. 1. The another curve 
for the constant heating rate is obtained as 
shown in the same figure, if the heating rate 
is 0.633 deg/sec for which the maximum of 
the curve is coincident with that of the for- 
mer, and the others are equal to the pre- 
vious values. The two curves are similar in 


exp(—E/kT*) . 
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shape except that the former has the tail at 
the higher temperature side and its maximum 
value is larger than that of the latter. 
When the heating rate decreases mono- 
tonously, it is also found that the glow curve 
has a single maximum and the maximum 


10 
= 
+e 
43 
= 
5 S 
r= 
Es 
co) 
©O 

O 

I50 200 
Temperature (°K) 
Fig. 1. Theoretical glow curves for the exponential 
(—) and the constant heating rates (--—-—). 
Excitation 
and Rubber 
Quartz Observation =—>to Vac 
Window 
Metal 
Glass ——+ 
Thermocouple 
C; r 
Specimen Pia 


Fig. 2. Vessel for observation of 
thermoluminescence. 


temperature is given by Eq. (4), in which the 
term a(T.—T™*) is replaced with the heating 
rate (8) at T*, 

Measuring the glow curves for two different 
heating rates, the glow maximum tempera- 
ture for each curve is given by ni 


1960) 
E Ss 
—— SS yl OP * 
RT By exp(—E/kT,*) en 
and ee ne BETA) (6) 
kT Bs ‘nasal 


where the two curves for the different heat- 
ing rates are indicated with suffixes 1 and 2. 

The equations for the calculation of the 
trap depth and frequency factor are derived 
from Eqs. (5) and (6): 


RTT Bi Ti* 
ji See 
(TT )los( are) (2) 
and s=( ee JexplElk Tis (8) 


$4. Glow Curves 


The specimen was set at the bottom of 
a vessel as shown in Fig. 2, cooled to—120°C 
by dipping the lower part into liquid air, and 
excited with the ultraviolet radiation of the 
black light lamp passed through the upper 
window. (As the experiment was carried out 
in vacuum, the lowest temperature attained 
was very high even by using liquid air. 
This result is in good agreement with that 
of Bube and Shrader.») Afterwards, when 
liquid air was taken out and the lower part 
was being maintained at room temperature, 
the specimen was warmed up exponentially 
as given by Eq. (1). So the glow of the 
specimen was observed through the upper 
window. The glow curve was recorded by 
means of an oscilloscope as shown in Fig. 3.1” 
The temperature is detected with a copper- 
constantan thermocouple inserted in the speci- 
men, and its electromotive force is fed to the 
horizontal deflectors of the cathode-ray tube. 
The glow is detected by a photo-multiplier 
tube (RCA 1P21), and its output is fed to 
the vertical deflectors. To know the heating 
rate, the time marks are displayed on the 
glow curve. The curves were obtained as 
shown in Fig. 4 and the heating rate was 
approximately 0.8deg/sec and 0.2 deg/sec at 
150°K and 250°K, respectively. To avoid 
the overlap of the curves in the figure, the 
intensity scale is arbitrary and independent 
for each curve. The results are similar to 
the ones obtained by Bube.'»” All curves have 
two peaks and moreover the curves of the 
specimens containing lead or manganese have 
a shoulder at the higher temperature side. 
The glow intensity of the ZnS phosphor is 
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very weak and the second peak of ZnS-Cu-Cl 
is very intensive. The curves of ZnS-Cu-Cl 
which have been measured by many wor- 
kers' are complicated, but the observed 
curve is simple because of the faster heating 


rate. 
Photomultiplier 
A.C, Amplifier 


Phase Shifter 


DC. Amplifier 


D.C-AC. 
Chopper 


Pulse Generator 


Fig. 3. Block diagram of apparatus for recording 
the glow curves. 


(arb. unit) 


Glow Intensity 


200 
Temperature 


(°K) 
Fig. 4. Glow curves of the zinc sulfide phosphors. 


When the lower part of the vessel was being 
maintained at about 50°C after liquid air 
was taken out, the heating rate was about five 
times faster. So all glow peaks and shoulders 
shifted about 20 degrees to the higher tem- 
perature side. 

From the shift and the heating rate, the 
values of the trap depth and frequency fac- 
tor are calculated by using Eqs. (7) and (8) 
as given in Table 1. The value of the fre- 
quency factor is found to increase with the 


depth. 
§5. Discussion 


The values of the frequency factor have 
been considered to be constant for all traps, 
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but the observed values are not constant. 
Here, we shall compare the observed values 
to the ones obtained from the other phe- 
nomena. 

a) ZnS:Cl: The glow curves of the ZnS-Cl 
single crystal phosphor were analyzed by the 
Booth method, and the values of the depth 
and frequency factor of the traps due to chlo- 
rine ions were obtained to be 0.24+0.02eV 
and 7x10‘sec-!, whereas the /-value of the 
ZnS:C1 powdered phosphor was calculated to 
be 0.37eV from the Randall and Wilkins for- 
mula assuming 10%sec™! as the s-value. Those 
values are discrepant. 

On the other hand, the s-values for the 
traps of the CdS-Cl single crystal whose E- 
values were 0.35eV and 0.63eV were found 
to be 310° sec"! and 2x10’ sec, respective- 
ly, from the analysis of the curves of the 
thermally stimulated current by the Fermi- 
level or the Booth methods.!” 

The former s-value for ZnS-Cl is of the 

same order of the magnitude as found for 
CdS-Cl. Therefore, the former values were 
reported to be more reasonable.” The ob- 
served values of the first peak are in satis- 
factory agreement with the formers. As the 
second peak does not appear on the glow 
curve of the ZnS-Cl1 single crystal, it seems 
to be due to oxygen. Its s-value is of the 
same order of the magnitude as found for the 
second trap of CdS-Cl. 
b) ZnS-Cu-Cl. When the E-values of the 
traps have been obtained from the glow 
curves, the s-value has been assumed to be 
108 sec or 10° sect. The s-values have been 
also measured from the other phenomena. 
From the decay curves of the phosphorescence, 
the s-values were obtained to be 3x10!° sec7! 
and 7x10° sec"! for the traps whose E-values 
were 1.0 eV and 0.89 eV, respectively. From 
the dielectric measurements, the values of the 
reciprocal of the relaxation time for electrons 
in traps which should be closely related to the 
s-values were found to be 6.3x10%sec™! and 
2.09~1.3x107 sec for the ZnS-Cu and the 
ZnS:CdS-Cu phosphors, respectively.) But 
the s-values have not yet been derived from 
them. 

The observed s-value for the second peak 
trap is of the same order of the magnitude 
as found form the decay curves. 

c) Others: The s- and E-values for the Co- 
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trap of the ZnS-Cu-Co phosphor were found 
to be 5x10‘ sec"! and 0.51eV from the analy- | 


sis of the glow curve by the Garlick and 
Gibson method!™, but it was reported rather 
better to correct 0.68eV as the E-value, as- 
suming 10sec"! as the s-value.® 
ther trap for which the s- and E-values were 


1.3x 10" sec“ and 1.1eV were also found from | 


the decay curve of the phosphorescence.’ 

The values for the ZnS-Cu-Mn phosphor 
were found to be 10" sec"! and 1.0eV.'” 

From the above descriptions and the ob- 
served results, it may be concluded that the 
value of the frequency factor of the traps 
becomes larger as the depth increases. 
other words, the electrons which are cap- 
tured in the deeper trap couple more strongly 
with the crystal vibrations. 

From the well-known relation'® between 
the frequency of the escape from the trap 
and the capture cross-section(o): 


s/o=2(6)223/2mh-(kTY? , 
the capture cross-section of the trap is found 
to increase with the depth. 


$6. Conclusion 


The value of the frequency of escape from 
the traps of the zinc sulfide phosphors is not 
constant for all traps, but becomes larger as 
the depth increases. 
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A new method is proposed to calculate the velocity and pressure 
distributions around a thin symmetrical aerofoil or a slender body of 


revolution flying at transonic speed. 


It is essentially a refinement of the 


linearized transonic flow theory due to Oswatitsch and Maeder, such 
that a correction term is introduced to take account of the nonlinear 
character of the transonic flow. As examples of application, a sym- 
metrical circular-arc aerofoil and a circular-arc body of revolution in 
the sonic flow are dealt with, and the results are found to be in good 
agreement with experiments, except for the rear portion in the latter 


case. 


Introduction 


§ 1. 

As is well known, the flow around an ob- 
stacle in the nearly sonic free stream is 
governed by a nonlinear differential equation 
of mixed type. As a practical approximation 
method, the method of integral equation has 
been contrived by Oswatitsch and developed 
by Gullstrand and Spreiter».™. But the 
method is only applicable to flows with free 
stream Mach number near critical, though it 
can account for the appearance of normal 
shock waves. 

Oswatitsch® and Maeder® tried linearization 
of the transonic flow theory. Although this 
method seems to be very powerful, it has 
two unsatisfactory points; first the calculated 
flow is not influenced by the mixed-flow 
character that makes the essence of the 
transonic flow as Miles has pointed out be- 
fore, and secondly, according to Maeder’s 
method of determining the value of the as- 
sumed constant K (see (2.2)), the movement 
of the sonic point on the aerofoil with in- 
creasing Mach number seems to be incorrectly 


given at least for a circular-arc aerofoil, as 
is seen in Fig. 1. 

In this paper, a refinement of the method 
is proposed to remove such defects and take 
account of the mixed-flow and nonlinear 
characters, by approximately calculating a 
correction term to the linearized transonic 
flow theory. 

Recently, Spreiter®:” has put forward an- 
other simple and powerful method, called local 
linearization method. Our present method 
seems to give results which are comparable 
with those given by Spreiter’s method (see 
Fig. 2 and 3), but ours is different from his 
in accounting for the occurrence of the tran- 
sonic normal shock waves on the obstacle. 


§2. Basic Equation 
The basic equation for the transonic flow 
can be written in the form: 

(1— Mn?) O22+ Dyyt+ G2=(7 +1)Mx?O2022 (2.1) 
where U.@ is the perturbation velocity poten- 
tial, U. and M. are the free stream velocity 
and Mach number respectively, 7 is the ratio 
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of specific heats, and the x-axis is taken in thus giving a finite continuous solution 


the direction of the free stream. Maeder has =x, ¥, z; K) (2.3)8 | 
approximated (2.1) by a linear equation: fortenche WEL, 
(1— M2) Ge2+ Gyyt+ Ga= Koz (Qe) Let us introduce a correction potential g | 
defined as 


where K is a certain constant to be deter- 
mined appropriately. This can be integrated o=Org 


(2.4) || 
subject to the usual linear boundary condition, Then we have, by (2.1)-(2.4), 


7. se la Experiment Saabyebsyson 
© by Kawamura 
Theory —— by the present 
method 
—-— by Maeder 
cerns by Spreiter (the 
integral equation 
ae method) 


B(AVIG) mel Ome (27 aC)e- > O 1,0 


Fig. 1. Sonic point behaviour on the symmetrical circular-arc aerofoil with &~. 


Suv $802 [ (Mer) 47 +1)M oo" px} Se + 5 (7¥+1) Mog" iG +1)M.."G22—K foe « 


(2.5) 


The left-hand side of the equation is reduced to gyy in the two-dimensional case, while it 
may be expressed as £7,+(1/r)g, in the axisymmetric case where r=(y?+2?)/2. Also (2.5) 
shows the mixed-flow character such that it changes type according as 


(M.2—1)+(7+1)M..?0, S 0 (2.6) 


as should be expected. Here the equality holds for the sonic line or surface. 

Now as a first step to find the solution g of (2.5) valid in the neighbourhood of the ob- 
stacle, let us consider the order of magnitude of various quantities in (2.5). According to 
Guderley®, the both sides of (2.1) are considered to be of the same order O(c?). Here t is 
defined as an expansion parameter such that 


EAOG)) « (y+1)M..?c/1—M..2)=O(1) (2a) 
and 


by Be Vos base & ze Vez (2.8) 


where L is the length of the thin or slender obstacle, x, y and Zz being O(1). If ¢ is the 
thickness ratio, it is related to t as 


r=O(0/8) or = t= OE) (2.9) 


in the two-dimensional or axisymmetric case respectively. 

Then the boundary condition of g on the obstacle will be that Sy=O(r*/"), g-=O(r5/2) there, 
provided that g has already been determined so as to satisfy the usual linear boundary 
condition. That is, if U.0.=u and U.@,=v, 


is v v Ona 
=Py + Ly , ag 


a, Bee! 
(laa oe Oe a 


14+, 


Vv 


ral 


Yy 


and hence, with the aid of (2.7) and (2.8) we have 


J 
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s=0( 5 # ) =0(6°/4) =O(e°!) 


and similarly (2.10) 
Lz — O(r5/2) 


except near the nose and tail of the obstacle. Therefore it is concluded that 


Svy + See=Ol(z?) (2.11) 


in the neighbourhood of the obstacle, while the right-hand side of (2.5) is generally considered 
as O(r?). Thus we may consider the left-hand side of (2.5) to be negligible in comparison 
with the right-hand side, at least near the obstacle. (For the axisymmetric case the estima- 
tion of order of magnitude should be performed in a slightly different manner. But the 
conclusion is the same as for the two-dimensional case. ) 

Now the basic equation can be simplified in the form: 


pg | (MPD +r +1)M.? G2} gx +5 (7 +1) M222? }+@ +1)M.2Gex—K}@e=0 . (2.12) 


Further g is subjected to the condition, that it should vanish when the last inhomogeneous 
term in (2.5) or (2.12) vanishes identically. That is, 


£g=0, when {(7+1)M.2¢22—K}¢2=0 (2.13) 
This means that Maeder’s linearization is perfectly valid, or that there is no obstacle. 


§3. Approximate Solution 


The approximate equation (2.12) near the obstacle can be easily integrated to give 


ee / Nees [ 2("| ea K He 
=— SSS 02 — > + re Gwe) 
ne {@ C+)Me Says Ore Ce tare he Wel et Gee 
in which the double sign should be taken according as 
leek. 
ee is Set eS) (3.2) | 
(+) M? | 


in order to satisfy the condition (2.13). It can readily be seen that gz also satisfies the 
boundary condition at lateral infinity (y—=-bco or roo), since gy tends to zero there. The 
unknown constants c and K are uniquely determined in the following way. 

First, gz will in general be discontinuous at a point where 


1— M..? 33 
poe Oe (33) 
G+ DM? 
But, from the physical point of view, any accelerating discontinuity of the flow velocity 
must be forbidden, so that we should have 
where x=c* is the point satisfying (3.3) in the accelerated flow region. This gives 
C=C (deo) 


Secondly, we know ¢2(c*)=9,(c*) from (2:4) and (3.4). With (2.6) and she pope 
that c* is the sonic point and it is the same for the ee linearized a a or ; 
corrected flow. This is in agreement with Oswatitsch’s®” inference that ae Se 
transonic flow field would be valid in the neighbourhood of the sonic point at least on the 
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obstacle. Therefore it may be expected that the best agreement of (2.1) and (2.2) would 
occur in the neighbourhood of x=c*. Hence it is natural to take 


K=(7 +1) Mu?Ox2(c*) = (7 +1) Me? Gae(c*) (3.6) 


Thus, the solution ®, valid near the obstacle is completely determined as 


ee eh a (3.7) 
one 
where 
SVE 2 x K 

oh ack pete ae thl Cr eeemecnnr wel 3.8 
‘i ? eat aban 2\" fe (7+1)M.? joudx (3.8) 

pee ee ESS) re eS USE et ae ae 
=| anaes} +? (rtp ee Cae 


the double sign corresponding to g2(x)=(1— M.”)/(7 +1)M..”. 

It is interesting to note that the proposal of (3.6) satisfies the two remarkable requirements. 
The one is that it can also assure the continuous connection with Prandtl-Glauert’s theory 
at the critical Mach number as well as Maeder’s proposal, since then we have K=0. The 
other is an essential analytical behaviour that the square root in (3.8) or (3.9) must not be 
imaginary. 

Indeed we have, from (3.8), 


AY |dx=2{ Carl c*) x(x) — Gel C*)Px2(X)} (3.10) 
BY (dx? =2{ GrelC*)Grx(x)— Gr(C*)Grex(x)} (3.11) 

with the aid of (3.3) and (3.6). Hence 
Mees ¥Xe=0 (3.12) 


and 


Y"(c¥)=2{[Gex(c*) P— gel") Gze2(c*)} (3.13) 


But, if we confine ourselves to the transonic case such that ¢g.(c*)=0, we should have Y’’(c*) 
>0. From this and (3.12) we have 


Vi ee 0 (3.14) 


in the neighbourhood of the sonic point x=c*. Further it seems to the author that the rela- 
tion (3.14) will be generally valid for the main portion on the obstacle. But, in case it 
breaks down, for example in the neighbourhood of the nose and tail of the body of revolu- 
tion in the supersonic flow, gz as given by the linearized transonic flow theory will give a 
rather good approximation there. 


§4. Physical Implications 
1) Sonic Point Behaviour 


In the present method, the sonic point c* is determined simultaneously with K by the 
equations: 


: 1— WE 
(7 +1) M2’ 


iat 
‘Gost DERE aL OE (4.2) 


=9.(c*; K) (4.1) 
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Above the free stream critical Mach number, AK =0 and c* moves monotonously forward 
with increasing Mach number. 

In the present approximation, freezing of the flow field at M..=1 cannot be accounted for, 
though the sonic point behaviour with increasing M.. for the entire transonic range is quali- 
tatively more reasonably given by this than by any other one single approximation method. 
In Fig. 1, the sonic point behaviour of a symmetrical circular-arc aerofoil is shown and is 
compared with the results by Maeder*) and Spreiter» (the integral equation method) and 
with experiments by Bryson” and Kawamura. 

2) Transonic Normal Shock Wave 

In some cases, (3.3) has another root c** which is in the decelerated flow region. Then, 
as is known from (3.7), the flow velocity has a finite discontinuous jump of equal amount 
V Y(c**) from the sonic velocity at the point x=c** which may be quantitatively interpreted 
as a transonic normal shock wave. Appearance of such an irregular point is due to the 
quadratic behaviour of gz in (2.12) and hence in (2.5) as well as in the case of the integral 
equation method. 

It appears usually in the supercritical flow, but arrives at the trailing edge when M.=1 
in the two-dimensional biconvex case, as is assured by investigating the behaviour of gz. 

3) Limiting Form of 9x 

We have so far considered the transonic case such that the root of (3.3) exists. But it is 
also possible to predict the asymptotic approach to the sub- or supersonic linear theory as 
M.. tends to zero or infinity. : 

In order to achieve the continuity of our transonic solution to the sub- and supersonic 
solutions through the lower and upper critical Mach numbers respectively, we adopt the 
following prescriptions to determine the values of c and K, when the real root of (3.3) does 
not exist. For the subsonic case, (either two-dimensional or axisymmetric), c is taken to be 
the critical value c* corresponding to the lower critical Mach number, which corresponds to 
the point of maximum flow velocity for the incompressible flow. On the other hand, for the 
two-dimensional supersonic case, we take c=c*=0, that means the leading edge. (It is not 
necessary to consider the axisymmetric supersonic case.) And hence K is uniquely given by 
BOs 
Wed these extended definitions, the limiting form of @, is obtained as 

M. 


2 K : 
= 92(1)4+ EEE (0h) —9MO)— ag (CO) (4.3) 


since the last term in (3.9) tends to zero as M.---0 or o, and 


Mat =l 4.4 
aera (4.4) 


Of course ¢ itself tends to the conventional sub- or 


in the sense of small perturbation. 


supersonic linear potential. é 
In consequence, the final formula Gen) 1S Su 


range. 


ll valid throughout the whole Mach number 


§5. Examples of Sonic Flow (M.=1) 
In the case of the sonic flow, Maeder’s formal sol 


i 1 bstacle. 
following simple form, on and near the 0 , i 
For the two-dimensional flow past a thin symmetrical aerofoil: 


ution for g can be expressed in the 


*) This result was calculated by the author according to shan s see os eee a 
Then it is remarkable that in the flow with & below —(2/r)?/8, K erie are ee ai 

hile in the present method K does not vanish for & over the critical value, ee 
Cae . t the reason will be performed in the author’s later paper. Here &~ is a transonic 
u 


explanation abo : 
: —1)/[¢+DtM.2}/8, defined by Spreiter. 


similarity parameter, (M.? 
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ynt G/2) 
2n+1 


v(x, y= aa p> — FO+ (x) 


+FylF@)+O8), O<e<t G6) 


For the axisymmetric flow past a slender body of revolution: 


C ee 
cage Sate SM FO+W(x) <n Oe log t), 0<x<l1 G22) 


1 , 
Modedie gy tne sagem, eS 


where F(x) is the cross-sectional area of the obstacle whose length is L=1, and C is Euler’s 
constant. (see Appendix.) 

A circular-arc aerofoil of thickness ¢ is approximately given by |y|=s(x)=2t(x—2#), OX x 
<1, and hence 


F@)=2Zsy)=44 4-7), (USS, he | (5.3) 
Similarly, for the circular-arc body of revolution we have 
Fans )=AnF aay, 02 tel (5.4) 


Calculating @,. straightforwardly by the prescribed method, and using the usual approximate 
expression for the pressure coefficient Cp, we can obtain the distributions of Cp on the above 


Cp 
4.0/7 


Cp 


-05 


MUL 


Fig. 2. Cp-distribution on a symmetrical circular 


arc aerofoil. Fig. 3. Cy-distribution on a circular-arc body of 
Experiment © by Michel, Marchaud and revolution. 
Le Gallo Experiment © by Drougge 
Theory —— by the present method Theory -—— by the present method 
—~— by Maeder —— by Maeder 
ewes by Spreiter (the local line- ----- by Spreiter (the local line- 


arization method) arization method) 


real minus infinity as should be expected in the axisymmetric 
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described obstacles of t=0.1 and ¢=1/6 respectively, as in Figs. 2 and 3. It will be seen 
that the present results are the most satisfactory among the various theoretical results, in 
view of the agreement with the experimental ones by Michel, Marchaud and Le Gallo 
and Drougge™. In Fig. 3, the curve has been corrected near the nose and tail, taking ac- 
count of the fact described in §3.* 

It is noted in particular that a transonic normal shock wave stays on the axisymmetric 
body and its nose and tail are the stagnation points. But as viscous effects destroy such a 
shock wave on the obstacle, any quantitative discussion about it seems to be without physical 
significance. 


§6. Conclusion 


The present method is essentially a refinement of the linearized transonic flow theory, 
such that the nonlinear characteristics of the fundamental equation is taken into account and 
the unambiguous determination of the value of K can be made. Also it has an advantage 
over the integral equation method in simplicity and applicability and over Spreiter’s local 
linearization method in covering the two-dimensional high subsonic flow with a normal shock 
wave standing on the obstacle as well. 

Since our method starts from the linearized transonic flow equation, any solution can be 
constructed by superposition even in the lifting case, although the final velocity ®, for a 
definite K is no longer superposable. Therefore this method is expected to be the most 
practical of the existing approximate methods for the transonic flow. 
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Appendix 
The original linearized transonic potentials corresponding to (2.3) are 
(x, AS "FF (Bete Kola{(x—EP + By?) dé : Via (Al) 
2x 0 8 

ol ae Tila“ ewe ye | dé, M..>1 (A2)** 

0 m 

and 
ete ec exp [atte Re wel ji Baal (A3) 
Hn, )=—q-\ F@e fener 

(Cio ae aad Ty (A4) 


((x-EP mr}? 


* The details of the correction are as follows: the proposed method is applied without any modifica- 
tion to the main portion of the body (w=0.15~0.9) and the pressure distribution there, which contributes 
is calculated with the aid of the usual expression of Cy for the axisymmetric 
y of the nose and the tail, where the method 


=—— a. Tee 2 
27 


mostly to the total drag, 
body in the small perturbation theory; while in the vicini ' 
is anticipated to fail gradually, ¢z itself is employed in place of Mz because the former is considered 


j i i hich does not necessarily tend to 
easonable in the analytical behaviour than the latter, w 
oe case from the viewpoint of the linearized 


f the body is very good; but at the rear 


inuati of the Cy-curve at the front part o 
theory. The continuation ‘D Soe Se 


part it does not seem to be so smooth, so that interpolation of some ki 


corner at the point of connection has to be made. 


** The expression (A2) is somewhat different from Maeder’s one, but the latter is not ocrrect. 
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where Ky and Jf are the modified Bessel functions of the zeroth order, and a, B and m are 
connected with one another as follows, 


Pees ; @=1—M.2=—m? (A5) 
2B? 2m? 


c= 


These potentials can be integrated out on and near the obstacle as follows. 
(1) The expressions (Al) and (A2) tend to 


—Ky/4(x—&)] 
Ri lg ee (A6) 
%, J=-s7 oral SPIE é 
as M.—-1+0. With the substitution, 
st rae dE _» du (A7) 
4(x—&) ae ut 
and by the Taylor expansion of F’(«— Ky?/4u?), 
poeyee 5 its — FO (x a= =i AEDs pect ages (AB) 
; QV 4 cay aay? WD 


Integrations in (A8) can be much simplified by the recurrence relation, 


pee aM —{2n—h)\ exp (=Ky*/4x)_ (yy a} (A9) 


k 
{2n+1)}! 12s Yah BO-D (Kyran) 


where 


ew 


h=\" Suan, ssi! stg ——3 +O(Iyl). (A10) 
Ky 4a? U2” 


The linear term with respect to |y| in Jo does not influence that in the following formula 
(All). Thus, 


se Fon) 2 mas + S1ylF'(x) +00), 0<xdi (Al1) 


9x, Y= a 


(2) The expressions (A3) and (A4) tend to 


ole, ell ripleee — Nag (A12) 


as M.—1+0. With the substitution similar to the previous case, 


KF dé du 


ss) a eae 115 a) 
and by the Taylor expansion of F’(«—Kr?/4u), 
ola, ‘=F 5 Sl? pen, »( ie ol Pe cdi valle (A14) 
7 n=0 ! 4 alte) Ue 


The recurrence formula is in this case 


n= sr | SC 1 (n—k— NlracaE ae armel n>1 (A15) 


where 
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— 3 ent 
if | Kr/4n U" ro 
and 
(A16) 
WA Ce Kr Er 2 
f= Ei( i Gente BY Kr Kr 
Ax oT Ax a5 Ax rot 
Consequently, 
ot ln M4 ae 1 n+ Gr: 
Cee alg a ph Oe et) Or ea 


It is obvious that the both expressions (A11) and (A17) satisfy the linear boundary condi- 
tions on the obstacles. 
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General Theory of Electrically Conducting Perfect Gas Flow 
past a Three-Dimensional Thin Body 


By Shigenori ANDO 
Engineering Div., Gifu Seisakusho, Kawasaki Aircraft Co. 
(Received August 22, 1959) 


General theory of electrically conducting gas past a three-dimensional 
thin body is presented. Fundamental equation for a parametric function 
is derived. The magnetic field, the flow velocity and the pressure are 
all connected to the parametric function, and so the boundary conditions 
for the fundamental equation can be written explicitly. The flow over 
a wavy wall is treated as an application of the present theory in which 
the applied magnetic field may be in an arbitrary direction. 


conventional gas dynamics. 

Small disturbance theory in general deals 
with inviscid and, in most cases, steady flow. 
It takes one of various different forms in ac- 
cordance with the assumptions for compres- 
sibility of the fluid, for electric conductivity 


§1. Introduction 

Small disturbance method introduced into 
magneto-hydrodynamics by Sears and Resler? 
is a very attractive, because this method may 
bring about some extensive systems of theory 
and many instructive physical images as in 
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or magnetic Reynolds number of the flow, 
for direction of the applied magnetic field and 
for the spatial extension of the body in study 
(that is, either two-or three-dimensional). 

Sears and Resler» calculated several inter- 
esting examples under the assumptions that 
the magnetic Reynolds number is infinity, that 
the applied magnetic field is parallel or normal 
to the free stream, that the fluid is incom- 
pressible and that the flow is two-dimensional. 
According to Sears’ lecture», their investi- 
gations were extended to the flow with finite 
magnetic Reynolds number and with compres- 
sibility, but the applied field was still parallel 
or normal to the free stream. In these in- 
vestigations attention was given to some 
particular problems, and no general theory of 
small perturbation was presented. Sakurai® 
presented a general theory of perfect gas past 
a two-dimensional thin body under the as- 
sumptions that the direction of applied field 
and magnetic Reynolds number are both 
arbitrary. He derived a “fundamental equa- 
tion” (partial differential equation) for a 
“parametric function” (generalized stream 
function). However, he neither used it to 
solve practical problems nor showed the equa- 
tions relating magnetic field to his parametric 
function. All the above mentioned investiga- 
tions were restricted to the two-dimensional 
flow. 

In the present paper is derived a general 
fundamental equation for the steady flow of 
inviscid perfect gas past a three-dimensional 
thin body. The magnetic Reynolds number 
and the direction of applied field may be 
arbitrary. The fundamental equation is writ- 
ten for a parametric function to which the 
magnetic field, the flow velocity and the pres- 
sure are all connected in compact and reason- 
able forms. In the case of two-dimensional 
flow, this fundamental equation has the same 
form as that derived by Sakurai, but the 
present parametric function is connected not 
only to the flow velocity but also to the 
magnetic field. Therefore boundary conditions 
can be expressed in terms of this function 
when necessary, and so the mathematical 


Qx=G/ten ; 
0% = 0/00 ; Density. 
Pe=P/[0x%? ; Pressure. 
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formulation of the problem may be completed. 
Once general fundamental equation is derived, 
it is easy to get the fundamental equations 
for the special cases treated by the previous 
writers, Resler, Sears, and Sakurai. 

As an application of the general theory the 
flow over a wavy wall is treated in case 
when the magnetic field is applied in an arbi- 
trary direction. This problem is interesting 
because the two extreme cases with parallel 
and normal magnetic fields, calculated by 
Sears and Resler?, are of entirely different 
character. 

A reduction of the general theory also 
shows an interesting phenomenon that the 
perturbation wave may travel obliquely for- 
ward when Alfvén number is less than unity. 


§2. General Theory 


2.1 Non-dimensionalized basic equations 

Suppose that a three-dimensional thin body 
flies with constant velocity in a inviscid per- 
fect gas with electrical conductivity. It is 
assumed that the conventional magnetohydro- 
dynamic approximations are valid. As the 
electromagnetic unit, MKS rationalized system 
is used. 

The basic (starting) equations are written 
in the conventional notations referring to the 
frame fixed to the flying body as follows; 


rot £.—0 (Gls) 
div By=fe. (2) 
rot By = RinJ's (3) 
div B,=0 (4) 
J. =Fy4+s X By (5) 
div (0%4%)=0 (6) 
0x(Qx-V)Qx=— grad py+RmS(Jy. x By) (7) 


(r—1)7104(@x-V)T x= — Px div Qe + RinSJx2 
(8) 
Px=0xTx Gos) 
(1), (2), (8) and (4) are Maxwell’s Eqs. (5) is 
Ohm’s law, (6) is continuity Eq. (7) is mo- 
mentum Eq. (8) is energy Eq. and (9) is Eq. 
of state of perfect gas. The quantities marked 


with asterisk are non-dimensional and defined 
in the following ways; 


Flow velocity, vector. 
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PRERT a2 ; Temperature. 
B,=B/B.. ; Magnetic flux density, vector. 
E,=E/i~B~ ; Electric field, vector. 
J.=J]6tio Be ; Current density, vector. 
40) DL Coordinates. The unit vector in the x-direction is 
V=HIL ; denoted as i. Free stream direction is chosen as the 
2=21L x-axis. 
Veyron Las ; Magnetic Reynolds number. 


S= B..?/UcPolleo? = N-2 ; Pressure number. 


N ; Alfvén number. 


The quantities marked with bar represent the original ones having dimensions. Subscript 
“co” represents free stream condition. 

As it is very inconvenient to use all equations from (1) to (9), all the quantities except qx 
and B, are eliminated. First, J, and E, are eliminated as follows. From’ (1), (3) and (5), 


the so-called induction equation is derived, 


Rm rot (qx x B,.)+7?B,=0 (10) 
The momentum Eq. (7) is reduced to the form 
0x(Qx-V)Qx= —VPx+S(rot By) x By (11) 
The energy Eq. (8) is reduced to 
(7-1) 0x(Qe-) P= — Px div Qe +(S/Rm)(rot By)? (12) 


0x, Py» and T, in the above equations will be eliminated in the next section. 


2.2 Linearization of the basic equations 

First we take the frame (S’) fixed to the free stream, and suppose that a thin body flies 
towards the direction x’=—co. Assume that in this frame the magnetic field is uniform, 
B. (Bez, By. 0), the electric field is E.’(, 0,0) and the current density is J-"(0, 0,0). Then 
Lorentz transformation from this frame (S’) to the frame (S) fixed to the flying body shows 
that 


electric field w.r.t. (S), E.=(—G.) x B..’ 
magnetic flux density w.r.t. (S), B..=B.. 


Therefore E,(x=—0c)=E.=—ixB.., and current density at infinity w.r.t. (S), J.=Ho+ti 
x B.—0. After this we use the frame (S) only. 

Non-dimensional quantities marked with asterisk may be devided into two parts. The ones 
are the unperturbed quantities and the others are the perturbed quantities. It is assumed 
that the latter are very small and their second and higher order small quantities are negligible. 


Qx=(i+ v) ? v(u, Vv; w) 

B,=B..46, B..(cos 0, sin @, 0) , b(bz, by, bz) 

Ppx=Pot P 

0x=Poto=1+e (13) 


E,=—ixB.+E, E(Ex, Ey, Ez) 


D em Ne | ’ I(Jzs Ju, jz) we 
u,v, W: Dey by, be; p,0,T; Ex, Ey Ess Jordu Je<1. 
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Then, induction Eq. (10) is linearized as follows; 


hae +(B..pv—Be div} +7*b=0. (14) 
x 


lity 
Momentum Eq. (11) is reduced to the form 


Ov __pp—SR..xrotb. (15) 


Ox 


or its x—, y— and z— component equations are 


Ou Op ‘ : 
= — b), 
Ae Ax S sin @(rot b) 
Were OD. us cos O(rot b). (16) 
Ox Oy 
ow = Op S{cos O(rot b)y—sin O(rot b)z} 
Ox 0z 


Integrating the first of (16), we obtain 


x 


p==40 Sia o\ (rot b)z dx . (17) 
Operating “rot” to (15), we obtain 
fe v=S(B...7) rot b. (18) 
Ox 


Next we linearize the energy Eq. (12). (rot B,)?=(rot 6)? is a second order small quantity, 
and neglecting this, (12) reduces to the equation derived without magnetohydrodynamic effect. 
That is, r(r—l)-"! 0T/0x=0p/0x. Integrating this equation and putting integral constant to 
zero (all disturbances vanish at x=— co), we have 


SN AG ees © ima SP (19) 
Linearization of the equation of state of perfect gas (9) gives 
p=0T.~+T | (20) 
From (19) and (20) we obtain 
p=77— "TPH F— DT Paya ae Peres (21) 


The continuity Eq. (6) is linearized to the form 
: 00 : 
div (0%@x)=—— +div v=0. 
Ox 


Using (21) and the first two of (16) together with the above equation we can eliminate p, 
(rot b), and p, then we have 


2 
Mo (B...v)= (B...7) div v (22) 
or 
One Ou ; O°: , O2v a 
cos af ax (aiv v Me ) f+sin at ay div v—M ar |=0 ; (225 


where M is the free stream Mach number defined by the equation A= 4l(7 Popa = G po) 
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If the magnetic field is absent, (22’) gives 


Ou , Ov . Ow 
ie a i 
( Mae pena? | 
O”/ On OD Ow Ov | 
ay ( Ox at ay sr Oz \—M Agi ae 


The first of (23) is the ordinary continuity eq., and the second can be reduced to Ov/Ox— 
0u/0y=0, which is one of the equations for the condition of irrotationality. Therefore (22) 
seems to be reasonable generalization of the continuity condition. 


2.3 Introduction of parametric function 
In the previous sections, the basic equations are reduced to 


induction Eq. (14) three eqs. 

momentum Eq. (15) three eqs. 
and | 

continuity Eq. (22) one eq. 


These seven equations contain the seven unknown physical quantities, b,, by, bz, u, v, w and 
p. Of course it is possible that only one quantity, say uw, is retained and the other six are 
eliminated from these equations. But the resulting fundamental equation in u may be in- 
convenient since the boundary conditions can be hardly expressed in terms of uw only, and 
thus it can not be used to solve practical problems. For this reason it is necessary to intro- 
duce an appropriate parametric function, for which the fundamental equation is constructed 
together with explicit expressions of the boundary conditions. 
Introducing a scalar function ¢g, (18) can be integrated to the form, 


Ou Ob 0g 
a = Sat Brad 24 
Ae iS) an + gra ax (24) 
where 
0 0 ¢ 0 
a = 0 : Zo 
ay B...7=cos 9 ax sin ay (25) 
We also define 
0 : 0 7) 
= 0 26) 
a7 sin 0 ax cos ay ( 
for later discussions. From (24) 
div v=/f’9 (27) 


is obtained. Using (24) and (27), (22) reduces to 


@ ye ) mrs (B...8 fro (28) 
ma ( a). rp oe 
(14) also reduces to 
0 oT, GON R ae ey ik *\o=0. (29) 
(ae + RinS On? \o+ m ax On V V 


We now define a new parametric function ® with the equations, 
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wigs @ 9? 
v=(r, Rn gg + RS a a 


a/ a 
Oy RN pg NF 
L Rope Go? r’) 


then (29) and div b=0 are satisfied automatically. Substituting (30) into (28), we obtain 


| (Re & —p? 2 \(n—™ is + RaS( MP — us vr jo=0 (31) | 


Ox? Ox Ox? Oinitey? 


which is the fundamental equation in ®. 6 and v are expressed in terms of @ as follows; 


ao 
ees EE en 
2 Ral 5-7 Fe ae 


0 oO? 0 
— 2 m m os O 
(7 5 Ray Tans SB.p? “| 


(32) 


p is expressed as follows; 


YO 
Ox? 


00 
Ox ~ 


p=(Rw SRS r*) (33) 


Therefore all boundary conditions given with 6, v and p can be expressed in terms of O 
only. (31) agrees with the equation derived by Sakurai in the case of two-dimensional flow». 
But he neither related his parametric function (generalized stream function) to bz and by nor 
used his fundamental equation to solve particular problems. It is rather natural because the 
boundary conditions are not expressed in terms of his parametric function. 


2.4 Reduction of the fundamental equation (31) to some special cases 


Using the above results, all the equations which have been derived by the previous writers 
in some particular cases can be written down easily. 


24a Bo=t 
(31) reduces to* 


a @ a 
R22 Pe Ve ” 288 pee = pe 
( py V)( 72 MPa) + RSM Dp fe 0 (34) 
(32) and (17) give 
b= Rol ir? -9\0 
Ox 


v=| (r° = Ro )7+iRnSr* |o , p=-u. fe 


Moreover if we assume Rm— oo, (34) reduces to 


ce =M l=?) 0 OF 304 Jo=o. 


1-M?_N? O02 | Oy ' On (36) 


(35) reduce to 


* The following substitution is used without any explanatory note. 


@ in (34) and o-. (@ in (31) and (82)) . 


Similar unessential substitutions are often used in the following discussions without changing notation. 


(30) 
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z 0 
b= 2) = eee 
(iv Ox r\o 
s (37) 
= I SS a 
0) («sr ae) p=—-u 


(36) is the well-known Resler’s eq. On the other hand, if Rn—-0 and RnS=K=0(1) we 
obtain from (34) 


? ee Ode Pui zal 
Ee mite ) an )tKG, |o=0 > 
(35) reduce to 
b~0, v=(p+ik)o. (39) 


dimensional case, we define a scalar function 9’ with the relation 0’ =e**@, then 


0? 4K? 4 i o? lo=ee| Oo? SK 0 Br I Page lor=0 (40) 


| Ox? Ox 1—M? dy? 


| To compare (38) and (39) with the corresponding equations obtained by Sakurai in the two- 
' 
| OX, Ox 1—M? dy? 


is obtained. (40), the partial differential equation in ®’ was used by Sakurai®). 


2.4.2 Rn—>o, M—-0 and the flow is two-dimensional. (6 is arbitrary) 
(31) reduces to 


O2 02 - 
: 20 = 41) 
baz Ss) Op rs @=0 (41 


where 
72= 02/0.x2 aL 02/02 ; 


Assuming 0=0,+90, 


(32) and (33) reduce to 


9 0 OD, _ 6) (Ge) 
b= (Bor On rs) Ox i On \ Ox 


0 00; 0 (00, 6 
a On r+) an Oa Ox ) oe 
p=(2,-sre\ oH nas 
Replace the dependent variable 9 with F and G, and 9% with ¢ as follows; 
0? 0, dz 
= F(«x—dAy)4 G(x—22y) 
On0yOR nue Ea ae On 
OD, _ 
Ox? 6 
F=F(x—ay)=FE-N7) 
G=G(«x—Ary)=G(E+N7) (45) 
727 (x, y)=0 


where the new independent variables & and 7 are defined with the relations; 
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x=&+yc0s0, y= sin 0 
(This transformation is valid only if HK, 9) =sin 9-0) 
Ol, 7) (46) 
0/0E=0/0x , 0/0n=cos 0 0/Ox+sin 6 O/Oy 
2 AL "COSI E UN. <teer A) 
E= Ny=x ( oar Je 4% ( yes 
Then we can reduce (43) to the form 
Ay As 0d 
b= N ( 1 G) “i 
see ie a (47a) 
1 1 
= _ G 
be=M( apps Hao) og 
Ai ds 0¢ 
= F+ G+ 
1+A? 1+2 Ox (47b) 
v= : s G+ On: 
1+A? 1+2,? Oy 
and pressure (17) is reduced to 
Od A sin 8 ) ( 70 sin 0 
ee —\F 
p=p aan Ps \e (47c) 


(47) are the fundamental relations for this case. 
Although (47) are similar to the equations 


introduced by Sears and Resler for the case 


0=n/2», it should be noted that (47) are derived from the general fundamental relations in 


the reasonable way. 


upwards and G downwards. 


(4), .=tan a= 


(ae 
(48) 


Referring to Fig. 1 it is found easily that the 
wave may travel forward when N is less than 
unity. (See wave front B’) 


Dm sin 0 - it 
Uo+Um COS O Ay 


—VUm sin 0 1 
=tan a,—=——— =, 
Uo— Um COS O 70 


§3. Application to the Wavy Wall (Insu- 
lator), 0 is Arbitrary 


Assume that the two-dimensional wavy wall 
surface is expressed with the equation 


V = Setk2 — Egiznx (49) 


where x is non-dimensional coordinate and is 
related to the original coordinate % as x=kX/2z. 
Note that the real part should be taken in the 
above and the following eqs. We also assume 
Rm is infinity and M is zero. In this case 
G=0, because disturbance travelling down- 
wards does not exist. Assume the forms 


It may also be noted that the function F(x—A,y) and G(x—Asy) represent — 
the two waves travelling in the opposit directions, that is, F gives the wave travelling 
This fact can be found as follows (See Fig. 1); 


Flight Path 


Fig. 1. Propagation of the disturbance wave in 
the oblique magnetic field. 
Uo=Flight velocity of the body 
Vm=Speed of propagation of Alfven wave 
@ =Direction of applied magnetic field. 
¢ =Time 


when N>1 | when N<1 


wave front travelling upwards 


A A’ 
wave front travelling downwards 
B B/ 
OQ=tet | OQ! =Yeot 
OR|=OPR3=a7t OP\=OR.= ont 
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Fx—Ay)=fiemt@e-rAM ! 
B(x, Y= Giermerin | th 


In the region y<0 there is no current because the wall is insulator, and then 6 can be written 
in the form b=grad ¢3. Assume 


Og 


0d: E G 
ay iby 6 (51) 


SE =271¢3 E2ti(a-ty) = L 


Ox 


To determine three unknown constants f,, gi and yz three conditions are necessary. 
The first condition; by is continuous at the wall surface (div b=0). 


2ngse™'* = —[ N/(1+ar2) | fie" — 27g, ertiz+i0 (52) 


The second condition; J. should be continuous at the wall surface. Because a first-order 
surface current Jz would produce first-order force component (J:x B..)x if the magnetic field 


B. is not parallel to the x-axis. There is no mechanism here to resist such force component”. 
2rig; ee =[— 2, N/(1+42)] fi e@*+ 2rigi e2t2+ , (53) 
The third condition; the flow velocity component normal to the wall surface is zero. 
(1 +A?) ft 2% —2ryy ert@ =7RE errie , (94) 
From (52), (53) and (54) we obtain 


Ji=— 201 ai kee Ne aie” — ALN | 
gi=[REN/(2x)]\(1 +241) N+ 21e”—A.N) 


(55) 
¢3=[REN/(2x)\1—idve(Ni+ 2ie8—-AN)?. | 


Using (47c), (50) and (55) the pressure on the wall surface is obtained as follows; 


14+ Ar Ned 

NG—41)+ 21 e 
[N3+(N2—2) cos 0—2N cos?6]—i sin O(N? +2N cos 0+2] (56) 
N?4+N? cos 0+2N sin?@—iN(N+2 cos @) sin 8 ‘ 


NO= 2 Ay — SDF Va tase 
p=—ké er = 


—_—— k& ertiz 


—k& e2nia N- co 
—) —R& e=(1—2N-*) 6-0 (57) 
— RE e2@!=(N2—2iN—2)/N(N—21) 97/2. 


The limiting values at 0=0 and 0=7/2 agree with the results calculated by Sears and Resler. 
But in the case 0=0 this agreement may be nonsense. The value of pressure disturbance 
shown in the second of (57) is the purely gas-dynamic one in the present theory, while in the 
Sears and Resler’s result it must be the sum of purely gas-dynamic one and magnetic force 
acting on the surface current. Sears and Resler pointed out that for this case there is no 
interaction between the gas flow and the magnetic field except for the boundary conditions 


on the wall surface. The surface current, here, can be exist because the force Jzx B.. 1s 


normal to the wall surface. 
Indeed 0=0 implies 0/07=0/0x and so (41) reduces to 72?Gx2.=0 except for the particular 


case S=1. It is easy to show that (32), (83) and the other eqs. also give the fojlowing 


relations, 
b=—fOr.2.=0 , p=-4, 
rot b=0=J, rot v=0 
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which are nothing else than the Sears and Resler’s assertion. §9=0 is say, a “singular point” | 
in the solution (47). 


$4. Concluding Remarks 

General theory of electrically conducting perfect gas past a thin body is presented under 
the assumptions that the flow is inviscid, steady and three-dimensional, and that the magnetic 
Reynolds number and the direction of applied field are arbitrary. The magnetic field, the 
flow velocity and the pressure are all connected to the “parametric function” for which the 
“fundamental equation” is derived. Therefore the boundary conditions are also can be 
expressed in terms of the parametric function. This fundamental equation is reduced easily 
to those obtained by previous writers in respective particular cases. The general theory is 
applied to the wavy wall problem in the case where the magnetic field is applied in an 
arbitrary direction. It is found that the disturbance wave may travel forward when Alfvén 
number is less than unity. 

The author would like to acknowledge his gratitude for the cordial guidances and discus- 
sions on the work described in this paper given by Prof. Tani, Prof. Tamada and Mr. Sakurai. 


Appendix. The Slender-Body Approximation 


For the slender-body approximation both L,/L.z and L./Lz are very small, where Lz, Ly 
and L, are the characteristic lengths in the x—, y— and z— directions respectively. Assume 
that the operator 0/0x is a ordinary quantity (=0(€°)) and that 0/Oy and 0/0z are the same 
order large quantities (=0(€-1)), then generally 0”*"+”/Oy"0z”"0x? is the (m+m)th order large 
quantity (=0(é-“"*™)). Thus, retaining only the highest order large quantities in Eqs. (31), 
(32) and (33), we have the following expressions as the slender-body approximation in magneto- 
gas-dynamics 

0 o? 0 0 vi» 
m 5p me 
l(- ax — + RS sin? ae ita Agen > Fe 0 (O(€-*) in (31)) (Al) 
be Ran COS 0 722(00/0x) 
by=Rmn sin 0 00/0x0Z2 (O(E-*) in (32)) (A2) 
bz=— Rn sin 0 0°O/0x Oy 0z 


u=(RnS/2) sin 20 72(00/Oy) 


v=p2 (+ RwS sin*@ )(@0)oy) (0(é-8) in (33) (A3) 
W=22(0?0/0x0z) 
where 
2 oe 
re Oe Oe cod 


Note that 2? defined here is different from 7.2 used in section 2.4.2. It is found easily from 
(A2) and (A3) that the relations 


Oby Obs _ Ov , Ow _ 
By gees ere (AS) 
are valid. 
When the magnetic effect is absent (that is, Rm=0 and S=0), we have 72°(y220.)=0, b= 0, 
u=0, v=(0/Oy)(72Dz) and w=(0/0z)(729z) from (Al), (A2) and (A3). Putting 0 =y.20,, these 
relations represent the ones for the conventional slender-body approximation, 
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Condenser Microphones with Plastic Diaphragms 


for Airborne Ultrasonics, I 
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A detailed study is made on the condenser microphones with back plates 
named ‘ group JA’ in Part I of the present paper. 

For each back plate, the surface roughness is studied by using pro- 
filograms and the distribution function of the surface profile is obtained. 
Formulae for the resonance frequency, the electrostatic capacitance and 
the low frequency sensitivity are obtained theoretically assuming a 
simple model microphone with a back plate having a profile represented 


by the above distribution function. 


The formulae are found to be in 


fairly good agreement with the experiments. 


§1. Introduction and Conclusion 


As reported in Part I (cited as (I) in the 
following) of this paper?, various condenser 
microphones with plastic diaphragms for air- 
borne ultrasonics have been classified into two 
groups based on the surface roughness of the 
back plates, i.e. ‘group I’ and ‘group II’, 
and they have been further classified into 
_ some sub-groups. 

In the present paper, a detailed study is 
made on the condenser microphones of group 
IA (the microphones IA-1~IA~4 in (J)) with 
back plates having finely, uniformly roughen- 
ed surfaces. 

For each back plate, the surface roughness 
is studied by using profilograms and the dis- 
tribution function of the surface profile is 
obtained. Formulae for the resonance fre- 
quency, the electrostatic capacitance and the 
low frequency sensitivity are obtained theore- 
tically by use of a simple model microphone 


with a back plate having a profile represent- 
ed by the function, assuming that the plastic 
diaphragm acts dynamically as a mass and 
the layer of air between the diaphragm and 
the back plate acts dynamically as a cushion. 
It is found that the formulae are in fairly 
good agreement with the experiments except 
the microphones IA-4. 

The directional characteristics of the micro- 
phones of group IA are found to be almost 
independent of whether the value of the push- 
out of the back plates 0 is 0.55mm or 0.4mm. 
The directional characteristics are also shown 
to be explained approximately by the theory 
using another simple model microphone, 
whose construction is assumed to be uniform 
all over the surface of the back plate. 


§2. Surface Profiles of Back Plates 


Profilograms of each back plate were taken 
along three diameters making an angle of 60° 
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Profilograms of back plates. 
contacting with surfaces of back plates. 


with each other, and they were found to be 
similar to each other. Some examples are 
shown in Fig. 1. In these profilograms the 
vertical magnification is about 28 times larger 
than the horizontal one. As seen in Fig. 1, 
the surface roughnesses of the back plates 
JA-1~IA-3 are similar to each other, but 
that of the back plate [A-4 is somewhat ditf- 
ferent from those of [A-1~IA-3. Therefore, 
the back plate [A-4 will be treated separate- 
ly in the following. 

For the back plates [A-1~IA-3, we assume 
two-dimensional back plates having  cross- 
sections represented by the profilograms as 
shown in Fig. 1 respectively. The bent lines 
AA’ drawn on the profilograms show the 
cross-sections of imaginary planes contacting 
with the surfaces of the back plates. The 


Bent lines AA’ show cross-sections of imaginary planes 


bent line BB’ as shown in Fig. 1, IA-3, for 
instance, is drawn parallel to AA’, y’(#) be- 
ing the distance between AA’ and BB’ 
Thus, by using the profilogram, the relation 
between y and x is studied statistically, 
where x is the ratio of the surface area, pro- 
jected on AA’, of the back plate above BB’ 
to the total projected area. The relations 
between x and y (=Cy—y’) are shown in Fig. 
2, where Cy is a constant to be determined 
such that x=1/2 at y=0. It is known in 
general that for mechanically-treated surfaces 


there exists a relation between x and y of 
the form”: 


if i 


y/h 
ee exp(—-P)dt, (2.1) 


where h is 2 times of the standard devi- 
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ation of Gaussian distribution of a surface 
profile. The solid lines in Fig. 2 were obtain- 
ed by (2.1), using the values of / tabulated in 
the second column of Table I. Thus, the 
surface roughnesses of the back plates [A-1 
~IA-3 may be represented by (2.1) statisti- 
cally. 

Next, the surface roughness of the back 


One OS | x 


Gemsoe. "O04 "706. O08  1y 
8 
4 
O 
aa 
-8 
bac mo4smoe | OsN ly 


Fig. 2. Statistical distributions of surface rough- 


nesses of back plates. 
@, ©, A measurements for different sections. 
? 


calculated by (2.1). 


Condenser Microphones with Plastic Diaphragms 169 


plate IA-4 was studied as follows. For the 
sake of simplicity, each small dip with ring 
margine on the surface of the back plate, 
whose cross-section is shown by solid lines in 
Fig. 3, is replaced by a circular cone having 
a coaxial, cylindrical hollow as shown by 
broken lines. Then, the relation between the 
vertical distance y(j) from a point P on the 
conical surface to the flat plane of the back 
plate, and the ratio x of the surface area, 


Table I. Constants of back plates. 
Back h ds b 
a 
plate ) (1) 2) 
IA-1 D5) 3.9 0.015 3.8 
IA-2 6.5 Sel 0.049 7.6 
IA-3 S25 10.0 0.063 9.2 
TA-4 — 2082 0.067 PAL 
Kr 


Fig. 3. Cross-section of the surface of the back 
plate IA-4. 


projected on the flat plane, of the back plate 
above the point P to the total projected area, 


is given by 


0OX<ylim(nm—n), (2.2) 


where ™ is the radius of the cylindrical hol- 
low, 72 the radius at the bottom of the cone, 
m the slope of the generating line of the 
cone, and N the number of dips with ring 
margines per unit area of the surface. The 
values of these quantities were determined 
by measurements as: 71=0.013 cm, 72=0.030 
cm, m=2200u/cm and N=91. It is to be 
noted that the small dips are conical hollows 


of about 130 in depth. 
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$3. Theoretical Discussions 


i) Resonance frequency, electrostatic capact- 
tance and low frequency sensitivity 

In order to study the microphones with the 
back plates [A-1~IA-3 theoretically, a simple 
model microphone having a two-dimensional 
back plate has been proposed, whose profile 
is represented by the distribution function 
(2.1). The cross-section of this model micro- 
phone is shown in Fig. 4. P(x, y) is a point 


Fig. 4. Cross-section of the model microphone. 


on the curve represented by (2.1). It is as- 
sumed that the back plate touches the dia- 
phragm at the point (a, 6). For convenience’ 
sake, the effective thickness d.(u) of the dia- 
phragm was adopted instead of the mechani- 
cal thickness. Further, it was assumed that 
the diaphragm acts dynamically as a mass 
and the air between the diaphragm and the 
back plate acts dynamically as a cushion. 

The mean thickness da() of the layer of 
air for aX<x<1 is given by 


1 
d(1—a)=| (b—y)dx . (2h 
Using (2.1) and (3.1) we obtain 
Ga 0 exp (—5?/h2 
pais Piss ee anche eta aa) 
V wk 2\ exp (—??) dt 
0 


The stiffness of the air cushion per unit 
area of the model back plate is represented 
by K(1—a)/da, where K (=1.01x 10° dyne/cm2) 
is the bulk modulus of air, and M (mg/cm?) 
is the surface density of the diaphragm. 
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Then, the resonance frequency f (kc/s) of the } 
microphone is given by 


thes! MOK ue. 
~OrV daM VdaM ~ 
The electrostatic capacitance of the micro- 
phone per unit area of the back plate C (uuF 
/cm?) is given by 
a z dx 
C=885( 7 i ee) 
Under a sound pressure p (ubar), a uni- 
form displacement 4b (|4b|<de+b—y) of the 
diaphragm occurs except the parts in contact 
with the back plate. Accordingly, the electro- 
static capacitance C varies by 4C, and the 
voltage between the two electrodes of the 
microphone, being E (=200 V) for p=0, varies 
by 4E. Then, making use of the well-known 
relations p=—K4db/d., 4E/E=—AC/C and S 
=20 logiw|4E/p|, we obtain the expression for 
the low frequency sensitivity S (dB rel. 1V 
/7: bar) of the microphone as: 


(3.3) 


, 


(3.4a) — 


885 (1 dx 
S=—74.142 da ete 
. 0 logo C \ aoe 


(3.5a) 

For the microphones [A-4, the distribution 

function (2.2) is used and discussions similar 

to those for the microphones IA-1~IA-3 are 

carried out. Namely, substituting (2.2) into 

(3.1), (3.4a) and (3.5a), we obtain the follow- 
ing relations respectively: 


(dub) 3 eerie (eran | 


2Nx rob” b° = 
" om ( 2 aed ir 
= 1—Na(r2?—17) 
C=ep5| Soy ae 
a See eS, 
4 ONE {b+ (ors b—d-)|n at (3.4b) 


and 


S=+74.1420 loge] de® LaNa(ni=n?) 


Cc (de+b)? 
2Nn (mri—b—de b | 1, det b)) 
€ m ( b+de ary. de )]- 
(3.5b) 


ii) Directional characteristics 


We have assumed another simple model 
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microphone, whose construction is uniform all 
over the surface of the back plate, such that 
if the effective area of the diaphragm is 
divided into many local regions, each of the 
local regions corresponds to a local condenser 
microphone and the pressure response of the 
local microphones is equal to each other. 

As is well known, the theoretical directional 
characteristics of such a model microphone in 
an infinite baffle, being equal to those of a 
sound source acting as a piston in an infinite 
baffle, are given by 


R=|2fi(x)/x1 , 


x=2rr/d-sin 7 , eo) 


where /;(x) is the Bessel function, 7 the ef- 
fective radius of the diaphragm, 2 the wave- 
length of the sound, and R the magnitude of 
the ratio of the sensitivity for obliquely in- 
cident sound at an angle of 7 to that for 
normal incidence, i.e. at 7y=0. 

For high frequencies, as is generally known, 
the directional characteristics within some 
values of 7 are almost independent of whether 
the baffle is used or not. To check these 
ranges, the directional characteristics of our 
microphones with and without baffle were 
measured. Some results are shown in Fig. 
5. It will be seen that above ca. 40kc/s the 
effects of the baffle are almost inappreciable 
in the ranges of 7 necessary for the discus- 
sion in §4, ii). Accordingly, the theoretical 
directional characteristics of our model micro- 
phone may be given by (3.6) for high frequ- 
encies above ca. 40 kc/s. 


Table II. Details of microphones with back plates of group IA. 
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For low frequencies, however, instead of 
the theoretical directional characteristics, the 
experimental ones of an MR-103 condenser 
microphone with the capsule mentioned in (I) 
were used, because the diaphragm of the MR- 
103 microphone can be considered to act as a 
piston approximately and the shape of the 
MR-103 microphone with the capsule is simi- 
lar to our microphones. 
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Fig. 5. Effect of baffle upon directional charac 
teristics. Magnitude of the relative sensitivity 
versus angle of incidence. 

Z\ without baffle. 
Yin a baffle (13x 13 cm?2). 


§ 4. Experimental Results and Discussions 


i) Resonance frequency, electrostatic capaci- 
tance and low frequency sensitivity 

In addition to the eleven microphones with 

the back plates of group IA as shown in 


Construction of microphone 


Back Diaphragm 


Capacitance 


Frequency response 
of microphone 


of Q- Resonance Low fre- Symbol of 
Bake : Surface Effective microphone factor frequency quency sen- microphone 
Material oe tee (upF) ces) cre Pe 
(mg/cm?) 2) /pbar) 
25 Polyester 5.0 hes 88.5 Boal 113 — 86.5 (A) 
= re Polyester 3.8 6.7 78 350 130 —84.0 
IA-2 13» Polyester 3.0 4.1 92 2.0 103 —81.5 (B) 
13 Polyester 2.3 Sill 74 2.9 101 —78.5 (C) 
as 6u Polyester 1.8 Did 97.5 yao 125 ~75.5 
IA-4 13, Polyester 1.8 3.9 49.5 Ze 81 —81.0 (D) 
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Table III in (1), six microphones as shown in 
Table II were also examined. The first~ 
eighth columns of Table II correspond to the 
same columns of Table III in (I) respectively. 
In the ninth column, there is shown the sym- 
bol of the microphone, to which we shall re- 
fer in §4, li). 

The values of da were calculated by using 
(3.3) and the experimental values of M and f 
as shown in Table III in (J) and in Table II. 
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Fig. 6. Low frequency sensitivity S in dB rel. 
1V/ubar and electrostatic capacitance of micro- 
phone per unit area of back plate C in puF/cm2 
versus effective thickness de in p» of diaphragm. 
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The results are given in the third column of 
Table I. 

For the microphones [A-1~IA-3, the values 
of a and } were obtained from (3.2a) by us- 
ing the values of h and da in Table I. For 
the microphones IA-4, the values of a and b 
were obtained from (3.2b) by using (2.2) and 
the value of d. in Table I. Although Eq. 
(3.2b) has three real roots with respect to b, 
only one root is adopted which satisfies the 
relation 0<b<m(m—m). The values of a and 
b thus obtained are shown in the fourth and 
fifth columns of Table I respectively. 

The values of the low frequency sensitivity 
S and the effective thickness d. as tabulated 
in Table III in (1) and in Table II are shown 
graphically in Fig. 6. The values of C cal- 
culated from the electrostatic capacitance 
shown in these tables are also plotted against 
d. in Fig. 6. For the microphones JA-1~ 
IA-3, the theoretical curves for S and C as 
shown in Fig. 6 were obtained by using (3.5a) 
and (3.4a) respectively after some tedious cal- 
culations involving numerical integrations, 
where the relation (2.1) and the values of a, 
b, da and h as tabulated in Table I were us- 
ed. For the microphones [A-4, the theoreti- 
cal curves for S and C in Fig. 6 are obtain- 
ed in the same way by (3.5b) and (3.4b) re- 
spectively. 

Allowing for some errors, it is seen that 
the coincidence of our theory using the sim- 
ple model microphone mentioned in §3, i) 
with the experiments is fairly good for the 
microphones IA-1~IA-3. Therefore, it may 
be concluded that the relation foc M-/? and 
the relation between S and d. hold good also 
for the microphones IA-1 as mentioned in (I). 
This conclusion is also ascertained by the ad- 
ditional experiments in Table II. 

Thus, if we can determine the constant a 
or 6 for a back plate having a surface profile 
represented by the Gaussian distribution sta- 
tistically, then we can predict by the present 
theory the resonance frequency /, the electro- 
static capacitance C and the low frequency 
sensitivity S of a microphone composed of 
the back plate and any diaphragm of given 
physical properties such as surface density 
and effective thickness de. 

For the microphones IA-4, there is a dis- 
agreement between the theory and the ex- 
periments, so further investigations on the 


| 
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model are required. 
ii) Directional characteristics 

The directional characteristics of the four 
microphones (A), (B), (C) and (D) as shown 


in Table II were measured as the representa- 
tives of group IA. 
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Fig. 7. Effect of § upon directional character- 
istics. Magnitude of the relative sensitivity 


versus angle of incidence. 
eo =0-4 mm. 
N/a OO) oo min. 


To examine the dependence of the direc- 
tional characteristics upon the push-out of the 
back plates 6, the directional characteristics 
of these four microphones at d=0.55mm and 
6=0.4mm were measured at seven frequen- 
cies ranging from 22 to 150kc/s. Some results 
are shown in Fig. 7. In the eighteen cases, 
for example, as shown in Fig. 7(a) the direc- 
tional characteristics are independent of 0, 
and in the eight cases as shown in Fig. 7(b) 
they are almost independent of 6, but in the 
two cases they depend considerably on 0 as 
shown in Fig. 7(c). On the whole, the effects 
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Fig. 8. Directionai characteristics of the micro- 
phone. Magnitude of the relative sensitivity 
versus angle of incidence. 

@ microphone (C). 
Z\. microphone (B). 
theory. 


of 6 upon the directional characteristics are 
very small. Accordingly, only the mean of the 
two directional characteristics at 0=0.55 mm 
and d=0.4mm may be used in the following 
discussions. 

The mean directional characteristics of the 
microphones (C) and (B) thus obtained are 
shown in Fig. 8. The solid lines in Fig, 8 
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are the theoretical directional characteristics 
mentioned in §3, ii). The directional charac- 
teristics of the microphone (C) are in the best 
agreement with the theory among the four 
microphones, while those of the microphone 
(B) are in the poorest agreement with it. 

Allowing for some errors, the experiments 
for the microphone (C) are in fairly good 
agreement with the theory excepting the case 
of the frequency 106kc/s. The experiments 
for the microphone (B) agree with the theory 
approximately below 75kc/s, but they show 
some deviations from the theory above 89kc/s. 
On the whole, however, the directional charac- 
teristics of our microphones might be ex- 
plained approximately by the theory using 
the simple model microphone mentioned in 
Soh aU) 
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In the present paper is studied the flow of a viscous, incompressible 
and electrically conducting fluid past a fixed body in the presence of a 
parallel magnetic field. A perturbation method similar to Oseen approxi- 
mation in ordinary hydrodynamics is applied to both the flow field and 


the magnetic field. 


It proves that the pressure number (namely, the ratio 


of the magnetic pressure to the dynamic pressure) plays an important 


role to determine the main features of the field. 


Detailed calculations 


are carried out for the flow past a circular cylinder and an approximate 
formula for the drag per unit span of the cylinder is obtained. 


§1. Introduction 


The flow of a viscous, incompressible and 
electrically conducting fluid past a flxed body 
in the presence of a parallel magnetic field 
was first studied by Chester. He treated 
the flow past a sphere in a limiting case 
where both the Reynolds number and the 
magnetic Reynolds number were vanishingly 
small, while the pressure number was infinite- 
ly large so that the Hartmann number was 
finite. Analysis was carried out by applying 
Stokes approximation to both the modified 
Navier-Stokes equation and the induction 
equation, and the drag was given in a power 
series of the Hartmann number. It can be 
seen in his results that the presence of the 
magnetic field increases the drag. 

Kakutani and the present writer? applied 
his ideas to the two-dimensional flows past a 
circular cylinder in the parallel and the trans- 
verse magnetic fields. Appropriate solutions 
were obtained for both cases, while in ordinary 
hydrodynamics Stokes approximation gives no 
acceptable solution for the two-dimensional 
flow. 

In the present paper is studied the flow past 
a fixed body in a parallel magnetic field at 
finite Reynolds and magnetic Reynolds 
numbers with finite pressure number. In order 
to solve the modified Navier-Stokes equation 
and the magnetic equation, an approximate 
method of solution similar to Oseen approxi- 
mation in ordinary hydrodynamics is proposed. 
The equations are first linearized by a pertur- 
bation method and then solved under appropriate 


conditions. 

It proves from the asymptotic behaviours of 
the field that there may be three distinct 
types of the field according as the pressure 
number (namely, the ratio of the characteristic 
magnetic pressure to the characteristic dy- 
namic pressure) is greater than, equal to or 
smaller than unity. 

Detailed calculations are carried out only 
for the flow past a circular cylinder. Drag 
experienced by the unit span of the cylinder is 
calculated to the first order of small Reynolds 
and magnetic Reynolds numbers. The nu- 
merical values for various values of the pres- 
sure number are computed for several values 
of the Reynolds and the magnetic Reynolds 
numbers. Similar calculations are also carried 
out for the flow past a sphere by Gotoh» and 
are published in a subsequent paper. 


Fundamental and __i their 


Linearization 


§ 2. Equations 


In a great number of magnetohydrodynamic 
problems the hydrodynamic equations and 
the electromagnetic equations must be solved 
simultaneously, since the interaction between 
the motion of the fluid and the magnetic field 
must be taken into account. When an electri- 
cally conducting fluid passes across a line of 
magnetic induction, electric current is induced, 
which causes a rotational magnetic field. On 
the other hand, the current, coupled with the 
magnetic field, yields a body force acting on 
the fluid, the so-called Lorentz force, which 
controls the motion of the fluid, 
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Now, we shall consider the motion of a 
viscous, incompressible and electrically con- 
ducting fluid. The governing equations for 
the motion of the fluid are the modified 
Navier-Stokes equation: 


Oy. 


0 “a + o(V- grad) V= —grad P 
+pvAV+qE+J~x B, Cal) 
and the equation of continuity: 
civayoa au. (2,2) 


And those for the electromagnetic field are 
the Maxwell equations: 
oD 


curl H= J+ ayn? Qs) Cingl=O, (245 

curl = — oe. (2.5) div D=q; (2.6) 
with Ohm’s law: 

J=0(E+VxB)+qV, (Gx) 


where the quantities of the field and the physi- 
cal constants of the fluid have been written 
in the usual notations and should be measured 
by the rationalized M.K.S. units. 

We assume the fluid to be electromagnetical- 
ly homogeneous and isotropic, so that the 
magnetic induction Band the electric displace- 
ment D are connected with the magnetic field 
HT and the electric field E’ by the following 
relations respectively: 

Bau. (2.8) 
D=EE, (2.9) 
where yw and &€ are the magnetic permeability 
and the dielectric constant of the fluid re- 
spectively, and are both constant throughout 
the fluid. The electric conductivity o is also 
supposed to be constant throughout the fluid. 

In usual magnetohydrodynamic problems, 
the term of the displacement current 0D/0t in 
(2.3) and the terms involving the excess 
charge gq in (2.1) and (2.7) can be neglected, 
as shown by Batchelor, unless relativistic 
effects are appreciable. Then, substituting 
(2.7) into (2.3), we have 

curl H=o (E+yVx A). (2.10) 

Hereafter, we shall confine ourselves to the 
problem of the steady flow past a fixed body 
in the parallel magnetic field, so that all de- 
rivatives of the field quantities with respect to 
time disappear. The magnetic field and the 
velocity of the fluid being uniform and parallel 
to each other at infinity, the electric field E 
in (2.10) must vanish there, Then, one of the 


and 


Hirowo YOSINOBU 


(Vol. 15, 


possible solutions for Eq. (2.5) is 


E=0, (2.11) 
which yields in (2.6) 
q=0. (2.12) 


It was shown in our previous paper that (2.11) 
and (2.12) are unique solution for the two- 
dimensional flow. The same is true for the 
axially symmetric flow, as will be shown in 
the subsequent paper». If we assume g=0 
in the whole field, (2.11) is an appropriate 
solution for the present problem. 
Then, (2.10) is reduced to 


curl H=onV~x dH. (2.13) 


Bearing (2.3) in mind and substituting (2.18) 
into (2.1), we have 
o(V- grad) V=—grad P+ pvAV 
t+o2(VxH)xH. (2.14) 


Thus, we have obtained the fundamental 
equations (2.13) and (2.14) for the present 
problem in terms of H, V and P, which should 
be solved simultaneously in combination with 
the equations (2.2) and (2.4). 

We shall next consider the boundary con- 
ditions to be satisfied by H and V. Since the 
magnetic field and the velocity of the fluid are 
supposed to be uniform and parallel to each 
other at infinity, the boundary conditions at 
infinity are 

H=Avi V=V ot. (2-15) 
where i is the unit vector in the direction of 
the undisturbed magnetic field or the undis- 
turbed velocity, the constants H, and Vy being 
their magnitudes respectively. The condition 
to be satisfied by V at the surface of the fixed 
body is the same as in ordinary hydrodynamic 
problems, namely: 


V=0. (2.16) 
On the other hand, the magnetic field must be 


continued into the body through the following 
conditions at the surface of the body, 


and 


ie wy FE 
“ads. bya | (2.17) 


H,=H*, 


where H* is the magnetic field inside the 
body, “#* the magnetic permeability of the 
body, and the subscripts | and || denote ‘the 
normal and the tangential components of ’ the 
magnetic field at the surface of the body re- 
spectively. 

Thus, it becomes necessary to give the 
magnetic field‘ inside the body. Since the 
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electric field E and the velocity Vin (2.10) are 
both zero inside the body, the magnetic field 
H* is subject to 
curlii=0:, (2.18) 
which should be solved in combination with 
the equation: 
div H*=0. (2.19) 

The present problem is reduced to solving 
the simultaneous equations (2.2), (2.4), (2.13) 
and (2.14) outside the body and the equations 
(2.18) and (2.19) inside the body, under the 
boundary conditions (2.15), (2.16) and (2.17). 
In general, it is difficult to solve them direct- 
ly, since the equations (2.13) and (2.14) are 
non-linear in H and V. Hence, we should 
devise some appropriate methods of lineari- 
zation of these equations to solve them approxi- 
mately. The extended Stokes approximation 
proposed by Chester is obviously one of 
these methods. However, it can be applied 
only to flows at infinitely small Reynolds and 
magnetic Reynolds numbers’ with infinite 
pressure number. 

For flows at finite Reynolds and magnetic 
Reynolds numbers with finite pressure number, 
we should devise another method of lineari- 
zation. The velocity field is uniform at infinity 
and is disturbed near the body, which will 
cause a corresponding disturbance in the mag- 
netic field. Hence, we may propose a method 
of linearization similar to Oseen approximation 
in ordinary hydrodynamics. 

We assume that the velocity and the mag- 
netic field can be represented as 
V=Voitv, ) 
H=Hi-+h, J 
respectively, where v and A are perturbed 
velocity and magnetic field, and are assumed 
to be small compared with the undisturbed 
velocity V») and the undisturbed magnetic 
field Hy, respectively. Substituting (2.20) into 
(2.13) and (2.14), and neglecting the square 
terms in v and h, we have the following sets 
of the linearized equations in non-dimensional 
forms: 


(2.20) 
and 


Oh Og 

by Ueites 2.21 
me ee 0, (2.21) 
Of oh 
aman us ei 
Ae Pp amb, (2.22) 
Ogi OL ap (2 545), (2.23) 
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in 
Ou Op 
Acadia (2.24) 
Ov Op 
Roe Gy TVOtM(g—v), (2.25) 
BW AnD Ding Sy Masia 
ay ap TV UE Mh—w), (2.26) 


where (x, y, Z) are the non-dimensional co- 
ordinate variables referring to the character- 
istic length of the body, Zy) say, the origin of 
the coordinates being chosen at a point inside 
the body and the x-axis in the direction of 7, 
(f, g, h) and (u, v,w) are the x, y, 2-com- 
ponents of the non-dimensional perturbed mag- 
netic field h/H) and the non-dimensional per- 
turbed velocity v/ Vo respectively, p=(Ly/pv Vo)P 
the non-dimensional pressure, and y’ stands 
for 02/0x7+02/0y?+0?/0z2. Three independent 
non-dimensional parameters are involved in 
the above equations, the Reynolds number 
R=L,V,/v, the magnetic Reynolds number 
Rn=opLl)V, and the Hartmann number M 
=(a/ov)? Ly =(SRRmn)* (S= 4H,7/0Vo® being 
the pressure number). The equations (2.24) 
~ (2.26) are identical with the Oseen equations 
in ordinary hydrodynamics except the terms 
of the Lorentz force. 

Equations (2.2) and (2.4) are rewritten, by 
using the quantities introduced above, as 


Ou Ov , Ow 
Ou, Ov, Ow iy (2.27) 
ax Oy i Oz 
Cpa UO 2.28 


respectively. Equations (2.18) and (2.19) are 
also rewritten in the following non-dimensional 


forms: 


Oh* 08" 9 | 2.29) 

oy 0z 

Of OE en. 2.30) 

Oz Ox 

Ope a ayl 2.31) 

Ox Oy 

Cis 1 og" ! oh* 0 Dy 
and reat pane ; .32) 


where (f*, g*, h*) are the x, y, z-components 
of the non-dimensional magnetic field inside 
the body, H*/Ab. 

Thus, we have obtained the set of linear 
equations to be solved for the present pr oblem. 


§3. Solution of the Linearized Equations 


We shall now proceed to solve the above 
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linearized simultaneous equations (2.21)~(2.32). 
In the first place, it is easily verified that 
Eqs. (2.21)~(2.26) except Eq. (2.24) can be 
always satisfied, if we write 


00 


ve et Ralo ), 
ao 
ines 10D: 3.1 
B= ay (3.1) 
ey) 
a aa 


and 
=pr+(y°-R 2M) 9+M9, 


Od 
oS ie f 

0g 
t= a? 
where @ and @¢ are functions of x, y and 2, 
the constant p) being the static pressure at 
infinity. Now, we should search for equations 
to which @ and ¢ are to be subject, and at the 
same time we should express uw in terms of ¢. 
They will be obtained from the remaining 
fundamental equations (2.24), (2.27) and (2.28). 
Inserting (3.1) into (2.28), we have an equa- 

tion for @ and ¢, 


(3.2) 


(v- Rn )O= eRe (3.3) 


Ox 


On the other hand, substitution of (3.2) into 
(2.24) and (2.27) yields 


(og. on(e- 2a) oa 
(3.4) 

fe (Mae Ze 
(a0) 


respectively. Eliminating « from (3.4) and 
(3.5), we have another equation for @ and 4, 
0 20 

=—R Tat = — lV _ 
(v-RvS. - \o=-2S, 


Elimination of ® from (3.3) and (3.6) yields 
the equation for @: 


{v ~(R4 Rey? 
Ox 


(3.6) 


—(MP—RRn) af 20 =0, 


(3.7) 
Similar elimination of @ yields the equation 
for ¢: 


iv = (R +Rmn)V? x e 
Ox 


2 0? Qf 
(M—RRn) 2 ly $=0, 
(3.8) 
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which is identical with Eq. (3.7) for 9. Eq. 
(3.7) can be transformed into 


sk O(a x) 20 =0 
(v 2 hy “alle 2k. \v'O=0, 


where 


(39) 


=1{((R+Rn)+V/(R+Rm)?+4Wl—R Rm)} > 
(3.10) 

=H(R+Rmn)—/(R+Rm)?+4(M2—RRmn)} - 
(3.11) 


k, is negative, zero or positive according as 
the pressure number S is larger than, equal 
to or smaller than unity, since the term 
(M?—RRmn) in (3.11) is expressed as 
while k, is always positive except a trivial 
case in which R=Rn=0. 

In general, the solution for Eq. (3.9) can be 
expressed as 

1 i) 

0; +; — 

Tee 
where @,, ®, and @3 are the solutions of the 
following equations: 


Oo= 


0,49; , (3.13) 


Ox 
0 (3.14) 
2 2 DP snr o=0 
(v © om, pat? 
and vy70;=0 , 
respectively. Inserting (3.13) into (3.3) and 


integrating with respect to x with the aid of 
(3.14), we have ¢ in the following form: 


b= 55 git ae — b.+¢3, (3.15) 
where 
2k 

= —— > 0, ’ 
ms ( a 

—(1_ 2h (3.16) 
Wo (1 IR )o. , 
o3,=0; ’ 


and an additive arbitrary function of y and z 
only has been omitted from the consideration 
of the flow field at infinity upstream. 

In like manner, substituting (3.15) into (3.5) 
and bearing (3.14) and (3.16) in mind, (3.5) 
can also be integrated with respect to x, ob- 
taining 


Oris 
u= ax py pe , (Gyalp) 
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where an additive arbitrary function of y and 
z only has been again omitted. 

The expressions for f in (3.1) and for p in 
(3.2) are now simplified, using (3.13), (3.14), 
(3.15) and (3:16),-as: 


oo 
Sa ae 
J Srna fost tes (3.18) 
O¢ | Ob: | Od; 
d = R es pes 2 —_ 
De Pata gaa, tdipawtet Gace. 
(3.19) 


We have thus obtained the formal solutions 
for Eqs. (2.21)~(2.28) for the field outside the 
body, writing them here in order, 


) (3.20) 


(3.21) 


Og: 


Oo 
Be Ox 


Ox 


4, M2(0— 
ae sia emaalb (O—9®). 


(3.19) 
Denoting the x, y and z-components of the 
non-dimensional vorticity by &, 7 and € re- 


spectively, they can be expressed in terms of 
¢, and ¢,, as follows: 


_ Ow ov _yg 
ETA OZ ; 

Ou Ow Ob: sie Ob» 3 yy) 
TRG Oy, Gz Oz’ BAD 
pov u _ Ob, , Is 

Ox Oy Oy Oy 


In like manner, the x, y and z-components of 
the non-dimensional current density, jx, jy and 
jz respectively, can also be expressed as: 


EO MORE! 

eon) Oz 

ae of Oh _ 00, 00, 3123) 
Veaten aye" or" oz @ 
OE OS 


I Ox Oy dy | Oy” 
We shall now proceed to solve the equations 
in (3.14), The first and the second equations 
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in (3.14) are already familiar to us in the 
usual Oseen approximation®. Hence, the ap- 


propriate general solution for ®, can be given 
by 


0, =e AnXa(kir)Su(O, Q) , (3.24) 


where Ka(x)= (n+p) 2 Keveg(x) ber (25) 


Sn(9, gv) a surface harmonic of degree 7, An’s 
arbitrary constants of integration, Ks; the 
modified Bessel function of the second kind, 
and (7, 0, g) are the variables referring to the 
spherical polar coordinates with the x-axis as 
initial line. In like manner, the appropriate 
general solution for ®, is given by 


D,=6%" S'BrXallRalr)Sn(0, @), (3.26) 
n=0 


where B,’s are arbitrary constants of inte- 
gration, |R,| being the absolute value of k,. As 
has been shown in (3.11) and (3.12), k, is posi- 
tive or negative according as the pressure 
number S is smaller or larger than unity. In 
order that the solution vanishes at infinity, 
we must take the absolute value of k, in the 
argument of the Xn’s. 

The third solution ®; in (3.14) is to bea 
harmonic function vanishing at infinity and is 
given by 

feo} (Gx 
OD, ae ———Snl(9, @) 


=) yntl 


(3.27) 


where C,’s are arbitrary constants of inte- 
gration. 

Equations (2.29)~(2.32) for the magnetic 
field inside the body can easily be solved as 
follows. From Eqs. (2.29)~(2.31) the magnetic 
field is to have a potential function, 0* say, 
such that 


ab* 
Siem SEES 
I Ox? 
* 
2*= ao , (3.28) 
Oo* 
ee eee i 
H Oz 
Then, we have from (2.32), 
yor =0. (3.29) 


Hence, ®* must be a harmonic function ana- 
lytic at the origin and is given by 


0*=S" Dar"SalO, 9) , 


n=0 


(3.30) 


where D,’s are arbitrary constants of inte- 
gration, 
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Thus, we have obtained the general so- 
lutions for 0,, ®,, @; and @*. The arbitrary 
constants of integration involved in these 
general solutions should be determined by the 
boundary conditions (2.15), (2.16) and (2.17). 

The simplest example of the present pro- 
blem is the flow past a sphere. Since the 
field is, then, axially symmetric, the surface 
harmonic Sy, (0, ¢g) in 0,, 0, ®; and O* is in- 
dependent of ¢g and is reduced to the Legendre 
function P,(cos #). Further detailed calcu- 
lations can easily be carried out, but it is more 
convenient to use the stream function and the 
magnetic stream function for the axially sym- 
metric field than to use the present ¢ and @. 
Indeed, Gotoh carries out the detailed calcu- 
lations in the subsequent paper®, using the 
stream function and the magnetic stream 
function. 

As for the two-dimensional case, it will be 
dealt with separately in later sections, since 
general solutions for 0,, 0, 0; and ®* will be 
given in somewhat different forms from the 
present (3.24), (3.26), (8.27) and (3.30). 


§ 4. 


The present approximation is obviously not 
appropriate in the immediate neighbourhood 
of the body, since the perturbed velocity there 
becomes of the same order as the velocity of 
the free stream, as in the case of the Oseen 
approximation in ordinary hydrodynamics. 
However, it will give a fairly good asymptotic 
behaviours of the field at large distances from 
the body. 

Since, for large values of k,v, the modified 
Bessel function Kn3(fiv) has the asymptotic 


Asymptotic Behaviours of the Field 


expression: 


K og ar~( 2, =) (4.1) 
1 


all the fundamental solutions in 0, presented 
in (3.24) are of the order of 


1 
2kir 


Hence, they fall off exponentially when + 
tends to co, except within a region bounded 
more or less vaguely by a paraboloidal surface 
expressed by 


(4.2) 


Rit =e. 


2, 
or PZ a0 2 


kh, 4 he 5) (4. 3) 
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where c is a certain positive constant of O(1). 
This paraboloid has its focus at the origin of 
the coordinates and its axis of symmetry 
along the x-axis, and is open in the positive 
x-direction, since k, is always positive. 

In like manner, all the fundamental so- 
lutions in @, presented in (3.26) are sensible 
only within a region bounded by a paraboloidal — 
surface expressed by 


ki(r—x)=c , (for k,>0) 
—k(r+x)=c , (for k,<0) 
ae ee Pe Ge 
or Pee” pee, es (4.4) 


This paraboloid is similar to the preceding 
one, but is open in the positive or negative 
x-direction according as k, is positive or nega- 
tive, or according as the pressure number S 
is smaller or larger than unity. 

Thus, it is easily found from (3.22) and 
(3.23) that rotational field with appreciable 
vortices and induced currents is confined 
within the two paraboloidal regions, outside 
which the field is almost irrotational. The 
structure of the rotational field is closely 
similar to that of the wake in the classical 
Oseen flow. However, in the present case, 
the two rotational regions are formed in 
couples, while the single wake is formed behind 
the body in the classical Oseen flow. 

‘Now, remembering (4.3) and (4.4), we can 
attain an interesting conclusion that there 
may be three distinct types of the field. When 
S>1, the two paraboloidal rotational regions 
are formed so that one in front and the other 
in rear of the body. When S<1, on the other 
hand, they are doubly formed in rear of the 
body. For the transitional value of S=1, i.e. 
k,=0, it is found from (3.26) that the ro- 
tational field associated with ®, extends over 
the whole field, while that associated with 0, 
is still confined within a paraboloidal region 
formed behind the body. It is also found 
from (3.22) and (3.23) that the vorticity and 
the current density associated with @, fall off 
not exponentially but only as 7-2 when r¢ 
tends to oo, 

These facts are quite due to the existence 
of the magnetic field. Roughly speaking, in 
the ordinary hydrodynamic flow, the vortices 
produced at the surface of the body are dif- 
fused in all directions by the viscosity and 
swept away down-stream by the main stream. 
Thus, the vortices are mostly confined in the 
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paraboloidal region behind the body and are 
hardly transferred upstream. In the present 
case, however, owing to the existence of the 
magnetic field the disturbances in velocity 
caused by the body are transmitted along the 
lines of magnetic force, as the so-called Alfvén 
waves. The present @, implies the dis- 
turbances transmitted by the waves travelling 
in the positive x-direction, while ®, implies the 
disturbances transmitted by the waves which 
would travel in the negative x-direction es- 
sentially. The vortices are now transferred 
through three ways: diffusion in all directions 
by viscosity, convection downstream by the 
main stream and the above-mentioned trans- 
mission along the lines of magnetic force as 
the Alfvén waves. 

Hence, it is important for determining the 
type of the field whether the velocity of the 
main stream is greater or smaller than that of 
the transmission of the Alfvén waves. Since 
the velocity of the Alfvén waves a is given 
byt 

a=HV p/o , (4.5) 
the pressure number S can be interpreted as 
the square of the ratio of the characteristic 
wave velocity to the characteristic stream 
velocity, viz. 


a \2 

s=( vs) 

though it has been defined in §2 as the ratio 

of the characteristic magnetic pressure to the 
characteristic dynamic pressure. 

Since, for S>1, the effect of the trans- 
mission dominates that of the convection, the 
vortices are transferred upstream as well as 
downstream. The effect of the diffusion by 
viscosity tends to expand the rotational regions 
in the normal directions to the stream. Thus, 
in front and in rear of the body are formed 
the two paraboloidal rotational regions extend- 
ing broader upstream and downstream re- 
spectively. 

For S<1, on the other hand, the effect of 
the convection dominates that of the trans- 
mission, so that even the disturbances as- 
sociated with ®, are swept away downstream. 


(do= HV 2/0) (4.6) 


- Hence, the disturbances are hardly transferred 
upstream and 


the paraboloidal rotational 

regions are doubly formed in rear of the body. 
ied SRC BS T. G. Cowling: Magnetohydrody- 

namics (Interscience Publishers, 1957) Chapter 3. 
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In general, it can be said that the parabo- 
loid associated with ®, extends broader than 
that associated with %,, since the transmission 
upstream is decelerated by the effect of con- 
vection while that downstream is accelerated. 
This is shown in the fact that the absolute 
value of k, is always smaller than &;. 

For S=1, the disturbances associated with 
®, are now only diffused by viscosity, since 
the effects of the convection and of the trans- 
mission cancel out each other. Hence, the 
rotational region associated with @, extends 
over the whole field. 


Thus, S-?=V,/a has a certain analogy with 
the Mach number in ordinary hydrodynamics 
of a compressible fluid. The flows for S>1, 
S=1 and S<1 correspond respectively to the 
subsonic, the sonic and the supersonic flows. 
In reality, however, since the present fluid 
has a finite kinematic viscosity » and a finite 
magnetic viscosity 1/é, the boundaries of the 
paraboloidal regions are not distinct and the 


Fig. 1. Schematic diagrams of the rotational 


regions. 


rotational region extends a little ahead of the 
body even for the ‘supersonic’ flow. 

The rotational regions in the magnetic field, 
where the appreciable electric currents are 
induced, will also be formed in accordance 
with the above-mentioned vortex regions, 
since in the Alfvén waves the disturbances in 
velocity are always accompanied by those in 
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magnetic field. Indeed, in the present case, 
this is exactly shown in the fact that the both 
fields are expressed in linear combinations of 
the three functions 9, ®, and 93. 

The three distinct types of the field are 
roughly illustrated in Fig. 1, where the sha- 
dowed regions express the rotational regions. 


§ 5. 


We shall now consider the flow past a 
cylinder set at right angles to the undisturbed 
flow. Taking the z-axis parallel to the gener- 
ator of the cylinder, we can omit Eqs. (2.21), 
(2.22), (2.26), (2.29) and (2.30) from the set of 
the linearized governing equations (2.21) 
~ (2.32), and can also omit the derivatives with 
respect to z involved there. 

The general solution can be obtained by a 
similar procedure to that developed in § 3. 
However, for the two-dimensional field, it is 
more convenient to introduce a stream function 
~ and a magnetic stream function ¥ such that 


Solution for the Two-dimensional Flow 


pa Ob 
2 5.1) 
ob - 
Ox 
and 
ow 
i ap ? 
eZ 
__ (5.2) 
= Ox : 
respectively. Then, Eqs. (2.27) and (2.28) 


without the third terms are readily satisfied. 
Eliminating p from Eqs. (2.24) and (2.25), we 
have the same equation as Eq. (3.6): 


(v—Ry5—M i \o= — Mt ad 
2 2 


Ox Ox 
vy? standing here for the two-dimensional La- 
placian 6?/0x?+0?/0y?. Equation (2.23) are also 
written in terms of ¥ and ~ as: 


(VR ° \W=- Rag 


(5.3) 


Ox ax (5.4) 


which is also the same as Eq. (3.3). 

Elimination of ¢ or ¥ from Eqs. (5.3) and 
(5.4) yields a single identical equation for ¥ or 
db: 


0 2 
vi (R+ Rn) We Ax +(RRn—M?) “ bearg=0, 


(5.5) 
which is also the same as the equations (3.7) 
for @ and (3.8) for ¢. 
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Solution of (5.5) can be given in the same | 


way as has been done in solving (3.7) and (3.8). 
Hence, we have 
i i a i a ’ (5.6) 


and 
oat _ 2k, a 2ke 
o=( : Kirn Vwi +(1 Iie 


where ¥,, Y, and ¥; are the solutions of the 
following equations: 


0 
= —)\7,=0, 
(v 2k, ae ) 1 
F 6) (5.8) 
if AS Y,=0, : 
(v a Ox ) 
and vVv3;=0, 


where k, and k2 are identical with those in | 


(3.10) and (3.11) respectively. 
The pressure p is obtained by integrating 


(2.24) and (2.25). Thus, 
p= pot (R—2k,) 2 + (R= 2hy) 2024 pO, 
dy dy oy 
(5.9) 
2 
where =(1- le, : 
tar Laee Ea au 
and ~3=73. g 
The vorticity and the current density are also 
expressed as 


Ca yp= 2h, OP 4 2p, OP 


Ox Ox oat) 
and 
; : OV Ov» 
Veo ee) a 
By ky ax 2k ms (5.12) 


Introducing the magnetic stream function ¥* 
inside the cylinder, Eq. (2.31) is reduced to 
V7 *=0.. (Frek3) 
The first and the second equations in (5.8) 
are already familiar to us in the ordinary 
Oseen flow, whose general solution was given 
by Filon®. Following Filon, we get ¥, in the 
form: 


Vv, = Ape*i* K(k) 
6 


+ Bol iar [Aa(kir)+ Ko(Rir) cos yJe*s7ex dy 


0 
4 Qekie 2 Kn (kar) (A, cos n+ Bn sin n6), 


(5.14) 


where x=rcos 0, y=rsin6@ and K, denotes 
the modified Bessel function of the second 
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watts, (5.7) 
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kind, A,’s and Bn’s being arbitrary constants 
of integration. 

As for ¥,, we must remember that k, is 
positive or negative according as the pressure 
number S is smaller or larger than unity. For 
k,>0, ¥Y2 will be expressed in the form 
similar to that of the above Y,. For k.<0, 
on the other hand, it will be expressed in the 
form similar to that of the second stream 
function in our previous paper”). Hence, ¥, is 
given by 

P= Coe*2” Ko(| Ror) 
i] 


+D,| |ko|7[ Ka (|Ra|r) + Ko(|kalr) cos x] ef27°5% dy 


0 
+2e% 3) Kn(|Re|r) (Cn cos 26+.Drp sin nO), 


(5.15) 
where, in the second term multiplied by Dp, 
the plus and minus signs correspond to k,>0 
and k,<0 respectively, and C,’s and D,’s are 
arbitrary canstants of integration. 

The third equation in (5.8) shows that ¥; 
must be a harmonic function. Hence, we have 
the appropriate general solution for ¥; as: 


¥3=aoln r+b)9+>)7-"(Gn COS NO+bn sin n0), 


n=1 
(5.16) 
where a@»’s and b,’s are arbitrary constants of 
integration. 

In like manner, ”* must be a harmonic 
function analytic at the origin. Thus, we 
have 
O* — ay* x "(an* cos 20+bn* sin nd) , (5.17) 
where a@n*’s and bn*’s are arbitrary constants 
of integration. 

As was shown by Filon® in the classical 
Oseen flow, the terms multiplied by By in the 
expression for ¥%, and by Dy in that for V2 
contain non-periodic terms in 0 and may be 


expanded as: 
6 


[lar [AA(RIn)+K(\RIr) cos x]errors* ax 
0 
=0-+periodic terms in @, (5.18) 
where k stands for k, in ¥, and for k, in V2 re- 
spectively. These many-valuednesses of ¥; 
and ¥, should be cancelled out by adding the 


third many-valued fundamental solution @ in 


Y, since both the magnetic stream function ¥ 
and the ordinary stream function ¢ must be 
one-valued. Hence, the following conditions 
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should be imposed on the constants By, Do and 


by: for the one-valuedness of the magnetic 
stream function Y, 


By+Dy+b)=0 ’ (9.19) 
and for the one-valuedness of the ordinary 
Stream function ¢, 


Qh ee 
ie - ) B+ Re \Detbo=0, (5.20) 


or, combining this with (5.19), 
k,Bot+k:Do=0 . ©7221) 
Thus, we have obtained the general so- 
lutions for ¥ and ¥*. We shall next consider 
the asymptotic behaviours of the field from the 
general solutions obtained above. Since, for 
large values of |k|r, the modified Bessel func- 
tion K,(|k|v) has the asymptotic expression: 


Kyilblr)~( ee 


Y, and ¥, are only sensible within the regions 
bounded by the surfaces of parabolic cylinders 
expressed by 


(5.22) 


2— a gee 523 
Pe PRCT ey ere: (5+23) 
and = y?= - yep ase (5.24) 


respectively. Hence, it is found from (5.11) 
and (5.12) that rotational field with appreciable 
vortices and induced currents is also confined 
within the two cylindrical parabolic regions, 
outside which the field is almost irrotational. 
The state of affairs is quite the same as that 
mentioned in the last section for the three- 
dimensional flow. 

As an example of the two-dimensional flow, 
we shall now consider the flow past a circular 
cylinder. The arbitrary constants involved in 
the general solutions for ¥ and ¥* should be 
determined by the boundary conditions ap- 
propriate for the present problem. 

The boundary conditions at infinity (2.15) 
are already satisfied by ¥ and ¢ obtained 
above. Taking the origin of the coordinates 
at the centre of the cylinder, the field is sym- 
metrical with respect to the x-axis. This im- 
plies that all the constants An’s, Cn’S, @n’S 
and a*n’s must be zero. The remaining con- 
stants Bn’s, Dn’s, bn’s and b*n’s are now to be 
determined from the boundary conditions at 
the surface of the cylinder, (2.16) and (2.17), 
which are now expressed as 
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cos 0+v,=0, | length Ly), and the subscripts r and denote 
—sin 0+ v, =0 J Le eee CR) the components of the vector quantities in the 
and ; directions of 7 increasing and @ increasing re- | 
Six spectively. 
ee ee ‘pct , \ ae f= il, (5.26) Since the respective components of the ve- 
—Si g— le , 


locity and the magnetic field can be written in 
respectively, where the radius of the circular terms of %), 2, ¥; and ¥*, Eqs. (5.25) and — 
pada: has pen ae as a eee ee (5.26) can be expressed as: 


Beye (a 2h, a -(1 2b OF | ost 0, 
r=1 


| Rm] 00 Rn/ 00 00 6.27) - 
‘ _ 2h, \ OF 1 ee et a 
se a 10 at +(1 Rin or - Or r=1 7 
and 

Ov; OW. Ov; | ow* 

K | cos ee + -+- =“ ta-( : ) : 
es ae 00 OG) Jip 00/7 5.28) 
; OW ov* 
g—(— 4 7 4 |) ee 

a ( Siu oon er 1B ( ar =e 


respectively, where «= /u*. These four equations are now to be satisfied independently of @. 
In place of (5.28) we may take the following simpler equations: 


2k OF; Ov» ow* 
: kp = 
rmGs 00 ‘i 00 ) =i) ( 00 liv: 4 | 


2 (, av’, aw* 
Ros pseee 
Rm G Or a Or a= ie Or are 


which are obtained by eliminating the terms (0¥:/00),-, and (0¥;3/O0r)r=, from (5.27) and 
(5.28). 
Making use of the following relations,‘ 


(5.29) 


ished cos n0 \ Ln) + 21 In—m(F) + Inv ®)} cos mé, 

sin 26 > Un-m()—Inem(h)} sin md, (5.30) 
we expand the both sides of the four equations in (5.27) and (5.29) in Fourier series. 
Then, equating the coefficients of cos m@ and sinm@ on both sides of each equation, we get 
four sets of simultaneous algebraic equations for determining the constants Bn’s, Dn’s, bn’s 
and 6,*’s. For simplicity’s sake, these rather lengthy equations will not be reproduced here, 
but it is to be remarked that the necessary conditions (5.19) and (5.20) for one-valuedness of 
Y and # are ascertained by these algebraic equations. The constants Bn’s, Dn’s, bn’s and bn*’s 
may be expressed, in principle, in terms of the four independent parameters k,, kx, Rm and «, 
contained in the algebraic equations, but it is hardly possible to get them exactly. 

The present perturbation method of solution fails to approximate the real field in the im- 
mediate neighbourhood of the body, as has been mentioned at the beginning of §4. However 
this defect will not be so serious for the flow at small Reynolds and magnetic Reynolds 
numbers, as is well known in the ordinary Oseen approximation. Now, we suppose that Rk 
and Rm, and hence also k; and k,, are of small values of the order €, while « is of the order 


t Here we make use of the fact that when s is any positive integer, the modified Bessel function of 
the first kind Is(~) can be expressed as: 


1 zr 
vf (a= — { evcos 6 cos sé dé. 
2n 


(Cf. G.N. Watson: Theory of Bessel functions, 2nd ed. (Cambridge Univ. Press, 1948 p. 181.) 
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of Bey, which is the case for usual materials. Then, we can obtain the constants Bn’s, 
Dn’s, bn’s and bn*’s in powers of €. To the lowest order of €, we have 


By 2Rm 


i Fal Rm —2ks){1+2.2(ker)}—(Rm—2ka {1+ 22( hel )}] (5.31) 
Dee , 2Rm a 
Ral Rm —2h1){1+22(k1)}— (Rm—2k2) {1+ 2.2( hal) }] , (5.32) 
and bo 2Rm( Ri = kp) 6.33) 


© Reskal Rmn—2ks {1+ 2.8(hs)}—(Rn—2ha)(1-+ 22 hal) 1? 


where 2(k)=—(7+In(k/2)), 7=0.57721---being Euler’s constant. The parameter « does not 
appear to this order of approximation, but comes into the next higher orders. 
About S=1, i.e. k,=0, they behave as 


il 


Bis = 
) pvizdnene (5.34) 
) 1 
<7) ree 
f ko Inko ’ (5.35) 
and eee 
bo Rolnk, ” (5.36) 


respectively. Hence, it is easily found that we cannot give an appropriate solution for the 
transitional case S=1, since the above Dy and Jd) tend to co while By to 0, as S>1. On the 
other hand, it is shown in the subsequent paper by Gotoh® that using the present per- 
turbation method, a plausible solution can be given for the flow past a sphere even at S=1. 
The present state of affairs at S=1 is quite similar to that in the classical Stokes flows. 


| $6. Forces on the Cylinder 

| Next, we shall calculate the forces experienced by the cylinder. They can be calculated 

by extending the usual method inordinary hydrodynamics. In the magnetohydrodynamic 
problems, however, contributions to the forces come from the Maxwell stress as well as from 
the usual viscous stress. 

Take a contour C in the xy-plane everywhere at great distances from the cylinder. Let X’ 

and Y’ be the x- and y-components of the non-dimensional force F”’/ovV exerted by the fluid 
outside C on the fluid of unit thickness inside, and X and Y the x-and y-components of the 
non-dimensional force F/pyV) exerted by the surrounding fluid on the unit span of the 
cylinder. Then, X’/—X must be equal to the x-component of the rate of outflow of momentum 
through C, G, say, since we are now considering the steady state only. Hence, we have 


Nee gi (6.1) 


In the present case, X’ is expressed in terms of the usual viscous stress and Maxwell’s 
- magnetic stress, as: 


x’=| te p+ Zoe N+ (Se 4 Ae )m hac srl [a+r +0+gm fac 
Cc 


+SR| ; 41ac+ sR fl-+-gm)dC+SR if [($ iw item} ac | 6.2) 


ment of the contour C and integrations are taken round the contour, 


eto. 
the second integral in the second line of 


where dC is the line-ele 
1 and m the direction-cosines of the outward norma 

In the first place, using the equation of continuity, 
(6.2) can be written in the form: 


- (—pl—Em)dC+ 2\ CaS 5myac 
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Ou, Ov -| _ ov, Ov )ac=—| VAC (6.3) 
le + mac =| ( att ae” ee 


where 0/0C denotes the partial differentiation along the contour C. Since v is the one-valued 
function, this integral must vanish. Obviously the first integral in the last line of (6.2) 
vanishes identically. Next, it can be seen from the asymptotic behaviours of V1, Y2, and ¥; 
that the perturbed magnetic field is of the order of 7~' outside the parabolic regions men- 


tioned in the last section and is of the order of r-* within, but the angles subtended by the 


portion of C within the regions are of the order of y-*. Hence, the last integral in (6.2) vani- 
shes in the limit of roo. 
On the other hand, Gz is expressed in the form: 


G.=RI aa ede 
C 
=R\ ldc+R\ (2ul-+-om)dC+R\ Gal t-uooaC, 6.4) 
0 Cc 


The first and the third integrals in the second line of the above equation vanish likewise. 
Thus, we have 


x=| (—pl-Emac+ sR| (fl+gmyac—R) (Qu aravde. (6.5) 
J¢ CG C 


Substituting (5.1), (5.2), (5.9) and (5.11) into these integrands, we have, after some calculations, 


ne a: (2kidy + 2kads—SRU +RQ)AC 
lo 


=| ia 2kidn+ 2h. + SRV —RY)AC—2| _9_ (srv—Rd)dC. 6.6) 
2 OC 2 OC 


Since the stream function ~ and the magnetic stream function ¥ are one-valued, the last 
integral vanishes identically. Expressing the first integral in the second line in terms of V;, 
¥, and ¥;, we have, after some arrangements, 


| : | (lx —2hs(R+ Ru) — (PRR) Yh 
c OC 
+ (kt —2hs(R+ Re) (MRR) (WP RR | ae (6.7) 


The coefficients of ¥, and ¥: above are identically equal to zero on account of (3.10) and 
(3.11). Hence, we have 


Ra OC 


This integral has a finite value, since ¥; is the many-valued function. Remembering (5.16), 
the only contribution to the integral comes from the second term Bf in ¥%;. Hence, we have 


2 : 
x= (MP—RRw)by=— = Riksbo, (6.9) 


where use has been made of (3.10) and (3.11). 
In like manner, Y is calculated as follows: 


Y=Y’-—G, 
= \, (€l—pm)dC+ sR\ (gl— fmyac—R\ vldC 
C C 


a 
-|, jy (ckiga + Bhadhs + SRY —RO) dC 


Se | OF s aC 
Re “Font ae (6.10) 
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is7 
where 0/0n denotes the partial differentation along the outward normal m to C, Gy being the 
the y-component of the rate of outflow of momentum through C. Only contribution to 
the last integral comes from the first term a,ln r in ¥Y;, since all the integrals of the other 


terms vanish in the limit of roo, Hence, we have 


20 


Y= 


p~ (MP—RRmn)ao=— or ko, 


(6.11) 


m 


where again use has been made of (3.10) and Gale 


For the flow past a circular cylinder, it 


> 4e 


is obvious that the lift Z(=pyV»)Y) vanishes on 
account of the symmetry of the field with respect to the x-axis. 


On the other hand, 


using the value of by obtained in the last section, we can readily calculate an approximate 


formula for the drag D(=py VX). 


D= 


Thus, inserting (5.33) into (6.9), we have 
16zpv Volki—kz) 


[(Rm—2ka){1-+2.2(|kal)}—(Rm—2hi {1+ 22k) }] * 


As the limiting cases of the above formula, 
we can immediately obtain the drags for a 
circular cylinder in the ordinary Oseen flow 
and in the magnetohydrodynamic Stokes flow 
given in our previous paper”. 

(I) The case of Rn=0 

When the electric conductivity of the fluid 
og, and hence Rm too, is supposed to be zero, 
there exists no current in the field and the flow 
does not interact with the magnetic field. 
Hence, the flow field is to be described in 
ordinary hydrodynamics. Putting Rnx»=0 in 
(3.10) and (3.11), we have 4,=R/2 and k:=0, 
for which (6.12) is reduced to 


8revVo Ap Vo 
RN) uy Ry 

20( = aes OE {See 
j42e5), got a(g) 
This is Lamb’s well-known formula itself. 


(I) The case of S=0 

When the magnetic field vanishes, the flow 
is also to be described in ordinary hydrody- 
namics. Putting S=H)?/o Vo?=0 in (3.10) and 
(3.11), we have Ai=R/2 and k2=Rn/2. Then, 
(6.12) is also reduced to (6.13). 

(III) The case of R=Rm=0 with finite M 

When the velocity of the fluid is very small 
but the magnetic field is so strong that the 


Hartmann number M=(SRR»n)* is finite, the 
field is to be dealt with by the magnetohydro- 
dynamic Stokes approximation proposed by 
Chester”. Putting R=Rn=0, but retaining 
M to be finite in (3.10) and (3.11), we have 
ix =M/4 and kx=—M/4. Then, (6.12)\ 4s Fe- 
duced to 


(6.13) 


_ 4rovVo_ 


p(t So) 


(6.14) 


(6.12) 


which coincides, to the first approximation, 
with what has been given in our previous 
paper”). 

The drag coefficient Cp(=D/evVo)t is ex- 
pressed in terms of the three parameters hi, ke 
and Rm in the present case. Since k; and kz 
are written in terms of R, Rm and M or S, as 
has been shown in (3.11) and (8.12), Co may 
also be regarded as a function of R, Rm and 
M or S. Numerical values of Co for various 
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Fig. 2. Drag coefficient Cp versus S. 


values of S have been computed only for the 
four sets of particular values of R=0.1, 1 and 
Rm=0.1, 1. They are tabulated in Table I and 
are shown graphically in Fig. 2. 


+ The present drag coefficient differs by the factor 
R from the usual one defined by D/(4@V,?-2Lo). 
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The numerical values of Cp, 3.479 for R=0.1 
and 9.599 for R=1, on the left border line of 
the graph are those in the ordinary Oseen flow. 
The drag coefficients decrease very slowly 
with increase of S and then fall to 0 abruptly 
at S=1. Passing over this point, they again 
return to normal abruptly and then increase 
with S. 

We can see from (6.12) that Cp behaves near 
the point S=1 as 

1 
>™~ In[S—1| * 
This singularity is wholly due to the break- 
down of the present perturbation method of 
solution at S=1 discussed in §5, since the 
real field should be regular and yield a finite 
drag even at S=1. 

It may be remarked here that magneto- 
hydrodynamic effects, i.e. increases of S and 
Rm, cause the decrease of the drag when S<1, 
but the reverse is the case when S>1, so far 
as the present numerical results are concerned. 


C (6.15) 


Table I. Cp for various values of S 
R01 fil 
—— $9 
S Rn=0:1 ign foc —On ey ia 
0 3.479 3.479 9.599 9.599 
0.001 3.479 3.479 9.598 9.597 
0.01 3.475 3.471 9.583 9.562 
0.1 3.429 3.397 9.469 9.118 
0.5 3.155 2.976 8.841 7.590 
0.8 2.845 2.520 8.146 5.945 
1.0 0 0 0) 0 
Ee? 2.845 2.499 7.683 4.055 
115) Silvas 3.107 8.005 7.590 
2.0 3.479 3.710 8.275 9.599 
310 3.849 4.535 8.626 - 
5.0 4.306 5.740 9.342 - 
10. 5.000 7.901 — — 
100. 8.563 — = = 


The drag for a sphere is also calculated by 
Gotoh”. It does not break down so seriously 
at S=1, though it has similar tendencies to 
those for a circular cylinder. It takes mini- 
mum but non-zero values at S=1. The curves 
for Cp are bent off there with finite jump of 
inclination of the tangent. 


§7. Conclusion 


An approximate method of solution similar 
to Oseen approximation has been proposed to 
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investigate the flow of a viscous, incompressi- 
ble and electrically conducting fluid past a 
fixed body in a parallel magnetic field. 

From the consideration of the asymptotic 
behaviours of the field at great distances from 
the body, it is found that the rotational field 
with the appreciable vortices and the induced 
currents is confined within the two paraboloidal 
regions for the three-dimensional flow, or 
within the two cylindrical parabolic regions 
for the two-dimensional flow. It is interesting 
that there may be three distinct types of the 
field according as the pressure number is 
greater than, equal to or smaller than unity, 
and that each has a certain correspondence to 
the subsonic, the sonic or the supersonic flow 
in ordinary hydrodynamics of a compressible 
fluid. 

At S=1, the present perturbation method of 
solution fails to give an appropriate solution 
for the two-dimensional flow, while it gives a 
plausible solution for the three-dimensional 
flow. The state of affairs is quite similar to 
that in the ordinary Stokes approximation. 
Another method of closer approximation will 
be required near S=1, just as the transonic 
approximation should be in ordinary aero- 
dynamics. 
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Magnetohydrodynamic Flow past a Sphere 


By Kanefusa GoToH 
Department of Physics, Faculty of Science, Kyoto University 
(Received August 27, 1959) 


The flow of an incompressible, viscous, electrically conducting fluid 
past a sphere in the presence of a uniform magnetic field parallel to the 


undisturbed flow is investigated using Oseen approximation. 


The drag 


coefficient is calculated up to the second order of magnitudes of pa- 
rameters: the Reynolds number R, the magnetic Reynolds number R» and 


the Hartmann number M. 
for a few typical cases. 


Its numerical values are shown graphically 
It is found that the drag coefficient is continuous 


at the pressure number S=1, whereas it changes there abruptly in the 


two-dimensional case. 
as the pressure number S21. 


Introduction 


§1. 

Recently the subject of the magnetohydro- 
dynamics has become to draw attention of 
many authors. In particular, the flows of 
small Reynolds numbers were investigated by 
Chester, Yosinobu and Kakutani,” mostly 
using Stokes approximation. Chester investi- 
gated the effect of the longitudinal magnetic 
field on the flow past a sphere and obtained 
the drag coefficient as a function of the 
Hartmann number ™ alone. 

In the present paper the same problem is 
discussed using Oseen approximation. If we 
suppose that the deviations of both the flow 
and magnetic fields from undisturbed ones are 
very small, and neglect second order terms, 
the governing equations are linearized. Such 
a treatment in magnetohydrodynamics has 


_ been developed by Yosinobu® for the analysis 


of the flow past a circular cylinder. The 
drag coefficient obtained by him has a singu- 
larity at the pressure number S=1, namely, 
it vanishes there abruptly. The dependence 
of the drag formula on various parameters, 


- particularly on S, is also a very interesting 
| subject in the three-dimensional problem. In 


the last section we discuss some characters of 
the flow and the magnetic fields, and the 


difference between the two- and _ three- 
dimensional problems. 
§2. Fundamental Equations and Oseen 


Approximation 
We investigate the steady flow of an incom- 
pressible, viscous, electrically conducting fluid 
past a sphere in the presence of a uniform 
magnetic field parallel to the undisturbed flow. 


The flow pattern changes remarkably according 


Here we confine ourselves to the fairly slow 

motion and employ Oseen approximation for 

calculating the flow and the magnetic fields. 
The fundamental equations for this problem 

are: 

(1) Maxwell equations: 


div F=4rnc?q/& , (251) 
div H=0 , (2.2) 
Clie 0am (273) 
curl H=4rJ; (2.4) 
(2) Ohm’s law: 
J=o0( E+ ppUx HH); (2.5) 


(3) The modified Navier-Stokes equation: 
oa U- grad)U=— grad p+ oa? U+ “ej x A; 
(2.6) 

(4) The equation of continuity: 

div U=0. Qi) 
Here, EF is the electric field, H the magnetic 
field, j the current density, q the excess 
charge density, € the dielectric constant, sp 
the magnetic permeability, o the electrical 
conductivity, c the speed of light, U the fluid 
velocity, p the pressure, pa the fluid density 
and vy the kinematic coefficient of viscosity of 
the fluid. All electromagnetic quantities are 
measured in electromagnetic unit. Both é and 
[tp are assumed to be constant. 

In the present problem, we use the cylindri- 
cal polar coordinate (7’, ¢’, 2’), and take the 
origin at the centre of the sphere, with the 
7-axis in the direction of the undisturbed 
flow. Now we consider an axisymmetric 
problem in which the ¢’-derivatives of the ve- 
locity and the magnetic intensity, together with 
their ¢’-components, all vanish. Then Eq. 
(2.4) gives j=(0, Jo, 0). On the other hand, 
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from Eq. (2.5) E=(0, E», 0), and together with 
Eq. (2.3) it follows that 7’H=constant=0 
which has been determined by the conditions 
at infinity upstream: U=(0, 0, U) and H 
=(0,0, H). Therefore Eq. (2.1) yields g=0. 
Eliminating the current density j, the funda- 
mental equations (2.2) and (2.4)~(2.7) reduce 
to the following equations in the cylindrical 
polar coordinate system: 


(U- grad) U,— ei (H- grad) H, 
a 
598. : U; = 2.8.1 
= <a te( Or ee EIS) 
(U-grad) U.——“”— (H- grad) H; 
Ara 
On 
=— 5 tevU, (2.8.2) 
POR ey i eee Gee eo; 
Oz’ Or’ 
eS (2.2.1) 
Or” Y Oz 
OU. Ue £0 
See eS a 
Or’ x OZ’ ! ( ) 
where 
0 a 
-orad)=Uy me: 
Ne ete Oo 
(H- grad)= H, arti £. 
10 
Pa 3S ee gee eal) 
eur 5: vasray vane ere | 
= —(p+u» 5) 
Oa 8x 


Now, let the fluid velocity and the magnetic 
field at any point have components U+u.’, 
uy and H+h,’, h,’ respectively, so that u.’, 
uy and h.’, h,’ are the velocity and the 
magnetic fields due to the disturbances. If, 
then, we assume that the disturbances are so 
small that squares and products of them are 
negligible in the above equations, we have 


Our” _ Lp Oh; 
U Oz’ Ara 02’ 
06 dig 
Siig, ae (v the riers ). (2.11.1) 
Ouz’ os) Oh’ = 96 + yy’ 
Oz Ap, 02’ Oe tree 
(2.11.2) 
oe oh =4 76 Up Uh,” Hu,’ ) ’ (2.12) 
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Ou bee: Ou’ 
—_4— 4 + -=0, 2.13)9} 
Or’ ‘a i Oz’ ase) | 
Ohetto he Ohe 
= . —=_==(), 214 
or’ EO One a | 
Introducing non-dimensional quantities: 
the Ue h,’ h’ 
ee = pS) ee 
siete Seopebeand i H 
sti / “a / rend 
pe, en a ? U? ? 
these equations become 
Cttn, «Ohno OK Ah ) 
Oz : OZ) yineOF aR (v NE 
San 
Ouz__¢ Ohz__ OM =| 1A 2.15.2) 
ee ete eae 
Oh, Oh: 
7 = Rin hr—Ur); 2.16) 
0z Or ints ( 
Ou th Ouz 4 
eee, Sa d } ===) DAE 
Or | ¢r Oz ( : 
Oh h, | Oh: \ 
— / -=0 2.18 
or a r dz ‘ AF} 


where R=Ua/y is the Reynolds number, 
=4ro0Uayy the magnetic Reynolds number, 


S= /1»H?/4zpaU” the pressure number, a being | 


the radius of the sphere. 
It is obvious from Eqs. (2.17) and (2.18) that 
there exist the stream function ~ and the 


magnetic stream function xy such that the 


velocity and the magnetic field components 
are expressed by 


1 dO” Op 
pane benane eee the FL 
2 % Oz r Or we | 
1 dx 1 OY 
hy= —— —*, Rae oP 2. 
FOR or va | 


Eliminating the pressure term 7 from Eqs. 
(2.15.1) and (2.15.2), we have two basic equa- 
tions of the problem as follows: 


Rim 


(2.21) 


AtAg—R © (g—Sx}=0, 
Oz 
a | 
AX—Rmn 2 (x—) =0, (2.22) 
Oz | 
where | 
2 10. 8 
Nex eite: = 
Oye op Oren bes 


The governing equation valid within the 
sphere is easily obtained. In the sphere 
E=q=j=0, and curl H=div H=0. Thus, 


Ay=0. (2.23) 
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§3. Boundary Conditions and General 
Solutions 


The boundary conditions for the velocity 
field are the same as those in ordinary hydro- 
dynamics, namely, at a great distance from 
the sphere the velocity due to the disturb- 
ances vanishes, and the total velocity at the 
surface of the sphere must vanish. Thus we 
have 


U=3= 0 at infinity, (a) 
Ur=0 
aoe | at the surface of the sphere. 
(32) 
On the other hand, the boundary conditions 
for the magnetic field are that both the tan- 
gential component of the magnetic field and 
the normal component of the magnetic induc- 
tion are continuous at the surface of the 
sphere, and the magnetic field due to the dis- 
turbances vanishes at infinity. Then we have 
Ao= Ai 
Bno= Bn 


at infinity, 


at the surface of the sphere, 


(3.4) 
where H and B denote total quantities. 
Now eliminating ~ from Eqs. (2.21) and 
(2.22), we have an equation for determining 
1: 
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a(a Da a (4 28 a t=O. (3.5) 


where 
4a — R + Ra+ V (R—Rn)? +42 ’ 
48=R+Rn— V (R—Rm)?+4M2 ’ 
and M?=RR,,S is the Hartmann number. 


The solution of this equation can be easily 


obtained in the form: 
X=M+XatxXs , (3.6) 


where y:’s (/=1, 2, 3) are the solutions of the 
following equations respectively: 


Am=0, (4— 2a a \=0, ( 4-28 i %3=0. 
dz 0z 


(3.7) 


Then substituting (3.6) and (3.7) into (2.22), 
we obtain the solution for ¢ in terms of yw: 


y 8 
pon +(1-28-)ot(1-25-)n. 68) 


The solution of (2.23) may be written as %, 
say, so that 


Ny) (3.9) 


Using the polar coordinate system (0, 9, 9), 
the boundary conditions (3.2) and (3.4) are 
now expressed in terms of y:; at p=1 


Se a(inag eea(i-a £) tee aa 
tesa Me (eh) Born. saa 
i Oe, He 
cP Be BB aa BE, oss 


where o?=7?+z22 and w=cos 0, and «=//4y7 is the ratio of the magnetic permeability of the 


sphere to that of the fluid. 


Taking the boundary conditions at infinity (3.1) and (3.3) into consideration, 


analytical expressions for yx: as follows: 


m= (gt+LoLt)+ » Eno "(1 — 2) Pn’ (4), 


fy 2PP esol (a+ ave Ky (8p) + SanKnvy (BONA 12) Pte) | for B>0, 
7a 


home pats ie ; 
[y/ Beer Caran Ky (Boo) +S, anKn+3 (B00)1— 4") Pn (| for B=), 
r n=1 S fd 


ZED gl (A+ Ao) Ky(ap) + SAnKnes (ap)(1— we) Pa’ | 
1 nrm=1 


we have the 


(3.10) 


(lt) 


(3.12) 
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u=> Grp" (1-2) Pn'(e) , (3.13) 
We=1' 
where for B>0: A=Ao, a=a, g=go and 
g=22-—NArt 2 e Se iy 
for B<0: Po=—P, A=Ao, a=—a , 


Co ea (1-2-4 Ay, 


a g 
(a 2 


Soe 1)ao 5 


Here, Pn(s) is the Legendre polynomial of degree , K(x) the modified Bessel function 
of order » and the primes denote differentiation with respect to uw, and dn, An, Sn and Gn 
are arbitrary constants. 


§4. Fulfilment of the Boundary Conditions 


We now determine the constants in the general solution by making use of the bound- 
ary conditions (3.2.1)~(3.4.2). For this purpose we expand each term in the general solution 
into spherical harmonics. In this process we must seek for the coefficients of expansion 
Xmn and Vinn defined as (Goldstein 1929)” 


et" Pa! (1) = 3; XmnlE) Pm'() , 


(4.1) 
e&*P2 (pn) => PmnlE) 2h Aa) . 
They are given by the following recurrence formulae: 
i) (n = ID Grae (2n = WAC reas =F Xian , 
Xero 0 5 Xmj31=Om/ E; 
il) NE nar => (2n = Ya We a1 (2 = U1) rare ’ 
/ 4.2) 
Gn o= Om A Pir a ” - On= mtiia ( 
AY Sal ene 
ili) On= (2m ata Dy) Fe In} (€) 5 


where /,.(€) is the modified Bessel function of order mn. 

The various derivatives in Eqs. (3.2.1)~ (3.4.2) can be obtained from (3.10)~(3.13). If we 
substitute them into (3.2.1)~(3.4.2) and expand in series of P, and P,’, we obtain an infinite 
system of simultaneous equations for determining @n, An, gn and Gy. In these equations, 
unknown constants gn and Gn, the coefficients of the harmonic part in the general solution, 
can be easily eliminated, obtaining finally equations for ad, and An. 

Hereafter we shall consider the following two cases separately: 

Case 1: 8>0, which corresponds to S<1; 
Case 2: §8<0, which corresponds to S>1. 
Case 1, /B>0. 
The equations to be fulfilled by @, and An are 


aAp+Ba=0 ; 


> {TmnAatinyn Qn =30%n : 
fe , ; (4.3) 


oS {SinjnAn+Sm,nQn}=0 for m1, 
n=0 


where 


1960) Magnetohydrodynamic Flow past a Sphere 193 


Tm,n(a@) = (1 —2 p, LAmnla) — (m + Qin jn(a@)} . 


a, (4.4) 
Syn (Ce) = pp, Amnla) + KML n(Q) } 5 
tmyn(B) = Tmsn(B) ’ Sm n(B) = Sinyn(B) - (4.5) 
and 
Qm,o(@)= —ay/ Ky (a@)Xm1(@) , 
2a, 
Qing (a) =a,/™ eee 1 {Kn+} (&) Xmyn+1(a) — — Kn+3(a@)Xmjn(a@)} 
ee {Kops 4(@) Xm n(a)— — Knsy (a) Xmn— 1 (@)> | 
for n=1, (4.6) 


Am,o(Q) = ee Ky (a) [ALP mo @) +E my1(@)} +E mo(@)] , 


Am n(a)=a/ 2 Kn+3 (a 3 Lees OAD ane 1(@) — Fonsve(@)} M00 DP nl) | for n=l, (4.7) 


1 fore ge, 


Om= 
' Ne HOI 77aell 


Since it is difficult to solve generally this system of simultaneous equations, we consider a 
special case in which a=8=O(6) where Oo is a certain small quantity. Thus we obtain 


By fen 3 19 : 22 
= : 2 pees Re 
Sa Ne ates ie ASE 
M*4R+4Rn) ) 


1 _ (213R34.256RM?—704RnM? 08) |. 4.8 
“hice a, Siealiceenuene 9 | “e 


Case 2: B<0. 


The equations for an and A» in this case are mostiy analogous to those in Case 1. ‘They are 


aAo—fBoao=0 p | 


{Drei An+ Lonny =o Omi ’ 


Ms 


(4.9) 


n=0 


ll 


Simin An+s*myn an}=0 for m=1 5 | 


iM: 


av 


where 


S*mn(Bo) =(—1)™*"*! Smn(Bo) 5 


4.10 
Fn sn( Ba) SS (— ea ae 2 ( ) 


MyM 0 Pr rend 0 { 
o\A sn(Bo)—(m+1)2myn(Bo)} 


Again if we assume that a={)=O(0), we obtain 


3Rm 3(R?—RRm+2M?) _19R*R+-Rm)?+(M?—RRn)(76 R?—180M*) 
Scab * 8((R—Rm)?-+ 4M2y 320{(R—Rm)?+4M7} 


MeN Ene) 1 Wilke a , | RAR) C1BR'+256RM*—T04R nM) 
5(2+n)  7680{(R—Rm)?+4M? 3? 


4+-2(M2—RR»)(639R!—2112Rm?M?—1196M 4 — 298M? RR n+ 213R?2Rm2+1470M7R?) 


aAy=— 


M*XR2+3RRnt4Rwe+2M?) o0e% | (4.11) 
10Q+«){((R—Rmn)P? +4? 


| 
| 
| 
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§5. Force on the Sphere 
The force acting on the sphere is only the drag D along the z-axis and is expressed by 


as [eas |i (Gat Ger tm Ge Ge )42n ous lp 
s’ Oz i Oy Oz Oz 


Ox 
Ae ie (HzHz+ mHyHz+ nH? — Sal) — 0a We Un fas ’ (5.1) 
7 


where S’ is an arbitrary closed surface includ- 
ing the sphere. Again neglecting the second 
order terms of the velocity and the magnetic 
intensity due to the disturbances, and making 
use of the stream function and the magnetic 
stream function, we have the drag coefficient 
in non-dimensional form as: 
va ©) 
” 6xvpaVa 
if 
=| (qoap—up—4 aa) Ody, (0.2) 
where a spherical surface is taken as S’. 
The pressure term in this equation is eval- 
uated by integrating (2.15.2) with respect to 


10-2 10> LR 
Fig. 2. Drag coefficient Cp versus R. 
(Rn=0, — any 


10~? 10> 1M 
Fig. 3. Drag coefficient Cp versus M. 
(Rn=0, c= i). | 
1.00 | 
0.8 1.0 12 § we get the final formula of the drag coefti- 
cient as: | 
Fig. 1. Drag coefficient Cp in the neighbourhood 8 | 
of S=1. Cp Tea (B—a)aAy (5.4) | 
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for the both cases S21, where awAy has 
already been given by (4.8) and (4.11) for S<1 
and S>1 respectively. Making use of these 
formulae, the values of Cp are calculated for 
small values of parameters. The results are 
plotted in Figs. 1, 2 and 3. 


§6. Discussions 

In the preceding sections the velocity and 
the magnetic fields have been calculated. 
Then the related quantities such as the vor- 
ticity and the electric current density j will 


be obtained by evaluating NG, Arie Ax 
ie Yr 


respectively : 
2, a Ox 2 B Xs 
as il) yes 
Raa =( Rn a Oz dd pi -( [Re \B Oz ; 
(6:1) 
resem 1 OX. ons 
I= \« 74. g ae 6.2) 


and these equations show that w and j have 
the similar character to each other. When 0 
is large, 


Kn+y (ap) eee 


so that it is seen from (3.11) that the y2-terms 
behave like exp ao(u—1) for large 0. Then 
the terms in w and j which depend on y. are 


Cack 


proportional to exp (—2qap sin? 5) and there- 


fore they become vanishingly small for large 
o except for the region in which 0<ko-? where 
k is a small constant. This region which ex- 
tends downstream of the sphere in the shape 
of paraboloid is usually referred to as the 
wake. Thus, the y-terms are found to give 
rise to the distribution, of the vorticity and 
the electric current density, which corresponds 
to the wake in ordinary hydrodynamics. 
Similarly, for large o the x;-terms behave like 


0 
exp(—28o sin? 5) for 8B>0 and exp (280 cos’) 


for B<0 respectively. Therefore, it gives 
also the wake-like structure for the vorticity 
and electric current density. In this case, 
however, the wake appears downstream 


(0<kp-*) for B>0 (i.e. S<1), and upstream 
(x—0<kp-*) for B<0 (i.e. S>1). This be- 
haviour of the wake is quite similar to that 
in the two-dimensional case treated by 
Yosinobu, 
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Since the drag coefficient Cp has different 
expressions according as S21, it has a singu- 
larity at S=1 as shown graphically in Ligaele 
The curves of Cp are continuous but not 
analytical at S=1 and have different right- 
and left-differential coefficients there, while in 
the two-dimensional problem a singularity of 
the type 1/log|S—1| is found at S=1. 

It may be of interest to consider why the 
behaviour of the drag coefficient in the neigh- 
bourhood of S=1 differs for two- and three- 
dimensional cases. In the present case the 
equation for the vorticity is written as 


(a 2ae2. (2 28 - ) Gop! 


For S=1 (i.e. B=0), this equation reduces to 


(a- 2a -) (ro) = On 


(6.3) 


(6.4) 


the solution of which is given as a linear com- 
bination of the solutions of equations: 


(420-5 -\(roy)=0 atid AGwAg20! Gis) 
i 


The equation A(ra»)=0 is nothing but the 
fundamental equation for the steady flow in 
ordinary hydrodynamics for extremely low 
Reynolds numbers (Stokes approximation). 
The two- and the three-dimensional flow prob- 
lems with a circular cylinder and a sphere 
as the solid boundaries . respectively were 
already solved using Stokes approximation, 
and it is well known that there is no solution 
for the former problem whereas a solution 
exists for the latter. The same is true for 
the solutions of Eq. (6.3), since the solution of 
the first equation of (6.5) is shown not to con- 
tribute to the boundary condition at infinity. 
Thus, the fact that we have obtained the 
vanishing drag coefficient and a finite one at 
S=1 for the two- and the three-dimensional 
problems respectively may be explained as the 
reflexion of the above circumstances. 

In various limiting cases, the formula (5.4) 
for the drag coefficient agrees with the results 
already obtained by Chester, Goldstein and 
Stokes. Thus, if R=Rm=0 but M0 and 
x=1 (in this case S=oo), (5.4) together with 
(4.11) gives Chester’s result: 


S (ere 
CP ig agg 7680 


if M=0 and R*<0 (so that Rn=0 or 


M*+0O(M'). 


Also, 
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S=0), (5.4) together with (4.8) reduces to 
Goldstein’s result: 


3 191s eeeee l 
Se 
Further, putting R=Rn=M=0, we get Stokes 
formula: Cy=1. 
For S=1, the expressions of the drag coef- 
ficient for both cases (S21) agree with each 
other, giving 


Ree OUR). 


3 19 2RR 
Cp=1 R 1 Ege ao 
is 320 Sat 
= a id Bid) 2: Ae 2 
+} weg (Z1SRY+256R Rn —704RR?) 
RRoAR ARS) } 4 0 
a 10(2-+«) +O(64) . 


It should be noted that the effect of the ratio 
of the permeabilities, «, appears first in the 
second order terms in the drag coefficient, and 
that Cp has always a minimum at S=1. 

In the above analysis, we have dealt with 
the uniform flow past a sphere at rest. How- 
ever, the problem in which a sphere moves 
with a uniform velocity through a fluid at rest 
can be discussed in the same way, and we 
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have the analogous result except for the elec- 
tric field HE. When £ is transformed from the 
present system to the moving one, it has the 
component 4»Ux H where U is the velocity 
of the sphere and H is the magnetic field 
given in the present case. There is no more 
difference between the cases where magnetic 
field is fixed to the fluid and to the obstacle 
respectively. 
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Relative Intensities of Zeemman Components in Nuclear Quadrupole 
Resonance Spectrum 


By Masaharu TOYAMA 
J. Phys. Soc. Japan 14 (1959) 1727 
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Short Notes 


This section is intended to secure prompt publication of important discoveries in 
physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 
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Effect of Charged Dislocation on the 
Thermoelectric Power of 
Semiconductors* 


By Tokio OHTA 


Department of Physics, Defense Academy, 
Yokosuka 


(Received November 24, 1959) 


It has been accepted that edge dislocations in 
N-Ge act as rows of closely spaced acceptor-centers 
and a dislocation accepts electrons to become a line 
of negative charge surrounded by the cylindrical 
layer of positive space charge. Read has studied 
the effects of the cylinder of the space charge 
on the electrical conductivity and Hall mobility of 
semiconductors. Here we report the effects of the 
cylinder on the thermoelectric power (T.E.P.) in 
semiconductors. We assume the random distribution 
of the sectional centers of the cylinders of which 
directions of length are parallel to each other. The 
used notations are as follows. @Q: T.E.P., Np: 
density of impurities which reserve electrons at 
O°K, Na: density of dislocations, Ni: density of 
donor impurities, N,: density of chemical ac- 
ceptors, S: spacing between dangling bonds, f(T): 
occupation ratio of electron at dislocation acceptors 
at T°KD, 6’: depth of dislocation acceptor level 
measured from the top of space charge mountain, 
0: depth of donor level measured from the bottom 
of c-band, ~¢: Fermi energy, 4: energy gap be- 
tween c- and y-band, w: ratio of electronic mobility 
by impurity scattering to that by both the cylinder 
and phonon scattering, K: ratio of electron to hole 
conductivity, and the others are as usual. 

In the impurity range of temperature, the elec- 
tronic mean free path is comparable to the radius 
of the cylinder, so that the additivity of the reci- 
procal mean free paths is held. Neglecting the 
hole population, we obtain 


Q=(k/ei¢/k T+ {2—a2+239(a)} /{1—ao(a)}] , 
where 
¢/k T=In [(No! — Ni)/2Ae 
+ {((No! — Ni)/2Ac)2+ My exp (-d/kT)/Ach?] , 
N,!= Ny, - Naf(O/S , 
Ac,a=(1Fe)2(2nme, rk T )*/?/h? , 
e= Na f(T)/S(Ni— Ne) ; 


* Copies of the full report are available by re- 


quest. 


197 


¢(@)=Ci(a) sin a — S;(@) cos ~+4ncos 2 , 

¥(x)= — Ci(a@) cos a — Si(w) sin w+4nsin x | 
An appreciable effect is introduced in ¢, however, 
the contribution from phonon drag to the T.E.P. 
is so large that the present effect will not be ob- 
served separately. 

In the transition range of temperature, holes are 
created not only in the dislocation acceptor level 
but also in the y-band and the cylinder becomes 
P-type bulk. The radius of the cylinder decreases 
but the electronic mean free path becomes far less 
than it, so that the conducting electron follows 
curved path that wind around the cylinders. Such 
distorsion of the electronic stream line reduces the 
apparent mobility. The ratio of apparent to free 
mobility is denoted by g(e)). Then the combined 
T.E.P. between the mother bulk (Qo) and the 
cylinder bulk (Q,) is given by (Q¢ has the usual 
expression for P-type materials.) 

Q= {(1—e)(1+ K)Qo+eQe}/{1+(1—-e)K}, 
where 
Qo= (k/e){ —2(Krg(e) — 1)/(Krg(e) +1) +¢/kT 
+(4/kT )/(Krg(e)+1)} , 
(/k T=1n [Ny!'/2Ae 
++ {(Np!'/2Ac)?+ An exp (— 4/k T)/Ac 
+ Na f(0) exp (-d"/kT )/AcS}] , 
No'=No'—- Na fOl/S, r= (d—-e)K1+e) . 
In this range of temperature, the present effects 
are prominent especially in the materials for which 
N,-Ne is small, Na is large, and 9’ is near the 
top of the v-band so that ¢ approaches unity and 
K becomes small. N-type materials will change 
their properties to P-type. However, in the com- 
mon materials such as Ge, the effects will be 
small, e.g., for the specimen used by Pearson et 
al.», in which Na~3x10%cm~-?, we estimate e= 
0.15, Krg(e)=12.6 at 340°K and e=0.04, Krg(é)= 
1.50 at 380°K. These values are insufficient to 
cause appreciable effects. 

The author express his cordial thanks to Prof. 

Y. Uemura for his valuable discussions. 


References 


1) WL. Reads) Fhul Mag. 45 (1954) 775, 1119; 


46 (1955) 111. 
2) G. L. Pearson, W. T. Read and F. J. Morin: 
Phys. Rev. 93 (1954) 666. 


198 Short Notes 


J. Puys. Soc. JAPAN 15 (1960) 198 


Influence of Foreign Magnetic Nuclei 
on NMR 


By Akira MIYAKE and Riichiré Cuty0 


Department of Physics, Faculty of Liberal 
Arts and Science, Shizuoka University, 
Shizuoka 


(Received September 29, 1959) 


The theory of NMR in the system involving non- 
resonating foreign magnetic nuclei has been ex- 
tended) along the general formulation proposed by 
Kubo and Tomita”. To the isotropic second mo- 
ment of absorption line in the frequency scale con- 
tribute the magnetic interaction between the re- 
sonating nuclei: 


3 
oo?= 5 hyo Ip Lo+1L)boo-® , 
Selig 
oo!/2 = 5 Wot Lo(Lo = 1)boo-® . ( il ) 


and one between the resonating and the foreign 
nuclei: 


4 
of = Fe ror rls + Vboy* , 


16 
of P= se Wyre lsLy + lboy* ; (2) 


where 7 is the gyromagnetic ratio, J the spin 
quantum number, subscripts 0 and f are concern- 
ed with the resonating nuclear species and the 
foreign species, single prime means the secular 
contribution which appears in the central line, 
double prime means the non-secular one which ap- 
pears in the satellite lines unless the absorption 


(Vol. 15, 
line is very narrowed, 
il 
boo ° =a DD eee es 
0 f€0 KEO 
1 
Oa a DI DRA (33) 
0 J€0KE0 


where 7j, is the distance between the jth and the 
kth nucleus, the summation j7 €o means to be taken 
over all 7 belonging to o-species, and so forth. 
Eqs. (1) and (2) are the extension of those given 
by Waller?) and Van Vleck. Examples of the 
magnitude of second moment are given for the 
plane zig-zag configuration chains in Table I.» 


Table I. Calculated second moments (in gauss?) 
for H-resonance of polyvinyl-chloride (PVC) 
and -fluoride (PVF), isotactic (I) and syndyotac- 
tic (S). 


oo? oo! !2 oz! oz! 
I |.13.47 ,, 31.43,. 0.06 .0.24 

PVC Mss, 5 ae 
s | 12.81 29.89 0.08 0.32 
bo | 99:47 oexGle48 oh Oe, odes 
PVF = Se epee 
s | 12.81 29.89 1.51 6.04 


Unless the line width is very narrowed by the 
thermal motion, using o?=o /2+ >) a,’2 as the se- 


cond moment, we can take account of the influence 
of foreign magnetic nuclei on the line contour or 
the line width 1/T,, because the non-secular con- 
tribution to the central line is negligible. 

In the very narrowed case, however, the non- 


secular part contributes to the line width addi- 
tionally by 


il ot 2c 
1/Ty'=— hy 4 1 S SIRT Oe 
[Ty ake Too+ 1boo t wo?t2 1 +4927? 
1 Bee 6c T 6c 
+My? >) PLT +) boz-® ar at 5 
oe 21s Anak lg L1teee “1+? Ta Cesg wag het Pe wy)?r2) ’ ee 
and to the spin-lattice relaxation time 7; by 
1 ee 2t 8c 1 3c 
1/Ty= —h27t In Ip + 1) B00 -8 +—f2792 SY + 2D (Ip 3 
[Ts Bod o(Zo+ 1)bo9 (oe teas) 15 is + TASS by eae 
od 8 Ber (wo — wy)? aa ~ (wows)? 4462 
wo? 1+-wy2r2 wo” 1+-(wo— wy)?e? 0” 1+-(wo9 + wy)?r? } CF 


where wp and wy are respective resonance angular frequencies of species 0 and f, ct is the correlation 


time of the thermal motion. 
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Thermal Conductivity of KNO; 


By Ikushi YOSHIDA 


Institute for Solid State Physics, 
University of Tokyo, Tokyo 


and Shozo SAWADA 


Tokyo Institute of Technology, 
Tokyo 
(Received November 4, 1959) 


Potassium nitrate KNO; has the aragonite struc- 
ture by at room temperature (phase II) and is 
reported to have the calcite structure DS, above 
128°C (phase IY. A number of interesting investi- 
gations have been made concerning the phase tran- 
sition of this substance2)»),, and the phase III 
which appears between the phases I and II only on 
cooling has recently been found to be ferroelectric. 

We have measured the temperature dependence 
of the thermal conductivity of KNO,; and found a 
distinct anomaly at the transition. 

The measurement was made using a comparative 
method®), and specimens were cut out from poly- 
crystals obtained by slow cooling of the melt of 
potassium nitrate of special pure grade. Fig. 1 
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Fig. 1. Thermal conductivity of KNO3. 


shows the temperature dependence from room tem- 
perature up to above the transition point. A step- 
wise decrease at about 130°C is conspicuous. By 
this method of measurement we were obliged to 
allow a somewhat large temperature gradient in 
the specimen, and so the obtained values were 
only means in about ten degrees temperature range. 
Taking this into account we suppose that the de- 
crease of thermal conductivity takes place nearly 
discontinuously. The quantity of the anomaly 
amounts to more than 20% of the absolute value. 
Eucken and Schroeder found a temperature de- 
pendence of thermal conductivity which resembles 
to this in solid hydrogen bromide near the phase 
transition at 89°K”. As for the cause of such a 
sudden decrease of the thermal conductivity at 
transition temperature, we would like to point out 
at least two possibilities. Thermal expansion coef- 
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ficient in the phase I is, according to Cohen and 
Bredée, nearly 20% larger than that in the phase 
Il. Even this fact alone appears, if we accept a 
theory of Dugdale and McDonald which insists that 
the mean free path of phonons is inversely pro- 
portional to the thermal expansion coefficient®), 
sufficient to explain the above-mentioned sudden 
decrease of the thermal conductivity. The model 
they adopted seems, however, very simple and 
there can perhaps be other mechanisms which 
influence the thermal conductivity in real complex 
crystals. The low temperature structure of KNO; 
is analogous to NiAs arrangement and consists of 
K* ions separated by double layers of NO3- ions. 
The latters are arranged antipolar along the b-axis 
and cannot make a whole rotation about any axis. 
Above the transition temperature, on the other 
hand, the double layers of NO3- coalesce into a 
single one, and this change is favourable for the 
rotation of NO3- groups. Indeed, Tahvonen’s X- 
ray investigation leads to the conclusion that in 
this form the nitrate groups are rotating about the 
trigonal axis and the rotation is connected with 
oscillations in the direction of this axis. The ex- 
citation of rotational motions has a good deal of 
possibilities to couple with phonon waves and to 
scatter them considerably. A phase transition of 
sodium nitrite at 160°C is said to be caused not 
by a serious rearrangement of ions but by an 
order-disorder transformation of the arrangement 
of NO.- groups. At this phase transition a decrease 
of thermal conductivity is observed fairly marked- 
ly10). Perhaps there would be a strong resemblance 
between mechanisms of the decrease of thermal 
conductivity at phase transitions of KNO3 and 


NaNO,. 

The fact that a small anomaly was found at the 
phase transition of BaTiO; at 120°C where ferro- 
electricity disappears®) rouses interest about the 
behaviour of temperature dependence of thermal 
conductivity in the phase III of KNO; which is 
ferroelectric. But nearly the same temperature 
dependence of thermal conductivity was seen on 
both heating and cooling. It is possible, however, 
that any small anomaly might have been obscured 
by the narrowness of the range of the phase III 
which is comparable with the above-mentioned 
temperature gradient necessary for the measure- 
ment of thermal conductivity. 

Eucken and Kuhn measured the thermal conduc- 
tivity of KNO3 at 0°C and —190°C and found a 
slightly positive temperature dependence, which 
was affirmed by our measurement made by the 
direct method. Low temperature data were con- 
tinuable to those determined by the comparative 
method at room temperature, though they were 
considerably low values compared to those obtained 
by Eucken and Kuhn. 
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On a Solution of the Paraxial Ray Equ- 
ation in an Axially Symmetrical 
Electrostatic Field 


By Noboru SHIBATA 


Faculty of Liberal Aarts and Education, 
Nagasaki University 


(Received September 15, 1959) 


In the investigation of the electron optical pro- 
perties of the so-called Ehrenberg-Spear type X- 
ray tube, Spear?) has used a method which is a 
combination of paraxial ray tracing and dynamical 
determination of the electron trajectory in cathode 
region. In his method paraxial ray tracing consists 
of obtaining solutions of the paraxial ray equations 
of fundamental rays by numerical method, and 
transforming initial states of motion of any electrons 
at the beginning of the paraxial region to final 
ones with the aid of a linear combination of these 
solutions. However, in an axially symmetrical 
electrostatic field, the electrostatic potential V at 
any point is expressed as 

_ COVA tL 

oe pe Sas large e=4 wre 

where « is the distance measured along the sym- 

metry axis, y is the distance from the symmetry 

axis and @ is the axial potential. If the axial 
potential has a following form 


$(a)=ax2+ba +e, (2) 


where a, 6 and ¢ are constants, the general ray 
equation) 
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d?y OVy; OV dy aut 3 

iy a oy =: 0x eed Es da sk. > 
becomes 

dy 2au+bdy , La a (4) 


daz 26 da 2% 
by neglecting the terms (dy/da)? and (1/2)aa? in V 
(paraxial approximation). By substitution 


1 b 
z=—— log (V/art-FbaFe-+ av a +72) 


Via 
fomra 0.) GoD) 
or 
le 2au +-b 
oe, ne eee 
for ma<0; (3) 
Eq. (4) reduces to 


Thus, we can get an analytical solution of the 
paraxial ray equation. Therefore, we are led to 
a following trajectory tracing method in the para- 
xial region. That is, first, we devide the symmetry 
axis into several regions such that in each region 
the measured axial potential could be approximat- 
ed to a quadratic form in terms of #, within the 
accuracy to which ¢@ is measured, then, in any 
region we solve Eq. (6) adopting the final state of 
motion in the prior region for the initial conditions. 
Repeating these procedures successively, we can 
get the whole trajectory of any electron in the 
paraxial region. 

This method was applied to the investigation of 
the electron optical properties of the modified 
Ehrenberg-Spear type X-ray tube. It was shown 
that the error introduced by the approximations 
mentioned above may not be so serious if the mo- 
tion of electron is subject to the paraxial condi- 
tions, and that the accuracy of this method mainly 
depends on the exactness of the measured values 
of the axial potential, especially those in cathode 
region which strongly affect the behavior of 
electron. 
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NMR Second Moment of a Radical Oscil- 
lating in a Periodic Potential 
By Riichiré Cuty6 
Department of Physics, Shizuoka University, 
Shizuoka 
(Received November 9, 1959) 


The authors) developed the theory of influence 
of the motion of a radical ina periodic potential upon 
the second moment of NMR at both high and low 
temperatures. Although classical statistical mecha- 
nics were applied there to both cases, quantum 
statistico-mechanical treatment is inevitable for the 
low temperature case. So, in the second moment 


3 1 . 
4H? =~ 0721 I+1)—— > rj gl T) , ee 
4 N 7% 


the factor 


an(T)=C] |" (cost aye~1) exp {— Valk T} dp 


NG 2 IO ei A ncaa 


ought to be replaced by 
9n(T)=<[trace {(3 cos? 6;,—1) exp (—- FF /kT)} 
/trace {exp (~— F’/kT )} |> isotropic mean ; ( 2’) 
where S& is the Hamiltonian for the axial motion 
of a radical, 7.e. 
h2 0? 
© =— 
A= —~ 95 ag? 
J is the moment of inertia of the radical, and all 
other notations are identical with those in reference 
iD), 
At low temperatures the motion is almost con- 
fined to the bottom of a potential through, so the 
harmonic oscillator approximation 


+ (1—cos ng) , 


(3/) 


Go 


may be permitted. Then, Eq. (2’) can be calcu- 
lated» as 


4 6YD2 (#2 \12 ( n a=) PAE 
gn TF eH Ca) coth Se ee iy 
(4) 


In the classical limit (A-0), this expression tends 


to 


gu Pye —e OKT Iu) + ‘ (5) 
which agrees with the classical formula, Eq. (6’) 
in reference 1), except for the higher order terms 
owing to the adopted approximation, Eq. BP. Weyutes 
in the low temperature limit Eq. (4) gives 
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which is different from the classical value 4/5 by 
the terms 
69/7 h2 1/2 
PRL ah instar 
Sn \ Ju 
which correspond to the reduction of the second 
moment due to the zero point vibration. In spite 
of these circumstances, we can verify that 
12 <V; 
<Vn> (7) 
ie Oh 
(cf. Eq. (7) in reference 1)) is valid also for quantum 
mechanical case, where <V,> means 


B) 
7 AT) =1— 


<Vn>=trace {¥. (1—cos n¢) exp (- kT) 


wi trace {exp (~ 9 /kT)} 


1 
an T+--- (classical limit) 
Son/ hey \1/2 
a 2 *( 8) + (low temperature limit) 


The author wishes to express his sincere thanks 
to Professor K. Tomita (Kyoto University) and 
Professor A. Miyake (Shizuoka University) for their 
discussions. 
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Temperature Dependence of 7; of Cl** in 
Para-dichlorobenzene 


By Akira HIRAI 


Department of Physics, Faculty of Science, 
Kyoto University, Kyoto 


(Received November 11, 1959) 


In pure quadrupole resonance (P.Q.R.), the 
quadrupolar relaxation plays a most important role 
in relaxation mechanisms). As early as in 1951, 
Bayer proposed a simple theory on the temperature 
dependence of the resonance frequency (v) and the 
spin-lattice relaxation time (Jj) in P.Q.R.». The 
temperature dependence of y has been measured 
by many workers), and for many substances, their 
data are almost satisfactorily explained by Bayer’s 
theory. 

We have measured 7; of Cl35 in para-dichloro- 
benzene at several temperatures, using 90°-90° 
pulse method. The apparatus is the same as that 
we have used for pulsed N.M.R. researches”, 
except that the straight nuclear signal receiver has 


202 


been replaced by a superheterodyne system to be 
suitable to follow the change of vy. The sample 
has been immersed in an appropriate refrigerant. 
The obtained data are tabulated below. 


Table I. TT, of Cl35 in para-dichlorobenzene. 


Tansee) 


T(°K) 
Che 560+50 
90 450+ 40 
195 60+5 
200 27+3 
292 222 


300 19:2 


According to Bayer’s theory, T, is given, to a 
certain approximation acceptable in our tempera- 
ture region, by 


ete Bel6 sal (w@ve)? _ (e#—1)? 
1} MAmpaa ial - (hg)? ” tq  %“4Acoshgy—3- 
al 
Tiel: 


where vg is the quadrupole resonance frequency at 
O°K, vz; the frequeucy of the torsional vibration of 
molecule, to which the energy of spin system 
relaxes, © the moment of inertia of molecule cor- 
responding to v;, ta the average life-time in excited 
states of torsional vibration, which is to be chosen 
so as to make the experimental data fit to the 
theoretical one and is assumed to be independent 
of the temperature. 

Now we take the following values: vg=34.8x 
10&c/sec, as extrapolated from our data on the 
temperature dependence of yv, v,=27 cm-1=81 x 1010 
c/sec, which is the most effective in quadrupolar 
relaxation, out of the three torsional vibrational 
frequencies, 27cm-1, 54cm-1, 93cm-1, obtained 
by Saksena from Raman spectrum), @=1.41 x 10-37 
gr-cm?, as calculated from the molecular structure, 


47, (msec) 
{000 


500 


iol >: a 


i) 100 
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Fig. 1. Theoretical curve and experimental points 
of T; of Cl3° in para-dichlorobenzene. 
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and c,=10/v,=1.23x 10-1 sec, in which the author 
estimated that each molecule oscillates ten times 
in any excited state before it makes a transition 
to the ground state. The theoretical curve thus 
obtained and the experimental points are shown in 
the annexed figure. From this figure, we can see 
that the simple theory by Bayer explains the 
general feature of data, but more precisely, the 
experimental curve has a steeper temperature 
dependence than the theoretical. 

To explain this discrepancy by modification of 
Bayer’s theory, we have re-examined Bayer’s as- 
sumptions and tried to modify his theory and also 
to include effects of other vibration modes and of 
the volume change. But, so far we could not find 
any good explanation for this discrepancy by simple 
modification of Bayer’s theory. As Bayer stressed 
in his article, his theory gives only qualitatively, 
how the quadrupolar relaxation occurs in molecular 
crystals, and is not to be taken too seriously. And 
we should say that it is rather surprising that 
such a simple model gives a reasonable value of 
ta and can predict the general feature of tempera- 
ture dependence of 7; though qualitatively. But 
if we desire a more quantitative agreement between 
the theortical and the experimental values, the 
theory of the quadrupolar relaxation must be recon- 
structed*. 

The author would like to express his sincere 
thanks to Professor I. Takahashi for his continuous 
interest and discussions. The author’s thanks are 
also due to members of his laboratory for their 
assistances in construction of the apparatus and in 
measurements. 
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Synthesis of AIN Crystals 
Tetsuo MATSUMURA and Yasaku TANABE 


Research Institute for Scientific Measurements, 
Tohoku University, Sendai, Japan 


(Received November 26, 1959) 


Thc present experiment is the first step in a 
series of experiments carried out in anticipation of 
possibility of electroluminescence in AIN single 
crystal. Luminescence of AINY and electrolu- 
minescence of BN» in which B has the similar 
electronic configuration to Al are evidences that 
justify our anticipation. As the method of synthesiz- 
ing AIN crystals from melt is difficult because of 
its high melting point (2200°C, 4 atm.), we tried 
to synthesize AIN crystals by Frerichs’ and sublima- 
tion methods, which we had used in making ZnS 
and CdS crystals®). 

Experimental arrangements are shown in Fig. 1. 


CG Thermo-couple © Aluminium 


Cy) 

Crystals (Felt-like) (F) Crystals (Rod -Plate -like) 
© Siliconil 
D 


©) Crucible 


G) ALN Powder 


(a) Frerichs’ method 


(6) Sublimation method 


Fig. 1. Experimental arrangement for crystal 


growth. 


(1) Frerichs’ method: 

After the NC crucible had been filled with pure 
Al, it was inserted in the combustion tube. Argon 
gas was introduced to the crucible as carrier gas 
and N, gas was passed into the combustion tube. 
The tube was then heated to 1500°C at which it 
was kept for 24 hours. Al vapour was carried off 
from the crucible and reacted with N». AIN 
crystals grew on the wall of the combustion tube 
at temperature suitable for their growth. Fine 
pale-gray colored crystals grew thickly at 1020°C, 
gradient 70°C/em. They looked like felt and were 
as elastic as felt. Transparent, colorless rod- and 
plate-like crystals grew at 1450°C, gradient 15°C/ 
cm. Rod-like crystals up to 4x0.1x0.l1mm and 
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plate-like crystals about 1mm2 were obtained. 
Typical rod-like crystals are shown in Photo 1. 


Photo. 1. Rod-like crystals. 


They have striations perpendicular to the long 
direction of the crystals. These crystals often show 
hexagonal patterns. The growth direction is [10,0] 
or [11,0]. 

Photo. 2 shows a plate-like crystal. 


Be 


Photo. 2. 


Plate-like crystal. 


It has many regular triangles and hexagons (vertex 
angle 120°) on it. The crystal grows in layers 
along the direction perpendicular to the c-axis. 

(2) Sublimation method: 

SSA crucible filled with AIN powder made by 
chemical reaction at 1000°C was inserted in the NC 
combustion tube, as shown in Fig. 1 (b). Ne gas 
was passed into the system and the tube was heated 
to 1500°C. After 24 hours, rod-like crystals smaller 
than those obtained by method (1) were obtained 
in the crucible at 1200°C, gradient 70°C/cm. 

In general, 1500°C is too low a temperature to 
synthesize large crystals of AIN. We are now 
improving the apparatus and the method to carry 
on experiments in a series. 
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Crystal Growth of CdS in the Vertical 


Furnace 


Haruo FUJISAKI and Yasaku TANABE 


Research Institute for Scientific Measurements, 
Tohoku University, Sendai, Japan 


(Received November 26, 1959) 


For the purpose of improving the techniques of 
the sublimation method)-” for growing single 
crystals of CdS and of studying its growth mecha- 
nism, experiments were carried out in a vertical 
furnace. The convection and diffusion of CdS vapor 
were studied closely. 


The furnace shown in Fig. 1 was heated by 


Gia! ; Peep hole 

W. GL; Gas inlet 

j GO.; Gas outlet 

W ; Water cooler 
H + Heat element 
C.; Crucible 

; Growth chamber 


aia 
A 
Position (cm) 


1000 | 800 40 
—— Temp. CC) 


Teriperature . 
Distribution 


Fig. 1. Vertical furnace with growth chamber 
and its temperature gradient. 


vertical bar-type heat elements circularly distri- 
buted. Silica tube 75mm across and 55cm _ long 
was used for a growth chamber. The two crucibles 
of fused quartz tube 25~30 mm across and 120mm 
long with two caps at both ends were charged with 
luminescent pure CdS powder, or with pressed 
tablets (15 mm across) of CdS powder. One crucible 
was so placed that its bottom was in the middle 
part of the furnace and the other crucible was set 
up so that its top was in the middle part of the 
furnace. The growth chamber was evacuated and 
kept at 250~300°C for 2~3 hours. Then the tem- 
perature of the furnace was raised to 1100 ~1150°C 
and kept for 24~48 hours. At the places having 
a steep temperature gradient the crystals grow on 
the crystal nucleus. The nuclei of crystals were 
those which were the new crystals condensed from 
CdS vapor phase and those crystalites which were 
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produced by recrystalization from CdS powder. 
Examples of crystals obtained are shown in Photo. 
1. The crystals deposited on the top and the bot- 
tom of the crucible are shown in (a) and (b) respec- 
tively. The crystal developed on the inner wall of 


(c) 
Photo. 1. CdS crystals grown by sublimation 
method in the vertical furnace. (Scale; 1mm 


per division). 
(a) Mosaic growth on the top substrate of 
the crucible. 
(b) Mosaic growth on the bottom substrate. 
(c) Polycrystalline growth along the inside 
wall of the crucible. 


the cylindrical crucible is shown in (c). They were 
of mosaic structure having boundaries formed by 
several single crystals. 

It was found by microscopic observation that 
there were traces of growth layer steps, striations 
of thermal etch patterns and rows of micro-crystals 
showing dendrite structure in the growth front 
surfaces. These surface structures are influenced 
by temperature, temptrature gradient of the growth 
place and the cooling velocity of the furnace. 

These results show that large single crystals of 
CdS can be obtained in a shorter time interval by 
heat treatment in the vertical furnace and that the 
behavior of layer growth» plays an important role 
in the mechanism of crystal growth. 

A detailed description will be published later. 


References 


1) L.C. Greene, D. C. Reynolds, S. J. Czyzak and 
W.M. Baker: J. Chem. Phys. 29 (1958) 1375. 


2) D.R.Boydand Y. T. Sihvonen: J. Appl. Phys. 
30 (1959) 176. 
3) J. Nishimura and Y. Tanabe: J. Phys. Soc. 


Japan 14 (1959) 850. 


4) S. Ibuki: J. Phys. Soc. Japan 14 (1959) 1181. 
5) D. C. Reynolds and L. C. Greene: J. Appl. 
Phys. 29 (1958) 559. 


1960) 


J. PHys. Soc. JAPAN 15 (1960) 205~206 
Dislocations in Si Single Crystals 


By Takashi FURUOYA and Yozo SASAKI 


Research Laboratory, Nippon Electric 
Co., Ltd., Kawasaki 


(Received December 3, 1959) 


Dash” has reported on the processes of occurrence 
and disappearance of dislocations in Si single 
crystals. In the present note we will report some 
additional phenomena on the behavior of dislocations 
observed in pulled Si single crystals. 

The crystals were pulled from quartz crucibles 
along <1lll> axis by the Teal-Little method. 
The rotation and the pulling rate were 3~6 r.p.m. 
and 0.2~2mm/min., respectively. Slices were cut 
from the crystals parallel to the pulling axis and 
also to (110) plane, and were decorated with Cu. 
A photograph taken by use of an infra-red image 
tube is given in Fig. 1. The interface between 
the seed and the pulled crystal is indicated by the 
arrow (1). After the seed had been dipped into 
the Si melt, the density of dislocation in the seed 
was examined by the method of etch pit density 
and was found to have increased appreciably up to 
10?~104/cm2. Then the crystal was pulled at a 
low pulling rate (0.2mm/min.) for about 5 minutes. 
The dislocation density in this period was 10%?~ 
104/em? and did not decrease appreciably. Then 
the crystal was pulled at a higher rate (about 1 mm/ 
min.). All the dislocation disappeared in 15~20 


Fig. 2. Three disl 
of dislocations (b). 
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minutes. A process of the disappearance of disloca- 
tion is reported by Dash, viz., dislocations propa- 
gate to the crystal surface and disappear. This 
process is illustrated in Fig. 2a. There is another 
possible process of disappearance, in which two 


Fig. 1. The disappearance of two screw disloca- 
tions having opposite signs by combination is 
illustrated by the arrow (3) and also in the 
inset. The sample was broken in handling after 
Cu decoration, then pieced together, resulting 
in the dark area. 


(Dd) 


ocations propagating to the surface (a) and dislocation loops by the slip 
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screw dislocations having opposite signs combine 
each other in the course of propagation. The 
disappearance of dislocations in the latter process 
is indicated in Fig. 1 by the arrow (3) and also in 
the inset in it. 

The pattern dotted with decorated Cu, which is 
indicated by the arrow (2), would correspond to a 
helical dislocation. Helical dislocations were ob- 
served by Bontinck and Amelinckx?) in fluorite 
crystals, and it was suggested by Weertman*® that 
the form of dislocation lines in equilibrium under 
the ordinary stress induced by the deviation of the 
vacancy (or interstitial atom) concentration from 
the equilibrium value was helical. 

Effect of thermal shock on dislocations is shown 
in Fig. 2b. The temperature of Si melt was 
suddenly raised at the time indicated by the arrow. 
Many large dislocation loops developed. They were 
probably results of slip of dislocations, which had 
occurred in (111) plane perpendicular to the growth 
direction. It is interesting to note that the disloca- 
tion loops emerged only when the temperature of 
the Si melt was raised, and didn’t when the tem- 
perature was lowered. 

The authors wish to thank Dr. Y. Ishikawa for 
his continual encouragements, and they are also 
indebted to Dr. E. Matsuura for his valuable 
discussions. 
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Observation of Layer Structure in Dis- 
location Free Silicon Crystals with 
the Use of X-ray Anomalous 
Transmission 
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The layer structure in the Si single crystals free 
from dislocations was observed by Dash” by the 
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method of Cu decoration. The present note reports 
that this structure can be also observed by X-rays 
with the use of anomalous transmission, without 
decorating the specimen with Cu. 


10> 


Fig. 1. Schematic diagram of specimens cut from 
the pulled Si single crystal. 


Fig. 2. Photograph by the infra-red image tube 
of the hatched region of the slice A in Fig. 1. 


Fig. 3. X-ray. transmission photograph of the 
slice B in Fig. 1. 
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Si single crystals were pulled along the <1115 
axis from quartz crucibles by the Teal-Little method. 
The rotation and pulling rates were 6 r.p.m. and 
lmm per min., respectively. From one of the 
crystals slices parallel to the (110) plane were cut 
out (Fig. 1). The surfaces of the slices were care- 
fully lapped and etched with the 3HNO;-++-1HF solu- 
tion. The final thickness of the slices was about 
1mm. 

One of the slices (A in Fig. 1) was decorated 
with Cu® and observed by an infra-red image tube 
from the direction normal to the surface. A photo- 
graph taken is given in Fig. 2. In this photograph 
no dislocation line was observed, while the layer 
structure, reported by Dash, was observed clearly. 

Another slice (B in Fig. 1), located adjacent to 
the slice (A), was observed by the transmission 
method of X-rays®), where the parallel beam of 
CuKa®:5) was used. The specimen was set so that 
the (220) reflexion was excited. As shown in Fig. 
3, the layer structure similar to that shown in 
Fig. 2 was observed, but the dislocation line was 
absent. 

The period of the layer structure was approxi- 
mately 0.18mm in Fig. 2 and 0.20mm in Fig. 3. 
The widths of the dark and white layers were 0.08 
and 0.10mm, respectively, in Fig. 2 and were 0.07 
and 0.13mm in Fig. 3. Coincidence between the 
Fig. 2 and Fig. 3 were satisfactory. The value of 
the period would correspond to the amount of the 
material withdrawn in one revolution, the latter 
being about 0.17 mm. The dark layer in Fig. 3 is 
the region where the X-ray intensity is weaker, 
and accordingly the lattice structure of the region 
is more distorted. Such a distortion may probably 
be due to the accumulation of oxygen or vacancy 
clusters according to Dash. 

The X-ray method will be a convenient one for 
studying such lattice defects because it does not 
damage the object. 
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Intervalley Scattering of Hot Electrons 


By Motoichi SHIBUYA and Wataru SASAKI 
Electrotechnical Laboratory, Tokyo, Japan 
(Received October 24, 1959) 


Electron temperature approximation proposed by 
Shockley) in his discussion of hot electrons is here 
modified to include the intervalley lattice scattering 
which is important in a many-valley semiconductor”. 
At high electric field the electron temperature of 
the ith valley 7; becomes different from those of 
other valleys when the directions of the principal 
axes of the effective mass tensor are different in 
each valley. Even in neglecting both the optical 
mode scattering and the intervalley scattering, this 
results in spanning of a finite angle between the 
current and the field vectors#), But the experi- 
mental studies” seem to show clearly the effect of 
the intervalley scattering. Qualitative discussions 
have already been done on a simple model in the 
earlier papers”, so the fundamental equations based 
on that model and some results deduced from them 
are briefly outlined here. 

The steady state condition for the density of 
electrons in each valley, 


dNi/dt=0 , G=15. 2-0) 


should be needed in a many-valley semiconductor. 
From this condition, the product of the electron 
density N; and the intervalley collision frequency 
<vI>; becomes independent of the index 7. That 
is, the higher the valley temperature the less the 
electron density in it. This makes the angle be- 
tween the field and the current vectors larger. 
The steady state condition for the average energy 
of electrons in each valley becomes a little different 
from Shockley’s because of the intervalley scatter- 
ing. The loss term due to this is composed of two 
components; the one, which concerns with the 
energy given to the lattice, is quite similar to the 
term due to the optical mode scattering, and the 
other is a new face due to the electron transfer 
between the valleys which reduces the differences 
between the valley temperatures and explains the 
existence of maximum in the deviation angle versus 
field curve. Thus the equations to be solved for 
getting the valley temperatures are following 


@= 1, 2, ese y 0) ) 


d<W>i/dt=FitAct+Oit+h=0, 


where F;, Ai, O; and J; are the terms due to field, 
acoustic scattering, optical scattering and inter- 
valley scattering, 


Fi=aF |lwillF » 
de? mele 
Meas a Trace Lane T ev She 
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he aL! 
acl] = allem 
is the mobility tensor of the electrons in the 7th 
valley. The symbol < f>; is used for the Boltzmann 
average of f in the electron temperature approxi- 
mation and v® is the collision frequency of the ath 
kind. 7; is a complicated but slow varing function 
of T,, having the numerical value of the order of 
ibe 
Computing the valley temperatures which satisfy 
the above equations, the drift velocity can be finally 
evaluated by 


a= ¥ Nillaa||F/E Ne - 


Some results obtained from this formulation for 
n-type Ge at room temperature are shown in Fig. 
1, assuming ju9(300°K)=3600 cm2/volt sec, e=5 km/ 


Vd (km/sec) 


5 
700 lak W2K 


F (volt /em) 


28K = S6K 


Fig. 1. The calculated (val~| P| and (o—0)~| Fi 
curves are plotted in solid and broken lines, 
assuming g=30°. Observed values of (g—6) at 
6=30° are also plotted with cross marks. 


sec, Wo/wa=0.2, wr/wa=0.02, ttwo=430°h, hwor= 
330°k and 6=4. The lva| versus |F| curve and 
(y—6) versus |F’| curve are plotted with solid and 
broken lines, when the field vector lies in (110) 
plane with the angle g=30° from the [100] axis. 
The experimental data of (y—@) when the current 
vector lies in the same plane with the angle 9=30° 
from the same axis are plotted with cross marks 
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for comparison. Agreement between both results 
is quite satisfactory. The highest and the lowest 
valley temperatures are, in this case, 1000°K and 
600°K at the electric field where (y—6) curve shows 
maximum. 

The derivation of these equations and the whole 
results computed for n-type Ge at room, dry ice 
and oxygen temperatures will be published soon 
elsewhere. 
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On the Quasi-two-dimensional Laminar 
Boundary Layer 
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Using a normal coordinate system) x, y, 2 whose 
scale factors are A, B and C, and in which z=0 
gives a body surface, we consider the compressible 
laminar boundary layer on that surface. Let 
(u,v, w) be the components of the velocity in the 
directions of w, y, 2 increasing, go the density, p 
the pressure, ¢ the time, ,» the coefficient of vis- 
cosity, k the thermal conductivity, 7 the tempera- 
ture, and J the enthalpy. Then, assuming 0A/dz= 
dB/dz=O(1), the boundary-layer equations for a 
perfect gas are 


0(0BCu)/dx+-0(0CAv)/dy+d(0ABw)/dz=0 , (1) 
re doit) 
Fe aoe aCe ani (2) 
Dv ri (w = =o) 
=~ pp ay oO mC ae)? 8) 


O(1)=dp/oz , (4) 


z z 
where 
ey ca OD LINO 
ot Ade Bay C az’ 


We choose the z-axis along the streamline of the 
external flow evaluated on the surface, assuming 
that this streamline is not moving, and the y-axis 
along the orthogonal trajectory to the said stream- 
line. Then, at the outer edge of the boundary 
layer, w=U and v=0, so that from (3), 


U*r=(dp/dy)/oB , (6) 


where I'[=(AA/dy)/AB] is the geodesic curvature 
of the streamline. Since we have assumed that 
dA/dz=0B/dz=O(1), oF /dz=O(1), so that © is ap- 
proximately equal to the geodesic curvature of 
the z-axis. When the body surface is solid and 
not moving, the boundary conditions for vy are v=0 
at z=0 and z>o. If the x-axis is a geodesic of 
the surface, [=0 there, so that throughout the 
boundary layer, /=O(d6), where 6 is the boundary- 
layer thickness. Then we have, from (6), dp/dy= 
O(6) at the outer edge of the boundary layer. 
Hence considering 0p/dzg=O(1), we see that dp/dy= 
O(6) throughout the boundary layer. Therefore 
yv=0 is a solution of Eq. (3). In such a case, the 
boundary-layer flow may be called ‘ quasi-two- 
dimensional ’2). On the other hand, if v=0, Eq. (3) 
gives Tu?=(dp/dy)/oB. Therefore Po(ou?)/dz=O(1). 
Since 0(ou)/dz=O(6-1), we have [=O(d). Thus 
Tr’=O(8) is the necessary and sufficient condition 
for the boundary layer to be quasi-two-dimensional, 
when 0A/dz=0B/dz=O(1). For the quasi-two-dimen- 
sional flow, Eqs. (2), (3), (4) and (5) are reduced 
respectively to 


Code Maar 1 OW aatl Ties aly 

Obit A, Oe0 Caden Andun 0C.dz \.C Oz) 
(ha) 

Op Op 

= =O 8 

oy O(O) , 32 Q), (8) 

. u ol wor) Cy Op 

Patt Ade! C az) at A dm 


€ mV (4 a) (9) 
PCL COC az") * 
Without loss of generality, we may take C=1. 
Then Eq. (1) reduces to 

250% 

A 0%" 
Since 2B/az=O(1), we can replace B by Bo, where 
Bo=B(a, y, 0). Then after the coordinate transfor- 


(0Bu) + < (0oBw)=0. (10) 
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mation x=\"4 dx, Eqs. (7), (8), (9) and (10) are 


reduced to the equations similar to those of the 
axisymmetric boundary layer. Therefore Mangler®)- 
Hatanaka® transformations 


2G 
I, Beek: Gaby.) Wane 


w= Bow* —2u(dBo/aX)/Bo 


reduce them to the equations similar to those of 
the two-dimensional boundary layer 


d(ou*)/0E + O(pw*)/d¢=0 , 


au* ou* du* ay) ib Ou* 
Cad Dales Sarena: ( : i 

at Bivahin BadGyae aa ONE Sitiie Gu ean 

op Op 

———O a, 

ay (0) , a¢ OW) , 


du* \2 0 oT 
=o ) tag (Foc) 

Crocco®) and Busemann®)7) have shown that when 
specific heat at constant pressure ¢, is constant 
and Prandtl number (=yc,/k) is equal to unity, the 
equations of motion and of energy for steady two- 
dimensional boundary layer coincide if Ty=T.,+ 
Ku and Kdp/dx=0, where K is a constant, Ty= 
T+u?/(2cy) and T,, is the constant temperature at 
the wall. Clearly this is also valid for steady 
quasi-two-dimensional boundary layer. Indeed, from 
(2), (3), and (5), it can be shown that Ty=Ty is 
a specific integral for steady three-dimensional 
boundary layer, where Ty=T7+-(u?+v?)/(2cp). 
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Magnetic Property of Mnz Cri-z O» 
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Chromium dioxide. is the only simple oxide in 
which dominant superexchange interaction is clearly 
ferromagnetic. Guillaued et al) concluded that the 
saturation magnetization is 2.07(-0.03)uz per Cré* 
ion. But the specimens they used were consider- 
ably impure containing about 40-50% Cr.O3. 

In order to make the nature of magnetic interac- 
tion in CrO, clearer, the magnetic property of 
solid solution Mn,Cr;—-,02. was studied. MnO, is 
known to be antiferromagnetic below 84°K. 

Specimens were prepared by heating the pow- 
dered mixture of MnO, and CrO3 which was made 
from Mn nitride and CrO3 by heating it up to 
about 150°C in air, up to 400-550°C in atmos- 
phere of 100Kg/cm? oxygen. Oxygen content of 
the specimens was determined from the weight 
change induced after heating them up to 1350°C 
in air. They all lie between Mn,Cr,-,O;.03 and 
Mn,Cr;-202.05- 

The X-ray diffraction patterns by Norelco dif- 
fractometer show that this system has a solidous 
immissibility range near MnO,. Presence of two 
phases, each of which has rutile type crystal 
structure, was observed in the specimens of x= 
0.75, 0.8, 0.85. The lattice constant vs. proposed 
composition % is shown in Fig. 1. Scattering in the 


(A) 


2.00 


LATTICE CONSTANT 


SATURATION MAGNETIZATION (#8/molecule) 


Fig. 1. Lattice constant at room temperature and 
saturation magnetization at g°K of MnyCry—,Or. 


value of lattice constant of the specimens at fixed 
#2, which will be due to the change of oxygen 
content, is within the error of the X-ray analysis. 
Variation of ¢ shows two anomalies, origin of 
which has not yet been made clear. 

Magnetic measurements were carried out with 


pendulum type magnetometer. The results are 
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shown in fig. 2. The sensitivity of the apparatus 
is about 1 gauss/gr, and probable error may amount 
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Fig. 2. Thermomagnetic curves of Mn,Crj—7O.. 
to 2-3%. As the sensitivity of the apparatus is 


not so high, paramagnetic susceptibility was meas- 
ured only in limited temperature range. Therefore, 
except for the specimens with small x, the measure- 
ments were not performed to so high a tempera- 
ture range as to show a linear relationship in 1/x-T 
curves. 

Extrapolated values of saturation magnetization 
at 0°K are shown in Fig. 1. They lie between the 
broken line and the chain line. The broken line 
represents the magnetization calculated from the 
assumption that magnetic moment of Cr4t+ and 
Mn‘ is 2u, and 3ug per ion respectively and that 
all the magnetic moments of Mn ions couple 
antiferromagnetically with those of Cr ions, which 
are aligned ferromagnetically. The chain line 
represents the results expected when the magnetiza- 
tion of CrO, is simply diluted by the addition 


of MnO,.. Our results may be accounted for by 
an antiferromagnetic interaction between Cr4+ 
and Mn‘t+. The deviation from the broken line 


may probably be due to the antiferromagnetic 
coupling between Mn ions themselves. If we as- 
sume that Mn and Cr ions are mixed completely, 
this leads to a conclusion that Mn‘+—Mn‘+ interac- 
tion must be stronger than Mn‘+-Cr4+ interaction. 
However it is also probable, that the mixing is not 
complete, as the firing temperature is not so high. 
In some cases, magnetic property of the specimen 
fired for 50 hours is different from that of the 
specimen fired for 100 hours. The data shown in 
Fig. 2 are of those specimens which are considered 
to show no appreciable change by further firing. 

In a region of small w, the variation of Curie 
constant with @ is consistent with the above as- 
sumption about the magnetic moment of two ions. 

When # is smaller than 0.2, ferromagnetic Curie 
temperature does not vary appreciably. So it seems 
that Cr-Mn interaction is as strong as Cr-Cr in- 
teraction in this crystal. 

The obtained value of saturation magnetization 
of CrO, is 2.00uz/ion, but estimated composition 
of this specimen is CrO; 99 and trace of Cr,03 has 


been discovered with X-ray analysis. Therefore, 
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if we assume that all the Cr3+ ions are present in 
form of Cr.O3, saturation magnetization of CrO, 
should be 2.04 z/ion. Theoretically, the presence 
of the value larger than 2.00 is difficult to interprete, 
but the value obtained by Guillaud was also larger 
than 2. 
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Formation Mechanism of F-Centers in 
KCl Single Crystal Heated in 
Potassium Vapor 


By Hiroyuki MIzuNO and Morio INOUE 


Matsushita Electronics Corporation, 
Takatsuki 


(Received November 10, 1959) 


A KCI crystal grown from melt by Kyropoulos 
method was heated to form F-centers exposing only 
one surface to potassium vapor at 500°C for 14 
hours. Assuming the oscillator strength as 0.81, 
the mean number of F-centers in the original crystal 
- was derived from the absorption coefficient and 
band width. The absorption coefficient of the 
colored crystal was measured again after its ex- 
posed surface was polished about 30 to 100 microns 
} with iron oxide ferric (red ochre). This process 

was repeated to the depth of 600 microns from 
the exposed surface. It is natural to suppose 
that the decrease of the absorption coefficient is 
attributed to the F-centers contained in the layer 
scraped off from the crystal. Taking w-axis per- 
pendicular to the exposed surface, the mean number 
m of F-centers in the scraped layer is easily 
estimated as below; 
l—dx 
dx 
where [ is the thickness of the crystal before 


scraping, C is its number of F-centers, dx is the 


{C— Cis} eC 


thickness of scraped layer and ‘Caz is the number 
of F-centers included in the crystal after scraping. 
In Fig. 1 the number of F-centers, thus determined, 
is plotted on a logarithmic scale versus depth of 
penetration. The points lie upon a straight line 
‘within the experimental error, except one point 
nearest to the exposed surface. Such irregularity 
near the surface may be due to excess deposit of 
potassium. Fisher) analyzed the penetration into 
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a crystal along disordered internal interfaces. 
Making the assumptions (a) that the interface di- 
ffusion is analogous to the heat diffusion along a 
thin copper foil imbedded in cork and (b) that the 
diffusion outside the interfaces is initially normal 
to them, he derived a relation by that which a 
plot of lognm versus depth of penetration should 
lie on a straight line, whereas in volume diffusion, 
as well known, a straight relation appears when 
log n is plotted as a function of the square of 
depth. According to Fisher’s results it seems 
reasonable to suppose from the results in Fig. 1 
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Fig. 1. Density of F-centers versus depth for KCl 
additively colored. 


that in the additive coloring of ionic crystals in 
alkali metal vapor at 500°C the penetration of the 
metal into crystal may be mainly dependent on the 
process of disordered interface diffusion. Further 
investigation of the diffusion process including ex- 
planation of surface irregularity and structure of 
disordered interface is, however, left to future 


work. 
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Three New Isotopes, Co“, Ga®, and As?! 


By Haruhiko MorinaGa, Tokihiro KUROYANAGI, Hidehiko MITsuI 
and Katsufusa SHODA 


Department of Physics, Tohoku University, Sendai 
(Received November 5, 1959) 


Three previously unknown isotopes, Co®, Ca75, and As8! were identified 
from the (7, p) reactions on natural nickel, germanium, and selenium. 
Their radiations were investigated with the aid of scintillation spectro- 


meters. Decay characteristics are as follows: 
half-lives beta-decay energies gamma-rays 
Coss 52+5 sec 3.6+0.2 MeV No 
Cais 2.0+0.2 min 3.3+0.2 MeV (0.36) 0.58 MeV 
As81 31+2 sec 3.840.2 MeV No 
$1. Introduction observed. Since this activity could not be 


There are nuclides which are not known 
but could be produced by the (y, p) reactions. 
These nuclides are usually difficult to be 
produced by other reactions, but investigations 
employing the (7, p) reactions are often hin- 
dered by low intensities and their short half- 
lives. Such short-lived isotopes are usually 
in the neutron excess side of the nuclear 
chart and have rather high beta-decay energy 
and their half-lives are fairly safely guessed 
from conventional! nuclear theories. This in 
turn means that the investigations of such 
isotopes give a chance to extend the system- 
atics of low lying nuclear states. 

In the case like As*! which is produced by 
the (7, p) reactions, the (7,2) product from 
the same parent, Se®, is also radioactive. 
Such examples can give a good chance for 
investigators of photoreactions to study both 
the (y, p) and (y,”) reactions on a nuclide. 
Such studies have not been done extensively. 
The first thing to do along this line is to fix 
the decay scheme of these unknown isotopes. 

Using an internal bombarding technique 
recently developed in our laboratory”, we have 
been studying such unknown isotopes. Here, 
we report on the results of our investigations 
of three previously unknown isotopes, Co®, 
Ga™, and As*!. 

Co® 

For producing Co®, we irradiated small 
pieces of 99.99 percent nickel metal in the 
internal target of the Tohoku University 
betatron. After a 1.5 minutes bombardment 
with 25-MeV bremsstrahlung, an activity with 
a half-life of an order of one minute was 


assigned to any known isotope to be produced 
by photoreactions on nickel and was too strong 
for being assigned to any impurity, it was 
suspected that this might belong to Co®. 
Since Co, which may be formed from the 
(y, np) reaction on Ni®‘, although in small 
quantity, is reported to have half-life of 1.6 
min», a bombardment was performed with 
the bremsstrahlung of 18-MeV maximum 
energy. The short half-lived activity was 
still cbserved. This excludes the assignment 
of this activity to Co™ since this energy is 
not enough to cause the (7, zp) reaction. 

In order to assign the element to which the 
activity belongs, quick chemical separation of 
the Co activity was carried by a-nitroso-f- 
naphtol. A short lived component followed 
Co, although intensity was not enough to 
determine the half-life exactly. 

Fig. 1, shows one of the decay curves of 
the activity on nickel metal measured with 
a G-M counter after a 1.5 min bombardment 
with the 25-Mev bremsstrahlung. The long 
component is assigned to 1.65 h Co! and 36 
h Nid’. From several measurements, the half- 
life of this activity was determined to be 
iWARES) SAG. 

In order to determine the characteristic of 
this short lived activity, the beta- and gamma- 
ray measurement was performed with scintil- 
lation spectrometers. 

For the measurement of the beta-rays, a 
plastic scintillator of 2 inches in diameter 
and 1 inch in thickness was employed and 
the beta-spectra were recorded with a 100 
channel pulse height analyzer. Fig. 2 shows 
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the Kurie plot of the beta-rays between 40 
sec and 160 sec after the 1.5 min bombard- 
ment. The high energy component disappears 
in subsequent measurement. After correcting 
for the self absorption, the end point energy 
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Fig. 1. Decay curve ot a Ni sample bombarded 


for 1.5 min taken with a G—M counter. 
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Fig. 2. Kurie plot of beta spectrum of the Co% 
taken with a plastic scintillator. Self-absorption 
correction is not applied yet. 
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was determined as 3.6+0.2MeV. The low 
energy component does not decay and is at- 
tributed to Co. This value of the end point 
energy is in good agreement with the beta- 
decay systematics which give 3.7 MeV as a 
decay energy. For calibration, P®, In™*, Cu®, 
and Agt” end points were employed. 
Gamma-rays were looked for with the aid 


of al x15 inch Nal(TI) crystal. Gamm- 
rays with intensities higher than 10% is 


implausible to exist. 

Cross section ratio for producing Co®% and 
Co® is determined to be~1 from the decay 
curve. 

From these observations, it is certain that 
this beta-decay is attributed to the decay of 
Co®’. From the shell model, the spin of Co 
is expected to be 7/2-. From the absence of 
any strong gamma-ray, the ground state of 
Ni®3, which is considered to be either 3/2- or 
5/2- from its decay, must be a 5/2- state. 
Or, if the 3/2- state is actually the ground 
state, the 5/2- state must be very close to 
the ground state. This is consistent with the 
systematics of the low lying states of odd 
nickel isotopes since the lighter odd isotopes 
of Ni has the 3/2- ground state but the above 
lying 5/2- state comes down as the mass 
increases. The latter comes quite close to 
the former even at A=61. It is, therefore, 
natural that the 5/2- state may come down 
below or very close to the 3/2- state. At 
A=65 ground state spin is probably 5/2-». 

If the decay takes place mostly to the 5/2- 
ground state, its log ft value is 5. This is 
also a proper value to be expected in the 
decay of this type. 


Ga® 

Among the possible photo-nuclear product 
nuclides produced by the 25-MeV _ brems- 
strahlung on natural germanium, Ga™ is the 
only unknown isotope as the former case. 
For producing Ga, we bombarded extremely 
pure metalic germanium samples in the similar 
arrangement. Besides all the known activities 
a component which decayed with a half-life 
of approximately 2 minutes was observed. 
In this case the 49sec isomer of Ge™ is 
produced in large quantity and disturbs G-M 
counter measurement for determining the 
halflife. Therefore, in order to determine 
the half-life we measured the half-life of 
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radiations which gives larger pulse than 
1-MeV electrons in the plastic scintillator. 
This discrimination is effective to let the short 
half lived isotope stand out since the new 
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Fig. 3. Decay curve of the high energy beta 
component of a germanium sample after a bom- 
bardment. 
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short lived isotope should have a higher beta 
decay energy than the longer lived ones. Fig. 
3. shows the decay curve. The half-life is 
found to be 2.00.1 min. 

The beta-decay end point was measured to 
be 3.3£0.2 MeV with the scintillation spectro- 
meter (Fig. 4). The value is again in good 
agreement with the beta-decay energy sys- 
tematics (3.1 MeV). 

The gamma-ray spectra of irradiated ger- 
manium showed peaks decaying with approxi- 
mately 2 minutes half-lives. One is at 
0.58-MeV having intensity of ~3% of gamma- 
rays and there may be one at 0.36-MeV with 
intensity of ~1%. The latter is rather weak 
and does not stand out so clearly in the back 
ground radiations. Assuming that most of its 
beta-rays go to the ground state, the log ft 
value of the beta-decay is 5.2. Since. the 
ground state of Ga” is expected to be 3/2- 
and the ground state spin of Ge” is 1/2- an 
allowed transition is expected. Therefore 
this log ft value is considered to be a proper 
value for this decay. 

As*t 

The case of As®! is quite similar to the 
former two isotopes. 99.99% selenium was 
bombarded with the 25-MeV bremsstrahlung. 
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Fig. 5. Gamma-ray spectrum of irradiated ger- 


manium sample. 
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Besides all previously known activities a very 
short-lived component with approximately 30 
sec was observed. In this case, as in the 
case of Ga™, half-life measured with the G-M 
counter is disturbed by 3.9 minutes isomer of 
Se”. Fig. 6 shows the half-life of this short 
half-lived activity measured by the plastic 
scintillator discriminated at 2.3-MeV. From 
this measurement the half-life was determined 
to be 322 sec. 
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Fig. 6. Decay of high energy beta rays from a 
irradiated selenium sample. <A very short lived 
component is due to the 6.7sec Al2° produced 
in the aluminum foil used for wrapping the 
metallic selenium. 


The end point of the beta-decay was found 
to be 3.8-40.2-MeV. Fig. 7 shows Kurie plot 
of beta-spectrum of the activity from 35 sec 
to 95sec and from 6 min to 11 min after ter- 
mination of a bombardment. The 2.2-MeV 
component is due to As” and 1.5-MeV com- 
ponent is due to Se®. The beta-decay 
systematics predicts the end point of As* to 
be 3.8-MeV which is in good agreement with 
the measured end point of this activity 
(3.80.2 MeV). As in the former case this 
activity is very certainly assigned to As®!. 
Gamma-ray measurements did not prove any 
gamma-ray with intensity higher than 1%. 
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Log ft value of the beta-decay is 4.9. Since 
the ground state spin of As*! is probably 3/27 
and that of Se®! is 1/2-, this is a proper value. 

In this case chemical separations were 
performed in order to see if this activity 
actually follows arsenic. SeO. powder was 
irradiated about one minute and then dissolved 
into hot |ON HCl with arsenic carrier and the 
arsenic was extracted by CCl, and counted 
with the plastic scintillator discriminated at 
1.6 MeV and 2.3MeV. When the discrimina- 
tion level was set at 1.6-MeV the short-lived 
component was observed before the 9 minutes 
decay of As® sets in. When the discrimina- 
tion level was 2.3 MeV only the 30 sec activity 
was observed. Thus this 30sec activity with 
the high energy radiation is assigned to 


arsenic. 
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Fig. 7. Kurie plots of irradiated selenium sample. 
Self-absorption correction is not applied yet. 


Cross section ratio of this 30 sec component 
to the 9 minutes component was almost 1 in 
this case, too. This shows that even at this 
low Z the direct process is dominant process 
since the statistical theory requires much 
smaller cross sections for heavier isotopes. 
Again, the value is one of the support of the 
assignment of this activity to As*!. The yield 
ratio of the (7, p) to the (y,”) reaction on 
Se* is about 1:30 calculating from the beta- 
ray spectra in Fig. 6. 
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On the Stability of an Electron Gas at Low Density 
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The stability of an electron gas at low density is discussed on the 
basis of the energy spectrum of a quasi-particle which has been given 


by the Bohm-Pines theory. 


An electron gas at low density has hitherto 
been considered as to make a lattice in order 
to save a correlation energy.» We discuss 
the stability of the electron gas from a dif- 
ferent point of view. If the energy spectrum 
€(k) of a quasi-particle having wave vector k 
(or one-electron energy) in the electron gas is 
known, the state density p(€) is given by 

Viena: 
Le ISET 
where V is the volume of the electron gas. 
As we do not take the periodic lattice field 
into account, it will be sure that &(k) is a 
function of the magnitude of wave vector k. 

According to the Bohm-Pines theory, the 
energy spectrum of an electron gas having 
an effective mass m* in the neighbourhood 
of the Fermi surface is given by®” 


CLy 


hk e7ko f ko2—k? ae. 
ee 1 log (| 
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where the electron gas is considered to be 
completely degenerate, and &s.~(k) is the term 
coming from the second-order perturbation of 
the screened Coulomb interaction and has 


been given explicitly by Fletcher and Larson”, 
and 

Es.r (R)=Esir (R)+Es (R) « (3) 
If vs, the radius of the sphere in the atomic 
unit whose volume is equal to the volume per 
electron, is larger than 2, the term, &;",.(R), 
due to the short-range correlation between 
electrons with parallel spins may be ignored” 
and only the term, &;,”.(k), due to the short- 
range correlation between electrons with anti- 
parallel spins remains in &;,(k). When 7s<2, 
we can use the approximation, &,”,. (R)~6s",.(R. 
B is given by» 

B=Re/ko=0.417rs'2 , (4) 
where k- is the maximum plasma oscillation 
wave vector and ko is the magnitude of the 
wave vector at the Fermi surface. From (2), 
the value of d&/dk on the Fermi surface is 
given by 


(dE/dR)k-xy=(Ao/m*)Ci , (5) 
ero oe 2) 
Geri i{ log; 1+ 8 
m* d€s r 
“ ft, ; 6 
hko ( dk es yoo 


where 
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em* . 
= =0.1659(m* Src 
th? ko OE 
From Fletcher and Larson’s calculation” for 
the larger 7s. (dEs.r./dR)x-xy is given in Ryd- 
berg unit by 
MEGenr, Wee) 


A 
= —— log 20 ae 
1 dk|ka) 3 108 3 og B 
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The relations between 7; and m*/m which 
satisfy Ci=0 are shown by curve (1) in the 
case of the approximation, &;”..(k)~+0, and by 
curve (2) in the case of the approximation, 
Es, (Rk) + Es (Rk), in Fig. 1. On this curve, 
Ci=0, that is, (d&/dk)c-x,=0. In the upper 
regions of this curve, Ci<0, namely (d&/dk)x-x, 
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<0. This means that the one-particle energy 
as a function of the wave vector k has a 
negative tangent at the Fermi surface, and 
the relation between &(k) and k is schematical- 
ly shown in Fig. 2. We can easily see that 
in the case where (d&/dk)x-x,<0 if an election 
with the wave vector below & is replaced in 
the state with the wave vector above ko, the 
energy of the electron gas becomes lower. 
This fact is not consistent with the assump- 
tion at the beginning that the energy of the 
electron gas which is completely degenerate 
and in which the states up to k are com- 
pactly and doubly occupied by electrons is 
the lowest at T=0°K. Then we imagine that 
in the upper region of the curve Ci=0, that 
is, (d&/dk)x-x)<0, the electron gas is unstable 
and another configuration of electrons such 
as an electron lattice will be stable. This 
fact was already pointed out qualitatively by 
Wigner». 

Gell-Mann» calculated the specific heat of 
a degenerate electron gas at high density and 

obtained the results, 


10 
C/Co=[1+0.0837s(—log rs—0.203)]"? , 
5 (9) 
where Cp is the specific heat of a free 
F electron gas. If the electron gas has 
an effective mass m*, the formula (9) 
f is rewritten as 
x C/Co 
mn ar =i 
6 =| 1+ 0.088r«—log re—0.208) | : 
: (10) 
The region of the values of 7; and 
a m*/m where C becomes negative, that 
iS, 
3 
E(k) 
s t 
| 
0 | 2 3 4 5 6 
Is 
Fig. 1. The relations between r; and m*/m which 


show the limits of the stable configuration of an 
electron aggregate as a gas are given by curves (1) 
and (2) obtained from Bohm-Pines’ model and by 
curve (3) obtained from Gell-Mann’s calculation on 


the specific heat of an electron gas respectively. 


O Ko 
Fig. 2. A qualitative curve of e(k) vs. k is 


shown in the case where the electron gas 
is unstable. 


=> k 
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* 
ae 0.0837s(—log rs—0.203)<0, = (11) 


is given by the upper part of curve (3) in 
Fig. 1. Curve (3) shows the relation 
m* 
1+— - 0.08376(—log 7rs—0.203)=0 . (12) 
Considering that the specific heat of a de- 
generate electron gas is given by 


aren Th Neary 7K? T 
3N ko(d&/dk)k-tg ” 


where €o=€(kc), the fact that the specific 
heat is negative, C<0, seems to be caused 
by the condition o(€0)<0, or (d&/dk)x=x)<0. 
Then, from the same argument given above, 
curve (3) in Fig. 1 is considered to represent 
the limit of the stable treatment of an elec- 
tron aggregate as a gas. As seen from curve 
(3) in Fig. 1, when m*/m=1 and rs>6, the 
electron gas is not stable as the specific heat 
becomes negative. However, as Gell-Mann’s 
calculation of the specific heat of an electron 


C= 


(13) 
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gas is a result which is exactly correct at 
high density, the use of his result at com- 
paratively low density may not be proper, 
but the qualitative nature of our discussion 
in this paper will not be changed after the 
proper calculation of the state density or the 
specific heat of an electron gas at low density 
has been made. 
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In order to obtain a direct information concerning the equilibrium 
vacancy concentrations and the energy of formation of a vacancy in Al, 
a method of combining the bulk and lattice thermal expansion measure- 


ments was used. 


measurements on 99.9967 pure Al were made. 


In the present work, only the lattice thermal expansion 


The data obtained were 


analyzed using bulk thermal expansion data on Al of the same purity 


available in the literature. 


The concentration of vacancies increases ex- 


ponentially with temperature and its value at the melting point is (1.1+ 
0.2)x10-3 and the energy of formation of a vacancy is estimated to be 


(0.64+0.12)eV. 


Introduction 


§1. 


Atomic imperfections, to which class of 
defects the vacancy belongs, are characterized 
by the fact that they can exist in thermo- 
dynamic equilibrium in a crystal at finite 
temperature. The fractional concentration 
C (=n/N) of vacancies in a monatomic crystal 
in equilibrium is given by” 

C=n/N=exp (Sv/k)-exp (—ho/RT) Ge) 
where s, and hy are the additional entropy 
and energy of formation of a vacancy, re- 
spectively, m is the number of vacancies and 
N is the number of lattice sites, while k and 
T are the Boltzmann constant and absolute 
temperature, respectively. 

Attempting to estimate the concentration 
of vacancies and the energy of formation of 
a vacancy in metals, a number of experi- 
mental works have been made using various 
indirect methods. MacDonald”, in his elec- 
trical resistivity measurements on the alkali 
metals, found an anomalous increase in the 
resistivity near the melting point and attri- 
buted this additional resistivity to the for- 
mation of vacancies at the higher temper- 
atures. Meechan and Eggleston®), with a 
similar type of experiments on Cu and Au, 
estimated that the concentration of vacancies 
in Cu near the melting point was of the 
order of one atomic per cent. Heat capacity 
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measurements on Al (99.9%) and Pb by 
Pochapsky®? showed that the heat capacity 
increased very rapidly as the melting point 
was approached. His estimation of the con- 
centration of vacancies at the melting point 
was 210-3. Jongenburger®, using the bulk 
thermal expansion coefficient data on Au and 
Cu obtained by Nix and,MacNair®, estimated 
the concentration of vacancies and the for- 
mation energy from the difference between 
actual values of the thermal expansion coef- 
ficients and those corresponding to a linear 
extrapolation of Nix and MacNair’s expansion 
coefficient data below about 500°C. He esti- 
mated the concentration of vacancies in Au 
as 5X10 at 727°C (3x10- at the melting 
point of Au) and that in Cu as 3x10 at 
727°C (2x10 at the melting point of Cu). 
Gertsriken”, also using the thermal expansion 
data available in the literature, calculated the 
formation energies and concentrations of 
vacancies for various metals and alloys with 
a method somewhat similar to that of 
Meechan and Eggleston® ; for example, in the 
case of Al (99.9%) the concentration of vacan- 
cies at the melting point was about 210-3 
and the formation energy was 0.5eV. Brad- 
shaw and Pearson® performed a quenching 
experiment on Au and Al (99.99%) and they 
found that the concentration of vacancies at 
the melting point in Al was 6x10-* and the 
formation energy was 0.76eV. Turnbull and 
DeSorbo® found the formation energy of a 
vacancy in zone purified Al to be 0.79eV by 
their quenching experiment. The most recent 
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quenching experiments in Au by Bauerle et 
al. give 7x10-* as the vacancy concentra- 
tion at the melting point. Although it is 
thought that the quenching experiment is, in 
principle, a most accurate method among 
indirect methods, there are several indetermi- 
nate factors present in obtaining this value, 
for example, a theoretical value is used to 
convert from quenched-in resistivity to the 
vacancy concentration. Also, at the present 
time there is little evidence to indicate what 
percentage of the vacancies present in equi- 
librium at the temperature where the quench 
is begun will anneal out during the quench. 
The only study of quenching rate is that by 
Meshii and Kauffman! on its effect upon the 
increase in yield stress.. They find no level- 
ing off of this effect with increasing quench- 
ing speed. 

The most direct method for finding the 
equilibrium concentration of vacancies at 
higher temperatures is a combination of two 
kinds of measurements, namely those of the 
bulk thermal expansion and lattice thermal 
expansion. Consider a perfect crystal of total 
volume Vo with atomic volume vo and No 
lattice points existing in equilibrium at a 
temperature. After introducing m vacancies, 
let V be the total volume, v the atomic volume 
and WN the number of lattice points, assuming 
that we can take an averaged atomic volume 
throughout the defect crystal. According to 
Huntington and Seitz! and Dienes' the re- 
laxation of atoms about a vacancy is small 
in the common metals. Hence, this assump- 
tion may be quite reasonable. Thus we have: 

Vo= Novo (2) 

V=Nv=(No-+n)v (3) 
or rewriting, 

n=V/v—No=V/v—Vo/vo - 
However, since the fractional concentration 
of vacancies C=n/N, we have: 
Cx ViJv— Vo/vo _(V/Vo0)=(v/») (4) 
Viv V/Vo 

where (v/vo) is measured by X-ray and (V/Vo) 
by bulk measurement. For cubic isotropic 
crystals, if 7 is the length of a sample and 
a the lattice parameter at a temperature 7 
while J) and a are corresponding values ata 
standard temperature 7», the fractional con- 
centration of vacancies, C, present at tem- 
perature T is expressed as 
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~ 9 (l/l) —(alao) 
or itn iP 
provided tnat JT) is a low enough tempera- 
ture that C(7>) is negligible. The objective 
of the present work is to obtain an informa- 
tion about concentration of vacancies in 
equilibrium and the energy of formation of 
a vacancy in pure metal by means of a direct 
method which consists of bulk thermal ex- 
pansion and lattice thermal expansion meas- 
urements. For the present purpose Al was 
chosen because it is a face-centered cubic 
metal of relatively low melting point. During 
the present work being in progress similar 
works on Pb by Van Duijn and Van Galen™ 
and on Pb and Al by Feder and Nowick! 
have been published. The former did not 
find any vacancy effect, but the precision 
attained was not comparable to that of the 
present measurements. The latter found 
some evidence of the presence of vacancies 
in 99.99% pure Al close to the melting point 
and estimated the concentration of vacancies 
was 3x10-*. However, since they carried 
out the bulk and lattice expansion measure- 
ments in air, their results seem to appear 
open to question. 


§2. Experimental Procedure 


A commercial 19 centimeter high tempera- 
ture powder camera made by Unicam Instru- 
ments Ltd., Cambridge, England, (1946 model) 
was used for measuring lattice thermal ex- 
pansion. The original platinum-platinum 
rhodium thermocouple and compensating 
wires in this instrument were replaced by 
two calibrated alumel-chromel thermocouples 
of 13 mils in diameter all the way to the ice 
cold junctions. As a radiation shield, alumi- 
num foil was pressed against the inner wall 
at the window by means of stainless steel 
bands. The camera was constantly evacuated 
to between 2x10-° and 5x10-°mmHg. The 
temperature was automatically controlled 
within +0.5°C over long periods of time. 

The diffraction patterns were measured by 
a device similar to the one described by 
Klug! which could be read to +0.01mm. 
In order to obtain the lattice parameter from 
film measurement, we used a usual method!”, 
which consists of plotting a graphical ex- 
trapolation of spacings versus 3(cos*4/sin 8 + 
cos? 0/0) where @ is Bragg angle. The camera 
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constants were determined by direct measure- 
ments. 

According to the works of Berry, Henry 
and Raynor™, and of Pease’ with the same 
type of camera, the temperature distribution 
in the gap between the two furnace halves 
is not uniform, and it is impractical to have 
direct contact between the thermocouples 
and specimen. For this reason pure noble 
metals such as Au or Pt whose thermal ex- 
pansion is accurately known up to about 
1000°C are useful as a temperature standard. 
Since the melting point is much higher than 
1000°C, there is no appreciable concentration 
of vacancies at the temperature concerned. 
Consequently, if precision lattice parameters 
of the standard metal are known at some 
undetermined temperature and at a standard 
temperature, say 0°C, we are able to deter- 
mine the temperature quite satisfactorily by 
referring back to known thermal expansion 
data. The lattice parameter of Au near 
600°C is almost the same as that of Al. In 
view of the importance of data close to the 
melting point of Al, Pt is preferable to Au, 
provided Co radiation is used which gives Pt 
a very high Bragg angle @. Also preliminary 
experiments showed that the thermal ex- 
pansion data of Al using Pt as a temperature 
standard were in good agreement with those 
using Au. Therefore, it was decided to use 
Pt as the temperature standard along with 
Co radiation. 

The specimens used were prepared as fol- 
lows: The materials used were 99.999% pure 
Pt wires of 3 mils in diameter and 99.996% 
pure Al rods of + inch in diameter, supplied 
by the Johnson and Mathey Company. Here 
the Pt wires were annealed at 900°C for an 
hour in helium. A _ portion of the Al rod 
was cold-drawn to 20 mils in diameter, etched 
with 10% NaOH solution down to about 5 
mils in diameter and finally cleaned with 
distilled water many times. It was then im- 
mersed in dilute HCl solution and again 
washed with distilled water, followed by a 
dip in ethyl alcohol, a washing with ethyl 
ether and drying. The wire thus finished 
was cut into pieces 3mm in length. A few 
of them were inserted into a thin-walled 
quartz capillary around which a length of 
high purity Pt wire was wound. See Fig. 1. 
A length of quartz rod was then inserted on 
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top of the Al thin rods. The capillary was 
fused to the quartz tubing connected to the 
evacuating system. After the ultimate vacuum 
was reached (in the order of 10-‘mmHg) the 
specimen was heated by a small furnace to 
about 650°C and kept there until the vacuum 
reached a constant value of 2x10-’mmHg. 
The vacuum was measured by a Miller cold 
cathode gauge M-40312, manufactured by H. 
S. Martin and Co., which is sensitive to 0.1 
10-7mmHg. Then the capillary was sealed 
off at a suitable length. 


QUARTZ 
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SYSTEM 
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Schematic diagram of preparing specimen. 
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With each of the specimens thus prepared, 
the experiments were made as follows: After 
a specimen was mounted properly and the 
thermal equilibrium was reached at room 
temperature without evacuating the camera, 
two photographs were taken at this tempera- 
ture which was measured by the thermo- 
couples. A single photograph gave the re- 
flections from Al and the standard metal 
simultaneously. The lattice parameters of 
Al and the standard metal at that tempera- 
ture were obtained from these photographs. 
The values of lattice parameter for each 
metal were averaged. The temperature 
variation during exposure was within +-0.5°C. 
At room temperature it was assumed that 
the mean temperature as read by the thermo- 
couples was equal to that of the specimen. 
This point was examined by moving one of 
the thermocouples, which was attached to the 
upper half of the furnace, up and down, 
while the other was kept in the same posi- 
tion flush with the top surface of the lower 
half of the furnace. It was found that the 
temperature difference between two thermo- 
couples was less than 0.5°C. Using Taylor’s 
data?» for the thermal expansion of Al and 
Esser and Eusterbrock’s for that of the 
standard metal, the lattice parameters at 0°C 
of Al and the standard metal were calculated. 
Then the camera was evacuated and the 
temperature was gradually raised to desired 
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temperatures, where exposures were made. 
At least one exposure was made at each 
temperature. As the lattice parameter of Al 
and that of the standard metal can be ob- 
tained simultaneously from a single photo- 
graph at each temperature, the values of 
lattice parameter for each metal were aver- 
aged when two or more exposures were made. 
Then the temperature of the specimen was 
determined from the lattice parameter of the 
standard metal, dividing it by the lattice 
parameter, at 0°C, of the standard metal of 
the same specimen and finding the relative 
thermal expansion and referring back to Esser 
and Eusterbrock’s data?” for the thermal ex- 
pansion of the standard metal. In this way 
the lattice parameters of Al at various tem- 
peratures and the relative thermal expansion 
data relative to 0°C were obtained. After 
having taken photographs at high tempera- 
tures, the specimen was occasionally cooled 
down to room temperature and exposures 
were made to check if there was any contami- 
nation of the specimen. The probable errors 
involved in determining lattice parameter at 
about 650°C and temperature of the specimen 
were found to be as follows: Probable error 
in lattice parameter of Pt is 1.5x10~° and 
hence probable error in temperature measure- 
ment is 1.5°C; probable error in lattice para- 
meter of Al is 5x10~°. 

Since the Pt wire used as a thermometer 


| and the thin rods of Al are not in direct 


contact with each other but separated by 
a thin quartz wall, it is necessary to test 
whether or not there is any temperature dif- 
ference between them. For this purpose two 
different methods were used. 

In the first method, the Al thin rods were 
| replaced by Au whose thermal expansion is 
| accurately known. 99.999% pure Au thin 
rods were used along with the thermal ex- 
pansion data obtained by Esser and Euster- 
brock2», The specimen was prepared using 
the previously mentioned procedure. Since 
a single film gives the reflections from Pt 
and Au simultaneously, from the lattice para- 
meter of each metal measured we can find 
the temperature of Au and that of Pt, re- 
spectively. Two photographs at room tem- 
perature and two photographs at about 665°C 
were taken. After cooling the specimen back 
to room temperature, another two photo- 
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graphs were taken. From the lattice para- 
meters obtained from these photographs the 
temperature as given by Pt and that by Au 
were calculated by making use of the known 
thermal expansion data for the two metals. 
The temperature derived from the thermal 
expansion of Pt (665°C) agreed with that 
derived from the thermal expansion of Au 
(664°C) with a discrepancy of 1°C. The second 
method involved disappearance of reflection 
lines from Al at its melting point. As de- 
scribed in Wilson’s paper», a number of ex- 
posures were made near the melting point of 
Al, and the melting point was determined 
by disappearance of the reflection lines. The 
average value of the melting point as deter- 
mined in this way is found to be 661°C, 
while the value of the melting point given 
in ASM Metals Handbook2®) is (660.2+0.1)°C. 
Since the probable error involved in tempera- 
ture determination by means of the thermal 
expansion of Pt was +1.5°C, it is concluded 
that there is no appreciable temperature dif- 
ference between the outside and inside of 
the quartz capillary. 


$3. Results 


The results are given in Fig. 2 plotting 
a/ao against temperature, where a and a@ 


sig (at ang I st aa pe Ya a 


at/Io ——— TAYLOR et al’? 
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00/d9,—+*— PRESENT WORK 
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Fig. 2. Comparison of latticeZand bulk thermal 
expansion of Al, where 4l/ly=(l—lo)/ly and 
Aa/ayjp=(a—a)/a. 
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denote the lattice parameter of Al at a tem- 
perature concerned and that at 0°C, respec- 
tively. The lattice parameter of Al as meas- 
ured at 25°C is 4.0496, A. Using Taylor’s*” 
empirical equation, the lattice parameter at 
0°C is calculated to be 4.0472, A. The numeri- 
cal values of the lattice thermal expansion 
as obtained from the present experiments are 
given in Table I. The wave lengths used 


Table I. Lattice thermal expansion of Al as 
obtained in the present work. 
Temperature °C aA a/ao 

25 4.0496. (1.00058) * 

96 4.05624 1.00222 
208 4.0680. 1.00513 
298 4.0778 1.00757 
383 4.0876; 1.00998 
409 4.09095 1.01080 
479 4.0999; 1.01301 
564 4.1110 1.01575 
Si 4.11274 1.01618 
605 4.1168 1.01720 
612 4.1179; 1.01747 
615 4.11825 1.01755 
626 4.1197, 1.01792 
630 4.12039 1.01807 
635 4.1210 1.01824 
636 4.1209, 1.01820 
641 4.12187 1.01844 
648 4.1231; 1.01874 
649 4.12325 1.01878 
651 4.12343 1.01882 


* Calculated using Taylor’s empirical equation. 


Table IJ. Comparison of lattice thermal expansion. 
(@—a)/a9 x 103 at 

Author 999°C 300°C 400°C 550°C 600°C 650°C 

Feder 

and 4.85* 7.65* 10.60* 15.40* 17.15 19.00* 

Nowick!) 

Wilson 4.82 7.57 10.52 — 17.21 19.07 

Present 

sae 8 Asoo (eOl) TORSS el onole li O2mmiSE sO 


* These values are obtained from their graph. 


are 1.788904 for Co Ka;, and 1.792794 for 
Co Ka. From the a/a values given in Table 
I an empirical equation for the lattice thermal 
expansion of Al was worked out by the 
method of least square. It is given as 
a/ao=1+2.2724t x 10-5 + 8.18822 x 10-9 
+2.02¢8 x 10-® , (6) 
where ¢ is temperature in °C, and a@ and a 
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are the lattice parameters at 0° and /°C, re- 
spectively, the maximum deviation being 


0.08 x 10-? and the average deviation 0.03 x 107%. — 


A comparison was made between our data and 


those published by previous investigators”, _ 


who used Al of comparable purity (99.99%), 
as given in Table II. 


It is noted from Table | 


II that they are in good agreement with each | 
other up to about 400°C and are in fair agree- | 


ment at higher temperatures, i.e., our values 


are lower than the others at temperatures © 


above about 500°C, for instance, by 0.20 x 10-3 
to 0.27 x 10-3 at 650°C. In an attempt to know 
where this slight discrepancy came from, the 
following experiments were performed: 

(1) A specimen was prepared as described 
in the earlier section except that a little hole 
at the top of the capillary was made in order 
to allow air to enter freely into the capillary. 
After taking a photograph at room tempera- 
ture, the camera was operated at low vacuum. 
A photograph was taken at 640°C at a pres- 
sure of 25 to 40 microns Hg with 26 hours 
exposure. The lattice parameters are: a= 
4.1229, A at 640°C, av=4.04723 A at O°C, and 
a/ao=1.01869. This a@/a value is larger by 
0.26x10-* than the value a@/a=1.01843 calcu- 
lated from the empirical equation (6). 

(2) Since the present camera was not 
suitable for operating in open air, an alter- 
native method was adopted. Al thin rods of 
about 3mm length, prepared just as described 
in the earlier section, were annealed at 650°C 
for 13 hours in a quartz tube whose one end 
is open to the air. A portion of the Al thin 
rods annealed in air was inserted into a quartz 
capillary, and the capillary was sealed off 
under ordinary atmospheric pressure instead 
of high vacuum. The camera was operated 
in a normal condition. At room temperature 
two photographs were taken before heating 
up the specimen. Three photographs were 
taken at 637°C and one photograph was taken 
after cooling the specimen. The averaged 
values of lattice parameters at 0° and 637°C, 
as compared with those calculated from the 
empirical equation (6) using a@j=4.0472, A, are: 


in vacuum 
4.12137 A (calculated) 
0°C av=4.0473;A 4.0472, A (calculated) 
a/ao=1.01860 1.01831 


The a/a value (air) at the left column is larger 


han ele 
637°C a=4.12263 A 
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by 0.29x10-% than the a/ay value (vac.) at 
the right column. Therefore, these obser- 
vations suggest that the slight discrepancy 
between the results of the previous investi- 
gations and those of the present work may 
be explained in terms of the difference in the 
degree of vacuum used. 

According to equation (1) and (5), we can 
obtain values of the energy of formation of 
vacancy and equilibrium vacancy concentra- 
tions in Al, provided that bulk thermal ex- 
pansion data on Al of the same purity are 
available. In the literature there are three 
independent data available, namely, of Taylor 
et al, Feder and Nowick’, and Nix and 
MacNair® with 99.996, 99.997, and 99.997% 
pure Al, respectively. The highest tempera- 
ture reached in Nix and MacNair’s inter- 
ferometric measurements is about 400°C. Up 
to this temperature the results obtained by 
three independent investigators are in good 
agreement with each other. Taylor et al. 
carried out their interferometric measure- 
ments up to 500°C and gave an empirical 
equation: 

[¢/1o=1+- (23.22¢+0.0046722 + 0.00000782?) - 10-* 

(ia) 
where /; and J) are the lengths at ¢° and 0°C, 
respectively. Using equation (7) we calcu- 
lated numerical values of bulk thermal ex- 
pansion at some selected temperatures. The 
values of equilibrium concentration of vacan- 
cies can be obtained at various temperatures 
‘using equation (5). The results of these 
calculations are listed in Table III. A plot 


Table III. Vacancy concentrations at various 
temperatures, with use of Taylor’s bulk 
thermal expansion data. 


cae 1/T x 103 L/lo a/ao C x 10? 
550 e215 1.01547 1.01531 0.48 
575 (bolG) 1.01638 1.01616 0.66 
600. 1.145 1.01730 1.01702 0.84 
625 W114 1.01825 1.01789 1.05 
650 1.083 1.01921 1.01879 Le23 
660* 1.072* 1.01960*  1.01915* 1.32% 


* extrapolated. 


of logC against the reciprocal of absolute 
temperature is given in Fig. 3, which shows 
a linear relationship. Hence, the values of 
the energy of formation of a vacancy, ho, 
and additional entropy associated, sv, 1n equa- 
tion (1) can be obtained. The values of the 
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quantities, C at the melting point, hf», and 
s»/k as obtained from Fig. 3 are: (OGo0.j0,) = 
(1.3+20.1)x 10-3, A,=(0.6140.07)eV, and s,/k= 
0.31 to 1.0. Feder and Nowick made bulk 
thermal expansion measurements up to the 
melting point of Al. Using their data!®, we 
can obtain the corresponding quantities in 
the same way as in the former case. The 
results are given in Table IV and are present- 
ed in’ Fig. 3:as a«plot of logC against (1/P 
which shows approximately a linear relation- 
ship. The values of C at the melting point, 
hy, and s,/k as estimated from Fig. 3 are: 


Table IV. Vacancy concentrations at various 
temperatures, with use of Feder and 
Nowick’s bulk thermal 
expansion data. 


tC 1/T x 103 L/Lo ala C x103 
550 WZ lis 1.01542 1.01531 0.33 
575 1.179 1.01632 1.01616 0.48 
600 1.145 1.01720 1.01702 0.54 
625 1.114 1.01815 1.01789 0.75 
650 1.083 1.01910 1.01879 0.93 
670* OZ 1.01949*  1.01915*  1.02* 


* extrapolated. 
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Fig. 3. Plots of concentration of vacancies against 
reciprocal of absolute temperature. 


C(m.p.)=(1.040.1)x 10-3, A»=(0.67=0.09)eV, 
and s,/k=0.6 to 2.5. The two sets of these 
values obtained from two independent data 
of the bulk thermal expansion are not greatly 
different. Upon averaging them we have: 
CMDs e502) 10S hy=(0.6440.12)eV, 
and s 1.4 (ranging between 0.3 and 2.5). 


§ 4. Discussion 
The results of the present work are com- 


a &% 
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pared with those obtained by the various 
indirect methods as follows: Meechan and 
Eggleston’s estimation», C(m.p.)=10-? for Au 
and Cu, may be too high. Pochapsky’s” 
C(m.p.)=2x10- for Al, Jongenburger’s® 
C(m.p.)=3.3x10-? for Au, 2.0x10-3 for Cu, 
and Gertsriken’s’ C(m.p.)=2x10-* for Al are 
of the same order of magnitude as ours, that 
is Cam.p.)=(1:1-£0.2)x10; «although «they 
seem to be a little too large. Bradshow and 
Pearson®, from the quenching experiment on 
99.99% pure Al, reported that C(m.p.) was 
6x10-4 using 1.5 micro-ohm-cm per at. % 
vacancies, fy=(0.76+0.03)eV. DeSorbo and 
Turnbull®, from a similar experiment on 
zone refined Al, found h, to be (0.79+0.04)eV 
and estimated C(m.p.) as 10-3 using 1.4 micro- 
ohm-cm per at. % vacancies. The value of 
C(m.p.) obtained from the quenching experi- 
ment on Au by Bauerle ef al. is 7x10, 
which is in good agreement with that found 
in Al. These results obtained from the 
quenching experiments are in fairly good 
agreement with our results. 

Concerning a more direct method, Feder 
and Nowick!?, who carried out bulk and 
lattice thermal expansion measurements on 
Al and Pb, obtained C(m.p.) in Al of 3x10. 
They were not able to determine hy experi- 
mentally because the difference of bulk and 
lattice thermal expansion at higher tempera- 
ture was too small to find out an exponential 
dependence of C upon temperature. Com- 
paring their value of C(m.p.) with that of 
the present work it is less than one third of 
our result. It is evident that this discrepancy 
is due to a difference in the lattice thermal 
expansion data. It is suggested that this 
discrepancy in the lattice thermal expansion 
data may be due to the fact that they made 
their measuremenes in air. As found in the 
present work the lattice thermal expansion 
a/a) of Al annealed in air at 637°C is higher 
than that of Al annealed under high vacuum 
by an amount of 0.29x10-% in a/a. This ap- 
proximately corresponds to the discrepancy be- 
tween a/ad values of the two investigations. 
This paper is based on a thesis submitted 
by S. Nenno to the Faculty of the Graduate 
School of Northwestern University as partial 
fulfillment of the requirements for the degree 
of Doctor of Philosophy. 
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Note Added in Proof. 


Very recently it came to our notice that 
Simmons and Balluffi2® carried out the bulk 
and lattice thermal expansion measurements 
on Al of 99.995% purity to determine equi- 
librium vacancy concentrations. Their values 
of C(m.p.) and hk, are 9.4x10-* and 0.76eV, 
respectively. These results agree with ours. 
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The transformation of nickel lattices under the influence of nitrogen 
as an insertion impurity has been followed by electron diffraction after 
nitriding thin monocrystalline evaporated films of nickel in an atmosphere 
of ammoniac at different temperatures. 

As established previously, the nitriding process occurs as follows: 
| Ni(f.c.c., @ = 3.52 A)>NisN(f. c. c., a=3.72 A)>NisN (hexagonal). 

In this work, a detailed study of some anomalous diffraction spots re- 
ported, but not interpreted in a previous work, has been undertaken. It 
has been found that these anomalous diffraction spots appear rather 
clearly on the specimens nitrided at 230-240° C and they belong to a new 
form of Ni,N which is no longer cubic but tetragonal. Its lattice para- 
| meters are: 


| a=b=3.72 A; c= 2c#=7.28 A 


These interpretations provide evidence of existence of two forms of 
Ni,N: one cubic: Ni N(I) and the other, tetragonal: Ni,N(II). The tetra- 
gonal form Ni,N(II) is derived from the cubic form NisN(I). This occurs 
as follows: Two elementary lattices of cubic Ni;N(J) join together after 
contraction along [c] axis (from e=3.72 A to c*=3.64 A) and form a unit 
cell of the tetragonal form. The two other axes [a] and [6] conserve 


their initial value of 3.72 A(c*/a=0.98). 


§1. Introduction 

Dans les notes précédentes”.», nous avons 
décrit la transformation du nickel sous |’in- 
fluence de l’azote. Cette transformation, 
étudiée par diffraction électronique, se fait 
suivant le schéma, Ni(c.f.c. @=3.52 A) NisN 
(cubique, a= 3.72 A) > NisN(hex. a= 2.66 A, 
c=4,30 A). 

La maille cubique a faces centrées du nickel 
se dilate d’abord par l’insertion des atomes 
d’azote avec, comme conséquence, la forma- 
tion du nitrure; NisN. La structure de ce 
nitrure est c. f. c. pour les atomes de nickel 
avec, en plus, un atome d’azote au centre de 
la maille élémentaire. Ensuite, si la nitrura- 
tion est poursuivie, la maille c.f.c. dilatée 
se transforme en une maille hexagonale com- 
pacte correspondant au Ni;N. Le mécanisme 
de cette transformation comprend : (a) change- 
ment de l’ordre d’empilement des plans {111}- 
cubique en un empilement des plans {0001}-he- 
xagonal qui se produit par des microglissments 
sur les plans {111} dans la direction [112] et 
(b) la diffusion des atomes d’azote dans le 
réseau du Ni;N provoquant un autre change- 


ment de l’ordre d’empilement: les plans {110}- 
cubique deviennent, aprés la transformation, 
les plans {1210}-hexagonal. 

Au cours de ces études, nous avons con- 
staté que, pour une couche mince monocris- 
talline de Ni nitruré a 230°C environ, certaines 
réflexions anormales apparaissent lors de la 
transformation Ni:N — NisN. II s’agit, 

(1) d’une tache (1, 4, 0) et 

(2) d’une tache (1 0 0) qui correspond a 
une distance réticulaire de 3.63 A. Cette va- 
leur est beaucoup plus petite que la valeur 
3.72 A obtenue sur le diagramme ordinaire du 
NiiN et cette différence dépasse largement 
V’erreur expérimentale comme nous le signa- 
lons dans notre publication. (Fig. 8et Tableau 
III de la Bibliographie (2)). Ces données 
n’étant pas suffisantes pour comprendre a 
quoi il faut attribuer cette anomalie, il nous 
a semblé opportun de chercher d’autres ren- 
seignements qui permettent de compléter 
notre étude sur les nitrures de nickel. C’est 
pourquoi nous avons repris la nitruration d’une 
couche mince monocristalline de nickel obtenu 
par vaporisation sous vide sur une face clivée 
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de NaCl chauffé a 400-450°C. 


§2. Résultats Expérimentaux 


La nitruration a été faite comme aupara- 
vant par passage de gaz ammoniac sur des 
couches de nickel chauffées 4 des températures 
allant de 180 a 450°C. Aprés avoir répété 
cette expérience plusieurs fois, nous avons 
obtenu de nouveaux résultats au subjet des 
taches anormales. Ces taches apparaissent 
par nitruration a 180-250°C mais elles sont 
normalement trés faibles et diffuses car il est 
difficile d’arréter exactement la nitruration a 
ce stade assez fugace. 

C’est surtout par nitruration 4 230-240°C 
qu’on obtient un diagramme qui montre assez 
nettement l’apparition de ces taches. Les 
diagrammes typiques de diffraction électro- 
nique obtenus sur des échantillons nitrurés 
dans cette région de température sont pré- 
sentés dans les Fig. 1 et 2 auxquelles cor- 
respondent les traitements suivants. Fig. 1: 
couche vaporisée nitrurée pendant une heure 
a 230°C, soit sur support de sel-gemme, soit 
sur support de grille métallique sans mem- 
brane de collodion. Fig. 2: couche vaporisée, 
détachée du support NaCl, déposée sur mem- 
brane de collodion et nitruré 4 heures a 240°C. 
Il faut remarquer que le degré de nitruration 
est assez différent pour ces deux traitements. 
La Fig. 1 montre des taches appartenant a 
(Ni+NisN) et des taches anormales comme 
dans la Fig. 8 de la Bibliographie (2). Par 
contre, la Fig. 2 montre des taches de (Ni+ 
NisN ordinaire) et des taches anormales. On 
remarque dans ces figures trois nouvelles ré- 
flexions ; 

(1) tache (1, 3/2, 0), marquée par le chiffre 
1 dans la Fig. 3, correspondant a une distance 
réticulaire de 2.04 A. 

(2) tache (200) qui correspond a 1.82A 
Cette valeur est exactement la moitié de la 
valeur 3.64A de la tache (1 0 0). Cela indi- 
que que ces deux taches appartiennent a la 
méme série de réflexions. La tache 1.82A 
est marquée dans la Fig. 3 par le chiffre 2. 

(3) tache (220), marquée par le chiffre 3, 
correspondant a une distance réticulaire 1.31 
A. 

Les taches (2) et (3) apparaissent respective- 
ment tout prés des taches intenses (200) et 
(220), c’est pourquoi il est trés difficile de les 
distinguer. De plus, le diagramme anormal 
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obtenu jusqu’a présent coexiste toujours soit 
avec le diagramme du Ni:N normal, soit avec 
le diagramme du Ni;N. Dans le premier cas, 
la tache (100) 3.64A de la Fig. 3 est super- 


“posée partiellement sur la tache (100) 3.724 


du NisN. Dans le deuxiéme cas, la tache (1, 


Fig. 1. Diagramme de diffraction élecrtonique de 
(Ni+ NisN-+ NixN, ID. 


Fig. 2. Diagramme de diffraction électronique de 
(Ni+NiN, I-+NiN, II). 


f. 


e - y es : o 


Fig. 7. Diagramme de diffraction électronique de 
NiN, I. 
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3/2, 0) est cachée par l’anneau intense (2.03 
A) de la forme hexagonale (NisN). C’est la 
raison pour laquelle ces trois sortes de tache 
n’ont pas été observées auparavant. Les ta- 
ches (2), (3) et la tache (100) qui n’appartien- 
nent pas au NisN donné dans les rapports 
précédents, suggérent l’existence d’une forme 
tétragonale dérivée de la forme cubique Ni.N. 
En plus, l’existence de 4 taches satellites 
autour d’une tache (110) indique que la struc- 
ture de cette nouvelle forme tétragonale n’est 
pas simple, mais présente une maille de sur- 
structure. 


(000) (100) 
© taches de Ni 


o taches de nitrure 


© taches de Ni 
@® taches de nitrure 
Fig. 3. Diagramme anormal de diffraction électro- 
nique du Ni dilaté. 


Tableau I. Mesures faites sur les diagrammes 
de NisN, I(cubique) et Ni,N, II (tétragonal). 


NiN, I (a=3.72A, 


NiN, I(a=3.72 A) o=2c#—7.28 A) 
indi 2 indice 
d(A) catia Ones Ao) der1(A) h ical 
B70 Gull Sines Gik Ot0N 2 
Ped? Bip 38880 widsl uO? Ly1 
SS OE PAG ltele63 i elyal 0 
OM 12) Paeei2s0t,) 2.03 ods des 
20 0 E87 EL 1686) 22: 020 
Bs88 fi 0 2 ese eB 10, 0 4 
I OAT OG ee oo 
220 ieee ine Po 0 
1.32 1.31 
lo 22 1230-12 O24 


§3. Interprétation et Discussion 

Aprés avoir interprété de nombreux diag- 
rammes de ce nitrure hypothétique, nous 
avons conclu a l’existence d’une forme tétrag- 
onale de paramétres a=b=3.72 A et 6=205= 
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7.28 A. Cette maille permet d’indexer toutes 
les réflexions observées. Le Tableau I, modi- 
fié du Tableau III de la Bibliographie (2), 
montre le résultat des mesures faites sur les 
taches de diffraction électronique de cette 
nouvelle forme ainsi que du NisN cubique. 
La distribution d’intensité dans la maille ré- 
ciproque de cette forme tétragonale, déduite 
des Fig. 1 et 2 est reproduite dans la Fig. 4. 
Le diagramme de diffraction que l’on observe 
en réalité, schématisé dans la Fig. 5, est la 
superposition de trois orientations de la Fig. 
4, car l’axe tétragonal [c] peut étre distribué 
dans les trois orientations. 

Pour les réflexions reproduites dans la Fig. 
5, nous avons trouvé deux sortes de cristaux 
possibles: type A3B représenté dans la Fig. 
6(a) et type A.B représenté dans la Fig. 6(b). 


Fig. 4. Distribution d’intensité dans la maille 
réciproque de la forme tétragonale: (Ni,N, II). 
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Fig. 5. Interprétation du diagramme de ja forme 
tétragonale du nitrure de nickel (Ni,N, II). Les 
taches (hkl), appartiennent aux cristaux ou l’axe 
[c] est perpendiculaire a la surface d'une cou- 
che, les taches (hkl);/;, et (hk1))/2 aux deux aut- 
res ensembles cristallines ou l’axe [c] est para- 
lléle a 1a surface. 
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Dans les deux cas, deux mailles cubiques for- 
ment une maille élémentaire de la nouvelle 
forme tétragonale. Le papamétre a=3.72 A 
de la forme cubique (NisN) diminue légére- 
ment a c*=3.64A par la formation d’une st- 
ructure ordonnée dans la direction [c]. Les 
deux autres paramétres de la forme tétrago- 
nale a et b conservent toujours la valeur a= 
3.72 A. Le rapport c*/a=0.98. La structure 
de la Fig. 6(a) ressemble a la structure AgsMg 


2 C**,§—__2 ¢* 4 
(728 AVG) Be 


~ Cc 
San) 


Fig. 6. Trois modéles de la structure du nitrure 


seer (2) 


de nickel. (a) type A3B, (b) type AyB(NiN, ID) 
et (c) NiN, I. 


ordonné®, structure uni-dimensionnelle d’anti- 
phase, mais avec une valeur M=1. Au mo- 
yen du seul diagramme de diffraction et sans 
renseignement quantitatif sur lintensité de 
réflexion, on ne peut pas déterminer laquelle 
des deux formes est présente, car la distri- 
bution des taches que donne chacune de ces 
deux formes est tout-a-fait la méme. Cepend- 
ant, si on considére le fait que le diamétre 
de l’atome d’azote est beaucoup plus petit que 
celui de l’atome de nickel, le paramétre a(=)) 
d’une forme tétragonale devrait étre plus 
petit que le paramétre a=3.52 A de la maille 
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c.f.c. de nickel pour le cas de la Fig. 6(a). | 
En réalité, le nitrure observé conserve la | 


valeur a=3.72A du NisN. Ce résultat nous | 


fait suggérer que l’apparition de la forme 
A;B est moins probable que la forme A,B. 


D’autre part, nous avons proposé dans le rap- | 


port précédent que les atomes d’azote, situés 
au centre d’une maille cubique de Ni:N, dif- 
fusent au cours de la transformation NisN- 
NisN non seulement dans le plan (110), mais 
aussi dans la direction [110]. La formation 


du type A.B de la Fig. 6(b) appuye ce méca- | 


nisme de diffusion des atomes d’azote. Cette 
interprétation nous améne a conclure 4a |’exis- 
tence d’une nouvelle forme de NisN. Nous 
appellerons ce nitrure le NisN, II et le NisN 
du type Fig. 6(c), trouvé dans le travail an- 
térieur, le NisN, I. D’aprés cette interpréta- 
tion, la Fig. 1 contient les diagrammes de 
(Ni+NizsN+NiuN, ID et la Fig. 2 (Ni+NuN, 
I+NiuN, II). Par contre, la Fig. 7 montre le 
NiN, I seul. 

L’apparition de la forme Ni:N, II a été ob- 
servée également dans la _ transformation 
provoquée par l’action d’un faisceau d’ions 
oxygéne et azote”. 
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By the convergent X-ray beam method with transmission type mono- 
chromator by Kato (Acta Met. 5 (1957) 237), crystal texture of as-grown 
LiF single crystals is studied for thick as well as thin specimens. It is 
found that the topographic as well as the goniometric information is 
obtainable on a diffraction photograph by the profitable use of the 


convergent incident beam. 


Observation of surface texture is also carried out by etching method 
to interpret more thoroughly the fine structure of diffraction pattern. 


Introduction 


ae 


For the investigation of mosaic misorienta- 
tions in crystals Kato” used the convergent 
X-ray beam method with a bent monochro- 
mator of the transmission type by modifying 
the reflection type by Lambot et al.. Kato’s 
method has the high angular resolution of the 
mosaic misorientation and enables the point- 
to-point correspondence between the specimen 
and its diffraction pattern to be obtained along 
the irradiated narrow linear region of the 
specimen. He applied this method both to 
the transmission arrangement (Laue case) of 
the specimens of quartz, KCl and NaClO; and 
to the reflection arrangement (Bragg case) of 
the specimens of Ge. In the transmission 
case, only thin specimens (about 0.3 mm thick) 
were used. 

In the present work, crystal texture of LiF 
single crystals in as-grown state was investi- 
gated with this method, where this method 
was found to be applicable to thick specimens 
as well as thin specimens by the reason ex- 
plained later. 

The results are conveniently classified into 
two parts: the one on thin specimens (3), 
and the other on thick specimens (§ 4). In 
§ 3, special attention was paid to goniometric 
measurement on diffraction pattern concerning 
the resolution and the measurement of misori- 
entation angle. In §4, the inner structure is 
studied by X-ray topographic observation. 
Topographic as well as goniometric informa- 
tion was obtainable on photographs because 
of the profitable use of monochromatic con- 
vergent beam. 

In both §3 and §4, observations by surface 
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etching were made before or after the X-ray 
photographic recording for better understand- 
ing of the diffraction pattern. LiF crystals 
were purchased from the Harshaw Chemical 
Company, Cleveland, Ohio. 


§2. Experimental Method 


The diffraction method is shown in Fig. 1. 
The crystal plate MV used for the monochro- 
mator of transmission type is of quartz, 0.15 
mm in thickness ¢, cut normal to the lattice 
plane (1010) and bent elastically about the 
axis [0001] to a curvature of approximately 
R=35cm in radius. Convergent beam of 
(2020) diffracted MoKa, rays was used in the 
present work; a line focus of the width of 


Fig. 1. Schematic illustration of the geometry of 
the diffraction method. ¢, the angle between 
diffracting direction and the plane normal of 
the monochromator, is 9°37/=6,2020). , the 
aperture of the monochromator, was taken as 


about 1°. 
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about 40 4 was obtained at the focus F. The 
specimen was set at F and Ka, was cut off 
by a lead knife edge which was placed just 
in front of the specimen. 

The vertical height a of the X-ray source 
was about 70 in the take-off direction. 


§3. Results on Thin Quartz and LiF Crystals 
Oat 


As a preliminary work, a (1010) transmis- 
sion diffraction pattern was obtained by using 
a Brazilian quartz plate of thickness 0.39 mm, 


Diffraction patterns 


cut normal to (1010), polished optically flat 
and etched in hydrofluoric acid. Along the 
pattern, a fairly good linearity and homo- 
geneous intensity distribution were noticeable: 
the crystal irregularities were scarcely de- 
tected for the specimen which agreed with 
the result by Kato” 

Fig. 2(a) is a (200) transmission diffraction 
pattern of a LiF crystal of thickness 0.51 mm. 
Surface (010) of the specimen remained 
cleaved. This is one of the typical patterns 
which were frequently observed in specimens 
cleaved off to a thickness of about 0.5mm 
from a large single crystal of fairly high 
quality. Characteristics of the pattern are as 
follows. 

(i) Linear regions extending over the 
length of the order of millimetre (a0, b-c, - 
k-l, l-m). 

(ii) Discontinuous steps (0, c, ---, k, 1). 

(iii) The border of the pattern is intense 
in parts: for instance, on one side from c to 
d and on both sides from a to b. 

By means of etching observation, it was 
confirmed that each discontinuous step (ii) 
corresponds to a subgrain boundary. The 
shifting at a step depends on the type of the 
subgrain boundary and the degree of angular 
misorientation between neighbouring crystal- 
lites separated by it. 


In Fig. 2(b), the specimen was annealed at 
800°C for approximately 3 hours and etched 
in Gilman’s Etch “A”, The thickness of 
the specimen was reduced to 0.45 mm by these 
treatments. The missing region indicated by 
A in the diffraction photograph is the shadow 
of a needle of 0.5mm in diameter placed just 
at the back of the specimen to check the re- 
flecting position. In comparison with Fig. 
2(a), Fig. 2(b) shows: 
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(i) Increase of the linearity in the regions 
indicated in (i). 

(ii’) Increase of the sharpness of discon- 
tinuity at some steps. 

(iii’) Disappearance of the intense borders 
mentioned in (iii). 

For the study of misorientation in crystal, 
parameters representing the misorientation are 
defined as follows. 


incident beam 


Fig. 3. Schematic illustration of misorientations. 
Relative misorientation angles are represnted 
by parameters a and ;. 


3.2. Relation between the misorientation and 
the step shift 

The relation is illustrated in Fig. 3. The 
standard diffraction plane D is regarded as 
represented by vectors 6 and ec, where a, b 
and e are orthogonal unit vectors. The plane 
normal vector nm is parallel to @ in this case. 
A slightly misoriented plane, if present, is 
characterized by a plane normal n‘(a, 7), 
where a@ is the angle between a and the 
projection of n’ on the plane C represented 
by a and 8, and y is the angle between n’ 
and the plane C. A photographic film P is 
placed at a distance L from the specimen and 
perpnedicular to the mean diffracting direc- 
tion. The shift of the pattern reflected by 
the plane characterized by n’ from that by n 
is expressed as 


4X=La (els) 
AY=2rEsnG2 €2)) 

where the axis-Y is taken parallel to ce, the 
axis-X is taken perpendicular to Y on the 
photographic film P, and @ is the Bragg angle. 
The angular resolutions of the incident 
beam at the position of the specimen are 
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determined by the width 6 of the focus for 
the horizontal convergence and by the height 
a of the X-ray source for the vertical diver- 
gence. The resolution 40xzc for horizontal 
convergence is then expressed as 40uc=b/R’ 
and 46yn for vertical divergence as J406,-p 
=a/(R’+Z), where R’ is the specimen (focus)- 
to-monochromator distance and Z is the mono- 
chromator-to-X-ray source distance. The hori- 
zontal and vertical angular resolutions of the 
beam diffracted from the specimen are equal 
to 40uc and 46;pn respectively if the broaden- 
ing due to the specimen is not considered. 
Then the resolutions concerning @ and 7 are, 
by eqs. (1) and (2), 4da=46x0 and 47=46r0/ 


Fig. 2. (a): The diffraction pattern from the LiF 
single crystal of thickness 0.51mm. Surface 
remains cleaved. (L=50cm). (b): The diffrac- 
tion pattern from the same specimen annealed 
at 800°C for about 3 hrs. and etched. The 
thickness is 0.45 mm. 
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2sin@. In the present case, b=40 », a=70 v, 
R’=35cm, Z=8cm and 0=10°9’ are used and 
we get da=24” add 4y=1'36’’. In order to 
improve the angular resolution on 7, a longer 
wavelength or a higher order reflection is 
desired. As a longer wavelength, however, 
results in a larger amount of absorption, a 
higher order reflection will be useful in this 
method. 


3.3. Calculation of misorientation and inter- 
pretation of pattern characteristics 

Measurements of misorientation were made 
on the photograph of Fig. 2(b). In Fig. 4(a), 
the part under consideration is shown mag- 
nified. The step shift at h suggests a twist- 
like misorientation of the part H; against the 
part Hz. They are schematically drawn in 
Fig. 4(b). Misorientation measured from the 
right side of the border is a,=42’, that from 
the left side is a,=46’’ and that from center- 
to-center is a;=46. The part of diffraction 
pattern indicated by g was left out of con- 
sideration in measuring the twist angle at h 
for the reason explained later. 

In Fig. 4(c), the subgrain boundary which 
played a role in producing a step shift at h 
in the diffraction photograph is shown. As 
schematically illustrated in Fig. 4(d), it is ob- 
served that the grain boundary plane is ob- 
lique to the plane (001) downward from the 
diffraction side (front in the figure) to the 
incident side (back in the figure) of the speci- 
men, intersecting the crystal surface (010) 
by a line making an angle of 15° with the 
direction [100] and the crystal surface (100) by 
a line making an angle of 12°10’ with the direc- 
tion [010]. The angle between the normal N 
of the boundary plane and the direction [001] 
is then 17°50’. 

In order to see the correspondence between 
the misorientation angle derived from the 
structure of grain boundary dealt with in the 
dislocation theory and the misorientation mea- 
sured from the diffraction photograph, we 
assume a twist-like model with square net- 
work of screw dislocations for this grain 
boundary and further assume that the real 
distribution of screw-like dislocations on this 
oblique grain boundary is the projection of 
ideal square network on the plane (001) in 
the directions [001]. In the ideal square net- 
work, two kinds of pure screw dislocations 
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running in the directions [110] and [110] should 
have the same spacing h. In the real net- 
work, however, dislocations will not be of 
pure screw type and the spacings are not the 
same. The screw components of Burgers 
vectors then become |bs:|=0.95|bs| for [110] 
group and |bs:|=1.0|bs| for [110] group and 
the ratio of spacings become /1:/2.=1:1.06, 
where |b;| is the magnitude of Burgers vector, 
|a|[110]/2=2.84 A. These are conveniently 
averaged for the calculation of misorientation. 
After the correction for the tilt of the plane 
normal /N in the direction [001], we get the 
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relations between the mean distance d of 
etch pits and the angle ag of twist about the 
axis [001], which are listed in Table I. On 
Fig. 4(c) we get d=0.83 4 and az=47". The 
angle of misorientation measured on the dif- 
fraction photograph Fig. 4(a) is ax=42’’~46”. 
In this measurement a slightly tilted part of 
the pattern indicated by g was left out of 
consideration, for this was thought, by micro- 
scopic observation, to be due to another sub- 
grain boundary plane in the crystal, branching 
off from the subgrain boundary under con- 
sideration and extending nearly parallel to 


f 
Subgrain 
boundary 


(d) 


Fig. 4. (a): The enlarged photograph of the part h of Fig. 2(b). (b): Schematic illustration 
of the part h. (c): Part of the subgrain boundary which produced a step shift at h. 
(d): Direction of the subgain boundary. Dotted arrow lines on the oblique subgrain 
boundary plane show the directions of two kinds of screw-rich dislocations. Full arrow 
lines on the plane (001) show the directions of pure screw. dislocations making ideal 


square network. 
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the surface of the specimen. Table I. The relations between the observed dis- 

A fairly good agreement of ag and ax sug- tance of etch pits on (010) surface and the cal- 
gests the possibility to determine the type of culated twist angle about the axis [001] for the 
the grain boundary by this X-ray method. subgrain boundary in Fig. 4 (d). 

The ene Perea of the border of Mean distance of etch | Twist angle about the 
pattern (3.1, iii) is interpreted by the concept pits on (010) axis [001] 
similar to that of the surface double spots‘? d (p) am (sec) 
which were, in the present case, caused by l 38.9 
partial cold work originating in cleaving but 0.9 13.2 
not by Kas contamination, for Ka, was cut 0.8 48.6 
off completely. a7 55.6 

It will be worth noting that the thickness ae 64.8 


of the specimen calculated by the simple rela- 
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graph of the specimen of thickness 2.2mm. 
a«-y on the diffraction side of the surface and by w’-y’ on the incident side. 
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(a): (200) diffraction pattern (at the middle) and the microscopic surface photo- 


Irradiated linear parts are indicated by 
Small letters 


refer to the positions on the diffraction pattern and the corresponding capital letters to 


the positions on the surface. 


They are connected by arrow lines. (L=23cm). (b): 
Schematic illustration of the diffraction pattern. 


(c): Superposition of the subgrain 


boundaries and the inner strips shown on the diffraction pattern. 


tion teaic=0/2 sin 8, where 0 is a mean distance 
of double lines (iii), is less by 0.14 mm _ than 
the actual thickness of the specimen. We 
consider then that the effective depth of the 
layer to produce intense reflection in the case 
of the surface being cold-worked is approxi- 
mately 0.07 mm from the surface. 


§4. Diffraction Patterns of Relatively Thick 
Crystals 


4.1. Topographic information on the photo- 
graph 

Fig. 5(a) shows a (200) diffraction pattern 

of a LiF single crystal of thickness 2.2 mm. 

The surfaces of the specimen were polished 

and etched with Gilman’s Etch “ A” prior to 

the recording of the diffraction pattern, The 


crystal surface of diffraction side is placed on 
the right and that of incident side on the left 
printed reversed for convenience of comparison 
with the former. Arrow lines indicate their 
vertical positions. Irradiated narrow lines are 
indicated by the line connecting x and y on 
the diffraction side and by the line x and y’ 
on the incident side. 

The inner fine structure of the diffraction 
pattern is illustrated schematically in Fig. 
o(b). Some features are as follows: 

(i) Narrow strips of anomalous intensity: 
dark (or positive) along the lines a-b, a—c and 
(d)-(e) and light (or negative) nearly along the 
line f-g. 

(ii) Regions of uniform intensity (Si, S:, S3 
and S4). 
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(iii) Narrow and blurred regions running 
along the side of the strips mentioned in (i) 
(T:, Tz and Ts). 

(iv) Small pattern 7 splitted from the part 
D5: 

(v) Shift of the border of the pattern at 
a. (This will be shown in Fig. 8, for this is 
not clear in Fig. 5(a)). 

Before interpreting these features, the topo- 
graphic matching of diffraction pattern (de- 
noted hereafter by DP) with the surface 
photograph (denoted by SP) was carried out. 
It was found by the vertical correspondence 
in Fig. 5(a) that points a, b, c and f on the 
border of the DP correspond to the points 
where the incident X-ray sheet cuts subgrain 
boundaries on each surface. These points are 
marked by capital letters on SPs, (with primes 
on the incident side), corresponding to small 
letters on the DP. 


In Fig. 5(c), two SPs are superposed and 
subgrain boundaries on the diffraction side 
are traced by full lines, while on the incident 
side by dotted lines. In this figure, the nar- 
row strips of anomalous intensity a—b etc. (i) 
are shown by chain lines, matching a, b, c, f 
and g with A’, B, C, F’ and G respectively, 
and (d) and (e) with (D) and (£) by propor- 
tional calculation respectively where bracket 


(a) 

orm Osem())is (200) diffraction pattern from the same regions of the specimen of Fig. 5 (a). 
Specimen is arranged reversed against Fig. 5 (a). (b): Subgrain boundary in the vicinity 
of A’ of Fig. 5 (a). 
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refers to the inner point of the specimen. 
Thus, it is suggested that the lines ab etc. 
in the DP are the projections of the intersec- 
tion lines of subgrain boundaries with the 
incident X-ray sheet in the specimen. They 
are, then, understood to be the topographic 
images in the sense of Lang’s work®) and we 
can now determine the boundary configura- 
tions in the specimen with the help of ob- 
servation on SP. For instance, lines a—b and 
a-c start from the point a on the border of 
DP and the X-ray sheet cuts a branch node 
A’ of the subgrain boundaries on the incident 
side of SP. This means that subgrain bound- 
aries JA’ and BM make a boundary plane in 
the specimen, and O’A’ and CM make a 
boundary plane. Branch node A’ runs to M 
through the specimen. (D) and (£) mean the 
branching of boundaries in the specimen. 


4.2. Origin of the intensity distribution of 
topographic image 

In Fig. 6(a), the diffraction pattern (200) 
was taken by reversing the specimen of Fig. 
5(a) by 180°. It will easily be understood in 
this case that the topographic configurations 
in DP change almost mirror-symmetrically 
against the initial (Fig. 5(a)). It is noticeable 
that dark lines a-b, a-c and (d)-(e) have 
changed into light and, on the other hand, 


(b) 
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line f-g has become dark which was initially 
light while the contrasts of parts of p-g-(r)- 
(t)-u are unchanged. 

In order to make clear the character of the 
boundaries which produced the lines a-b and 
a-c, the SP in the vicinity of A’ in Fig. 5(a) 
is shown in Fig. 6(b) in larger magnification. 

Figs. 7(a) and 7(b) show DPs of another 
specimen with cleaved surfaces of thickness 
0.7mm. They are recorded reversed to each 
other. In this case, however, the changes in 
contrast are scarcely observable: w, x and z 
did not change while v changed. The grain 
boundary corresponding to the unchanged in- 
tensive region w is shown in Fig. 7(c). 

The effects of a grain boundary on the dif- 
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Fig. 7. (a) and (b): (200) and (200) diffraction 
pattern from the LiF plate of thickness 0.7 mm. 
(c): Subgrain boundary corresponding to the 
part w in Figs. 7 (a) and (b). 


Hiroshi NIMURA 


(Wola: 


fraction pattern ‘are classified into two: the 
first, the misorientation of a grain to the 
adjoining grain separated by the grain bound- 
ary; the second, the lattice defects on the 
boundary itself. On reversing the setting of 
the specimen for recording, the first effect 
will result always in reversing of the contrast: 
4X does not change in sign but topographic 
configuration changes mirror-symmetrically 
and 4Y changes in sign. The second effect 
results in a reduction of the primary extinc- 
tion and therefore dark (positive) contrast may 
be always expected. 

Thus, for explaining the results obtained 
above, two effects are considered possible in 
LiF crystals: in the case of Figs. 5(a) and 6(a) 
the misorientation effects are dominant and 
in the case of Figs. 7(a) and 7(b) the effect 
of reduction of extinction is explicitly ob- 
served. Two instances mentioned above are, 
however, rather extreme cases and we con- 
sider that some reduction of extinction must 
always occur where the lattice defects such 
as grain boundary are present. Difference 
between the grain boundary effects in two 


Fig. 8. (200) diffraction pattern from the same 
regions as in-Fig. 5 (a), but the surface of the 
specimen remains cleaved. Thickness is 2.8mm, 
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instances is considered due mainly to the 
magnitude of misorientation. 

‘In comparison between subgrain boundaries 
of Fig. 6(b) and 7(c), the average distance of 
etch pits is less than 1» in the former and 
is 3y in the latter. The misorientation was 
calculated for the subgrain boundary in the 
latter as a=15” at the most by assuming the 
ideal twist grain boundary. For sucha small 
angle boundary, where the misorientation 
angle of diffracted rays from two subgrains 
separated by this boundary is less than the 
resolution, the effect of reduction of extinction 
is considered more likely to produce the dark 
(positive) contrast along the narrow strips, 
say w, in Fig. 7(a) and 7(b) than the effect 
of misorientation. 

Corresponding to the regions of uniform 


; intensity (4.1 ii), random etch pits of about 


10*cm™? are counted on the SP. Images of 
single dislocation lines such as pointed out by 
Lang® are not observed probably because of 
low resolution. 

In the vicinity of subgrain boundaries on 
the SP, random etch pits density is lower in 
general than that in the interior of grains. 
Blurred regions running along the side of 
strips (4.1 iii) are, therefore, considered to 


| _ correspond to the better regions near the 


boundaries. 


4.3. Goniometric information on the photo- 
graph 

Returning to Fig. 5(a), the small pattern 7 
(4.1 iv) and the shift of the border at a (4.1 
v) are the direct goniometric information as 
obtained in §3. For the calculation of mis- 
orientation Eqs. (1) and (2) are applied. The 
resolving power of misorientation angle is, 
however, reduced owing to the blurred border: 
etching treatment dulled the sharpness of the 
border. For the observation of the border of 
DP, specimens with cleaved surface are rather 
useful. 

In Fig. 8, the same DP as Fig. 5(a) is shown 
with the surface of the specimen in freshly 
cleaved state*. The thickness of the speci- 
men was 2.8mm. The border of DP is sharp 
and intense in parts. From the measurable 
shift at a@ and 0b, the misorientation at the 
boundary a-b was calculated as a=48” and 
y is order of 1’. At the highly misoriented 
pattern 7 which was splitted from the part 


i Fig. 8 was recorded before Fig. 5(a). 
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Ss, a=23’ and y=12’ were obtained. 


§5. Conclusion 


The convergent beam method is sensitive 
both to the misorientation angle and to the 
position of reflecting crystal element within 
a narrow linear region; we can designate the 
part of a specimen for observation and deter- 
mine the magnitude of the misorientation 
angle between adjacent subgrains and the 
dimension of them with high accuracy, hold- 
ing the point-to-point correspondence between 
the specimen and diffraction pattern, as shown 
in Figs. 2 and 4 for the thin specimen and in 
Fig. 5(a) for the thick specimen. The mag- 
nitude of the misorientation between adjacent 
subgrains determined by the present method 
of X-ray shows the good agreement with the 
one determined from the etch pits pattern by 
referring to the dislocation theory. 

Specimens used here contained subgrains 1 
mm average dimension with misorientation 
of about 1 minute. Dislocation density in 
subgrains was approximately 5x 104 cm7?. 

As the new possibility of this method it is 
shown that the topographic as well as gonio- 
metric information is obtainable in a diffrac- 
tion photograph as seen in Fig. 5(a). 

In this work, however, the direct observa- 
tion of random dislocations was not possible 
probably because of their dense distribution 
in crystals and the coarse grain of photo- 
graphic emulsion. If adegate crystals were 
provided, the present method would enable 
the direct observation. 

In conclusion, the author expresses his 
sincere thanks to Prof. Einosuke Fukushima 
for his guidance throughout this work and to 
Prof. Akiya Ookawa for his helpful discussions. 

This work was supported by the Scientific 
Research Fund granted by the Ministry of 
Education. 
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In the interpretation of the fine structure of the x-ray absorption 
spectrum in solids, the life time of the state of the electron ejected by 
a photon is considered. With the assumption that the inelastic cross 
section of collision between the electron and an atom has a magnitude 
of the order of one square Angstrom, Kronig’s method for molecules is 
applied to solids in order to obtain the variation of the transition pro- 
bability. The wave function of the final state of the transition is ob- 
tained as the sum of the plane wave, whose amplitude decreases with 
increasing distance from the atom which ejected the electron, and the 
waves scattered by the neighboring atoms. The scattering amplitude is 
calculated numerically for the Hartree field of the atom. Calculations 
are applied to the K-absorption spectra of copper and titanium and to 
K-absorption spectra of titanium in the two modifications of titanium 
dioxides, rutile and anatase. The calculated results agree well with 
experiments in copper and titanium, and the agreements become worse | 
in titanium dioxides. | 


| 


Introduction 


§1. 

When x-rays transmit materials, the inner 
electrons in the atoms are excited and the 
absorption of the x-rays occur. The electrons 
are excited to empty levels lying above the 
Fermi distribution, and so the absorption 
coefficient increases abruptly at the corre- 
sponding wave-length, which is called an 
absorption edge. The absorption spectrum is 
called K or L absorption spectrum according 
to the level of the electron which causes 
absorption. At the shorter wave-length side 
of the edge, the absorption coefficient does 
not change monotonically but shows a fine 
structure. A fine structure is observed in 
molecules and solids. Especially, it extends 
several hundreds of electron volts in metals. 

The fine structure of solid has been ex- 
plained by Kronig? as follows. The empty 
levels lying above the Fermi surface are 
grouped into allowed and forbidden bands, 
and the density of states and the transition 
probability to them are not monotonic func- 
tions of the energy. The absorption coefficient 
is proportional to the product of these two 
quantities, and will therefore show a fine 
structure. In Kronig’s calculation the electron 
is treated as an nearly free and the potential 
of ions in the crystal is treated as an perturb- 
ing potential. The energy gap of states 


occurs at the boundary of the Brillouin zones. 
Kronig calculated the variation of the density 


of states and neglected the variation of the | 
The result of the - 
calculation predicts much more fine structure | 
For the comparison © 


transition probability. 


than experiment reveals. 
with the experimental result, he proposed a 
graphical representation. The anomalies of 
the density of states were suitably grouped 
in the density curve and, by such grouping, 
he explained the positions of absorption 
maxima and minima of the fine structure. 

The result according to the method proposed 
by Kronig did not coincide with experiment, 
and after him several theories based on the 
different standpoints have been published”. 
The abstracts of these theories were referred 
in the present author’s previous®). report 
(Report I). 

In these theories, the most acceptable one 
is Kronig’s theory and discrepancy between 
results of theory and experiment will be due 
to the simplification of the calculation and to 
the factors neglected in his calculation. In 
order to develop the calculation according to 
Kronig and to interpret the experimental 
results quantitatively, one must consider fol- 
lowing points. In Kronig’s computation of 
the eigenfunction of an electron, only the 
degeneracy of two states is considered near 
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the discontinuous plane of the energy in the 
wave number space, but it is necessary to 
consider the more degeneracy near the cross 
lines and points of these discontinuous planes. 
These cross lines or points increase rapidly 
in number in the high energy region, so that 
the form of the zone must be changed con- 
siderably. Secondarily the calculation of the 
transition probability must be included. In 
insulators it will be necessary to consider the 
effect of the potential due to the inner electron 
missing. Also the spreading of the absorption 
band which is corresponding to the life time 
of the excited state, must be considered. 
These calculations, especially, to obtain the 
precise density of states and the transition 
probability to them, are very tedious. 

However, it is possible to interpret the fine 
structure quantitatively by the more easy 
method which can be done through a simpli- 
fied calculation, having been shown in the 
first report®. This method is based on the 
following theoretical standpoint. In the pro- 
cess of the transition of an electron which 
absorbs a photon energy and jumps to the 
nearly free space, the wave packet is formed 
corresponding to uncertainty of the energy 
and the wave packet spreads with time. At 
the same time the amplitude decreases with 
its life time, and if the life time is sufficiently 
small the wave packet does not extend so far 
from the excited atom. The wave function is 
a.solution of the time dependent Schrédinger 
equation for the initial condition that the 
function is that of the inner level, and the 
potential field which determines the wave 
function is the potential in the wave packet. 
Thus, if the life time is small, the transition 
problem in a crystal can be replaced by a 
problem in a small space around the atom 
which absorbs a photon. 

The amplitude of the ejected electron 
decreases due to the inelastic collisions with 
atoms in the crystal. A slow electron can 
penetrate only a few atomic layers and also 
it is perhaps not so wrong to assume that 
the inelastic cross section is larger than one 
square Angstrom. Then, it becomes possible 
to adopt a method which has been used by 
Kronig and others? to interpret the fine 
structure of gas molecule. In this method 
the ejected electron was approximated as a 
sum of a plane wave and the waves scattered 
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by the partner atoms and the variation of the 
transition probability from the K state was 
obtained. In the solid the ejected electron 
decreases by inelastic collisions with neighbor- 
ing atoms and this method can be applied to 
solids. 

In the first report, calculations according to 
this principle were applied to K absorption 
spectra of iron, nickel and copper and good 
results were obtained. But in the calculation, 
simplifications were done. The potential of 
an atom was assumed as one of a well type 
and the Born scattering formula was used, 
and a radius of a potential hole was deter- 
mined so as to give the best fit to the 
experimental result. These simplifications 
are rough approximations and in the present 
paper the scattering amplitude has been 
obtained numerically for Hartree’s field. The 
effect of the missing K electron on the 
potential field was neglected. Calculations in 
the present paper have been done in order to 
interpret the fine structure in higher energy 
region than a few tens of electron volts from 
the edge. In the above region the free 
electron approach can be used and simplifica- 
tions of the calculation were done. The 
calculations have been applied to the K 
absorption spectra of copper, titanium and 
titanium in the two modifications of titanium 
dioxides, rutile and anatase. The results were 
in good agreements with experiments in 
metals. 


§2. Calculation 


An electron in a free space can be expres- 
sed by a series of a plane waves, 


(1) 


and in the present case, let us replace it by 
be=exe(—F r+ikr) 7 (2) 


where k/2z is the wave number vector. y is 
the absorption coefficient of the electron and 
is related to the cross section between an 
electron and an atom by the equation 


exp (zkr) , 


(3) 


where o; is the total cross section, dine: and 
Ge is the inelastic and elastic cross section 
and p is the number of atoms per unit volume. 

The wave function of the ejected electron 


is represented ' by 


= 00:=0(Cinel + Gel) , 
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bait Doe, (4) 


where ¢; is the wave scattered by the 
neighboring s-th atom. In Eq. (4) the multiple 
scattered waves are neglected but if dine is 
small these terms must be considered and the 
result gives the eigenfunction in the whole 
crystal. In this case Kronig’s method for 
solids will be more suitable. 

The wave scattered by a potential hole 
V(r) for an incident plane wave is represented 
asymptotically by the next formula 


+ exp (ikr)-f(0) , 


f0)= Sl+ 1 expQin)—1}Pitcos 6), (5) 


where 7 is the phase of the scattered 
spherical wave. 

By the same procedure in Report I and 
using the formula (5) when incident x-rays 
are unpolarized and the absorber of the x-rays 
is an assembly of fine crystals, the fluctuating 
term of the transition probability from a ls 
state to the state, whose wave function is 
represented by Eq. (4), is proportional to the 
following quantity, which represents the ratio 
of the fluctuating term of the transition 
probability to that of the isolated atom, 


es exp (— 47s) 
$ ky 


x{—sin 2h >i(— 1)'(27+1) sin 29 
+cos Zkrsd(—1)(2l+ 1)(cos 2y,—1)} , (6) 


where the interference terms between scat- 
tered waves are neglected and Ns is the 
number of atoms which are at equal distance 
ys from the centered atom, and summation 
extends all over the different 7s. In the 
present calculation the vicinity of the absorp- 
tion edge is excluded and terms of higher 
order of l/kr is neglected in the expression 
(6) as in Report I. The state density is 
assumed that it is proportional to & as in the 
case of an isolated atom. Then the fluctua- 
tion of the absorption coefficient is proportional 
to the quantity (6) muliplied by , 


X=TN = exp (— urs) 
8 krs ’ 
x {—sin 2kers3i( —1)(27+1) sin 2x1 
+cos 2krsS(—1)2l+ 1)(cos 2y:—1)}. (7) 


The phases 7 which occur in expression 
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(5) are determined in the following ways”. 
Let G(v) be the bounded solution of 


ce le sll vin A |e=0. (8) 


dr? a 
For larger 7, G will have the asymptotic form 


Gada (brn +) 


Fig. 1. Showing phases 7, of the electron wave 
scattered by a copper ion. The dotted points 
are the results according to Eq. (9) and cross 
points are the results obtained from the nu- 
merical solution of Eq. (8). 


we hy 
(cy ee en 1 i eed Ill} 
° 5 1oA 
te 
Fig. 2. Showing distribution of neighboring atoms 
in copper. Ns is number of atoms whose dis- 


tances are rs from the centered atom. 
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and then y is obtained. When the potential §3. Results of Computations 
is large but does not vary much in a wave- 


length, the following expression can be used Copper 
—*(,, 2m Id-1))32 The numerical values of the potential field 
n=|\" |e yD 


of a copper ion were referred to Hartree”. 
- e Ws The phase y was obtained by using Eq. (9) 
x dr k2 soit dr, (9) in the high energy region. In the lower 

li energy region and for small value of /, it was 

where the lower limit of the integral in each obtained from the numerical solution of Eq. 
case is the zero of the integrand. In obtaining (8). The method of the numerical calculation 
yo, the term, /(/+1), is substituted by (+34), was followed that of Shibagaki®. The values 


v2 


having been shown by Langer®. of 4, are in Fig. 1. In the figure the dotted 
Cu 
a 
J 1 T L n al 
100 200 ev 

> D 

g 

3 

= 

=) 


ture of the x-ray absorption spectrum of copper at the K absorption 
edge. a is the experimental curve and b, c and d is the calculated curve when pis equal 
aoe? 0.138 and 0.277 A-1 respectively. A dashed line represents k=2ny 7/150 - 


Summation in (7) extends over yalues of rs to 10 A. 


Fig. 3. The fine struc 
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points are the results according to Eq. (9) and 
cross points are the results according to the 
latter method. 

The values of N;/7:?, where Ns is the 
number of the neighboring atoms whose 
distances from the centered atom are 7s, are 
shown in Fig. 2. 


uoljdsosq\y 


Fig. 4. 


edge calculated according to the method in Report I. 
The radius of the potential hole is assumed to be 


mation extends to the 7-th neighbors. 
0.42 A. 


assumptions of the potential hole of a well 
type and the Born scattering formula, the 
results of Report I are shown in Fig. 4, where 
pis equal zero and a radius of a potential hole 
is 0.42A. 


Titanium 
An analytical formula of the potential of a 
titanium atom has been obtained by Lowdin 


8"lo 
2 


Fig. 5. Showing phases 7; of the electron wave 
scattered by a titanium atom. 
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Fig. 3 shows the calculated values of the 
quantities (7) for assumed three values of y, 
0.069, 0.138 and 0.277A7+ which are corres- 
ponding to that the ejected electron decreases 
to l/e as it moves a distance 4, 1 or 2 times 
of the lattice constant, respectively. For the 


comparison of the results calculated on the 


Cu 


The fine structure of the x-ray absorption spectrum of copper at the K absorption 


The value of » is zero and sum- 


and Appel”, but in the present calculation it 
was obtained from distribution of electrons 
according to the Slater rule’ in order to 
simplify the calculation. Values of 7 obtain- 
ed by using the formula (9) are in Fig. 5. 
The crystal structure of titanium is close 
packed hexagonal and the values of WNs/73? 
are shown in Fig. 6. Fig. 7 shows the results 
of the present calculation. The values of uz 
are 1/12, 1/6 and 1/3 A respectively. Fig. 
8 shows the result of the simplified calculation 
according to Report I, where yw is equal to 
zero and the radius of a potential hole is 
0.48A. 


Rutile and Anatase 
The numerical values of the potential field 


iy mnie 


n 
1oA 
& 


° (ised ety stl 
io) 


Fig. 6. Showing distribution of neighboring atoms 
in titanium. Ns; is number of atoms whose dis- 
tances are rs from the centered atom. 
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of an oxygen atom were referred to Hartree™. 
The calculated values of phases are shown in 
Fig. 9. They were obtained by using Eq. 
(9). The calculation was applied to rutile and 
anatase. Their crystal structure were refer- 
red to Schossberger and others’. The 
distribution of the neighboring atoms, WNs%/75?, 
are shown in Fig. 10 and Fig. 11. In these 
figures vertical lines with dotted points repre- 
sent oxygen atoms and those with cross points 
represent titanium atoms. Fig. 12 and Fig. 13 
show the calculated results of the quantity 


Fine Structure of X-ray Absorption Spectrum 


245 


(7) in the cases of rutile and anatase respec- 
tively. 

Agreements between calculations and ex- 
periments are worse than those in the case 
of metals. The reason.is suggested to be due 
to the free electron approach used in the 
calculation and to the neglection of the 
potential change of the missing K electron. 


Note on the applicability of the calculation. 
In figures of the fine structure, the value 

of the ordinate is —X, which represents the 

ratio of the fluctuating term of the transition 


Ti 


gd 


uoldsjosqyy 


150 ev 


Fig. 7. The fine structure of 
tion edge. 
is equal to 1/12, 1/ 
Summation in the formula ( 


i i ddist 
is the experimental curve and b, ¢ an : 
i 6 and 1/3 A-1 respectively. A dashed line represents k=2ny/ #/150 - 


7) extends over values of rs to 10 A. 
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the x-ray absorption spectrum of titanium at the K absorp- 


he calculated curve when pu 


246 


uolidsosqy 


Toshio SHIRAIWA 


(Vol. 15, 


Fig. 8. The fine structure of the x-ray absorption spectrum of titanium at the K absorp- 


tion edge calculated according to the method in Report I. 


summation extends to the 7-th neighbors. 
be 0.48 A. 
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Fig. 9. Showing phases 7; of the electron wave 
scattered by an oxygen atom. 


probability of solid to that of the isolated 
atom multiplied by k and the dimension is k. 
A dashed parabola inserted in the uppermost 
figure of the calculated curves represents 


[jes Vie / pie 

150 
where F is expressed in ev and k is expressed 
in 1/A, and so it represents the absorption 
curve corresponding to the isolated atom. 
When the fluctuation of the calculated curve 


crosses over this line, the present calculation 
is meaningless and terms of interference 


The value of » is zero and 
The radius of the potential is assumed to 
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Fig. 10. Showing distribution of neighboring 
atoms around a titanium atom in rutile. Dot- 
ted points represent oxygen neighboring atoms 
and cross points represent titanium neighboring 
atoms. Ns is number of atoms whose distances 
are rs from the centered atom. 
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TiO2 Anatase 
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Fig. 11. Showing distribution of neighboring 
atoms around a titanium atom in anatase. Dot- 
ted points represent oxygen neighboring atoms 
and cross points represent titanium neighboring 
atoms. Ns is number of atoms whose distances 
are rs from the centered atom. 
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Fig. 12. The fine structure of the x-ray absorption spectrum of titanium in rutile at the K 
absorption edge. a is the experimental curve and 0, c and d is the calculated curve when 
# is equal to 1/12, 1/6 and 1/3 A-! respectively. A dashed line represents k=2ny/ #/150. 


Summation in the formula (7) extends over values of rs to 10 A. 


Photo. I. Photometer curve of K absorption Photo. II. Photometer curve of titanium K ab- 
spectrum of metallic titanium. About twenty sorption spectrum of rutile. About twenty 
curves are recorded to eliminate effect of grains. curves are recorded to eliminate effect of grains. 


(Vol. 15, 


Spectra of Titanium and Titanium 
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Fig. 13. The fine structure of the x-ray absorption spectrum of titanium in anatase at 
the K absorption edge. a is the experimental curve and b, c and d is the calculated 
curve when yp» is equal to 1/12, 1/6 and 1/3A-! respectively. A dashed line represents 
k=2ny/ #/150. Summation in the formula (7) extends over values of 7s to 10 A. 
between scattered waves and multiple scat- 
tered waves must be considered. Such region 
appears in the low energy region and in the 
case of small value of u, and the calculated 
curve in the region is not described in the 
figure. 
§ 4. Experimental Results of Absorption 
dioxides 
Photo. lI]. Photometer curve of titanium K ab- 


sorption spectrum of anatase. About twenty 
curves are recorded to eliminate effect of grains. 


Absorption spectra of titanium and titanium 
dioxides, which are compared with the calcu- 
lated results in Figs. 7, 8, 12 and 13, have 
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Table I. Wave-lengths and energy separations of 
absorption maxima and minima in the fine struc- 
ture of titanium K absorption spectrum of metal. 


Wave-length Energy separation 
| in X.u. | in ev. 
Edge 2492.3 | 
A 2483.3 18 
a 2477 .2 | 30 
B 2474.0 36 
g 2465 54 
C 2457 71 
7 2442 103 
D 2433 120 
0) 2424 140 
Table II. Wave-lengths and energy separations of 


absorption maxima and minima in the fine struc- 
ture of titanium K absorption spectrum of rutile. 


Wave-length | Energy separation 

AY Xa. | In eV. 
Edge 2490.9 
A 2490.0 | 1.9 
a 2488.0 5.6 
B 2480.1 | 22 
B 2477 .3 27 
Co | 2473.9 | 34 
r 2469 | 45 
D 2466 50 
0 2462 58 
E 2455 74 
e 2448 87 
F 2443 97 
¢ 2440 103 
G 2438 | 108 
” 2430 | 125 
H 2417 | 151 


been photographed by a vacuum spectrograph 
of Johann’s type whose Rowland radius is 
25cm. The crystal is a quartz and the 
reflection of the first order of (110) plane is 
used. Photographs I, II and III show their 
photometer curves. The wave-lengths of the 
absorption maxima and minima and their 
energy separations from the edges are listed 
in Tables I, Il and III. These data agree with 
Saur’s!® results. 


§5. Conclusion 


The calculated results are in fairly good 
agreements with experiments and they are 


Fine Structure of X-ray Absorption Spectrum 


249 


Table III. Wave-lengths and energy separations of 
absorption maxima and minima in the fine struc- 
ture of titanium K absorption spectrum of anatase. 


Wave-length Energy separation 
iol oy bk, in ev. 
Edge 2490.9 
Ale | 2489 .0 3.8 
a 2487 .4 7.0 
B 2481.7 18 
B 2478 4 25 
C 2474.9 Ry) 
7 2465 53 
D 2446 91 
0 2442 100 
E 2437 110 
€ 2432 120 
F 2428 130 
¢ 2421 143 
G 2411 164 


especially good in metals. Then, as it was 
already discussed in Report I, it is concluded 
that the present method and assumption, that 
the life time of the ejected electron is so 
short that the distant atoms from an absorb- 
ing atom of x-rays do not contribute to the 
absorption phenomena, are probable. Also, 
the free electron approach used in the calcula- 
tion can be applied to metals but it is neces- 


sary to reconsider in the case of insulators. 


In conclusion the author wishes to express 
his sincere thanks to Professor M. Sawada for 
his kind guidance and encouragement and to 
Professor T. Nagamiya for his kind comment 
and advice. The author also wishes to 
express his gratitude to Mr. T. Ishimura for 
his valuable discussion and his earnest assist- 
ance throughout the work and to Mr. T. 
Okano for his assistance in numerical calcula- 
tion. 


References 
1) R. de L. Kronig: Z. Phys. 70 (1931) 317; 75 
(1932) 191. 
2) T. Hayasi: Sci. Repts. Tohoku Univ. Ser. 


1 33 (1949) 123, 183; 34 (1950) 185. T. Ha- 
yasi and S. Okada: Ibid. Ser. 1 37 (1953) 
331. A. I. Kostarev: Zhur. Eksptl. Teoret. 
Fiz. S.S.S.R. 11 (1941) 60; 19 (1941) 413; 21 
(1951) 917. 

3) T. Shiraiwa, T. Ishimura and M. Sawada: Mle 
Phys. Soc. Japan 13 (1958) 847. 

4) R. de L. Kronig: Z. Phys. 75 (1932) 468, 


250 


H. Petersen: Z. Phys. 76 (1932) 768; 80 
(1933) 258; 98 (1936) 569. D. R. Hartree, R. 
de L. Kronig and H. Petersen: Physica 1 
(1934) 895. C. H. Shaw and T. M. Snyder: 


Phys. Rev. 58 (1940) 600. E. M. Corson: 
Phys. Rev. 7O (1946) 645. 
5) N.F. Mott and H.S. W. Massey: The Theory 


of Atomic Collisions (Clarendon Press, Oxford, 
1952). 

6) R. E. Langer: Phys. Rev. 51 (1937) 669. 

7) D. R. Hartree and W. Hartree: Proc. Roy. 
Soc. A, 157 (1936) 490. 


Toshio SHIRAIWA 


(Vol. 14, 


8) K. Shibagaki: The Numerical Solution of the 
Ordinary Differential Equations (Iwanami, 
Tokyo, 1942) (in Japanese). 

9) P. Léwdin and K. Appel: 

(1956) 1746. 

J. C. Slater: Phys. Rev. 36 (1930) 57. 

W. Hartree, D. R. Hartree and B. Swirles: 

Phil. Trans. Roy. Soc. A, 238 (1939) 229. 

F. Schossberger: Z. Kris. 104 (1942) 358. 

Von P. Ehlich: Z. Elektroch. 45 (1939) 362. 

M. L. Huggins: Phys. Rev. 2 27 (1926) 638. 

E. Saur: Ann. Physik 42 (1942) 223. 


Phys. Rev. 103 


10) 
11) 


12) 


13) 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 15, No. 2, FEBRUARY, 1960 


Studies on the Magnetic Anisotropy Induced by Cold Rolling of 


Ferromagnetic Crystal, II. 


Iron-Aluminum Alloys 


By Soshin CHIKkAzumI*, Kenzo Suzuki** and Hiroko IwatTa*** 


Department of Physics and Chemistry, Gakushuin University, 
Mejiro, Tokyo, Japan 
(Received September 12, 1959) 


Magnetic anisotropy was measured on the several single crystals of 


FesAl which were rolled in definite crystallographic directions. 


Rolling 


on (110) and parailel to [001] induced the uniaxial anisotropy as large 


as 7.1105 erg/cc at only 12% reduction. 


The direction of easy magneti- 


zation in this case was parallel to roll direction, which was also confirmed 


by the observation of domain pattern. 


rolling were also investigated. 


(110)[110], (001)[010] and (001)[110} 


Calculations were made on the roll magnetic anisotropy in terms of 
the “slip-induced directional order,” under the assumption of {110}<111> 


slip system. 


It was found that dipole-dipole interaction between second 


nearest neighbors must be taken into consideration in order to explain 


the experimental facts. 


Introduction 


§1. 


It has been found that some alloys, for 
instance iron-nickel alloys, exhibit very strong 
anisotropy when they are rolled or cold- 
worked. This anisotropy, which is called as 
a roll magnetic anisotropy, has been utilized 
in the magnetic material “Isoperm” since 
the discovery of this phenomenon by Six, 
Snoek and Burgers” in 1934. Several papers» ® 
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have been published in connection with the 
origin of this anisotropy, but the phenomena 
were too complicated to be interpreted under 
a simple assumption such as the anisotropy 
due to internal stress and magnetostriction. 

After the experiments using single crystal 
specimen of iron-nickel alloys, it was found 
by the present authors®-® that the all ex- 
perimental facts were satisfactorily explained 
in terms of slip-induced directional order 
rather than the mechanism proposed by Néel 
and Taniguchi and Yamamoto». Almost the 
Same interpretation was recently proposed by 
Bunge and Miiller®. 

The aim of the present paper is to extend 
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the investigation to the body-centered cubic 
crystal. Several single crystals of Fe;Al were 
used as specimens, because this alloy has a 
low crystal anisotropy and a high value of 
magnetostriction (Cf. Fig. 1), which promised 
a high value of dipole-dipole interaction. 
Although comparatively large number of 
papers’”.1) have been published on the rolling 
of Fe--Al alloys in connection with the effort 
to get a grain-orientated material, no investi- 
gation was found as to the roll magnetic an- 
isotropy of this alloy. The superstructure of 
FesAl was well investigated by Bradly and 
Jay’ by means of X-ray diffraction and also 
by Nathans, Pigott and Shull! by means of 
neutron diffraction together with the obser- 
vation of its magnetic structure. These are 
the useful informations for the interpretation 
of the experimental results. 
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Fig. 1. Dependence of the coefficient of crystal 
anisotropy K, and that of magnetostriction joo, 
Au. on the composition of Fe-Al alloys (after 
R. C. Hall: J. Appl. Phys. 28 (1957) 711, 30 
(1959) 817). 


§2. Specimens and Experimental Procedure 


Specimens used were the single crystals of 
Fe;Al which were made by solidifying from 
the melt in a high vacuum induction furnace. 
The raw materials used were 99.9% electro- 
lytic iron and 99.997% aluminum. After cut- 
ting, the specimens were annealed for 3 hours 
at 1000°-1200°C in a hydrogen atmosphere to 
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remove a skeleton structure and cooled in a 
furnace. 

The specimens were first shaped into the 
rectangular plates, 3-8mm in length and 
width, and 0.8-2.0 mm in thickness. Crystal- 
lographic orientation of the plates was (001) 
[010], (001) [110], (110) [001] and (110) [110] 
respectively. The alloy was so hard and 
brittle that it was not possible to roll down 
the crystal more than about 10%, which, 
however, was adequate to induce the roll 
magnetic anisotropy as large as several 10° 
erg/cc. 

The domain patterns were observed on the 
rolled surface, side edge and top surface. The 
technique used was the same as used in the 
previous paper”. The anisotropy was meas- 
ured by means of torque magnetometer by 
using the specimens which were cut in a 
circular shape from the rolled single crystal 
plates. The size of the specimens were about 
3.4-6.3mm in diameter and 0.7-1.8mm in 
thickness. 


§3. Experimental Results 


(1) (001) [010] rolling 

Domain pattern observed on the rolled sur- 
face (Pl. 1) shows the domains separated by 
many 180° walls running in parallel to the 
roll direction. This means that the direction 
of easy magnetization is parallel to the roll 
direction. The observation on the top-surface 
(which is normal to the roll direction) reveals 
that easy direction is also parallel to the 
normal of the roll plane (Pl. 3). That means 
there is an plane of easy magnetization which 
is parallel to the side surface. Domains ob- 
served on the side surface direct in different 
way from place to place (Pl. 2). 

The magnetic anisotropy energy measured 
by torque magnetometer can be expressed by 


x |OPdyne-cm/cc 


(00!) (010) 


Torque 


180° 


ol 


30 60 90 
Angle 


Fig. 2. Torque curve of rolled (001) [010] single 
crystal plate of FeAl. 
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E=— Ku cos? (0—6) , ) 
where @ is the angle of inner magnetization 
measured from roll direction. The torque 
curve in this case is shown in Fig. 2, which 
can be well fitted by Eq. (1) with the values, 


Ky=3.70X 10 erg/ce for 7=10'3% (2) 


G=0,. 
(2) (001) [110] rolling 

The domain patterns in this case are shown 
in Pls. 4, 5 and 6 for roll plane, side edge 
and top surface respectively. Although both 
roll plane and top surface show no distinct 
domain structure, but the side surface shows 
that the inner magnetization is perpendicular 
to the roll plane. The torque curve (Fig. 3) 
can be expressed by Eq. (1) with 


w= UTE XA0 ersice for? 72=10% 
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Fig. 3. Torque curve of rolled (001) [110] single 
crystal plate of Fe3Al. 
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Fig. 4. Torque curve of rolled (110) [001] single 
crystal plate of Fe3Al. 


(3) (110) [001] rolling 

The most distinct domain patterns were 
observed in this case, as shown in Pls. 7, 8 
and 9. The domains are running in parallel 
to the roll direction as shown in Pls. 7 and 
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8. The patterns appearing on the top surface 

(Pl. 9) is to be called “ maze pattern,” which 

is the evidence that the inner magnetization 

strikes the surface almost perpendicularly™. 
The torque curve in this case (Fig. 4) can 

be expressed by Eq. (1) with 
Ku=706 x 10° erg/cer atl 7127 

A=0. 


(4) (110) [110] rolling | 
Domain patterns in this case of rolling are 
shown in Pls. 10, 11 and 12, which show the ° 
domains running perpendicularly to the roll 
direction in the plane of rolling. The crystal- 
lographic direction of inner magnetization in 
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Fig. 6. Domain structures and the direction of 
easy magnetization in the plane of rolling. 


1960) 


this case is the same as in the case of (110) 
[001] rolling (See Fig. 6). : 

The torque curve (Fig. 5) can be fitted by 
Eq. (1) with 

Ku=4.34x10° erg/cc for r=8.7% } (5) 

Oy=7/2 . j 

The results of the domain pattern obser- 
vation and the direction of easy magnetization 
determined by torque measurement are sum- 
marized in Fig. 6. The values of Ku are also 
tabulated in Tab. II. 
§4. Mechanism of Inducing Magnetic An- 
isotropy by Slip Deformation 


It has been reported that the slip planes which 
contribute to the deformation of body-centered 
cubic crystal are {110}, {112} and {123}. 
In the present crystal, however, it was found 
after a close examination of slip bands (Cf. 
Pls. 2, 3, 5, 6, 8 and 12), that almost all defor- 
mations are attained by the slip systems which 
belong to {110} <111>. We shall assume, 
therefore, that all deformations are exclusively 
produced by {110} <111> slip systems. 

Next we shall deal with the unbalanced 
distribution of atom pairs induced by slip 
deformation. When the slip takes place in a 
somewhat ordered crystal, the ordered atom 
pairs which connect the both sides of the 
slipped plane are destroyed, while the ordered 
atom pairs which lie in the slipped plane are 
maintained. Thus the slips induce the un- 
balanced distribution of ordered atom pairs. 
Then the dipole-dipole interaction between 
neighboring atoms, which usually does not 
give rise to any anisotropy energy, induces 
the uniaxial anisotropy energy given by 


E=1 >) Npgpi cos? 9; 5 (6) 


where Npp is the number of BB pairs which 
direct in i-th pair direction, g: is the angle 
between magnetization and 7-th pair direction 
and 7 is given by 

J=I,a+lpR—2lap , (7) 
where Jaa, Jpg and Jap are the coefficients of 
dipole-dipole interaction of AA, BB and AB 
atom pairs (Cf. Ref. 7)). Thus in order to 
calculate the roll magnetic anisotropy, we 
must first calculate the distribution of B-B 
(or Al-Al) pairs resulting from slip defor- 


mation. 
Now it should be pointed out that the atom 


Magnetic Anisotropy Induced by Cold Rolling, II. Fe-Al Alloys 


953 


pairs connecting the first nearest neighboring 
atoms are the second importance in the pre- 
sent case. This is because the directions of 
the first nearest neighbor pairs are [111], 
[111], [111] and [111], two of which lie in the 
slip plane, while the other two are out of the 
slip plane. If, therefore, the slips take place 
along the two slip planes which intersect 
perpendicularly with each other, the four 
kinds of atom pairs are equally destroyed, 
thus resulting no magnetic anisotropy. This 
may be the case for the rolling of the crystal 
having high symmetrical crystallographic 
orientation such as used in the present in- 
vestigation. 

Then the dipole-dipole interaction between 
the second nearest neighboring atoms must 
be taken into consideration. According to the 
experiment of magnetic annealing made by 
one of the authors on Fes;Al crystal!®, it is 
concluded that the dipole-dipole interaction 
between the second nearest neighbors is ap- 
preciably large as well as between the first 
nearest neighbors. 


—— 


Fig. 7. Directional order induced by the slip 
occurred in the ordered Fe3Al crystal. 


Now let us suppose the perfectly ordered 
Fe;Al crystal in which two dislocations passed 
through (011) plane and in the direction [111] 
(Fig. 7). The bond directions of second neigh- 
bor pairs are [100], [010] and [001]. In this 
case the atom pairs which direct to [100] lie 
in the slipped plane and therefore remain un- 
changed, whereas the other two which direct 
to [010] and [001] must be altered into more 


disordered pairs. 
Now we shall calculate the number of BB 
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pairs appearing during deformation. In the 
A3B type ordered crystal, in which the degree 
of short range order is given by o, the number 
of BB pairs which direct to [100] is calculated 
to be 2 (1—o)/16a? per unit area of (011) 
plane, where a is the lattice constant. In the 
case of the disordered state it should become 
VY 2/16a?. It is concluded, therefore, that 
the slip deformation as shown in Fig. 7 makes 
the number of BB pairs which direct to [100] 
less than the others by / 20/16a? per unit 
area of (011). 

Let us suppose the ms dislocations run 
through the ” atomic planes, where s is to 
be called as “slip density.” Since the number 
of dislocations per unit depth of the crystal 
which was measured along the normal of the 
slip plane is given by 7/ 2 s/a, the difference 
of the number of BB pairs per unit volume 
between [100] and others will be given by 
a LE Wie BI 2 
16a? a 
po. 
~ 32a8° 
pan. 


Se o 


where p is the probability that a dislocation 
results in a disordered slipped plane (Cf. Eq. 
(2) in Ref. 7)) and N is the number of atoms 
per unit volume. Putting (8) into (6), we have 
the anisotropy energy 


4Npgp 
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where J, means / of the second nearest neigh- 
bor pairs. Eq. (9) is also valid for (011) [111], 
(011) [111] and (011) [111] slip systems. Gener- 
ally, we can express the anisotropy as 


pee 


E== x |si| fe(@1, Qe, @3) , (10) 


where 
Silay, a2, a3) — ay? By ai a2? Bo =F A323 . 


(G1, Bs, Bs) in this equation means the direc- 
tion cosines of <100> direction which lies in 
the slip plane of the 7-th slip system. The 
coefficients of a? in (10) are tabulated in 
Tab. I, together with the strain tensors for 
all slip systems. 

It should be noticed that in the case of the 
body-centered cubic crystal, there is no need 
to classify the anisotropy into L.F. and S.C. 
types, as in the case of the face-centered 
cubic crystal (Cf. Ref. 7)), because in this 
case the slip plane contains only one sort of 
atom-pair direction and in any case the induced 
anisotropy can be written by the number of 
BB pairs which direct in this direction. 


(11) 


§5. Calculation of the Slip Deformation 


In this section, we shall calculate the slip 
density s; of each slip system for every cases 
of rolling. When the slip deformation takes 
place in one of the slip systems, say (011) [111] 
(i=2) as shown in Fig. 7, the deformation of 


poe poNl, fsetee (9) the crystal can be expressed by the strain 
64 tensor, each component of which is given by 
Tab. I. Strain tensors and the coefficients in Fike Q2, ite} Ch Et: (11)) for each slip system. 
pee Slip ae Component of strain tones | Coefficients in f;(ax) 
plane ; l | nine =i 
system tion xz | rey | Ye | Tye | Yew | Tey | ae | Qo? | a3? 
1 (011) | [111] 0 81 ~s1 0 431 48) 1 0 0 
2 {111] 0 82 — 82 0 — 389 — 43, il 0 0 
3 (011) [111] 0 83 — 83 0 — 383 383 1 0 0 
4 [111] 0 S4 —S4 0) 384 —4ts,4 1 0 0 
5 Coe) {Tape ease 0 aye, 485 0 485 0 1 0 
6 [111] S6 0 — S86 — 456 0 —45s6 0 1 0 
7 (101) [111] 87 0 — 87 —4s7 0 487 0 1 0 
8 {1 11] 83 0 — Sg 388 0 — 383 0 1 0 
9 (110) [111] | =s9 89 0 —4389 — 439 0 0 0 1 
10 [111] | —sio S10 0 2810 2810 0 0 0 1 
11 (110) | [111] | —sy Si 0 38 | —38n 0 0 0 1 
12 [111] | —sis Siz 0 — 2812 2812 0 0 0 1 
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Tenur.—0 > Cyy2Z—S2 5 T2z22—= —S2 , 


T 2x2 = — 3S2 » Tryz—3S2. (12) 
The components of the strain tensors for all 
slip systems are summarized in Tab. I. As 
a result of the contribution of several slip 


systems, the actual deformation of the crystal 
can be expressed by 


Tu2=0 ’ 


Tax= Di Vest, Tw=Di Tov » T= Di Test 5 
q vu 


Toyz = Tyzt 5 Teo= Text Yo=> Txyt - 
i 


(13) 
(1) (001) [010] rolling 
It is assumed as was in the previous paper” 
that the rolling in this case results in an 
elongation in length and a reduction in width 
but no widening of the specimen. Then the 
deformation of the crystal in this case should 
be given by 


2 —— oF , (14) 


ae ’ Yov=2r ? 
Tyz =—0 ’ 


where 7 is the reduction of the thickness. 


Taz—0 ) T2y—0, 


(OO!) [O10) — roll 


roll 
> 


Fig. 8. Effective slip systems in the case of 
(001) [010] rolling. 


It may be reasonable to assume that the slip 
systems which is effective in this case are 
i=1, 2, 3 and 4 as shown in Fig. 8, for the 
other slip systems must result in a finite 
value of fez, Tye, Tex OY Tzy. Then Eq. (13) 
{ becomes 


| 
) 


Tax=0 , 

yy = Sit Sat S31 Sh 5 
Ye =—(S1+S2+S3t Ss); 
Tyz=0, 

Fox =}(S1—S2—S3 +S) 5 


(15) 


¥ ay = 3(S1—S2+S3— $4) . 
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Comparing (15) with (14), we have 
Sit So2+s3+s4=27 , 
Geka, (16) 
S3=S4. 


(2) (001) [110] rolling 
The deformation of the crystal in this case 
should be given by 


Txx—T , Tuy—T , 22 =—2r ) 


} (17) 
=O), ag HIP - 


The effective slip systems in this deformation 


Tvz =0 5) 


would be 7=1, 3, 5 and 7 (Fig. 9). Then Eq. 
(13) becomes 
Tax=Ss+S7 , 
Tyy=Si+S3 ? 
Ye =—(Sits3+ss+s7) , 
(18) 


Tee =43(Si—Ss) , 
Tey —3(Sits3+55+57) . 
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Fig. 9. Effective slip systems in the case of 
(001) [110] rolling. 
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Fig. 10. Effective slip systems in the case of 
(110) [001] rolling. 
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Comparing (18) with (17), we have 
S1=S3=$s=S7=— 0 ( 
2 
(3) (4110) [001] rolling 
The deformation in this case should be 
CIA 9 (20) 
pS) 


ize I=) Y2=2r, 
Vyz =0 ) 

The effective slip systems in this case are 
i=1, 3,5 and 7 (Fig. 10), which are the same 


as in the case of (001) [110] rolling. Eq. (13), 


Tey—— 7. 


therefore, should be given by (18). Comparing 
(18) with (20), we have 
$1 = $3 = S65 = S7= — 5 - (21) 


(4) (110) [110] rolling 

The rolling in this case resulted in not only 
elongation and thinning but also widening of 
the crystal. This is supposedly because the 
most easily glidable slip systems 7=1, 3, 5 and 
7 must contribute to the widening of the 
crystal. The actual deformation of the crystal 
was 3.8% in elongation, 4.2% in widening and 
8.7% in a reduction of the thickness. Then 
we shall simply assume the elongation, widen- 
ing and a reduction of the thickness to be 
7/2, r/2 and —r respectively. Thus we have 


(22) 


You=—4i", Ta=37, 
Tx=0, 

In this case we have to assume the occur- 
rence of the slips in the systems 7=1, 3, 5, 7; 
2, 4,6 and 8 (Fig. 11). From the symmetry 
consideration, we shall assume 


ete 
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Fig. 11. Effective slip systems in the case of 
(110) [110] rolling. 
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S1=S3=Ss=S7=S , (23) 
S31 =Se— Sa 
Then Eq. (13) becomes 

Texz=2sts’), 

Ty =2sts) , 

Ya =—AS+S) ; 

tue =0., 

Tee —0, 


(24) 


Try =2(s—s’) . 
Comparing (24) with (22), we have 
S= 47; 


/ 


Seas ae 


(25) 


§6. Calculation of Magnetic Anisotropy 


and its Comparison with Experiment 


By putting the values of s; obtained in the 
previous section into (10), we can get the ex- 
pression of the anisotropy energy. We shall 
calculate it below for each case of rolling and 
compare it with experimental results. 

(1) (001) [010] rolling 
Putting (16) into (10), we have 


Be poNle 


c= 64 (SitSe+S3+Sa)ar? 
ae poNl, 2 
S56 (26) 


This means that [100] is the direction of hard 
magnetization, in other words (100) plane is 
the plane of easy magnetization, provided 
I,2<0. This is the case as illustrated in Fig. 
6. The directions of magnetization in the 
plane of easy magnetization (Cf. Pl. 2) are 
possibly determined by the anisotropy of the 
first neighbor directional order which is in- 
duced by the unbalanced occurance of the 
slips among the paired slip systems. When 
the magnetization is restricted in (001) plane, 
as in the case for torque measurement, (26) 
becomes 


c= poNl, 3 
Sok r cos? 6 , 


(27) 
where @ is the angle of magnetization meas- 
ured from roll direction. Comparing (27) with 
(1), we have 
Ke __boNls, ; 
32 
6o=0 . 


Comparing it ‘with experimental result (2), we 


have 


(28) 
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Pl. 1. Roll plane, (001) [010] rolling (r-=6.7%) Pl. 4. Roll plane, (001) [110] rolling (7=15%) 


Pl. 2. Side edge, (001) [010] rolling (r=6.7%) Pl. 5. Side edge, (001) [110] rolling (r=157%) 


Pl. 3. Top surface, (001) [010] rolling (r=6.7%) Pl. 6. Top surface, (001) [110] rolling (r=15%) 
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Pl. 7. Roll plane, (110) [001] rolling (r=10%) Pl. 10. Roll plane, (110) [110] rolling (r=10%) 


O.1mm O.1mm 


Laer] — 


Pl. 8. Side edge, (110) [001] rolling (r=10% Pl. 11. Side edge, (110) [110] rolling (r=10%) 


rn 
ede oS 


Pl. 9. Top surface, (110) [001] rolling (r=10%) Pl. 12. Top surface, (110) [110] rolling (r=10%) 
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poNl,=—1.15x108 erg/cc . 
(2) (001) [110] rolling 
Putting (19) into (10), we have 


(29) 


= — Pe Ks + |ss])a? + (|s5| + |s7|)a2?} 
= — PONE yan + a1) 
=const. ube Mls ras? . (30) 


64 


This means that the direction of easy mag- 
netization is parallel to [001], i.e. the normal 
of the roll plane. This is in good agreement 
with the experiment as illustrated in Fig. 6. 
When the magnetization is confined in the 
roll plane, however, (30) becomes 


E=const. , (31) 


and therefore 

The experiment shows, however, the presence 
of a finite anisotropy energy as given in (3). 
The possible origin of this anisotropy may be 
considered to be either due to the rotation of 
the crystal by the unbalanced occurance of 
the slips in the several slip systems or due 
to the appearance of the first neighbor BB 
pairs by the unbalanced occurrence of the 
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Although this expression of the anisotropy 
is the same as in the case of (001) [110] roll- 
ing, it makes in this case the direction of 
easy magnetization parallel to the roll direc- 
tion. This is in good agreement with the 
experiment illustrated in Fig. 6. When the 


magnetization is in (110), (32) becomes 
se poNle 
64 


7 cos? 6 , (33) 


hence we have 
K=— boNh, 
64” (34) 
h=O - 
Comparing (34) with (4), we have 
poNl.=—3.76 x 108 erg/cc . 
(4) (110) [110] rolling 
Putting (23) and (25) into (10), we have 


(35) 


E=— PON Xs + |s2| +183] + |s4])a? 


+(|S5] + [se] + |s7| +] ss] )aro?} 
fx. Os 3poNle 2 2 
Se mre WC) 
3poNlz 
256 


This means that the easy direction is [001], 


=const. + T0035 (36) 


paired slip systems. i.e. perpendicular to the side surface. This 
(3) (110) [001] rolling is also the case as shown in Fig. 6. In the 
Putting (21) into (10), we have roll plane the anisotropy becomes 
s 3po Nip 2 
B= — PEM ((\s4] + Isol)an? + (Isol + Ia") i rrmec meee 
hence we have 
_ poNls 
=a ger te) K, _3b0Nh, 
U— ’ 
256 38) 
poNle ( 
=const.+ "Ga "as" 9 (32) O=n/2 . 
Tab. II. Comparison between experimental value of the coefficient of 
roll magnetic anisotropy and calculation. 
Roll Roll Observed Calculation Value of 
plane | direction Ky, erg/cc Easy direction Ku Po Nlz erg/cc 
3.70 x 105 _ po Nls —1.15 x 108 
[010] r=10.3% (ore 32” fi 
001 
ie 1.76 x 108 LU 0 -- 
[110] 7=10% from roll direction 
7.06 x 105 [001] pel —3.76 x 108 
[001] r=12% 64 
(110) ; 
= ~4.34 x 108 3poNls ~4,25 x 108 
[170] p=8.7% Moe 256 
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Comparing it with the experiment (5), we 
have 

poNl,=—4.25 x 108 erg/cc . (39) 
§7. Conclusion and Discussion 

As mentioned above, the theory well ex- 
plained the direction of easy magnetization or 
the orientation of easy magnetization plane 
for every cases of rolling. The quantitative 
results are summarized in Tab. Il. The 
values of poNl. obtained for each case of 
rolling is in fairly good agreement with one 
another. The slight difference in the value 
between the cases of (001) and (110) roll planes 
would be caused by some difference in the 
condition of slip deformation. 

Now let us discuss about the magnitude of 
poNi.. As was done by Néel?? as to the 
magnetic annealing, the value of M/ (Cf. (7)) 
can be obtained by analyzing the dependence 
of the magnetostriction constants 2100 and ain 
on the alloy composition. In the present case 
the situation is somewhat complicated, because 
the two kinds of atom-pairs, i.e. the first and 
second neighbor pairs, must be taken into 
consideration. Fortunately, however, we have 
the information that ratio of the dipole-dipole 
interaction of the first neighbor pair to the 
second neighbor pair is 4:/:.=1.35:1, which 
was concluded by one of the authors’? from 
the experiment of magnetic annealing made 
on the single crystal of Fes;Al. Comparing 
the theory, which assumes the above-mentioned 
ratio of the dipole-dipole coupling, with the 
curves of dio and Aw: given in Fig. 1, we 
have the value 

Nlo=N(lorere +loaiai— 2leFeal) 

=—30.1x 108 erg/cc . (40) 

The sign is in agreement to that assumed in 

§6. From the mean value poNl.=—4x108 

for (110) roll plane and the value given in 
(40), we have 

po=13.0%: (41) 

It is interesting that this value is considerably 

larger than that of NisFe, i.e. pS? or p’o=1.6 

~5.9% which was concluded in the previous 

paper®, Since the degree of order o or S is 
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supposedly not so different between FesAl and 
NizFe, the difference in the value po would 
be caused by the difference in the value of p. 

It would be plausible to suppose that the 
dislocations in the ordered Fe3Al crystal can 
not easily make pairs, because in this case 
four dislocations are necessary to recover the 
ordered arrangement between the both sides 
of the slipped plane, whereas it can be attained 
by only two dislocations for the ordered NisFe 
crystal. It would be interesting to examine 
such behavior of dislocation in the body- 
centered cubic crystal, but unfortunately the 
authors can not find out such investigation 
which was made on the basis of the disloca- 
tion theory. 
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te vinylic high polymers, there are two absorption mechanisms, one is 
at high temperatures and the other at low temperatures. From a general 
consideration, it is possible to separate the motion of high polymer mole- 


cule into two distinct modes, rotation and vibration. 


The high tempera- 


ture absorption is attributed to the rotational relaxation and the low 


temperature absorption to the vibrational relaxation. 


A formal relation 


is obtained which connects the low temperature absorption curve to the 


vibrational frequency spectrum. 


§ 1. 


In the preceding paper a detailed descrip- 
tion was given of the experimental data on 
the dielectric absorptions in high polymers at 
high as well as at low temperatures. The 
behaviors of these absorptions were sum- 
marized in three characteristics. For the high 
temperature absorption (a@-absorption). (a-1) 


Introduction 


) The shape of the absorption curve at constant 


temperature is approximately of the Debye 
type above a certain temperature and the 
shape changes only slightly with temperature. 
But at very low temperature the shape be- 
comes very flat and the absorption seems to 
disappear. (a-2) The frequency at which the 
absorption reaches its maximum moves very 
rapidly with temperature, i.e. the apparent 
activation energy has a big value. (a-3) The 
absolute magnitude of the absorption peak 
depends strongly on the molecular structure 
of high polymers. The characteristics of the 
low temperature absorption (8-absorption). are 
rather different from those of the a-absorption. 
(8-1) The shape of the absorption curve is 
very broad at lower temperatures, and it be- 
comes narrower with increasing temperature. 
(8-2) The frequency of maximum absorption 
changes very slowly with temperature, i.e. 
the apparent activation energy is relatively 
small. (8-3) The absolute magnitude of f- 
absorption is very small irrespective of the 
molecular structure of high polymers, i.e. the 
value is almost constant for all dipolar high 
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vinylic polymers. 

We also proposed the following mechanisms 
which describe the dielectric behavior pheno- 
menologically. The a@-absorption is due to 
the transition of dipoles from one equilibrium 
configuration to another, and the §-absorption 
is due to the displacement of equilibrium posi- 
tions of dipoles by the applied field. 

In §2 of this paper we shall discuss why 
the motion of dipoles is decomposed into two 
distinct modes, of which the one is effective 
for the a-absorption and the other is respon- 
sible for the f-absorption. In §3 a qualitative 
discussion is given which shows that the fre- 
quency spectrum of molecular vibration about 
an equilibrium configuration consists of two 
branches. It is well known that in a periodic 
structure in which the light atoms and the 
heavy atoms alternate periodically, the spec- 
trum of molecular vibration splits into optical 
and acoustical branches. In the same way, 
in a molecule of dipolar high polymer the 
dipolar groups are arranged periodically along 
the carbon chain irrespective of their isotactic, 
syndiotactic or atactic arrangement. The fre- 
quency spectrum of molecular vibrations 
would, therefore, split into two branches, al- 
though the distinction between optical and 
acoustical branches may not be clear because 
of a disordered orientation of carbon chain 
and an additional interaction between mole- 
cules in high polymers. In §4 the distribu- 
tion function of molecular motion is discussed 
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on the basis of the analysis given in the pre- 
ceding sections. It is shown that the distribu- 
tion function can be decomposed into con- 
figurational and vibrational parts. The former 
specifies the probability of finding the system 
in various local equilibrium configurations of 
dipolar groups and the latter specifies the 
vibrational state of molecules about a specific 
equilibrium configurations. Then it is shown 
that at low temperatures the transition be- 
tween various local equilibrium configurations 
is frozen because of the high value of the 
pertinent activation energy compared with 
the thermal energy, and that only the transi- 
tions between vibrational states takes place. 
This is the mechanism by which we can inter- 
pret the characteristics of the low tempera- 
ture §8-absorption. It is very difficult to cal- 
culate the frequency spectrum from _ the 
knowledge of molecular structure. In §5a 
formal relation between the complex dielectric 
constant and the frequency spectrum is ob- 
tained. Since it is known that there are two 
corresponding absorptions in the visco-elastic 
properties of high polymers, the mechanism 
proposed in this paper should be applied to 
the interpretation of the properties, but a 
detailed discussion will be a subject of further 
investigation. 


§2. Hamiltonian of the High Polymer 
Molecules* 


For the sake of simplicity we shall consider 
only the simplest vinylic high polymers (CH:- 
CHX), such as polyvinyl chloride. Let the 
number of electronegative atoms (the chlorine 
atoms in polyvinyl chloride) be N=Non, where 
No is the number of molecules in the system, 
then the number of carbon atoms is just 2N 
=2Non. We shall attach an effective charge 
—e* to each chlorine atom and +e* to each 
corresponding carbon atom so as to construct 
a dipole of appropriate magnitude for each 
C-X bond. The number of hydrogen atoms 
is three times as much as that of chlorine 
atoms. 


* Since our treatment in this section is of en- 
tirely formal and phenomenological one, we can 
describe the physical conditions of high polymers 
without using any mathematical expressions. But 
the mathematical expressions tell us more about 
the underlying physical ideas and will be helpful 
when we formulate molecular theories. 


T. TANAKA and Y. ISHIDA 


(Vol. 15, 


The kinetic energy of the system is given 
by 
T=(M)/2) dic-1,-+-20; aS a AN 


where M) is the mass of carbon atom and 
the vectors Sj,’s are defined by 


S2j-1,1=12j-1 » (2.2) 
Soj-1,2= (m/Mo)?1r2j-1,a5 ,—2, 8) ’ 

Soj5,1=T25 ’ 

S25,2=(M/Mo)? Ra; , (2.3) 


So5,3=(m/Mo)”?re,3 , 


where r2j-1, Ij are the coordinates of carbon 
atoms in the j-th monomer unit, R2; is the 
coordinate of chlorine atom, and r2j-1,2, Y2j-1,3, 
Yoj,3 are the coordinates of hydrogen atoms, 
and M., M, m are the masses of carbon, 
chlorine and hydrogen atoms respectively. 
The potential energy of the total system is 
given by 

V= Vo(S3,a) + Vr(S3,a) ; (2.4) 


where Vo(Sj,,) is the potential energy in the 
absence of the external electric field and 
Vr(Sj,a) is the potential energy due to the 
applied field. The functional dependence of 
Vo(S;,a) on S;,,’s is rather complicated be- 
cause of the chain construction of high 
polymer molecules. We may impose, for in- 
stance, the most strict conditions that the 
distances of successive carbon atoms are all 
constant and that the successive carbon bonds 
can only rotate about the preceding bond with 
a clearly defined bond angle and a suitable 
hindering potential energy. The potential 
energy Vo(S;,,) also contains the interaction 
between different molecules, however, we shall 
not go into any detailed discussion of the form 
of the potential energy function and we are 
satisfied 'only with a formal treatment of the 
problem for the present purpose. 

The potential energy due to the applied 
field is 


Vr=—e* digei,...7, A-1,2)05,aSaj,a¢F G5) 
where 
@i=1, @.2=—WM/M)¥?, 
fg Dasha (2.6) 


and F' is the local field (in Onsager’s sense) 
due to the external macroscopic field. 

In the absence of the external field, there 
are many local equilibrium configurations, 
(S3,.), of high polymer molecules which are 
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given as the solutions of a set of equations 
OVS OS A= 0 gmk es, DN: Aa De 


(Aah) 
with subsidiary conditions 


0? V/0S;,,0Sk,.>0, ROS ie 


Ants lye2si3\yy'(2.8) 


These equilibrium configurations are separated 
from each other by the potential barriers. 
When the temperature is sufficiently low 
and the thermal fluctuation is not large enough 
for the high polymer molecule to make transi- 
tions from one equilibrium configuration to 
another, the molecule can only vibrate about 
a local equilibrium configuration. Under such 
circumstances there is almost no contribution 
to the electric polarization due to the reori- 
entation of dipoles by the influence of the 
applied field. There is, however, a small 
contribution to the electric polarization due to 


Vo( Sin) = Vo(S$x) +3 S (Sia—S9a)\(Siu—S ou): (0? Vo/OS5r.9Sku)o + VilSia—S5a) , 


where Vi(S;,—S4,) is the term which is of the higher order in (Sir—S5n). 


new coordinate system 
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the displacement of the equilibrium positions 
of the dipoles by the applied field. The low 
temperature dielectric absorption (8-absorption) 
would be attributed to this vibrational motion 
of dipoles about local equilibrium configura- 
tions. At higher temperatures the thermal 
fluctuation becomes large and the transitions 
of dipoles from one equilibrium configuration 
to another become very frequent. This is the 
situation under which the orientational con- 
tribution to the electric polarization becomes 
possible by the influence of the external field. 
The high temperature dielectric absorption 
(a-absorption) would, therefore, be attributed 
to this orientational transition of dipoles by 
the applied field. 

In order to describe the motion of high 
polymer molecules in the neighborhood of 
local equilibrium configuration we expand the 
potential energy function in the following 
way: 


(2.9) 


Introducing a 


Enx=Sar—Shr, (2.10) 
we can rewrite Eqs. (2.1), (2.4) and (2.5) as follows: 
TM eS (2.11) 
V=Vo(S 5) +3 D €in€cu: Virtue + Ve + Vi, (2.12) 
where 
Vinxp=(O2V/OSjOSxu)o ; (2.13) 
and 
Vr=—e* 3 apSo,a-F—e* 3S apbas ak . (2.14) 
We now introduce a suitably chosen orthogonal transformation 
En => Dd Afi.oky (2.15) 
toey 
which brings the quadratic part of the potential energy into a diagonal form 
Vo= Vo( S$.) +(M0/2) > Se od w+ Vil Xi) . (2.16) 
Using this coordinate system, we have 
T=(Mi]2) SDE Kh (2.17) 
Danae 
(2.18) 


Vr= — Vs > x ajarSuiaiyi —e* > 2 by XwmrpiF ’ 


where 
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b= 2 2 dj, A2j,r,1,9 (2.19) 


and 7:’s (i=1, 2, 3) are the direction cosines 
of the direction of the applied field. 


§3. The Frequency Spectrum of Molecular 
Vibrations in Dipolar High Polymers 


In the preceding section the motion of high 
polymer molecules is decomposed into two 
distinct modes, one is a transition from one 
equilibrium configuration to another and the 
other is a vibration about an equilibrium con- 
figuration. In this section a further analysis 
of the vibrational motion about an equilibrium 
configuration will be proceeded. 

The system under consideration consists of 
a large number of molecules of polyvinyl 
chloride each of which still has a large num- 
ber of monomer units. The nature of inter- 
action between atoms in different molecules 
is of short range van der Waals attraction 
at longer distances and of strong repulsion 
at shorter distances superposed with long 
range electrostatic interactions. The nature 
of interaction between atoms in a molecule 
is of the chemical bond, i.e. of extremely 
high stiffness. As is well known” the fre- 
quency spectrum of the molecular vibration 
of the normal n-paraffins in the most stable 
linear configuration which is found in the 
crystalline state consists of three distinct 
branches. The branch of the highest fre- 
quencies is for the stretching modes of the 
carbon skeleton, the branch of the second 
highest frequencies is for the bending modes 
of the tetrahedral angle of the carbon chain, 
and the branch of the lowest frequencies cor- 
responds to the modes of out-of-plane vibra- 
tions. 

All of these branches are in infrared region. 
Since the configuration of molecules in dipolar 
high polymers is quite different from the 
ordered linear arrangement of the carbon 
skeleton in normal -paraffin crystal the vibra- 
tional frequency spectrum of dipolar high 
polymers would be also rather different from 
that of normal n-paraffin. The frequency 
spectrum would have a very low frequency 
branch because of the following two reasons. 
The first reason is due to the fact that in 
polyvinyl chloride heavy chlorine atoms are 
arranged periodically along the carbon skele- 
ton. It is well known that, in a periodically 
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coupled dynamical system in which two unlike 
masses alternate the frequency spectrum will 
usually split into optical and acoustical 
branches. If we apply this analysis to the 
case of linear vinylic high polymers, we may 
surmise that three acoustical branches would 
come out of the original three branches of 
the frequency spectrum of normal v-paraffins. 
These three branches, however, would still 
be in infrared region, and the first reason 
might not be sufficient for insuring the pos- 
sibility of obtaining a very low frequency 
spectrum. The second reason is more posi- 
tive. In the above consideration the possi- 
bility of hindering rotation is neglected. In 
most high polymers the molecular arrange- 
ment is in a highly disordered state, and this 
state is one of the characteristics of high 
polymers. Furthermore there is a sufficient 
evidence that the thermal motion of a large 
group of atoms is highly excited at a so-called 
glass transition temperature. This means that 
the cooperative motion of large masses is 
possible at such high temperatures. This 
situation is well reflected in a large value of 
the activation energy of high temperature di- 
electric absorption. The motion of large 
masses should naturally be associated with 
the motion of very low frequencies even at 
the temperatures where the a-absorption me- 
chanism is frozen. We may therefore, sup- 
pose that the frequency spectrum of molecular 
vibrations of high polymers consists mainly of 
two branches. The branch of high frequency 
is in infrared region and the branch of low 
frequency is in centimeter, in radio frequency 
or eventually in audio frequency region as 
the case may be. For the moment we can 
not draw any quantitative conclusion as to 
the existence of the very low frequency spec- 
trum. We hope that this point would be 
discussed somewhat in detail in future. 


§ 4. Distribution Function 


We saw in §2 that it is possible to specify 
the motion and configuration of high polymer 
molecules in terms of local equilibrium con- 


figuration S§,, and the velocity bee and the po- 
sition X,, about the equilibrium configuration. 
This specification of molecular motion is, of 
course, of an approximate nature, since the 
expansion of the potential energy function 
about an equilibrium configuration is possible 
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only when the displacement is small. We 
shall presently show that this specification of 
the motion is sufficiently accurate. At low 
temperatures where the motion of high poly- 
mer molecules is excited only slightly, the 
| transition from one local equilibrium  con- 
| figuration to another will not be so frequent 
as is the transition between various vibration- 
} al states. In this case it may be assumed 
| that SS, configuration is almost frozen. At 
| high temperatures where the motion of high 
| polymer molecule is highly excited, the tran- 
| sition between various local equilibrium con- 
| figurations becomes very frequent, although 
| the transition between vibrational states is 
| also very frequent. In this case, the relaxa- 
| tion time t for the establishment of equili- 
' brium as to the vibrational degrees of freedom 
| may be very much smaller than the period 
of configurational transition (transition be- 
tween different S§,’s), and the equilibrium 
| distribution for the vibrational degrees of 
| freedom can be assumed, i.e. the detailed de- 
} scription of the vibrational motion with time 
| is not necessary. Since there are very many 
solutions for the local equilibrium configura- 
| tions, Sj,’s, these S$,’s may distribute almost 
| continuously in S$,-space. Hence the transi- 
| tion between various configurations can be 
| regarded as the diffusion motion in 6Nx3 
dimensional S$,-space. At intermediate tem- 
| peratures the vibrational motion and the dif- 
| fusion transition are correlated with each 
| other, and the separation of motion of high 
} polymer molecules into two distinct modes 
becomes difficult. Under this circumstance, 
however, the separation is still possible if we 
| consider the response of high polymer mole- 
| cules to the oscillating applied field. 

| For the applied field of very high frequen- 
t cies, only the high frequency vibrational modes 
} can respond to the field, and the transition 
| between equilibrium configuration may be 
i frozen because the transition is associated 
} with the motion of large masses. This is 
| only true when it is energetically more favor- 
| able to turn many dipoles at a time from one 
) equilibrium configuration to another than to 
/ turn only a small number of dipoles at a 
| time. This seems to be the case in polyvinyl 
' chloride. It is observed that the apparent 
| energy of activation for the high temperature 
| dielectric absorption in normal long chain ke- 
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tones is about 1Kcai/mole per one carbon 
chain. The activation energy of high tem- 
perature dielectric absorption for polyvinyl 
chloride is about 80 Kcal/mole. This indicates 
that the transition from one equilibrium con- 
figuration to another is associated with the 
motion of about forty monomer units. When 
the frequency of the applied field is low, this 
configurational transition becomes possible 
because it has a sufficient thermal energy for 
the transition. In this case again it is not 
necessary to give a detailed specification of 
the vibrational motion, since the effect of 
vibrational motion is completely smoothed out 
in the time interval with which we are con- 
cerned in the low frequency range. 

From the above considerations we may now 
assume that the total distribution function 


F(S%,, Xi, Xiy) can be factorized in the fol- 
lowing way: 


FSi, Xn, Xn)=2(SH)FUSI; Xn, Xv) , 
(4.1) 
where g(S3,) is the distribution function in 
configuration space S%,, and F,(S%,; Xi, Xn) 
is the distribution function for the system of 
harmonic oscillators. The function Fi(S%,; 


Xi, Xi) may depend on the configuration 
S‘, only slightly, because all possible equili- 
brium configurations S%$,’s would have almost 
the same energy. Thence we assume 


Fi(S5a3 Xv, Xw)=Fi(Xn, Ni) : (4.2) 


The distribution function F, is further fac- 
torized into two parts: 


FUXPOXOSIAM, MDA ORES 


where f(Xi, Xs) is the distribution function 


for the low frequency modes and Fo(Xinu, Xap) 
is for the high frequency modes of the mole- 
cular vibrations which was discussed in § 3. 
Since the high frequencies of molecular vibra- 
tions are in an infrared region, the relaxation 
time for the establishment of thermal equili- 
brium as to the high frequency vibrational 
degree of freedom is very much shorter than 
the time with which we are concerned in the 
radio frequency region, Fo(Xmu, Xmu) is re- 
presented by an equilibrium distribution func- 
tion. 

A generalized Fokker-Planck equation for 
the system is now given by 
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oe 98 4g 9 ae 43589, C8 fg D (hv (OF /0Xn) +X (OF/0Xn)} 


ae a 
se XIN Ash eXGeXw eS ween 
~K(S%, Xj Xin3 SO, Xv, Xn) oSWS (Xv, MASA Xv}d{ Xo} (4.4) 


where K(S%, Xiv, Xi; S%, Xi, Xp) is the transition probability which throws the state 


So. exh, in dS dex Ly GLXE) inte SHA Xy by a collision. This transition is 
induced by collisions between high frequency oscillators and low frequency oscillators and 


also by a collisions between low frequency oscillators. In accordance with the factorization | 


of the distribution function, K is also factorized as follows: 
K2KUS xy Si) Ra Xiy Xi Xi Xp) (4.5) 


The general forms for the transition probabilities which satisfy the conditions of micro- 
reversibility and detailed balance are 


Ki(Sha; Sh) =Li(Sha; Sh) exp {BH(Sh)} » (4.6) 
L(Sh3 Sh)=L(Sh; Sr), (4.7) 
FOCX Nis ON el 1 La Kay Xv Xe ORD ee AX pe Xa (4.8) 
TOs OR OX JSC XG; ke, (4.9) 


At high temperatures, the motion of molecules is sufficiently excited, and at lower frequen- 


cies of an applied field, we may assume a thermal equilibrium distribution for the vibrational _ 


modes 


f(Xw, Xv)=A exp —BH(Xv, Xv), (4.10) 
then the Eq. (4.4) becomes 


Og/Ot = [izus jai S5x) exp BA (SS g(S5.)-LilShr; Sha) exp BA(S$)E(S5)Id{Sh}, (4.1) 


where we neglected the term which is proportional to soe From this equation we obtain 
the high temperature dielectric behavior of high polymers. We need not discuss this behavior 
for the purpose of the present paper. 


At lower temperatures, the motion of molecules is not sufficiently excited and the S%,- 
transitions are frozen. We may hence introduce an approximation 


L(S$.3 SH)=9085,—Sh), Og/Ot=0. 
In this case the Eq. (4.4) becomes 
Of /Ot+ d {Xw- OF AX) + Xv: (OF /AXw)} 


= [Lc%, Xv; Xy, Xv) exp (BH(Xy, Xv) F(X, Xp ld{Xp}d{ Xp} . (4.13) 


The right-hand side of this equation represents the effects of collisions on the distribution 
function. There are a several attempts to give a definite form for the collision term»). Here 


we shall adopt the assumption which was introduced by Van Vleck and Weisskopf and by 
Frohlich» independently. That is 


OF /Ot+ Dd, {Xv (OF /AXw) + Xv: (OF [AXw)}=—(f —feg)/e « (4.14) 
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The physical content of assumption (4.14) is that collisions tend to make the distribution to 


relax in a time t to the equilibrium value, fg, characteristic of the instantaneous field at 
time ¢. feq is given by the following form 


feg=C exp[— > (Mo Xi + Mowiv.X ia—2e*F Xivizi)/2RT | . (4.15) 


We may also adopt another form for the collision term which is suggested by Gross®. The 


discussion on the different choices of the collision term will be given at the end of the next 
section. 


§5. The Relation Between Low Frequency Vibrational Spectrum and the Low Tempera- 
ture Dielectric Behavior 


In §4, we obtained an equation for the distribution function which describes the dynamical 
behavior of the system of harmonic oscillators. The solution is well known, and the complex 
dielectric constant is given by the following expression®. 


Arce b?? Ont? +1—iwr 
€ @ es — 5 Swe <a alse yall 
() 3Mo 2 Wivi Wyit? +(1—ior) am? 


If the frequency distribution of molecular vibration is sufficiently dense, the summation in 
Eq. (5.1) is replaced by the integration 


Are (* g(wo) | @o?—tww1+ior”) 
E —€, = —- — oe, ry d ey .: 
(w) 3M \ Wo? Wo? —(w+101)? M0 (5 2) 
where 
Oy= Wire (S23) 


is the relaxation frequency (reciprocal of the relaxation time t). The static dielectric constant 
is given by 


Are*2 (° g(wo) 
(Pec Lt peat CON Se (5.4) 
: 3Mo \ ee? 


Introducing an effective distribution function by 


Code a ee (5.5) 


Eqs. (5.3), (5.4) are written in the following forms: 


ol" au fa 5.6 
e(0)-6= $ |"Geo»] wo —(w@ +101) oo+(@+ to) ae Cif? 


arse ["Gionrden (5.7) 
0 


Since g(wo) is defined for only positive values of wo, it is possible to extend the definition of 


g(oo) to negative values of wo by the condition 


G(—w)=G(oo) . (5.8) 
Then Eq. (5.6) becomes 
Dag La (5.7) 
6(w)—60= 5 Isa ny tO 


(wo) on the complex @-plane, the path of inte- 


hat there is no singularity of G 
Seared Then Eq. (5.7) becomes 


gration can be shifted as is shown in Fig. 1. 
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, , cs +io)dw 
eo) =F] riGlo-+ien)+P | Co are) a 
2 Ox Wo 
or (5.8) 
; _ (@—101) . = Go) d 
OD 1) ei ae aed ziG(w)+ P or Mo |. 
For illustration we assume 
Copa tee ee) ee) 
7 Wo? + Wm? 
This gives 
Me Il 1 ra o 
* ——da= 7 -, 
| gata Oo—W Om w+ Wm? -09o (0) oe) 
(5.10) Fig. 1. 
Introducing Eqs. (5.9), (5.10) into Eq. (5.8), and replacing » by w+im, we have 
C@) Co. Orn ) 5.11 
Ey—Eeo i) Om O+UOm+a1) 1 ( : ) 
Separating real and imaginary parts, we obtain 
€1(@)— Eos _ M2  — (@m+a1)? (5.12) 
€o— Ex Om (Om+ 1)? +o d 
&2(o) we 0(@m+a1) 
= . —, 5p 
€o—Ex Om  (Om+a1)?+o? ee 


These equations are of the Debye type, and the frequency of maximum absorption is given 


by (@n+a1). 
It is easy to generalize the above analysis to 


the case where the absorption curve is broader 


than that of Debye curve. We assume 
Gio) _ 2 (*y(wo)dao 
FIO A i pee era, (5.14) 
then 
1 ° G(a) » je 0 da, = (wow 
iE do, = — Ve ; 
Eo —E xo hates ae an -o OP+@o? wi—-w 2\" w+ ee ’ 
and (5.15) 
Eo) —a _ : ie Yoo)dwo 
io \ ————_., 
Ep— Ew 0 WOo+a.—10 
This result shows that the absorption curve and 
is represented by the superposition of Debye batch 
curves. Go) =~ [S(— iw) + Sie) ; (5.18) 


If we introduce the Stieltjes transform of 
y(@o) by 


Ge lectern 6.16) 
then 
8 = iS(—o1—io) : (5.17) 


As is pointed out by Gross, the form of the 
collision term which is used in Eq. (4.15) is 
not appropriate from physical considerations. 
It assumes that the dipole will take up an 
equilibrium distribution within a relaxation 
time t. 


It is assumed that the collisions tend to 
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make the distribution to relax in a time tc to 
the equilibrium value which is characteristic of 
the instantaneous field at time ¢. This means 
that the dipole has to change its coordinate 
a finite amount within a collision. Gross 
introduced the assumption that the effect of 
collision is impulsive, i.e. the dipole does not 
change its coordinate but changes only its 
momentum within a collision. From this con- 
sideration he obtained the following expres- 
sion for the dielectric constant 
Are : 1 
3M 
In our case, the expression for the dielectric 
constant which corresponds to Eq. (5.2) be- 
comes 


E(w)—-€.. = 


(5.19) 


PA ‘ . . 
O1y4,— 0? —1001 


&(@)—é.= (5.20) 


3M 


We can obtain a relation between the distri- 
bution function and the dielectric constant in 
the same way as was done in Frohlich’s case. 

From a mathematical point of view, it is 
equally possible to use Froéhlich’s formula as 
well as Gross’ formula in order to represent 
an observed dielectric constant by the super- 
position of many elementary absorption curves. 


0 Oo2—w?—100,; 


4ne™ i 8(o)doo 


§6. Conclusion 

The a-process is attributed, as has been 
done by many authors, to the orientational 
relaxation of dipoles, and the 8-process is due 
to the vibrational relaxation of dipoles in the 
~ neighborhood of equilibrium configuration. Of 
course, the $-process is still excited at high 
temperatures where the a-process becomes 
possible, but the #-process is masked by the 
much larger a-process. In the case of poly- 
monochlorotrifluoroethylene, however, the a- 
process is very small because of the small 
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resultant moment of monomer unit, and the 
8-process is dominant even at higher tem- 


‘perature where the a-process is sufficiently 


excited. 

As is shown in §5, it is possible to find a 
frequency distribution of molecular vibrations, 
but we can not show from the molecular 
theoretical consideration why the 8-absorption 
should be found at such a low frequency 
region. We can interpret this only by a 
phenomenological consideration on the cooper- 
ation of very large number of monomer 
units. This point should be examined more 
carefully from a molecular theoretical con- 
sideration. 

In the case of vinylic high polymers there 
is only one mode of orientational transition, 
i.e. the rotation of dipoles around the main 
carbon chain, and the @-process is attributed 
to this mode. But, in the case of polyalkyl- 
methacrylate, there are two possibilities of 
the orientational transition of dipolar groups, 
i.e. the rotation around the main carbon chain 
and the rotation around the axis which is 
perpendicular to the main chain. These two 
modes may or may not cause two separate 
a-like absorptions. We have not sufficient 
experimental data to identify each absorption 
to each mode of rotation for the moment. 
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A general formula for the coupling constant Jun” between two hydrogen 
nuclei is derived by means of the valence bond method. Almost all the 
structures, which are obtained by Rumer’s theorem, are taken into 


account. 


sec.-1, which is in good agreement with experiment. 


The calculated value of Jun in a methane molecule is 12.1 


It is shown that 


an approximate formula for Jun’, which is derived from the general 
one, is convenient to discuss the qualitative behavior of Jun-. 


Introduction 


§1. 

There are the molecular orbital (M.O.) and 
the valence bond (V.B.) methods in common 
use for the quantitative study of electronic 
states in molecules. As is well known, the 
former is convenient to discuss z-electron 
states in unsaturated hydrocarbon molecules. 
On the other hand, the latter is usually adopted 
to discuss a-electron states in saturated hydro- 
carbon molecules, because the perfect pairing 
approximation in the V.B. method gives the 
simple and direct relation between chemical 
bonds and molecular stabilities. In the pre- 
sent paper we shall calculate the indirect 
nuclear spin-spin couplings in the saturated 
hydrocarbon molecules by means of the V.B. 
method. 

In the V.B. method the ground state wave 
function ¥ is expressed as a linear combi- 
nation of independent canonical structures 
Y;’s obtained by Rumer’s theorem. As is 
mentioned above, for the saturated hydro- 
carbon molecules there exists the perfect 
pairing structure %») which is considered as a 
fairly good approximation to ¥. Namely 


Cis) 


where Cy is nearly equal to unity and C;’s 
(E=<0) are much smaller than unity, if ¥, Yo 
and ¥;’s (&=<0) are normalized. In the fol- 
lowing, the valence bonds appearing in Yo 
will be called “chemical bonds” and the other 
valence bonds, which do not appear in % but 
may appear in the other canonical structures, 
will be called “non-chemical bonds.” 


‘i 
Y=OPot + Cele , 
£0 


* mée Aihara. 


It is of interest to know the magnitude of 
Cz’s (E2<0), since it measures the degree of 
the bond delocalization. In principle C¢’s can 
be determined so as to minimize the ground 
state energy. It is, however, difficult to do 
so in large molecules, since our knowledge of 
the values of exchange integrals is not com- 
plete in such cases. Therefore it is desirable 
to find a method of determining C,’s even if 
empirically. One method may be to use the 
indirect spin-spin coupling constant Jy’ be- 
tween two protons not directly bonded to one 
another by the “chemical bond,” because, as 
will be seen in the following sections, Jyy’ is 
directly related to C¢’s. 

Ramsey” has shown that the interaction in 
a molecule between two proton spins, Fy and 
Ty (in units of %), of the form 


haw ls: Ty , 


can be derived via the magnetic interaction 
between the protons and the electrons. He 
showed also that only the Fermi interaction 
makes an important contribution to Jy. By 
the use of second-order perturbation theory 
and also by the use of the approximation re- 
placing energy differences between the ground 
state and the excited states by their suitable 
average, he derived the following formula: 


x, Weed 
Jaw = 3h 


x Caps O(rin)O(rjH/)Si-S5|V) . 


(86h/3)7r rp(4E) 


(2) 


8 is the Bohr magneton, y» the gyromagnetic 
ratio of proton, 4E the suitable average of 
energy differences mentioned above, S; the 
spin (in units of %) of electron 7, and rq is 


270 


1960) 


rs—ry where ri and rg denote the position 
vectors of electron 7 and proton H respectively. 

Formula (2) is the fundamental expression 
on which all the calculations in the present 
paper are based. By using the M.O. method, 
McConnel”? made a calculation of Jy based 
on (2). However, the order of magnitude of 
the calculated Jyy for methane molecule did 
not coincide with that of observed one. The 
calculation by means of the V.B. method was 
made by us®. We adopted ¥% which is a 
linear combination of two important structures 
and obtained the results in fairly good agree- 
ment with experiment. The purpose of the 
present paper is to improve our previous work 
by taking account of almost all canonical 
structures obtained via Rumer’s theorem. 
Recently Karplus and Anderson‘) have made 
a similar calculation with the assumption of 
orthogonality of the atomic orbitals and of 
neglect of all the ionic structures. No such 
simplification will be made in our calculation. 

In §2 we shall give the general formula 
for Jyy’ by classifying the canonical structures 
into several groups. In §3 we shall give an 
approximate formula for /yy and discuss it. 
In §4 some qualitative properties of Jyy’ will 
be discussed by the use of the approximate 
formula. In §5 a numerical application of 
our formula to methane will be made. 


§2. General Formula 
Substituting (1) in (2), we find 


Fete sq (8Bh/3)*r 9B) ECCrQen 
(3) 


where 
QVen=(VelQ|¥ 7) 
and 
Q =2 (ri) O (Tip) Si : S; 


In order to obtain explicit forms of Q¢,n’s, 
we shall first divide the canonical structures 
into several groups. Let the molecule under 
consideration have R chemical bonds. The 
atomic orbitals (A.O.’s) of the atoms H and 
H’ are denoted by h and h’ respectively. The 
A.O. pairing with h (h’) to form a chemical 
bond is denoted by x (x’). The pairs of 
A.O.’s forming the other chemical bonds are 
denoted by by and b,’ (v=3, 4, --:, F). 

Ys can be represented by means of Rumer 
diagrams” (R.D.’s) in which the arrangement 
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of the A.O.’s may be arbitrary. For the sake 
of convenience we aline the A.O.’s on a circle 
in such a way that h and h’ are neighbouring 
each other and the pairs of A.O.’s forming 
the chemical bonds also neighbouring each 
other, as illustrated in Fig. 1. The R.D. of 
each canonical structure is drawn on Fig. 1. 


Fig. 1. Arrangement of the A.O.’s, on which 
the R.D. of each canonical structure is drawn. 
hx, h'a’, bubu’, byby’: the chemical bonds. 


Fig. 2. Superposed diagrams of YW and We. 
Aha, a34%—-a4e and as4+—ag are chemical 
bonds in Wp. de—az, a44—a5" and ag4—a," are 
non-chemical bonds in W¢. by—by’ and by’ —b’y’ 
are common chemical bonds in Y%p and W¢. 


We consider a structure Y which has (R—M) 
chemical bonds and M non-chemical bonds. 
Superposing the R.D. of Ye on the R.D. of 
Wy), we obtain several isolated lines and poly- 
The formers are the common chemical 


gons. 
bonds in &% and We. The latters are ex- 
pressed hereafter by 3, (u=1,2,---,A), the 


sides of which are either the non-chemical 
bonds in Ye or the chemical bonds in Yo (see » 
Fig. 2). 

Thus, all the structures appearing in (1) are 
divided into groups characterized by M (the 
number of the non-chemical bonds) and & (the 
number of the polygons). In particular the 
group characterized by M=0, A=0 contains 
only one structure, i.e. Yo. We divide the 
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structures in a group characterized by M Next task is to determine the explicit forms 
and 2 further into two groups: the group A of Yara and Yuma». We shall call the orbital 
contains the structures involving h—h’ bond part of a wave function which represents the 
and the group B the structures not involving singlet state of two electrons localized in a 
h—h’ bond. We denote the structures in A (chemical or non-chemical) bond “bond func- 
and B by Yaa. and Yua,, and their coef- tion (B.F.)” and assume the following form 
ficients in ¥ by Cwas and Cm», respectively. for it. 


oa(1, 2)=Nbd){b(1)d(2) +d(L)b2) + I6)bW)b2) + Ud dd2)t (6) 


where Mod) is a normalization constant, b and d are the pair of A.O.’s forming this bond 
and I(b) and I(d) the coefficients of the ionic terms. When this bond is the non-chemical 
one, the ionic terms in the above expression will be neglected in the following calculation. 
This means the neglect of the ionic structures corresponding to the polarization of electrons 
from a chemical bond to another chemical bond. Such polarization may be considered to be 
less important as compared with the polarization in the same chemical bond. 

We construct Yaa) from B.F.’s in the following manner: 


P aracoy= (2B)! Bi (—  POaracy ) « (7) 


P is a permutation operator of electrons. 9 is a product of spin functions such as ; 
O=a(1)B(2)a(3)A(4) --- a 2R—1)B82R) , (8) 
where @ and 8 are the spin functions corresponding to one-electron spin components of +1/2 


and —1/2 (in units of %), respectively. Qarrxacw) is the simple product of B.F.’s, namely 


A My/2 2 : —1/2 
ei a) IT {(Gattan(Ru tl, Rut2) 


p=l fel 2 w=1 


R 
x batat(Rut3, kut4) sie batat(Rutmy—1, Rut My) } H Poway —1, 2v) > (9) 


where m, is the number of the sides of polygon Zz, ai”, ao“, ++, @m“ are the A.O.’s on the 
=1 

corners of £. numbered at in Fig. 2, Sob’) = (60 dt and Rees: my. Yura, given by (7), 
wi yv=1 


are nearly normalized, because the overlap integrals between not chemically bonded A.O.’s, 


which will be denoted by T in the following, are much smaller than S(t 14%) 


In general, when ¥s=((2R)!)-1/2 x (—)?P(@:-@), we find the following expression by sub- 
stituting Ve in (4), 


Qen= Cape > At (P; 7H, 7H’)(O|Si-S5|PO) , (10) 
where 
Ae (P; 7H, 7H’) =(Ge| (rig) O(rig)|PO») . (11) 


As is seen from (8), (O|P@) is unity when P=UV and zero otherwise, where U (V) is a 
permutation of odd (even) numbered electrons. Using the fact that 


(8S:- Si PO) =~ (OPO) 


and 


(@1S:-Ss1P0) = (O\(ij)PO) —+-(O|P6) 


we obtain the non-zero values of (@|S;-.S;|P@) and (O|Si-S;|PO) as follows; 
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(O18:-Si|UVO) =~ 


(918i S)1UVO)=(—yob 
and 


(81S: SiUVO)=— fort a7 = oddenum ber, 


Substituting the above results into (10), we obtain 


QE n= > 2 (—)"" de UV; oH, AH) 2s De (ht GD)UV; GH, 7H) 
+j=o 
++ =? 2 (—)4(—)?¥ de n(UV; oH, GH’) (12) 


We calculate 4:,,(P; 7H, 7H’)’s by the use of ¢’s given by (9) and substitute them in (12). 
| In the calculation the contributions to the electron density at nucleus H (H’) from A.O.’s 
| other than / (h’) are neglected, because they are very small. Therefore the first sum on the 
| right-hand side of (12) are neglected for every case. Namely we adopt the following ex- 
_ pression 


Qen=—F DS OP” A AGUVs HH, JH) +L SB (He AUVs HH, JH). 124) 


oe i+j=odd UV 


According to our classification of the structures, (3) is written in a form: 


Jaw=— & (88h/3)°r »(AE){2Co > Cura Q aaa ,o + Co?Qo0 
+2Co >) CurnvQunrv,o+ hi >, 9 CCH nara M Na! 
MAb 
a elie, Social Io! ae eo yy CHE ‘u’r'0’Q rv ,M’r’d'} (13) 


Mra, M’X’d 


i Qo, Quaa,o and so on can be calculated by the use of (12’), (11), (9) and (6). Details of the 
| calculation are given in Appendix A. The results are as follows: 


Qo0= — 2 Nx) NAW x Tax + KAY T hx) + LMT 2) + MOTO Th’ te OH*O) , (4) 


where (0) is the value of h? at the nucleus H and Nast) =|xx de, and so on. 


Qurao= 3X 2-G/2)-2(— ) X41 MAX) NW’) 


SI: SX(at,_,at,) \7¥? 
x (1+ Hn)Sthayy1+ HSH x!) TT ( bee 


CR TCR COLEOR (15) 
w=1 jal 
(except for bonds h—« and h’—«’) 


where 
Any Vie oye at ls ‘bS(ahs - 1a (ae 1455) : 


S —M/2 3 we a, 5 
Qunnn= 32H — Hm 1-=) (1+ $2) 7 242(0)h/2(0) 
x {1+ S-+(m 11+ SYHL+S-+ (m1) $9} (16) 


In (16) mi (m2) is the number of the sides of a polygon if h—x (h’—x’) is a side of the 
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polygon and is unity if h—x (h’—x’) is an isolated line. 


Bin aeni=erx ieee fl +2) a ( pao bo if 1S) “Hn an 
Ts: De ta(—yon| (1+?) ye ( ae lara neO)W'*(0). (18) 


When both of # and h’ are on the corners of one polygon, 


EE Gee Det ee reas (CS) i ( ise" ee ne(OW*O)- 9) 


Otherwise, Qurav,w’n’»’’S ‘turn out to be of the order of T?, which can be neglected as com- 
pared with (19). 

In (17), (18) and (19), R-ZL and w» are the numbers of the isolated lines and polygons, — 
respectively, in the superposed diagrams of Ye and ¥, (&, y+<0) (in general, M, M’=<L and | 
4, 4’s<w), and € is the number of the chemical bonds constructing the polygons. In (18) and © 
(19), ¢ (t/) is equal to unity if h—x (h’—x’) is the side of the polygon. Otherwise, it is zero. 

In the calculation of Qarrv,0, Qarraym’rta’, Qarra,m’r’’ and Qyav,m’rxr’, we have replaced 
S(at,_,a4;)'s by their mean value S and also neglected all the ionic terms, because their 
contributions to Jyy’ are usually smaller than those of Qaras,o’s (see the next section). 


§3. Approximate Formula for Juyw 


If we neglect all the second order terms of Ce (<0) and T in (13), we obtain the follow- 
ing approximate expression for Jyy’: 


ne —<& (8Bh/3)*79(4E)* 2Co >: CurnsQanra,o - (20) 


In this section we shall compare the magnitude of neglected terms with (20) and discuss 
whether such terms may be neglected or not. For our purpose, it is often convenient to use 
the following expression for Qaaa,o, in place of (15), 


—M/2 
Qurao= 3x 2-H — eal SEV SAP- HOH), (21) 


which is derived from (15) by the neglect of all the ionic terms and by replacing S(ah;_,a,)’s 
by S. Such a simplification will be allowed, since, as will be explained in §4, the neglect 
of ionic terms does not alter the order of magnitude of Qwaq,o’s. 
1. Co?Qoo 

In hydrocarbon molecules, the atoms, to which x and x’ belong respectively, have larger 
electronegativities than hydrogen atom (for example they are carbons)®). Therefore Ih) and 
I(h’) are fairly smaller than unity. In (20) the largest contribution comes from the term 
with M=2, A=1, namely 2CoC2iaQzia,0, since, in general, Cya’s become much smaller as M 
increases. It is to be noted that there is only one A-structure with M=2 and 4=1. We 
may compare Cy?Qoo with 2CoC2iaQe2ia,o. From (14) and (15) we obtain 


(Om Our 2N(hx NW’) Ne at ey a (22) 


where we have assumed that T’s appearing in (14) are of the same order of magnitude and 


that S’s in (15) are of the order of unity. Since it is known that S?~1/2 and T?~ 10073 
the above expression becomes 


|@Qoo/Qeia,0l ~ 1/200 . 
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Therefore we obtain 


|Co?@o0/2CoCo1aQeia,0| ~ 1/400 Wo. Gara lee (23) 


If both of H and H’ atoms are chemically bonded to one atom, T(xx’) is zero (see (14)). In 
} Such a case the value of |Co’Qoo/2CoCaaQoia,0| will be much smaller than the one given by 
(23). (23) shows that |Co*Qoo| is smaller than 10% of |2CoCuaQza,l, provided |Coo|>1/40. 
On the other hand it shows that |Cy?Qoo| cannot be neglected, if |Cx1a| is very small. In 
such a case we may calculate Qo by the use of (14), since the calculation is not so difficult. 
2. 20 21 CararQarry,o 


Comparing (16) with (21) and considering that S~1, we obtain 
Qwrv,0/Qaaa,o~ (1/2)mim2T? . (24) 


§ It is noted that mim: depends not only upon M and 2 but also upon b. We shall replace 
| -mim2’s by their mean over b, which will be denoted as <miM2>urx. Since we are concerned 
§ here only with the estimation of the order of magnitude, |Cw,a|’s and |Cm,,|’s may be con- 
i sidered to be of the same order of magnitude. Therefore we may write, by the use of (24), 


§ as 


|2Co > CurrvQ wr0,0/2Co x CuraQura,0| ~ BD mama) wrt (S)aral( aca} ; (25) 


where (33), and (33), are the numbers of structures characterized by M, 4, A and M, 2, B, 
a b 


respectively. We can prove that 


(S)ara/ (Sara S(RR—1)/(M— 1)(M— 2a eo) ale, (26) 


Table I. The values of (max. mymz2)m{[R(R—-1)/(M-1)M—24+2)]—1}. 


Ps M 2 3 4 4 5 5 6 6 (ae 
RNA 1 1 1 2 1 2 1 2 3 
4 10 3.0 0.0 4.0 a a Ag Lt; gh 
5 18 6.9 2.8 9.2 0.0 4.2 = =e Ss 
6 28 12.0 6.0 16.0 2.5 9.0 0.0 4.5 8.0 
ee te Mae 18.0 10.0 24.0 5.5 15.0 2.4 9.9 12.8 
peau hia 24.9 14.8 33.2 9.0 22.2 5.4 16.2 18.4 
9 70 33.0 20.0 44.0 13.0 30.0 8.4 23.4 24.8 
10 Ve ies 42.0 26.0 56.0 17.5 39.0 12.0 31.5 32.0 
20 | 378 187.2 122.8 249.6 90.0 184.2 70: 2oetrel62. One 4id8e0 


-where the equality holds for 2=1. The proof of this relation will be omitted here. It is 
difficult to obtain <mm2>a, for the general cases of M, 4, although <1m2>ma is to be nearly 
equal to unity for M@<R. However, as is shown in Table I, (max. muMa)r(>)arr/(Si)ara is 
the largest for M=2, A=1. (max. mmz2z)m, Means a maximum of mim: with M and A se 
and b varied. Therefore <myms)aa(i)ara/(Di)ara will be also the largest for M=2, A4=1. e 
take notice also of the fact that |Cxa| and |Cz| are much larger than other |Ciraa|’s and 
|Cuav|’s, respectively. After all we can safely obtain the following relation 
(di)2.1 


1 mw 10-{RR—1)2—-1}. 27 
[2Co 31 CurrvQarav,0]2Co 31 Carraarra,ol ~ 9 d Seat aa 9 10-*{ R¢ / i 


(27) shows that |2Cy SCuxsQ@sno.ol is smaller than 10% of |2Co >i Cura@ara.o| for R<7 and 
MXb 
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that it is of the same order as the latter for R~ 20. 
2. Os CeCy Qe, n 
E,n2<0 


Comparing (17), (18) and (19) with (21) and using S?~1/2, we see that Qina,w’n'a’, Quad, M’n’0" 
and Quay, u’a’»’ are of the same order as Qaax,o. Therefore we obtain 


| DS CurnaCu’n'a'Q ara, u’r’a’| ~{ Do |Caranl P<1Q|> ’ (28.1) 
Mda,M’X‘a’ Mra 

CurraCun’v’Q waa, u’r’0'| ~ ( DS |CurraC mre! )X1Q|> ’ (28.2) 
Mda,M'd’d’ Mra, M’d’db’ 
Ss CurrvoCu’n'v’Q urn;u’n'0'| ~( = |CurrvCarn0| KI QD ? (28.3) 
Md, M’d’d’ MAb,M’d/d/ 


where we have replaced Qwaa.o’s by their mean <|Q|>, since the magnitude of Qaaz,0 does 
not appreciably alter with M, 4. In (28.3) ’ >* means the sum for the cases where both 
Mdd,M'Xd'b/ 


of hk and h’ are on the corners of one polygon (see below (19)). Therefore the number of 
terms on the right-hand side of (28.3) is nearly equal to the one of (28.2) in spite of the fact 
that, in general, there exist much more B-structures than A-structures. A ratio of the 
numbers of terms in (28.3) and (28.2) with the same M, 4 and M’, % is shown in Table II 
for several values of M, 4, M’, 4’ and R. In most cases the ratio is of the order of unity. 


the number of terms in (28.3) with M, a, M’, a’ * 
the number of terms in (28.2) with M, 4, M’, 24’ 


Table IJ. The values of 


M 2 M Ae 4 5 6 7 8 
SPURT SP Grey 0.80 0.66 0.58 0.50 0.44 
3 Lae Bee 1 0.66 0.70 0.66 0.62 0.56 
Sea eet eo iy | 0.50 0.86 0.94 0.94 0.90 
4 1 on el | 0.00 0.40 0.52 0.54 0.52 
in xi Set | we 0.00 0.46 0.74 0.86 0.88 
ire: 9 ee he 1.02 0.78 0.64 0.54 0.48 
4 2 ges 0.90 1.06 0.98 0.88 0.82 


* In general, (Sara 2)aera is not equal to (S))w-a-(d)aa. The number of terms in (28.2) with 
a tv) 


M, 2, M’, 4’ means (Sardar (Sac )ara 


Therefore (28.2) and (28.3) will be of the same order of magnitude, since |Cyaq|’s and |Cuasl’s 
with the same M and 2 are of the same order. Then we collect (28.1), (28.2) and (28.3) 
together and arrange them in a form: 


5 
| 2 CE rQ ~ C2 Carn ICelKIQ|> . (29) 
Therefore we obtain 
« 
> CeCu@e,nl/|2Co 1 CarraQaraa,o| ~2 |Ce|/|Co| : (30) 


This expression is not so self-evident, because the numerator on the left-hand side is the 


sum over both of A- and B-structures while the denominator is the sum only over A-struc- 
tures. 


(30) shows that poe CEOQEn can be neglected when » |Cé| is small, as it should be. How- 
, E+=0 


. . a . . . 
ever, the condition that 2! Cel is yery small is in conflict with the condition to neglect 
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Co’?Qoo (see (23)). It may be said that, when |Co1u|~1/30, both of Co2Qoo and SCiCsOee 
£70 7 


can be neglected. A methane molecule is the case, in which y |Ce| ~ 0.17 and |Coa1a| ~ 0.027* 
EX0 i , 


In this section we have discussed with the assumption that all the CeC,Qeé,n’s have the 
same sign. In fact they may be either positive or negative. This fact will favor the validity 
of the approximate formula (20), because errors owing to the neglect of 2Cy © CurrQumar.o 

MXb ‘ 


and so CeC,Qe,n may be smaller than the above estimation. 


§4. Qualitative Behavior of Jaw 


We know, from experiments”.®), that Jaw decreases as a distance between H and H’ 
increases and also that Jyy’ decreases as an electronegativity of the atom, which is chemically 
bonded to H or H’, becomes large. As is shown in the following, these experimental facts 
can be explained with the help of (20). 

1) Dependence of Juw on Ryy (Ryw’ is a distance between atoms H and H’). It is seen, 
from (15), that Quraa.o’s are independent of Ry’. Therefore the dependence of /yy: is deter- 
mined by the behavior of Cuaa’s (see (20)). We have calculated them approximately by the 
use of the simple V.B. method. The calculation is made in Appendix B. Using (B.4) in 
Appendix B, we obtain in particular 


Cara > —{(xx/) + (hh’)—(xh’)—(hx’)}2{(xh) +(x’ h’)} (31) 
and 


me EK) t+ hh’) — (xh) — hx’) + (2b +00) + (hb) + (4b) — (xb) — (hb) — (hb) = (x6) } 
A{(ah)+(x°h’) + (bb’)} 


Cra (32) 
In (32), 6 and b’ are A.O.’s forming a chemical bond other than h—x and h’—x’ (see Fig. 1). 
(xx’), for example, means the exchange integral between A.O.’s x and x’. Since the denomi- 
nators of (31) and (32) are independent of Ryy’, we must investigate only the numerators. 

Let us consider the case that Ryy increases. Then (xx’), (hh’), (hx’) and (h’x) decrease. 
The other exchange integrals, appearing in the numerator of (32), namely (xb’) and (hb’) etc., 
will also decrease, because in most cases the chemical bond b—0’ will be far from both of 
h—x and h’—x’. Therefore we may say that Co and Cia decrease. It is seen, from (B.4), 
that other Cyac’s will also behave in a similar way as Com and Ca. It means that Jyw 
decreases as Ryp’ increases. 

Though the above discussion has been based on approximate formula (20), most terms 
appearing in (13) also have the same dependence on Ruy’ as (20). Namely the second term 
in (13) decreases as Ryy’ increases, since it is proportional to 


{Tax )+ IA) Thx) + 1h) Th’ x) + TAT h) TRAN)? 


(see (14)). The fourth and fifth terms show the same behavior. Therefore it may be said 


that Jay’ in general decreases as Ruy’ increases. 2d 
2) Influence of ionic terms on Jun’. We shall assume that all the coefficients of ionic terms 


in B.F.’s (see (6)) are fairly small compared with unity. Then all Ce’s are almost independent 
of the presence of ionic terms. Since our discussion is based on (20), we investigate Qarnaa,0’s. 


As is seen from (15), they are proportional to 


TI N(bb’) Avw Nhx){1+ Kh)S(hx} NW x AFTNYSA)} , 
b-b’ 


= 
len 4 


where b—b’ is a chemical bond constructing a side of a polygon 4. 
Using that S?~1/2, we obtain 


* These values have been found by the use of the ground state wave function obtained by Karplus 


and Anderson”. 
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Sea {14 0.476) + 10’) (33) 
2 {1 40.4716) + 16) + (1/6) 126) + 20) + 10)M6))} 


N(bb’) Aww ©- 
As (1/6){12(6)+ 12(b) + 110) 6D} <1, (33) shows that M(b’)Av’ is almost independent of J(d) 
and I(b’). On the other hand we obtain, by the use of S?~1/2, 


_ 140.71Kh) (34) 
1+0.47(Ih) + Kx) + (1/6)\(12(h) + P(e) + Lh) Xx) 


NAx{1+1h)Shx)} © 374? x 


and a similar expression for N(h’x)(1+I(h)S(h’'x)}. It is seen, from (34), that 
Nhx{1+Ih)S(hx)} decreases as I(x) increases. The increase of J(x) means the increase of 
the electronegativity of the atom to which x belongs. 

Therefore we obtain the conclusion that Jgy decreases as the electronegativity of the atom 
chemically bonded to H or H’ increases. We can show, in a similar way as in 1) in this 
section, that this conclusion will not alter even if we adopt the general formula for /gy’ in 
place of (20). 


§5. Numerical Application to Methane Molecule and Discussion 


We have applied general formula (13) for Jyy to a methane molecule. Using the ground 
state wave function obtained by Karplus and Anderson®, we obtain the values of Ce’s. The 
values of Qz,,’s are calculated by the use of (14), (15), (16), (17), (18) and (19). We adopt ls 
Slater function for a hydrogen atom to calculate #?(0) and h?(0), and 4E=10eV. This value 
of 4E has been adopted by many authors»... We-assume that [(h)=I(h’)=0 and take 
several values between 0 and 1/2 for J(x) and I(x’), since their accurate values have not yet 
been known. The results of our calculations are shown in Table III. 


Table III. The calculated values for CH, molecule. 


Le= Tier 0 1/5 1/4 1/3 1/2 

Co? Qoo 0.00 0.00 0.00 0.00 0.00 
2CoC21Qe1,0 —1.83 —1.54 —1.46 —1.35 —1.19 x 10-2h2(0)h/2(0) 

200 > CuraQara,o —-0.18 —0.15 —0.14 —0.13 —0.12 

2Co >) CarroQarav.o ==) —0.10 —0.10 —0.10 —0.10 

D CurraC urna’ Quran! 0’ —0.11 -—0.11 —0.11 —0.11 —0.11 

2%) CuraCwrno’Qaaa,a’r'n? —0.21 —0.19 —0.19 —0.18 —0.17 

> Curry Carn Qarrv ar’ 0" —0.08 —0.07 —0.06 —0.06 —0.05 

(Y\Q|P) —2.51 —2.16 —2.06 —1.93 —1.74 


Juu(sec}) 


12.1 TTE5 10.8 O37 


The observed value of Jqy’ is 12.4-+0.6 sec-!.8 As is seen from Table III, the calculated 
value for [(x)=I(x’)=1/5 is in best agreement with the observed one. 


In general Cxa will be much larger than other Cyraa’s. Therefore (20) may be further 
simplified in the following: 


2 
Jan’ ~ —37- (88h/3)?7 AE) 2CoCoraQara.o (35) 


This is the expression used in our previous paper». As is seen from Table III, the value of 
2CoCr1aQo1a,0 is not so different from the value of (Y\Q|¥). Therefore it may be said that 
(35) is fairly good approximation to Jay’ in a methane molecule. 
Apart from the case of dealing with simple molecules such as methane, it is very difficult 
in general to determine Cé’s by minimizing the energy. In such cases, it will be useful to 
determine the order of Cua by using the observed value of Jyy and (35). 

Karplus and Anderson have also calculated Jun’ for a methane molecule and obtained the 
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value in good agreement with the observed one. However, their formula does not contain 
} the terms Cy?Qo and 2C, Po CarnQ@anro,0 appearing in our general formula. Therefore their 


formula may fail to give the correct results for some cases, for example, large molecules 
j (see the discussion in § 3). 


The author wishes to express her appreciation to Professor K. Niira and Dr. K. Ohata 
|} for their valuable discussions. A part of this work was supported by the Scientific Research 
| Expenditure of the Ministry of Education. 


Appendix A 


We shall here calculate Qoo., Qma.o’s and so on to the lowest order of T in each case. 
| Namely Qoo and Qary»,0’s are calculated to the second order of JT and Qiraa.o'Ss and others to 
| the zeroth order of T. 

| (1) Derivation of Qu ((14)) 

M) is written in terms of B.F.’s as (see (9)): 


Do= Grell, 2)bn’e(3, 4) - + boyry(2v—1, 2v) +++ bopo_(2R—1, 2R) . (A.1) 


| As has been assumed in the text (see above (12’)), we neglect the contributions to the elec- 
' tron density at nucleus H (H’) from A.O.’s other than h (h’). Therefore when we substitute 
-(A.1) into the expression for 4oo((il)), only the 4oo(P; 7H, 7H’)’s for <=1 or 2 and j=3 or 4 do 
not vanish owing to the presence of O(riq) and d(rjy’). Furthermore we assume to be able to 
neglect the contributions more than the second order to T to Qo. This means that it is not 
| necessary to consider a permutation P which permutes the electrons appearing in three or 
more B.F.’s. Therefore it is sufficient to consider only 4o0((14)(13)(24); 1H, 4H’) and 
Aoo((23)(13)(24); 2H, 3H’) in the first sum on the right-hand side of (12’). 
If an UV permutes neither electron 1 nor electron 2, we can prove that 


4oo(UV; 1H, 3H’)=4o0(UV; 2H, 3H’) 
and . 
Aoo(UV; 1H, 4H’)=4on( UV; 2H, 4H’) , (A.2) 


because @ is invariant under the electron exchange (12). Therefore in the second sum on 
the right-hand side of (12’) doo(UV; iH, jH’)’s with UV’s which permute neither electron il 
nor electron 2 are cancelled each other owing to the presence of (—)'*’ and do not contribute 
to the sum. The same holds for 4oo(UV; iH, jH’)’s with UV’s which permute neither elec- 
tron 3 nor electron 4. Furthermore 4oo(UV; 7H, 7H’)’s with UV’s which permute electron Z 
or electron j vanish because of the presence of O(rig) and d(rjq’). Therefore, neglecting the 
contributions more than the second order of 7, we must consider only 4oo((24); 1H, 3H’) and 
: 4H’) in the second sum of (12%). 
Bice. a Ree, calculate the above-mentioned four 4o0’s. It turns out that all of them 


are equal to 
N2(hx)N2h' x (T(x) + Wh) Thx) 4+ Mh) Thx) + LPL A) TAR) PO) kA O) : (A.3) 


Substituting (A.3) into (12’), we obtain 


Quo= —— Nha) Nh! x) (Tex) ALT Ax + LA) T HW) + LAIR) TAR) PROW AO). (A.A) 
Zi 


2) Derivation of Qunra.015)) 
He has been explained in the text, there are 4 polygons for M2 A-structure, among which 


a polygon including x—h—h’—x’ as its sides is denoted by 3; in this paragraph. Following 


(9), we write{®mx« in a form: 
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A My/2 
Oura=T TT {1—S2(abs-sa;)/2}-¥? x baw, 2) barat (3, 4) +++ dat, a(tm—1, m1) 
pe=l j=l 


(at=a, a2=h, a3!=h’', ast=2') 


x ll {pavat(Rut1, hut 2)bavat(Rut3, ky +4) 2 tens batt att(Rutmu—1, Ru+mu) 
w=? 

x ID $o,0,(2v—1, 2v) . (A.5) 
v=M+1 


For the sake of convenience we write @ as follows: 


Oo= Onxl(1, 2) bn'2’(3, 4) oo bal, ,at (mi—l, m1) 


r 
x TT datat(ku tl, ku+2)batar(kut3, hut) «++ bat att (ku-tmu—1, kutmu) 
w=? 


m—1 m 


R 
x Dl @sp72r—1, 2y)s (A.6) 
v=M+1 
Substituting (A.5) and (A.6) into (11), we see, in a similar way as in 4oo, that allowed 
numbers of 7 and j in 4iracjo(P; iH, 7H’) are 1 and 2. Since @) and Myaa are invariant under 
the electron exchange (12), we find 


Auaa,o((12)UV; 1H, 2H’)=4mra,o( UV; 2H, 1H’) 
and 
Awna,o(12)UV; 2H, 1H’)=4aaa,o( UV; 1H, 2H’) . (A.7) 


Therefore (12’) becomes 
Qurao=—= 3 (—)8" {AraC UV; 1H, 2H’)+4ara.o(UV; 2H, 1H’)} . (A.8) 


We assume to take account of only the zerothord er of JT. Therefore we may consider only 
the permutations UV’s which permute the electrons belonging to one polygon among them- 
selves. Furthermore in the one polygon (z#-th polygon) we may consider only two permu- 
tations, one of which permutes only odd numbered electrons in cyclic by one and the other 
permutes only even numbered electrons in cyclic by one, namely cycles (kut+my—1, kutmu—3, 
6+, Rut3,Rutl) and (Rutmuy, Rutmy—2, +--+, Rut4, Rut+2). Polygon 3; is exceptional. In 
this case the permutation which must be considered is cycle (m1, mi—2, ---, 4,2) if i=1 and 
j=2 and (m—1, m—3, ---,3,1) if <=2 and j=1. The above facts is stated together as 
follows: When we take account of only the contributions to the zeroth order of Tin Qyaq.o, 
it is sufficient to consider the following permutations 


r 
iV UT (eu +mu—1, Rutmu—8, ND kut3, Rutl)(Rutmy, Rutmu—2, So arn kut4, Rut2)eu 5 
w= 


(A.9) 
where for #22 yuz’s and d,’s are 0 or 1 and 7z+0,=1, and for w=1, 7:=0, d1=1 if i=]; 
Gia and 7a I. 01=0 if 7 Of Hale 

Substituting (A.5), (A.6) and (A.9) into (11), we obtain 


m,,/2 
Aura, UV; 1H, 2H’)=Awaa.(UV; 2H, 1H’) =2-"2 TH {1—S*(at,_,at,)/2}-¥? 
A=1 j=l 
x NAx) Nh’ x’ {1+ h)S(hx)}{14+ Ih’) Sth’ x’)} 
oN My/2 


x uh = NG OA h(0)h'2(0) , (A.10) 
M=1 j=l 
(except for bonds h—g# and h!—2’) 


where 
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Alys,29=1+{Mak,_,)+ Mas)}S(aty_.a,) + Satya). 


Finally we obtain from (A.8) 


— 3 A-(at/2) M—X : tole 
Q ura,0= — v 2 4) tee - {1—S*%(ap,.,a%,)/2}-/ 
x Nx) NA’ x {1+ Lh)Shx)}{1+ Ih) S(h’x’)} 
» My,/2 


x TM {NCA 0) AY, 2 PHO) (A.11) 
(except for bonds h—a and h’—«2’) 


(3) Derivation of Qmurv,o((16)) 

In M2AB-structure, h—x and h’—x’ cannot be the sides of the same polygon. The polygon 
having the side h—x is denoted by 3, and the one having h’—x’ by 82. If h—x or h’—x' 
is an isolated line, we consider it as a polygon having two corners. By the use of (9), Dara» 
1s written as 


A my/2 


Purv= WM {1 —S%( ahs 8s) /2}-? x dnat(1, 2)Gata3(3, 4) +++ date —1, mn) 
(a=, @2!=h, a2=a', a2?=h') 


x pram +1, M1 +2) Param + 3, m,+4) eels ba? 2M +M2— it m1+mMz2) 
Atf 

x L} {apay(ku +1, Rut+2)batat(Rut 3, ku+4) isis halt at'(Ru—mMu—1, kutmyp) 
= 


R 
x IJ Poyo,(2v—1, 2v) 5 (A.12) 


v=M+f+1 


where f=2 if both of 3, and 4: are isolated lines, f=1 if one of them is an isolated line 
and f=0 otherwise. In the present purpose we write % in a form 


Oo= baz(l, 2)baal(3, 4) --+ ba a (m-—1, m1) 


m—-l m™. 


m 


X Pare +1, m1+2)ba2ar(M +3, mit) +++ ba? _ a? +m2—1, m1 +m) 


At+S 
x il {batav(Ru+1, Rut2)atat(Ru+3, Ryu+4) --- dat _jat(kutmu—l, Ru+mu)} 
fee 1,8 


R 
x Tl ¢o,~,(2y—l1, 2v). (A.13) 
v=M+f+1 


Using (A.12) and (A.13) in (11), we see, like before, that allowed numbers of 7 and 7 in 
Amav,o(P; iH, 7H’) are 1 or 2 and m+1 or m1+2 respectively. Therefore 4yav,o((ij)UV; iH, 7H’)’s 
appearing in the first sum on the right-hand side of (12’) give the contributions at most of 
order T2. In the case of Quav,0 these contributions cannot be neglected, because the contri- 
- butions of the second sum also begin with order T? as will be shown in the following. 

In quite an analagous way as in the derivation of (A.9), UV’s giving 4aaov.o(UV; 7H, 7H’) 
of the zeroth order of 7, which are denoted by UoVo, are 


Uo VLG oA Rkutmy—3, ee) kut3, Rut+1)’H(Rp t+ mu, Rutmy—2, eg ku+4, Ru t2)u ’ 
5% (A.14) 


where for »>3 7,’s and 6,’s are 0 or 1 and 74+0,=1, and for ~z=1, =0, J 1 if z=1 
pnd y= 1.6.0 if i=2, and for #=2,.72=0, Ga=1 if j=mmtl andjra=l, o=0 if jomte. 


my/2 
II (2r—1, 27) 


rai 


By the use of the fact that % and Om,» are invariant under the permutations 


C m,)/2 ; ; 
and vane (2r—1, 2r), we can prove the following equation 


r=(m/2)+1 
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Amav,o(Uo Vo; 1H, 711 +1H’)=Aaav,o( Uo Vo; 1H, m+2H’) 
=Aurv,0( Uo Vo; sl. m1+1H’)=4marv,o( Uo Vo; 2H, m,+2H’) 6 (A.15) 


Therefore Aarav.o(Uo Vo; iH, jH’)’s are cancelled each other in the second sum of (12’) owing 
to the presence of (—)'*/. In other words the second sum does not contain the terms of the 
zeroth order of T. 

As is shown above, the leading terms of Qmav,o are of the second order of T. Therefore 
we may neglect all the ionic terms and replace S(ais. ,a4,)’s by their suitable mean S. The 
calculation of Qaav.0 to the second order of T is lengthy but straightforward. Only the 
results will be cited in the following. In the second sum on the right-hand side of (12’) the 
contribution to the second order of TJ arises from Jsmav,o((2x, 2y)UoVo; 1H, mi+1H’) and 
Auav,o((2x—1, 2y—1)U) Vo; 2H, mi +2H’), where 2x denotes one of electrons 2,4, ---, mm and 2y 
denotes one of electrons +2, +4, ---,mitm:. In the first sum of (12’) the contribution 
under consideration arises from 


Arvo, mi +2)UV; 1H, m1+2H’) 
and 
Amarv.o((2, 71 +1)UV; 2H, m4+1H’) , 


where 


x (my,+m,)/2 x (my, +my)/ [2 


Gm 2OValIl I iar anes i, 2y— Uo Vole) +1, m+ 2)L1 a0 _ er 1,27) 


r=1 r=yt+l =1 r=y 
and 


x2 (my, +m,)/2 x (my +mMpy)/2 


(2,m+)UV=W MW (@r—1, 2r\(2x, 2y)UoVol2)\m +1, m+2)M TW (rl, 27). 


r=l1 r=yt+ r=1 r=yr+l1 
A final result is 


ane) SIGNED En o2\ 42 3 a ‘ 
CF Os oe gal hi ‘Ca (1+ S2)@/2)-4 T272(0)h/2(0) 


x{a4+s)+(3t 1 )a+sy}f ats) +(3-1a+so}. (A.16) 
(4) Derivation of Qarra,m’r'a’, Qaura,u’r'r’ ANd Qaurv,mu’r'r’ ((17), (18) and (19)) 

The contribution of the above quantities to Jyy will be much smaller than those of 
Qarra,o’S, because Cwaa’s and Cmav’s are much smaller than Cy (see (13)). Therefore in the 
calculation of these quantities we may neglect all the ionic terms and replace S(ah,,a%,) s 
by S. 

When we superpose the R.D. of Ys (E*<0) on the one of ¥%, (y+<0) we obtain in general 
several isolated lines and polygons. We denote the latters by yu. (u=1,2,---,@). It is easily 
seen that the role of /’, in the calculation of Qe. (E, 7*<0) is the same as the role of 3, in 
the calculation of Meo (E-<0). Therefore we can calculate Qz,, (E,7+<0) in the same way 
as Qe (E*<0), except that /", are not necessarily constructed by the equal numbers of the 
chemical bonds and the non-chemical bonds. (It is noted that in 2, the number of the 
chemical bonds is equal to the one of the non-chemical bonds.) We denote the sum of the 
numbers of sides of J", (“#=1, 2,-+-,) by 2L and the sum of the numbers of chemical bonds 
constructing J’, by €. It should be noted that the number of isolated lines can be expressed 
by R-L. 

In the case of Qwaa,m’xa’ the non-chemical bond h—h’ is included in both of structures 


Mia and M’i’a’. Therefore h—h’ is always an isolated line. As in the calculation of 
Qaxara.o, we obtain 


Ownrawrr'ar=3x 20-1) “(+59 if (-F)PO-F) mono. (A.17) 
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In the case Of Qana,m’rr’, h—h’ is a side of a polygon. This case can also be treated in 
a similar way as Qaaao. We obtain 


ary Ree re are {a +52) Vy. ( 1 =) pe ipa 1 =)" w(0)h/2(0), — (A.18) 


where ¢ (Z’) is equal to unity if h—« (h’—x’) is included in Vr and zero otherwise. 

In the calculation of Quwa»,ax.%” we must consider the following two cases separately. In 
one case A,O.’s h and h’ are on the corners of the different polygons. In such a case it 
can be proved in the same way as in Qwav,o that the leading term of Qaray.wv is of the 
second order of 7. Therefore this case can be neglected. In the other case where h and h’ 
are on the corners of the same polygon, the calculation can be made in a similar way as the 
one of Qmaao. We obtain the following result: 


(¢/2)-t-t" 2\-2 
Quo any =BxD0-H(— Yes] (14 $9) y, ( ey ie (1-2) W(0)h’(0), (19) 
where ¢ (¢’) is equal to unity if h—x (h’—x’) is included in Yaa, or Yarn’ and zero otherwise. 


As will be seen from the above derivation, if we wish to take account of the ionic terms 
of the chemical bonds, we must replace 2-$/2(1+S2)¢/? in (A.17) by Uf Mob’)Am- and 
b-d/ 


276/21 + S2)G/2)-t-t” in (A.18) and (A.19) by 
TL Nb’) Aw NaN + Mh)Sha)) NW IF TASH)" 


where b—b’’s are the chemical bonds, except for h—x and h’—.x’ constructing the polygons. 


Appendix B 
The ground state wave function of a molecule must have the form 


PF =CoVot+ CeCe? + CP ne t--:. (B.1) 


W% is the wave function, which is invariant under the operations belonging to the point 
group of the molecular symmetry and is in connection with a canonical structure Yr in the 
following manner: 


Vr=>) GY: , (B.2) 
Gg 


where G’s are elements of the group. The group theory tells us that the identical terms 
appear g times in the sum of (B.2), where g is the number of elements satisfying G¥r=V¢. 
Therefore Cs appearing in (1) is connected with Cz by the relation gCe*=Ce. 

Solving approximately the secular equation to determine the energy, we obtain 


(L's| FH |V0o)—(F e|V 0) ¥ol AH |¥o) (B.3) 
> (GY | AV) —(G¥ 2% )\ Gol A |¥0)} 


Oa 


where 2 is the total Hamiltonian of the molecule. Matrix elements (G¥:| 4|¥¢) etc. are 
calculated by the simple V.B. method. Substituting them in (B.3), we obtain, for the 
canonical structure characterized by M, 4, A, 


1 Jodie 
(Qs {(aiy 1083) — “9 (25-1021) —“p (Gasah)} 
Me jk 


Cura Oe 
‘ QELS, Dr (Gh L 84) BE) 
Pee 


(ajax) is the exchange integral between A.O.’s aj and a. € is of the order of exchange 

integrals between A.O.’s not chemically bonded each other, which may be neglected com- 

pared with (a%,_,aM,)’s. The expression of Cuaa used in §3 is the one with the neglect of € 
ie 


in (B.4). 
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Potential Barrier of Phenol from its Microwave Spectrum 


By Takeshi KoJIMA 
Faculty of Literature and Science, Toyama University 
(Received November 2, 1959) 


The microwave spectrum of phenol, Cs!2H;O16H, was measured in the 


frequency range from 15 to 30Gc/sec. 


A majority of the spectral lines 


was found to be doublet, which was explained as the effect of internal 
rotation of the OH-group in a hindering potential of the form V=(V2/2) 


x (1—cos 27). 
cm-! from the observed splittings. 


The barrier height, V2, was determined to be 1100+100 


By the use of a rigid rotor model, the effective rotational constants 
were calculated to be A=5650.46 Mc/sec, B=2619.20 Mc/sec and C=1789.84 


Mc/sec. 


From these values, the OH-bond in its equilibrium configuration 


was found to lie on the plane comprising the CsH;-group. 


Introduction 


§1. 


Recently the potential barrier hindering 
internal rotation has been precisely determined 
for a number of molecules» by the use of 
microwave spectroscopy. In most of the mole- 
cules previously studied, the two parts of a 
molecule rotating relative to each other were 
found to be staggered in its equilibrium con- 
figuration. This was considered to be due to 
the dipole-quadrupole and quadrupole-quadru- 
pole interactions?» between the covalent bonds 
of one part and those of the other. 

The OH-group of phenol may internally 
rotate relative to the CsHs-group (Fig. 1). If 
its potential barrier is similar to that of 
methyl alcohol, the OH-bond in the equilibrium 
configuration will be out of the plane com- 
prising the CeHs-group. On the other hand, 
if the double bond character of the CO-bond 


contributes dominantly to the formation of the 
barrier, the OH-bond will lie on the plane 
comprising the CsHs-group. The latter con- 
sideration seems to be more plausible, but it 
has never been experimentally verified. 


5 


Fig. 1. Phenol molecule. 
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§2. Experiments and Results 


The spectrum of phenol was measured in 
the frequency range from 15 to 30 Gc/sec. 
The spectrometer used was of the ordinary 
Stark-modulation type with X-band cell of 
five meters length. The measurement was 
| carried out at room temperature, as the vapor 

pressure of phenol was high enough for our 
| purpose. 
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use of a rigid rotor model, that is, on the 
assumption that the OH-group is rigidly fixed 
to the C.Hs-group and that the center fre- 
quency of doublet corresponds to the transi- 
tion of the rigid rotor. 

Two Q-branch series and several R-branch 
lines of 0-type transition were identified. The 
assignments and the observed frequencies are 
listed in the first two columns of Tables I and 
Il. From the center frequencies of these 
doublets the rotational constants (listed in 
Table III) were determined by the convention- 
al method. The calculated frequencies were 
in good agreement with the observed values 
as shown in the last column in Tables I and 
is 


More than two hundred lines were observed 
_ in the range. Most of the strong lines were 
found to be split into doublets due to the 
internal rotation of the OH-group relative to 
the CeHs-group. The splitting of each doublet 
was about 112 Mc/sec. 
The energy levels were calculated by the 
Table I. Q-branch series of Cs2H,OH. 

: Obs. Split- Center Calc. 

ee freq. ting freq. freq. 
damn Mc/sec | Mc/sec| Mc/sec Mc/sec 

Ak 
449<— 431 23785.5 
BaDen | 2ooee-2 | 111.1 | 23439.3 | 23438.7 
Gabe | Soy 2 |M1l1.1 | 22745.0 |_ 2744.4 
ie eee ea 111.6), 21602.3 | *21602.7 
Bu 855 | Blt2-2 | 112.8 | 2008.9 | 20089.6 
945-95. | 180°0-2 | 111.6] 18516.3| 18516.6 
| 
Wel ye, 5 111.8) 17340.3 | 17340.6 
11 i) ye eu WIE. (17002,0') 17001-2 
Teenie One it-7 | 17808.2 | 17808.5 
* 

44g Zs 23899.7 
Bise-Bop | 3512-0) 111.5 | 23869.7] 23870.3 
Gis-65, | 25807-2| 111.4] 2392.9) 23923.1 
Woe Tae Vs ope || liied.| 24i51-1 ) 2451.5 
Bise-Byq | 2400E"G | 111.5 | 24660.1) 2460.3 
Ser | BedsO-4 | 112.0 | 25545.4 | 25545.7 
10,7<10s3| 6820-2 | 111.1 | 26877.3 | 2687.3 
Lygct1z0| 28629-7 | 111.5 | 28685.5 | 28685.8 


* These lines could not be observed because of 
their weak intensity. 


Table II. R-branch lines of C,!2H;O1H. 

Transits Hogreaen pling | deeg. | Dtbets 

Mc/sec | Mc/sec| Mc/sec Mc/sec 
4u-313 | tagae'g | 111-8 | 14789.0 | 14789.11 
Ayu Bp5_| jogos; | 111.8 | 17309.2 | 17809.11 
Bis—4ue_| Teogs ag | 112-04 | 18975.48 | 18975.52 
Bis4o | Soage's | 112.1 | 20409.2 | 20409.25 
6usSis | open’ Sy | 112.20 | 2910.97 | 22911.05 
Gie<Sos_ | Sarco’ ee | 112.25 | 23654.77 | 23654.73 
Teer eee 111.75 | 26679.44 | 26679.52 
Tir—6ye | Beeg? op | 111.81 | 27041.12 | 27040.79 
Table III. Rotational constants of Cs!2H;01%H. 


A=5650.46+0.20 Mc/sec 
B=2619.20+0.20 Mc/sec 


C=1789.844 


+ 0.20 Mc/sec 


«= —0.57035+0 
4= —0.032+0.020 amuA?2 


Ta,er== 89.457 amuA2 
Ty ort = 193.010 amuA? 
Teo = 282.445 amuA? 


00005 


The expected planarity of the molecule was 
confirmed by the smallness of the inertia de- 
fect 4 (=ILeenr—In,er — Io,er) =— 0.03 amuA?. 
The negative value of 4 will be discussed in 


§ 4. 


§ 3. Internal Rotation 

Either of the two groups in a phenol mole- 
cule rotation relative to each other is asym- 
metric with respect to the axis of internal 
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rotation (a-axis). Such a case was treated 
theoretically by Burkhard® with very compli- 
cated results. Since the moment of inertia 
of the OH-group about the a-axis is very small 
in comparison with that of the CsHs-group, 
the moments of inertia of the whole molecule 
are almost indifferent to the torsional angle 
between the two groups. If we assume that 
the OH-group is symmetric and the hindering 
potential is represented by the equation 
V=(V./2)(1—cos 2x), the usual treatment on 
the internal rotation will be applicable to this 
molecule. 

The equation which describes the internal 
rotation is 


@M a 2h 
dx? Tah? 


where W is the energy of the internal rota- 
tion and /, and / are the moments of inertia 
of the OH-group and the C.sHs-group respec- 
tively, about the a-axis, and J, is related with 
Te" Fi. 

The solution of the equation (1) can be 
expressed by 

IVE XC CS) 


where o=—(4,/I,)K, and P(x) is expanded in 
the Fourier series 


| w F (l—cos 2x) [M=0 es) 


IZXC N= SS EE? - 

We have two types of solutions which are 
designated, byaic=heiand. r=2accordingwas 
m=(---,—4, —2, 0, 2, 4, ---) and m=(---, —3, 
—1,1,3,---), respectively, in the similar way 
as used in the treatment of methyl alcohol by 
Dennison and others”. 

When the potential barrier is relatively high, 
the internal rotation energy Wi-n is expressed 
in good approximation by? 


Wrin = An — Ps COS zh K 


Wron=An+ es COS as 


where a, is the m-th torsional energy in the 
high barrier limit. Since the value of L/I, 
of phenol is so small being of the order of 
0.01 that Win and Wen are very close to 
Qn—Bn/2 and an+Br/2 respectively when K 
is small. The selection rule of b-type transi- 
GOnM ISSA (Or Ken) == leandag— ahs 
the splitting of doublet lines which is caused 
by the internal rotation should be nearly equal 
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to 28x. From the observed splittings in the 
ground torsional state, the potential barrier 
hight was calculated to be 1100cm™’ for the 
assumed value of 4=0.80 amuA?. 


§ 4. Inertia Defect 
We shall consider the effect of internal 

rotation on the effective moments of inertia. 
Two of the geometrical moments of inertia 
of the whole molecule, J, and i, are given 
by the functions of the torsional angle, x, 
between the two groups, while the other mo- 
ment of inertia, Ju, is independent of x. The 
approximate expressions are 

IE 

L=LO+h sin? x 

I.=I[,— sin? x 
where J,, J, and J, are the moments of 
inertia when the OH-group is in the plane 
comprising the C.H;-group. The effective 
moments of inertia and the rotational con- 
stants are given by 


eet 


boca tore To 

neh 1 etieh <> 
87? Ther 822? \ h/ av 

Losey seca oat a 
87? Te, ett 87? I. av 


where the average is carried out for the tor- 
sional state obtained in the previous section. 

The inertia defect is expressed in the form: 

A=ITe er—TIa,er— Ie, err 
=[,O— 1, —J,46 
where 6 represents the effect of internal rota- 
tion on the inertia defect. The value of 6 is 
estimated to be —0.11amuA?2 for the barrier 
height of V2=1100cm7!. 

Since the value of 4 obtained in §2 is 
—0.03 amuA?, the value of (4—6d)=(,-—L,™ 
—I,) is found to be 0.08amuA?2. This can 
be compared with the values of inertia defect 
of CsH;sN®, CeHsF® and CeHsCN®, which are 
0.0336, 0.027 and 0.073 amuA2, respectively. 
The effect of the stretching and tipping vibra- 
tions of the OH-bond on the inertia defect is 
considered to be small. 


§5. Conclusion 


The effective moments of inertia of a phenol 
molecule was _obtained by the use of a rigid 
rotor model. From the inertia defect, this 


| 
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molecule was shown to be planar in its equi- 
librium configuration. The negative value of 
the quantum defect was considered to be 
caused by the internal rotation of the OH- 
group. The potential barrier hindering the 
internal rotation was determined to be 
V2=1100+100cm™ on the assumption that 
the potential barrier was represented by 
V=(V2/2)1—cos 2x). The relatively high 
barrier and the planarity may be explained 
as due to the double bond character of the 
CO-bond which arises from the conjugation!» 
between the z-electrons of the benzene ring 
and the lone-pair electrons of the oxygen 
atom. 
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Zeeman Effect of Nuclear Quadrupole Resonance Spectrum 


in 1, 3, 5-Trichlorobenzene 


By Yonezo Morino and Masaharu ToYAMA 


Department of Chemistry, Faculty of Science, 
University of Tokyo, Tokyo 
(Received November 10, 1959) 


A study of the Cl35 resonance spectrum was carried out at the room 
temperature on a single crystal of 1, 3, 5-trichlorobenzene. Spatial 
orientation of the C-Cl bonds was determined to the accuracy of 1°. An 
orthorhombic structure was concluded, with the unit cell containing at 
least four equivalent molecules oriented with the symmetry of Dz,. The 
angles between the C-Cl bonds in each molecule were close to the 
hexagonal angle, but one of the C-Cl bonds was deformed by ca. 1.6° 
from the plane of the other two. The asymmetry parameters were 
observed to be 0.093, 0.11,, and 0.12) for three absorption lines, 35.020 
Mc, 35.296 Mc, and 35.545 Mc, respectively. The results were discussed 


from the viewpoint of intermolecular interaction. 


$1. Introduction 

In the preceding Zeeman studies.” the 
asymmetry parameters of the electric field 
gradient at the Cl® nuclei in cyanuryl chloride 
were observed, which were very large (7 
=0.23 and 0.26) compared with that in /p- 
dichlorobenzene (y=0.08).# This large asym- 
metry was concluded to originate from large 
electronegativity of nitrogen atoms in the 
triazine ring. In cyanuryl chloride lone-pair 
electrons on chlorine atoms are attracted 
towards the ring so strongly that the double 
bond character of the C-Cl bonds is more in- 
creased than those in chlorine derivatives of 
benzene. This conclusion will be confirmed by 
the measurement on 1, 3, 5-trichlorobenzene, 
which may be quite similar to cyanuryl 
chloride in its ring structure. 

1, 3, 5-Trichlorobenzene is also interesting 
in its molecular structure. Bastiansen and 
Hassel? have reported from the studies of 
electron diffraction by gaseous molecules that 
the observed interatomic distances of hexa- 
chlorobenzene were best explained by assum- 
ing a bending of the C-Cl bonds of about 15° 
out of plane of benzene ring, and those of 
1, 2, 3, 5-tetrabromobenzene by assuming a 
bending of about 12° of the C-Br bonds. 
These results are of so fundamental impor- 
tance in structural chemistry that they should 
be studied further. The measurement of the 
Zeeman effect of the nuclear quadrupole re- 
sonance spectrum is also most suitable for 


this purpose, since the principal z-axis of the 
field gradient at the Cl nucleus must be along 
the C-Cl bond direction. In 1, 3, 5-trichloro- 
benzene the ortho steric hindrance may be 
small so that three C-Cl bonds are expected 
to lie in the benzene plane. Thus the 
measurement of the bond angles in this mole- 
cule will give a fundamental basis for the 
further studies of the planarity of the sub- 
stituted benzene molecules. No structural in- 
vestigation has been made for this molecule. 

Three Cl** resonance lines with equal 
intensities have been observed in 1, 3, 5- 
trichlorobenzene by Bray, et al..© This result 
indicates that the crystal of 1, 3, 5-trichloro- 
benzene contains three groups of chemically 
inequivalent lattice sites,* and each of the 
groups includes the same number of chlorine 
atoms. Since a molecule contains only three 
Cl atoms, it allows two cases for the probable 
crystalline structure; (1) all the molecules 
occupy the equivalent positions in a crystal, 
whereas three Cl atoms in a molecule are in- 
equivalent, or (2) three Cl atoms in a mole- 
cule are equivalent, whereas a unit cell 
contains three sorts of inequivalent molecules 
with equal amount. 

For the location of the principal axes of the 


* The terms “physically” and “ chemically ” 
equivalent were introduced by Das and Hahn (Nu- 
clear Quadrupole Resonance spectroscopy in Solid 
State Physics, Supplement I, Academic Press Inc., 
New York (1958) Sec. le). 
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field gradients and for the determination of 
the asymmetry parameters, a number of 
methods of Zeeman study have been proposed, 
of which the most popular one is a method 
of the measurement of no-splitting loci.®-® 
This method is excellent in giving the precise 
direction of the z-axis, but it is not con- 
venient for determing other axes and the 
asymmetry parameter. The asymmetry para- 
meter is precisely determined from the split- 
ting by a static magnetic field applied parallel 
to the principal xy-plane, where the splitting 
due to the non-axial field gradient is very 
large if a strong magnetic field is applied. 

A theoretical calculation suggested that 
the directions of the principal x- and y-axes 
may precisely be determined by measuring 
the dependence of the relative intensity of 
the Zeeman components upon the direction of 
the rf field. When a static magnetic field is 
applied parallel to the xy-plane and the rf 
field in the direction not close to the z-axis, 
the relative intensity P, for the spin J=3/2 is 
given to the first order in 7 as follows: 


a=) Lx Lo 
P(+)+P(—) 14+(14 4/3-7) cot? gy ’ 


[Pio 


Gy) 
where P(+) and P(—) denote the intensities 
of the inner and the outer pairs of Zeeman 
components, respectively, and (@,, g,) the 
direction of the rf field in regard to the 
principal axes. Hence the inner or the outer 
‘pair disappears, depending upon whether the 
direction of the rf field is parallel to the yz- 
plane (v-=90°) or to the xz-plane (g,=0°). 
the present study this new method was 
employed together with the above two 
methods. 


Experimental and Results 


§ 2. 

The apparatus for the Zeeman study was 
described in the preceding paper.» A super- 
regenerative spectrometer’? 1 was used for 
the observation of absorption lines, which were 
displayed on a recorder at the room tempera- 
ture. The relative intensity of the Zeeman 
components was calculated from the ratio of 
the peak-to-peak deflections in the derivative 
of absorption lines. Since the energy ab- 
sorbed in the nuclear quadrupole resonance is 
small compared with the total energy of the 
rf field, the deflection, i.e., the voltage change 
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in the rf coil, is approximately proportional 
to the absorbed energy, in such a narrow 
frequency range used for the Zeeman effect. 
The static magnetic field actually applied was 
ca. 30 gauss in its strength for the ordinary 
observation, and ca. 100 gauss when necessary. 

Commercial 1, 3, 5-trichlorobenzene supplied 
by Tokyo Chemical Industry Co. Ltd was 
purified by recrystallization from alcoholic 
solution which was decolored through a layer 
of active charcoal. A single crystal of about 
10g was grown from the molten state. 


Table I. Cl Nuclear quadrupole resonance fre- 
quencies in 1,3,5-trichlorobenzene. 


Absorption lines 


T t 
Spee emene(N LS) vp(Mc) ve(Mc) 
IT? K 35.543 35.893 36.112 
195° K 35.305* 35.620  — 35.856* 
299° K 35.020 35.296 35.545 


* First observed in the present experiment. 

The three pure quadrupole absorption lines 
will be designated as va, vy», and ve, in order 
of the frequency increase, and are reproduced 
in Table I. When a static magnetic field 
was applied, two lower absorption lines va 
and vy, split in general into about sixteen 
lines, while the highest one ve into about 
eight. This shows that vz and v, come from 
four sorts of physically inequivalent g-tensors 
G1, Gx, @3, and as, and bi, be, bs, and bu, 
respectively, while ve from two C1,2 and ¢3,4. 
The splittings were all symmetric with respect 
to three orthogonal axes X, Y, and Z taken 
in the crystal and to the planes XY, YZ, and 
ZX; viz., the spatial pattern of the Zeeman 
splitting was of the symmetry of Dz. Here- 
after the axes designated by capital letters 
will represent the crystal-fixed ones while 
those by small letters the bond-fixed ones. 
Any direction will be expressed by direction 
cosines in regard to the above crystal-fixed 
axes without referring to it. 

By the restriction due to the construction 
of the magnet” the detailed observation had 
to be confined to a range of about 40° ar- 
round the Z-axis. The results are illustrated 
in Fig. 1. In this diagram the polar co- 
ordinates (9, v) denote space-fixed ones used 
for the experiment, which are projected on a 
horizontal plane from the origin taken at the 
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center of the sample. This projection is con- 
venient, because the directions in a great 
circle are projected into a straight line. In 
fact, the projections of the xy-planes are re- 
presented by straight lines in Fig. 1. They 
were determined through location of the direc- 
tions in which the relative splitting defined 
by 4vs/4dv- became maximum, where 4y+ and 
4y_ denote the splittings of the inner and the 
outer pairs, respectively. On the other hand 
no-splitting loci are expressed by circular 
lines. The direction of the rf field was set 
to be vertical, that is, in the polar direction 
in Fig. 1 which was transformed into the 
crystal-fixed coordinates to be (—0.054, 0.040, 
0.998). 


(402,90°)_Y 


y| 

-Y (40°-90°) 

Fig. 1. Spatial pattern of the Zeeman splittings 
arround the Z-axis. (@,y) denotes the polar 
coordinates actually used in the experiment, 
which are projected onto a horizontal plane 
from the origin taken at the center of the sample. 
The straight lines designated by ay, bi, etc. re- 
present the projections of the principal «y- 
planes of a1, b;, etc. while the circular lines 
those of no-splitting loci. 


The asymmetry parameters and the direc- 
tions of the principal x- and y-axes were 
determined from the relative splittings and 
the relative intensities of the Zeeman com- 
ponents in the directions parallel to the xy- 
plane. The directions of the principal z-axes 
were first roughly determined to be perpen- 
dicular to the xy-planes determined above. 
Then the z-axes were refined through appli- 
cation of the method of least squares to the 
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no-splitting loci. The refined asymmetry 
parameters and directions of the x-axes were 


obtained from the observation in the xy-plane | 
This process was repeated > 
untill the deviation became smaller than the — 
Special attention was payed - 


thus corrected. 


probable errors. 
to keep good convergence, referred to the 


theoretical requirement that, the closer to the | 


xy-plane, the larger the relative splitting | 
should be. 
Table II. Directions of the principal z-axes (C-Cl 
bond directions). 
z-Axes x ie Z 
a1 0.864, 0.423, 0.2705 
As —0.8624 0.4267 0.2725 
a3 —0.864, —0.424, 0.2693 
a4 0.867; —0.418, 0.2703 
by —0.862, 0.4825 0.156 
by 0.8713 0.4649 0.160; 
b3 0.864; —0.4765 0.160 
bs — 0.8654 —0.475, 0.1593 
C1, C2 —0.005g —0.915; —0.403, 
C3, C4 —0.010o 0.9125 —0.410; 
Table III. Average directions of the principal 


axes of the field gradient and the normal to the 
benzene ring. 


8.6 Vie Zz 

z-Axes: 

a 0.864, 0.423, 0.2703 

b —0.8659 0.474, 0.158 

é O2007% ~0.9135 —0.406, 
w-Axes: 

a —0.077 —0.42; 0.904 

b —0.029 —0.365 0.939 

é —0.075 —0.405 0.91, 
Normal  —0.071p —0.413; 0.907. 


The final directions of the principal z-axes 
are tabulated in Table II]. They are symmet- 
ric with respect to the axes X, Y, and Z, 
and to the planes XY, YZ, and ZY. The 
average directions of the z-axes are, there- 
fore, calculated by a symmetry transformation 
of all the q-tensors into the position of those 
designated by suffix 1. They are listed in 
Table III together with the average directions 
of the x-axes, which were determined by Eq. 
(1) from the relative intensities shown in 
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Table IV. Zeeman effect by a magnetic field applied parallel to the principal xy-plane, 


TN a where (ai, a,j) 
designates the intersection between the xy-planes of the qg-tensors q; and Qj. 


Directions acc ias Relative Relative Asymmetry 
(gauss) splitting intensity parameter 
is 780 | SV OWGH ee SD. BIS IB 2 ee 
(Qi, Gz) 113 0.909+0.007 0.055+0.07 0.09;40.01 
(a3, Qs) 148 0.895 ” 0.11, 7 0.105 7 
(a1, 4) 112 0.909 Vi 0.135 1 0.093 » 
(a2, a3) 118 0.910 « 0.117 7 0.099 7 
Vb 
(b1, bs) 106 0.893+0.007 0.09;+0.07 0.107+40.01 
(b3, 6a) 98 0.884» 0.08 7 On aa 
(bi, bs) 101 0.890» 0.09; » Ol, 7 
(bz, bs) 99 0.894 » 0:12; 7 0g 40nG,A 2 
Ve 
(C1, C2)* 107 unobservable 0.00 — 


(c3, ¢4)* 107 (0.882) <0.02 (0.12) 


* Jntersection with the YZ-plane. 


e— 


oli ot | 
cS ont Uy, %, 2 bo 
(b - 2) 
(a) Fig. 2. Typical charts of Zeeman splittings. The 


complicated feature was brought about by over- 

Yp lapping of the sidebands owing to super-rege- 

H=20 gauss neration. (a) The splitting of ve in the X-axis. 

in the Y-axis (b-1) The splitting of v» in the Y-axis, which 

was further split by increasing the strength of 
magnetic field (see (b-2)). 


Table IV, referred to the curvatures of the 
no-splitting loci. 

The relative splitting and the relative in- 
tensity in Table IV were observed in the 
direction of the intersection between two 
principal xy-planes of each pair of chemically 
equivalent g-tensors, such as (a1, a2) and (as, 
a). According to the symmetric orientation 


wee ip 4 ca i} of the g-tensors, the intersection lies in the 
ve yb Es plane XY, YZ, or ZX, so that the splitting 
5 lines coalesce into eight lines. In this ob- 


servation a large magnetic field was applied, 
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and the splitting could be measured fairly 
accurately, but the intensity may contain con- 
siderable error (0.07) due to overlapping of 
the side bands owing to super-regeneration. 
The asymmetry parameters were calculated 
from these splittings as listed in Table IV. 
In the above observation the direction of 
the rf field was set to be nearly parallel to 
the xz-plane of ci,. and c3,4, and the outer 
pair of Zeeman components of ve was hardly 
observed when the magnetic field was applied 
parallel to the xy-plane. The asymmetry 
parameter of c, therefore, could not accurate- 
ly be determined from the splittings in these 
directions. A more precise value was obtained 
from the observation in the direction of the 
X-axis. Although this direction is parallel 
to the xy-plane of c and close to the y-axis 
as is easily seen from Table III, the outer 
pair was still distinctly observed with con- 
siderable intensity as if the z-axis were 
deviated from the YZ-plane (see Fig. 2(a) and 
Table V). The asymmetry parameter 7. and 
the apparent deviation 48. are obtained below 
from the diagram in Fig. 3, which illustrates 
the relation of the splitting and the intensity 
with the direction of the magnetic field for 
various asymmetry parameters in the case of 
the rf field applied parallel to the yz-plane:” 


7e=0.125+0.02, 
AGc=1.3°0.3~. 


3 
u 
Oo 
(e) 
o 
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oO? 
{e9) 
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S33 
CO90O 
re) 


2 
4 
6 


3 
" 
2) 


— Relative Intensity (Pr) 


O 
0.7 0.8 0.9 1,0 
—— Relative Splitting (a4 Av) 
Fig. 3. The relation of the splitting and the 


intensity with the asymmetry parameter and 
the direction of the magnetic field, where the 
rf field is applied parallel to the xz-plane (not 
close to the z-axis) and the magnetic field paral- 
lel to the yz-plane, @ denoting the angle between 
the directions of the magnetic field and the z- 
axis. The observed values of ve in the X-axis 


are plotted at the point c with the range of 
errors. 
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In the directions of the X, Y, and Z axes, 
the absorption lines split into four lines so 
long as the applied magnetic field was weak. 
When the strength of the field increased, 
however, each inner component of va and vy | 
split further into two with the same intensi- 
ties in the direction of the Y-axis (Fig. 2(d)) 
and showed a tendency to broaden out in the 
X-axis, whereas it did not split further in the 
Z-axis. The fine splitting 6. of each inner 
component is listed in Table V as a ratio to 
the splitting of the outer pair, 0+/dv-. 

Since there is no possibility of a super- 
lattice,* these phenomena, together with the 
apparent deviation of c from the YZ-plane, 
suggest that the crystal may be a twin 
crystal consisting of two species slightly 
rotated about the Z-axis. The phase difference 
between them is estimated from the above 
results to be as follows: 


2.6°-+0.5° from va in the Y-axis, 
YAU SAIS sieOeN Day aval (dave Webcal. 
2.9°-+-0.7° from ve in the X-axis, 


and 2.7°+-0.5° on the average. The twinning 
plane may be parallel to the YZ-plane or to 
the XZ-plane, and coincides with the contact 
plane of two species. The twinning axis may 
be assigned to the X- or Y-axis. 

The fine splitting was not resolved up to 
about 150 gauss in the detailed observation 
arround the Z-axis as shown in Fig. 1 and 
Table IV. Furthermore, in the direction fair- 
ly deviated from the Z-axis the fine splitting 
was hardly measurable because of complexity 
in the spectrum. Then it should be noted 
here that Tables II and III indicate the results 
for the average of two species, which may 
agree with those for one species in the pre- 
sent case, since the phase difference is suf- 
ficiently small. Hence in the discussion of 
the following section let the axes X, Y, and 
Z represent the symmetry axes for one 
species. The splittings and the intensities in 
the directions of these axes calculated from 
the above results are in good agreement with 
the observed ones (see Table V). 


* If it be composed of a superlattice, the crystal 
should contain eight molecules in a unit cell which 
are chemically equivalent but physically inequi- 
valent to one another. Such a lattice is impossible 
to exist in this crystal, because the crystalline 
symmetry is orthorhombic as derived in the follow- 
ing section, 
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Table V. Zeeman effect by a magnetic field applied parallel to the symmetry axes X, Y, and Z. 


Anmeemntion Baa Relative splitting Relative intensity Fine 
(gauss) obs. calc. obs. calc. splitting 
X-axis ‘ 
Va 41 0.310+0.007 0.313 0.183+0.05 0.18 broad 
vp Al 0.302 7 Ons 0.199 7 0.18 broad 
Ve 104 0.874 4 0.885 0.05g+0.03 0.02 
Y-axis 
Vu. 84 0.199+0.007* 0.200% 0.42)+0.05 0.32 0.051 
vp 74 On Gr es es 0.136* 0.353» 0.35 0.052 
Ve 42 0.385 4» 0.396 OFA ez, 0.09 
Z-axis 
va 79 0.390+0.007 0.394 0.42)+0.05 0.39 
Vp 79 0.608 +z 0.592 0.415 » 0.39 
Ve 36 Ons2. 7 0.179 0.40; » 0.37 


* Average values of two fine splitting lines. 


§3. Discussion 


(1) Crystalline and molecular structure 

If it is assumed that the principal z-axis lies 
along the C-Cl bond, and that the angles 
between the C-Cl bonds in each molecule are 
close to the hexagonal angle, the crystalline 
structure of 1, 3, 5-trichlorobenzene is concluded 
from the results in Table II to correspond to 
the case (1) proposed in the Introduction. 
- The crystal contains at least four molecules 
in a unit cell which are chemically equivalent 
but physically inequivalent, that is, equivalent 
except for orientations. The suffixes 1, 2, 3, 
and 4 added to the g-tensors in the above 
analysis designate these four molecules, while 
a, b, and c three Cl atoms in each molecule 
which are inequivalent in the crystal. The 
orientation of molecules is symmetric with 
respect to the planes XY, YZ, and ZX as 
shown in Fig. 4. The bond c in each mole- 
cule is parallel to the YZ-plane,' while the 
other two are oblique with respect to all the 
symmetry axes X, Y, and Z. The direction 
normal to the benzene plane is estimated from 
the directions of three C-Cl bonds as listed 
in Table III. The normal direction is slight- 
ly inclined to the YZ-plane. Since the mole- 
cule has no symmetry in the crystal, it is 
impossible to occupy any position on the 
symmetry elements except a screw axis and 
a glide plane. 

The relation between the crystalline sym- 
metry and the pattern of the Zeeman splitting 
has comprehensively been studied by Shimo- 


Fig. 4. Orientation of a molecule in the crystal- 
line 1, 3, 5-trichlorobenzene, the upper half show- 
ing the projection on the YZ-plane and the lower 


half on the XZ-plane. The vector n denotes 
the normal to the benzene ring. Other three 
molecules in a unit cell are located in the 
orientations transformed symmetrically with 
respect to the XY, YZ, or/and ZX planes. 


mura.’ The same analysis being applied 
to 1, 3, 5-trichlorobenzene, its crystalline 
symmetry is concluded to be orthorhombic, 
since the Zeeman pattern has the symmetry 
of Dez». Cubic, tetragonal, and hexagonal 
symmetries are excluded, because they are 
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Table VI. Angles between the three C-Cl bonds in each molecule. 


Molecules 


Average 

Bonds 1 9 3 4 verag 

rx Gi WD 119.9° T20efa 205 Tee 120.6° 120 ce 
iD, 119.9° 119.6° 120.6° ines 119.9° 

C, @ 120.12 Ile 1OKS@ 120s 119.8° 

Oub@ plane AIG: ie ihe ~1.5° +1.6° 


deformation* 


(ihegerroten =o) 


* Deviation of the bond ¢ from the plane formed by the bonds a and 8}, the positive sign denoting 


the direction of the vector product axb. 


higher symmetries than Dz. On the other 
hand, triclinic symmetry is excluded, because 
of lack of symmetry. The crystal with 
monoclinic symmetry may accidentally give a 
Zeeman pattern with the symmetry of Dz, as 
observed in cyanuryl chloride,» but in this 
case a unit cell cannot contain such four 
molecules as described above. Hence mono- 
clinic symmetry is also excluded. 

Three crystalline axes are parallel to the 
axes X, Y, and Z, of which the Z-axis seems 
to be parallel to the shortest crystalline axis, 
because the single crystal was grown along 
it. The molecular normal makes an angle, 
24.8°, with the shortest axis. Schnepp!” has, 
however, estimated from the measurement of 
the near ultraviolet spectrum at 4.2°K that 
the normal made an angle of about 20° with 
the long axis. Both results are in good 
agreement except for the assignment of the 
crystalline axes. 

The angles between the C-Cl bonds in 
each molecule agree with the hexagonal 
angle, 120°, within the errors as shown in 
Table VI, but the three C—Cl bonds are not 
coplanar. Really a C-Cl bond was found to 
be inclined by ca. 1.6° to the plane formed 
by the other two. This inclination cor- 
responds to the deformation of 0.8° of the 
C-Cl bonds, if it is assumed that the three 
C-Cl bonds are deformed by the same angle 
out of the benzene plane. The deformed 
molecules are so arranged in a crystal as to 
satisfy the symmetry requirement that four 
molecules in a unit cell are transformed from 
one molecule to others by the symmetry 
operation belonging to D2»; in other words, 
the out-of-plane deformation takes place sym- 
metrically to the planes XY, YZ, and ZX. 

The deviation obtained above are compa- 


rable with the probable error of the experi- 
ment, +1°, but the existence of the out-of- 
plane deformation must be admitted, because 
otherwise the deformation could not take 
place only in the direction satisfying the sym- 
metry requirement. 

There may be a doubt that the molecule 
keeps rigorously the planar form and the ap- 
parent deformation comes from the fact that 
the principal z-axis of the field gradient is off 
from the C-Cl bond axis. In this connection 
it should be worth while to mention that the 
z-axis of the field gradient at the bromine 
nucleus in propargyl bromide exactly coincides 
with the C-Br bond. In addition, in 1, 2, 
4, 5-tetrachlorobenzene, the angle between 
two ortho C-Cl bonds has been estimated to 
be 63.5°+-1° from the Zeeman study, and 
observed to be 64.5° by the study of X-ray 
diffraction. 

It is likely that the deformation of the 
bond angle is brought about by the inter- 
molecular interaction due to the neighboring 
molecules in the crystal and the intramolecular 
steric repulsion due to the atoms at the ortho 
positions. In 1, 3, 5-trichlorobenzene the lat- 
ter effect may be small, because the sum of 
van der Waals radii of hydrogen and chlorine 
atoms is smaller than the interatomic distance 
estimated from the atomic radii. On the other 
hand, the intermolecular interaction is sup- 
posed to be considerably strong; the resonance 
frequencies due to three Cl*> nuclei, which 
should be equivalent in the free molecule, are 
distributed in the crystal over a considerably 
wide range (600 kc) compared with other de- 
rivatives of benzene (300 kc). Still the inter- 
molecular interaction scarecely affects the C-Cl 
bond angles in the benzene derivatives as was 
observed at the present experiment. It makes 
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a contrast against the case of +-BHC; in the 
latter molecule the bond angles are strongly 
deformed by the intermolecular interaction as 
was obtained by the X-ray diffraction’™® and by 
the nuclear quadrupole resonance spectra.!-1%) 

This result gives a fundamental basis for 
the further studies of planarity of substituted 
: benzene molecules, because it suggests that 
the contribution of intermolecular interaction 
may be neglected when the ortho steric re- 
pulsion between heavy atoms such as chlorine 
takes part in the deformation of bond angles. 


(2) Nature of the C-Cl bonds 

The quadrupole coupling constant and the 
asymmetry parameter increase in the sequence 
of a, b, and c. It is well interpreted in 
terms of intermolecular induction effect. 
Since the Cl atom in a C-Cl bond carries 
negative charges, the electron on the Cl atom 
may be repelled towards the benzene ring, 
when two Cl atoms are adjacent in the 
crystal. If the o-electrons are repelled, the 
ionic character of the C-Cl bond decreases, 
whereas, if the z-eliectrons are repelled, the 
double bond character increases. The decrease 
in ionic character increases the absolute value 
of coupling constant and the increase in 
double bond character decreases it. However, 
the effect of ionic character upon the coupling 
constant is stronger than that of double bond 
character. Thus the intermolecular induction 
increases the absolute value of coupling con- 
stant as a whole. On the other hand the 
increase in double bond character increases 
the asymmetry parameter, but the change in 
ionic character scarecely affects it. Hence 
the intermolecular induction increases the 
asymmetry parameter. From the results 


Table VII. Nature of the C-Cl bonds. 


a b c 


Coupling constant (Mc)* 


71.12 71.85 72.28 


Asymmetry parameter 
0.093+0.01 0.11,;40.01 0.12)+0.02 


Double bond character 


0.038 0.04, 0.04 
Jonic character 
0.21. 0.208 0.195 


* The values at 0°K estimated by extrapolation. 
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mentioned above it is concluded that the in- 
duction effect increases in the order of a, 6, and 
c in 1, 3, 5-trichlorobenzene. The ionic and 
the double bond characters of the three C-Cl 


bonds are calculated by Townes-Dailey’s 
method.2®-*») The results are shown in Table 
VII. 


The asymmetry parameter of 1, 3, 5-tri- 
chlorobenzene obtained above is far smaller 
than that of cyanuryl chloride as it was ex- 
pected. This result supports the preceding 
conclusion» that in cyanuryl chloride lone-pair 
electrons on chlorine atoms are strongly at- 
tracted towards the triazine ring in conse- 
quence of large electronegativity of nitrogen 
atoms. The comparion is also made with 
that of p-dichlorobenzene (7=0.08)” and 1, 2, 
4, 5-tetrachlorobenzene (7=0.125)!); the asym- 
metry parameter of 1, 3, 5-trichlorobenzene is 
intermediate between them. It suggests that 
the resonance effect to z-electrons on the C-Cl 
bond decreases in the order of ortho, meta, 
and para positions. 

Finally it should be noted that the p-orbit 
perpendicular to the benzene ring forms a z- 
bond in this molecule, as is easily seen from 
the fact that the direction of the principal +x- 
axis agrees with the molecular normal within 
the experimental error (+8°) as shown in 
Table III. 

In conclusion, the authors wish to thank 
the Ministry of Education of Japan for aid in 
this investigation. 
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Microwave spectrum of ethyl iodide molecule C,H;I was studied. The 


obtained rotational constants are: 


A=29106.2+0.5 Mc/sec, B=2979.2+0.1 


Mc/sec and C=2797.1+0.1 Mc/sec, which lead to the structure as dor 
=2.13940.005 A and /CCI=112°10/+20’ with the assumption of dco 
=1.54A. The calculation of the second order quadrupole effects for 
slightly asymmetric molecule with a plane of symmetry gave the asym- 
metry parameter 7=(qn»—Qee)/Gaa Of 0.205+0.005 and =qan/qaa of —0.57 
+0.05 as well as the coupling constant egQ of —1771+10 Mc/sec along 
C-I bond. The components of the electric dipole moment were deter- 
mined to be wa=1.75+0.05D and p,»=0.25+0.1D. Centrifugal constants 
were obtained as Dx=0.36+0.05 Mc/sec, Drx = —0.151+0.005 Mc/sec and 


D;<0.05 Mc/sec. 


Introduction 


Sir 

Microwave spectra of ethyl halide molecules 
have been reported by several authors-5, 
and the structure of ethyl fluoride, chloride, 
and bromide have been determined. 

The molecule of ethyl iodide is a slightly 
asymmetric rotor with a very large quadrupole 
coupling constant. Various effects on the ro- 
tational levels, such as Stark effects, quad- 
rupole effects, internal rotation effects can 
easily be treated by expansion in power series 
of the asymmetry parameter b. 

The transitions which were convenient for 
the analysis of these effects were adopted. 
For example, the spectrum of hyperfine com- 
ponents corresponding to F=9/2<9/2, 7/2<—7/2, 
9/2<7/2 and 7/2<9/2 of J=3, Q branch transi- 
tion showed the separations only due to the 


second order quadrupole effects. These lines 
were used to analyze the quadrupole effects. 
Stark shifts of Jx_,«,=1o1<—-Ooo lines were used 
to determine the dipole moment for a reason 
of simplicity in calculation, and the lines with 
K=1 were found to reveal the abnormal hy- 
perfine structure due to the hindered motion 
of methyl group. 

The effects of internal rotation will be re- 
ported in the second part of this study. 


§2. Experiments and Results 


A typical Stark modulation spectrometer 
with 110kc/sec sinusoidal wave modulation 
and phase sensitive detection was used. The 
ultimate sensitivity is estimated to be amin=1 
IOS oni 

The wave guide absorption cells used were 
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Table I. Hyperfine structure of a-type transitions (frequencies in Mc/sec). 


we second 
danstion PE Rl gy 
1o1 <—0o0 5775.83 
7/2<— 5/2 5852.44 — 2) (3) 5852.48 0.08 
5/2< 5/2 5542.08 = 2.92 5541.95 20.13 
3/2<— 5/2 5988.1-+0.5 220) Boras) 5987.5 —0.6 
321 229 17334.89 
11/2<— 9/2 17443 .60 —1.05 12333 17442 .65 —0.95 
9/2<— 7/2 17155 .92 1.00 3.29 ipl 1 iL wl 
7/2— 5/2 17227 .84 = OFS 17226 .97 —0.87 
322251 12330.19 
11/2<— 9/2 17438 .08 —2.11 22 17437 .84 —0.24 
9/2<— 7/2 Moz e2 —1.96 3.29 iS 2e55 0.23 
WZ— of 2, 17227 .84 -— 0.78 17226 .97 —0.87 
Bis 0 17323.88 
11/2<— 9/2 17342.28 —0.63 —0.08 17341 .56 —0.72 
9/2<— 7/2 17354 .96 OzaZ, 0.37 17355 .85 0.89 
7/2<— 5/2 17283 .82 Diy AN) Dos) 17283 .53 —0.29 
o/2— 3/2 17212.40 —4.24 4.33 17212.46 0.06 
3/2<— 1/2 1719442 3 ipsa 17192 2 
9/2<— 9/2 17070.40 —0.74 —1.38 17069 .99 —0.41 
3/2< 3/2 17382.34 1.13 3.18 17382.99 0.65 
431 <— 339 432331 23107: 00 
13/2<—11/2 23214 .30 1eitG 0.55 23214 .02 0.27 
11/2<— 9/2 22968 .75 —1.05 1.88 22968 .78 0.03 
9/2<— 7/2 22978 .44 0.47 0.66 22977 .89 —0.55 
7/2<— 5/2 23116 .56 —1.10 BNO 23116.31 —0.25 
An9<—391 23152 17. 
13/2<11/2 23167 .05 —0.69 0297 13167.41 0.36 
11/2< 9/2 AOA (Ul 196 —1.62 23060. 11 0.34 
9/2<— 7/2 23050. 34 —1.20 0.82 23049 .95 —0.39 
7/2<— 5/2 23090. 64 1.26 —0.29 23090.61 —0.03 
eae 23105.14 
13/2<11/2 23158 . 50. -0.48 1.03 23158.87 0.37 
11/2< 9/2 23050. 34 3.04 —2.53 23050 .09 —0.25 
9/2<— 7/2 23042. 24 —1.45 0.87 23041. 43 —0.81 
23083. 38 —1.14 —0.27 23082 .88 —0.50 


7/2<— 5/2 


an S band cell of four meters and an X band 
cell of three meters in length. The S band 
cell was used in the measurements of the 
frequencies corresponding to Jx_,«,=1o1<—Ov 
transitions at 5.5 kMc/sec with a 2K26 klystron 
as the power source, and the X band cell was 
used for higher frequencies with the second 
or third harmonics from crystal multipliers 
driven by 2K26, X-12 and X-13 klystrons. 
The ordinary commercial sample of ethyl 
iodide was used, and the wave guide cell was 


cooled by dry ice to increase the intensity of 
the lines. 

The frequency measurements were made 
with a frequency standard monitored against 
the 5 Mc/sec signal of JJY, and the accuracy 
of the measurements of frequencies are esti- 
mated to be 0.05 Mc/sec unless otherwise 
indicated. 

The spectrum was observed in the frequency 
range from 5 to 30kMc/sec. About fifty lines 
were found between 5.5 and 24kMc/sec, and 
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Table II. Hyperfine structure of b-type transitions (frequencies in Mc/sec). 


second 
transition ee AM) a8 el i A) vo 
wae hie * a — oes 26507 .00 
9/2<— 9 /2 26438 . 02 —2.03 165 26439 . 22 1.20 
T/2<— 7/2 26620 + 2 —1 5.42 26618 —2 
7/2<— 5/2 26538.5+1 a, — 0.23 26537 .6 —1 
5/2— 7/2 26647 .50 —4,65 yal) 26646. 28 —1.22 
Bie one 26784.14 
11/2<—11/2 26745 .74 —2.32 5.61 26745 .75 0.01 
9/2<— 9/2 26840. 46 —4,16 3.88 26840 .65 0.19 
7/2<— 7/2 26835. 20 4.58 — 1.49 26835. 25 0.05 
7/2<— 9/2 26843 .04 —5.91 6.07 26842 .86 —0.18 
5/2<— 7/2 26900 +1 1 3.13 26901 1 
3/2<— 5/2 26928+1 1 2e83 26928 1 
413 <Apg 27156 .9¢ 
13/2<-13/2 27110.00 17.02 —12.19 27109.76 —0.24 
11/2<11/2 27196 .26 —2.11 5.99 27196. 34 0.08 
9/2<— 9/2 27194. 28 ZOO — 4,23 27194. 41 0.13 
T/2<— 7/2 27161+1 9.76 ~ 9.60 27162 1 
5/2<— 5/2 2712641 3.28 — 4:17 27125 —1 
3/2<— 3/2 27092 .56 —6.54 yall! 27093 .03 0.47 
S14 —5o5 27627 .90 
15/2<—15/2 27597 .48 —3.32 — 0.82 27597 .41 —0.07 
13/2<—13/2 27639 .18 8.09 —12.41 27639 . 22 0.03 
11/2<11/2 27664 .54 —7.14 — 3.71 27664.05 —0.49 
— 16.46 27596 .0 0.0 


T[2— 7/2 27596.0+1 5.26 


Here, 4 and 4@) indicate the discrepancies between the observed and the calculated frequencies, 


carried out with and without the second order quadrupole effects, respectively. 
Frequency vo is the resulting center frequency of hyperfine structure of the hypothetical rigid 


molecule. 


other twenty, between 25 and 28kMc/sec. 
The former lines were assigned to the R* type 
transitions (4K_1=0, 4J/=1) corresponding to 
J=1<0, 3<-2 and 4<-3, and the latter to the 
Q” type transitions (4K_1=1, 4/=0) corre- 
sponding to J/=2, 3, 4 and 5. The observed 
frequencies are listed in the second column 
of Tables I and II. The lines which show 
abnormal hyperfine structure due to the hind- 
ered motion are excluded from these tables”. 


§3. Theoretical Consideration 


(a) Quadrupole interaction 
The first order quadrupole energy can be 
written 


We dian J, F)-eqsQ (hy) 


where f(J, J, F) is the Casimir’s function, gz 


the field gradient along the space fixed Z- 
direction averaged by the rotational wave 
function, and Q the nuclear quadrupole mo- 
ment”. The field gradient gr is expanded in 
power series of the asymmetry parameter b. 
It is conveniently written 


Qn : 
= ——_4~___{3k?— il 
Qs +DQI+3)° ITHY 
—3C2b?—9(Ci+2C2b? +3C3b3)}+ +++. (2)* 
where Cp is the coefficient of 6” in the expan- 
sion of rotational energies, and y=(¢rx—qyy)/qzz 
the asymmetry parameter of quadrupole coupl- 
ing constant. 
To calculate the second order terms of the 


* This expression was first given by G. K. Khight 
and B. T. Felt and have been corrected by J. K. 
Kraitchman and» A. Javan, and here 7 is taken as 
(Qo = Gee)/Gaa 
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quadrupole interaction energy, the basic form 
of Hamiltonian must be used, which is written 
in the form of inner product, He=—4Q:pE, 
between the quadrupole moment dyadic Q, 
and the gradient of the electric field about 
the nucleus fE™. The only matrix elements 
UF Je J]|Hg\IFJ’t’J) which appear in this order 
of perturbation are those for which /’=/, 
J+1 and J+2. When a numerical factor 
evaluated by Bragg® is separated again, they 
are reduced to the matrix elements of ZZ 
component of PE, which is further expanded 
in terms of components along the molecular 
nixed axis x,.¥, 


zy 
VEaa= SZ OzpqQuat Sy,,@suAaduy > 
#, v=(%, 9,2) (3) 
where @z, is the direction cosine between Z 
and y axis. 
The first summation of Eq. (3) belongs to 


the representation A of Four group, and is 
written in the form 


{2(3a%%.—1)+ Haw?—a?)n}qm , 


At =Azrtiazy , 


(4) 
by using the relations Y,az.=1 and Syquu=0. 
If the slightly asymmetric molecule is assumed 
to have a plane of symmetry, the second 
summation of Eq. (3) is identically zero ex- 
-ceptone term. The remaining term is written 
in the form 
Azpavegz 

with the parameter =qu»/qzz, and belongs to 
| the representation B, or By according to 
| whether (, v) is (y, z) or (z, x). 

The only non vanishing matrix elements 
belong to representation A, and the connecting 
states are restricted to the cases shown in 
Table III, from which 4K_; or 4K; and 4dr 
are determined. 


Table III. Connection of energy levels through 
the terms of species A, Bz and By. 


3 AJ 
even odd 
Species 
E Foei aes E E 2 E == 
A O pitt O O + O + 
By E+——OF OF 
5 By E + O a 


Here E, O and + indicates the evenness or odd- 
ness of K and 7, respectively. 
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The wave function of a slightly asymmetric 
rotor is expanded in terms of the Wang’s 
symmetric limit wave function Src 


Parxy=Srxyta(JKy)Ssx-2y+ BKr)SrKaxy+ aR 
(5) 


where the coefficients a, 8 have been obtained 
by Lide*>*. When the terms higher than & 
are neglected the matrix elements, (JKy/ 
[PEzs|J’K’r’J), for which J’=J, J+1, J+2, 
K’=K, K+1, K+2 and 7’ as indicated above, 
are obtained to the order of 6. The squares 
of these elements are divided by the difference 
of rotational energy Wsxy, and summed up 
for J and K, to give the second order inter- 
actions; 


W@UF/K) 


a Sago PK DP 
ae UE) pian a 


(6) 
Here, gz is the numerical factor given by 
Bragg®. 

If it is assumed that the qg-tensor is cylindri- 
cally symmetric along the bond in question, 
and that the principal axis of the tensor is 
strictly on the bond axis, 7 and & are written 
in terms of an angle ¢ between the bond and 
the principal axis of inertia; 


3 sin? ¢ 


SS SS fs 

u 3cos?¢@—1 ’ Ge? 
3 sin ¢ cos 

eg Ee 7-b) 

E 3 cos? ¢é—1 hay 


However, 7 and & can be derived from the 
analysis of the first and second order quad- 
rupole effects, respectively. If the second 
order energy is separated from the first order 
one, the analysis of the major part of hyper- 
fine energy can be easily carried out to give 
the very accurate value on 7. For this pur- 
pose a set of hyperfine components is adopted 
for which the first order quadrupole effects 
have the same contribution, and the separa- 
tions of the spectral lines come from the 
effects of higher order of quadrupole energy. 
Eq. (1) gives the first order energy, where 
f(IJF) is the Casimir’s function; 


* According to the table given by Lide, @(J17) 
and a(J37) are given by +(1/16)f(J, 2)/?{d+(-1)” 
x J(J+1)62/32}, respectively, but the sign before 
J(J+1) should be reversed. 
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—&C(C+D)-—1U4+DIJ4D 
iM/faF 2127 D2I-Yey+3) 


(8) 


and 
C=F(F+1)—fI4+1)-JJ+)) . 
Since the following equation 


fUJF)=fUJF+)) 
is satisfied only when J=5/2, J=3 and F=7/2*, 
the hyperfine components corresponding to 
F=9/2<9/2, 7/2—7/2, 9/2<—/7/2 and 7/2<9/2 of 
J=3 @ branch lines show the same amount 
of shifts due to the first order quadrupole 
interaction. 

Thus the first and second order energy can 
be treated separately for these spectral lines, 
and the initial values of 7 and & estimated 
by Eq. (7) are improved to a considerable 
extent. First, crude values of 7 and (eqQ)aa 
are estimated from the analysis of the first 
order shifts of these lines, and the remaining 
discrepancies for each spectrum are attributed 
to the second order quadrupole effects. From 
these discrepancies, more accurate value of & 
is determined. Then the second order quad- 
rupole shifts are subtracted from these spec- 
trum to improve the values of 7 and (eqQ)aa. 
The above procedure is repeated until the 
molecular constants 7, & and (eqQ)aa converge 
to constant values. 

The values of 7 and & thus obtained are 
used to evaluate each component of q-tensor, 
the diagonalization of which leads to the deter- 
mination of angle ¢’, between the principal 
axis of g-tensor and that of moment of inertia. 
It should be compared to ¢ in Eq. (7), geo- 
metrically obtained from the structure. 


(b) Stark energy 

Stark effects in an asymmetric rotor mole- 
cule with the quadrupole coupling in the 
“intermediate field” case can be obtained by 
solving the secular equation derived from the 
Hamiltonian, H=Ho+Ho+Hnz, where Ho is 
the unperturbed rotational energy, and Hz is 
the perturbation due to the electric field. 
When the electric field is strong, the J, ms 
representation is appropriately used as was 
proposed by Mizushima™. In the case of 
ethyl iodide, on the contrary, the F, Mr, re- 


* C must take the value » and ~(n+1) cor- 
responding to #’+1 and F, and the following con- 
dition must be satisfied, 2F+4F+3-—2/([+1) 
—2J(J+1)=0. (9) 
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presentation is more convenient owing to the © 


large quadrupole coupling energy. This 
method was developed by Low and Townes 
for the case of symmetric top molecules’». 


But some modification is necessary for the © 
asymmetric rotor on account of the second — 


order feature of Stark energy. 


To evaluate the Stark coefficient of a certain — 


rotational level, the secular equation is set © 
Stark — 


up for the considered J and t. The 
energy, Hz, however, has no terms in the 
submatrices of Jr, in Ff, Mr representation, 
while the quadrupole energy, Ho, has the 
diagonal 
(Eq. (1)). The only non vanishing matrix 
elements of Hz are those which connect the 
different Jr, according to the selection rules 
for the transitions, and Hg has also Jr J’t’ 
interaction through the part of the field 
gradient. Since the rotational energies of 
such states differ considerably from each other, 
the above contribution can be handled by the 
perturbation theory developed by Van Vleck’, 
which modifies the seqular determinant of 
considering /< by an additional Hamiltonian 
of the form!®; 


rot 


where H’ is 


Ao +Hn 
and 
Hin= > C* IF Mr Joms)CUF’ Me J’t’ms) 


J 
x <Jems|\H"\J’t’ms> , 


7 , 
iol ewe jm 


, nA 
HT tml jm == 
W;- Wun 


Hg= 
a Wi = Wm 


a. 


) (12) 


(13) 


** The base function, VIFM;,Jz), is constructed 
from the rotational wave function of the asym- 
metric rotor, ¢(Jem,), and the nuclear spin func- 
tion, ¢Um;), using the Wigner’s coefficient, 
CUFMrJmys),™ 

YIFMrJt)=> CIF MrJImz)y(Jems)p(Imr) « 


m 


aif 

The Stark energy Hy=y-E, where yp is the elec- 
tric dipole moment, is diagonal with respect to Mp. 
And the matrix elements between the states of 
same J, tc and. My are reduced -to the form; 

<IF MyJe|Hn|IF'’ MpJc> 


=>, C* IF MrJemz)CUIF! MrJems)<Hp> « (11) 
AG 


m 
Here < > is the average over Jem; states, and is 
identically zero from the symmetry, because no 
term in #-F belongs to the representation A. 
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elements with respect to F, Mr — 


(10) 
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jand >i stands for summation over J, ¢ and 
m 


\F. Using the expansion of the asymmetric 
jcotor wave function d(J/rmr) in the way of 
Eq. (5), we can evaluate the last elements of 
Bq. (13) in terms of 6. The elements of Ho 
in H’ are calculated by the method as de- 
scribed in (a), and those of Hn are given by 
pLide™. 

In the interactions of Eq. (12), My still 
remains constant, and the Stark coefficients 
of R branch transition, for instance, can be 
determined by solving the secular equation 
for the lowest value of Mr. It is (27+1)-th 
jor (2/+1)-th degree and each eigenvalue gives 
the Stark coefficient of hyperfine component 
cOrresponding to F=J+/, ---|I—J|. 


$4. Discussion 


The frequencies of the quadrupole hyperfine 
structure calculated by the first order treat- 
‘ment alone could not satisfactorily be fitted 
ito the observed spectrum. The discrepancies 
between the calculated and the observed fre- 
quencies are listed in the column of 4@ in 
{Tables I and II. The second order effects 
evaluated to the first order of asymmetry 
parameter and the calculated frequencies are 
listed in Tables I and II, together with the 
discrepancies for this case. The last column 
of these tables show the central frequencies 
of the hyperfine structure. 


Table V. Structural constants of ethyl halides. 
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The centrifugal distortion effect was con- 
sidered in the analysis of the rotational ener- 


gies. The approximate expression for R@ type 
transition is 


4vy=—4Ds(J4+13—-2DseJ+)K?, (14) 
and for Q” type transition is 
4y=—4DsxJ(J+1)—Dr . (15) 


Table IV lists the rotational constants and the 
centrifugal constants used in the analysis. 


Table IV. Rotational constants and centrifugal 
constants in Mc/sec. 


~ 99119.940.1 _ 


A ie 0.36 £0.05 
B —-.2979.2+0.1 Din =0.1514.05005 
C  -2797.140.1 DNS W205 


If the torsional motion of the methyl group 
is taken into account the effective rotational 
constant A, for the Q” type transitions cor- 
responding to the A state of the hindered 
motion is expressed as!”, 


h_ 4 Od 44Fo)a/F . 
8x2 is 


he (16) 


Here 
FE=hI,L,[87?dIau , Q=hI,1,/877d , 
d=1,Lz—Inh2)—Tehe2he , 

in which J, is the moment of inertia of methyl 


group about its symmetry axis, 4. and 4z the 
direction cosines of this axis, and 


structural C.H;Br® 


ZHCH 


CoHsI C,HsCl) C.H;Cl C.H;FY 

parameters 
Pa i 1304.0.005 A 1.9400+0.0004 A 1.7785-£0.0003 A 1.78 1.375 A 
doc 1.540 A (ass.) 1.5495+0.0005 A 1.5495+0.0005 A 1.54A 1.540 A 
ACC 112°10’ +20’ 110°30’+2' 110°30’+2’ 110°30’ 109°28/ 
dou 1.11 A (ass.) 1.11 1.101+0.003 A 1.091 A 
110°00’ (ass.) 110°00’ 110°00’ +30’ 109°28/ 


0= | Dow? |?/(Lo— Ev’) ) 

', the eigenvalue of Mathieu function, p the 
‘ingular momentum of methyl group. The 
Vactor (1+4Fp)4 is given in terms of the bar- 
Vier hight V; or parameter S=4 V;/9F, by the 
femiempirical relation proposed by Swalen!. 
Che barrier height of about Vs=2.4 kcal/mole 
or ethyl iodide evaluated from the abnormal 
luyperfine structure in the K=1 lines of R¢ 
lype transition» enables one to estimate the 
jorrection in Eq. (16). 


The corrected rotational constants (shown in 
Table VI.) gave the structural constants of 
ethyl iodide, and they are compared to those 
of other ethyl halides in Table V. 

The model described above reproduces the 
rotational constants as shown in Table VI. The 
angle ¢ between the principal axis of inertia 
and the C-I bond was obtained to be ¢=19° 
SE SOG 

Two values of 7 and &, estimated by Eq. (7) 
and determined by experiments by the method 
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Table VI. Rotational constants. 
‘i exp. (corrected) calc. A (in Mc/sec.) 
A 29106.2 29133.03 26.8 
B 2979.2 2976.75 —2.4 
Cc 2797.1 2799.20 lee 
or bp — 0.003474 
Table VII. Constants of quadrupole coupling. 
calc. exp. 
n 0.20+0.01 0.205+0.005 
g —0.56+0.01 — 02572-0505 
(eqQ)aa ~1481.9+0.5 (Mc/sec) 


described above, are listed in Table VII, with 
the quadrupole coupling constant (eqQ)ac. 

From this results, all the components of 
eqQ-tensor is obtained with the assumption 
of having a plane of symmetry, 


eQ) dec 0 0 
0 doo Qapv 
0 dav aa 


=[ 89310 0 0 
0 08410 884-450 
0 884+50 —1481.9+0.5 
=f evan’ 0 0 De 
0 87850 0 
0 0 A110 


Here T is the rotational operation in the plane 
of symmetry, the angle of which, ¢’ was 
given by ¢’=20°10’+1°. 

The discrepancies between ¢ and ¢’ is about 
one degree. It may be said that the principal 
axis of g-tensor is parallel to the bond axis 
within the experimental accuracy. 


Table VIII. Quadrupole coupling constants 


along the C-I bond. 


C.HsI —1771 (Mc/sec) 
C,H3119) —1788 

CH3I20) — 1934 

CF32) — 2143.8 
CH3CCI22) — 2230 

ICN?3) 


— 2420 


The value of egQ of —1771++10 Mc/sec along 
the bond is compared to those of other iodides 
in Table VIII. 

According to the equation derived by 
Townes and Dailey”, the ionic charactor of 
C-I bond was estimated to be 9%. 

The electric dipole moment was determined 
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from the Stark shifts of hyperfine components 
corresponding to F=7/2<5/2 and 5/2<-5/2 of 
Jx_4K,=101-Ooo transition. The secular equa- 
tion of the third order constructed for Mr=4 
was solved, and the component of the dipole 
moment parallel to the z axis was given as 
#4, =1.750.05 D, and the prependicular com- 
ponent, #1:=0.25+0.1D. The value of |z| 
=1.77+0.1D was in agreement with the 
former result “=1.87D obtained from the 
measurements of dielectric constants”. The 
obtained values of 4 and #1 determined the 
direction of dipole moment as shown in Fig. 
1. A small deviation from C-I bond comes 
from the polarization of C-C bond. 


Bist Le 


Dipole moment of ethyl iodide. 


The barrier height of about 2.4 kcal/mole is 
not accurate enough to be compared with 
those of C.HsBr and C2H;Cl recently reported 
by Lide. The more precise analysis of the 
internal rotation phenomena is now in pro- 
gress and will be reported later. 
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Microwave Zeeman Effect of Formaldehyde 


Kunitaka Konbo, Hiromasa HIRAKAWA*, Akira MIYAHARA**, 
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Zeeman effects in the absorption spectra of formaldehyde H,CO, HDCO, 
and D.,CO were studied in microwave region with magnetic field of 


1500~300 oersteds. 


The effective g-values in several rotational states 


and the elements of g-tensor gaa, Yon, and gee of these molecules were 


determined. 


Dependences of the effective g-values on the rotational quantum numbers 
J, were consistent among these isotopically substituted molecules. The 
components of the g-tensors of these molecules have been found to be 
Jaa=2-.86+0.04 for H,CO, 2.00+0.05 for HDCO, and 1.46+0.05 for D.,CO. 
They are extraordinarily large compared to those of other molecules 


already known. 


§1. Introduction 


The electronic ground states of formalde- 
hyde H.CO, HDCO, and D.CO are1>). These 


* Present Address: Japan Atomic Energy Re- 
search Institute, Ibaragi, Japan. 

* Present Address: Institute for Nuclear Study, 
University of Tokyo, T anashi-machi, Tokyo Japan. 


A brief qualitative interpretation is given. 


molecules have rotational magnetic moments 
of the order of nuclear magnetons due to the 
end-over end rotation. The magnetic hyperfine 
structures observed by the molecular beam 
maser experiment” are small, so that it is 
reasonable to neglect the hyperfine structures 
in considering the Zeeman effect. 
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Theories of Zeeman effects of such 1>'- 
molecules have been given by several au- 
thors»). The Zeeman energy of a molecule 
in a external magnetic field H is 


W=—ngiMH , Gly) 
ug Lp eel 
gala (+1) 
1 1 
+H reno an 
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where wn is the nuclear magneton, M the 
magnetic quantum number of the rotational 
angular momentum J, and gs the effective 


g-factor in a given rotational state. The g- 
factor gz is expressed as” 
dt) 1 dE(«) 
mal Esty ie tyne’ Ole 
1) 282) ge (2) 


where « is Ray’s asymmetry parameter and E(«) is defined by the formula of the energy 


of an asymmetric rotor 


as 5 (AFOI I+ N+y (A—-C)E(«) . (3) 
The element of the g-tensor gus(u, »=a, b,c) is given by a formula”, 
_M» "ie 
ar a Zx(| Xx] Ouy—XxpX xv) 
1 sv (0|Ly|2><n| Lv] 0>+<0| Ly | 2><¢n| Lu] 0> 

py (4) 

Mm En—Eo ; 
ing off-diagonal elements gu(ussv). However, 


where J, is the moment of inertia around a- 
axis and M, is the mass of proton. The 
first term of the right hand side of Eq. (4) is 
the nuclear contribution to the magnetic 
moment and the summation is to be taken 
over all nuclei, where X(Xxa, Xx», Xxe) iS 
the position of K-th nucleus with electronic 
charge Ze. The second term is the electronic 
contribution due to the partial excitation of 
electronic state by the rotation of molecule 
and the summation is to be taken over every 
possible electronic excited state where Ly, or 
Ly is the electronic angular momentum around 
yt- or v-axis. The observed lines are those 
of electric dipole transitions between K-type 
doubling levels and the microwave electric 
field is perpendicular to the dc magnetic field 
in the present experimental apparatus. 

The selection rules in this case are 


Aj=0 AMS 1, Aor Os meso. 
and the transition frequencies are 
yao" (gig) FM" gH, (6) 


where vo is the frequency for the pure 
rotational transition and gi and g» are the 
g-values of upper and lower levels, respec- 
tively. 

The g-factor of an asymmetric molecule 
can be expressed by a g-tensor with nonvanish- 


such a molecule with C2. symmetry as H:CO 
and D:CO has a diagonal g-tensor. 


§2. Experiment and Analysis 


A 5000Mc wave guide (2.5cmx5cm) ab- 
sorption cell of 100kc Stark modulation type 
was inserted in a solenoidal coil of 35cm 
length and of 7cm inner diameter. The 
magnetic field strength was 165+3 oersteds/ 
ampere, and the current of 10~20 A was 
applied. The magnetic field was measured 
by an electronic fluxmeter. The sinusoidal 
Stark-modulation with de bias electric field 
was used to observe the lines. To obtain the 
Zeeman pattern of the spectral lines the 
observed frequencies were extrapolated to 
those for zero electric field. Each line was 
observed to split into two components in a 
magnetic field, and no further splittings of 
each component nor broadening of the lines, 
as is expected from the second terms on the 
right hand side of Eq. (4), were observed. 
Thus the difference of the g-values for the 
upper and lower levels could not be found, 
that is, gi—g.~0. The centeral frequency of 
the two components are calculated as vo-t 
((g1+82)/2h)“nH considering the frequencies 
and relative intensities of all transitions 
between various M-states. Effective g-values 
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Table I. g-factors in various transitions of formaldehyde. 
| | an i 
Ae i ; : Effective Effect 
Risleculest.| nee ais iow: Frequencies Effective g-values in terms nie 
| ian (Mc) of Jaa; Joo, Goo Of HCO (calc) 9"factors eae 
: Sevewod ulodgemities 2: (obs) (calc) 
H.CO 1,110 4829 .73 0.5000 gaa+0.2500gn»+0.2500gee= 1.50+0.02 153 
21,2—>2,,1 | 14488.65 | 0.166799, +-0.41679,)+0.41679e¢¢=0.615+0.02 0.622 
HDCO dim yo 5346.64 | 0.3495 gaa+0.24739yy+0.2208geo= 1.13+-0.01 1.10 
| 21,.9— 2) 4 16038.06 | 0.1164 9a +-0.38359,»-+0.3680gee= 0.49+0.01 0.47 
| 5a 5 4489 .08 (0.09349 10 +-0.4188gy» +0.3621 goo= 0.38+0.01 0.41 
DCO | hilo 6096.10 | 0.2516g.4+0.2100gp5+0.1950gceo— 0.83+0.02 0.80 
| 212214 18287 .90 0.0839 gaa +0.3500gy+0.3250ge¢e= 0.3640.02 0.36 
| 4, 3—>-4y, 2 3682.28 0.1003g 4 +0.310095)+0.29149¢e= 0.39+0.01 0.39 


in terms of the elements of g-tensor were 
obtained by the Eq. (2) using the rotational 
constants of these molecules obtained in this 
laboratory”. The effective g-values of iso- 
topically substituted molecules are expressed 
in terms of a g-tensor of any one molecule, 
‘because it is plausible to assume same 
‘electronic structures for the isotopically sub- 
stituted molecules. In Table I g-values ex- 
f pressed in terms of aa, £0, and gee Of H2CO 
are listed. 


Table Il. g-values of formaldehydes. 
Molecules | | gaa] | lawl | — | gee! 
H.CO 2.90+0.05 | 0.35+:0.10 | 0.02+0.10 
HDCO 2.00+0.05 | 0.32+0.10 | 0.02+0.10 
1.46+0.05 | 0.29-+ 


D.CO 0.10 | 0.02+0.10 


The present experiment gives only absolute 
values of the effective g-tensors, which are 
ishown in the next to the last column in 
Table I. If it is assumed, however, that all 
‘the observed effective g-factors have the same 
signs, the elements of g-tensor, 2aa etc, can 
‘be determined by the following procedure. 

First solving six equations in Table I by 
‘the method of least mean square with the 
‘above assumptions, the absolute values of 


Zuv’S are calculated as in Table II, where the 
Zac and gy» are found to have the same signs, 
and the magnitude of ge is quite small. It 
can be shown from Eq. (4) that gu, can not 
be larger than +1, and if | guv|>1, guy must 
be negative. This may be the case if the 
magnitude of the electronic term in Eq. (4) is 
sufficiently large. Therefore the signs of gaa 
and gy, are concluded to be negative. 

The effective g-factors calculated from the 
equations in Table I and the values of gaa, 
Loy, and Kee in Table Il are in close agreement 
with the experimental results as shown in the 
last column of Table I. 


§ 3. Discussions 


With the aid of Eq. (4), the diagonal ele- 
ments of g-tensor can be expressed as 


ke ZK 
a pp 2 2 
OMact cede a Wek, 
Gn) 0 er, See (7) 
with similar expressions for 2aa and Zec. The 


left hand side of Eq. (7) and the first term 
on the right hand side can be calculated from 
the molecular constants and g-values in Table 
Il. The calculated electronic contributions 
are shown in Table II. If the inner shell 


The nuclear and electronic contributions to the magnetic moment of H,CO. 


Table III. 
AS octets 7 electrons total 
ZK F s i ! 1|<0|Luln >? Iu 
. 9 (| Xx Puy Xe’) ~m = En- Bo Dia 
ae | shew 10: 92e8tice . —3.47 A2 —2.56 A2 
b-axis Bae) —0.1 —2.2 
¢ axis 4.8 —5.1 +0.3 
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electrons are assumed to be fixed to the 
nuclei and valence electrons to the middle of 
the bonds, the second term in Eq. (7) is 
transformed into 


— > Dil Kin? + Xie”) 


where xi» and Xie are coordinates of the 7-th 
electron. 

Although such a “frozen” charge approxi- 
mation does not give correct values of 


Table IV. Molecular g Factors for Hydride 
Molecules in 15) States. 


g (calculated by 
Molecule g (observed) a frozen charge 
approximation) 
He +0.8829 +0.000072 +1.00 
NH3 Gzz=0.484+0.00079.¢ +0.50 
Jaxx= Yyy=0.560+0.007¢ +0.60 
H,0 9 a=0.5859.4 +0.60 
GJoo=0.742?.4 +0.50 
GJec= 0.666 +0.51 
H.S Jaa= +0.355+0.008¢ +0.56 
Goo= £0.195+0.008¢ +0.50 
Yoo= £0.209+0.008¢ +0.53 
CH3;CCH Gzz=0.298F +0.50 
ca +0.09 
CH3F Gee=0.487 or 0.6129 --0.50 
Gxra= +0.06249 +0.07 
HCO Jaa= —2.90+0.05 +0.50 
Joo= —0.3540.10 +0.08 
Geo=0.02+0.10 +0.13 


a. N. J. Harrick and N. F. Ramsay: 
88 (1952) 228. 

bse C. Keen: SehyswReviask 951) 197, 

c. J. R. Eshbach and M. W. P. Strandberg: Phys. 

Rev. 82 (1951) 327 A. 
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g-factors, it is interesting to see that this 
assumption can explain qualitatively the ob- 
served g-factors of almost all hydride molecu- | 
les. This assumption, however, fails in the 
estimation of g-value in the case of formal- 
dehyde, as is shown in the Table IV®. 
It will be due to the neglect of the contri- | 
bution of two electrons bonding carbon and 
oxygen atoms, and a lone pair of elecdd 
trons around the oxygen atom, whose po- | 
sitions are considered to be protruding out. 
of the molecular axis. They give negative 

magnetic moments when the molecule rotates 

around a-axis. If the valence electrons bond- 

ing carbon and hydrogen atoms are assumed 

to be fixed at the middle of the bonds, the. 
effective mean radius of these four electrons, 

a couple of z-electrons and a lone pair of 

electrons, is 


teas Ta 9 PA eo 
Ter = 2 V dpe lgaal + (02+ 02)=1.2 A > 


which seems to be a reasonable value. 
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The combined Stark-Zeeman effects for asymmetric top molecules with 
no accidental degeneracies are studied by perturbation treatments. 
The theory was applied successfully to the analysis of the experimental 
results of Stark-Zeeman effect on the microwave spectrum of formal- 
dehyde H,CO. By the influence of the electric field perpendicular to the 
magnetic field, split components of the transition 2, > 2). which, in the 
magnetic quantum number M, correspond to 4M=-+3 were observed. 
These components allowed a precise determination of the molecular g- 


factor for this transition. 


$1. Introduction 

In the study of microwave Zeeman effects 
for gas molecules, the magnetic and electric 
tfields are often applied simultaneously. The 
} treatment of the combined effects of the two 
fields is required in some cases”. 

A theory of Stark-Zeeman effects on sym- 
} metric top molecules one nucleus of which 
fhas a quadrupole moment has been worked 
Hout by F. Coester®. As for asymmetric 
top molecules, the Stark® and the Zeeman 
| effects” have been studied separately by 
i several authors. The present article is con- 
& cerned with the Stark-Zeeman effects on asym- 
metric top molecules with no hyperfine struc- 
i tures. For simplicity, molecules which have 
accidental degeneracy in their rotational levels 
are excluded. 


3 §2. Theory 


_ The total Hamiltonian of an asymmetric 
‘rotor in the external electric and magnetic 


§ fields E and H consists of the following 
} terms®)*). 
! GE =AJe+BJy+C]? , (1a) 
—E > daar, (1b) 
A=2,Y,2 
—43E? 3S Paudbardap , (1c) 


A, M=HL,Y,2 


— io > LrulGurJut Jubsa) . (1d) 
M=2,Y.2 


In (1) and in the following discussions, 
: capital subscripts refer to the space-fixed axes 
1 or directions, while lower case to the mole- 
cule-fixed principal axes of inertia. E and H 
4 used as subscripts indicate the directions of 


the electric and the magnetic fields respec- 
tively. 

The term (la) represents the rotational 
energy of an asymmetric rotor. A, B and C 
are the rotational constants related to the 
principal moments of inertia by A=#?/2Ii, 
B=h?/2I,, C=h?/2Ie; Je, Jy, Je are components 
of the total angular momentum vector J of 
the molecule. Terms (1d) express the inter- 
action of the molecular rotational magnetic 
moment with the magnetic field H; wo is a 
nuclear magneton; ga. are the elements of 
the molecular g-tensor. The term (1b) is the 
interaction of the permanent dipole moment 
of the molecule with the electric field, while 
(1c) is that of the induced dipole; s are the 
components of the polarizability tensor. In 
(1b), (Ic) and (1d) %¢. (G=E,H) are the 
direction cosines between the space-fixed direc- 
tion G and the molecule-fixed principal axes 
of inertia. 

The terms (la) are taken as the unperturbed 
Hamiltonian, and the terms (1b), (1c) and (1d) 
as the perturbation. The eigenstates of (la) 
are represented in terms of the scheme 

Os,7,M), 
in which J and M are the quantum numbers 
for the rotational angular momentum and its 
components along the space-fixed Z-axis. The 
eigenvalues of the rotational energy are 
specified by the quantum numbers / and rt, 
and written as 


ws,=55" jy+1+ at 


Erle), (2) 


where 
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_ 2B—-A—C 

A 
In the absence of the external fields, each 
level is 2/+1-fold degenerate with respect to 
M. 

The rotational magnetic moments of ordi- 
nary molecules (>) in the ground electronic 
state) are of the order of a nuclear magneton, 
and the Zeeman energies of these molecules 
are very small. Hence, the matrix elements 
of (1d) off-diagonal in J and t can be neglected. 
Similarly, the matrix elements of the electric 
polarization energy (1c) off-diagonal in J and 
t can safely be neglected since the polari- 
zabilities of ordinary molecules are 10~*4 cm? 
in order of magnitude. The orientation energy 
of the permanent dipole moment is always 
off-diagonal in an asymmetric molecule. The 
off-diagonal terms of this energy play an im- 
portant role in the Stark-Zeeman effects. 

The total Hamiltonian can then be rewritten 
in the order of magnitude as 


SP=FASH At A, (3) 
where &% is the rotational energy (la), H 
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represents (1b) and & (1c) and (1d). 
The perturbation problem can be solved to 


the order of H and E? by the following pro-— 


cedure. First the matrix elements of the 
Hamiltonian 4& off-diagonal in (/,t) are 
eliminated to the above order by a transfor- 
mation; 

G=S'FKS (4) 
and then the transformed Hamiltonian G is 


diagonalized with respect to the Stark-Zeeman 


energy. 


Eq. (4) is essentially equal to the Van Vleck : 


transformation® and S is given as, 
S=14+118S,—32 S82 
where A is a parameter of smallness, and 
SiG tt iar se 
_, 2, M; J’, M) 
Ws,— Wor ; 
The transformed Hamiltonian which is to be 


diagonalized in the manifold of given / and 
t is obtained as 


G= W3.+FAatFXK: ’ 


(5) 


(6) 


(7) 


where 


»t, M’) 


(A3)um'= d 
J 


Vall yl’ 


The matrix elements of 5 depend upon the choice of Z-axis. 
field is applied, or if the two fields are parallel, then Z-axis is to be taken parallel to fields. 
If the two fields are not parallel, the matrix elements have complex forms. 


0 
Wes oe 


If only electric or magnetic 


The calculation 


of matrix elements of the Hamiltonian when the two fields are in arbitrary directions can be 
simplified by the following consideration of commutation relations. 

A, and H» contain the T-vector operators used in the text-book of Condon and Shortley®; 
they satisfy the following commutation rule with respect to J refered to the space-fixed axes, 


[J, TJ=—[T, J]=—-iJx_Y. 


(9) 


Eq. (9) is written in a dyadic form, where 4 is the unit dyadic. 
Electric and magnetic dipole moments referred to the space fixed axes as well as the 


direction consines are J operators. 


The matrix elements of 7’ can be expressed as 


Gt, MIT, 0, M)=G0' Tic VT suru . 


(10) 


Hence the dependence of the matrix T on M is given by that of (T)sx.s'1. The com- 
ponents of 7 in the space-fixed direction G(¢xe, dre, dze) are obtained by 


(Te)su;a'm’ = >; ore Tr)s,u;s',m’ , 
Fax YZ 


where®?, 


(T)ru,sms1=F4V JEM+DJEM42) (itij) 


(TT) ou, c74+1= 4V (JFM) (J+M—1) G=+ij) 
(T)su,s-1ws1=+3V JEM) J=M—})) (ixij) 


G=Byh; 


(T)sw,sam=V FTP? k 
(T)su.1u=Mk ; 
(T)su.sanu=V J2?—M?2k : 


(11) 


(i,j, k are unit vectors along X, Y, Z axes.) 


(8) — 
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The matrix elements of the direction cosines are, 


J, tideart J, 0”) = (bea)a,a35.7° 


2 fica) ee 
‘ ‘UY , (her) ra: a’ u 2 
wa tT bea J »T — 27*V 4 PR] ’ 
j) where /’=/=1, and /J* represents the larger of J and J’. 
For the magnetic moment operator m, 
J, t mi J, t)=mgs- (13) 


in which gz, is the molecular g-factor for the J,’th rotational level. 

| The matrix components of the permanent and the induced electric dipole moment can be 
obtained by using those of the direction cosines. 

If the symmetry properties discussed in reference (3) are taken into account together with 

the above considerations, the matrix elements of G are calculated as 


Guw= W5,0uu'— poSsrH (Tn) sm; 3°, a? 


E 2 Agar wey 
ae ye 2]+1 > ( as _ o) Soa: I-1 2 (Pa)s,as5—1,0°( Pa) sm; TM! 


Wir-W-1r = 2 J J(2J—1) 
Xe a Ee . 
a ( We Sy ae ie) ee a Tle 
Lx»? IPAs 2 eet 
+e 2) Ge maraay RTO ra Tsao ‘a 


i where *Sj;,,s’," are the transition strengths”.®. Eq. (14) is valid for arbitrary directions of 
| the two fields. 

There are two typical cases of fields directions; one the parallel and the other the crossed 
fields case. 


) A. Parallel fields case 

Z-axis is chosen in the direction of fields; G is diagonal in M, and consists of the rotational 
energy, the Zeeman energy —/0giMH, and the Stark energy given in reference (3). Each 
Stark component of transitions is split into two by the influence of the magnetic fields. 
Selection rules and the transition intensities are not altered by the fields. 


B. Crossed fields case 

When one of the two fields is much stronger than the other, Z-axis may be taken parallel 
| to the stronger field. Some convenient approximations such as the expansion is power series 
of the ratio of the weaker to the stronger field may be employed. Here the intermediate 
fields case will be discussed. If Z-axis is taken parallel to the magnetic field, the matrix 
elements of G are obtained as; 


Guu=W?,—ogs.M 


E? pe Pays odie eee 
+ 2 BOJED =| ( Vo bo (ej=) 
Len Pron LOE) a 
‘algae oh hid ) cited] Gil) 
axe SEO a er ea 15 
+( Leh a\ (ipa ) STAT He Tere OTIS) sad oe) 
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VUG+D)—-MMEDIII+D—-MEDM=2)) 


Gu,us2=—E? 


tee 


4(2J+1) 


x 
Spi! Wrr— Woo 


a) “Saepein’ 
2/ J2@F-y) 


LX» 
us ( Ws.- Wss BS 2 


axe ‘i Pax 


SSs4, 


Seen 


( Wr.— Wyo 


All other elements vanish, hence the Hamil- 
tonian matrix is reduced into two parts, one 
for 

M=—J, Je os eee 
and the other for 
M=-—J+1, —J+3,---, J—3, J-1. 

The exact solutions of the eigenvalue problem 
are not obtained except some special cases 
(for example, J=1 and 2), but some infor- 
mations about the selection rules and the 
number of split components of transitions are 
obtained. Under crossed fields condition, only 
states whose quantum numbers M differ by 
even numbers are mixed. Therefore, when 
the oscillating electric field which induces the 
electric dipole transition is parallel to the 
magnetic field, selection rules and the number 
of all possible split lines are, 


AM=0, n=2J+1, 
AM=+2, n=2(2J—1), 


sM=+2%, n=27ay-hey, { o? 


AM=+2], n=2. 


total number=2J(J+2)+1. 
When the oscillating electric field is perpen- 


dicular to the static magnetic field and parallel 
to the electric field, 


4M==+1 ’ n=4], 
AM=+(2k-1), n=4(J—k+1), a8) 
AM=+(2J-1), n=4, 


total number=2[ J(J—1)+2] . 


2) Ut yore ae 


(16) 


Relative intensities of lines corresponding 
to various values of M and 4M depend upon 
the relative intensities of the electric and 
magnetic fields. 


§ 3. 


An experimental study of Stark-Zeeman ef- 
fects was carried out on the microwave spec- 
trum of formaldehyde H:CO under the strong, 
intermediate, and weak electric field con- 
ditions. The hyperfine structure in the spec- 
trum of formaldehyde® was not observed in 
the present experiment and therefore they 
are neglected in the following discussions. 
Asymmetry of this molecule is very small. 
The rotational energy levels of such a slightly 
asymmetric rotor consist of A-type doublets, 
and they give the largest contribution to the 
second order Stark effect. 


Experiment and Result 


Table I. Eigenfunctions and energy levels of the 
K-type doublet, J=1 and K_,=1. 


Level 0 : Stark-Zeeman 
(Jr) W;, M Wave function ences 
1 potort+ot0,-1  — Bot ay? Ay 
lb) A+C 0 oo —7o 


—1 =~ godvoit+pod1,-1 ~Bo- Wag? By? 


Ll pidtr- qi¢1,-1 BitVa2z+e? 
1, A+B 0 P10 T1 
-1l Qdu+pidi,-1 Ai-VaP+e2 
a= lgruoH | 


pe eee 
o=| Fee a SB EG) be 


Sieve is: 

=| ZR apes nC 
= 1 n Ar wa 

oe Vv ak V Or? + Bq? | 


1 a 1/2 
i 1- = | 
v2 L V a2 +B? 


$7, u=V¥(J=1, 7, M) 
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The experimental apparatus is the same as 
reported in the preceding paper». The d.c. 
electric field was applied by a usual Stark 
electrode, and the magnetic field was produced 
along the length of the wave guide by a 
solenoidal coil surrounding the wave guide. 
Hence the theory of the crossed fields case 
should be applied. The microwave electric 
field, which causes the dipole transitions, is 
parallel to the static electric field, and the 
selection rules are 


4M=+1, +3, ---, +2J-1), 


>— 


DOUBLET 
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as was indicated in Eq. (18). 

The observed absorption lines of H.CO cor- 
respond to the direct transitions between K- 
type doublets, lio<—1li (4829, 78 Mc) and 
211-212 (14488, 34 Mc). The number of pos- 
sible split lines in this case are 


n=2J—k) , for AM=+=(2k +1) 9) 


and the total number is /(J+1). This is 
easily seen if we notice that the frequencies 
of the transitions M’<M and —M——M’ 
coincide, provided that the g-factors for the 


K-TYPE 
DOUBLET 


(b) 
Fig. 1. (a) Stark-Zeeman effects on the K-type doublet J=1, Roa Solid lines See 
eee transitions; dotted lines in intermediate cases indicates forbidden transitions in the 


strong electric field limit. Ze 
Solid lines indicate all allowed transitions. 


(b) Stark-Zeeman effects on the J=1, K-,=1 K-type doublet. 


two levels are equal. 


Uns hier 

The initial secular equations of sixth order 
reduces, in this case, to two linear and two 
quadratic equations. The wave functions and 
energies are given in Table I. 

Fig. 1(a) shows the behaviour of energy 
levels when the fields are applied, where N 
is the quantum number of a component of J 
along the electric field. The intensity of the 
line corresponding to the 4M=1 transition 
becomes stronger when the electric field is 


(e@) 
Fig. 2. The Stark-Zeeman patterns of the transi- 
tion lig<14, of H»CO. (a) A weak electric field 
E=50 V/em, H=17500e. (b) An inter- 
mediate case; H=150 V/cm, H=17500e. (c) A 
strong electric field case; H=200V/em, H= 
1750 oe. 


case; 
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increased and coincides with the transition 
4AN=0 in the limiting strong electric field case, 
while the line corresponding to the 4M=—1 
transition becomes weaker and coincides with 
the forbidden transition 4N=-1 in the strong 


av (Mc/sec) 


6 0.5 to 15 
E* (esu/cm)* 
Fig. 3. Comparison of theory and measurements 


of Stark-Zeeman effects in the lj<1,; transi- 
tion of H,CO. The dotted line indicates the 
pure Stark effect. 


(¢) 


The Stark-Zeeman patterns of the transi- 


Fig. 4. 
tion 211<-2)2 of H»CO. (a) A weak electric field 
case; H=228V/cm, H=19800e. (b) An inter- 
mediate case; H=478V/cm, H=19800e. (c) 
The pure Stark effect; H=348 V/cm, H=0. 
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| field limit. This situation is well shown in 
| Fig. 2, in which the Stark-Zeeman patterns 
of the lio<1n line under the strong, inter- 
/ mediate, and weak electric fields are shown. 
From the best fit of the calculated frequen- 
j cies to the observed ones (Table II), the g- 
; value of these levels, 


£1=1.525+0.05 (20) 
fi and the electric dipole moment along the 
) symmetry axis, 

f= 2. 02a 0.0L5 
were obtained. 


Debye units, (21) 


; 211 212: 
The calculation of the analytical solutions 


! of eigenvalue problem for this case is straight- 


forward and tedious. No further analysis is 
Table II. Stark-Zeeman effect for the lw<1y 
transition of H,CO. The unit intensity is that 
of the 4M=1 transition in the pure Zeeman 


case. H=2805+20 oe. 
dy dy Intensity 
4M E (calc) (obs) (calc) 


52.1V/cm —3.22 Mc/sec —3.27 Mc/sec 0.97 


104.2 —2.24 —2.43 0.88 

—1 156.3 —1.04 —1.06 0.73 
208.4 —0.82 0.74 0555 
260.5 2.80 2.90 0.38 
312.6 Deol 539 0.25 

5 Zeal 3.29 Salt 1.03 
104.2 4.23 4,19 al, 

eee Or3, 5.81 yea: Thad 
208.4 7.96 WDe 1.45 
260.5 10.93 11.04 1.62 
312.6 14.86 14.94 1D 
Table III. Stark-Zeeman effect for the transition 


211 <2 of HCO, when H=1980+20 oe and H= 
49043 V/cm. (The unit intensity is that of the 
— —1<-~2 transition in the pure Zeeman ef- 


fect.) 


Intensit 
Transition 4M 4y (obs) Ay (calc) (@ions 


1<--2,2<-1 3 5.96 Mc/sec 5.96 Mc/sec 2.76 


emo 1. 4.40 4.40 1.78 
ee ee al 3.38 3.34 1.09 
0<1, —1<0 —1 as) 0.09 
_Spaegre eer rey? 1.56 0.10 

3. 1.06 1.08 0.37 


~2<1,-1<2 
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described here, although some numerical values 
of the frequencies corresponding to the ex- 
perimental values of FE and H is given below. 

Fig. 1(b) shows energy levels and selection 
rules in several cases. Under the intermediate 
fields condition, transitions corresponding to 
4M==3, which are forbidden in the limiting 
pure Zeeman case, are expected. Stark- 
Zeeman patterns of the line shown in Fig. 4 
are well interpreted by considering these 
transitions. 

At the fields of H=490+2 V/cm and H= 
1980-35 oe, five components were observed. 
The g-value and the electric dipole moment 
were determined so that the calculated fre- 
quencies for these fields intensities may fit 
best to the observed values (Table III). 


av (Mc/sec) 


£2 (esu/cm)® 


Fig. 5. Frequency of all Stark-Zeeman compo- 
nents of HeCO 2;;<2;5 transition as a function 
of electric field strength. Magnetic field is 
1980 oe. Solid lines represent the theoretical 
values computed so that they may fit best the 
observed values at H=1.63+-0.01 esu/cm. 


The results are 
22=0.610s+ 0.012 , (22) 
ji — prover ONS (23) 


Here the value of g-factor is more precise 
than the one determined by the pure Zeeman 
effect. This is due to the large splittings of 
components corresponding to 4M==£3 together 
with the increased number of split lines. If 
advantage is taken of these facts, the g-values 
which are not large enough to be Obtained 
from the pure Zeeman effect may possibly be 


Debye units. 
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determined by the Stark-Zeeman effect in the 
crossed fields case. 

Observed frequencies at various field in- 
tensities show good agreements with the fre- 
quencies calculated with the values of (22) 
and (23). (Fig. 5) 

With the values of (20) and (22), aa-com- 
ponent of the g-tensor gaa can be obtained as 


ie hes 9,906 +£0.05 . 


This agrees with the value given in reference 
(1) within the experimental error. 
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Luminescences from KBr/KI Single Crystals* 


By Masao ToMURA and Y6zo KAIFU 
Institute of Polytechnics of Osaka City University, Osaka 
(Received August 24, 1959) 


Luminescences from KBr/KI single crystals were observed. Two kinds 
of them were found. The one was attributed to localized I- ions and 


the other to aggregated I- ions. 


They suffered Stokes shift and were 
quenched thermally at room temperature. 


In cases of large concentra- 


tion of KI, both emissions coincided with each other, while a new emis- 
Sion appeared which was coincident with that observed in pure KI 


crystals. 


§1. Introduction 


It is well known that no photoconductivities 
and no edge luminescences have been observed 
with irradiation of light in the first funda- 
mental absorption hand of alkali halides. 
The process of dissipation of exciton energy 
has not been yet clarified. One will infer 


* Reported at the meetings of the Phys. Soc. 
Japan (Oct. 1957 and Apr. 1958). 


And the nature of exciton in alkali halide was discussed. 


that the exciton has a radiationless configura- 
tion and dissipates its energy as phonons to 
the lattice. Alternatively, Seitz) has sup- 
posed that the dissipation of the exciton 
energy takes place in the course of migration 
of the exciton through the crystal. Although 
the exciton itself has a radiative configuration, 
it wanders in the crystal and interacts with 
impurities or defects, dissipating its energy 
before radiating its own edge luminescence, 
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On the other hand, luminescences which 
suffered Stokes shift were observed under 
irradiation in the fundamental band in Nal” 
and KI®, and they were attributed to the 
annihilation of the exciton itself. According 
to the exciton theory, there exist exciton 
bands in ionic crystals, and after the excita- 
tion to these bands the edge luminescence 
should appear at the wave length a little longer 
than the peak of exciton absorption band. For 
an emission which has received Stokes shift, 
however, it must be necessary that a localized 
exciton is formed just after the absorption of 
light. If the moving exciton becomes self- 
trapped at a particular atom, it will be 
transformed into the localized exciton which 
is able to emit a luminescence shifted to a 
much longer wave length. 

Now, in a dilute solid solution of KI in KBr, 
transfer of electronic excitation energy from 
an excited I- ion is impossible, since the I- 
ion is not in resonance with its surroundings. 
In this case we are able to determine whether 
the excited I- ion is radiative or non- 
radiative. Since the immediate environment 
of the I- ion is almost same in both cases of 
KBr/KI and KI, we are able to infer whether 
the exciton of KI has a radiative configuration 
or not. 

If the excited I- ion in KBr has the emis- 
sive nature, it is very interesting to follow 
after changes of the emission from the I- ion 
while the I- ion concentration becomes large. 
We may obtain relations between the lumt- 
nescences from the localized I- ion and the 
edge luminescence of KI. 

Here, the luminescences from alloyed KBr/ 
KI single crystals were observed for various 
concentrations of I- ion in order to obtain 
knowledges of the nature of exciton in KI. 


§2. Absorption by I- ion in KBr/KI 


Alloyed single crystals of KBr/KI were 
prepared by the usual Kylopoulos method. 
Concentrations of I- ion were chemically 
analysed only for specimens of lower con- 
centrations with the following process. KI in 
the alloyed crystal is converted to KIO; by 
oxidizing with Br, and then I is made free 
by adding KI to KIOs. The freed I is 
measured by iodometry. Thus the quantity 
of six times of the initial I in the crystal 
can be determined. For the specimens of 
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higher concentration of I- ion than 11071 
mol, the denoted concentrations are mentioned 
as the mixing ratio of KI and KBr. 

When a KBr crvstal contains a small 
amount of KI, some of Br~ ions are replaced 
substitutionally by I- ions, which eventually 
distribute randomely in the host crystal. 


—| 


cm 
50 
20 
10 
5200 210 220 230 2X40 250 
(Mp) 
Fig. 1. The optical absorption coefficient of a 


KBr/KI single crystal at room temperature. 
The concentration of KI is 2.0x10-4mol. The 
dotted curve shows the absorption coefficient of 
a pure KBr single crystal. 


Then the Greek band due to the I- ion, that 
is, the absorption band due to the localized 
exciton around the I- ion, appears in the 
long wave length tail of the exciton absorption 
band of KBr. Fig. 1 shows the optical ab- 
sorption band of a KBr/KI single crystal at 
room temperature. Because of rather large 
amounts of stray light in the Beckman 
monochromator used, the measurements were 
not so much accurate. The absorption band 
due to the localized I- ion appears at 203 my 
and the half width of the band is about 0.19 
eV. Neglecting the amount of the aggregated 
I- ion mentioned later, the oscillator strength 
of the absorption band is about 0.02. The 
position of the peak of the band shifts to the 
longer wave length side when the concentra- 
tion of I- ion becomes larger. For instance, 
the peak shifts to 206my for the specimen 
of 5.8x10-* mol KI concentration. Extrapolat- 
ing the wave length of the peak to the case 
of zero I~ ion concentration, we obtain 201 
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my. The Idifference of photon energies be- 
tween the exciton absorption band of KBr 
and the extrapolated absorption band is 0.42 
eV, and is larger than the difference of 
electron affinities of Br and I atoms, that is 
0.35eV. Perhaps the fact that the ionic 
radius of I- ion is larger than that of Br- 
ion will be a main cause of the inaccordance. 
The peak of the absorption band shifts also 
to the longer wave length side by a few my 
under the 30~45% plastic deformation. 

As shown in Fig. 1, a slight hump is ob- 
served at about 225my, that is, the wave 
length a little longer than the peak of the 
exciton absorption band. The absorption 
coefficient of this band is the order of 1cm™ 
and varies with the formation and quenching 
speeds in the procedure of preparing the 
crystal. This absorption band is hardly 
attributed to any impurities. Because both 
KI and KBr crystals which are made of the 
same reagents as that used for the alloyed 
crystal do not show any appreciable absorption 
bands of impurities. The above slight absorp- 
tion band appears only in the alloyed crystal 
of KBr/KI. 

In the X-ray rotation photograph of the 
alloyed KBr/KI crystal®, two types of pattern 
appear. One is due to alloyed KBr/KI and 
the other is ascribed to pure KI. The latter 
pattern shows no shape for a large single 
crystal, but seems to have a shape for a small 
crystal. Thus the existence of aggregated 
KI which is as small as ly in size is found. 
The slight absorption hump at 225m may 
be attributed to these small aggregation ot 
KI as mentioned later. 


Fig. 2. The arrangement of apparatuses. L: 
hydrogen discharge tube, M-I and M-II: quartz 
monochromator, S: specimen, P: photomulti- 
plier, A: amplifier and D: detecting meter. 
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§3. Luminescences from I- ion in KBr/KI 


The measurements of luminescences from 
KBr/KI single crystals were carried out by 
the usual method as shown in Fig. 2. Ener- 
gies of incident lights on specimens were _ 
measured by a 1P 28 photomultiplier. The | 
spectral sensitivity of the photomultiplier was | 
calibrated with sodium salicylate below 300 | 
my: and with the data in the catalogue above | 
300 mz. The spectral transmission of the 
monochromator II which resolved emitted | 
luminescences was calibrated to make sure 
the real shape of the emission band. The 
band pass of the monochromator I is 5my at 
225 my and that of the monochromator II is 
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Fig. 3. The emission and excitation spectra for 
the specimen of 2.9x 10-2 mol KI concentration. 
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Fig. 4. The emission and excitation spectra for 
the specimen of 3.0x10-1 mol KI concentration, 
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10 my at 350 mz respectively. The source of 
the exciting light is a hydrogen discharge 
tube of hot cathode type. Size of the speci- 
mens were about 1.5x1.0x0.2 cm. 

Under irradiations of lights in the absorption 
bands due to a single localized I- ion and 
aggregated I- ions, emissions were observed 
respectively, at the liquid oxygen temperature. 
Their intensities varied both proportionately 
with intensities of the incident lights, and 
though the spectral intensity of the incident 
light was not held constant, the intensities of 
the emissions per energy of incident light 
were obtained by calculations after the meas- 
urements. 
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Fig. 5. The emission and excitation spectra for 
the specimen of 7.0x 10-1! mol KI concentration. 
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Fig. 6. The emission and excitation spectra for 
the specimen of 8.5x10-! mol KI concentration. 
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Results are shown in Figs. 3~7 for various 
concentrations of I- ion. The ordinate scale 
is arbitrary, but the relative intensities of the 
emissions are maintained to be roughly equal. 
As the emissions were all thermally quenched 
at room temperature, the measurements were 
carried out at the liquid oxygen temperature 
at which the emissions were almost saturated. 
The quantum yields of the luminescences were 
not measured, but they were all estimated as 
one tenth of unity in the order of magnitude 
in the reference to the emission of KI/TII. 
Both emission and excitation bands overlap 
with each other respectively, so the bands are 
shown as separated roughly with dotted 
curves in the figures. 
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Fig. 7. The emission and excitation spectra for 
pure KI. 


While the I- ion concentration is as low as 
10-*~107-2 mol, the emissions due to the 
absorptions by the localized I- ion and 
aggregated I- ions have the peak at 290myz 
and 315my respectively. (See Fig. 3.) The 
excitation spectrum for the former emission 
is normal in shape and in position, that is, 
the shape is of bell type and the position of 
the peak lies at the same position as that of 
the absorption band due to the localized I- 
ion. The latter excitation spectrum, however, 
is very much deformed in shape and lies on 
the whole in a wave length region a little 
longer than the exciton absorption peak of 
KI at the liquid oxygen temperature. In view 
of these circumstance and the results of the 
X-ray analysis, we may infer that the above 
excitation spectrum corresponds to the slight 
hump of the absorption band at 225 my observed 
at room temperature and it is due to the 
aggregates of KI which deposited in small 
size in the host crystal. The exciton absorp- 
tion band of KI of very small size will lie in 
a wave length rigion longer than that of KI 
of large size, because of smaller dipole-dipole 
interaction energy. The deformed shape of 
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the excitation spectrum may be attributed to 
non-uniform size of the aggregation of KI. 

When the I- ion concentration becomes 
larger, the position of the above two emissions 
approach with each other. For instance, both 
emissions almost coincide with each other at 
305 my just like a single band in the case of 
3x10-! mol KI concentration. At the same 
time, the excitation spectra for both emissions 
become similar to each other in shape and 
position. In this case, however, the excitation 
bands as well as the emission bands seem to 
be separated into components. The deformed 
shape of the excitation spectrum for the 
emission band at 315 my alters itself and the 
long wave length side of the spectrum 
becomes very sharp against the case of the 
lower I- ion concentration. 

In the case of 7107! mol KI concentration, 
the above two emission bands can be hardly 
separated. As for the excitation spectra, they 
become much more likewise as each other in 
shape and position than in the case of 3x10 
mol KI concentration. (See Fig. 5). 

On the other hand, a new emission band 
peaking at 360~380my appears in the case 
of 2.9x10-2 mol KI concentration. It can be 
hardly observed in cases of much lower 
concentration of I- ion. The larger the 
concentration of I- ion, the higher the inten- 
sity of the emission, and at last it overcomes 
the intensity of the emission at 305 my which 
is found to be a coincident emission from both 
localized I- ion and the aggregated I ions. 
(See Fig. 6). This new emission is coincident 
with the emission® observed in pure KI. 

Even in the case of 8.5x10-!mol KI con- 
centration, the emission at 305m can be 
detected a little. In the cases of 7x 107! mol 
and 8.5x10-!mol KI concentrations, shapes 
and positions of all the excitation spectra 
resemble with each other. 

In Fig. 7 the emission from a pure KI 
crystal is shown. The band at 305myz 
disappears completely. The emission band 
peaking at 380 my is the almost same one as 
that observed by Teegarden®. The position 
of the peak shifts in the region between 360 
my and 400 my for various specimens. 
Discussion 


§ 4. 


The results shown in Fig. 3 show clearly 
the appearance of the luminescence from the 
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I- ion in alloyed KBr/KI. As the emission 
suffers the Stokes shift and shows the nature 
of thermal quenching, the I- ion is just 
similar to a normal activator in a luminescent 
material. From the fact that the localized 
exciton around the I- ion has a radiative 
configuration, the configuration of the exciton 
of pure KI may be inferred as also radiative, 
since the immediate neighbourhoods of the 
I- ion are almost the same in KBr/KI and 
KI. 

As shown in Fig. 3, the shape of the excita- 
tion spectrum for the emission at 290 mz 
which comes from the localized I- ion is of 
bell type. The absorption coefficient of the 
specimen of 2.9x10-?mol KI concentration 
was not measured, however, comparing to 
that of the specimen of 2x10-*mol KI con- 
centration it will be so large that almost all 
of the incident light is absorbed in the middle 
region of the absorption band. Accordingly, 
we should expect the shape of the excitation 
band as flat. The cause of this discrepancy 
may be attributed to the wide band pass of 
the monochromator I. 

In the cases of higher concentration of KI, 
the configuration around the I- ion must 
approach that of pure KI. Then also the elec- 
tronic structure of the localized exciton at the 
I- ion may approach that of the exciton in 
pure KI, so the position of the emission from 
the localized exciton may shift to that of the 
edge luminescence, that is, about 220my. 
As Figs. 4, 5 and 6 show, it is found that the 
emission at 290m does not shift to the 
shorter wave length side, but to the rather 
longer waver length of 305m with increase 
of KI concentration. 


As the aggregated I- ions also emit the 
luminescence which is suffered with Stokes 
shift, the electronic excitation at the aggre- 
gated I ions is localized on them, though the 
aggregation is made of only KI which should 
emit the edge luminescence. As mentioned 
in §2 the size of the aggregated KI is so 
small as 1# in the order of magnitude, the 
nature of the excited state of the aggregation 
differs from that of the normal exciton in the 
crystal of large size. Heller and Marcus® 
have pointed out that the dipole-dipole inter- 
action energy is very sensitive to the range 
of the lattice sum in the calculation of the 
energy. Vavilov’s” experiment will support 
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these considerations. He has observed un- 
jusually the well developed luminescence phe- 
nomena in very fine cappillaries, using dye 
solutions which do not display such effects in 
| bulk. Thus the excitation in the aggregated 
| KI of very small size may be localized and 
| display the emission which suffered Stokes 
| shift, though the constituents in the aggrega- 
j tion is the same as that in the bulk of KI. 
When the KI concentration becomes large 
jin the alloyed crystal, as the lattice spacing 
around the I- ion becomes large, the position 
of the emission band from the localized I- 
ion shifts to the longer side. At the same 
time the size of the aggregation of KI grows, 
| so the position of the emission from it shifts 
} to the shorter wave length side, because of 
growth of the aggregation. The larger is the 
B size of the aggregation, the larger is the 
) dipole-dipole interaction, resulting that the 
| electronic structure becomes similar to that of 
# the exciton in pure KI. Then in the case of 
higher concentration of KI, both emissions 
} from the localized I- ion and aggregated I- 
} ions will coincide with each other at 305 mv. 
The fact that the shape and position of the 
-excitation spectra shown in Figs. 5 and 6 are 
@ very much similar to that of pure KI in Fig. 
7 may also show that the electronic structures 
around the localized I- ion and the aggregated 
)}I- ions both approach to that of the exciton 
jin pure KI. 

In the next place, the appearance of the 
‘emission at 360~380 my in the cases of higher 
concentration of I- ion is explained from the 
results by Tomura® on the exciton induced 
luminescence of KI/TII. He found two emis- 
‘sion under excitation of light in the exciton 
absorption band. One is the induced emission 
) from Tl* ion and the other is coincident with 
| the above mentioned emission at 360~380 mz. 
i From the intensities of both emissions, he 
1 estimated the effective number of the center 
| which displayed the latter emission as 10'*/cm?® 
) with the reference to the Tl* ion concentra- 
} tion. Accordingly, the latter emission can be 
jhardly attributed to any center of intrinsic 
type, but to some impurities or defects in the 
host KI crystal. The energies absorbed by 
|the localized and aggregated I ions are 
|} transferred to these impurities, giving rise to 
|the above emission. The higher is the con- 
'centration of the I’ ion, the larger is the 
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probability of the energy transfer to the 
impurities, while the self emissions at the 
localized and aggregated I- ions decrease. 

In Fig. 6 it is shown that the emission at 
305 my, that is, the emission from the localized 
configuration around the I ion, is found to a 
small amount even in the specimen of very 
high I- ion concentration such as 8.51071 
mol. In these alloyed crystal, however, some 
of I” ions might be localized separately as a 
result of non-uniform distribution, and give 
rise to the emission of localized type. In 
this case, however, the shape and position of 
the excitation spectrum for this emission are 
just similar to that of the excitation spectrum 
shown in Fig. 7. This fact means that in 
this case of very high concentration of I- ion 
the excitation for the emission mentioned 
above does not take place on a singly localized 
I ion, but on an I- ion which is arranged in 
such a way as a uniformly mixed KBr/KI 
crystal of 8.5x10-! mol I- ion concentration. 
In other words, the emission of localized type 
is yet originated from an I- ion which is 
surrounded by many ions of the same kind in 
its neighbourhood in so large percentage as 
85%. Nevertheless, the wave length of the 
emission does not approach that of the edge 
luminescence which should be found in a 
very pure KI crystal. 

These facts are very interesting and we 
shall propose the following model for the 
exciton in KI]. According to the usual theory 
of exciton, the migration of exciton is derived 
through the configurational interaction. In 
the present experiment, however, a small 
disturbance, such as admixture of 15% KBr 
will give rise to, at least, the situation 
favourable for the localized exciton. In other 
words, the admixture of KBr makes the 
migration of exciton difficult. Probably the 
existence of negative ions of another kind 
will make especially the dipole-dipole interac- 
tion energy to decrease, and leed to the not 
much small effective mass of the exciton in 
KI. This suggestion is consistent with the 
fact that the oscillator strength of the absorp- 
tion of the exciton is as small as 0.1, since 
the smaller oscillator strength of the exciton 
absorption means the larger effective mass 
of the exciton”. 

The last question is that should the emis- 
sion of the localized type at 305 my realy 
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approach the edge luminescence in position ? 
We were not able to find emissions peaking 
in the intermediate region between 305 my 
and 220my. If the exciton is in the electronic 
state in which it is able to emit its edge 
luminescence, it may migrate through the 
crystal and meet impurities or defects, emitt- 
ing no edge luminescence. In the alloyed 
crystal of higher KI concentration, an I- ion 
has many ions of the same kind as its 
neighbours, so the excitation energy at the 
ion may be transferred one by one, meeting 
the impurity at last and displaying the 
emission at 360~380my. Although the ex- 
cited state around the I- ion may change its 
electronic structure abruptly from the localized 
type to that of the migration type while the 
KI concetration becomes near the one of pure 
KI, the emission which should lie at the 
intermediate wave length region may be 
hardly caught experimentally. However, 
from the fact that only the emission at 305 
my and the one at 360~380 my both appears 
at the same time, the alternative assumption 
might be considered. The exciton in KI 
becomes self-trapped and displays the emis- 
sion at 305my as intrinsic, and the energy 
of the trapped exciton is transferred by dipole- 
dipole interaction to the impurity, giving rise 
to the emission at 360~380my. It is neces- 
sary for this model to clarify the detailed 
properties of the unknown centers. 


§5. Summary 


In alloyed crystal of KBr/KI, a singly 
localized I- ion and aggregated I- ion emit 
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luminescences at 290my and 315 my respec- 
tively which are suffered with Stokes shift. 
Both emissions coincide at 305 my in cases of | 
high concentrations of I- ion. On the other | 
hand an emission at 360~380my which is 
found in pure KI appears in these cases. 
The latter emission is attributed to some | 
unknown impurities to which the excitation © 
energy at the I- ion is transferred. 

In view of the facts that the emission of local- 
ized type is yet observed even in the case of © 
8.5x 10-1 mol KI concentration and the position © 
of the emission does not approach to that of 
the edge luminescence, the nature of the 
exciton is discussed. The exciton in KI has — 
a such electronic structure as the one which © 
changes to a localized electronic structure © 
with admixture of only 15% KBr. 

We would like to thank Mr. S. Kitabayashi | 


for his aid with the optical absorption 
measurement. 
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An exact solution of the flow of a viscous, electrically conducting fluid 
with an externally imposed magnetic field normal to the wall is obtained 
for the incompressible flow along a circular cylinder or a flat plate with 
uniform suction. Analytical results show that if the Alfvén wave velocity 
is smaller than the suction velocity, a physically possible solution is 
obtained under a given boundary condition, and that the applied magne- 
tic field acts on the flow as a decelerating action as expected from the 
general property of magnetic force, and as a result of this nature, the 
coefficient of skin-friction is reduced and that of Maxwell’s stress is in- 
creased, while the total drag is kept unchanged. Further, the solution 
reduces to that of the asymptotic suction flow of a non-conducting fluid 


& ed solution for the suction flow. 


when the magnetic field tends to zero. 


§1. Introduction 


In recent years, effects of electro-magnetic 
field on the fluid flow have been investigated 
with increasing interests from the practical 
needs of the astronautics, plasma physics and 
the aero-space engineering. The fundamental 
equations controlling the continuum flow of a 
viscous, electrically conductive fluid have 


¢ already been given, but as these equations 


are very complicated, only few analytical 
solutions were obtained for simplified cases. 

The present paper gives an another simplifi- 
In the clas- 
sical boundary layer theory, the aero-dynamic 
suction is used to prevent the flow separation, 
and except for high temperature fluids, such 
a method may also be applicable to the flow 
of electrically conductive fluids such as mer- 
cury etc.. The main influence of electro- 
magnetic field is caused by the interference 
|. between magnetic flux and fluid velocity, and 
from the general property of magnetic force, 
it can be estimated that the applied magnetic 
field acts on the flow as a decelerating action. 
The solution of the boundary layer over a 
circular cylinder with uniform suction were 
already given for non-conducting flow,?-®» and 
above solutions will be extended to the case 
with externally imposed magnetic field normal 
to the wall surface. 


§2. Fundamental Equations 
The steady continuous flow of a viscous, 


electrically neutral incompressible fluid is con- 
sidered, and the rationalized m.k.s. system 
of electro-magnetic unit is used. The 
cylindrical case is chosen as a typical problem 
in the present paper, because the flat plate 
case can be obtained as the limiting case 
where the radius of cylinder becomes infinite. 


Rig ele 


Cylindrical co-ordinates. 


If the cylindrical co-ordinates (x, 7, @) is 
chosen as shown in Fig. 1, and the asympto- 
tic state in which all quantities are indepen- 
dent of x and @ is considered, then, terms 
operated by 0/0x and 0/00 should vanish. It 
is assumed that the 0-component of velocity 
and magnetic field do not appear in the flow 
field. Then, Maxwell’s equations give 


Vx E=0: dE./dr=0, (Gls) 
(1/n)d(rEs)/dr=0, (Ze) 
y-E=0: (1/nd(rE,)/dr=0, (3) 
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7-B=0: (1/Ad(rB,)/dr=0, (4) 
j=o(B+qxB)=7-p xB: 
je ok, (5) 
pe Ep Bae, (6) 
jo=o( E+ uB,—vBe)=—— pie (7) 


dr’ 
where E=E(E:z, E,, Es) represents the electric 
field intensity, B=B(B:z, Br, Be) the magnetic 
flux density, j=j(jz, jr, ja) the electric current 
density, q=q(u, v, 0) the velocity field, 4 the 
magnetic permeability and o the electrical 


conductivity. On the other hand, fluid 
dynamical equations give 
ode) 29) (8) 
Ven Af, 
Omi =i. el du ; F 
ca rD = Br, 9 
dr Y cated he inn ee 
dv ___dp,A4 ae voy ta 
ae a 3drlr dr at eo 


(10) 
where o represents the density, p the pressure 
and y the coefficient of viscosity. 

From Maxwell’s equations, it is deduced 
that EF, B and j must be of the forms 


E=(Exz, E,, BE) =(0, 0, Ey") ? 


Bohs, Be B)=(Be By”, 0), (11) 
ey ss 1 dBz 

= a) Jr, — 0, 0, eatin 3 ? 

J=(Jz; Irs Jo) ( - a 


to realize the possible solution of the present 
problem under initially given assumptions. 
In relations (11), 7 represents the radius of 
cylinder and &») and Bo are constant values 
of electric field intensity and magnetic flux 
density at the cylinder surface. Relations 
(11) represent that the electric field and the 
electric current have #-component only, and 
further, Eo and B, must be proportional to 
1/r, respectively. In the limiting flat plate 
case where 7)— 0c, these correspond to con- 
stant values of Ey) and Bo, respectively. 


§ 3. 


The boundary conditions on the velocity 
field are imposed by fluid mechanical consi- 
derations. If the flow is of the boundary 
layer type and externally imposed magnetic 
field is normal to the wall, these are 


Boundary Conditions 
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UUs», P>po., and Be-0 as roo, (12) 
u=0, and v=v at r=, 

where vo represents the effective mean verti- 

cal velocity of fluid at the wall surface. 

While from electrodynamical considerations, 

the following relations must hold at the 

boundary between the fluid and solid wall. 


{E.}=0, 
{H,}=js <n, (13) 
{Bn} =0, 

where the bracket represents the jump of 
values between quantities in the flow and the 
solid wall, H the magnetic field intensity 
which is equal to B/m, suffix ¢ and m the 
components tangential and normal to the wall 
surface respectively, js the surface current 
and n the unit vector normal to the surface. 
If the electrical conductivity of fluid and wall 
have finite values, there is no surface current 
and therefore js=0. In this case, above con- 
ditions reduce to: 


Eo=Eow=E, (14) 

Be = Baw . (15) 
Lie Llew 

Bro= Brw=Bo; (16) 


where suffices 0 and w represent values in 
fluid and in the wall next to the boundary 
surface, respectively. 

Before proceeding to the flow solution, it 
is useful to study the electromagnetic field 
in the solid wall, to be continued with that 
in the flow. In the solid wall, it can be 
deduced that je must vanish from Eqs. (9) 
and (11), as w=0 there. Therefore Eq. (7) 
can be integrated to give 


Bz=const!=Bys, 

and samely Eea=vBz, which is reduced to 
Fo=v0Bew 

with the aid of Eqs. (11), (17) and (19). 


(17) 


(18) 
From 


above relations, it is known that the applied — 


electric field Eo induces the magnetic flux Bry 
so as to cancel the electric current inside the 
wall. 


§ 4. 


In the present paper, calculations are ac- 
complished for the most simple case in which 
the fluid is incompressible and all coefficients 
such as o, “e, “# etc. are kept constant in the 
field. In this case, the equations can be in- 


Incompressible Solution 


i 


1960) 


tegrated analytically and the typical effect of 
magnetic field on the suction characteristics 
is easily evaluated. Eq. (11) can be integrat- 
ed to give 

v/ =Vovo=Const.. (11) 


Rewriting Eq. (9) with the aid of Eqs. (11) 
and (19), there is obtained 


du_d([_ du\ , Born dB, 
Ov n= ar eae) * pe FOr 
Also from Eqs. (7), (11) and (19), the follow- 
ing relation is obtained 


ealdBy 
pe dt 
Applying the boundary condition (12) on Eq. 
(20), it is deduced that dB,/dr must vanish as 
y—co because du/dr—0 there. Formally, this 
condition is automatically satisfied in Eq. (21) 
because the right-hand side tends to vanish at 
order 1/r as roo. However, this condition 
is not always satisfied, for, in the limiting 
flat plate case, 7o/y tends to unity and there- 
fore the right-hand side does not always 
vanish except when the term in the brackets 
vanishes. Thus, the plausible condition com- 
patible for both cases is given by 
Fo+u.Bo=0. (22) 
The above relation gives the electric field in- 
tensity. Mathematically, the condition (22) 
makes the right-hand side of Eq. (21) to ap- 
proach zero most steeply as 7 increases, which 
is similar to the method of steepest descent 
used in the classical boundary layer theory. 
From Eqs. (15), (18) and (22), the following 
relation is derived, 


(20) 


(21) 


= (Ey-+uBo—wBz). 


Baw _ 1 Bio a pee Uo ; (23) 
Bo E Bo Vo 
where 
ey (24) 


Lew 
Under these boundary conditions, the basic 
equations can be solved analytically as follows. 


a) General case 
First, two conditions are required to obtain 
a physically possible solution. These are 
v0<0, 
|vol> Va=Bo/V pe J 
where V. denotes the Alfvén wave velocity. 
In this case, the velocity, the magnetic flux 
and the pressure are given, respectively, by 


(25) 
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ass G bsaed iepa nl gus 
a | cosh 5 log Y) G sinh ( 5 log Y 
exp: ies Aet Retog Y) (26) 


Bs wae 


Bi Ga 
G 
+G& cosh (log v)| 


exp: G Met Bn log vy) ; 


po—p mee oH? (BN? : 
uae Gal Bie Gs) (28) 


| Rat (Re Ri)é)-sinh (e log Y) 


where 


Vor 
R.=—° a3 Rin=—6LUeVoN0, 
Lu 


i= Bore, G=V (R-— Rn? + 4F7?? , 
. (29) 
Vt ee 
Yo ro” Uco 

H? 

S=R.— Rn—2— 6. 

Rin 
Hf is the Hartmann number, R. the Reynolds 
number and Rn the magnetic Reynolds 

number. 

The coefficient of skin friction Cy and that 
of Maxwell’s stress Cm are given, respective- 


ly, by 


? 


_ Uduldryrery oy S1 (VaVe) 
Cp Ae atte) ef 
(BoBz)r=ro/ Me _ Va 2 
Cua ere =2a( 75") €. (31) 


Above relations show that Cy is decreased 
and Cm is increased as Vz, increases, but the 
total drag Cy+Cn is kept unchanged at a 
value of 2a, which is the same as in the non- 
magnetic flow. 
bb). bo=0 

When there is no magnetic field, Bys=0 and 
the solution becomes 


eee 


Uo To 
a=, (32) 
Poor D ew Ol* ¢ 
Puer/2 Y?2~ 


This solution coincides with Wist™, Lew 
and Yasuhara’s® solution for the asymptotic 
cylindrical suction flow of an incompressible 
fluid. 
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c) Two-dimensional case 

In the limiting case when 7» tends to infini- 
ty, the solution gives the two-dimensional 
one. In this case, Ke represents the compo- 
nent normal to x and y directions, and Bb, 
and v the y-component, and they have next 
forms, 


Ep Ege 
Br=Bo , (33) 
Vv=UV0. 
If the limiting relation 
lim 7o log (oud y ; 
T9770 0 


is applied on Eqs. (26), (27) and (28), these 
are reduced to 


u GC Stet f 
eu ey Nee pee 1 
it ne | cosh ( 9 vy’) G’ sinh ( 9 )| 


Cen eS cues (34) 
Bae cs 
ee =e ee aa po ag & ==" 
a | (2R +(Re — Rr’) } sinh( : ) 
+G’& cosh iby y’) 
xexp S Met ee y’) : (35) 
ieee Med Cae k: on 36 
per] Z . aban Bo : ( ) 
where 
a mE ’ Ra = —opeVoL ; 
fae / £ Bol, G'=V (Ri Ra FAH, 
pen Ye PO Le os ie 
Y=s, 8 ae» 
(37) 


and L is a reference length which, practical- 
ly, has no influence on the solution. While 
Cy; and Cm are kept unchanged, that is, given 
by relations (30) and (31), respectively. Fur- 
ther, if Bo=0, (84) becomes 


U 
——- pais hi Me 
=Ce-e6 =—eProy/ ; 


a (38) 
which coincides with the asymptotic flat plate 


suction flow of an incompressible fluid. 


§ 5. 

Velocity profiles calculated by the above 
results for cylindrical cases are shown in Fig. 
2 for several values of H in the cases of R, 
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=100, Rm=1 and of R-=10, Rm=10. In both 
cases, the condition |v )|>Va corresponds to 


OES T T 


—— Re=100, Rm=1 


y/o 


0 O2:- 104 nud0.6 pu. oie 
Os 


Fig. 2. Velocity profiles for a flat plate. 


0.5 T T 
— Re=!100, Rim=| 


0.4 - 


0.3 


ue 
Fig. 3. Velocity profiles for a circular cylinder. 


1.0 


-Vq / Vo 


Curves*of coefficients as functions of 
— Va/vo, for e=1. 
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H<10. Similar results of the flat plate case 
are shown in Fig. 3 for several values of H’ 
in cases of R.’=100, Rm’=1 and of R.’=10, 
Rm’ =10. The condition |v |>Va also corre- 
sponds to H’<10. C;/2a@ and Cn/2a are shown 
in Fig. 4 as functions of Va/(—v,). 

From these figures, it is found that the ap- 
plied magnetic flux B, acts on the flow as a 
decelerating action. This is an expected pro- 
perty of the magnetic force. In the above 
calculations, the electric field Es is determin- 
ed so that its coefficient FE, should satisfy Eq. 
(22). The physical meaning of this is as fol- 
lows. The above condition comes from the 
assumption that u-u.. as r->oo, and as a re- 
sult of this condition, the induced electric cur- 
rent must vanish as vy-co, and in order to 
satisfy this condition, the electric field Eo 
must be imposed on the flow so as to cancel 
the induced electric field. Practically, such 
a model is equivalent to the one in which the 
imposed magnetic flux B, is moving in the 
x-direction with uniform velocity u.. In this 
case, there is no interacting motion between 
the velocity field and the magnetic field in 
the flow field far distant from the wall. 


§6. Conclusion 


An exact solution of the flow of a viscous, 
electrically conducting fluid with an external- 
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ly imposed magnetic field normal to the wall 
is obtained for the incompressible flow over 
a circular cylinder or a flat plate with uni- 
form suction. The solution is an extension 
of that of the classical boundary layer flow 
with uniform suction. Analytical results show 
that if the Alfvén wave velocity is smaller 
than the suction velocity, a physically possible 
solution is obtained under a given boundary 
condition. Numerical results show that the 
applied magnetic field acts on the flow as a 
decelerating action as expected from the 
general property of the magnetic force, and 
the coefficient of skin-friction is reduced and 
that of Maxwell’s stress is increased, while 
the total drag is kept unchanged. Further, 
the solution reduces to that of the asymptotic 
suction flow when the imposed magnetic field 
tends to zero. 

Present analysis may be extended to the 
compressible case if characteristics of the flow 
parameters are given. 

Finally, present work was partially financiat- 
ed by the Scientific Research Fund by the 
Ministry of Education. 
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Two dimensional flow of an ideal gas with small electric conductivity 
past a thin profile is investigated. The applied uniform magnetic field 
is assumed to make a small angle with the uniform flow at infinity. The 
usual thin wing expansion technique is applied and the linearized equation 
is derived. The linearized equation is solved for the case of flow past 
a symmetric profile using an approximate method similar to that of 
Oseen in the theory of viscous flow, and the first order effects of the 
conductivity and of the angle of inclination are examined. The subsonic 
as well as the supersonic flow cases are considered, and the lift and the 
drag due to the magnetic field are obtained. In the subsonic case, the 
lift vanishes while the drag is positive for any profile. In the supersonic 
case, the lift is found to be negatively proportional to the angle of incli- 
nation, while the drag is not affected by the presence of the magnetic 


field. An intuitive explanation of the results is also included. 


Introduction 


§1. 

Recently Resler and Sears® investigated the 
two-dimensional flow of an incompressible 
ideal fluid with electric conductivity past a 
two-dimensional thin profile. The applied 
uniform magnetic field is assumed to be 
parallel or perpendicular to the direction of 
the uniform flow at infinity. They considered 
the flow with infinite conductivity using the 
usual thin wing expansion technique, and ob- 
tained results which show the change of the 
lift and the appearance of the drag due to 
the magnetic field. They examined, further, 
the effect of large but finite electric conduc- 
tivity using the boundary layer technique. 
According to a Sears’ lecture*, Resler also 
investigated the flow of a compressible ideal 
gas with infinite electric conductivity past a 
thin profile, and obtained an interesting partial 
differential equation of the second order which 
changes its type depending on the Alfvén 
number as well as the Mach number of the 
uniform flow. Taniuchi and Kato® investigated 
systematically the characteristics of the basic 
equation for the two-dimensional flow of a 
compressible fluid with infinite electric con- 
ductivity and obtained results which may be 


* given at the 8th Japan National Congress of 
Applied Mechanics held in Tokyo, in September, 
1958. 
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compared with that of Resler. He considered 
also the exact equation (not linearized) of the 
flow with the magnetic field applied parallel 
to the uniform flow and suggested that the 
usual hodograph method can be applied. 
Ando” investigated basic equations of the 
problem for the case with finite electric con- 
ductivity and introduced the generalized velo- 
city potential. He discussed the cases of in- 
finite electric conductivity in detail, and con- 
sidered the flow over a wavy wall when the 
applied magnetic field is inclined with respect 
to the uniform flow. 

The investigation of the flow with infinite 
electric conductivity is very instructive, be- 
cause it gives us insight into the more com- 
plicated phenomena with finite conductivity. 
The electric conductivity in the ‘ionosphere, 
on the other hand, is considered to be very 
small. Hence, it seems to be of importance 
to examine the effect of the small electric 
conductivity. In the present paper, we deal 
with the two-dimensional flow of an ideal gas 
with small electric conductivity past a two- 
dimensional thin profile. The applied uniform 
magnetic field is assumed to make a small 
angle with the direction of the uniform flow 
at infinity. The usual thin wing expansion 
technique is applied and a linearized funda- 
mental equation is obtained. The equation is 
solved for the case of flow past a symmetric 
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| profile using an approximate method similar 
) to that of Oseen in the theory of viscous flow. 
| Only the first order effect of the conductivity 
* and of the angle of inclination is examined. 


The subsonic as well as the supersonic flow 


} cases are considered, and the lift and the 


drag due to the magnetic field are obtained. 


' §2. Basic Equation 


The basic equations of the steady flow of 


| a compressible ideal gas with electric conduc- 
7 tivity are in MKS system of units: 


rolk=0 , div E=0 , (cd) 
Tot B= LGiveB=0:, 2) 
J=E+uxB, 8) 
div (ou)=0 , (4) 
ne =—grad p+ K(Jx B), 
Dt (5) 
= =(u- grad) , 
Dt ‘ 
0 DT pa ee ‘ 2 — Rn 6 
a ine pdivutks?, K Me’ (6) 
P=PT., G7) 
where 
r=Lr, (8) 
u=Utu , p= potted , 
\ Me? (3) 
p=p0, T= R died 
B=BeB, 
E=MBeE , (10) 
J=aieBed , 
(Me he ae (11) 


Bo?/ Me 


In these equations, t is the Cartesian coordi- 
nates in which the direction of the %-axis 
coincides with that of the uniform flow at 
infinity, and L is the characteristic length of 
the problem, for example, the chord length 
of the profile. a, 6, b, T, B, E and J are 
the velocity, the density, the pressure, the 
temperature, the magnetic flux, the electric 
field and the current density respectively. 7, 
R, o and we are respectively the ratio of the 
specific heats, the universal gas constant, the 
electric conductivity and the permeability of 
the gas. The letters with circumflex » and 
with suffix o indicate respectively the quantity 


with dimension and the quantity at infinity. 
The nondimensional parameters Rm and M4 
are called in usual the magnetic Reynolds 
number and the Alfvén number. 
From Eq. (1), we obtain 
E=grad¢a, <Ad¢n=0, (12) 
where $ is the electric potential. Then EF 
is constant throughout the flow field provided 
that there is no electric pole, and the constant 
is determined from Eq. (3) and the boundary 
condition that the current must vanish at 
infinity, so that 
E=—-ixB, (13) 
where i is the unit vector in the direction of 
the x-axis. 
If we assume 
u=(u, v, 0) ? B=(B:z, By, 0) ? (14) 
we obtain 
J=(0,0,J), E=(0,0,E), (15) 
from Eq. (2) and (13). Introducing these into 
Eqs. (1)-(7), we obtain the basic equations for 
the two-dimensional flow: 


OB,  OBe _ OB. , OBy _ 
Ox Oy SiH Gea Oy oat 
(16) 
J=E+(uBy—vB:) , Basin, Cle) 
0 are oe 
ox oy, (ov)=0 , (18) 
Ou Ou Op 
=— 9 
Gaede oo KByJ, (19) 
Ov dv Op 
= —_ KB, ’ 20 
(ua ta.) by 4 ih (20) 
os AT MEY ia 
al atta Bh righ Gye) ee 
(21) 
papry (22) 


where 6 is the angle between the applied 
uniform magnetic flux and the x-axis (Fig. 1). 


Uo= i 


LTT 


ein 
Fig. 1. 


In this paper, we consider a uniform flow 
past a thin profile. Then we may linearize 
the basic equations by making use of the 
usual thin wing expansion technique to obtain 
the following equations: 
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OB, OB: OBs , OBy 
Ox Oy TR » oyun Oy me 
(23) 
=By +m sin d—v, cos 6 , (24) 
001 Ou1 Ovi 
=0, 25) 
Ox +( Ox aw) : ( 
Ou _ _ Opr _ 
ica WG Kfhsino , (26) 
Ov; Op: 
a 0 27 
a os +Kficoso, (27) 
1 OT%__ (Om , On 
7—le Oe orf Ox a oy ) ; e 
fi=TooitT: , (29) 
where 
DEN. Q=soh, « | 
Pp—i+Ep1,  P=Peren,. l=Terels., 
(30) 
Bz=coséd+€B,’ , By=sind+éB,’ , (31) 


J=eji . 
€ is a small parameter which expresses the 
order of the disturbances induced by the pro- 
file, and we have neglected the second order 
terms in & to derive the above equations. 

From Eqs. (25), (28), (29), we get 
=p ’ a=Merpr ) M.?= zis ’ 
To ao” 

(32) 
where ad is the speed of sound at infinity. 
Elimination of p: and o: from Egs. (25), (26) 
and (32) yields the following equation 


A-M) Se+ e —KMf; sin 8. 
Eqs. (23), (24), (26), (27) and (33) are the 
basic equations for the present problem. 
Solution of these linearized equations is still 
very difficult for the general case, so that we 
shall restrict ourselves to the special case 
Rn<1, 6<1 in the following. 


(33) 


§3. Flow with Slightly Inclined Magnetic 
Field 

Eqs. (23)-(29) suggest that we may apply 
the small perturbation method with respect 
to Rm and expand all the quantities in powers 
of Rm. The zeroth approximation gives the 
usual Prandtl-Glauert flow and the undisturbed 
magnetic field. Then, inserting the results 
again into the basic equations and comparing 
the order of the first and the third term in 
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Eq. (26), we find that the third term becomes 
larger at great distances from the profile 
and hence straightforward application of the 
perturbation method will fail there. The 
situation is quite similar to that of White- 
head’s paradox in the theory of viscous flow, 
which suggests the necessity of use of the 
method similar to that of Oseen. 

If we neglect the terms involving Rm but 
retain those involving K in Eqs. (23)-(29), we 
obtain 


Oe = , Be 5 =O , 34) 
A=By +umd-— , (35) 

(My) 2+ = Mehd, (36) 
oe = —2P\_ Ka, (37) 

oa z =F ih (38) 


where we have made further approximation 
that 6<1 neglecting the terms of order 6°. 
From Eq. (34), we can conclude that B’=0 
by means of the discussion similar to that 
for EF. Then, the rest of the above equations 
constitutes the basic equations for the purely 
hydrodynamic variables. The difference of 
the above and the usual equations consists in 
the last terms of the Eqs. (36), (37) and (38) 
which represent the effect of the Lorentz 


force. If we eliminate f, and ~; we obtain 

Ot. ori Oni Ze KM,26 
OE et oe Beye g ES Dag (39) 

Ou dv (2—M,2)6 

Ratner ig “a ie ps I SL 

dn OE {? V+0—M) u) “bee 
m=u, wUu=v/+HI—-M ; (41) 
E=x, 27=)VY+0-—M , (42) 


where the upper and the lower sings corre- 
spond to the subsonic and the supersonic flow, 
respectively. 

The boundary conditions are the same as 
those of the usual thin wing theory 
1) (u, v) is one-valued and continuous through- 

out the flow field, 

2) (u,v)—>0 IEl, lala, 
Sige =F fren 4) On v= 0, 
where the profile is expressed as y=-ttfa(x). 
1) Subsonic flow 

From Eqs. (39) and (40), the velocity poten- 


as 


| 


| 


| 1960) 


j tial ® as well as the stream function Y may 
i be introduced: 


exp {re KOC Mi"), | 00 
ioe "| oF e 
oO 
b(2— M22 
ron mERBES HO 
u=exp( K6Mo"4 is 
V1—M? / dy ’ ms 
v=—exp ( — KoMo i 
V1—My? / OE ’ 


The fundamental solutions of the above 
equations are 


| 0,=exp ae + Kon \/1— Me? LKa(-$-r Jet , 


(45) 
ora. Ki NV IED c ind 
| ¥,=exp — 9 Ken/1—- Me Kn at eae 
(46) 

2 2 
‘ =** + KM) , (47) 


were @ corresponds to a source and ¥% toa 
vortex. From the asymptotic expansions of 
| the above solutions we obtain 
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The second term in the brackets suggests 
that the solutions diverge at infinity in the 
transonic case, and hence the following con- 
clusions related to 6 cannot be valid for the 
transonic flow. Further, the above equation 
shows the fact that a wake (or wakes) ap- 
pears in the following direction (Fig. 2): 


8=0 
ay-plane 
Biowe2: 
Z x 
= = een ee —My? } - 
G=n+a0, a 7a 0/1—M? } 


(49) 
By analogy of the usual thin wing theory, 
the flow past a profile can be represented by 


suitable distribution of sources and vortices 
on the chord line of the profile: 


u, vec exp | ee ee (48) 


U=mtu2, Vv=Ui+0s, (50) 
n=exp | gee le (51) 
a=" £6) exp 52) + Kom/i— Me KV E-BP He ) a 
KéynM.? \ ov 
ea ee) On | 
Ye= —exp ( = oat) ef (52) 


OE ’ 
— SS fi C ee 2 a. Bee. | 
v=[’ eéoexp| —2E5 ©) —Kom/i=Me bho $V EBT) Abs 
=i 
] In the above, the first term (a, v1) represents mainly the disturbance due to the symmetric 
i profile immersed in the flow with applied field parallel to the direction of the uniform flow 
| at infinity. The second term represents, on the other hand, the effect of the inclined mag- 


| netic field. Because of our assumption K<1 and 6<1, we can expand the integrands of 
| Eqs. (51) and (52) in the neighbourhood of the profile: 


{FCG low 1 —Eol| 


need} oC En 


PS (Ke) A VARSE 


dé , (53) 
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Fr&)=(" s@ ae, 64) | 


where only the principal terms are retained. If we insert these into the boundary condition 
3), and solve iteratively, we obtain 


fO=7 ae (65) 
g=— PLS) 0K). (56) 


Introducing the solutions (55) and (56) into Eqs. (51) and (52) we can calculate the velocity 
at any point in the flow field, and especially the velocity distribution over the profile: 


u=(rVI=Me 7c) dfvt i loge Elida + <2 


KOS G ar (57) 


The first term of the above equation is nothing but the usual Prandtl-Glauert solution, while 
the second and the third terms represent respectively the effect of the magnetic field applied 
parallel to the uniform flow and the effect of the inclined magnetic field. 

The lift and the drag coefficients are defined as follows 


Ase - 
Co=| pa5(botatl /2)=20\| pife’ dé , (58) 
=f, -1 
L A A a 1 
Co=| (p-— ps) d& / (Sotte?L/2) = 24| (pi-— pis) dEo , (59) 
i -lI 
where f/f; is obtained by integrating Eq. (37) over the profile: 
pi=—m + KO fa(&) . (60) 
Introducing the above results into Eqs. (58), (59) and (60), we obtain 
C705 (61) 


wes ior). fa' (Eo) log \E—Eoldéo| dé. (62) 


The integral in the above expression can be rewritten by integrating by parts and exchang- 
ing the order of integration in the form: 


1=\' WO |" fs) log 1s —Eoldgo} dé 


“f pal Bare 


The comparison of the integral in the brackets with the first term of Eq. (57) suggests that 
the integral may be regarded as the velocity distribution over the thin profile which is 
represented by y=tfx(&) in the (€, 7)-plane. Thus the above can be rewritten as 


. 


) 
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mere ® is the velocity potential of the problem and the terms of order #3 in the integrand 
were neglected. Further let us suppose that the domain outside the profile in the (€, y)-plane 


Wey to Th 1 2 
C=Etin= (247) +e(aaZ+at S anZ~) (63) 


where all the coefficients a are real by symmetry. Then, by means of the technique of the 
complex variables, the integral J can also be written in the following form: 


I=—Fra\_ (€(2)+EZ))-{aP(Z) + dF @)—de(Z)—-€D)} 


=— 5 (a1) ba Nan? } ; (64) 


Where F is the complex velocity potential. 
”) Supersonic flow 
FromzEqs. (39)fand (40), the velocity potential ® is introduced: 


vexp {Ker ee 
O=exp | “Kon MHI |e, 
bom o=0, P= _ Kraume—y. (66) 


Eq. (66) is the familiar equation of telegraphy, which tells us that the disturbance cannot. 
yropagate in front of the Mach wave as in the usual supersonic flow. On the other hand, 
the disturbances damp as they travel along the Mach wave, due to the resistivity of the 
nagnetic lines of force against the transverse 
notion. 

By Riemann’s method of integration, the 
low past a profile can be solved in the fol- 
Owing manner: 


p= PV Ut OVs — 2 (Vbu-#Vion 


+(V¢v— Vy) un} ds , (67) 
PS ey) , tee) ’ (68) 
were (yn, 4m) are the direction cosines of the 
inward normal, the line integral is taken along 


ACB (Fig. 3), and V is the Riemann function 
which satisfies the following conditions: 


om V,=0'° on AP (v=pe), 
Vui=0 on BP (v=yp), 

o Ve=1. 

As mentioned above, the disturbances from the profile cannot propagate in front of the 


Fig. 3. 
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Mach wave emanated from the leading edge of the profile, so that we may assume $=@.= 
¢v=0 on AC. Then, Eq. (67) can be simplified as follows: 
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a mee are 2 \" On |n (GV e- ) ae 
where the fact that eae n= onSBC, and | 
=1 FV ieee) ) , 70} | 


has been taken into account. 
profile is obtained: 


Thus, putting 7=0 in (69), the velocity potential ¢ on the 


sls (2,08 rue D), (71 
ee mies 7z\. On ace [ 

Now, if we introduce Eq. (65) into the boundary condition 3), we have 
Cae =e EP b,— KdV/M?—1 $} (72) 

Solving Eqs. (71) and (72) iteratively, we obtain 

¢=¢o.+KOV MP1 oi4+---, (73) | 
1 ere y ae a | 
a | IS eee 2 Tk ; | 
= 7M) \"e lease ts cal 


rary | bob SRB) ae 


From the above obtained solution, we can easily calculate the velocity distribution over 
the profile as well as the drag and the lift coefficients: 


gl ge) Kf(E) __, Ke Fol€) 
YO BE VO TAP eo a 
20 
=| A ee 
VV 2(M?—1) 9 wal 


Ci cane fodé . 


In Eq. (79), the first term is the usual Prandtl- 
Glauert solution, the second term represents 
the effect of the magnetic field applied paral- 
lel to the direction of the uniform flow, and 
the third term corresponds to the effect of 
the inclined magnetic field. The double signs 
of the third term correspond to the upper 
and the lower side of the profile as is obvious 
from the consideration of symmetry. 


§4. Concluding Remarks 


Inspecting Eqs. (61), (62), (64) and (76), “iT 
can conclude that: in the subsonic flow, the 
lift vanishes and the drag is positive for re 

! 
| 


profile, while in the supersonic flow, the lift 
is negatively proportional to the angle of 
inclination of the magnetic field and no ig 
crease of the drag due to the magnetic field: 


results. It is also to be noted that the results: 


3 1960) 


concerning the lift are independent of the 
Mach number for both flows. The negative 
proportionality of the lift to the magnetic 
angle of inclination in the supersonic case 
may be explained intuitively by the resistivity 
fof the magnetic lines of force against the 
transverse motion, the effect of which Ss 
however, in the subsonic case, just cancelled 
out by the hydrodynamic force. The appear- 
ance of the drag in the subsonic case may 
also be ascribed to the same reason. As 
@mentioned already, these conclusions cannot 
be applied to the case of the transonic flow. 
i The fact that the increment of the drag just 
Tvanishes in the supersonic case will also be 
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restricted to the first order effect of K. 
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$1. Introduction 

_ Although thermal conductivity apparatuses” 
“are widely used as gas analysers, they 
|} have the disadvantages that, in order to 
| obtain. high sensitivity with these appa- 
ratuses, gas-sampling bulb must be used 
and that long time is required to measure 
the thermal conductivity. 

_ The authors designed a new appa- 
‘ratus characterised by high sensitivity, 
quick response and simplicity of meas- 
“urement. As shown in Fig. 1, a bead- 
‘thermister a (or 6) was enclosed in a 
‘small cell a (or 8) on the inner wall 
‘of the tube with a diaphragm A (or B). 


lebKez, bs 
a, 8 thermister-cell; 
a, 6 thermister. 
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A New Type of Thermal Conductivity Gas Detector, I. 


By Shinzan SOMA and YG TAKEUCHI 
Faculty of Liberal Aris, Ibaraki University 
(Received March 27, 1959) 


A new type of gas detector with two thermisters and two thermister- 
cells was designed. Two thermisters were enclosed in each thermister- 
cells respectively, one of the cells having a porous window through which 
gases may run into the cell from the outside. 
conductivity of gas permeating into the cell through the porous window, 
we can detect the gas with high sensitivity. Since the cell is small, the 
time response is quick, and the sesitivity is increased because of the 
self-heating effect of the thermister. 
able to detect 0.01% hydrogen contained in air. 


Measuring the thermal 


Using this method, we have been 


The diaphragm A is made of paper which is 
permeable to gases, while the other diaphragm 


Cell a 
) 


Schematic arrangemement of the apparatus. 
A, B diaphragms; 
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B is impermeable to gases. Both thermisters 
a and 6b are heated by currents about 2mA 
and the temperature difference between the 
thermisters a and 6 is measured by a dif- 
ferential amplifier. When the air current 
containing any impurity flows through the 
tube, the air in the cell a is replaced by the 
gas permeating through the diaphragm A, 
but the air in the cell @ is not replaced. 
Since the temperature of the thermister a 
changes with the variation of thermal con- 
ductivity of the gas in the cell a, the output 
signal of the differential amplifier depends on 
the impurity gas density in the cell a. The 
output signal is independent of the flow rate 
of the air in the tube, since the thermister, 
the temperature sensing element, is enclosed 
in the cell and the air in the cell is almost 
at rest. The effect of the temperature of the 
air is cancelled, for the temperature variations 
of both thermisters occur simultaneously. 


§2. Theory 

Supposing that the air contains hydrogen, 
let the volume density of hydrogen in the air 
be po, and the density in the cell be p (cf. 
Fig. 2). The quantity of the hydrogen per- 
meating through the diaphragm A will be 
proportional to the difference of density fo-p. 


Fig. 2. a, Thermister-cell; A diaphragm; 


a thermister. 


Therefore, we have 
apVv) 
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p=0 for t=0, we obtain 


p= bo 1—exp(—"P ) ; 
| 


In our arrangement V~1.5x 10-2 cm’, S~1.2x 
10cm? and k~0.20cm/sec, and we obtain) 
p=pho/2 at t=0.4sec. Therefore the density) 
p will become equal to #o almost instantly. 
Next, we shall make an approximate evalua- 
tion of the temperature variation of the 
thermister. Let T and J» denote the tem- 
peratures of the thermister when the enclosed . 
air has thermal conductivity k and ko respec- 
tively. Let R and Q denote the electric 
resistance and the Joules’s heat respectively 
and R and Q be their values at t=0. Put 


T=Tot+4T, Q=Q+4Q, R=Rot AR. (39h 


From the temperature characteristics of the 
thermister», we have 


(2 


2 


jog Ras t, 
samme eT | 
where f is a characteristic constant. There-- 
fore, we have | 
AR | 
L (4) 


= AT 

Ro CT 2i3)* 
Let the heat capacity of the thermister be 
C, then we have 


at) i 

(5)) 
where kg is the coefficient of heat transfer : 
from the thermister to the surrounding medi- 
um and @ is the temperature of external air. 
At t=0, we have 


ae he Oe 


Qo—hog(To—)=0 . (6)5 

From (3) (5) and (6), we have 
ne een | 
C =40+Q0( 1 ‘a beaT. (7) 


Since in this apparatus the voltage between — 


—kS(po—p) , (1) the terminals of the thermister is kept nearly 
dt constant, we obtain 7 
where V is the volume of cell, S the area of do to AR 
diaphragm and k the permeating velocity. - suet (8) 
Integrating (1) under the initial condition Then, from (4), (7) and (8), we have 
ue k Onan | 
. Q(1- ee oes kg SAT oe 
Hence . 
k jhe f | 
- fe ) ws To—98 ko Ceo : 
AT= a Si [ exp C (10) 
To—90 ko (To+273)? 
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In our apparatus f=3.7x10? deg, C=2x10- cal/de = 
. : ; g, R=3.7k2 and Qo=1.0x10- watt at 
6=18°C, so that T=39°C. Substituting these values into (10), we have 


k 
ern —(5.7 — —4.5) t 
AT=— s! 1. ie | , (11) 


According to (11), the time lag will become equilibrium rather rapidly. Therefore this 
fj smaller as k/ky becomes larger, but even when method is suitable for quick measurements 
) k/ko is nearly equal to unity, the term of thermal conductivity. The smallness of 
@ containing ¢ in (11) is given by exp(—1.2t), the denominator of (11) results in increased 
so that the thermister will reach the thermal sensitivity of this apparatus. 


) 20 40 60 80 100% 


Fig. 5 (a). Out-put signal vers. density curve for 
various temperatures, 


Fig. 3. Differential amplifier. 


1000 
uA 
800fr 


ee 100% 


15% 
100 jets Se 
600 


0.01 0. 0 100% 
Fig. 5 (b). Temperature dependence of the output 


Fig. 4. Out-put signal vers. hydrogen density. el 
signal for various hydrogen densities. 


Logarithmic scale. 
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§3. Experimental Results 


A differential amplifier as shown in Fig. 3 
was used. Fig. 4 shows the relation between 
the output signal and the hydrogen density 
when the temperature of external air is 20°C. 
The level of noise was less than 0.1uA. The 
sensitivity varies with the temperature of 
external air as shown in Fig. 5. 


§4. Conclusion 


Our present apparatus has following advan- . 


tages: 

1) The response is sufficiently rapid for 
use as a continuous gas detector. 

2) The sensitivity is rather high in spite 
of the simplicity of apparatus. Craft paper 
is used in the present apparatus for the 
diaphagm A attached to thermister cell a. 
We are now in search of more suitable 
materials for the diaphragm in order to 


S. SOMA and Y. TAKEUCHI 
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increase the stability and durability of the 
detector and we shall report the details in a 
future publication. 
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Awano of Ibaraki University for his support 
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of Ibaraki University for his interest and kind 
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Non-ideality Effects upon the Sedimentation Equilibrium 
in a Density Gradient* 


By Hiroshi FUJITA 
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The theory of Meselson et al. for the sedimentation equilibrium of a 
macromolecular solute in a density gradient of a low-molecular-weight 
substance is corrected for the thermodynamic non-ideality of the system. 
It is shown that equilibrium experiment of this type allows determination 
of the molecular weight of the macromolecular component if the ‘“‘solva- 
tion’’ parameter at the limit of zero concentration of the macromolecule 


is constant throughout the cell. 


Introduction 


§1. 


Meselson, Stahl, and Vinograd” have recent- 
ly described an interesting type of sedimen- 
tation equilibrium experiment for a_ three- 
component system. The system contains, in 
addition to a solvent (component 0), a dilute 
macromolecular solute (component 1) and a 
moderately concentrated low-molecular-weight 
substance of high density (component 2). The 


* This investigation was supported by a grant 
from the National Science Foundation (G-3599). 


density of the latter component should be 
such that when the system is at sedimenta- 
tion equilibrium the term 1—d,0 for the 
macromolecular component vanishes at some 
point in the ultracentrifuge cell, where 7; is 
the partial specific volume of component 1 
in the solution and op is the density of the 
solution. To treat this type of equilibrium 
experiment Meselson et al. assumed that the 
activity coefficient, 71, of component 1 on the 
molality scale_is unity for all concentrations 
of components 1 and 2. The purpose of the 


present paper is to formulate a theory of this 
type of experiment without this assumption. 
In other words, we shall be interested in 
taking the thermodynamic non-ideality of the 
macromolecular component into theoretical 
‘§ consideration. 


§2. Theory 


The equations descriptive of the sedimen- 
‘tation equilibrium of a three-non-electrolyte 
component system are” 


Mi1—1010)w?r 
= (54) oe) dmx (1 ) 


Om, P,my dr Om, Pym, dr 


MAL — V20)w?7 
= (5) is (282) dm (9) 


Om, P,my dr Omz Pym, dr 
‘where m; is the concentration on the molality 
scale, 4 is the chemical potential per mole, 
M; is the molecular weight, and @; is the partial 
specific volume, of component i(i=1, 2), p is the 
density of the solution, 7 is the radial distance 
from the axis of the rotor of the ultracen- 
trifuge, w is the rotor speed, and P is the 
pressure. Meselson et ai. dealt with a 
macromolecular electrolyte in the presence 
of a low-molecular-weight 1—1 electrolyte, but 
the development here assumes, for simplicity 
of treatment, that all components are non- 
electrolytes. We further assume that the 
partial specific volumes of all components are 
‘constant. 

If use is made of the “solvation” parameter 
IT defined by 


= _ Ops/Omr)P ma (3 ) 
| eGo an 
Eqs. (1) and (2) may be rewritten 
Amr ; 
dm, = M1 am» 4 
=(1+mBi1) ay —I] (1-4 mBas)( al ay ( ) 
| 5 dm dmy 
Amr = —P (1+ 7B) ++ Bas) dr ap 


| where A; (i=1, 2) is 


Ai=Mi(1—vip)w?|(RT) (6) 

and Bu and fx» are 
Bu=( In 71/0m1) p,m, Gr) 
Bun =(0 In 72/0M2)P,m, (Sy) 


The 7: (i=1, 2) is the activity coefficient of 
component i on the molality scale and 1s 
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chosen so that it approaches unity as the 
concentrations of components 1 and 2 tend 
to zero. 

If the solution is sufficiently dilute in 
component 1 but not so in component 2 Eqs. 
(4) and (5) may be replaced by 


(Adumr= FE Pill -+ mB ee a (9) 
( As)omar=[1+ mss) (10) 


where the subscript 0 indicates the value at 
the limit of zero concentration of component 
1. Equations (9) and (10) have been derived 
by neglecting in Eqs. (4) and (5) the terms 
of order m: in comparison with unity or with 
the terms of order mz. Combining Eqs. (9) 
and (10) and rearranging yields 


dm,/dr=[(A1r)o+I'o(Az)o]mmir (11) 


Substitution for A; from Eq. (6) and use of 
the assumption that v: is constant leads to 


dm, 
dr 
= (ep MALL dslo d+ PoMalL— veoh) mar 
pai ls 
(12) 
The quantity (0), which may be a function 
of 7, is obtained from the blank experiment 
in which only components 0 and 2 are present 
in the same amounts as in the solution 
experiment. We denote (0)o vs. y curve so 
obtained by o.(v). The quantity Io may also 
be a function of y and is appropriate to write 
I(r). Then integration of Eq. (12) gives 


In [7721(7)/711(70)] 
=(oIRT)\" {(M,{1—0x(o)a) +P'oMal1—#:(0)o)}rdr 
r 
, (13) 
where 7» is some value of 7 to be determined 
below. 

From Eq. (12) it follows that if conditions 
are chosen so that the quantity in the braces 
vanishes at a point in the cell the curve for 
m, vs. y has a maximum at that point. We 
choose this point as 70, and expand ,(7) and 
T(r) in Taylor series about r=7. Then 

doo 


orir=orird +(e) ror At (14) 


ru=Por+(S) Te ees 


Lea i 


Introduction of these expressions into Eq. 
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(13), followed by integration with the condition that v: and v2 are constant, yields 


In [ma(r)/mi(70) |= —(w?70o/2R T {Mavi + T'o(70)Mzv2\(don/dr)r—r 


— M[1—d200(10)|(d0'o/dr)r-r, (7-10)? + OL — 10)? ] . (16) | 


Therefore to the approximation that terms higher than O[(r—ro)?] are neglected we obtain 


(17) | 


ma(r)=mx(ro) exp] ey aes 
where o? is given by 
o2= RT|[wro{(Miv14-T (70) Mai 2\(dos/dr)r-r>— Mo[1—0200(70)|(dlo/dr)r=r, }] (18) | 


Thus we see that the molality concentration of the macromolecular solute (component 1) 
distributes in a Gaussian form about the point y=7o with a standard deviation o given by 


Bqia(i3). 


§3. Determination of 


Since at r=7o 


Eq. (18) may be rewritten 


where I)’ stands for Io9(M2/M;). 


Mi[1—100(70)|+-T'o(70)M2[1—v200(70)|=0 (19) — 
o?=RT[1—0200(70)]/[Miwro{(01—02)(d00/dr)r-r9 —Mo[1—0200(70) (dl 0’/dr)r=ry}] (20) © 
Solution of Eq. (19) for 1/p.(70) gives 
1/0070) =[0. + I'v (ro al/14+T'v' (ro) (21) | 

interaction lim (0 In 71/Om2z)Pm,=0 (25) 


If there is no thermodynamic 
between components -l and 2, I\’(7.)=0 and 
(dl /dr)r-ry=0, so that the expression for o? 
and 1/0.(7) reduce to 
2=RT)/[Mio7r01(dov/ar)r-r9] (22) 
1/o0(70)=01 (23) 
These equations agree with those derived 
from the theory of Meselson, Stahl and 
Vinograd? for systems of non-electrolyte 
components. It is important to note that this 
agreement is obtained by simply assuming 
that Io’ is zero (at least over short distances 
about 7=70).. In other words, the equations 
given by Meselson ef al are applicable provided 
there is no thermodynamic interaction between 
the macromolecular solute and the added low- 
molecular-weight substance, at very low con- 
centrations of the former. Referring to the 
definiton of J’ this condition implies that 


lim (O42/Om1)P,m,=0 


m,—>0 


Since we have the relation 
(01/02) Pm, =(O42/Om1)P,m, (at constant T) 
the condition in question may be written 


(24) 


m,—0 


which is less restricted than 71=1 as has been © 


assumed in the treatment of Meselson ef al. 
Equations (22) and (23) indicate that for a 
system in which I)’=0 both the molecular 
weight, 1, and the partial specific volume, 
v1, of the macromolecular solute can be 
determined from the measurements of o and 
vy. when the data for o.(7) are obtained from 
a separate blank experiment. The composi- 
tion of the third component should be 
chosen so that a bell-shaped concentration 
vs. distance curvefor the macromolecular 
solute may be observed over some _ short 
distance in the central region of the cell. 
Since MM, is the quantity to be determined, 
the concentration of component 1 on the c 
molality scale may not be known; the quantity 
measured actually is the concentration on the 


c scale (grams of solute per ml. of solution) — 


as a function of r. However it can be shown 
that for solutions sufficiently dilute in com- 
ponent 1 (though not necessarily dilute in 
component 2) the quantity dmi/dr will ap- 


1960) 


proach zero as dc,/dr approaches zero, where 
¢: is the concentration of component 1 on the 
scale. Thus for solutions with which we are 
‘concerned in the present paper the maximum 
will occur at the same point in the cell for 
‘both the c, vs. ry and the m: vs. r curves. To 
jj the same approximation the value of « may 
be determined from the actually measured 
C1 vs. ry curve. The use of the above method 
is possible only when the concentration distri- 
bution of the macromoiecular solute can be 
measured independently. However, this is 
not often the case. 

In cases when Jo’ is not zero this type of 
experiment generally does not allow to de- 
‘termine MM, and 7, because I’) cannot be 
measured. However, if Io’ is constant at 
least over a short interval about r=”, and 
if d, and vs. can be determined separately, the 
values of M,; and Io’(%) may be calculated 
from measurements of o, 7, O0(70), and 
(do.(r)/dr)r-r,. First, substitution of the values 
of (7%), D1, and vz into Eq. (21) yields the 
desired value of I0’(%). Next, since 


(do dr) r= = 0 


under the condition mentioned above, Eq. (20) 
may be solved for M; to give 
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RT[1—V200(70)] 

Fw 1(V1—V2)(d00/Ar) rarg 
Hence M; can be determined if the above- 
mentioned experimental data are available. 

Thus we see that there is the possibility 
that we can evaluate the molecular weight 
of a macromolecule from sedimentation equi- 
librium experiments with a mixed solvent, in 
the case when we have reason to believe that 
I)’ varies slowly with rv. According to the 
usual type of sedimentation equilibrium ex- 
periment, the molecular weight of a solute 
dissolved in a mixed solvent can be determined 
unambiguously only when I’y’ is zero through- 
out the cell. The condition dIy’/dr=0 (for 
all 7)* is apparently less restricted than the 
condition J"o’=0 (for all 7). 


(26) 


References 
1) M. Meselson, F. W. Stahl and J. R. Vinograd: 
Proc. Nat. Acad. Sci. U. S. 43 (1957) 581. 
2) J. W. Williams, K. E. Van Holde, R. L. Baldwin 
and H. Fujita: Chem. Rev. 58 (1958) 715. 
* For Eq. (26) to be valid the condition 
(aI! /dr)r=7,=0 
is sufficient, but since 79 is unknown is advance, 
it is safe to impose a more restricted condition 
dIy’ dr=0 for all r. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 15, No. 2, FEBRUARY, 1960 


Maxwell’s Formula for Three-Dimensional and 


Large Deformation 


By Wataru SEGAWA 
College of Humanities and Sciences, Nihon University, Tokyo 
(Received November 12, 1959) 


Classical Maxwell’s formula in the case of a single relaxation time is 
extended so as to be applicable to three-dimensional and large deformation. 
It is also shown that for small deformations the derived formula is reduced 


to Alfrey’s formula which is valid for three-dimensional and small 


deformation. 


Application to simple elongation is shown to be satisfactory. 


§1. Introduction 
As is well-known, classical Maxwell’s 
formula having a single relaxation time can 


be derived from a mechanical model, series 


combination of a Hookian spring and a 
Newtonian dashpot, and is not valid for three- 


dimensional and large deformation. 


It seems that so far main efforts to improve 
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Maxwell’s formula have been directed to the 
problem of, for example, combined models, 
relaxation spectra etc. and not how to make 
Maxwell’s formula applicable to general 
deformation, even though Alfrey? derived 
general formula for three-dimensional and 
small deformation and some authors”® con- 
cerned with large elastico-viscous deformation. 

In this article, we will derive Maxwell’s 
formula for three-dimensional and large de- 
formation of initially isotropic material, ina 
different way from the above articles, and 
an application of the derived formula to simple 
elongation will be done. It will be also shown 
that Alfrey’s formula can be derived from 
our formula, using the assumption that the 
deformation is small. 


Strain and Strain Rate 


$2. 

Let the position of a material particle of 
a system of particles be x for undeformed 
state ({=0) and x* for deformed state (t=2), 
ona rectanguler coordinate system X*(7=1, 2, 3) 
fixed in space. Then, we can define two 
measures of finite strain, for latter use, as 
follows: 


Ku = 37 — Ory) 
C15 = 4015-9") 
where x\=0x"/Ox' , x',=0x'/Ox*> etc. 


Using the above definitions, we can easily 
prove that 


“\w— 7 KAge*K 
aa a 


(2.1) 
(2.2) 


gi=xi x, 


Cij=X KEE, (2.3) 

C8 = KEK Mes 5 (2.4) 

Strain rate tensor f,,,can be defined as follows: 
Fru OR LEU Gs 5 (2.5) 

€ij = H 3K JP (2.6) 


Let the X*-component of the velocity v of 
a material particle in time ¢ be v’, then fi, 
is also defined by, as ordinarily done, 


Fru = 3 +0 ¥) (2.7) 


where 
v \=0v*/0x*" etc. and v\=dx*/dt etc. (28) 


We can easily prove that the right-hand 
side of Eq (2.5) is equivalent to that of Eq. 
(2.7), using Eq. (2.8). 

From Eq. (2.3) and (2.5), we have 


satonc/7i ‘ 
frwmatizs 2 (ards fetp) 


a (2.9) 
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We will use this equation to represent elastic 
strain rate-elastic stress relation. 


§3. Strain Rate-Stress Relation 

i) Viscous liquid 

Reiner® derived strain rate-stress relation 
of a viscous liquid which is isotropic in its 
rest state. This relation can be written as 
follows using the notations of this article: 

Fru=Godu+G,T+G2T"T (3.1) 

where Go, G, and G: are functions of stress 
invariants defined by 
T:=T™, T2=$T"T™, T3=$TYT "THR C2) 


ii) Elastic solid 


Reiner® derived stress-strain ralation of © 


an elastic solid which is isotropic in its in- © 
itial state, as follows: 


T= Aodxut+ Meru t Arervévn (3.3) \ 


where Ho, Hi and Hz are functions of strain 
invariants. 

Analogously, using the principle of genera- 
lized dimensions, we can derive strain-stress 
relation of an isotropic body, which, using — 
Ga as measure of strain, will be expressed 
as follows: 


= Pret IT isl (3.4) 


where Fo, Fi and Fy are functions of stress 


invariants. 
Substituting Eq. (3.4) into Eq. (2.9), we 
have 


Frente |e i PDan + FT 


+Fi Te Tv) (3.5) 


This equation expresses strain rate-stress re- 
lation of an elastic solid which is initially 
isotropic. 


§4. Maxwell’s Formula 


Let us regard a Maxwellian material as a 
system of particles, then the displacement 
of a material particle from x* (initial position) 
to x** (final position) will be done by both 
elastic and viscous process. 

In analogy with classical model, we assume 
that 
i) actual strain rate is a sum of elastic 
Strain rate and viscous strain rate, 

ii) elastic stress is equivalent to viscous 


i) stress and also to actual stress. 
Then, from Eq. (3.1) and (3.5), we have 
Oxt Oxi 


Da oa sat (ae 


(Fidep + ATPL RTOTH)| 


+GoOrxu+GiT+G2T"T (4.1) 


} which is Maxwell’s formula for three-dimen- 
§ sional and large deformation of an initially 
§ isotropic body. If the material is incompres- 
sible, additional condition 


div v=f),=0 (4.2) 


|} must hold. We must notice that this equa- 
& tions artificial coordinates y** which express 
‘the final position when only elastic process 
‘took place. So, it is necessary for us to 
§ decide, beforehand,. Oy*,/Ox‘- Oy*/Oxi and 
Ox'/Oy*~ - 0x5/Oy*® as function of stress. Eq. 
4 (3.4) and (2.1) will work for this decision, 
together with other conditions. An example 
} of calculation will be shown in § 5. 

Let the x’ (or x‘) component of an elastic 
| displacement be w* (or u‘), then we have 


oy Oye * 0 x KX 2 O1 be 

Oxt Oxi ~~ Ox! eye’ aye ee 
=(Oy+uiyOustut) , (4.3) 

Ox Ox? 0 


0 Al Ae 
aye) 


=(Dia—Ura)(Oje—up,) . (4.4) 


| When elastic deformation is sufficiently 
i small, we can neglect the higher order terms 
1 of displacement gradients compared to the 
‘lower order termes of those, and _ strain- 
j stress relation will become linear. Then, Eq. 
1 (4.3) and Eq. (4.4) will become 


(yu) 


ay*e Oy*e = Oyo 


ED mE 
= =Oni8 us » (4.5) 
axt OxF 
Oye Bynes ° (4.6) 


| Substituting Eq. (4.5) Eq. (4.6) into Eq. (4.1) 
/ and using linear strain- stress relation we 


; -( ay* 
~~ \ Ox 


a 1 

a 

a Oye 
a =( =) 


) have 


t Oy*t 


d 
On? 2 
+G 
dt {(ppant) 7} : 


=>) 


yA oe Jt AD 4 AT) |+Go+G:T84+G,7T™ 
d 
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f= Bi TX) 


+GoOu+GiT“+G,T’T , (4.7) 
where, denoting shear modulus as LL, 


1 
o=— Gi Ts; has ' (4.8) 
This is Maxwell’s formula for small elastic 
and large viscous deformation of an initially 
isotropic material. 

If viscous strain rate is also sufficiently 
small, viscous deformation for definite time 
interval will also become small, and strain 
rate-stress relation will become linear. 
Then, Eq. (4.7) will be reduced to 

d 

a; 
where, denoting shear modulus by yw and 
coefficient of viscosity by 7, 


(Pod xu t Fil) + Godrxp+Gi Tl (4.9) 


Fo=— 5 Ti ’ Tia | 
LU 
? e (4.10) 
(fae Gee 
0 6, il 1 2p 


Eq. (4.9), together with Eq. (4.10), is equiva- 
lent to Alfrey’s formula.” 

In the next paragraph, application of Eq. 
(4.1) to the well-known problems of a simple 
elongation will be done. Their results under 
the assumption that deformation is small 
could be derived aiso from Eq. (4.9) directly, 


§5. Simple Elongation 

Let us consider incompressible uniform 
elongation in the direction of X1-axis. Denot- 
ing the extention ratio by a, this deforma- 
tion is specified by 


Gi agl gts ae ete ae (5.1) 
a a 


Then, from Eq. (2.7) and Eq. (2.8), we have” 
ax 1 a 
aaa: Bt iar 
all others=0. (5.2) 
We assume that stress components vanish 
except J, as ordinarily done in simple 
elongation. Then, Eq. (4.1) results in 


(5.3) 
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and from Eq. (3.2) we have 
Tiss 
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Ts=3(T} , 


from which we can see that /, Fi, F2 are functions of 7 alone. 


From Eq. (3.4), we have 


2 Ox 


a ( oy ) ant AT AT™ 


(5.5) 


1 Oy? 2 fe 
= Ox? ) -1}=F . 


Eq. (5.1) shows that x** is a function of x* alone, so we can assume that y** is a function 


of x alone. 


<- QhthT ET) ys | ae ee (5.6) } 
Se ae | 
ay TG re Pay et ee ere ea 
eT 6.7) | 
SAF in QMeyte 


i) When J7=const. 
From Eq. (5.7), we have 


1 


eG tt Tt eee 
a 2a 
Then, we obtain 
a=ay exp #(G: T+ G2T)t (5.9) 
or Ina=In ao+32(GiT'+G.T™)t G99) 


Eq. (5.9’) tells us that the logarithm of ex- 

tention ratio is proportional to time ¢ but 

the time derivative of In @ is not proportional 

to T410or a. This facts agree well with ex- 

perimental results® for some substances. 
When deformation is small, that is, 


Ina = Inte ¢).e,. Gan 05 G, = const = L/27 
Eq. (5.9) is reduced to 

&= 6 -+ an 
which is equivalent to the results derived 
from classical Maxwell’s formula. 
ii) When a = const 
From Eq. (5.7), we have 


(5.10) 


5 = f in Oy + FT! + BT) 43 
+ Got Git" + GiT™ =0 | (5.11) 
+4 4 nr + +1)+G)=0 


Then, substituting Eq. (5.5) into Eq. (5.3), we have 


We cannot solve this equation analytically 
without introducing any assumption. 
If deformation is small, we have 


+a (Fy + FiT)} + Go + GT = 0] 
a (5.12) 
5 2h} + Gi =0 | 


LATS) + GT =0 (5.13) 


where Fi = const = 1/24, Gi = const = 1/2y 
Then, we have 
Tu = Tye- Cet 
which is equivalent to classical results. 
ili) When @ = co 
From e a 7), we have 
1 


a = 
ae 

2liva= Th ere a de ieee: | 
—Ina=In(2 +1) 


(5.14) 


ia" In QF + AT! + RT) + | 


(5.4) | 


where we have assumed that a=1 when 


jos 
a? = Fy + ATH + AT) 41 
(5.15) 
<= 2h +1 
a 
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alae = 2F,TY + FT) (5.16) From the above definitions, we can easily 
a prove that 
or TH =s( a z =) (5.16) =x et, 63) ef, = xi xtel (64) 
and 

at fF, = 0, Fi = 1/2n, we have ; é . 

ee Fru =i er (6.5 eb = xr f,, (6.6) 
ie a( a = A From Eq. (6.3) and Eq. (6.5), we have 

Actual stress is related to conventional stress ue x 2 tone.) (6.7) 


Pp! by T2=ap". Then 
Strain-stress relation is written as 


vs 1 
p= a(a 24 Gali”) a = Fy Oau + FY TM + Fy TMT (6.8) 


which is equivalent to the well-known stress- Substituting Eq. (6.8) into Eq. (6.7), we have 
strain relation of rubber-like substances. Pag = wh 98 
Moreover, if a—1=e<1, we have q ald. 
Fe cat ane Mis.5) ET ae ieee “tal SE 
5 which expresses strain rate-stress relation of 
which represents Hooke’s law. Benteg (asad urate 


t ] ill 
§6. Another Expression of Maxwell’s ee 


Oxt Oxi d 
F i = Cae 
ormula ie oy=* aye dt 
In the preceding treatment, we have used ayke out 


e&&, and e; defined by Eq. (2.1) and Eq. (2.2) ai Ae (Fo dag + FY T% + Fi’ Torr) 
respectively. Let us show that, instead of . rs 
them, we can use e#, and e?, defined t+ Godan + "ea? tectnGaTi Onl s (6-10) 
: ? ; Let us apply Eq. (6.10) to the case of a simple 
Chu = B00au — Tau) Tie =ntaye (8-4) elongation. Analogously with §5, we have, 
ef, = 3915 — 915) 915 = xrx*” (6.2) from Eq. (6.10), 


Boe =( aes on) a fi (ee ) (Fy + FITS + PYT!™)| + Gy + GT + GT | 
a Oy"! } dé (6.11) 
la Ox? \? d 
ec pasion =(a) AF =~) Fi a + Go 
and from Eq. (6.8) 
{1 Bs ( Gs yt = Fy + F/T! + FYT™ 
Oy*t (6.12) 


) Substituting Eq. (6.12) into Eq. (6.11), we have 


: F Pe ee Po +A T+ BiT™ Tue Go pe 
={i—2hy + iy + Fs a Toe ay zs F/T! + FY T™) Fy Ti) + Go + Gi + Ge 


ik 42 arene ne Fry’ L4G 


VA 
(6.13) 
a a Sz gist Fy TT} -G + GT" + G2T!? | 
bay ae =e 5 ab aa 2( Fo’ + Fy ER ae 18s: )} 0 1 6.14) 
SL ET a —2Fy’} + Go | 
A (8 2 dt 


344 


which corresponds to Eq. (5.7). 

We can easily show that using Eq. (6.14) 
we can derive the similar results as i), ii), iii) 
in §5, and we can see that Eq. (6.10) can 
play the role of Eq. (4.1). Moreover, we 
could derive any other expression of Maxwell’s 
formula, if there exists any measure of finite 
strain from which we constitute elastic strain 
rate-elastic stress relation, or more generally, 
only if we could have any elastic strain rate- 
elastic stress relation. 

§7. Conclusions and Discussions 

In the precedings, generalized Maxwell’s 
formula have been derived, which is valid 
for three-dimensional and large deformation 
of an initially isotropic material. This 
formula will be reduced to general strain- 
stress relation of isotropic elastic solid when 
the terms relating to viscosity are absent and 
to general strain rate-stress relation of an 
isotropic viscous liquid when the terms 
relating to elasticity are neglected. We could 
say that our Maxwell model is a series com- 
bination of a generalized spring (non-Hookian 
spring) and a _ generalized dashpot (non- 
Newtonian dashpot). 
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Our formula contains artificial coordinates 
(elastic coordinates) and their gradients which, 
in general, cannot be observed directly. As 
in Maxwell model elastic stress is equivalent 
to actual (observable) stress, we can decide 
elastic coordinate or their gradients as func- 
tions of actual stress, by virtue of strain- 
stress relation of an elastic solid. But, this 


decision is not always easy, without any other © 


conditions which simplify the calculations. 
We could have other expression of gener- 
alized Maxwell’s formula, only if we had any 
other strain rate-stress relation of an elastic 
solid which is valid for large deformation. 
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Ultrasonic Propagation through Aqueous Solutions of Acetates 


By M. KRISHNAMURTHI* and M. SURYANARAYANA 


Physical Laboratories, Osmania University, Hyderabad-?, India 
(Received October 1, 1959) 


Using the pulse method in the range of 2 to 26Mc’s the ultrasonic 
absorption, velocity and the adiabatic compressibility have been studied 
in eleven aqueous acetate solutions up to a concentration of 1 mole/litre. 
The substances studied are the acetates of lithium, sodium, potassium, 
ammonium, magnesium, calcium, strontium, barium, zinc, cadmium and 
lead. Absorption in mercuric acetate has been studied only at 2 and 
6 Mc/s. Two regions of relaxation are noticed, one below 10 Mc/s and 
the other between 10 and 26Mc/s. The first relaxation is ascribed to 
the dissociation reaction of the salt and the second one to the monomer- 
dimer reaction of the acetic acid formed by the hydrolysis of the salt in 


water. 


| § Introduction 


| Ultrasonic relaxation phenomena have been 
} observed by the authors in aqueous solutions 
' of some gases and salts and are reported in 
earlier papers». These include solutions of 
gases like sulphurdioxide and nitrogen te- 
' troxide and also of sulphites, bi-sulphites and 
nitrites in water. As a continuation of the 
same work the ultrasonic propagation in a 
number of aqueous acetate solutions have 
) been studied and the results are reported in 
this paper. A preliminary report of this work 
by the authors» has been published earlier. 

_ Some of the acetate solutions were studied 
} by earlier workers. Thus Bazulin® working 
) in the frequency range of 7 to 30 Mc/s found 
| that ad, the excess absorption per wavelength, 
in aqueous zinc acetate solutions passes 
| through a maximum near 8 Mc/s for concen- 
| trations of the order of 0.1 mole/litre. Berrett, 
} Beyer and McNamara®) have studied the 
} aqueous solutions of sodium, potassium and 
) copper acetates. In the case of copper acetate 
} solutions they found the relaxation peaks of 
| absorption near 18Mc/s for concentrations 
} between 0.1 and 0.3 moles/litre. They infer 
/ from their work that in the case of sodium 
| and potassium acetate solutions the peaks of 
+ excess absorption per wavelength will occur 
} below 10 Mc/s. 


_ §2. Experimental Method 
The experimental procedure adopted is the 


* Now at the Indian Institute of Science, 
Bangalore, India. 


3a 


pulse method as reported in the earlier papers 
and covers a range of 2 to 26Mc/s. The 
measurements are confined to the Fresnel 
region of the ultrasonic beam in the medium. 
The error in the measurement of absorption 
is estimated to be better than +5 per cent 
at the lower frequencies and +3 per cent at 
the higher frequencies. 

The ultrasonic velocity is measured at 
6.36 Mc/s with the help of the movable time 
mark of a DuMont oscilloscope 256 F by 
registering the two positions of the received 
pulse as the receiver is moved accurately 
through a known distance. The velocity is 
measured to an accuracy of -+1 meter/sec. 
The densities of the solutions are determined 
in the laboratory and the adiabatic compres- 
sibility is calculated from a knowledge of the 
ultrasonic velocity and the density of the 
solution. 

Aqueous solutions of lithium, sodium, 
potassium, ammonium, magnesium, calcium, 
strontium, barium, zinc, cadmium and lead 
acetates have been studied upto a concen- 
tration of 1 mole/litre at seven different fre- 
quencies, namely, 2.12, 5.02, 6.36, 10.61, 15.49, 
19.82 and 25.81Mc/s. The salts used are 
analytical reagents of guaranteed purity. All 
the results refer to the room temperature of 
98°-+-1°C. The alignment of the crystals is 
tested by verifying with distilled water the 
values of absorption and velocity. This check 
is made everytime when measurements are 
taken at a given frequency on a given sub- 
stance. 


5 


(Vol. 15, 


346 M. KRISHNAMURTHI and M. SURYANARAYANA 
Table I. Ultrasonic velocity (meters/sec) 
Temperature: 29°C 
§ g g I Ey» 5) Boar 
Moles/| So wo DD on ao a) ao E® So | 38 oes Ee 
tres she ig vio Geen tee eee hie tlle Sexiulecucplibeiee a2/ 8a |<] g< 
Ay <x = n 
iO EY EY 1584 1570 1643 1596 1603 1588 1532 — 1451 — 
0.8 1550 1570 1556 1557 1613 1579 1595 1578 1529 1558 1456 1488 
0.6 1540 1555 1542 1546 1589 1561 1575 1566 1525 1560 1465 1466 
0.4 1527 1532 1524 1537 1562 1544 1556 1556 1524 1558 1485 1478 
ORZ 1520 1519 1518 1525 1540 527 1542 1542 1524 1554 1498 1489 
0 1510 1510 1510 1510 1510 1510 1510 1510 1510 1510 1510 1510 
Table II. Adiabatic compressibility (in 10-12 cm2/dyne) 
Temperature: 29°C 
g g a g E 2 
om = + pe) es) an) rp a) ~ » a) p 
Moles/|. 8 Bol) By | el Sunless oleae S ble’ Blt Bae ly eee Miles Seiioeel Gee 
at Nt og Ex om Ox Ba Qa <x 5 <x << sx 
Au < = n 
LO! Re Qseey” eel 38.14 | 40.05 34.67 36.42 | 34.44 33.94 38.42 — | 38.83 — 
0.8 40.74 39.68 40.17 40.86 36.32 STM SRD S5 not 39.32 | 37.03 | 39.96 | 38.82 
ORGraealee Om AOR One alu: AN ASO | OE O22 S745 36.87 AQ olelol S02) | esleetom eA leas 
(28 |) AP 2es 42.07 42.38 42.42 40.04 40.70 39.37 38.84 41.29 | 38.98 | 41.83 | 42.27 
Onan AS OSM Aorta Sa LOM Mao ZO nano, AV Sysl | ANN Ay 41.06 | 42.27 | 40.18 | 42.89 | 43.27 
0 43.66 | 43.66 43.66 | 43.66 43.66 43.66 | 43.66 43.66 43.66 | 43.66 | 43.66 | 43.66 
§3. Results for some others. 
The ultrasonic velocities determined for ; F 
these solutions are recorded in TableI. The ‘%4- Discussion of the Results 
adiabatic compressibilities, calculated from (a) Velocity and compressibility: With the 


these velocities and the corresponding densi- 
ties, are shown in Table II. 

The excess absorption, over and above that 
due to viscosity and thermal conduction, is 
calculated for each solution at every concen- 
tration from the experimentally determined 
values of a/f?. The coefficients of viscosity 
of the solutions required in this connection 
are taken from the International Critical 
Tables vol. V, 1929. The absorption in zinc 
and cadmium acetate solutions is so large 
that the viscosity contribution to absorption 
is neglected in these two cases. The con- 
tribution of thermal conductivity of the 
solutions to the classical absorption is neg- 
lected as it is usually a small fraction of the 
viscosity contribution. The excess absorption 
per wavelength (a4) calculated from these 
results are shown graphically (figures 1 and 2) 
in some cases and in the Tables III and IV 


exception of the heavy metal acetates, namely, 
lead and mercuric acetate solutions, the 
ultrasonic velocity in all the other ten acetate 
solutions is found to increase with increase 
of concentration. The decrease of velocity 
with increase of concentration for lead acetate 
solutions is in conformity with the earlier 
observation on the same by Balachandran®. 
The ultrasonic velocity in zinc acetate solu- 
tion, even at a concentration of 1 mole/litre, 
is not much different from that of water. 
Besides, the variation of velocity with con- 
centration is not significant beyond 0.2 
moles/litre. This observation holds also for 
cadmium acetate solutions. This is interest- 
ing in view of the extremely large ultrasonic 
absorption observed in these solutions. As 
for the remaining acetate solutions it is seen 
that, for any given concentration, the univalent 
acetates generally show lesser velocity than 
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° Strontium acetate O-5M 
A Barium acetate O-8M 


r o Zinc acetate O:-05M 
4 
40r 
3 
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Fig. 1. Dependence of ai, the ultrasonic absorp- 
tion per wavelength, on the frequency in aque- 


ous solutions of sodium and lithium acetates at 1OF 
concentrations of 0.2; 0.3 and 0.5 moles per 
litre. ES. A eS a eres ne eee 
itre 0 4 8 12 16 20 24 
f Mc/s 


Fig. 2. Dependence of ad, the ultrasonic absorp- 
tion per wavelength, on the frequency in aque- 
ous solutions of strontium, barium and zinc ace- 
tates (upper figure) and calcium and cadmium 
acetates (lower figure). Concentration is in 
moles per litre. 


Table III. Ultrasonic absorption per wavelength 
in units of 10-3 db 


; : Conc. Frequency in Mc/s 
Sub moles/ 
stance Table IV. Ultrasonic absorption per wavelength 


litre 2.12)5.09f6..26f10..61/15.49)19.82)25..81 
0.61)15.49/19 pel in units of 10-3 db 


0.8 |0.561.591.73 1.18 4.94 4.81 3.20 z ; STG 

_ Potas- onc. requency (Mc/sec 
- ates Ds Ore40 BrMtOsyTe2AUAD2NSISBI2.89 ‘oes | molea/| 2 
| Acetate | 0.3 |0.290.720.91 1.27 3.62 3.10 2.90 litre 2.12|6.36 t0.61|15.49)19.82] 25.80 
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ernie: 501057 1v15d 8501 960St2INS 0603.07 SCPC Hos 05e2|! 81.) 80 1044.00.22) a7 33 
| Acetate | 0.3 |0.410.851.27 1.66 2.84 3.21 2.39 020311 Meson ny26i 114. batOpomnly 
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0.8 |1.415.719.28 4.89 7.30 9.50 6.75 et Slit Bod 7° 88° 108 118 = 
Magne- Cadmium 1 

ae 0.5 |0.822.984.89 2.47 5.69 6.42 4.51 “Somem™m | 0.2 77170 55 69. 65 
Acetate | 0.3 |0.551.802.65 1.66 4.70 4.36 4.04 0.1 OTe T hoo ASSO eee 
0.2 |0.461.331.77 1.50 4.09 3.59 3.85 One Ee eo, 184 ee ee 
0.8 |39.816.615.1 10.2 23.4 29.1 22.3 0.4 |0:22 10.4 22 29 34 38 
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the bivalent acetates. However, no abnormali- 
ty is observed in the behaviour of the adia- 
batic compressibility in any of the solutions 
studied. The compressibility decreases, in all 
the cases, with the increase of concentration. 
(b) Ultrasonic absorption: Work on the 
aqueous solution of mercuric acetate has been 
abandoned as it is forming a coating on the 
crystals and the crystal holder. However the 
measurements made at 2.12 and 6.36 Mc/s on 
this solution point to a relaxation region below 
2Mc/s. The following features are noticed 
from a study of the ultrasonic absorption in 
all the other aqueous acetate solutions. 

Two regions of relaxation one below 10 Mc/s 
and the other above it are noticed in nine 
out of eleven aqueous acetate solutions. The 
exceptions are the acetate of lead and 
cadmium where, probably, the first relaxation 
is occurring at frequencies far below 2 Mc/s. 
The second relaxation is observed round about 
20 Mc/s in ten acetate solutions. Zinc acetate 
solution shows a tendency towards a second 
relaxation beyond the frequency range of this 
study. 

In general, the univalent acetate solutions 
show lesser absorption than the bivalent 
acetate solutions. 

The first relaxation frequency is about the 
same for all the acetates of the univalent 
group (Li, Na, K, NH,). In the case of the 
bivalent group (Mg, Ca, Sr, Ba) the relaxation 
frequency decreases with increasing molecular 
weight of the salt. Since the second relaxa- 
tion is occurring at about 20 Mc/s in all the 
acetate solutions (zinc acetate is an exception) 
it can be inferred that the cation has no 
marked influence on the second relaxation 
frequency as it has on the first. 

The maximum value of a4 varies as square 


root of concentration in the univalent acetate: 


solutions in so far as the first relaxation is 
concerned. The variation of the same for the 
second relaxation is as cube root of concen- 
tration. In bivalent acetate solutions, for 
both the relaxations, the variation of (@A)max 
is as the concentrations. Tamm, Kurtze and 
Kaiser? have found that (@d)max varies as 
concentration for bi-bivalent sulphates. 

To see if the hydroxide formed by the 
hydrolysis of the acetate in water is causing 
the first relaxation, potassium and barium 
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hydroxide solutions of concentration 0.2 
mole/litre are studied in the entire region of 
frequencies. No relaxation is observed in 
either of them. This as well as the various 
features mentioned earlier eliminate the pos- 
sibilities such as the excitation of the molecular 
degrees of freedom, the hydration of the 
cation etc. as causing the first relaxation. 
All this leaves a dissociation reaction of the 
salt into its constituent anion and cation as 
the possible explanation for the first relaxa- 
tion observed in the aqueous acetate solutions. 
Based on this explanation for the first relaxa- 
tion and using the theory developed by 
Tabuchi® for ultrasonic propagation in such 
solutions the authors have calculated various 
parameters concerning the chemical kinetics 
of the dissociation reaction. This forms the 
subject matter of a separate paper to be 
published elsewhere. 

The second relaxation observed in these 
acetate solutions is strikingly similar to the 
second relaxation observed by the authors 
in the binary mixtures of acetic acid in water. 
Therefore, this relaxation in the aqueous 
solutions can be ascribed to the same phe- 
nomenon which is causing the second relaxa- 
tion in the acid water mixtures, namely, the 
monomer—dimer reaction of the acid. This 
is because all these acetates in water undergo 
hydrolysis to some extent and thus form the 
acid. 

The authors thank Professor S. Bhagavantam 
for his keen interest in this work. 
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Ultrasonic absorption has been studied by the pulse technique in the 
binary mixtures of acetic acid in water, methyl and ethyl alcohols and 
covers a range of 2 to 26 Mc/s. The mixtures are studied from 0 to 100% 
by weight of the acid. In all the three mixtures, two relaxation pro- 
cesses are observed, the first occurring below the frequency range of the 
study. The second one occurs near 20 Mc/s in the acid-water mixtures 
and at much higher frequencies in the other cases. It is qualitatively 
explained that the monomer-dimer reaction of the acetic acid giving a 
relaxation near 1 Mc/s has shifted to a higher frequency when mixed in 


| alcohol and ethyl alcohol. 
} study are reported in this paper. Even though 
| these solvents are not inert, it is hoped that 
i these results will also be of help in under- 
} standing the molecular mechanism causing 


a solvent thus giving rise to a second relaxation in the mixtures. 


§1. Introduction 


The measured ultrasonic absorption in many 
organic liquids generally exceeds the classi- 
cal contribution ascribed to viscosity, heat 
conduction and radiation. This excess absorp- 
tion is attributed to relaxation effects involv- 
ing the perturbation by the sound wave of 
the molecular equilibrium in the liquid. For 
example, work done by Lamb and Pinkerton” 
from 0.5 to 67 Mc/s and subsequently up to 


200 Mc/s by Heasell and Lamb” revealed a 


relaxation process in acetic acid round about 
a frequency of the order of 1 Mc/s depending 
on temperature. The theory of relaxations in 
solutions has been developed by Freedman”, 


who, using his theory, has attributed the re- 


laxation in acetic acid to the perturbation of 
the monomer-dimer equilibrium of the acid. 
He further suggested that a study of the bi- 


} nary mixtures of the acid in inert solvents 


should further help to clarify this issue. This 


| suggestion has been taken up by Piercy and 
| Lamb” who studied the binary mixtures of 
1 the acid in some inert solvents like chloro- 
} benzene, nitrobenzene, toluene and m-hexane. 
j It is thought desirable by the present authors 
j to study the ultrasonic absorption of the bi- 
} nary mixtures of this acid in water, methyl 


The results of this 


* Present address: Director’s Research Labora- 


| tory, Indian Institute of Science, Bangalore, India. 


the relaxation in the pure acid. A prelimi- 
nary report of this work has been published 
elsewhere”. 


§2. Experimental Method 


The pulse method of Pellam and Galt with 
the modification of using two identical quartz 
crystals, one for transmitting and the other 
for receiving the ultrasonic pulse, has been 
adopted in this work. The electronic circuits 
used from 2 to 10 Mc/s are the same as those 
described in earlier papers. For a study at 
higher frequencies in the high absorbing so- 
lutions used in this work the input to the 
transmitting crystals as well as the sensitivity 
and gain of the receiving amplifiers have to 
be very much increased. The necessary 
modifications effected to extend the frequency 
region up to 30 Mc/s are briefly discussed be- 
low. 

The transmitting circuit consists of a R.F. 
oscillator of the Hartley type using a 6 AG7 
valve which generates continuous oscillations 
at any desired frequency between 10 and 30 
Mc/s. The output of this oscillator is ampli- 
fied and simultaneously pulsed by an 807 valve 
amplifier. By applying positive pulses of 120 
volts obtained from the Philips H. F. oscil- 
loscope (G. M. 5660) the amplifier is switched 
into action, the amplified output being avail- 
able for the duration of the pulse. Thus the 
output of this amplifier consists of a series 
of radio frequency pulses. 

At these frequencies it is desirable to have 
a separate tuned circuit across the transmit- 
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ting crystal and to connect the tuned circuit 
in the anode load to this combination by a 
coupling capacity. By this means, the capa- 
city of the crystal and the crystal holder do 
not form a part of the amplifier circuit. This 
is an advantage considering the fact that at 
these frequencies the tuning capacities re- 
quired are quite small and to maintain the 
proper L.C. ratio in the anode load all stray 
capacitances should be reduced to a minimum. 

On the receiving side the attenuator is fol- 
lowed by a tuned amplifier covering a fre- 
quency range of 12 to 30 Mc/s on the super- 
heterodyne principle. This replaces the wide 
band amplifier used at the lower frequencies. 
The intermediate frequency of this amplifier 
is chosen to be about 10Mc/s, so that the 
amplifier may have sufficient band width to 
retain the pulse shape. The exact I.F. is 
10-8 Mc/s and the band width is 100 Kc/s. The 
gain of the amplifier is of the order of 1000 
to 2000, the lower figure being applicable at 
the higher frequencies. 

The ultrasonic velocity is measured at 10-6 
Mc/s in the acid-water mixtures only and is 
accurate to within+1m/sec. The absorption 
is determined at frequencies 2-12; 6-36; 10-60; 
15-47; 19-85 Mc/s in all the three binary mix- 
tures studied. In the case of the acid-water 
mixtures the measurements are also made at 
25:79 Mc/s as the peaks of absorption are 
observed near that frequency region. The 
absorption measurements, which are confined 
to the Fresnel region of the ultrasonic beam, 
are accurate to within 3 to 6 percent, the 
lower limit applying to the higher frequen- 
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cies. All the observations were made at the 
room temperature of 29°=-1°C. The liquids 
are all fresh standard analytical reagents of 
guaranteed purity. 


§3. Results 

The observations made on the binary mix- 
tures of the acid with water, methyl alcohol 
and ethyl alcohol are given in Tables J and II. 
Table I refers to the values 


Table I. Mixtures of acetic acid and water 
values of (aA) in units of 10-% db 


Conc. of Acid 
wt. per cent 


Frequency (Mc/s) 


of mixture 2.12 6.36 10.60 15.47 19.85 25.79 
90 156 85 ed) 815 43 51 
80 168 98 13 43 46 18 
70 144 94 i 50 33 26 
60 114 84 18 49 50 32 
50 85 61 20 42 42 30 
40 60 44 17 30 31 24 
30 40 28 12 18 20 15 
20 26 13 220m 1920) iad 8.9 
10 U2 3.9) 28s, 4244 16 aeons 

5 ATi Zid \ 2 Oleg SA. 


5.0 4.8 


of ad, the excess absorption per wavelength, 
at six different frequencies in the range 2 to 
26 Mc/s for various concentrations of the acid 
in the mixture. The excess absorption is 
obtained after subtracting the value of a/f? 
due to viscosity of the mixture at each con- 
centration from the experimentally determined 
value of a/f?. The viscosity coefficients for 
various concentrations of the acid in water 
are taken from the International critical ta- 


Table Hl. Acid-alcohol mixtures values of a/f in units of 10-5 db meter-! sec 
eee Conc. of Frequency (Mc/s) 
Mixture Sader 
per cent 2.12 6.36 10.60 15.49 19.82 
80 13.36 6.93 3582 Daae, 3.05 
Pratt Vail 60 8.48 4.45 2328 1513 1.99 
in Methyl 40 4.83 2 8) 1.42 0.78 1.384 
Alcohol 7 
20 1.70 OZ, 0.74 0.56 0.88 
10 0.53 0.41 0.34 0.47 0.70 
80 VAN GYA 8.40 5.09 3.44 3.47 
Retires 60 13.89 6.11 3.29 27 2.40 
in Ethyl 40 7.00 4.09 2.18 AY 1.86 
Alcohol : ‘ 
20 3.39 Zee D222 0.90 1.23 
10 Zoo ID ALL 0.80 0.78 IOS 


1960) 


bles (vol. V, p. 20; 1929). The contribution 
of thermal conductivity and radiation to the 
absorption has been neglected as it isa small 
fraction of the viscosity contribution. For 
the other two binary mixtures, as the veloci- 
ties are not measured, only values of a/f are 
given in Table II. 

Some of the interesting results are represent- 
ed graphically in Figures 1and2. The velo- 
city is measured in meters/sec and the 
absorption coefficient a’=a/f? in 10-“ db sec? 
calmer 


—— Acid+ Water (a/f?) 19-85Mc/s 
—o— Acid+Methyl Alcohol (@/f?) 19:85Mc/s 
—a- Acid+ Water (Velocity) 10:6 Mc/s . 
| 


280; 560 


240 41480 
» 200} 4!400 
3 
160 71320 -¢€ 
oO ~~ 
€ a> 
= 120 41240 8 
© o 
x > 
3 80 41160 
40 +|080 
|000 


vi! 20. 1am GON 80 
Conc. (wt% Acid) 


Fig. 1. Ultrasonic absorption coefficient, a/f?, at 
various concentrations of acetic acid in water 
(@) and in methyl alcohol (@). Ultrasonic 
velocity in acid-water mixtures ([e]). 


§4. Discussion 
2 


In each binary mixture, the value of a/f? 
at any concentration of the mixture is different 

for different frequencies. In the case of the 
acid-water mixtures, at every frequency of 
study, interesting peculiarity is observed in 
the trend of a/f? with concentration. Instead 
of a sagging curve (Figure 1) values of a/f? 
begin to deviate from it from a concentration 
of 90 per cent by weight of the acid down to 
very low concentrations. This behaviour can 
be attributed to a complex formation between 
the acid and water. Ultrasonic velocity (Fi- 
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gure 1) also shows deviations near concentra- 
tions of 77 and 50 per cent by weight of the 
acid. These concentrations correspond to the 
formation of complexes CH;COOH-H.O and 
CHsCOOH:2H:0 respectively. 

On the other hand, in the case of the al- 
cohol mixtures of the acid, a/f? passes smooth- 
ly from the value of the acid to that of the 
respective alcohol (Figure 1). It may be stated 
that density data (International critical tables 
vol. III, p. 150; 1929) do not reveal any volume 
changes in these mixtures. So formation of 
complexes may not be taking place in these 
mixtures. 

The variation of ad, the excess absorption 
per wavelength, at various concentrations of 
the acid in water is shown in Figure 2. It is 
seen from this figure that there are two re- 
laxation regions one below 10Mc/s and the 
other above it. The first relaxation occurs 
much below the lower frequency of this study. 
In the case of the alcohols, the mixtures only 
show a tendency towards a second relaxation 
peak. 

The following inferences may be drawn 
from the f-@2 curves of the acid-water mix- 
tures. The second relaxation peak at any 
given concentration of the mixture is less 
than the corresponding first relaxation peak. 
The frequency at which the second relaxation 
occurs depends on the concentration of the 
mixture. For higher concentrations of the 
acid (30 to 80 per cent by weight of the acid) 
the second relaxation peak is practically con- 
stant near 18Mc/s. At lower concentrations 
the frequency of peak absorption is increasing 
with decreasing concentration. This is diffe- 
rent from the behaviour of most other relax- 
ing aqueous solutions where the frequency of 
peak absorption increases with increasing 
concentration up to a limit. 

A qualitative explanation for the second 
relaxation process may be given. The fact 
that the second relaxation occurs in all types 
of solvents studied in this work and in the 
work of Piercy and Lamb (loc. cit) suggests 
a common explanation for this relaxation pro- 
cess. As there is no evidence of ionization 
and complex formation in most of these mix- 
tures these two possibilities are eliminated. 

Piercy and Lamb, using the theory propos- 
ed by Freedman, have deduced that the second 
relaxation in the mixtures of the acid in the 


inert solvents is due to the perturbation of 
the monomer-dimer equilibrium. It is, there- 
fore, concluded that the second relaxation 
observed in the binary mixtures studied in 
the present work is due to the same reaction. 
Evidence for such a reaction to exist in the 
solutions of the acid in water is furnished by 
Cartwright and Monk®. Using conductivity 
measurements they obtained the equilibrium 
constant of the monomer-dimer reaction of 
the acid in water and showed agreement of 
their value with those obtained by other 
workers using the distribution and vapour 
pressure methods. When such a reaction can 
occur in so active a solvent like water, there 
is every possibility for this reaction to exist 
in the binary mixtures of this acid with me- 
thyl and ethyl alcohols. 

The occurrence of the first relaxation in 
all the binary liquid mixtures containing the 


100 


80 
Acetic acid in water 


60 


ad xIlO%db 


Fig. 2. Dependence of a7, the ultrasonic absorption per wave- 
length, on the frequency in binary mixtures of acetic acid 


in water for different concentrations of the acid. 
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acid will now be considered. It has already 
been mentioned that Freedman has ascribed 
the peak of absorption near 1 Mc/s in the pure 
acid to the monomer-dimer reaction. Piercy 
and Lamb ascribe the second relaxation ob- 
served in the binary mixtures of the acid in 
the inert solvents to the same reaction. It 
is possible that the monomer-dimer reaction 
which gives rise to a relaxation peak at l 
Mc/s in the pure acid has shifted to about 
20 Mc/s in the acid-water mixtures and to 
higher frequencies for the other binary mix- 
tures of the acid. On an analogy with this 
it is suggested that the first relaxation oc- 
curring in all the binary mixtures might be 
exhibited by the pure acid at a very much 
lower frequency than 1Mc/s. It may be, 
therefore, useful to investigate the propaga- 
tion of ultrasonics in the kilocycle region in 
the pure acid to see if there is a peak in 
absorption in that frequency 
range. 

The idea of a shift of the relax- 
ation frequency of a pure sub- 
stance when mixed in a solvent is 
supported by the results obtained 
by the authors” in N2O, solutions 
in water and by the earlier re- 
sults of Krishnamurthi® in the 
aqueous solutions of SO.. In both 
the cases, the peaks of absorption 
for the pure gas are shifted to 
much higher frequencies when 
dissolved in water. 

In conclusion, the authors thank 
Professor S. Bhagavantam for his 
keen interest in this work. 
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measurements. 


} at low temperatures. 


Short Notes 


This section is intended to secure prompt publication of important discoveries in 


physics. 
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Photoconductivity in Nickel 
Doped Germanium 


By Yoshitaka FURUKAWA 
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(Received November 20, 1959) 


The steady state intrinsic photoconductivity in 
nickel doped high resistivity germanium has been 
measured at high electric fields upto 103 volt/em to 
; examine the effects of contacts on photoconductivity 
Two different contacts, type 1 and 
2, were made by soldering indium on etched and 


7 ground surfaces of the samples respectively. The 


typical photocurrent-voltage curves shown in Fig. 1 
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Fig. 1. Photocurrent-voltage curves of m-type 
sample for which u,=2.3 x 103 cm?/volt. sec, t= 
Oe usec au (7k and U—()9icm. 
pn is the electron mobility, zc is the life time, 


Wn is the schurweg of electrons. 


were measured at 77°K under the same light inten- 
sity. In each cases, the dark currents were neg- 
| ligibly small as compared with the photocurrents. 
It is the unexpected result that the ground layer 
which gives a low impedance leakage path in usual 
. p-n junctions causes large anode drop in both n- 
i and p-type samples, especially in n-type samples, 
This may be explained as 
} follows. At low temperatures, the eneagy bands 
are bending upwards at the contacts, and the transi- 
tion regions are extending mainly into the bluk, 
since the contacts are made of low resistivity p- 
type materials. 

When voltages are applied, Vi, Vi<V because 
of the high resistance of the samples at TAS 

V, Va, Ve are the applied voltages, voltage drop 
‘across the anode barrier, voltage drop across the 
cathode barrier respectively. The photocurrents 
can flow only through recombination process with 
holes supplied from the anode region. 


The reports should not exceed 800 words in length. A figure of size 
7cmx7cm will be counted as 150 words. 


For type 1 anode, holes are injected into the bulk 
beyond the transition region, and recombination 
takes place predominantly in the bluk. 

In this case, the anode drop is equal to Va, (<V). 
Therefore, the photocurrent-voltage curve fits well 
to theoretical one”. For type 2 anode, the ground 
layer is located at the p-side of the transition re- 
gion, since the layer itself is low resistivity p-type. 
In this case, the recombination takes place pre- 
dominantly in the layer. Therefore, holes are sca- 
recely injected into the bluk. Electrons arriving at 
the layer per unit time determine the recombina- 
tion currents. 

When voltages are applied, the potential energy 
at the layer is lowered by eV,. However, this 
lowering effect is expected to be so small that if 
the concentration of electrons was uniform through- 
out the bulk, the recombination currents would be 
much smaller than the photocurrents which would be 
given by the electric fields (V— Va—V¢)/L, where 
L is the length of sample, since the layer would 
be still remaining at the high potential position. 

This circumstance differs from that for usual p-n 
junctions in which V, is larger than that in the 
present cases because of the low resistivity of the 
samples. 

To equalize the recombination currents with the 
photocurrents in the interior of the bulk, the me- 
chanism which reduces the electric field in the 
interior and enhances the number of electrons ar- 
riving at the layer per unit time is required. 

The local accumulation of free electrons near the 
anode modifies the form of the transition region in 
such a way as to lower the potential energy of the 
layer and enhances the number of elections arriving 
at the layer. 

In addition, the electric fields in the interior are 
reduced approximately to (V— Va— Ve— Vs)/L. 

V; is the voltage drop across the electron space 
charge region and occupies fairly large parts of 
the applied voltages. 

In this case, the anode drop is nearly equal to 
V;. The baraier height in the p-type samples is 
lower than that in the n-type samples (by about a 
half in thermal equilibrium condition). 

This leads to the fact that the anode drop in the 
p-type samples is smaller than that in the m-type 
samples. 


Reference 
1) N. F. Mott and R. W. Gurney: Electronic 
Processes in Jonic Crystals (Clarendon, 1957) 
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Fluorine N.S.R. Spectroscopy, II. A “ Dis- 
tant ” Carbon-13 Isotope Effect 
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A nuclear spin resonance (N.S.R.) “isotope ef- 
fect” upon shielding values for fluorine atoms 
attached to C13 has recently been discovered). In 
each case the heavy isotope produced a band 
displacement of 0.1 to 0.2 parts-per-million in the 
direction of greater shielding. 

Although spin-spin interaction was observed in 
the system F-C-Cl3, no isotopic shift was detec- 
ted), As both the sign and the magnitude of such 
a C3 effect might be theoretically interpretable, 
particular attention has been given to precision 
measurement in the present work. 

The purity of the compounds studied was excel- 
lent, no spurious bands being found in the N.S.R. 
spectra. The CF,=CCl, was obtained from the 
General Chemical Co., the CFCI=CCl, from the 
Columbia Organic Chemical Co. (Columbia, South 
Carolina, U.S.A.), while the CF3;CO,H and the 
CF3CCl3 were synthesized in our laboratories. The 
C13 isotopic isomers were present at their natural 
abundances. The undiluted compounds were em- 
ployed for the C* studies. For the measurement 
of the following ¢*-values®), dilute solutions in 
CCl3F were used; CF2=CClz, +88.54+0.01 (3%); 
CFCI=CCly, +79.3340.01 (10%); CF3CO.H, +-76.542 
+0.005 (5%); and CF3CCls, +82.209+0.002 (324). 

The N.S.R. spectrometer and the measurement 
techniques used have been described in great 
detail?) the latter having been developed for the 
detection of the exceedingly small C3-H isotope 
effect). The results, presented in Table I, are in 
each case the averaged values from 6 to 8 separate 
measurements. 


Table I. The Excess Fluorine N.S.R. Shielding, 
4, Produced by Distant C8 in Two-Carbon 
CAE ORD AS: 


4¢,p.p.m.*| J, c/s? 4 . er . SP 
Compound (f P_Ci2 C13) (F- el C18) ees &eE) 
CF3CCl; +0.014 43.1 +0.131 | 282.5 
CF3CO.H +0.021 44.1 +0.129 | 283.2 
CF,=CCl, | +0.030 44.2 +0.103 | 288.9 
CFCI=CCl, +0.032 43.7 +0.112 | 303.1 


(a) Standard deviations of the averaged values 
are +0.002 p.p.m. and +0.10c/s for CF3;CCl; and 
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CF;CO.H, and £0.003 p.p.m. and +0.20c/s for the 
olefins. 


(b) Standard deviations of the averaged values | 


are +0.002 p.p.m and +0.13c/s. These values are 
quoted from Ref. 1 for purposes of comparison. 


The small excess shielding produced by “ distant ” 
Cl8 is shown to vary by a statistically significant — 


factor of two among the compounds of Table I. 
No correlation is observed between this strongly 
varying quantity and the presumably closely related 
other measurements listed in Table I, nor to the 


fluorine shielding values, ¢*”, listed for the com- | 


pounds. A new influence apparently must be 
sought. A tentative suggestion (which cannot at 
present be verified) has to do with the structure of 
carbon atoms in the valence-bond system concerned. 


The magnitude of the C® effect increases with the — 


number of trigonal carbons in the F—C-Cl8 system; 
this “correlation” may perhaps extend (with the 
opposite sign!) to the smaller F-C®8 system. 
Gutowsky has offered an explanation of isotope 
effects in the systems H-C!2-D and F-C!_D, based 
on a simple electrostatic model®) which if extended 
to the F-C!2-Cl3 case would appear to imply a 
relatively large amplitude for the in-plane F-C=C 
bending vibration of the fluorinated olefins. 

It is of particular theoretical interest that the 


“distant” spin-coupling constant, J(F—Cl2-C18) ap- | 
invariant in the compounds of | 


pears virtually 
Table I. One might have expected the opposite 
result, in view of the very large variations in 
structure. Experiments are currently under way 
to determine the relative sign of the two C8 
coupling constants. 

I am particularly indebted to P. C. Lauterbur of 
the Mellon Institute for the privately-communicated 
results of Ref. 1, without which it is probable that 
the presnt work would not have been begun. I 
thank Professor H. S. Gutowsky of the University 
of Illinois for a pre-publication copy of Ref. 5. 
Donald Hotchkiss is responsible for the careful 
maintenance and operation of our N.S.R. equipment. 
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Nuclear Quadrupole Resonance of Nitrogen 
in Cyanuryl Chloride 


By Shoji KoJIMA and Midori MINEMATSU 


Department of Physics, Tokyo University of 
Education, Otsuka, Tokyo 


(Received November 6, 1959) 


The quadrupole resonance of N™ in solid cyanuryl 
i chloride has been studied by using a Pound-Watkins 
(type recording spectrometer with Zeeman modula- 
(tion). The rate of frequency sweep of the spectro- 
meter was about 4.5 kc per minute and the power of 
Hlevel was about 0.5 volts. When the spectrometer 
was swept from high to low frequency, a resonance 
line was detected at the frequency of 3.0445+0.0004 
@Mc, and when the direction of frequency sweep 
itwas reversed, another line was observed at the 
frequency of 3.0799+0.0004 Mc. These frequencies 
were measured for a solidified sample of about 8cc 
at liquid nitrogen temperature. In these experi- 
ments where a Zeeman modulation field of about 
20 gauss was used, negative wings of the absorp- 
tion line were scarcely observed on all traces. 


fimetry parameter. Assuming that the bonds of 
@nitrogen are sp-hybrid with 34s character and not 
. taking into account for the ionic character of the 
bonds, the asymmetry parameter of field gradient 
tensor, q, is expressed by 

9 f 

I Gs Te" 

where f is the fractional importance of the struc- 
ture B and c¢ is the screening constant which is 
known for nitrogen to be about 0.32%. Putting 
7=1.7% the equation gives alee. 

Morino et al2 and Adrian) studied the fractional 
importance of the structure B through the double 
bond character of the carbon-chlorine bond which 
was determined from the nuclear quadrupole reso- 
aance of Cl35. According to their analysis f is 
10% or 8.5%, which is reasonable to account for 
the length of carbon-chloride bond»). In order to 
search for the nitrogen lines corresponding to the 
large asymmetry parameter, the spectrometer was 
run in the frequency range between 2.5 Mc and 3.5 
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When the Zeeman field was reduced to 10 gauss, 
the two lines having special shapes were observed 
at every sweep, although the signal to noise ratio 
decreased. For the frequency sweep from low to 
high the shape of the low frequency line was a 
simple negative wing without main absorption part 
and that of the high frequency line was a usual 
absorption type but lacking a negative wing. For 
the frequency sweep from high to low the situation 
was reversed. Such shapes of the traces could be 
explained through a saturation effect. The pheno- 
menon of missing of one of the lines at each sweep 
under the Zeeman modulation field of 20 gauss 
seems to be caused by smearing up the negative 
wing. Therefore, the two lines are accounted for 
the splitted pair due to a finite asymmetry para- 
meter. The measured frequencies of lines give the 
quadrupole coupling constant of 4.083Mc and the 
asymmetry parameter of 1.7%. The smallness of 
the asymmetry parameter is verified by the fact 
that the lines could be detected with the small 
Zeeman field). 

The structure of cyanuryl chloride is usually un- 
derstood to consist of the following three types of 
valence-bond structures”).3). The electron distribu- 


Cl N Cl Cl N- Cl Cl Ny Cl 
| \c7 \c% ey a byes Anas Yaw 
N N N N N N 
| 
Cl Cc Gl= 
A B c 


Mc. But any new line was not found. In view of 
the experiment on chlorine showing a single reso- 
nance it seems possible that the observed lines are 
the only pair. Thus the small asymmetry para- 
meter of nitrogen resonance is also certain. The 
difference in asymmetry parameter between chlorine 
and nitrogen will be presumably accounted for if 
the negative charge is not localized at the nitrogen 
atom in the model of valence bond structure of B. 
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On the X-Ray Temperature Diffuse 
Scattering of Anthracene and 
Stearic Acid 


By Shoichi ANNAKA* and J. L. AMor6s 


Departamento de Cristalografia. 
C.S. de I. C. Madrid 


(Received December 7, 1959) 


The X-ray diffuse scattering of anthracene, Cy,H)o, 
was studied qualitatively in the greater part of the 
reciprocal space by the systematic Laue method. 
Specially interesting areas were also studied quan- 
titatively by a connter method. The diffuse scat- 
tering was composed of sharp streaks, thin planes 
and continuous regions. The strong diffuse scat- 
tering in some places where the structure factor 
is zero, shows that the independent vibrations of 
the molecules must be taken into account besides 
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Fig. 1. Intensity of diffuse scattering of anth- 
racene. (a) Theoretical isodiffusion lines (in- 
dependent harmonic vibration). (b) Theoretic- 
al isodiffusion lines (independent libration). (c) 
hormonic vibration and independent libration). 
(d) Experimental isodiffusion lines. 


* On temporary leave from Tokyo University 
of Education, Tokyo. 
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the normal thermal waves. This is the direct 
consequence of the fact that the molecules of an- 
thracene are connected by the weak van der Waals 
forces. Furthermore the analysis of Raman spec- 
trum and crystal structure shows that the mole- 
cules are rotationally oscillating about the three 
orthogonal axes. 


(D) 
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(C) 
Fig. 2. Intensity of diffuse scattering of anthra- 
cene. (a) Experimental isodiffusion line. (b) 


Intensity change along the line ab. The inten- 
sity scale corresponds to that when the inten- 
sity of the Compton scattering from the same 
crystal is 70 at the deflection angle y=120°. 
(c) Approximate dispersion curve for the trans- 
verse wave along the line ab. 


On the basis of these facts, we calculated the 
diffuse scattering by using the models of the in- 
dependent motions of molecules, which were com- 
posed of harmonic vibration and libration. 

The experimental intensity distribution of diffuse 
regions of anthracene is explained approximately 
by the independent harmonic vibration except near 
the a*-axis. This agrees with the work of 
Charlesby, Finch and Wilman). The accurate 


quantitative data of the diffuse regions obtained by 


1960) 


a diffractometer is explained when both harmonic 
vibration and libration (oscillation amplitude=6° 
about N-axis) are taken into account. The result 
is shown in Fig. 1 in which the contours of the 
intensity from a unit cell are given (the contour 
lines correspond to 25, 50, 100, 200etc. in electron 
units). 

A section of a sharp plane of diffuse scattering 
associated with (409) is shown in Fig. 2, a. The 


plane (409) is approximately perpendicular to the 
planes of molecules. The intensity change along 
the line ab in this plane was measured (Fig. 2, b) 
We have calculated the dispersion curve (Fig. 2, c) 
for the transverse waves in the prependicular direc- 
tion to the planes of molecules. From this curve 
an approximate force constant (@=1.6 x 10 dyne/cm) 
_ has been calculated for the trarsverse motion of 
_ the molecules in the above said direction. A simple 
chain model and a pseudo unit cell were used in 
these calculations. 

The diffuse scattering of stearic acid, CH3(CH»)15 
COOH, was also studied by the systematic Laue 
method. The intensity distribution of such diffuse 
scattering was also explained qualitatively by the 
independent harmonic vibration. 

The detail of this note will be reported elsewhere. 
The present work has bee sponsored in part by the 
Directorate of Solid-State Science, Air Force Office 
of Scientific Research, through the European Office 
A.R.D.C. One of us (S.A.) is indebted to the 

Departamento de Cristalografia, C.S. de I. C. Madrid 
for receiving a grant during his work in Spain. 
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Photoconductivity of Cd-ZnS 
Mixed Crystal 


By Makoto KIKUCHI and Sigeru IIZIMA 
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(Received December 11, 1956) 


Relatively large bulky single crystals of Cd-ZnS 
are prepared by a method which is similar to Rey- 
nolds-Czyzak method!.2». Luminescent pure power 
of CdS and ZnS is mixed and sealed in vacuum in 
fused quartz ampoules, then heated at 1250°C for 
72 hours. 

We obtain the disks which consist of several 
single crystals bounded by grain boundaries by this 
method. On the pieces cleaved from these crystals 
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evaporated indium electrodes are deposited properly. 
Spectral sensitivity of photocurrents at 1 volt bias 
is measured. Monochromatic light is obtained by 
using Hitachi Photo-Electric Spectro-photometer. 
The results are shown in Fig. 1. Corrections for 


5 
a < 
hs % 
fe) © 
ms x 
1.0 oe 
oOo 
2 ‘= 
~ 3 
2 oS 
3.05 Ke) 
5 g 
8 3 
S i 
3S S 
a 
400 500 600 700 800 


wavelength (ms) 


Fig. 1. Photocurrent vs wavelength of mixed 
crystal and pure crystal. 


the dispersion of the prism and the energy distri- 
bution of the tungsten lamp used as a light source 
are not done. Curve 1 is obtained from the sample 
cleaved from the crystal which is made of 26.5 
gram CdS powder and 4.0 gram ZnS powder. For 
comparison, curve 2 obtained from the sample pure 
CdS crystal prepared by the same method is shown 
in the figure. As is seen in the figure, the peak 
of photocurrent corresponding to the absorption 
edge is shifted to shorter wavelength, when ZnS 
powder is added to CdS. 

In addition to these sharp peaks, another peak 
at about 600mp appears. This peak is probably 
due to the presence of oxygen that has been ab- 
sorbed in the powder or the ampoule. 

In this experiment, we can show that the band 
gap of sulphide crystal may be varied continuously 
and arbitrarily by adding ZnS to CdS. 

Investigation of the other properties of the mixed 
crystal is in progress and will be published in the 
near future. 
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Fine Structure in the N“(7, n)N* 
Activation Curve II 


By Naoshi MuTSURO, Kazuo SATO 
and Masanori MISHINA 


Department of Physics, Tohoku. University 
Sendai, Japan 


(Received December 16, 1959) 


In the previous note) the activation curve of the 
N4(7,n)N reaction in the energy region 11~17 
MeV was reported, and eight breaks were observed 
in this energy region. 

Recently we extended the activation curve to the 
higher energy region, from 14.70 to 19.50 MeV, and 
three new breaks at the energies of 16.35, 18.05 
and 19.10 MeV were observed. 

The experimental procedures are the same as the 
previous one), and the activation curve is shown 
in Fig. 1, in which the yields per unit monitor 
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Fig. 1. Activation Curve of N4(r, n)N® above 
14.70 MeV’ 


response are plotted as a function of the maximum 
energy EH» of the bremsstrahlung spectrum. 
Breaks are clearly seen at the energies of 16.35, 
18.05 and 19.10 MeV. 

Assuming that all resonances have the same 
resonance width, relative cross sections correspond- 
ing to these breaks are shown in Fig. 2. The 
resonances below 14.70MeV are taken from the 
activation curve of the previous work). The errors 
of these cross section values are about 10 percent 
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or larger, because these values are deduced from 
the comparison of the linear extraporations of 
scallops of these breaks. The cross section curve 
can be deduced directly from the activation curve 
by photon difference method” or by inverted matrix 
method) of Penfold and Leiss, but the resultant 
cross section curve depends sensitively on smo- 
othed condition of the activation curve, and the 
shapes and energies of the resonances cannot be 
obtained very precisely, so we did not take this 
method. 

In the Fig. 2 the dotted line is taken from King 
et al. Present data do not seem to be inconsistent 
with the gross resonances obtained by King” et al, 
for instance, two resonances at the energies of 11.49 
and 11.61 MeV correspond to the gross resonance 
at 11.5MeV and resonances at 12.39, 12.92, 13.28 
and 13.87 MeV correspond to the gross resonance 
at 13.2MeV. Resonances at 14.62 and 15.25 MeV 
correspond to the gross resonance at 15.2 MeV. 
Thus we conclude that the gross resonances ob- 
tained by King® et al may correspond to the group 
of comparatively sharp resonances observed by us. 

King® et aJ. considered that the resonance at 
13.25 MeV corresponded to the single particle 
resonance predicted by Fujii), but their integrated 
cross section from threshold to 16 MeV was 1.8 
MeV-mb, which is much smaller than the value of 
13.5 MeV-mb predicted by Fujii). 

The breaks at the energies of 16.35, 18.05 and 
19.10 MeV correspond to the newly observed com- 
pound states of N14, and these states may have odd 
parity, and possible spins of these states are 0, 1 
or 2, because the spin of the ground state of N14 
is 1+, and usually the photodisintegration in this 
energy region proceeds through an electric dipole 
transition. 

The authors are indebted to Mr. T. Inoue for 
his assistance in much of the experimental work. 
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tion in Thin Nickel Films = 
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Kittel theoretically predicted that, in ferromag- 
netic films, the domain configuration strongly 
depends on the thickness. The present preliminary 


paper is devoted to make this clear by measuring 
the magnetoresistance effect of Ni films. 

The specimens were prepared by evaporating Ni 
On microscope slide glasses maintained at room 
temperature and then coating with SiO, film. 
The magnetoresistance (4R/R) was measured by an 
method. 


ordinary d.c. Fig. Ll shows the result 
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Fig. 1. 4R/R in the specimen of 500 A. 


- obtained on the annealed specimen of 500 A thick, 
as an example. The notations of P and N signify 
the measurements when the applied fields are 
parallel to the d.c. current and normal to the film 
plane, respectively. The rapid increase (P) or 
decrease (N) in low fields is almost due to the 
reorientation of domains. The linear decrease in 
high fields is principally due to the increase in 
intrinsic magnetization. Then the fields enough to 
saturate the magnetization technically, H;, are 
easily estimated; these are shown with arrows in 
the figure. 

H; obtained is plotted against film thickness in 

Fig. 2, where A and B show the results after and 


Film Thickness (A) 


Fig. 2. Hs vs film thickness. Preferable domain 
orientation changes from parallel to normal at 
about 700 A. 


before annealing (400°C-10h), respectively. In the 
estimation of Hs for N, the demagnetizing field, 
4xMs(~6 Koe), is corrected. 

In the case of B, it may be recognized that an 
easier magnetization direction seems to change from 
parallel to normal to the film plane at about 700 
A; the domains may orient preferably parallel and 
normal to the film plane below and above that 
thickness, respectively. According to Kittel), such 
a critical thickness d, is expressed as 

de=6.8 Ms?-0/K2 . 

In the present case, the magnetocrystalline an- 
isotropy energy K is not effective because the 
specimen is composed of microcrystals oriented at 
random. However, the magnetoelastic anisotropy 
energy, caused by the isotropic inner tensile stress 
T and the isotropic negative magnetostriction 
constant 4, is expected to play the roll of K. 
Then K=(3/2)AT. Using 8x109 dyne/cm? for TJ, 
—4x10-5 for 24, 5x 102 for Ms; and lerg/cm? for 
cs, we obtain d.~700 A. This is surprisingly 
consistent with that obtained in the present experi- 
ment. 

In the case of A, the prefered domain orientation 
seems to lie always in the film plane. This may 
be due to partial release of the inner stress by the 
annealing. 

In both cases of A and B, Hs appears to rise 
abnormally as the thickness extremely decreases. 
This behavior would be explained as the strong 
restrain of local magnetization at the interface 
between the bottom of film and the surface of 


substrate, but more detailed study should be 


required. 
The authors wish to represent sincere thanks to 


Prof. E. Tatsumoto for his helpful discussions. 
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Magnetic and Electrical Anomalies of 
Iron Telluride Single Crystals 


By Rokuroh NAYA, Miyuki MURAKAMI 
and Eiji HIRAHARA 


Department of Physics, Faculty of Science, 
Tohoku University, Sendai 


(Received December 28, 1959) 


The magnetic properties of iron telluride have 
been studied by several workers, and the electri- 
cal properties have been also studied by Finlayson 
et al.2 with single crystals. An anomaly which no 
previous workers have reported has been observed 
in our laboratory by the sample of stoichiometric 
composition and of tellurium-less compositions. 

All specimens studied in this work are single 
crystals prepared by Bridgemann’s method. The 
specimens of stoichiometric composition and of 
tellurium-less compositions have a sharp cleavage, 
and the samples of tellurium-excess compositions, 
have no remarkable cleavage. 

The magnetic behaviors of the samples of tel- 
lurium-rich composition FeTe; 1~~FeTe,.15 are simi- 
lar to those reported by the previous workers as 
shown in Fig. 1 in which for the sake of simplicity 
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the behaviors of FeTe; 39 and FeTe,15 are only 
shown. It is noticed the sample of stoichiometric 
shows a large value of susceptibility below 260°C, 
and seems to behave as ferromagnetic or ferri- 
magnetic. The samples of tellurium-less composi- 
tion show a sharp anomaly at the temperature 
206°C which is lower than that of the stoichio- 
metric. The anomaly becomes steeper when the 
content of tellurium increases, as seen in Fig. 1. 

The magnetization was measured for FeTeps in 
various external field from 1.3 kilo-oersteds up to 
6.0 kilo-oersteds as shown in Fig. 2. 

An anisotropy of the susceptibility observed when 
the external magnetic field was applied in per- 
pendicular to and in parallel with the cleavage 
surface of the sample FeTep)g came to be about 
15% at the room temperature. 
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Fig. 2, Magnetization curves for FeTep.s. 
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Fig. 3. Temperature dependences of the con- 
ductivity for FeTep.95 and FeTe; 40. 


On the electrical conductivity, only two results 
measured for FeTep 9; and FeTe; y are shown in 
Fig. 3. In the former case a well defined anomaly 


The anomalies mentioned above may be interpreted 
in the following way. It will be unreasonable that 
the magnetization of the samples with tellurium- 
less composition is due to excess iron because the 
Curie temperatures of iron and its compound 
(probably its oxide) are far higher than the tempera- 
ture at which our anomaly occurs. The sample 
with tellurium-less composition may be considered 
a link composition between the tetragonal FeTe 
(the B 10 type) and the tetragonal Fe.Te (the C 38 
type). Therefore, some positions of the sites (0, 
3, 2) and (3, 0, Z) of the tetragonal FeTe may be 
occupied by the excess iron atoms, and some order- _ 
ing orientation of these excess iron atoms will 
present the ferromagnetism or the ferrimagnetism 
below the temperature at which the anomaly was 
observed and above the temperature the ordering 
will be scattered by the thermal energy of lattice. 

Gr¢nvold et al.3) have also reported that the 
tellurium-less composition FeTep 99 was a link com- 
position between FeTe and Fe,Te by the X-ray 
investigation. In our laboratory the anomaly is 


now being investigated by means of the X-ray 
diffraction. 


This work was supported by the Scientific Re- f 
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{search Expenditure of the Ministry of Education. 
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N"*(d, p)N Ground State Reaction 
at the Deuteron Energy 
of 16 MeV 


By Susumu Morita, Nawoyuki KAWAI, 
Naoyuki TAKANO, Yorio GOT6, 
Reiko HANADA, 


Depariment of Physics, Kyushu 
University, Fukuoka 


Yutaka NAKAJIMA, 


Department of Physics, University of 
Tokyo, Tokyo 
Shigeo TAKEMOTO and Yiki YAEGASHI 


Department of Physics, Tohoku 
University, Sendai 
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This is a report of the preliminary experiment 
/ on the measurements of the change of angular dis- 
| tributions with deuteron energy in the N“(d, p)N 
| ground state reaction. A collimated beam of 16.2- 
) and 16.7-MeV deuteron from cyclotron was incident 
upon a gas target placed at the center of the scat- 
' tering chamber. The scattering chamber and the 
detector system used have been described else- 
/ where. Nitrogen gas of 41.8cmHg pressure was 
contained in the target cell of brass cylinder of 9 
cm diameter. The cell windows, through which 
the deuteron beam and outgoing proton passed, 
consisted of 0.02 mm thick aluminium foils cemented 
with Epikote resins on the cylindrical surface of 
the target cell. The target volume viewed by the 
scintillation counters was defined by two rect- 
angular slits of 5x 12mm? for the forward counter 
and of 5x15mm? for the backward counter. The 
scattered deuterons and alpha particles produced by 
any reactions, were eliminated by 1mm thick alu- 
minium absorber, placed just before the scintil- 
lators and the protons were detected with 2mm 
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thick CsI(T1) crystals, which were thick enough to 
stop all the protons. The counts were obtained 
at the opposite directions to the target, simultane- 
ously with the two sets of scintillation counters. 
Through a long rectangular slit system, the protons 
entered the monitor counter placed at the direction 
of 55° and outside the scattering chamber. Only 
the proton group to the ground state of N15 was 
selected by the discriminator bias. The angular 
distributions obtained are shown in Fig. 1, together 
with the theoretical stripping curves. Warburton 
and McGruer2) measured the angular distribution 
in the forward directions with deuteron of 14.8 MeV 
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Fig. 1. Angular distributions of protons. Ez, in 
the figure, is the excitation energy of com- 
pound nucleus 01, 
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and obtained agreement jwith Butler’s {stripping 
formula with 7p=5.5x10-18cm. The present re- 
sults are best fitted to Bhatia’s formula with 79=7.0 
x10-13cm. The absolute values of the cross sec- 
tions may have errors of about 20%. 

The present angular distributions were compared 
with those for the C12(a@, p)N! reaction, obtained 
by Nonaka et al., with the energies of alpha 
particles corresponding to nearly the same excita- 
tion energies of the compound nucleus O1% as those 
for the present N'4(d, »)N! reaction. It seems to 
be that the angular distributions in both reactions 
resemble each other in some points. This may be 
only a chance coincidence. But, although the 
angular distributions of both reactions in the for- 
ward directions are explained by the stripping 
theory, the cross sections in the angular range 
near 90° and in backward directions may be due 
to the compound nucleus formation. This work 
will be continued to more extensive range of deu- 
teron energy. 

This work was preformed with the variable 
energy cyclotron of the Institute for Nuclear Study, 
the University of Tokyo. The authors express 
their cordial thanks to Prof. Nonaka and the cy- 
clotron crew of INS. 
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A Curious Characteristic of 
P-N-P-N Junctions 


By Takao KURATA and Kiichi KOMATSUBARA* 


Semiconductor Engeneering Division, 
Kobe Kogyo Corporation 


(Received November 19, 1959) 


The P-N-P-N junction used in the present inves- 
tigation is fabricated with thin diffused N-layers 
on both sides of a P-type silicon wafer, and alloyed 
P-layer on one side of the diffused N-surfaces, 

When these samples were cooled, the forward 
voltage-current characteristics showed a curious 
behavior as shown in Fig. 1. 

At the temperature about 20°C or below, one 
valley point appeared at negative resistance region, 
and V-I cruves at the region A of this valley 
(Fig. 1) were relatively temperature insensitive, 


* Now, it is not present adress. 
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Fig. 1. The forward V-I characteristics at di- 
fferent temperatures; small current region. 
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Fig. 2. The forward V-I characteristics. If in 
mA at different temperatures; large current 
region. 


The increasing of voltage over the valley point 
was very steep and the current value of this steep 
region B was increased as the temperature was 
decreased. The region C is well known charac- 
teristics caused by avalanche multiplication, and 
the temperature dependency of this region is shown 
int Fig. "2, 

To explain this phenomenon, further investiga- 
tion is necessary. If one connects the semiconduc- 
tor devices with negative conductance in series or 
negative resistance in parallel as shown in Fig, 3, 
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Fig. 3. Multiple peaks in V-I curves resemble 
to this experiment. 


| H. scale 2.6 ma/div. 

V. scale 6V/div. 8 V /div. 
Fig. 4. The photograph of current voltage cha- 
| racteristic at 25°C. 


H. scale 5 ma/div. 


V. scale 


it is seen that some multiple peak points appear in 
V-I curves. Inthe case of this P-N-P-N junction, 
therefore, something of double mechanisms to pro- 
duce negative resistance may be thought of. 

In region A, some oscillational phenomena were 
observed as shown in Fig. 4. In this measurement 
a constant pulse current of small repetition rate 
was used to precrude thermal effects. 
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Some Properties of X-ray damaged 
Rochelle Salt 
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Peculiar changes in the ferroelectric hysteresis 
loops of radiation-damaged ferroelectric crystals 
have been investigated by a few workers!.», The 
present author observed in X-ray damaged rochelle 
salts that crystals polarized partially before irradia- 
tion have double but asymmetrical hysteresis loops, 
that domain walls are strongly clamped, and that 
by application of moderate dc field Curie points 
shift in directions opposite to those of virgin 
rochelle salts. 

The X-ray tube had a tungsten target and a 
beryllium window, and was running at 50kV and 
llmA. A-cut crystals were of 15mm square and 
1.3mm thick. Gold foil electrodes were short- 
circuited and the temperature of the crystals was 
10°C during X-ray irradiation. 

Perfectly polarized single domain crystals pre- 
pared by application of strong dc field revealed 
biased ferroelectric hysteresis loops, but partially 
polarized crystals revealed double but asymmetrical 
loops after X-ray irradiation. When symmetrically 
polarized crystals having no resultant polarization 
were damaged, symmetrical double loops were 
obtained. 


It was suggested that the ratio of the 


(a) (b) 

Fig. 1. Clamping effects of domain walls of X- 
ray damaged rochelle salts. The left halves 
were damaged by 3 hours X-ray irradiation, 
while the right halves were kept virgin. In (a) 
no dc field was applied and in (b) a dc field of 
150 V/cm was applied parallel to the a-axis. 


Fig. 2. Typical double hysteresis loop of a 
rochelle salt damaged by 3 hours X-ray irradia- 
tion. The amplitude of 60 cps ac was 1240 
V/cm, and the ordinate was 0.37» coul/cm?. 
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heights of the two loops forming the double loop 
is equal to that of the volumes of oppsitely 
polarized domains. 

Tightly clamped domain walls of damaged crys- 
tals were observed by a polarizing microscope. 
Application of dc field below 200V/cm could not 
move domain walls of crystals damaged by 1 hour- 
irradiation. Fig. 1 illustrates this clamping effect 
of domain walls. In the left halves of the pho- 
tographs (a) and (b) the crystal was damaged by 
3 hours-irradiation, while in the right it was kept 
virgin. In (b) a dc field of 150 V/cm was applied, 
and it was seen that the virgin part was almost a 
single domain, but in the damaged part no 
movement of domain walls occurred. Under a 
strong dc field of about 1500 V/cm the whole crystal 
became a single domain. 

Relation between the dielectric constant and 
temperature of a crystal damaged by 3 hours- 
irradiation, which had a symmetrical double loop 
as shown in Fig. 2, was measured at 1000 cps. Its 
peak values were 1070 and 900 at the upper and 
lower Curie points respectively. When a moderate 
dc field was applied during the measurements, the 
peak values at the upper and lower Curie points 
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Fig. 3. Effects of biasing field on the Curie 


points of an X-ray damaged rochelle salt and a 
virgin rochelle salt. 


increased to 1250 and 1200 respectively, and the 
upper Curie point shifted to low temperature side, 
while the lower Curie point to high temperature 
side. Relations between these Curie points and the 
biasing field are shown in Fig. 3. These phe- 
nomena similar to those of antiferroelectrics were 
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caused probably by clamped domain walls mentioned 
above. When strong biasing fields were applied, 
the blurring of the peaks, the shift of their posi- 
tions and the decrease in their heights occurred in 
the same manner as in the case of ferroelectric 
virgin crystals. 
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Lower excited states in the isobaric nuclides Si? 
P29 are of interest as to whether the single nucleon 
description outside of a closed ds5/2 shell may be 
adequate or the collective interpretation of the 
level sequence may be employed. We have inves- 
tigated ;-rays from the Si?®(p, 7)P29 reaction at the 
Hy=367 kev resonance, corresponding to the 3.12- 
MeV level in P29, which had been reported to decay 
mainly to the first and second excited states in 
P29 b, 

Extra pure metallic silicon powder was pressed 
onto a copper backing and was bombarded with a 
proton beam up to 100 nA from a Cockcroft-Walton 
generator. y-rays were detected with a 5//6x4’’ 
Nal crystal and a 100-channel or a 10-channel pulse 
height analyzer. Energy calibration was carried 
out using radioisotopes: ThC’’, Y88, Sb12+, Na22 and 
Zn®, Four ;-rays of energies 1.96;-+0.015 MeV, 1.73; 
+0.010 MeV, 1.38,+0.008 MeV and 1.15;-40.008 MeV 
were apparently observed, with relative intensities of 
29, 70, 78 and 28 (all+10%), respectively. These 
energies and relative intensities support the cascade 
scheme as shown in Fig. 1, which had been sug- 
gested by Van Oostrum etal. The direct ground 
state transition from the resonance state was less 
than 2% of the total decay. Other cascade decay 
was also estimated to be weak, if present. 

The angular distribution of each y-ray line was 
measured by analyzing the spectra taken at 15° 
intervals with the front face of the crystal 10cm 
apart from the target. 7-ray yield was monitored 
by an integrated proton current and various back- 
grounds were subtracted by taking the spectra just 
above and below the resonance. Angular distribu- 
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zi Fig. 1. Level scheme of the mirror pair P29-Si29. 


‘tions of the cascade lines decaying through the 
efirst excited state were found to be as follows, 
after the correction for finite solid angle of the 
) detector and absorption of the target backing: 
1.73 Mev: 

1—(0.81+0.18) P2(cos 0) +(0.03+0.07) Pa(cos @) . 
1.38 Mev: 

1—(0.57+0.02) P2(cos @) — (0.02£0.03) Pa(cos 6) . 
| These distributions uniquely fix the resonance state 
‘to be J=5/2+, formed by a d-wave capture, and 
/ the first excited state to be J=3/2, which must be 
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of even parity to be consistent with the results ob- 
tained from the stripping reaction). This J=3/2+- 
assignment is in accord with that for the first ex- 
cited state in Si293).). The #2 to M1 mixing ratios 
determined are cited in Fig. 1. The second excited 
state at 1.96 MeV is expected to be J=5/2+, since 
the corresponding level in Si29 was assigned to be 
J=5/2+, It was found, however, that the mea- 
sured distribution of the 1.16 MeV-1.96 MeV cascade 
lines, i.e. 1 + (0.37 + 0.04) P. (cos @) + (0.10 + 0.07) 
Pi(cos 6), and 1+ (0.21+0.04) P.(cos@) + (0.12+0.04) 
P,(cos@), respectively, cannot be fitted with the 5/2+ 
(DQ)5/2+(Q)1/2+ scheme. Unlikely admixture of 
M3 component to H2 of several per cents is neces- 
sary for the second transition in order to accord 
with the calculated coefficient of P., althogh be- 
cause of the presence of the coefficient of Pu, J= 
5/2+ assignment to the 1.96 MeV level seems to 
be valid from the present measurements. The 
more detailed presentation and discussion of the 
results will appear later. 
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Energy Spectrum and Angular Distributions of Neutrons from 
the Reaction Be(p, n)B® at 8 to 14 MeV of Proton Energies 


By Yoshio SAJI 


Institute for Nuclear Study, University of Tokyo, 
Tanashi-machi, Tokyo 


(Received October 23, 1959) 


The Be%p, n)B® reaction has been studied by using a fast neutron 
spectrometer with a hydrogen gas radiator. 

The energy spectrum of neutrons from the reaction at 14.1 MeV of 
proton energy was obtained and three new excited levels (3.07, 4.14 and 
4.94 MeV) in B® were observed. They are consistent with the levels of 
the mirror nucleus, Be®, and the level scheme of intermediate coupling 
model introduced by Kurath. 

Moreover, the angular distributions of the Be%(p, )B® neutrons at 8.1 
to 14.1 MeV of proton energies were obtained. The results do not agree 
with the theory of Austern, Butler and McManus. The isotropic parts 
of the neutron angular distributions become larger as the incident 
proton energies decrease. It is probably due to the fact that, in the 
lower energy region, the formation of compound nucleus is more 


preferable. 


Introduction 


§1. 

The experimental data about (p, m) reaction 
have been comparatively less than those about 
the other reactions because of the technical 
difficulties. The most efforts have been 
made to obtain the total cross section and 
nuclear temperature of this reaction for 
various target nuclei and to compare the re- 
sults with the statistical theory introduced by 
Weisskopf. The agreement between the ex- 
periments and the theory is good. And those 
experiments have been carried out mainly by 
emulsion or activation method. 

Only a few works have been carried out to 
determine the levels by using the (p, 1) reac- 
tion and to obtain the angular distributions 
of neutrons from this reaction. 

Inglis» has proposed the intermediate coupl- 
ing model and Kurath*®) has also treated the 
model in the case of Ip-shell and strongly re- 
quested to obtain more experimental identifi- 
cations in the neighbour of Be® and B"™ nuclei 
to test the model further. 

In the Be® nucleus, many levels have been 
observed. Ajzenberg and Buechner observed 
the 2.37MeV level in B® with emulsion. 
Marion, Cook and Bonner,» using two counter 
technique, confirmed this level and observed 
a broad level at 1.4 MeV in addition. Recent- 
ly, Adelson® has reported more eight broad 
levels at higher energy region. His work 


was carried out with a bubble chamber bom- 
barding beryllium with protons of 31.5 MeV. 
However, it seems that his results may have 
some ambiguity because of the poor resolution. 

On the other hand, Austern, Butler and 
McManus” have introduced an interesting 
theory with regard to the angular distribution 
of protons from the (m, p) reaction. Since 
the (p, m) reaction is a reverse process to the 
above mentioned reaction, their theory can be 
applicable to this reaction. However, these 
have been few experiments in which measure- 
ments have been performed at so many angles 
that any comparison with the theory is pos- 
sible. Moreover, the energy dependencies of 
the angular distributions of the reaction parti- 
cles have become important from the point 
of interpretation of the reaction mechanism. 

In the present work, the neutron energy 
spectrum of the Be%(p, ~)B® reaction was 
studied and some new levels of B® were ob- 
served. And these levels were compared with 
the intermediate coupling model. The angular 
distributions of the Be%p, ”)B® neutrons at 
various proton energies (8 to 14MeV) were 
also investigated and the results were com- 
pared with the theory. 

This work has been carried out with the 
160cm variable energy cyclotron at the In- 
stitute for Nuclear Study, University of 
Tokyo. 
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§2. Fast Neutron Spectrometer 


As the neutron detector, a proton recoil 
neutron spectrometer with gas radiator was 
used. The construction is shown in Fig. l. 
As a radiator of recoil protons, hydrogen gas 
is used, because of the largest density of 
hydrogen atoms for the same stopping power. 
Hydrogen gas of 6kg/cm? in pressure is filled 
in a steel cylinder of 5cm in length and 2cm 
in diameter with a hemispherical cap.. This 
corresponds to energy loss of 2.4% for 10 MeV 
protons. 


: Proportional counters 
Hydrogen gas radiator P 


— See 


Nal 


VA, Photo multiplier 
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Fig. 1. Structure of the proton recoil fast neut- 
ron spectrometer with hydrogen gas radiator. 


In order to hold the high gas pressure tight, 
a 10 micron nickel foil is stretched on the 
bottom of the hydrogen gas vessel, which has 
nineteen holes of 3mm in diameter arranged 
as a beehive within a circle of 16mm in dia- 
meter. This hole system gives 75% transmis- 
sion for passing particles. 

Three proportional counters, used in quadru- 
ple coincidence with a scintillator of sodium 
iodide crystal, are set between the radiator 
and the scintillator. Each counter is separat- 
ed from each other by 1 micron nickel foils. 
Argon-CO:(5%) gas mixture is filled in the 
counter to 14cm Hg. It is found that the 
use of multiple proportional counters is very 
efficacious to eliminate the background pulses. 

The cavity for the scintillator is construct- 
ed with especially light metal, aluminium, to 
reduce the y-ray background and is painted 
by white enamel made of titanium oxide. A 
sodium iodide crystal is suspended in the 
cavity, not directly on the photomultiplier 
tube, in order to avoid the effect of non- 
uniform sensitivity of the photocathode surface 
The defining aperture of the scintillator cavi- 
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ty is 13mm in diameter and covered with a 
10 micron nickel foil. The distance between 
the radiator and the aperture of the scintilla- 
tor cavity is 84mm. 

The energy loss of the recoil protons by 
various materials throughout the path to the 
scintillator is calculated to obtain the correct 
neutron energy spectrum. It is estimated as 
0.8 MeV for 10MeV protons and 1.3 MeV for 
5 MeV protons. 

The total energy resolution of the neutron 
spectrometer is about 5%, but in the best 
condition, it reaches to 3%. 

It is somewhat complicated to estimate the 
counter efficiency and the solid angle subtend- 
ed at the target, because of the considerably 
large extension of the radiator and of the ex- 
istence of the beehive structure through which 
the recoil protons must pass. Fig. 2 shows 
the notations of the calculation for the solid 
angle. Assuming that the hydrogen gas is 
all condenced at the bottom of the container, 
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Fig. 2. Solid angle subtended by the spectrometer 
at the target. The notations are used in the 
calculation of the solid angle. 
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Fig. 3. Correction factor for the solid angle sub- 
tended by the spectrometer at the target. The 
picture also shows the comparison of the cal- 
culated results with the experiment. 
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a simple calculation gives the solid angle as 
follows: 


Q= ABE 5. (1) 
But, in order to carry out a detailed calcula- 
tion, the following expression is given, 
t 

Fa ee (2) 
odt Jo(S—x) (x+Ly 
In order to compare the equations with the 
experiment, the distance from the target to 
the detector was varied. The values of the 
cross section from the experiments are cal- 
culated by Eq. (1) and are represented in 
Fig. 3. If the approximation of Eq. (1) was 
good, each experimental point should have 
same value along the longitudinal axis, that 
is a value of unity as a correction factor. 
The result shows bad agreement. Then, the 
correction has been made by Eq. (2) and the 
result is represented by the dashed curve. 
The agreement with the experiment is very 
good. However, in the region very close to 
the target, some disagreement appears, pro- 
bably due to the neutrons scattered by the 
wall of the target chamber. In practice we 
used Eq. (2), corrected by the experiments. 

The absorption of neutrons in the material 
which construct the walls of the target cham- 
ber and of the hydrogen gas container is cal- 
culated by assuming that the absorption is 
given by the total cross section of the neutrons 
in those materials. 

The efficiency of this spectrometer is 
estimated to be 8.9x 10-® for 10 MeV neutron. 


(ieee 


§3. Experimental Arrangement 


The proton beam is suitably forcussed on 
the target by means of the quadrupole mag- 
nets and is defined by a graphite slit at a 
distance apart from the target. The target 
chamber is made of a thin walled (1mm 
thick) steel pipe and is protected against un- 
due neutrons and y-rays by heavy shields of 
paraffin and concrete blocks. A long pipe, 2 
meter in length and isolated electrically, fol- 
lows the chamber and has a graphite stopper 
at the end. This long pipe also plays the 
role of the beam current monitor. 

The spectrometer can be rotated around 
the target and the distance from the target 
can also be varied. 

As the neutron monitor, a BF; proportional] 
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counter is placed at the 90° direction. 

The beam current was 0.3 to 1.54 Amp., 
and the beam spot on the target was 2mm 
in width and 15mm in height. The back- 
ground at the neutron spectrometer was 
negligibly small, being much less than 1% 
for the ground state peak. 

Thin beryllium metal foils (8 mg/cm? and 
16 mg/cm? thick) are used as the targets. 
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Fig. 4. Neutron energy spectra from the Be? 
(p,n)B® reaction at 14.1 MeV of incident proton 


energy at 28 and 57 degrees in laboratory 
angle. 
§4. Results and Discussion 


Firstly, the energy spectrum of Be%(p, 1)B® 
neutrons was studied. Fig. 4 shows some 
examples of the neutron energy spectra. As 
the results, the known levels (1.4 and 2.37 
MeV levels) of B® were confirmed and in ad- 
dition, more three new levels have observed. 
The evidences of these levels have been con- 
firmed at each angle of observation. 

These new levels are as follows: 


A 3.07 MeV 
B 4.14 MeV 
C 4.93 MeV 


The error of the energy scale is estimated to 
be less than 0.1 MeV. However, the existence 
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of 4.93 MeV level is somewhat ambiguous. 

In this experiment, the (p, pm) reaction is 
energetically possible. The background in 
the lower energy region is considered to be 
partially due to the continuous distribution of 
the neutrons from these (f, pm) reaction. 

The angular distributions of the neutrons 
from the Be%p, 2)B® reaction corresponding 
to the ground state of B® were obtained at 
various energies of the incident protons. Fig. 
5 shows the results. 


“| Be® (p,n) B° gnd 


10 
Ep= 14.1+ O.17MeV 


R=5.48x10 “om 


Ep= 121+ 0.15MeV 
R=6.0x 10 %cm 


Ep= 98+012MeV 
R= 60x 10-%em 


Ep=8.1+ Ol MeV 
D 


a 7S 
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R= 6.0x 10 8cem 
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O° 30% 60° 90° 120° 
Oc.m. 
Fig. 5. Angular distributions of Be%(p,n)B% neu- 


trons corresponding to the ground state of B9 
at 8.1 to 14.1 MeV of incident proton energies. 
The dashed curves represent the calculation 
following the theory of Austern, Butler and 
McManus. The dash- and dotted curves repre- 
sent the semi-experimentally fitted curves. 


In order to compare the results with the 
theory introduced by Austern, Butler and 
McManus,” a calculation has been carried out 
following the formula given by them: 


aA)o 31 Cir (l, 0; 0, OC i(RR)P 


where Cit is Clebsch-Golden coefficient. In 
our case, the expression becomes follows 


a(0)o [jo%(RR) +2).°(kR)] 
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Acutually, following to the analysis on the 
(d, p) reaction by Evans and French,® the 
isotropic part of the angular distribution was 
subtracted from the experimental results and 
compared with the calculation. The results 
calculated are represented with dashed curves 
in the figure. The agreement between the 
experimental results and the calculation can 
not be said to be good. However, if the 
second term, jz, might be multiplied by an 
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Fig. 6. Angular distributions of the Be%(p,n)B? 
neutrons corresponding to 1.4, 2.37, 3.07 and 
4.14 MeV excited states of B® at 14.1 MeV of 
incident proton energy. 
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Fig. 7. Comparison of the observed levels in B9 
with the levels of Be9, the intermediate coupling 
model scheme calculated by Kurath and the 
levels obtained by Adelson. 
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appropriate factor to fit the experimental 
points, the dash and dotted curves would be 
obtained. 

Moreover, the angular distributions of the 
neutrons corresponding to some excited states 
(1.4, 2.37, 3.07 and 4.14 MeV states) of B® at 
14.1 MeV of incident proton energy were also 
obtained. They are shown in Fig. 6. How- 
ever, since the experimental points are too 
less, the comparison with the theory is not 
made. 

For comparison, the observed levels of B?, 
those of the mirror nucleus Be’, the theoreti- 
cal level scheme calculated by Kurath®, and 
the levels obtained by Adelson® are shown 
in Fig. 7. It seems that the correspondency 
of the present results to the others is com- 
paratively good. 

On the other hand, the observed angular 
distributions of the Be%(p, )B® neutrons do 
not agree with the theory of Austern, Butler 
and McManus. In an experiment” following 
this, it was found that the disagreement was 
also seen for the B"(p, m)C™ reaction. Then, 
it is concluded that the assumptions made in 
the above mentioned theory can not be ap- 
plicable to such a lighter nuclei. 

It was also observed that the isotropic parts 
of the neutron angular distributions were 
larger as the incident proton energies decreas- 
ed. It is probably due to that, in the lower 
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energy region, the formation of compound 
nucleus is more preferable. 
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The gamma rays following the decay of chlorine 34 were studied with 
the scintillation spectrometer using a 4/’6x4!’Nal(Tl) crystal and a 
Sunvic 100 channel pulse height analyser. Samples were produced with 


a betatron by the Cl39(7, m)Cl** reaction. 


In the search gamma rays of 


1.17 Mey, 2.14 Mev, 3.32 Mev and weak three gamma rays of 0.64 Mev, 
0.77 Mev, and’ 4.10 Mev were found. The relative intensities are obtain- 
ed as follows: I(1.17 Mev) :1(2.14 Mev):I(3.32 Mev):1(4.10 Mev) = 32:100 


Poo. Oe 


Introduction 


§1. 
The gamma rays following positron decay 
of Cl3*™ were found by H.K. Ticho” and it 
was quite well established by P. Stahelin et 
al. that they decayed from the 3+*(T=0) 
isomeric state of Cl**. Although the studies 
for the lower excited states of S* were well 
performed by many authors® and the first 
and the second excited states were assigned 
to be 2+ states by means of gamma-gamma 
angular correlation, search for the higher ex- 
cited state was only reported by H. Morinaga 
and E. Bleuler®. They did not determine the 
energy of the 4.0 Mev gamma ray exactly be- 
cause of a small Nal crystal which they used. 
Recently, the higher excited states of S* 
were well observed by Cl°(p, a)S**, P8(a, p, 
7)S** reaction etc...» Therefore, it is of in- 
terest to determine the origin of the weak 
high energy gamma ray and to see whether 
the weak gamma rays emitted from the 
higher excited states are in cascade or not. 


§2. Experimental Procedure and Results 


Samples of Cl*! were produced with the 
betatron of Tohoku University by the Cl®(y, 
n)Cl** reaction. The threshold energy of the 
Cl35(7, )Cl§* reaction was 12.3Mev and the 
maximum energy of the giant resonance was 
17 Mev and therefore, we bombarded the ex- 
tra pure NaCl or CCl, samples with the 
24 Mev bremsstrahlung. In such case we did 
not find any observable impurity radiation as 
expected. In the case of CCl, we used the 
method of Szilard-Chalmer. The method has 
frequently been used to obtain radioactive 
samples of high specific activity, and in our 


case the free Cl** produced by the (y, 2) 
reaction were extracted by shaking it with an 
aqueous reducing solution containing a trace 
of free Cl as a carrier, and it was deposited 
as AgCl by filtration through fine paper. 
Almost all the measurement, however, were 
done by irradiated NaCl samples without 
chemical separation. The half-life measured 
by a G-M counter was 32.4 minutes, and other 
possible activities were not detected. 

The gamma ray scintillation spectrometer 
consisted of a 4 inch ¢x4 inch cylindrical 
Nal(Tl) crystal mounted on a DuMond 6364 
photomultiplier. For the pulse height analysis 
a Sunvic 100 channel pulse height analyzer 
was used. In this measurement the gamma 
rays were collimated by a cylindrical aper- 
ture of 5cm ¢x10cm long in the lead shield, 
and in order to eliminate the 4.5 Mev positron 
back ground it was necessary to place a 2.8¢ 
/cm? polystyrene absorber between the sample 
and the crystal. The positron absorption ex- 
periment of Cl** beta rays proved that the 
4.5 Mev positrons have the range of 2.4 g/cm? 
in Al. In order to measure accurately the 
high energy gamma rays, linearity test of the 
scintillation spectrometer was necessary for 
the high energy parts. For this purpose, the 
gamma rays of Cs'87, Zn, Na, Co®, Na‘, 
and Po-Be 4.45 Mev gamma ray were used as 
the energy calibration. The result showed 
the linearity to be very good. It was also 
used the two gamma rays of 1.37 Mev, 2.75 
Mey, and their sum peak 4.12 Mev, in the 
well-known Na”! decay. 

To determine*the intensity ratio, the detec- 
tion efficiency of the 4’¢x4” long Nal cry- 
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stal in the present geometry were obtained 
from the total efficiency*® and the photo- 
fractions. The photofractions were determin- 
ed by the photopeak ratio to the total spectrum 
of the various standard gamma rays under 
conditions similar to this experiment. The 
0.51 Mey annihilation gamma rays in the case 
of Zn, Na?2. were substrated from the total 
spectrum. 

For the check of intensity calibration curve, 
the two Co® gamma rays were measured and 
agreed within 4% error to the expected value 
assuming that the angular distribution of the 
cascade gamma rays of Co” are isotropic. 
When the source were placed in front of the 
collimator slit, it was observed that the sum 
peak produced with cascade gamma rays 
amounted to 4% in this geometry. The 
results are shown in Fig. 1. Present data 
shows the lower photofractions than the one 
of Kreger’s data” for high energy part, but 
it could not compare with his data, because 
his collimating system was more narrow and 
he did not observe the gamma ray above 2.7 
Mev. His results agreed to the Miéiller’s 
theoretical calculation® by the Monte Carlo 
method. In these cases, however, we could 
not but to use these present experimental 
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Fig. 1. Total efficiency curve and the photofrac- 
tion curve multiplying the total efficiency, of 
4'' x4!’ Nal crystal. The photofractions were 
determined experimentally in the present geo- 
metry. 
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data where the gamma ray entered in the 
broading cone to the crystal. In Fig. 2, there 
are the high energy portion of the gamma 
ray spectrum in Cl%! which was measured 
with a single crystal. 

This set-up are more useful to measure the 
high energy gamma rays, especially for re- 
ducing the sum and escape peaks. In this 
spectrum, 1.17 Mev, 2.14Mev, 3.32 Mev and 
4.10 Mey peaks were observed, and errors 
were +0.02 Mev. The peaks with no arrow 
were the over-up peaks of their one quantum 
escape and Compton peak. The intensity 
ratio were measured as follows; 1.17 Mev: 
3.32 Mev:4.10 Mev=32:32:1.0, assuming 2.14 
Mev as 100 units. 


re niet 
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Fig. 2. The high energy portion of scintillation 
spectrum taken by the 100 channel pulse height 
analyzer. 


The coincidence measurement was perform- 
ed by making use of the Sunvic 100 channel 
pulse height analyzer. In the case of slow 
coincidences, the gamma ray spectrum of 
main detector using 13’°¢x 14” Nal crystal as 
a head was displayed on the 100 channel 
pulse height analyzer, gated by the pulse from 
the single channel pulse height analyzer us- 
ing 4’¢x4’Nal crystal as a gate detector. 
The gamma ray coincidence measurements 
were also made by using a “ fast-slow ” coin- 
cidence circuit of which the resolving time 
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29c=30mysec. The results are shown in 
Fig. 3, 4, and 5. In Fig. 3, the coincidence 
spectrum gated with 1.17 Mev photopeak by 
the “ fast-slow ” coincidence circuit is shown 
in Fig. 3. 2.14Mev, 1.17 Mev, 0.77 Mev, 0.64 
Mev and 0.51 Mev gamma rays were found. 
The gamma ray of 1.17 Mev must be coin- 
cidence with the tail of the gamma ray of 
2.14 Mey and in each run two unknown peaks 
of 1.0 Mev and 1.3 Mev were observed at the 
place where it must be a valley. The gam- 
ma ray of 0.51 Mev is the annihilation peak 
of the positrons which precede to the gam- 
ma transition. The gamma ray spectrum in 
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Fig. 3. Coincidence spectrum with 1.17 Mev pho- 
topeak. 


slow coincidence with 2.14 Mev photopeak is 
shown in Fig. 4. The chance coincidences 
were substructed in this spectrum. In Fig. 4, 
1.17 Mev, 0.77 Mev, 0.63 Mev, and 0.51 Mev 
peaks were clearly resolved. The fact that 
the peak with no mark was the Compton 
peak of the 1.17 Mev gamma ray was con- 
firmed. The 1.12Mev gamma ray of Zn® 
and the 1.17 Mev gamma ray in coincidence 
with 1.33 Mev of Co® were also shown to ac- 
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company the Compton peak at the same 
place. The 0.51 Mev peak is the annihilation 
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Fig. 4. Coincidence spectrum with 2.14 Mev 
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Fig. 5. Coincidence spectrum with 3.32 Mev 
photopeak. 
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|peak. Fig. 5 shows the gamma ray spectrum 
{in slow coincidence with the 3.32 Mev photo- 
}peak. The chance coincidences were also 
subtracted in this spectrum. In it, 0.77 Mev, 
}0.65 Mev and 0.51 Mev peaks were found. 
| According to the above coincidence experi- 
|ments we confirmed the new gamma rays of 
| 0.77 Mev, 0.64 Mev, which were very weak, 
in coincidence with the gamma rays of 1.17 
| Mey, 2.14 Mev and 3.32 Mev. In addition, as 
| well known, the gamma ray of 1.17 Mev was 


| in coincidence with that of 2.14 Mev. 


§3. Conclusion 


A proposed decay scheme of Cl3#™ is pre- 
sented in Fig. 6. 
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Fig. 6. Proposed decay scheme of Cl34™, 


T 727 32.40 min. 
ci34m 


The 4.0 Mev gamma ray, reported by re- 
ference 4, is replaced for its position by the 
| 4.10 Mev gamma ray for the transition from 
| the 4.11 Mev state to the ground state. The 
very weak gamma ray of 0.64Mev may be 
' the cascade for the transition from the 3.92 
Mev state to the 3.30 Mev state. The similar 
gamma ray of 0.77 Mev may be the cascade 
for the transition from the 4.07 Mev state to 
the 3.30 Mev state. These level are in fairly 
good agreement with the levels reported by 
P. M. Endt et al.. The intensity ratio as- 
suming the 2.14 Mev gamma ray as 100 unit 
is shown in Fig. 6. The intensity ratio 
slightly differ from those of Green’s data®*. 

However, the positron branching ratio to 
each state calculated from our gamma ray 
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intensity, agrees with the values measured 
by the magnetic spectrometer®). Using the 
value of the 4.5 Mey positron branching for 
the 0+-0* transition from the ground state 
of Cl** to the ground state of S*, by the 
beta spectrometer, the positron branching ratio 
to the Ist and the 2nd excited states amount 
to 25% and 25% of the total decay respective- 
ly, hence they are quite in agreement with 
their experiments®). 

Also the positron branching for the decay 
from the isomeric state of Cl% to the 4.11Mev 
state of S** is estimated to be about 0.4% of 
the total decay and the log f-t-value of the 
positron decay to the 4.11 Mev state is 5.15 
+0.20. The state found at 4.10 Mev is as- 
signed to be_a 2+ state, but the 3.92 Mev and 
4.07 Mev states may be expected to be 3+ or 
4* states. It is remarkable that there are 
many 2+ states in such light even-even nuclei, 
as Mg?s) Ss S32, S* etc. 
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Magnetism, especially ferromagnetism, of an electron gas is studied 
on the basis of the Bohm-Pines collective description of electron inter- 
actions. Exchange interactions are derived from the screened Coulomb 
interaction, the interaction obtained from the second-order perturbation 
of the screened Coulomb interaction, and the weak interaction coming 
from the interaction between plasma and individual electrons. We as- 
sume effective mass for the electron mass. The total energy of the 
electron gas in the ferromagnetic state is compared with that in the 
non-ferromagnetic state, and the conditions of ferromagnetism for the 
electron gas are discussed. The one-electron approximation being adopt- 
ed, the effective number of magnetic carriers in the electron gas is 
expressed as a function of temperature and magnetic field. Using the 
Weiss approximation, we express the spontaneous magnetization at an 
arbitrary temperature in terms of this effective number and the mole- 
cular field obtained from the proper average of the exchange interactions. 
At low temperatures, the spin-wave approximation is adopted. The 
Curie temperature, the paramagnetic susceptibility above the Curie 
point, and the temperature variation of spontaneous magnetization at low 
temperatures are determined as functions of the effective mass and the 
electron mean distance. Using the effective masses determined so as to 
explain the experimental values of the electronic heats, we make a 
comparison with experimental values for Ni, Coand Fe. It shows satis- 
factory agreement in the case of positive hole gas. The strong para- 
magnetism of 7Fe, Pd and Pt are also satisfactorily explained, and the 
inverse of their susceptibilities is well expressed as the sum of a con- 
stant term and the term proportional to JT? 
temperatures. 


at comparatively lower 
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§1. Introduction 


Ferromagnetism of conduction electrons was 
first studied by Bloch”, according to whom 
singly-occupied electrons in the neighbourhood 
of the Fermi surface were considered to be 
carriers of ferromagnetism, and the exchange 
interaction of the Coulomb interaction between 
them was regarded to be an origin of fer- 
romagnetism of conduction electrons. The 
mean magnetic moment was calculated by 
the same statistical method as the Heisenberg 


theory” and conditions of ferromagnetism at 
the absolute zero of temperature were dis: 
cussed. The collective electron ferromagne: 
tism has been so far worked out in detail by 
Stoner», Wohlfarth®, Lidiard®, and others: 
It was assumed that the ferromagnetism of 
the transition metals was due to holes in the 
3d band and a molecular field proportional tc 
the magnetization worked on them. This 
phenomenological theory has been very suc- 
cessful in explaining the experimental values 


1960) 
"Iby adjusting the degeneracy temperature and 
,|the coefficient of the molecular field. Lidiard® 
has tried to obtain the second-order transition 
jof collective electron ferromagnetism from 
jthe exchange interaction, and tried to find an 
jorigin of the molecular field. Taking the 
jactual band structure into account Slater® has 
jstudied the ferromagnetism of transition 
metals. 

In the Stoner theory, the temperature vari- 
ation of spontaneous magnetization at low 
temperatures is generally proportional to T”, 
and if in the ground state one of the two 
{directions of spin has either only a complete- 
ly filled or a completely empty band of 
‘electrons, the approach to saturation is ex- 
iponential. It is also shown that the excess 
specific heat due to ferromagnetism is pro- 
portional to the temperature. According to 
the few experimental facts available, the 
variation of magnetization is found to be pro- 
portional to 7/2 at low temperatures and to 
T? at slightly high temperatures. It is well- 
known that this 7?/? law is deduced from the 
spin-wave theory” in which the electron spins 
get on rigid lattice points, and the specific 
heat of spin wave is proportional to 7%/?. 
Although the spin-wave theory has been war- 
ranted in the case of insulators where the 
electron spins are localized®, it has been 
thought that there is an excitation like a 
spin-wave in the metals also, and Herring 
‘and Kittel have shown that the mode of 
spin-wave motion should exist in metals if 
‘there is the energy increase due to the fluc- 
tuation of magnetization in space as in a 
/domain wall. The coefficient of the energy 
‘increase, that is, the Bloch wall coefficient 
‘for the electron gas, has been calculated by 
‘Herring™. As it is apparent that there is 
“no spin-wave in an ideal free electron gas in 
' which the Coulomb interaction does not work, 
the Coulomb interaction, or the exchange in- 
teraction, seems to be indispensable to the 
spin-wave motion, but it is not clear whether 
it is indispensable in the Herring calculation 
‘or not. And Herring and Kittel? have point- 
‘ed out that there are both types of excitations, 
“the electron orbital motion over the Fermi 
surface and the spin-wave motion, in a fer- 
-romagnetic transition metal. They have also 
pointed out that at low temperatures, the 
lower power of temperature in the tempera- 
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ture variations of spontaneous magnetization 
and of specific heat will predominate, that is, 
the former will be proportional to T?/? and 
the latter to T. These are in accord with 
experimental facts. According to their sug- 
gestion we regard the exchange interaction 
to be necessary to the spin-wave motion, and 
taking into account the orbital motion and 
the spin-wave motion simultaneously, we dis- 
cuss the ferromagnetism of an electron gas. 
At any rate the individual spin magnetic 
moments are not constants of motion when 
there are exchange interactions between them, 
but in Stoner’s theory they have been treated 
as if they were so, and the spin-wave mode 
has never appeared. 

Recently Bohm and Pines!»-! have develop- 
ed a collective description of electron inter- 
actions. The long-range part of the Coulomb 
interaction is described by plasma oscillations 
and there remains among individual electron 
motions only the short-range part of the 
interaction, which is the screened Coulomb 
interaction. Pines has calculated the exchange 
energy of the screened Coulomb interaction 
and long-range and short-range correlation 
energies.» He has compared the energies of 
the electron gas in a ferromagnetic state and 
in the normal state showing as a result that 
the electron gas would not be ferromagnetic 
at any electron density. It will be probable 
that the electron gas having a real electron 
mass does not show ferromagnetism at any 
electron density and the spin wave excitation 
obtained by Herring in the electron gas be- 
comes unstable because of the correlation. 

In this paper we study the ferromagnetism 
and the paramagnetism of an electron gas 
having an effective mass in which the collec- 
tive nature of the gas is taken into consider- 
ation. The coefficients of the molecular fields 
which are assumed in the Stoner theory are 
determined from the Bohm-Pines collective 
description of electron interactions. In the 
statistical-mechanical or the thermodynamical 
treatment of an electron gas, the respective 
effects of the exchange interaction and cor- 
relation on the one-electron state density 
must be taken care of, whenever we attribute 
the origin of the molecular field to these in- 
teractions. In §2 using the vector model, we 
consider the problem of the spin multiplicity 
in an electron gas. In §3 we treat the ex- 
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change interaction of the screened Coulomb 
interaction. The mean values of the exchange 
integrals over the singly-occupied electrons 
are calculated in the case of the degenerate 
electron gas. In §4 the short-range cor- 
relation energy derived from the second-order 
perturbation of the screened Coulomb inter- 
action is treated, and the exchange integral 
of this short-range correlation interaction is 
discussed. The exchange integral of the 
weak velocity-dependent interaction which 
comes from the perturbation of the interaction 
between plasma oscillations and individual 
electrons is treated also. From the calculations 
of the exchange energy and the correlation 
energy, done in §3 and §4, conditions for 
the ferromagnetism of an electron gas having 
effective mass are discussed in §5. In §6 we 
calculate the effective number of magnetic 
carriers, that is, the number of singly-occupied 
electrons, as a function of temperature and 
magnetic field. In §7 by the same method 
as Heisenberg’s?? and Bloch’s¥, the mean 
magnetization of a ferromagnetic electron gas 
is given. Formulas for the Curie temperature 
and the paramagnetic susceptibility above the 
Curie point are obtained. The condition of 
obtaining positive Curie temperature is dis- 
cussed. The spin-wave motion of the singly- 
occupied electrons and the temperature vari- 
ation of spontaneous magnetization due to 
the motion are considered in §8. In §9 the 
experimental results of the ferromagnetic 
transition metals, Ni, Co, Fe, are compared 
with the results obtained in §7 and §8, by 
taking two models of gas, an electron gas 
and a positive hole gas. The effective mass 
of the electron (or positive hole) gas is 
determined so as to be consistent with the 
observed value of the electronic specific heat 
at low temperatures. In §10 the strong 
paramagnetism of yFe, Pd, Pt and its tem- 
perature dependence are analyzed, and their 
effective masses and their effective numbers 
of carriers (electrons or positive holes) are 
fixed. 


§2. Vector Model of an Electron Gas 


We consider an aggregate of N electrons 
embedded in a background of uniform positive 
charge, whose density is equal to that of the 
electrons. A configuration of these N 
electrons in the momentum space is assumed 
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to be such that only 7 electrons singly occupy 
the levels and {the remaining N-m electrons 
doubly occupy the levels according to the two 
directions of spin. There are 2” spin multi: 
plicities in this configuration as each % 
electron has its spin angular momentum. If 
we use the vector model and are satisfied 
with the Weiss approximation, the problem 
of spin multiplicity becomes simple. 

The spin Hamiltonian for the above con 
figuration of electrons may be written 


za es ps (1+48)-8u)Jau ) (2.11 
20S 


where Fo represents the sum of kinetic energy? 
the Coulomb energy and the interaction energy 
between the electrons and the uniform posi 
tive charge. s, and sj are spin operators 3 
the electrons which have wave vectors &; 
and ky respectively. jx, is an exchange imi 
tegral of the electron orbits 42 and yz. This 
summation is to be extended over only all 
the orbits occupied singly by electrons. | 

If the temperature is low enough for the 
electron gas to be degenerate and the magne? 
tic field is not so strong, the singly-occupiec 
electrons will be confined in the neighbourhooc 
of the Fermi surface (cf. §6). If in (2.1) Jas 
is replaced by the mean value, | 


FE = Ey— {Jad av{n(n—4)/44+ 83}, (2.27 


n | 
where S=> 8 is the total spin angular mo) 
= 


mentum operator of the singly occupied 


electrons, and 
Srudav=2 = Truln(n—) . 
Ae 


(2.33 
As S?=S(S+1), where S is the total ot 
quantum number of electrons, the resul! 
(2.2) is the same as that obtained already by 
Bloch». The eigen value of the Hamiltoniaz: 
(2.2) can be easily obtained. Then the mear 
magnetic moment of the electron gas is call 
culated as a function of ”. We can mak« 
use of the Heisenberg method as well as 
Bloch which corresponds to the Weiss appro 
ximation. When an external magnetic field 
Hy is present, the Zeeman energy, —gy3Hi 
“S, is added to (2.1). Then the mean mag 
netic moment M is given by | 


M=(gupn/2) tanh {gux(Ho+@M)/eT} , 
(2.4 


where | 
(2.5 
| 


A=2 JrudAv/Z? Uz? . 


2.4) can be directly derived from the Hamil- 
tonian (2.2) by making use of the Weiss 
approximation. 


|§3. Exchange Interaction of the Screened 
Coulomb Interaction 


_ According to the Bohm-Pines theory ,!0-™ 
athe interaction between electrons becomes 
short-range and the one between 7 and j 
yelectrons is given by 


(4zce”/ vam k?exp{ik-(n—r)}, (3. 


‘lwhere V is the total volume of the electron 
jgas and k- is the maximum collective oscil- 
Wation wave vector. Let the magnitude of 
he wave vector at the Fermi surface be ho, 
and 8=k./ko in the non-magnetic state of an 
“electron gas was determined by Ferrell’ and 


B=k./ko=0.477r5!/2 , (3.2) 
jjwhere ys is the inter-electronic spacing 
measured in units of the Bohr radius, aq. rs 
is given by 47753a?/3=V/N. 

In the magnetic state the maximum wave 
vector of plasma oscillation will depend on 
the magnetization. When all electrons have 
| the same direction of spin, from the disper- 
sion relation of plasma oscillation and the 
condition that the plasma solutions are un- 
| stable, we approximately obtain 


o~ ke ko’ /m , (3.3) 
‘where k.’ and ko)’ are the maximum wave 


Tia = (4? V (kan ky) 


Ap 
==), 


E(k) =Ex(k)+&ex(k) , 
Ex(k)=h?k?/(2m*) , 


t 
f 
f 
} 
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vectors of plasma oscillation and the de- 
generate Fermi distribution in this magnetic 
case respectively, that is, ko’ =2/3k), and w 
is the plasma frequency and is approximate- 
ly given by wp=(42e2N/mV)/2. Then, from 
(3.2) and (3.3) we have 


i Koike = 206 0.207) 2. (3.4) 


On the other hand, also in the magnetic case 
where only a part of electrons has the same 
direction of spin, the maximum wave vector 
of plasma oscillation will certainly depend on 
the magnetization, but the relation between 
them has not been found yet. In the case 
where the net magnetization per electron is 
small, it will be unexpected that ke depends 
on magnetization strongly, so that we assume 
that the maximum wave vector, ke, is in- 
dependent of magnetization in this case. It 
will be supposed that the maximum wave 
vector of plasma oscillation and accordingly 
the screening distance change with tempera- 
ture in the ferromagnetic case, as the magne- 
tization should decrease with increasing 
temperature. 

As we shall see latter, there are various 
exchange interactions, but first we consider 
an ordinary exchange integral of the inter- 
action (3.1). The exchange integral between 
the orbits, which are described by the un- 
perturbed one-electron wave functions, name- 
ly plane waves with wave vectors k and kz, 


is given by’ 


if |ka—ky| >Re; } 
if |ka—kul <ke 


(3.5) 


. When the electron gas is assume to be completely degenerate, the one-electron energy of 
wave vector k nearly on the Fermi surface becomes’ 


(3.6) 
Bho) 


P _ _@Ro Ro? 
| | SaAk)= et = 


where the periodic lattice field is partly taken into account 


the electron gas. 
In order to obtain <Jau>av, (2.3) from Jy", 


singly by electrons. 


-<k, and k-<ku<ks, where we assume Be >k_>ho, and ke>k+—k-. 


_the sums to integrals, 


is Ee Ve? 
Z Py ne 167% 


— k? k+ko 3k?2— ko? 
log ( Bho ) ii 


{eek I'A+ — hk)? log (ess) 


2B + 


2kko OR le 


by using an effective mass m* of 


(3.5), we average J\" over m states occupied 
We sum (3.5) over the electrons with the wave vectors such as k-<ka 


We find, on changing 


(3:7) 


| 
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At a normal temperature these singly-occupied electrons are considered to be in the neigh 
bourhood of the Fermi surface, as the electron gas of an ordinary density is almost completely 
degenerate. If all the states between k+ and k_ are singly occupied, we have 


(N+n)=(V/30%)ks8,  (N—n)=(V/30)k2, — N=(V/3x%)ho? . (3.8% 


In the case of n<N, <J*-*:>ay is approximately given by 


<J°:2-) ay = (2e%ho/3x2N) log (2/8) . (3.9% 


This is the average of the exchange integrals of the screened Coulomb interaction over the 
Fermi surface. From the above formula, the coefficient of the molecular field, (2.5) i 
written as 


as-°.=Jo-2n,-2 J8.°.) , = (4e*ko/32g? 457) log (2/8) . (3.10! 


When the interactions between electrons are not short-range but long-range, the average 9) 
the exchange integrals of the long-range interactions becomes < Jau’>av=(2e?ho/3zN )(log (3/2 
+3/2), by calculation similar to (3.9). As compared with (3.9) this is so large when n</ 
that it becomes meaningless. This absurd result is due to the anomaly of the state density 
on the Fermi surface when the long-range Coulomb interaction is used. 

The total exchange energy of the screened Coulomb interaction also was given by Pines: 
such as 


Es2,=— (Berke N/dn)(1— 5 sg Heat 78 ss rtm ¥ (3.111 


where electrons doubly occupy up to the levels with ko, namely n=0. When u=WN and all 
electrons have the same direction of spin, we have instead of (3.8), N=(V/6z?)ko’?, and 


2b.7 4 7 1 /%, | Fe 
Es:<.(N)=—(3e%ho Ni4n)(1 F845 28 ‘) (3.12: 


In this case the average of the exchange integrals is written from (2.3) and (3.12) as 


Jay (Sethe 2x) 1S B+ 5 84 8), (3.18 


and we have for the coefficient of the molecular field, 
ain! © = (Bethe fates? N)( 1 eh ee 8") ; (3.14 
3 2) 48 i 


When n=<0, n<WN, and these n electrons have parallel ‘spins, from (3.8) and (3.11), the 
total exchange energy is expanded in powers of n/N as follows: 


Fen) = Eexen + (CN/2a0)(n/N )*7s.0. +++: , 3.15) 


Ys,.c,=—0.204757+0.01125 . (3.16 


$4. Exchange Interaction due to the Short-Range Correlation 


Pines'» has shown that the effect of short-range correlation on various physical propertie: 
of materials is important. Recently the corrections due to this effect have been examine 
by Fletcher and Larson’. This correlation is derived from the second-order perturbation 
theoretic calculation of the screened Coulomb interaction, (3.1). When the electron gas i 
completely degenerate, we have the interaction energy due to the short- -range correlatio1 
between electrons with wave vectors ki and k, by the vector model as 
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_m | 4re? x 1 3(1+ 48; - 82) 
E(kiks) = L | 
: he rdy “) % lotp-(pthith:) — p(p+ki+ke)p-(p+kitky) |’ wy 


{ where the sum over wave vector p is restricted by the Pauli principle to the regions: 
YIpt+kil>ko; |p+k:|>ho; p>ke, and the second term in the sum is subject to an additional 
| restriction, |p+kitk.|>k-. As Pines pointed out, the free electron mass is taken in (4.1) 
iistead of the effective mass, because not only the intra-band but the inter-band matrix 
| elements of the screened Coulomb interaction must be included in (4.1). This approximation 
} is important to obtain ferromagnetism of the electron gas, and without this approximation 
4, we cannot expect ferromagnetism of the electron gas as shown in § 5. 

The interaction energy for electrons of antiparallel spin is given by the first term in the 
|} sum (4.1), The interaction energy for electrons of parallel spin may likewise be given by 
| (4.1) in which 4(1+4s1-s2) is equal to one. The total short-range correlation energy, when 
electrons doubly occupy up to the levels with ho, is 


Are? D 1 
aS CS bs fash 1, Ge 
uaa Ja Tito Be abdl Kono no ke -sho’eslpaikackias| Oe 


_where the regions of the sum are given by the restrictions identical with those for (4.1) and 
VT Ri<ko, k2<ko. This energy was first evaluated by Pines!®, and Gell-Mann and Brueckner!” 
| have made it more accurate. 

| The one-electron energy &(k) is also influenced by the short-range correlation and this part 
has been given by Fletcher and Larson’ as the sum of the parallel spin contribution, &?.,. (k), 


| and the antiparallel spin contribution, &%,. (k), 
Es. r (k)=E%,, (hk) +82, (Kk) . (4.3) 


Because the formula for &s,+(k) is fairly involved, we do not express &s.,(k) explicitly in 
this paper and the reader is referred to the paper of Fletcher and Larson’ (cf. Eqs. (8d) 
and (8e)). Wecan neglect &?, (k), since &€? , (k) is small compared to €%,,(k), in actual electron 
+ densities of most metals. For the high-density limit (7-0), we can take &.. (k)~&@, (k)!®. 
Then, the one-electron energy (3.6) should be rewritten as 


E(k) =Ex(k)+ Eee(k)+Es x(k) . (4.4) 


From (4.1), we find an exchange interaction between electrons with wave vectors k and k’ 
in addition to the exchange interaction of the screened Coulomb interaction (3.1), and the 
exchange integral is given by 


= a4 : (4.5) 
NV] wise Pptkt+k Pp (ptk+k) | 


(where the regions of the sum are identical with those of (4.1). 

Moreover, Bohm and Pines™.!3) have shown that the weak velocity dependent felectron- 
electron interaction is deduced from the second-order perturbation-calculation of the electron- 
plasma interaction. An exchange integral of this interaction is approximately given by 


Tite = — (ne*h?| Vin) (b2 — b’2) (ke) (2 — R24 if [RB < hes 6) 
oa if |k—K’|>ke, 


_where is the plasma frequency, 


w2= Wy? + Rv > ay + hk] (4m?) , (4.7) 
‘and <v*>ay is the average of the squares of electron velocities over the Fermi distribution. 
‘It should be noted that the exchange integrals Ji, (4.5), and Jj, (4.6), have negative 
values. This arises from the fact that the first-order exchange integral Jik’, (3.5), has a 
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positive value and this positive value is reduced by the perturbation theory. | 

We average next the exchange integrals (4.5) and (4.6) over the singly-occupied level : 
The mean value of J": is obtained as in the case of Jj, but if n<N the order of magnitudé 
of the mean value is smaller by ”/N than (3.9). Then we neglect /7% when n<N. Ih 
order to get the mean value of Ji, we make use of the results obtained by Gell-Mann and 
Brueckner!” and Noziéres and Pines'®, 


(3/16 (ak \@ Bq {P(k-+p-+qk-(k-+p+q)-!=0.046—0.0156", (4.8 

| 
where energy is measured in Rydberg units, wave vectors are measured in units of Ro ane 
the regions of integration are p<1; q<1; k>8; |pt+k|>1; [q+k|>1; |k+p+q|>8. Ther 
the mean value of Ji over 1 levels occupied singly by electrons is approximately given 5) 


Tube Yav=2n-* & Thal = — (et /2h°N)(0.184—0.0608") . (4.9 


The above approximation seems to be rough, but it is inevitable at present as the necessar> 
integrations have not been carried out. From (4.9) the coefficient of the molecular field da 
to the exchange interaction (4.5) is 


as? = 29-25% [82->ay= —2(met/2hg?15?N)(0.184—0.06082) . (4.1 


The total coefficient a when ~<WN is the sum of (3.10) and (4.10), and using the relation (3.: 
and g=2 we obtain | 


a=(e?/2do 442? N){ (0.5898 — 0.2036 log rs)/7s—0.092+ 0.006637s} . (4.11. 


When z=WN and all electrons have the same direction of spin, the total short-range corre 
lation energy is | 
1 m (4re& 1 it | 

| , (4.12 


FIN ea ah =p 
2 ae VJ] pe © | ptp-(ptkt+kh) p(pt+k+k)p-(p+k+k) 


where the regions of the sum are identical with those of (4.2) except that ko and & an 
replaced by ko’ and k.’ respectively. The total energy of the interaction (4.6) also is give: 
by 


7 1 16 1 4 1 
Ere (N)=—— S SS J%e-= QNKko’?/32m ( ps —— B’4 4 = p’s —_— gv ) 
be i / ) 45 2 15° ; is? as SoS | 


2 kk y , b/<hy/ 
The coefficients of the molecular field in this case, n~N, are given by 


oy = 2g Us N™ BS: Sul = —(met/2h°g* 15° )(0.184—0.0608") , (4.14 


from (2.3), (2.5) and (4.5), where the regions of the sum are identical with those of (4.2), am 
aj? = —A(gupN)?E-?(N) , (4.18 


from (2.3), (2.5) and (4.13). When n=N, the total coefficient of the molecular field, ay, : 
the sum of (3.14), (4.14) and (4.15), and from (3.4) and g=2, ay is written as, 


ay =(€?/2a0.N 43?)(1.15rs-!— 0.4867"? + 0.029—0.00200752-+ 0.001257) . (4.1 


* T he term being proportional to @’5 did not appear in Pines’ results!3.18), This term gives the ri 
term in the correlation energy. Then this should be cancelled by another energy term and we oft 
this term from (4.13) and the similar term in (4.21), but we remain the similar term in (4.15). Fu 


thermore the coefficient of the term proportional to 8/4 should be corrected by the factor 0.98/0.517 < 
seen from the higher-order perturbation-calculation!®), 
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| When n=<0, 1<N, and these 7 electrons have parallel spins, the total short-range correla- 
tion energy of (4.1) is expanded in powers of n/N as follows™: 


Ee ror(M)= ES. +(C2N/2a0)(n|N)rs.r.+- ++ , (4.17) 


s.r, =0.0580—0.0169 log 7s +0.0004937s . (4.18) 


The expression (4.18) is in accord with the result obtained for an electron gas at high density 
by Brueckner and Sawada™. The total exchange energy of (4.6), when n<N, is also ex- 
panded in powers of u/N as}, 


E*-®-(n)=E*-?-+(e?N/2a0)(n|N)*rr.0. +--+: , (4.19) 
Tr.p,=—0.00562+.0.02127s1/-+-0.0000689rs , (4.20) 
1 : hy 16 eed Set Pde EI 
Ev? =— SS Jie=ONMh/64 ( s—— ptt * gs} ge 
Oe, Big, Tid = ONT Hat /64 m)( 4 BS BI TE BB) (4.21) 


§5. Possibilities of Ferromagnetism for an Electron Gas 


In this section we discuss the possibilities of the ferromagnetism of an electron gas at T 
=0°K. In order to discuss the total energy of an electron gas, we must take kinetic energy 
into account. Let us consider the kinetic energy of the electron gas which is completely 
degenerate. When x=N, the kinetic energy is 


Ex(N)=(hilém*) 31 ke—(ke'*/6ho*)(h?/2m) par ales 6." 
<ky k<kg! 


From (4.7) the zero point energy of the plasma oscillation, when =WN, is given by, 


Er(N) Tip > ; (5.2) 


ce 


ie 2ne2N 4)- eN{_ 1.228 , 0.868% , 0.7058" a 
2 V Rk? 2a l D7, 2753/2 2rel? Qt/3y 9/2 ; 


In the case where »=WN, and all of the electron spins are parallel, from (3.12), (4.12), (4.13), 
(5.1), and (5.2) the total energy of the electron gas is 


E(N)=Ex(N)+ Ee(N)+E55,(N) +E ST (N)+E™?(N) . (5.3) 


On the other hand, in the case where m=0, namely electrons doubly occupy up to the level 
with ko, the total energy of the electron gas is given by the sum of the kinetic energy Ex, 
where 


Ex=(@ jm") > ANOLE Salen , (5.45 
| and the zero point energy of the plasma oscillation Ep, where 
1" 2 2 2 e i 
Brn y (Be 2eeH eM 1aP, Gate OME ONE), 
~ and (3.11), (4.2), and (4.21), that is, 
breed Orca Oy st) the age 2) arte ae Ota (5.6) 


Here we compare the energies (5.3) and (5.6), and let the difference be 4Ev=E(N)—Eo. 
The condition, 4Ew<0, shows that the total energy of the state in which all the electrons 
have the same direction of spin is lower than the one of the non-magnetic state. From (3.2) 
and (3.4) this condition, 4Ew<0, is rewritten as, 


is taken in the second term of the right-hand side of 


* The free electron masss m, instead of m*, 
(5.1) as well as in (4.1) and (4.6). 
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m[m* < (7s/5.466)(1—0.22727s—0.01287rs? + 0.1305rs log 7s) . 


The region which satisfies the condition (5.7) is shown as the upper part of curve (1) in 


Fig. 1. If we confine the total energy of the electron gas to the kinetic energy and the ex- ] 
change energy of the screened Coulomb interaction only, the condition corresponding to | 
AEw<0 becomes 4Ew’ ={Ex(N)+E8:%,(N)}-{Ex+Es",}<0, and this is rewritten as m/m* | 


exch 


Fig. 1. The energies of the electron gas in vari- 
ous magnetic states are compared at O°K. 
Curves (1), (4) and (5) show the relations 
between 7s and m*/m when the energy at the 
largest magnetization, n= WN, is equal to that at 
the non-magnetic state, n=0. In curve (4), 
short-range correlation is ignored. In curve (5) 
the short-range and long-range correlations are 
ignored. Curves (2) and (3) show the relation 
between rv; and m*/m so that just above curves 
(2) and (3) the energy of the electron gas with 
the very small magnetization, n<N, is lower 
than the energy in the non-magnetic state. 
Curve (3) corresponds to the high-density limit. 
Curves (6) and (7) show the relations on which 
T,=0 for the larger rs and for the smaller r; 
respectively (§7). The state density at the 
Fermi surface becomes zero on curve (8) (§ 11). 
The circles show the values of m*/m determined 
from the electronic specific heats with the model 
of the electron gas. The triangles show the 
values of m*/m determined in the same way 
with the model of the positive hole gas. The 
squares show the values of m*/m and rz 
determined from the variation with temperature 
of susceptibilities for 7Fe, Pd, and Pt. 
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(6.7) 


| 


<(1—0.087667s+0.001956r5?)rs/5.466, where we | 
use the approximation that ke is independent | 
of magnetization. The region which satisfies 
this is shown as the upper part of curve (4) 
in Fig. 1. From this curve it is seen that 
AEw’ is always positive when m*/m=1. This’ 
fact has already been shown by Pines™. The 
condition that corresponds to the Bloch ap- 
proximation» becomes m/m*<vr;/5.466, and 
this is shown by curve (5) in Fig. l. It. 
shows that electron gases for which 7s>5.466 
and m*/m=1 should be ferromagnetic. As 
seen from curves (1), (4) and (5) in Fig. 1, 
the conditions differ much from one another, 
and this means that the long-range correlation 
and the short-range correlation have pro- 
nounced effects on the possibilities of ferro- 
magnetism of an electron gas. From the — 
above results we obtain the conclusion that 
if the kinetic energy alone is reduced by the 
heavy effective mass the ferromagnetism of 
the electron gas in which all spins are parallel 
can be stable at T=O0°K. 

On the other hand, when »<WN the kinetic 
energy of the electron gas is 


Exin)=(yoe~ Bue )( + P+ > 2) 


12m ]\ <k Rete, 
Ext (a) te 6.8) 
i 
AE 


O n JN | 
Fig. 2. Schematic diagram of the variations of 
energy with the degrees of the magnetization, 
n/N, in the.regions A, B, C and D shown in 
lenyer, il 
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7K =1.2287rs-°(m/m*)—0.0212475-1/2 , (5.9) 

The zero point energy of the plasma oscillation, when n<N, is 
Er(n)=Ert+(2N/2a)(n/N) re , (5.10) 
re=0.008981 , OAD) 


because <v?>ay is dependent of magnetization. From (3.15), (3.16), (4.17)—(4.20), (5.8)—(5.11) 

the total energy in this case is written as, E(n)= E+ (e?N/2a0)(n/N)re+retrs.ctrs.r.4-tr ps 

The condition, 4E,=E(n)—E.<0, or T=TKTVE+Ts.c.+7s.7.+Yr.».<0, means that the energy 

of the electron gas becomes lower as long as the electron gas has a net spin moment even 

3 eo) very small. The formula, 7<0, is rewritten, from (3.16), (4.18), (4.20), (5.9), and 
mit) aS 


m/m* <(0.204—0.06767s—0.0005617s?+0.01697s log 7s)rs/1.23 . (9.12) 


This condition is represented by curve (2) in Fig. 1. The relations between the energy 4E»n 
and /N in the regions denoted by A, B, C and D in Fig. 1, are shown in Fig. 2, respective- 
ly. It will be expected that in the region C the energy 4E, will be minimum at the value 
of 2/N such as 0<n/N<1. This will be further discussed in §7. According to the calcula- 
tion of the paramagnetic susceptibility of a high-density electron gas by Brueckner and 
Sawada™, the corresponding condition for the high-density electron gas to (5.12) is m/m* 
<{0.8147s+ (0.0676 log rs—0.225)rs?}/4.91. This is shown by curve (3) in Fig. 1 and is similar 
to (5.12) in the region where 7s; is small, but the difference between them at the larger 7s is 
considerable. The values m*/m so as to explain the electronic specific heats of Ni, Co, Fe, 
Mn, Cr, Pd and Pt are also shown in Fig. 1, and the details will be given in §9 and § 10. 
Curves (6) and (7) are explained in §7 and curve (8) in § 11. 


$6. Effective Number of Singly-Occupied Electrons 

In §2 it has been assumed that there are a certain number of electrons which occupy 
levels singly, that is, an effective number of magnetic carriers, and those electrons have 
spin angular momenta and can play a role in the magnetism of electron gas. It has already 
been shown that at the absolute zero of temperature and in an external magnetic field, the 
number of electrons which occupy levels singly is given by the difference between the number 
of positive and negative spins. Let us define the number of singly-occupied electrons also at 
an arbitrary temperature. Bloch has already shown a method to determine the number, 
but we propose another method. 

The probability P, that the yth level is singly occupied by an electron equals one minus 
the probability that the level is doubly occupied by electrons and the probability that the 
level is entirely empty. That is, Py equals to the sum of the probability that the ;th level 
is singly occupied by an electron of positive spin and the probability that the level is singly 
occupied by an electron of negative spin. Let the probability that the yth level of positive 
spin is occupied by an electron and the probability that the level of negative spin is occupied 
by an electron be f;* and fy respectively. Py is written as follows: 


Py=1-fy* fy -—A-A)A Sy =f Sy) Su bade (6.1) 
The total number of singly-occupied levels 7 is 
n=>, Py=|" Prete de = N—2\ "Ath o(Ey)dEy , (6.2) 
Y 0 0 


where o(&y) is the energy level density of the electron gas at energy €,. When the one- 


electron energy is known as a function of wave vector k, o(&) is given by, 


o(€)=(V/2n*)(R?/(dé/dk)) . (6.3) 
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fy* are the well-known Fermi-Dirac distribution functions, 


(e-¢+)/eT 


ftafle—Cx)=€ +177, 6.4) | 


and 1 
CeaceiueH > (6.5) | 


where the suffix 7 is removed and €z are the chemical potentials at an effective magnetic | 
field H. The magnetic field H is composed by an external magnetic field and the molecular | 
field arising from the exchange interactions between electrons. 
In the classical limit of high temperatures, the distribution (6.4) can be replaced by the 
Boltzmann distribution. If N/V<(2zm*/«T)?/2/h?, where the electron gas is regarded as an. 
ideal electron gas with an effective mass m*, we can use the distribution function, f*=/(E—€+) 


=Aexp(—(€+42H)/kT). A is given by N=2A cosh (uall|eT)\" 06) exp (—€/«T)dé. In the 
0 

case of an ideal electron gas with an effective mass m*, A=(N/2V)(h2/2xm*«T)3” 

-sech (4zH/«kT). From (6.2), the number of singly-occupied electrons m is nm=N—(N?/2V) | 


-(h?/42m*k T )/? sech? (uzH/«kT). Then it can be seen that in the classical limit we can 
approximate as 7=WN. 

At low temperatures where the electron gas is actually degenerate, the number of singly- 
occupied electrons is given in the following way. Both of f+ and f- are considered to be 
degenerate. The case where either f+ or f~ is degenerate and the other is not degenerate 
will be discussed in §8 and §9. In the first place, the second term of the right-hand side | 
of (6.2) is rewritten as follows: | 


al" ft f-pl€dé= — 2” NEF OF-10E+ F-0 f +/08)dE 
=2 3) dle TOO A EM C-—C)) + OYICM ACC —E 6.6) 


where /(&)= ‘i o(€)dé, and 2n=(n!)- ‘\" a-"e-“(e*+1)da. On the other hand, we have 


— oo 


=|" tb nde = Saale TNO A CHE +O A COC (6.7) 


From (6.2), (6.6) and (6.7), ” is given by 


n=0 


n=2S eT] ACH F—AE-—Cot + AEs) | Ea fo = ct | 


eS Wey Anke D (na! fm! -(n—m)!)| A-m(E_) frm E_—E 4) 


n=0 N=M+ 


ue, Vn.) fm &, —C_)] : ( (6.8) 


where V™(€s) and f(€s:—€=) are mth derivatives of Cz. 
When 4zH>«T, at low temperatures, we have f((™(€;—€1)oce- for nm=1, where x 
=sH/«kT, and from the first sum of (6.8) 2 is approximated as follows: 


iow = Be daleT MOE) — AOE N= AE) — WE) + TLV OG) — WOE) 


ee (6.9) 
It is easily seen that (6.9) is the same formula for the difference between numbers of positive 
and negative spins, that is, \ (EX fE—C+)—f(E—C-)}dé. From this coincidence, it is found 


that the spin magnetic moments of the singly-occupied electrons cease to make any thermal 


Mh 


| 
| 
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motion at low temperatures, such as x1, they become saturated and have the moments of 
be respectively. The total magnetic moment of the electron gas in this case is approximately 
given by Mow/tz. 


When Lal <kT, or x<1, at comparatively high temperatures, by making use of the 
relations, Aonsi=0, £00) =(«T)-™(d(e*+1)-1/da)a-0 for odd m, and f™(0)=0 for even m, 
m is given from the second sum of the right-hand side of (6.8) as follows: 


high =KTL VOC) + VOC?) ine (eT)LVOC)EV OCI +-.-, (6.10) 


where the field dependence is eliminated. 

Let the chemical potential at the absolute zero of temperature without the magnetic field 
be €o, Co=E&(ko), and Cs is rewritten as €2=Cot4€tusH. (Cs), VOCs), MOEs), 
etc. are expanded in powers of «T, wszH, and 4C, as follows: 


NM (Es)=V (Co) tus o(Eo) + AE o(G0) + (nk 0" Eo) pa HAC 0 Co) (unl Po" (Coys 


MO Es) = (E+) = 0(€0)EHsH’ (0) + 460’ (Co) + + (Mn )o0"(Co)+--, (6.11) 


VOC s)=0'(C+)=0' Co) tush’ (Co)+::-, 


If we putt (6.11) into (6.7) and use N=2./7(€0), 4€ is given up to the powers of (4,H/€o)? and 
(«T/€o) by, 


At = — F101) 0(G0))| (tal) + ae 6.12) 


In the case where “wzHS«T, from (6.11) niow, (6.9), is rewritten as 


noo =2aaHidGa] 1 2 ant» | (MEO) — 2 (WED) = erp (CEO (EDN 


(6.13) 
This formula is the same as the formula obtained by Stoner» for [ex JieEe—C+) KE—C_ ide: 
0 


In the case where wz;H<«T, from (6.11) the temperature dependence of mnigh without the 
field dependence, (6.10), is written as 


maternal Rar C0) (CEPI) on 


At high temperatures such as “z,H<x«T, the spin magnetic moments of the singly-occupied 
electrons make violent thermal motions, and the mean magnetic moment is considered to be 
p=peH|kT. In this case the total magnetic moment of the electron gas is given by 
Mnigh 2. As seen from (6.13) and (6.14), the temperature dependences of the magnetization 
of the electron gas are the same in the cases where BeH>«T and w2r<xT. This can 
be understood from the fact that the paramagnetic moment of an ideal electron gas, in 
which there is no interaction between electrons, is given from (6.9), or (6.13), by miow/e not 
only in the case where 4,H>«T, but also in the opposite case. If once the electron- 
electron interaction in an electron gas exists, as we must take into account its exchange in- 
teraction, the spin angular momentum of each electron is not a constant of motion, and we 
cannot assign the eigen-state of positive or negative spin for each electron. Therefore, 
Bloch’s treatment” or the calculation in this section will be useful for the present. 

The one-electron energy spectrum of the electron gas having an effective mass m* is given 
in the following way. According to the collective description of electron interactions by 
Bohm-Pines™, as shown in §3 and §4, the one-electron energy of the completely degenerate 
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electron gas is given by &(k), (4.4). In the case where almost all electrons have the same 
direction of spin, Re (or 8) in (4.4) should be replaced by ke’ (or 8’) as well as ko is replaced 
by ko’ and &,(k) is modified as shown in §9. From (4.5), €o=€&(o) is written as 


C1=Cr—(@ho/n)(1— B+ 8/4) + Ea.r. (Ro) » (6.15) | 


and 
: | 
Cr =h*ho?/2m* =3.683rs-2m/m* in Ryd. unit. (6.16) | 


We use the relations, ’(§)=(dk/d8)(do(€)/dk), and ’’(€)=(dk/d§)(de’()/dk), and from (4.4), | 
(6.3), (6.15) and (6.16) (0), o’(€o) and o’’(€o) are given as follows: 


o(€o)=3N/(4ErCr) , (6.17) 
0’(€0)/o(€o) =Co/(2ErC12) , (6.18) 
1R3s 525 
0 Colo) =—WCAE C8] L-+a(Slog BP +28) 4a) M4 BB 
85 2 SOO ati sae YONE) teigds (6.19) 
+ if os Dorion ts (lon aay 
where 
i 24,8 *If2 s 6.20 
C.=1+A( log 3 14D) +m |h?ko)(d&s.r./dR)k=xg 5 ( yi 
= Cee 2 */F2 —@ dak? \x (6.21) 
C=144(3 lee is + )+(m /W){(2|k)dEs » |dk—@&s.r|dR huey » 


and A=e%mn*/zh®ko=2-(92/4)-“3(m*/m)rs=0.1659rs(m*/m). In p’’(€o), (6.19), we have omitted 
to write the term due to the short-range correlation, &;., for the sake of simplicity. 
From (6.17), (6.18) and (6.19), (6.13) and (6.14) are written, respectively, as 


tee (6.22) 
Nien =e -¢. {1 a 4 (6.23) 
where 
cr=20r|1 ai 1G log = tee) +f - 4 ic = Sy ; BP es log = 
a =e log oe 5 (08 ay t+ - ‘| (6.24) 
er of ta( log a ae +26") i “le ae B+ tee tog S 
=" as log a 2 (Ios aa “Fa | ; (6.25) 


The terms due to short-range correlation, €s.,(k), in C’ and C’ have been omitted as they 
have been in (6.19). When the one-electron energy &(k) is given only by the first term, 
Ex(k), of the right-hand side of (4.4), that is, the electron gas is ideal, it is easily found that 
GaGa Ca2wand 643. 


§7. Ferromagnetic Properties of an Electron Gas: The Curie Temperature and the 
Susceptibilities above the Curie Point 


First we consider the case at high temperatures, so that the electron gas is in the non- 
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it} degenerate state. As mentioned before, at high temperatures the thermal excitation of 


electrons becomes remarkable, the probability that each state is occupied by an electron is 
small, and all electrons can be regarded to occupy the states singly. Then from (2.4) and 
ew =2 the mean magnetic moment is M=Nyz tanh {u;(H+aM eT}. This is. the ite ex- 
Pression as the one obtained from the classical point of view. It should be noted that the 
coefficient of the molecular field aw is not given by (4.11) or (4.16), but is given by the average 
of the exchange fields over the Boltzmann distribution. At high ein neroranes we have 
M=Nyuz(Hy+aM)/«T, and the susceptibility shows the Curie-Weiss law such as, . 


~=C]T—Fp) ) (7.1) 
where 

C= Np;?/k , (7.2) 

On=Nyuzpa/r . (7.3) 


Secondly we consider the case where the electron gas is in the degenerate state. From 
(2.4) and g=2, the magnetization of the electron gas is given by 


M=nypz tanh {u2(Aot+aM)/«T} , (7.4) 


where 7 is given by (6.8). Above the Curie temperature the condition, Has ERGs (ead ) 
<«T, holds, and we must use mnigh, (6.23), for m in (7.4). We expand (7.4) as follows: 


M=npe(h+aM)/«T . UES) 
From (6.23) and (7.5), 


M=(Ho+aM) (8Nits"/2ExC)|1— z (eTICr PC! (7.6) 


In order that a finite value of MM may be a solution of (7.6) when Ho=0, there must be the 
Curie temperature ZY. which satisfies the following equation, 1=(3Nys?a/20rCi){1—(x?/24) 
-(*«T./€r)?C’}, and we obtain 


VBE cer {1 2062 1" 
Te Leap p ie | oe (7.7) 


In order that 7. is real, it must hold that 1—(2€rC,/3Nu2?a)>0. From the approximations 
Es ~€%, at larger 7s (5>rs>2), and &s.,,~26%,, at smaller 7s (7s<2)'? and from (3.2), (4.11), 
(6.16) and (6.20), the relations between 7; and m*/m at larger and smaller 7s which satisfy 
1—(26rC,/3Nu22a@)=0, are shown in Fig. 1 by curves (6) and (7) respectively. The crossing 
of curves (1) and (6) or (7) is due to the difference of their approximations. For the electron 
gas having the values of 7s and m*/m in the region between curves (1) and (6) the state in 
which only a part of all electron spins are parallel is expected to be stable in energy at the 
absolute zero of temperature. 
From (7.6) and (7.7) the susceptibility above the Curie temperature is obtained as 


3NiuR a 7 : ) ; 7 
1 H, j T | | a | | OF 8 
[x of ( 26 rCi ) \ 7 c ( ) 


If «Te<€r, from (7.7) we can consider that 3Nyugal(26rCi:)~1. In this case (7.8) can be 
approximated in the neighbourhood of the Curie temperature as follows: 


Wy4=E(T/Te)?—1} , (7.9) 
E=a{(3Nyz?a/2€ rCi)—1} . (7.10) 


On the other hand, if «7->Cr, the electron gas is not in a degenerate state above the 
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Curie temperature and the susceptivility ought to show the Curie-Weiss law, (7.1), (7.2) and 
(7.3). In the intermediate case the number of electrons occupying levels singly will be de- 
termined as a function of temperature by the following way. /(€—€+) is expanded in powers 
of H as, f(€—€+)=(f(€—C)) av usH (Of (E—O)/00)u-0+0(H?). Putting this into (6.2), we have | 
at H=0, | 


n=nT)=—- 2)" e—PreoO(@)aé : (en: 


| 
As the magnetization M above the Curie temperature is approximated as (7.5), in order that | 


M0 may be a solution of (7.5) with (7.11), there must be the Curie temperature which | 


satisfies («Tost,72/(Te))-a=0. The susceptibility above the Curie temperature in this case » 


is given by 


1/4=Ao/M=rTp2?/n(T)—e@ . (71m 


In the case where «7:~Cyr, there is no way but to do numerical calculations in order to find | 


the temperature dependence of n(T). 


In conclusion, the variation with temperature of the susceptibility of a ferromagnetic | 


electron gas is given by (7.9) in the neighbourhood of the Curie temperature and is expected 
to be the Curie-Weiss law at temperature higher than the degeneracy temperature when the 
Curie temperature is much lower than the degeneracy temperature. When the Curie tem- 
perature is comparable to the degeneracy temperature, the variation with temperature of 
of the susceptibility in the neighbourhood of ZT. will be obtained by numerical calculations. 
It seems to be very difficult to do these numerical calculations actually because of the com- 
plexity of the level density given by (4.4) and (6.3). It is qualitatively understood from (7.12) 
that curve 1/zx versus T is concave down-wards and x follows the Curie-Weiss law above the 
degeneracy temperature. 

Finally, in the case where the Curie temperature does not exist, namely in the case where 
the electron gas has the values of vs and m*/m, which are found in the lower region of 
curve (6) or (7), and is not ferromagnetic at any temperature, the paramagnetic susceptibility 
when «T<€,r is written from (7.6) as, 


of a gh ray (7.13) 
96 0 
where 
1/%)=(26rCi/3Nuz?)—a , (7.14) 
N= (272? C C’/36u22C Pr) . (719) 


As the electron gas at present is not ferromagnetic, it is seen that 1/x) is positive. From 
(7.13) curve of 1/x versus T is concave upwards when 7>0 and apparently it seems to be 
antiferromagnetic. As shown in §10, the variations with temperature of the paramagnetic 
susceptibilities for 7Fe, Pd and Pt at comparatively higher temperature is well expressed by 
the formula (7.13). Stoner® has already shown that x, instead of 1/xz, is expressed as the 
sum of a constant and the term proportional to T?. 


$8. Spin-Wave Motion in an Electron Gas 


When the magnetic field H is applied to an electron gas and “w,HS«T, the number of 
singly-occupied electrons in the neighbourhood of the Fermi surface, n, is given by (6.22). 
In $6 it has been shown that mow is equal to the difference between the numbers of 
electrons with positive and negative spins. This fact means that at low temperatures there 
is scarcely any thermal motion of spins of the singly-occupied electrons and the component 
of the mean magnetic moment of an electron along the magnetic field is nearly equal to pz. 
We suppose that the levels with wave vectors between k+ and k_ are singly and compactly 
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occupied by electrons and the levels below k_ are doubly occupied by electrons. We regard 
these singly-occupied electrons as magnetic carriers. 

It is well-known that the eigen-states of the spin-wave are easily found so long as the 
magnetic electrons (or carriers) are localized on certain lattice points. Using the atomic 
functions Slater®) has studied the spin-wave theory of itinerant electrons. The theory has 
been applied only to insulators in which the procedure used by Slater is strictly correct. In 
conductors such as monovalent metals, if we can localize the itinerant electrons on lattice 
points we can easily study the spin-wave motion of the localized electrons. But to discuss 
the cohesive energy of metals, the approximation of using localized electrons will be un- 
doubtedly unsatisfactory. It follows that the singly-occupied electrons are magnetic carriers 
and will be described by localized wave functions in a fairly good approximation as they are 
mostly not concerned with cohesion; and the doubly-occupied electrons will mainly contribute 
to the cohesive forces in metals. 

We make the localized orbits from the plane waves with wave vectors between ks and k_ 
in the following way. We use the same method as when the atomic functions are con- 
structed from the Bloch functions. Herring! used this method in the rough calculation of 
the Bloch wall coefficient. In a volume of electron gas, we imagine n lattice points. Let 
the lattice be a simple cubic lattice tentatively. It will soon be found that the final result 
does not depend on the type of the lattice structure. Let the co-ordinates of the lattice 
points be R. From the wave function of a free electron with wave vector k, y,(r)=(1/V)}” 
-e'*r, we construct the following functions, ¢(r—R), 


dr—R)=(iny? de® Ror) , (8.1) 
k_<K<K 


where the sum is taken over ” states with the wave vectors between ks and k_. When the 
number of the singly-occupied electrons is far less than the total number of electrons, that 
is, w<N, we find, on changing the sum to integral, and using (3.8), 


P(r—R)=(n/ V)/? sin (Ro|r—R|)/(Rolr—R]) . (8.2) 


An overlap integral between the orbits localized at R and R’ is 
|r -Rbr—R)dr=sin (ko| R—R’|)/(Rko| R—R’|) . (8.3) 


As R and R’ are the lattice points having a lattice spacing of about (V/m)”%, |R—R’|ko 
>(V/n)?ko=(372N/n)/?. When n<N, |R—R’|ko>x, and we can consider that the overlap 
integral (8.3) vanishes approximately. Then it may be assumed that the localized orbits (8.1) 
are orthogonal with one another. Strictly speaking, as the orbit ¢(r—R) is not orthogonal 
with others, correction due to non-orthogonality is necessary when the vector model is adopt- 
ed. The first-order correction to the exchange integral is the order of the magnitude of the 
product of the Coulomb integral and the square of the overlap integrals’. As seen from 
(3.1), the interactions between electrons are short-range, so that the value of the Coulomb 
integral will not be large, and we shall be able to neglect the correction. In the Appendix 
it will be shown that when n<WN the correction due to non-orthogonality may be practically 
ie n—N, namely all electrons singly occupy all levels with wave vectors up to ko’, we 


’ 


make the following functions: 


db@—R)=N.. > A ee “5 ae ~{sin (ho! |r—R|)— ko’ |r— R| cos (ho’|r— RI)} 
0<K<ky’ V ko? |r—R| ee 


where the relation Vko’?=6z2N is made use of. An overlap integral between the orbits lo- 
calized at R and R’ is 


eee Rar Shs SBI “sin (es R’|)—ho' |R—R’| cos (ko |R-R')}. (8.5) 
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The degree of the non-orthogonality in (8.5) is larger than that in (8.3). As shown in the ] 
Appendix, the correction of non-orthogonality in the exchange integral even in this case, ” | 
=N, is not so large, so that here we treat the wave functions (8.4) as if they were ortho- | 
gonal with one another. 

The exchange integral between the orbits localized at R and #’ is written as 


| 


Jaw ={ [SC BY" BO MMR). Rodrdrs . (8.6) | 


where v(ri—r2) is the effective potential energy between the electrons 1 and 2. From (3.5), 4 
(4.5) and (4.6) the Fourier components of v(ri—rz) is given by 


Uk —k)=Jige + Sige +S = VO fertcerveterdo(ry —rei® ky dr drz = Val eam oerar : 


(8.7) 
Introducing (8.1) into (8.6), we have 


nan" Bh) SB tet ORR, a8) 
k 33 “ 


where the sums over k; and kz are restricted to the regions, k_-<ki<ks, kR-<ko<ks, R-<|ki 
—k|<ks, and k-<|kn+k\|<ks. When n=N, Jer is given by a formula similar to that in (8.8) 
if in (8.8) ~, k+ and k_ are replaced by N, ko’ and 0, respectively. 

When the x localized orbits are all occupied by electrons singly, the exchange energy is 


St dae a) Inge (8.9) 
SS) j 


where s; and s; are the spin operators of electrons localized at AR; and A; respectively. In 
order to take out the mode of the spin-wave motion, we make use of the Holstein and 
Primakoff method”. After the well-known transformations of (8.9) we have for (8.9) 


A= Ax *Gnn (8.10) 
Ax== Dy Jril—exp (1K: Ra)} , (8.11) 


where Jr, iS Jer in (8.8) when R—R’=Ra, and a and aa* satisfy the relation, a,a,x’*—ay’*an, 
=0,... From the well-known Born-von Karman periodic boundary conditions, components 
of K, are required to take the values, Ky*=27d,/aLz, Ky”=2ndylaLy, Ky?=272./aLlz, where 
Lz, Ly, Lz are the lengths of the box, which contains the electron gas, in x, y, z directions, 
divided by the lattice spacing, a, and 4z, dy, Az are any integral values between —4Zz and 
4Lz—1, —2Ly and 4ly—1, —2L, and 4L,—1, respectively. 

From (8.8), A, becomes 


feet > Uh — Ka) 2 v(ki—kz)} , (8.12) 


where the regions of the sums are specified by k-<ki<k, and k_<ks<ks in the first term, 
and k-<ki<ks, kR-<Ra<k+, R-<|kn+Kal<hs, and R_<|kx+Ka|<ks in the second term. On 
changing the sums to integrals, the necessary integrations of the second term in (8.12) have 
not been carried out. Then we replace the integrand in the second term by the mean of 


the integrand in the first term, in order to evaluate the second term. When n<N and Ky 
<hs—k_<ho, we approximately find 


Av.=n7! 7)2 wy is 
ra=n(38NK,/4kon) dete ay v(ki— ke) . \ (8.13) 


When x=WN and Ky<ko’, we have also 
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A\® = N-1(3Ky/4 ho’)? - 
r/4Ro’) as See kz) . (8.14) 


(8.13) can be rewritten, form (2.5), (4.11) and (8.7), as follows: 
A=AKi , (8.15) 
A=(9N?1227/8kon)a@ . (8 16) 


Similarly (8.14) can be rewritten, from (2.5), (4.16) and (8.7), as follows: 


Ax*=AnK,? , (8.17) 

An=(9Nuz?/8k0)aw . (8.18) 

As eigen values of m,=a,a*a, are positive integers, 0, 1, 2,---, the mean value of , be- 
comes, 

Mr.={exp(Ar/eT)—1}"1, or M=fexp(Ar*/eT)—1}" . (8.19) 


The magnetization along z direction is given by 
M=263: Seay = 2en ( a 3 7) (8.20) 


When x<JN, from (8.15), (8.16) and (8.19) we use the well-known procedure and obtain 


py Nr =2.315(V/4n?)(« T/A)? , (8.21) 

and 
M= pgn{1—d(n/N)P2T 32} , (8.22) 
6=4.639 x 10-8(2aoN up2e-2a)-7/2 (°K) 38/2, (8.23) 


When nN, from (8.17), (8.18), (8.20) and (8.21) we have, 
M=ypen(1—ovT*) ’ (8.24) 
Ow =9.279 x 10-8(2aoNuz%e aw) 3/2 (CK)-3/? (8.25) 


At low temperatures is given by (6.22). From (6.22) and (8.22) we can find the variations 
with temperature of mow and M. Putting Ho=0 and H=aM and using the approximation, 


H=aM=appniow, in (6.22), we have 


mow =(Bzts*Namowl2ErC){ 1— J (atamowl CPC” 94 (eT IEr)C | (8.26) 


Vil 1 ‘ 2 Ye 
AS Mow2<0, it must hold that 1=(ys?Nal2rC)}1 =< (atts Pion |G r)°C 54 ETI PC . 


From the condition, 7, is real, we can easily see that the solution of this exists, and the 
solution is 


n|[N=mo(1—o2T?) , (8.27) 
mo=(24apy? N/E r—16C1)(3C") (ans N Cr)? , (8.28) 
02= (1/4)20°C wr Papp? NC |Bap2°N— 26 rCi) « (8.29) 


From (8.22) and (8.27) we have for the magnetization at low temperatures, 


M|(Nuz)=mo(1— O22 T 827?) , (8.30) 
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where 


03/2 — Omo'/? ) 


and Nusmo is spontaneous magnetization at 0°K. 
than one. It is due to the fact that »/N is approximately obtained in powers of 4“,H/¢r and 
«T/€r, and as it is meaningless that mo>1, we may put mo=1 in this case. 

When n=N, the coefficient of the molecular field aw is given by (4.16) and we have 


Mon =(24aw pe2N/Er —16C1)¥2(3C”)-(aw un? N/E vr) 9 ’ 
2 = (7/4)2(K/C 9 )2atw z2NC /(3anwps?N—2Ci€ r) ‘ 


From (8.24) and (8.32) the magnetization is given by 


n|N=mon(1—62"T?) , (8.32) | 
(8.33) 
(8.34) 
(8.35) 


M/(Nvs)=mow(1—65,T 32-02," T?) , 


where 07,,=6y. 


It should be noted that when n=WN and either the distribution function f+ of f~ is de- 
generate and the other is not degenerate, the approach of ” to N is exponential and we should 
not use (8.32), in which both the f+ and f- are assumed to be degenerate, to obtain the 
Instead of (8.35) we have in this case, 


temperature dependence of magnetization. 


M/(Nvps) ~ 
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(8.31) | 


It may happen that mo in (8.28) is larger 


(eee (8.36) _ 


3/2 


and the term proportional to JT? does not appear. 
As seen easily from (7.7), (8.29) and (8.34) there is the following relation between TJ. and 


Os or One, 


Tia’ OL 
2 


§9. Comparisons with the Experimental 
Results of Ferromagnetic Transition 
Metals 


In §7 and §8 we have derived the formulas 
for the Curie temperature, and the variations 
with temperature of spontaneous magnetization 
and susceptibility above the Curie point as the 
functions of vs; and m*/m, respectively, when 
an electron gas shows ferromagnetism. In 
this section, we shall make a comparison 
between the above results of an electron gas 
and the experimental results of ferromagnetic 
transition metals. It may not be a good ap- 
proximation to say that the magnetic electrons 
in the transition metal are treated as if they 
construct an electron gas. Namely, many 
discussions claiming that the localized model 
for magnetic electrons is the better approxi- 
mation have been so far presented”, and the 
experimental supports of this model have 
been found from the experiments of the 
neutron diffraction» and X-ray diffraction™, 
although there are a few opposite views on 


T 20," = > ' (8.37) 


the latter experiment”. The model in which 
the magnetic electrons are localized in Fe has 
been specially proposed?®. However, it is 
certain that there is a translational motion, 
(which is the main motion in gas), in the 
transition metals including Fe, because at 
low temperatures the large specific heats 
proportional to T are observed for the tran- 
sition metals. Then it will be useful to adopt 
the model of an electron gas for the magne- 
tic electrons in the transition metals, and we 
can see whether the model is valid or not by 
comparing its magnetism with the experi- 
mental results of ferromagnetic transition 
metals. At any rate, Bloch’s itinerant one- 
electron wave functions are eigen functions in 
crystal, but there are two ways in the treat- 
ment of the correlation due to the Coulomb 
interaction, that is, the strong correlation 
where the Heitler-London model or atomic 
model is used and the weak correlation where 
the band model or the electron gas model is 
used. In this paper we assume the latter 


I} 


{5 


) 


1960) 


Table I. Crystal structure, lattice constan 
mean distance rs, effective mass m*. 
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5 Ee 
t), number of electrons or positive holes per atom p, electron 


; Number of 
Lattice 
Element Crystal constant electrons Ts m*/m * 
structure or positive at. u. (free) m*/m 
holes p 

Ni fcr: 3.5167 10 1.2055 7.10 3.76 

hat Vj 
Co h.c.p. rit 9 1.246 5.14 3.08 
Co KOE 3.5368 9 We Bee 5.02 3.02 
Fe lowers 2.8606 8 1.3309 5.02 2.94 
Mn Cubic 8.897 7 1.409 We Th 4.35 
Cr Dic. 2.8787 6 1.4741 Wome 1.36 
Ni LACre SOON 0.6 3.0793 28.8 3.44 

Z2002— 
Co h.c.p i= Re? 2.172 (ea8 4.15 
Co S if Cx’ 3.5368 We 2.1886 13 4.12 
Fe bere 2.8605 Zee, 2.0466 1.83 4.24 

model for the 3d electrons in transition constants?”, the numbers of valence electrons 


metals and take into account the effect of the 
correlation on the itinerant model correctly 
as possible. 

We determine 7; from the lattice constants 
and m*/m so as to explain the electronic 
specific heats at low temperatures in the fol- 
lowing way. In the first place, to determine 
ys there are two ways. We have so far 
treated an ensemble of WN electrons. It is as- 
sumed that N electrons are the valence elec- 
trons taken out from atoms. The value of 7s 
depends upon the number of valence electrons 
per atom. On the one hand we assume that 
the electron gas is made up of all the electrons 
which are 3d and 4s electrons in the atomic 
state. Let the number of electrons per atom 
be p, p is given by 10 for Ni, 9 for Co, and 
8 for Fe. In the upper half of Table I we 
have given the crystal structures, the lattice 


Fig. 3. Two models of electron gas: (a) real 
electron gas, (b) positive hole gas. 


per atom, p, and 7s, of not only Ni, Co and 
Fe but also Mn and Cr. In this model, it 
will be expected that only a small part of the 
electrons on the Fermi surface contribute to 
magnetism, and the coefficient of the mole- 
cular field is given by a, (4.11). The distri- 
bution of electrons at 0°K in this case is 
shown in Fig. 3(a). 

On the other hand, as it is well-known, the 
numbers of the Bohr magneton of spontaneous 
magnetizations in Ni, Co and Fe are explain- 
ed to be equal to the numbers of positive 
holes in the 3d bands. Therefore, we take 
the gas of the positive holes having an ef- 
fective mass m* instead of the electron gas. 
The number of the positive holes per atom p 
is determined to be the number of the Bohr 
magneton per atom. Namely, p is 0.6 for 
Ni, 1.7 for Co, and 2.2 for Fe. Using these 
values of p, we gives the values of 7; for the 
positive hole gas in the lower half of Table 
I. In this case almost all the positive holes 
are considered to be magnetic carriers, that 
is, to occupy singly,* and the coefficient of 
the molecular field is given by ay, (4.16). 

* In Co and Fe, it may be thought that the 
positive holes with both positive and negative 
spins exist at T=0°K instead of the distribution 
shown in Fig. 3(b). 7s in this case become smaller 
than the values given in Table I. For the sake of 
simplicity we consider only the case given in the 
text and it is expected that both cases are not so 
different either qualitatively or quantitatively. 
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The distribution of electrons, or positive 
holes, at T=0°K in this case is shown in 
Fig. 3(b). 

When we consider the positive holes gas, 
it may be question that the screening distance 
1/ke of the electron interaction is determined 
from the relation, B’=ke’/ko’=0.307rs/?, in 
which 7s is related only to the positive hole 
density. It is best for k-’ to be determined 
experimentally, but at present such experi- 
ments on Ni, Co and Fe have not yet been 
performed.) Accordingly, we assume that 
the positive hole gas is constructed from p 
positive holes per atom, the positive holes 
have the effective mass m*, and the positive 
hole gas is treated quite as well as the elec- 
tron gas having the same effective mass ex- 
cept that the positive hole has a charge of 
the opposite sign to the charge of electrons. 
In other words, the above assumption is 
equivalent to what we consider only the 
electrons which occupy singly at the upper 
part of the distribution shown in Fig. 3(b). 
It is assumed that k&’ is always determined 
from ~’=0.307s!/2 in the case of the larger 
magnetization of the positive hole gas at lower 
temperatures, where 7s; is related only to the 
positive hole density, (or the electron density). 
But in the neighbourhood of and above the 
Curie temperature the net magnetization per 
electron becomes small and we use the k. 
given by (3.2) for the sake of simplicity as 
mentioned before. 

In the case shown in Fig. 3(b), it must be 
realized that 2u42H=€0’, where (0 is the 
energy of the positive hole in the Fermi sur- 
face at T=0°K, and AZ is a resultant magne- 
tic field of an external field Hy and the mole- 
cular field avyM. When 2u2H=€0 at the ab- 
solute zero of temperature all the positive 
holes have the same direction of spins. 
Therefore the distribution of either f+ or f- 
is degenerate, so that, as mentioned above, 
from the simple calculation we can find that 
the effective number of the electrons, or the 
positive holes, which are magnetic carriers is 
nearly equal to the total number of the 
electrons, or the positive holes, in the neigh- 
bourhood of the absolute zero of temperature 
and this number decreases exponentially, 
exp (—2u2H/«T), as the temperature rises. 


At lower temperatures, we may put 2=N, 
and it is expected that the variation with 
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temperature of spontaneous magnetization . 
will fairly well follow T?/2 law. And in the: 
neighbourhood of the Curie temperature M’ 
~0 and wsH<«T, so n will be given by 
high, (6.23), aS long as the positive hole gas } 


is yet degenerate. In this case, the distribu- 
tion of electrons at low temperatures is the 
one shown in Fig. 3(b), and at higher tem 
peratures will be the one shown in Fig. 3(a). 
Therefore, the coefficient of the molecular | 
field is expected to change with temperature 


and may be given by ay, (4.16), at lower 


temperatures, but by a, (4.11), at higher tem- 
peratures. As seen from the above discussions, 
in the case where all the spins of the positive 


holes, or the electrons, are parallel at 0°K.. 


as shown in Fig. 3(b), the temperature de- 
pendence of the magnetization at low tem 
peratures will be better expressed by (8.36) 
rather than (8.35) and that in the neighbour 
hood of the Curie temperature will be given 
by (6.23) and (7.4) with @ in (4.11). 


In the second place, we determine the ef- | 
fective mass m* of the electron, or the posi- | 
tive hole, so as to explain the observed low > 
The: 


temperature electronic heat coefficient. 
low temperature electronic specific heat per 
electron when the number of positive spins is 
nearly equal to that of negative spins at 0°K, 
as in Fig. 3(a), is given by 


2772 T 
3N 


where 0(€0) is given by (6.17). The specific 
heat per atom is p times as large as (9.1). 
As rs 1s comparatively small in this case (cf. 
Table I), é?,, in (4.3) is approximately equal 
to &},, and we take ¢,, =€¢%, +é?,, =2€° in 
(4.4). With the aid of Fletcher and Larson’s 
calculations on (d&%.. /dk)x-x.!, and the ob- 
served values of 7 in (9.1), the effective mas- 
ses m* for model (a) are determined from 
(6.17), (6.20) and (9.1), and the values for Ni, 
Co, Fe, Mn and Cr are given in the seventh 
column of the upper half of Table I and are 
indicated by circles in Fig. 1. It is seen from 
Fig. 1 that Cr is never ferromagnetic, but in 
Mn the value of m*/m is large and is in the 
ferromagnetic region and this is contrary to 
the experimental fact that Mn is not ferro- 
magnetic. The reason for this contradiction 
is not clear at present. The values of m*/m 
given in the sixth column of the upper half 


es 8 


(Ge == ' ——— 
ko(d&/dk)k=xy 


o(€o) = 


7T So 


| 
| 
| 


' of Table I are derived from (9.1) by using 
“! the free electron approximation in which o(&o) 
‘las equal to 3N/(4€,). 

' In the second model shown in Fig. 3(b), the 
| low temperature electronic specific heat per 
; - positive hole is given by 


cs Sal oo A Lean 
| =F aelddagy? 92 
| where Co’ Cog ). €0 is given by a formula 


| Similar to (6.15) only if ko, ke, and Cr are re- 
| Placed by ko’, ke’ and Cr’ =hko’?/2m* respec- 
| tively. (d&/dk)x-x in (9.2) is calculated from 
€(k), (4.4). In this case it is enough to consi- 
| der only &.(k). Although 7s is not so small 
| as one can see in the lower half of Table I, 
we make use of the approximation, €&?., (k) 
~E€% (k), because the integrations involved in 
€ .(k) are difficult, and then &s., (k)~&2,, (k).* 
Using Fletcher and Larson’s calculations of 
(d&@,. |dk)e=xj and ke’ given by (3.4), we 
obtain the values of m*/m, from (9.2) and 
(6.17) and (6.20) with &o’ instead of ko, so as 
to explain the cbserved low temperature 
electronic heat. The values of m*/m for Ni, 
Co and Fe are given in the seventh column 
of the lower half of Table I and are indicated 
by triangles in Fig. 1. All the triangles are 
below curve (1) and this means that the 
magnitude of the magnetization of the posi- 
tive hole gas, having vs and m*/m at the 
points denoted by triangles, at 0°K is smaller 
than the one when all the spins of the 
positive holes are parallel. This contradicts 
with the initial assumption. As the effect of 
the correlation on the state density at the 
Fermi surface, 0(€0’), becomes serious in the 
case of the larger 7s, in order to arrive at a 
more satisfactory agreement, it is necessary 
to make a more precise approximation, that 
is, higher-order perturbation calculations. 
The values of m*/m given in the sixth column 
of Table I are obtained by the free electron 
model, where 0(€0’)=3N/(4Er’), and are the 
values tabulated in the various text books”. 
In §7 the expressions for the Curie tem- 
perature and the paramagnetic susceptibility 


* When rs is large, we can introduce the ap- 
proximation that e? ,(k)~0, that is €s.r.(k)=0 in 
this case, but the values m*/m for Ni, Co, and Fe 
determined from (6.17), (6.20) and (9.2) with this 
approximation becomes all negative. Then the ap- 
proximation in the text will be more satisfactory. 
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above the Curie point of an electron gas has 
been given by (7.7) and (7.8) as functions of 
only vs and m*/m respectively. In §8 the 
magnitude of the magnetization at 0°K and 
its variation with temperature at low tem- 
peratures have been given by (8.28) or (8.33), 
and (8.30), (8.35) or (8.36) respectively. Cu, 
Cz, C’ and C” in these formulas are given 
by (6.20), (6.21), (6.24) and (6.25) respectively 
and are rewritten as follows: 


Ci=1+(m*/m)D, , (9.3) 
C.=1+(m*/m)D, ; (9.4) 
C’=2C,-*(1+ (m*/m)F’ + (m*/myG) , (9.5) 


CC’ =(4/3)C.-4(1 + (m*|/m) FF’ + (m*/myG”) . 

(9.6) 
D; in Q.3), Dz. in QA), F’ and G’ in°Q.5) 
and F’ and G” in (9.6) are all functions of 
only vs, and are illustrated in Fig. 4 only 
when the approximation that &;,(k)=&4, (k) 
is taken. In the case of model (a) the ap- 
proximation, &s.+(k)=2&¢, (k), and in the case 
of model (b) the approximation, &s.,.(k)=&%, (k), 
will be taken up in the following consider- 
ations. The coefficients of the molecular fields 
for model (a) and for model (b) in the neigh- 
bourhood of and above the Curie temperature 
are given by a@ in (4.11). The one for model 
(b) at low temperature is given by aw in 
(4.16). @ and ay are also functions only of 


Fig. 4. Numerical results of Di, Dz, F’,G’, F”’, 
and G’’ in (9.3), (9.4), (9.5) and (9.6). Fletcher 
and Larson’s calculation!6) on the one-electron 
energy and its derivatives are made use of. 
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ys, as shown in Fig. 5. In all these cases, Table II with the observed values of To). 
the gases are assumed to be degenerate. The calculated values for Co in Table II cor-- 

Then, using the numerical results shown in respond to the f.c.c. Co and the values for: 
Figs. 4 and 5 and the values of m*/m given the h.c.p. Co are almost the same. As men-} 
in the seventh column of Table I, we obtain tioned above, a, instead of aw, is used also) 
the theoretical values of the Curie tempera- in the theoretical evaluations of 7; and & i 
tures JT, for Ni, Co and Fe from (7.7) in the based on model (b). 
cases of models (a) and (b) in Fig. 3, and The relations between 1/zx and T of Ni, Co) 
these are shown in the second column of and Fe have been hitherto understood te) 
follow the Curie-Weiss law. The variation | 
with temperature of 1/x for Ni has been. 


Rydunit: 


03 frequently observed*”-*#) and does not follow 
nuger either the Curie-Weiss law or the relation 
NiBawy given by (7.9). Only in the immediate 


oe neighbourhood of the Curie temperature, we 
can interpret the observed 1/zx vs. T curve for | 
Ni either by the Curie-Weiss law or by the 
relation (7.9), but in the higher temperature 
regions we cannot, and both the curves show- 
ing the variation of 1/y with T and T=? are 
concave downwards, as shown in Figs. 6 and 
° == 7. In the neighbourhood of the temperature 
ee 2 vais ie 4 5 just below the melting point of Ni, the 
Fig 5. The coefficients of the molecular field « Susceptibility follows the Curie-Weiss law 
and ay are given as functions of r; whenn<N (Fig. 6). The observed value of & for Ni 
and n~ WN, respectively. given in Table II is tentatively calculated. 


Table II. Curie temperatures 7, temperature coefficients of susceptibilities above the Curie tempera- 
ture, §, and temperature coefficients of spontaneous magnetizations at low temperatures 63/2 and ds, 
for Ni, Co and Fe. 


Element Te °K £ (e985) 02 (°K)- 03/2 (CK) —8/2 
Model (a) 1.28 x 10! 5.87 x 10! 3.05 x 10-9 4.98 10-8 

Nid Model (b) 6.76 x 103 3.24 x 104 — 2.08 x 10-8 
Experiment 6.31 x 102a 5.52x 10%b 3.58 x 10-7d \s61~ sae 
Model (a) 1.13% 108 1.35 x 10! 3.62 x 10-9 9.78x 10-8 

Co Model (b) 1.50 x 10! 9.23 x 104 sh 8.57 10-7 
Experiment 1.39 x 103 3.20 x 10% 4.41 x 10-Se 2 oe 

5 x _ 

Model (a) 1.06 x 104 1.71 x 10! 4.47 x 10-9 1.06 x 10-7 

Fes Model (b) 1.71% 10! 8.60 x 104 = 7.31x10-7 
Experiment 1.04% 10%a 2.11 x 103b 6.22 10-8d 13° Hoe 

= x cS 


a R.M. Bozorth: Ferromagnetism (D. Van Norstrand Company, Inc., New York, 1951) 871. 

b The values are calculated from the experimental measurements of susceptibilities by E. M. Terry: 
Phys. Rev. 9 (1917) 394 and Y. Nakagawa: J. Phys. Soc. Japan 11 (1956) 855. (See Fig. 7 and 9.) 

c The value is calculated from the experimental measurements of susceptibilities by M. Fallot: J. 
phys. radium 5 (1944) 153. (See Fig. 8.) 

d The values are calculated from the experimental measurements of spontaneous magnetization by 
M. Fallot: Ann. physique 6 (1936) 305. 

e The values are calculated from the experimental measurements of spontaneous Magnetization by K. 
Honda and H. Masumoto: Sci. Repts. Tohoku Imp. Univ. 20 (1931) 323% 

f The values are determined only from the T%/2 law, (8.36). 
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Fig. 6. The experimental results of 1/y vs T for Ni are repro- 
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Fig. 7. Terry’s datum in Fig. 6 is shown as the 
relation 1/y-T? for Ni3®. 


from (7:9) and the curve 1/y—T7? in Fig. 7 at 
comparatively lower temperatures. Further 
discussion on the x of Ni will be postponed 
to §11. The 1/~y—T? curves for Co are shown 
in Fig. 8%.32),33, and are almost straight 
lines except in the neighbourhoods of the 
Curie point and the melting point. Especially 
Fallot’s data? are well in accord with the 
relation (7.9), and are made use of to calculate 
£ for Co. There are transformations in Fe, 
and @ and 6 phases have body-centered cubic 
lattices with nearly equal lattice constants. 
Then the curves 1/y—7T? observed both in a 
and 6 phases*).3) are considered as a single 
straight line as shown in Fig. 9 and from 
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this line the value of € for Fe 
is calculated. The linear rela- 
tion between 1/y and TJ? in 
7Fe*),52),33) will be analyzed in 
§ 10. 

The theoretical values of & 
for models (a) and (b) are ob- 
tained from (7.10), and the 
numerical values in Table I 
and Fig. 4, and are given in 
the third column of Table II, 
zalso with the observed values 
of € determined above. 

The experiments on the vari- 
ation with temperature of spon- 
taneous magnetization at low 
temperatures are few, and we 
make use of the observations 
on Ni and Fe by Fallot®*® and 
on Co by Honda and Masumoto*». The ob- 
served values of 037, and dé: are determined 
from their results so that the observed vari- 
ations of magnetizations satisfy the formula 
(8.30). Also the observed values of 03/2 are 
obtained from the T?/2 law, (8.36). The 
theoretical values of 6, only for model (a) are 
calculated from (8.29) and the numerical values 
in Table I and Fig. 4, and are listed in the 
fourth column of Table II. In order to find 
the theoretical values of 63/2 in model (a), the 
values of mo given by (8.28) is necessary as 
shown by (8.31). The values of mo depend 
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Fig. 8. The experimental results of 1/y vs T? for 
Co are shown. @ shows Terry’s, x Fallot’s, 
© Nakagawa’s data%»32/35), 
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better in Ni, Co and Fe for the quantitative: 
explanations of the experimental results. In. 
particular, the values of 03/. based on model. 
(b) agree very well with the observed values, | 
nevertheless the approximation in §8 for the: 
calculation of 63/2. is simple and rough. From, 
the experiments the values of Y.?0, becomes } 
0.142 in Ni, 0.0857 in Co, and 0.0678 in Fe; 


very sensitively upon the values of m*/m. 
Then we assume the following values of mo 
in accordance with the experimental facts: 
namely mo=0.06 for Ni, mo0=1.7/9=0.19 for 
Co, and mo=2.2/8=0.275 for Fe. (We can 
obtain these values for mo from (8.28), if 
m*/m for Ni, Co, and Fe are 2.91, 2.83 and 
2.77 respectively. These values of m*/m are 


not so different from those in the upper half 
of Table I.) Once mo is determined, 03/2 does 
not depend on m*/m but only on 7s. From 
(8.23), (8.31) and the values of mo fixed above 
the theoretical values of 63. in model (a), 
and from (8.25) the theoretical values of dj), in 
model (b), are obtained, and are listed in the 
fifth column of Table II. 
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Fig. 9. The experimental results of 1/, vs T2 for 
Fe are shown. @ shows Terry’s, x Fallot’s, 
and © Nakagawa’s data30:32)33), 


If we compare the theoretical values with 
the observed values in Table II, for 63. the 
results of model (b) are closer to the observ- 
ed values than those of model (a). On the 
contrary, for € the results of model (a) are 
better. If one takes into account the fact that 
the approximation of the expansion in powers 
of («T/€r)* in (6.23) is not so satisfactory 
in the neighbourhood of the Curie tempera- 
ture, it will be concluded that model (b) is 


respectively, and do not satisfy the relation | 
This disagreement may be partly due 
to the fact that the Weiss approximation and. 


(8.37). 


the method of determination of é, from the 
experimental results are not so satisfactory, 
but will be mainly due to the fact that modei 
(a) is not so satisfactory a model for the 


ferromagnetic transition metals, Ni, Co and: 


Fe. 


§10. Comparison with Experimental Results 
of Paramagnetic Transition Metals 


The paramagnetic susceptibility of the de- 
generate electron gas in the non-ferromagne- 
tic case is given by (7.13), (7.14) and (7.15). 
From the experimental values of 1/z, and 7 
we can fix the values of vs and m*/m for the 
paramagnetic transition metals. The linear 
relations between 1/xy and JT? given by (7.13) 
are fairly well realized in the experimental 
results on 7Fe by Terry®® and Fallot?2 and 
on Pd and Pt by Hoare and Matthews*®, as 
shown in Figs. 9 and 10 respectively. At 
lower temperatures the curves 1/y—T? of Pd 
and Pt becomes anomalous. The experimental 
values of 1/x, and 7 in yFe, Pd and Pt are 
obtained from Figs. 9 and 10 and the values 
of the susceptibilities of Pd and Pt at the 
room temperature*®, and are tabulated in 


O74 


+ 
60000 


<< + +- 
(e) 20000 40000 _ 80000 


reKyr 

Fig. 10. The experimental results of Yeosek /XroK 
vs T? for Pd.and Pt by Hoare and Matthews36) 
are shown. 
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Table UI. Temperature dependences of para- 


; a : As shown in Fig. 11, the susceptibility of 
magnetic susceptibilities of yFe, Pd and Pt. 


Pd at higher temperature shows the Curie- 
Weiss law*?-8, It will be seen in § 11 that 


Element 


1/xo ¢.g.s. 7; Gagnse 

—_ ———" amos. 5 the degeneracy temperature of Pd is about 

Fe 3.99 x 103 3.6x 10-4 1300°K (To’ in Table VI). At higher tem- 

Pd 1.04 x 104 6.5x 10-2 peratures than the degeneracy temperature, 

Pt 4.29 x 104 alia ez from the discussion at the beginning of §7, 
— — —____ the susceptibility of the gas is considered to 
Table ILL. follow the Curie-Weiss law, (7.1), (7.2) and 

From the experimental values fixed above, (7.3). From Wucher’s data%®.*, the Curie 

the numerical results in Fig. 4 and (4.11), 09 ; 
(6.17), (7.14), (7.15), (9.3) and (9.5), we obtain | we 
the values of 7; and m*/m of the magnetic abt arte wy 
carriers for yFe, Pd and Pt, which are shown Gr <Wudkee y 
in the second and third columns of Table IV, ->- Honda maa 


—Hoare and Matthews 


where the approximation, §s.7,(k)=€%,(k) is 
used in Di, (9.3), F’ and G’, (9.5), as all the 051 
values of vs; in this case are comparatively 
large. The values of vs and m*/m for 7Fe, 
Pd and Pt thus determined are shown in Fig. 
1 by squares. The squares for Pd and Pt lie 
above curve (1). This will be attributable to 
the difference between the approximations O14 
which are taken to obtain curves (1) and (6). 
From the vs and the lattice constants the 
numbers of the magnetic carriers (or positive 
holes) per atom, p, are obtained as in the 
sixth column of Table IV. 
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Fig. 11. The experimental results of 1/y vs T 
for Pd by Honda’), Hoare and Matthews®®) and 
Wucher?®)39) are shown. 


Table IV. Mean distances rs, effective masses m*/m, crystal structures, lattice constants”), and effective 
numbers of magnetic carriers (or positive holes) per atom p, of 7Fe, Pd and Pt. 


number of 


L ; crystal gate positive holes 
Element ira m*|m structure Spat per atom 
Pp 
7Fe 2098 Sado LGR 3.65 0.69 
Pd 4.18 3.82 £.Ckcr 3.88 0.32 
RE 4.31 Se fHCIC: S292 0.30 


electrons at higher temperatures, or may be 
due to the error of the expansions in Ci, 
(9.3), and C’, (9.5), when 7s is determined 
from (7.14), (7.15) and the data in Fig. 10. 
The values p of Pd and Pt in Table IV are 
a little greater than the values derived from 
the Stoner theory by Hoare and Matthews*?, 
but are smaller than the well-known value 
0.6 which has been estimated in the follow- 
According to the measurements 


constant C per mole, (7.2), and @», (7.3), are 
obtained as 0.199 and ~50°K, respectively. 
We can find the values 0.530 for the number 
of the positive holes per atom, ~, in Pd from 
this Curie constant and 3.16x10-* Ryd. unit 
for the coefficient of the molecular field, 
aNuz, from 0, in Pd. Although @ is posi- 
tive, a is very small and this can be expect- 
ed in the non-degenerate gas. The value of 


p in this case is different from the value in 
Table IV. This difference may be attributed 
- to the increase of the number of the positive 
holes which arises from the s-d transfer of 


ing way! 40, 
of the susceptibility on Pd-alloys with noble 
metals, the susceptibility decreases with the 
increasing concentration of noble metals and 
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becomes zero when 60 per cent of the noble 
metals has been added. These results has 
been interpreted as showing that in pure Pd 
there is about 0.6 electron per atom in 5s 
states and the same number of vacant 4d 
states, and that when a noble metal is alloy- 
ed with Pd the valence electrons of the noble 
metal go into one of the 4d states until all 
the 4d levels are filled. Then in Pd and 
similarly in Pt are expected to be 0.6. How- 
ever, the decreases in susceptibility are not 
necessarily linear with the concentrations of 
the noble metal. The rates of the decreases 
in the region of low concentrations show that 
the value of p for Pd is about 0.3. The same 
will be said of the case of Pt. 


Table V. Electronic specific heats of Pd and Pt. 


Element Teale. Texp. m*/m 
Pd 16.4 26~31 4.32 
Pt 16.0 16 SoZ 


Using the values of 7s, m*/m and p in 
Table IV, we obtain the coefficients of the 
electronic specific heat, 7, for Pd and Pt from 
(9.1), and these are shown in Table V_ with 
the experimental values. The agreement is 
quite satisfactory for Pt. The difference 
between “calc. and 7Yexp. for Pd becomes smal- 
ler if we use the larger value of p so as to 
explain the data of susceptibility at higher 
temperatures. The values of m*/m in the 
fourth column of Table V are determined so 
as to get the experimenal values of 7 from 
vs in Table IV. These values of m*/m are 
roughly equal to values determined from the 
susceptibility in Table IV. In the case of 
yFe, as the electronic specific heat in the y 
phase is not known, the values of 7s, m*/m, 
and p of yFe given in Table IV are not ex- 
amined from a different point of view at 
present. Recently Marshall and Weiss have 
reported that in 7Fe approximately seven 3d 
electrons per atom are found by X-ray dif- 
fraction experiment?». From this the number 
of holes per atom in 3d band of yFe becomes 
three, and the value of p for yFe given in 
Table IV is fairly smaller than three. If we 
neglect the term of the short-range correlation 
in C” in (7.15), we can obtain 2.2 for p of 
yFe and 2.04 for vs of Fe without changing 
the value of m*/m by the same method given 
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above. 


§11. Discussions and Conclusions 


In §9 and §10 the magnetic properties of 
ferro- and para-magnetic electron gases hav 
been compared with those of real ferro- and 
para-magnetic transition metals and an almost 
satisfactory agreement has been obtained, 
However, the variation with temperature of 
x of Ni is not so simple, and Watanabe*” and 
Wohlfarth® have shown that if the effect c 
the s-d transfer of electrons is taken into ac- 
count the number of the positive holes in 3d- 
band increases with temperature and accord- 
ingly the decrease of x due to the thermal 
motion is reduced. It should be noted that 
as the degeneracy of the gas is lifted at 
higher temperatures the relation between 1/ 
and JT will be given rather by the Curie- 
Weiss law than the relation (7.9) in Ni. Ix 
the Curie-Weiss law, the coefficient of the 
molecular field, a, may be very different frora 
that given by (4.11). Now we shall examine: 
the temperature, at which the degeneracy oft 
the positive hole gas in model (b) is lifted, im 
the following way. From (6.16), To, which: 
satisfy €r=«To, are shown in the second: 
column of Table VI. The temperature Ty’ 
at which the second term in the expansion’ 
(7.6) becomes comparable to the first term, 


Table VI. Degeneracy temperature 7p, Ty! and 
the widths of the distribution, 4=«7p’’, of Ni, 
Co, Fe in model (b), and 7) and Ty’ of Pd and 
Rt. 


Element Ty) °K SNe Med 6 Toll Ks 
Ni 1.04x10! 4.55102 2.52x 103 
Co 1.87x10! 2.58103 8.52x 103 
Fe 2.11x10 3.78x103 9.94x 103 
Pd 8.72x 103 1.32~x 103 —— 
1.26 x 108 —-- 


BE 8.42 x 103 


namely, To’?=24€r?/(z"?C’), are given in the 
third column of Table VI. The widths of 
the electron distribution at 0°K, that is, the 
differences between the one-electron energies 
with k=0 and k=ky’, 4, are obtained from 
(4.4) as shown by Fletcher and Larson: 
A=E€(ko’)—&(0)=«To’. The values of To’ in 
model (b) for Ni, Co and Fe are calculated as 
in the fourth column of Table VI. As seen 
from Table VI, Jo’ in Ni is low and is not Se) 


‘i’ expansion (6.23). 
th Te and x from (7.12) respectively without the 


different from T:. This means that the ex- 
pansion (6.23) above TJ. is an unsatisfactory 
approximation in Ni and we cannot treat the 
positive holes as a degenerate gas. There- 


i fore, the numerical values of JT; and & for 


Ni based upon model (b) in Table II may be 
doubtful, as they are calculated from the 
It is desirable to calculate 


procedure of expansion. There is a very dif- 
ficult problem that in order to obtain the state 


“ density in the non-degenerate state we cannot 


‘use the one-electron energy &(k) given by 
(4.4) because this one-electron energy is the 
energy in the degenerate state. The one- 
electron energy in the non-degenerate state 
of gas will be dependent upon the distri- 
bution. At such higher temperature, how- 
ever, that degeneracy is completely lifted, the 
electron-electron interactions and accordingly 
the molecular field are neglected in compari- 
son with the thermal motion of electrons (or 
positive holes), and we can ‘expect that the 
i electron gas (or positive hole gas) follows the 
Curie-Weiss law or the Curie law. It seems 
that in Ni this circumstance occurs. We can 
expect the Curie-Weiss law or the Curie law 
to hold in any metal if the degeneracy of 
the electron gas in the metal is completely 
lifted, although we cannot observe such be- 
havior frequently as the degeneracy tempera- 
tures of most metals are higher. It is ex- 
pected from Table VI that the effect of the 
non-degeneracy on the susceptibilities of Pd 
and Pt will be above 1000°K. Actually in Pd 
the variation with temperature of susceptibili- 
ty agrees with (7.13) at lower temperatures 
and nearly with the Curie law at higher 
temperatures (Figs. 10 and 11). The same 
property will be found in Pt. 

In §5 we have discussed the possibilities of 
ferromagnetism of an electron gas, and arriv- 
ed at the conclusion that the electron gas 
having heavier effective mass by which only 
the thermal kinetic energy is reduced can 
show ferromagnetism. In §9, we have taken 
models (a) and (b) to compare the magnetism 
of an electron gas with that of the real 
metallic ferromagnets and we have concluded 
that model (b) is better in comparison with 
the experimental results. It isa fundamental 
and important problem whether model (b) will 
faithfully describe the state of 3d band, that 
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is, whether we can separate the individual 
motion of electrons such as model (b) from 
the total Hamiltonian of electrons in crystal. 
Noziéres and Pines‘) have also shown that 
in most metals the eigen-motion of plasma 
oscillation is well defined and there exists the 
individual motion of electrons with the screen- 
ed Coulomb interactions. And it is certain 
that when the excitation of the lower energy 
as compared with the plasma energy is con- 
sidered the subsidiary condition may be 
ignored).*5), The effect, however, of the 
correlation on the minority carriers, such as 
in model (b), is not yet clearly understood. 
It will be supposed that the long-range part 
of the Coulomb interaction between the 
minority carriers may be described by the 
minority carrier plasma, and the Coulomb in- 
teraction becomes the screened interaction. 
This minority carrier plasma will couple with 
the majority carrier plasma. If in the ferro- 
magnetic transition metal the coupling is 
weak, and if the minority carrier plasma is 
well defined, and if the quantum of the 
plasma is not excited at ordinary temperature 
as the energy is high, model (b) will be a 
proper model to explain the magnetism of 
the transition metal. Even if the minority 
carrier plasma does not exist, the Coulomb 
interaction between minority carriers will be 
screened by any plasma oscillation exsisting 
in the metal. It is an interesting and difficult 
problem to show whether the screening of the 
Coulomb interaction between holes in the 3d 
band is determined by the plasma of positive 
hole gas itself or by the plasma of electrons 
in 3d and 4s bands, although the former has 
been assumed in this paper. It may be use- 
ful to determine ke so as to fit the theoretical 
value of 63/2 with its experimental value at 
present. 

For actual metallic densities Noziéres and 
Pines! have shown that the contribution to 
the correlation energy from long-wavelength 
momentum transfers is accurately calculated 
in the random phase approximation. They 
have calculated this contribution using the B- 
P collective description. Moreover, if all re- 
maining interaction terms in the B-P descrip- 
tion are calculated by the perturbation theory 
and these results show convergence at actual 
metallic densities, the B-P description will be 
justified at these densities, and the tendency 
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of the convergence in the perturbation cal- 
culations has already been shown'®.4, Then 
there will be no doubt as to the validity of 
the B-P method in studying the magnetism 
of an electron gas at actual metallic densities. 
In the meantime, it is worth notice that when 
m*/m is large or rs is large, the electron gas 
becomes unstable and a certain lattice struc- 
ture of electrons becomes stable‘. In the 
case where the electron gas has the values 
of vs and m*/m from which C; given by (6.20) 
or (9.3) becomes negative, we find that (from 
(6.17) the state density on the Fermi surface 
has a negative value, or) from (6.3) (d&/dk)x=x, 
<0. This fact means that the electron gas 
is unstable in energy and there is another 
stable configuration of electrons such as an 
electron lattice. The relation between 7s; and 
m*/m which satisfies Ci=0 is shown by 
curve (8) in Fig. 14. In the upper region of 
curve (8), the model of the electron gas is 
meaningless. 

It may be given as a conclusion that the 
model of the electron gas to explain the 
magnetism of the transition metals is not a 
well-established model, but is almost consis- 
tent with the various experimental results 
qualitatively and semi-quantitatively. We 
have taken only the case of pure metals. It 
will be a proper judgment to the model of 
the electron gas whether we can explain the 
magnetism of alloys too. Although we have 
determined the values of m*/m so as to be 
consistent with observed electronic specific 
heats, it is desirable to calculate the effective 
mass theoretically as in the alkali metals, etc. 
From Fletcher’s calculations on the 3d-band 
structure of Ni*®, the effective mass is esti- 
mated as m*/m~40 and is larger than that 
given in Table I. By using the effective 
mass we have partly taken into account the 
periodic lattice potential, and if the effect of 
the lattice potential on the wave function of 
electrons is taken into consideration, the ex- 
perimental fact of the neutron diffraction that 
a certain number of spins per atom is bound- 
ed on each atom will be explained. 

The coefficient 03. of the variation with 
temperature of spontaneous magnetization, as 
shown in §8, is related directly to the 
electron-electron interactions, the observed 
values of 03/2 are useful and the experiments 
on the variation of magnetization at low tem- 
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peratures are desirable. As the approximation 


taken in the calculation of the eigen-energy | 
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of the spin-wave motion in §8 seems to be_ 


rough, it will be necessary to proceed by | 


better approximation. 


The linear relation between 1/z and T? 


which experimentally holds in yFe, Pd and Pt 
has been satisfactorily explained from the col- 


lective model of the electron gas in § 10, the | 


agreements with the experiments on the | 


electronic specific heat are satisfactory, and _ 


it is doubtful only from the relation between 
1/y and T at higher temperatures that these 
metals are antiferromagnetic. 

In conclusion the author wishes to express 
his sincere thanks to Prof. R. Kubo for con- 
sultations and criticism of the manuscript and 
valuable discussion. 


Appendix. The Correction of Non-Orthogo- 
nality to the Exchange Integral 


In §8 we have employed the localized wave 
functions (8.1) and (8.4). They have been 
non-orthogonal with one another, and we con- 
sider the correction of this non-orthogonality. 
As shown by Van Vleck??, when the orbital 
wave functions are non-orthogonal with one 
another, the effective exchange integral 
between the orbits localized at R and R’, in 
the vector model, is given for the first ap- 
proximation by 


ide a 


RR’ Vrr—Arr va (Al) 
where V°= | ao | UXSEYV dv, +++ din, VWrr 


I = [P82 PewVdor-dos, and Jaw =| i \ 


‘(Pre ¥*)¥dy,:--dvn, and & is the total 

Hamiltonian of m electrons, and is written as 

the sum of one-electron Hamiltonians and 

interactions: #=>\ Hi+ 2i,Ped Y is the pro- 
t i> 


duct of the » localized wave functions given 
by (8.1) or (8.4), and Prr is a permutation 
operator on R and R’. Then Je, becomes 


Tu. = Jae + Saw | 94D Hide (Ode 


+ Sn | die) Haba jo 


—Arr(Er—Er +Trr:) , (A2) 
where Jrr is the ordinary exchange integral 
given by (8.6), Srr is an overlap integral: 


Sun =\¥i(Din (1dr, Ser: =|Srrl?, n= (0K) 


; Arr’ — 


-MbR1)dvi, and Ipr is an ordinary Coulomb 


| integral: Inn ={| Pr (A) PR(2) viz Pr (1) Yr: (2) 


-dvidvz. Using (8.1) or (8.4) for the wave 


function ¢, we have, Sar =n 5 th RR, 


n-2 > »y eth’ —k)-(R-R’) Sa = no 


- +(f?/2m) = k?, and Tre => Die * =i Fe 


» R’), where the sums are taken only over the 


states occupied singly by electrons, and in 
€r the constant term due to the uniform 


- positive charge distribution is ignored because 
‘| it is unimportant. 


Then, 
0 Oyo ppasinea ra ees 3S (R2-+k’”) 
ZUNEN Tonks 


elk) (R-R) _DApR ER . 


(A3) 


The energy of the spin-wave with wave 
vector Ky is rewritten, instead of (8.11), as 


AN= 2 J, 1—exp (¢Ka- Rr)) 
Ant AAn Aan seg (AA) 
where A, is given by (8.12), and 4A)’ and 
4A,” are given by 
AA’ =—-; 3 {o(k—K)— 0k + K)} 
(A5) 
he 


2m*n 


2A.” =— >» {(k+ K,)?—k?} 
=—f? K}2/2m*) . (A6) 


In the sums over k& and k’ in (A5), the re- 


| strictions as in the case of (8.12) are not 


imposed. Considering that v(x) is a function 
of the absolute value of k, |Ka|<l1, and the 
regions of k and k’ over which we sum are 
isotropic, approximately we have, 


JAN’ =(Ky/6n) & S{Ov(k-K Ok Ke") 


+(2/|k—k’|)Ov(k—k)/0|k—k’|)}. (AZ) 


We take only the screened Coulomb interac- 
tion, (3.1), for v(k). As the calculation of 
the contribution from short-range correlation 
is difficult, we ignore entirely the effect of 
short-range correlation on 4A)’. Then from 
(3.5) 4A,’ becomes AAy’ =(470e°Kx?/3Vn) & > 


-(k—k’)-* for |k—k’|>ke. When n<N as in 
Fig. 3(a), it is shown that 4A)’ and 4A)” 
are smaller by the order »/N in comparison 
with A, and are negligible. When »~WN as 
in Fig. 3(b), we have 
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AA)’ = (2/?/4r)e*Ky2koH{(4-23/38) 


1 


— , —(4/3) log 2—(62/24- 22/8) + log B} . 


2 
(A8) 


From (8.17), (8.18), (A4), (A6) and (A8), we 
can obtain As" in the case where n~N. From 
the A$" determined in this way and the 
numerical values in Table I, the numerical 
values of dw or 03), given by (8.25) are found to 
be 2.16 x 10-8(°K)-3/2 for Ni, 6.06 x 1077(°K)-3/2 


for 


Co (f.c.c.) and 5.07x10-7(°K)-3/2 for Fe. 


These values do not differ so much from the 
values given in the fifth column of Table II 
which have been calculated without the cor- 
rection of non-orthogonality. 
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Formal expressions are derived for the mean square of the end-to-end 
distance and the electric moment of polypeptide molecules in the helix- 
coil transition region. It is assumed that each amino acid residue of a 
polypeptide molecule in the transition region is involved either in a 
helical section or in a randomly coiled section. A partition function of 
a polypeptide molecule is constructed by means of the matrix method. 


First, 
scalar quantities, e.g., 
sections. 


the partition function is used in obtaining the average of some 
the mean fraction of residues involved in helical 
Next, we obtain the average of a product of martices, which 


is used in calculating the mean square of the end-to-end distance and 


the electric moment. 


Expressions for the a-helix are also derived. An 


improved partition function including various effects, e.g., the end effect, 


is given in the” appendix. 


Introduction 


rT. 


The helix-coil transition of an individual 
polypeptide molecule, first discovered by Doty, 
Yang, Blout, and their collaborators,P-» is 
very interesting and important because it 
bears the close relationship to the denatura- 
- tion of proteins, deoxyribonucleic acid (DNA), 
etc. During the last few years there have 
been several attempts®-” to treat this transi- 
tion, which is essentially of a one-dimensional 
character, by statistical mechanical methods. 
In one” of these theories a good agreement 
with experimental data was obtained for the 
change in the optical rotation in the transition 
region. However, no attempt has been made 
to account for the change in mean dimen- 
sions, electric moments, and intrinsic visco- 
sities in the transition region, which are ex- 
ceedingly remarkable and of great importance 
as well. It is the aim of this and succeeding 
articles to calculate these quantities by the 
use of a suitable model without missing the 
essential character of the change in the local 
configuration of a polypeptide molecule in the 
transition region. 

The calculation of these quantities seems to 
be significant by two reasons mentioned be- 
low. In the first place we may obtain more 


* Preliminary results of this mer, were already 
published in Busseiren Kenkyu 2-5 (1959) 677. (in 
Japanese). 


detailed information on the transition by com- 
paring the results of the present theory with 
experimental data. Optical rotations may be 
considered to depend only on the mean frac- 
tion of residues involved in helical sections 
and to be insensitive to the detailed distribu- 
tion of helical sections along a molecular 
chain. Therefore, it is expected that the 
change in optical rotations occurs sharply at 
the transition region but the basic mechanism 
itself is rather simple. On the other hand, 
mean dimensions and intrinsic viscosities de- 
pend not only on the mean fraction of residues 
involved in helical sections but also on the 
distribution of helical sections along a mole- 
cular chain and the average configurations of 
residues involved in both helical sections and 
randomly coiled sections. Therefore, the 
change of these quantities in the transition 
region is more complicated, reflecting a parti- 
cular circumstance of a given system. Hence, 
the theoretical investigation of these changes 
will give us more detailed information. For 
example, it was found that the intrinsic vis- 
cosity of poly-t-glutamic acid in 0.2M NaCl- 
dioxance (2:1) solution passed through a sharp 
minimum preceding the normal increase with 
decreasing pH®. The appearance of this 
minimum is obviously due to the fact that 
the molecule has the minimum mean dimen- 
sion or, more precisely speaking, the minimum 
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radius of the equivalent hydrodynamic sphere 
at the point, although it is not clear in what 
manner the change of the local configuration 
of the molecule takes part in this decrease in 
the intrinsic viscosity. Further, the change 
in mean dimensions and intrinsic viscosities 
is expected to be much more sensitive to the 
outset of the disruption of the a@-helix than 
the change of the optical rotation is®:®. 

Secondly, on the basis of the quantitative 
expressions derived for mean dimensions of 
polypeptide molecules in the transition region, 
we may attack, although there are many dif- 
ficulties to be overcome, the problem of the 
biological phenomena which accompany the 
dimensional change in microscopic and macro- 
scopic scales, i.e., the denaturation of proteins 
(e.g., the contraction of collagen on heating™), 
the contraction of muscle, the disruption of 
the double-stranded helix of DNA molecule 
on heating,’ etc. 

Expressions for mean dimensions and elec- 
tric moments are obtained by constructing the 
partition function of a polypeptide molecule 
and then averaging over this partition func- 
tion the square of the end-to-end distance and 
the electric moment, which can be expressed 
as sums of products of matrices of three 
degrees. Relations of the partition function 
in the present theory to those of other authors 
will be discussed in the next section. 

Forthcoming articles of this series will in- 
volve the discussion of numerical results of 
the expressions obtained in this article and 
some theoretical study on mechano-chemical 
properties of individual chains and dilute gels 
of polypeptides in the transition region. 


§2. Partition Function 


For the present purpose we must choose a 
variable, which describes the state of each 


NAGAI 


(Vol. 15, | 


amino acid residue (-CO-CHR-NH-), in such | 
a manner that it allows us to determine the _ 
configuration of each residue uniquely if the i 
residue is involved in a helical section and on | 
an average if it is involved in a randomly 
coiled section. In this sense, it is not suitable | 
for the present case to choose a parameter 
representing only whether or not the peptide 
nitrogen atom of each residue is hydrogen 
bonded as a variable. 

We number all residues of a polypeptide 
molecule from the end with a free carboxyl © 
group as 1, 2,---,N. Now we denote the 
state of the ith residue by the symbol ys, 
which is assumed to be 1 if the residue is 
distorted so as to form a helical section, and | 
zero if it is undistorted or involved in a 
randomly coiled section. More precisely speak- 
ing, the term “ distorted ” means that the rota- 
tional angles around the three consecutive 
bonds, N-C, C-C and C-N of a residue have 
the same values as in the a-helix. This 
choice is similar to that of Miyake®. We 
assume that the peptide nitrogen atom of the 
ith residue is hydrogen bonded to the peptide 
oxygen atom of the (¢+4)th residue if and 
only if all the three residues put between 
them are distorted (See Fig. 1). The above 
assumption involves automatically an additio- 
nal one that the rotational angle around the 
peptide C-N bond between the (+3)th and 
(2+4)th residues is fixed at a certain value so 
as to determine the relative spatial position 
of the NH group and the CO group, between 
which the hydrogen bond is to be formed. 
This assumption, however, may be allowed 
on account of the planarity of the peptide 
linkage. Thus an arrangement of the digits, 
0 and 1, corresponds to a state of a poly- 
peptide molecule. Here we disregard two 
kinds of sequences, 010 and 0110, since these 


O.H.H.O HHO. Ho Hao) Be tom ee H 
re ee SS eee EE ore eee eee 
Homo at cetuiee (let aantsiads Glee ae Gn 
R R R R R R 
ras —_ = ye Ss: De a x, Se —, ) 
2 3 4 5 6 


Pigele 
polypeptide molecule. 


Diagrammatic illustration of hydrogen bonds in the a-helix configuration of a 
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“Nistates are, though not impossible, physically 
“)unreasonable. Namely, the distortion of only 
‘one or only two consecutive residues does not 
cause any hydrogen bond and, hence, there 
)) is no reason for these residues to be distorted 
without any decrease in free energy, which 
“| should offset the entropy decrease due to the 
‘t} loss of freedom. In the present model we 
‘l) have also neglected the possibility of the 
breaking of only one or only two consecutive 
hydrogen bonds, which does not disrupt the 
a-helix. However, Gibbs and DiMarzio” for- 
tunately proved that this effect does not bring 
any significant difference into results. This 
‘| seems to be due to the physical circumstance 
that the helix-coil transition does not occur 
1} when a hydrogen bond breaks without any 
other decrease in free energy, but occurs 
_ when the increase in energy on the breaking 
of one hydrogen bond is just balanced with 
some other decrease in free energy, e.g., the 
increase in entropy due to the increase of 
freedom. Afterall, if the former were the 
case, the helix—coil transition should be 
achieved already. 

We denote the free energy of an undistorted 
residue by Fo (per mole), that of a distorted 
residue by Fi, and that of a hydrogen bond 
by Fn. Here we assume that these quantities 
contain the contributions not only from the 
polypeptide molecule under consideration but 
also from solvent molecules which interact 
with the polypeptide molecule. There is little 
need to discuss the interaction with solvents 
here, since it has already been given by Gibbs 
and DiMarzio”. It is, however, quite reaso- 
nable to consider that the Fo of a given un- 
distorted residue may take two different values 
according to whether both of its adjacent 
residues are undistorted or, either one or both 
of them are distorted, because of the dif- 
ference in steric hindrances and in the inter- 
action with solvent molecules. Similarly, the 
F, of a given distorted residue may take 
different values according to whether it is 
located at the middle part of a long helical 
section, or very near the end, or in a rather 
short helical section, mainly because of the 
difference in freedom of side groups and the 
interaction of them with solvent molecules. 
Nevertheless, we neglect here these differences 
for the sake of simplicity; a general formu- 
lation of an improved partition function in- 
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cluding the effects mentioned above will be 
given in the appendix. 

From Fo, Fi and F, we define 
a=exp [—(Fi—Fo)/RT] 5 ) (1) 
B=exp[—F,/RT]. j 

The physical meanings of a and # are self- 
evident. When the degree of polymerization, 
N, is sufficiently large, we may disregard the 
end effect with negligible error. Then, if 
we combine for benefit of treatment both ends 
to form a ring, as often done in the statistical 
treatment of a cooperative system, we can 
express the partition function in the form! 


(2) 


where so=fw ane fw41=/n, and the summa- 
tion is taken over two possible values of su’s, 
excluding the two kinds of sequence, 010 and 
0110, or 


N 
Z=Dd)1° > UT ahi pee-14ee41 , 
i=l 


Z= Vrace|[ p”| , 


where p is given by 


(3) 


p=(ak © © O-e@ O 
 O a Oo @ © 
ABO 07-0 0a.0) 0 
o O&O o 0 @ (4) 
Oe il “One®. O a -@ 
O20) (OU le One toad. 
ec a Otis Ona) aiey 


The matrix p has been constructed as fol- 
lows. Seven possible sequences of /ui-1/ifti+1 
are arranged in the order of 111, 101, 011, 
001, 110, 100 and 000. Then the (&, /)-element 
of p, except for the (3, 5)-element, is defined 
as aMipei-1"ii+1 with the same su-ifu/ti41 as 
the /th sequence if the second and third digits 
of the kth sequence are equal to the first and 
second digits of the /th sequence respectively, 
and zero otherwise. The (3, 5)-element which 
produces the sequence 0110 is taken as zero. 
The eigenvalue equation of this matrix is 
found to be 
P(A—-I(A—aB)=a°B . (5) 
It should be noted that this equation is equi- 
valent to the corresponding equation given by 
Zimm and Bragg, a&(A—1)(A—s)=os, if we 
put o=a? and s=a@B, except that the first 
factor in the left-hand side of Eq. (5), 2, is 
replaced by 4 in their equation. However, 
this difference probably introduces no signi- 
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ficant change into results. Further, Eq. (5) 
is, as can be anticipated, also equivalent to 
Eq. (16) in the article of Gibbs and DiMarzio” 
if we put u=aB/A, x=1/aB and Z=1/a, and 
make m infinite. Thus, so far as only the 
partition function is concerned, the present 
theory is not new. 

Now, if we express the roots of Eq. (5) by 
A, J2, A23 and 24, where A4>A,=23=44, we find 


LRN AN +ABY HAY , 2 (6) 
which, in the limit of N-co, becomes 
a (0) 


§3. Averages of Various Quantities 

This section is concerned with the calcula- 
tion of averages of various quantities deter- 
mined by the state of residues. First we 


fz=(1/A) / a@Bf(1, 1, 1) 0 0 
0 0 af0, 1, 1) 

apf, 1, tl) 0 0 
0 0 af(0, 1, 1) 

0 i le Onl) 0 

0 0 0 

0 0 0 


The matrix p, can be obtained as follows. 
If p is diagonalized by an appropriate matrix 
g in the form 
—p-l 
p=g" [A 0 \9 


As (12) 
Os ome... 


then, obviously p,. is given by 
Px= 9" [1 9 \9 
0 (13) 
Oat. 
From Eq. (13), py is found to have the form 
Py= Uv ’ (14) 
where uw and v are a row vector and a column 
vector, respectively, 
U=(U1 Us++-U7)" , 
(utr rn) (15) 
U=(V1 Ves *+U7) . 


From Eqs. (12), (13) and (14), it is found that 
uw and v are the right-hand side and the left- 
hand side eigenvectors of , associated with 
4, respectively, i.e., 


calculate the average of a scalar quantity 


j 
Gur, Lis jar) =H fale, Ue, Lear) | 
=i 

(8) | 
where fx(/x-1, Le, Les), (R=t, +++, J), is a func- | 
tion determined by the state of the (k—1)th, — 
kth, and (k+1)th residues. Noting that each ] 
element of the matrix p represents the rela- | 
tive probability of a given residue being in a | 
certain specified state, we find 


Kunvipse VEE uOr [js = race [ Px f; fisi- , -f5| ’ 


eS 
where 
Px=lim (p/d)” , (10) 
M- co 
and 
0 0 0 0 
0 0 0 (0) 
0 0 0 0 
0 0 yy ieee 0x00 
f(0,0,1) 0 0  f(0, 0, 0) 
Fi(0, 0, 1) 0 0 Fi, 0-07 2 


v(p—2E)=0, } 


E being the unit matrix. Solving Eq. (16), 
we have 


Uz =Us=(a?B/2)uy ’ 
uUs=(a@B/A)ur , (17) 
Us=Us=Uz={(A—aB)/a} my ’ 


(16) 


and 
V2=Ve=(a/22)01 , 
vs={(A—aB)/aB}v1 , 
v4=07={(A—aB)/a?B} rr , 
Vs5=(a/A)u1 . 

From the relation, p,2=p,, we find the factor, 


w1, Which is left undetermined in Eq. (14), 
to be 


(18) 


A(A—1) 
422—3(1+aB)A+2aB ~ 
First, the average of the fraction of residues 


involved in helical sections, £, is equal to that 
of a function 


C=M1071 > 


(19) 


a 


_ 1960) 


F(a > Li, i a= ily whe == ; 
slaeranage = ins Seagate 
=0 otherwise . 
Introducing Eq. (20) into Eq. (9), we get 
a s 
pul (A—1)(8A—2aB) 21) 


4/2—3(1+aB)A+ 2ap ’ 


which, of couse, is also obtainable from the 
relation, €=01ln2/dlna. 

Next, we calculate the probability, v7, of the 
specified two consecutive residues being in 
the state, 10. Obviously, 7, multiplied by N, 
denotes the average frequency of the alterna- 
tion of helical sections to randomly coiled 


sections on the molecular chain. Similarly, 
we find 
3 
7 ae (22) 


= L422 Se aB)A + 2aB} ' 


Then the average numbers of residues in- 
volved in a helical section and in a randomly 
coiled section are given by 
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and 
mo=(1—E)/y=a/(a—1) , 
respectively. 


Last, we calculate the average of a product 
of matrices 


Fi, i+, 


(24) 


tet, 23) = Fi(mi) Fiss(Miar)> ++ P(e) , 

(25) 
where Fi(ve), (R=i,---, 7), is any matrix 
determined by the state of the kth residue. 
By using a method similar to that described 
above, we obtain 


CF(mi, Mist, +++, 49) >=Trace (Q, Fi Fis: +> Fj], 
(26) 
where 
Q..= M0 UWE +++ moe 
uve U2 tee Uv (27) 


Ui U2 +++ U7v7E! , 


E being the unit matrix of the same degrees 


m= E/n=(3A—2aB)/(A—a@B) , (23) as Fu, ---, 43); 
F,=(1/A) ( aBF(1) 0 0 0 aF.) 0 0 
0 0 aF.1) 0 0 0 0 
aBF.1) 0 0 0 0 0 0 

0 0 aF.l) 0 0 0 0 (Bata bly ote) (28) 

0 F.(0) 0 0 0 F,(0) 0 
0 0 0 F,(0) 0 0 = F;,(0) 

0 0 0 F,(0) 0 0 p2BO)Y ~ 


and the symbol “Trace”, has, instead of the 
usual meaning of the Trace, the meaning 
that if a is given by 


a= /Q@j1 Az * G7 
Az Azz + A27z 
A771 A2°°* Diz 


ai;’s being matrices of the same degrees as 
F(ui, +++, #5), then 
’ 7 
Trace [a] = 3 Aix 3 


Eq. (26) with Eqs. (27) and (28) is the basic 
formula in the present calculation. 


§ 4, Mean Dimension 

In this section we proceed to calculate the 
mean square end-to-end distance of a poly- 
peptide molecule. We denote the peptide 
(carbonyl) carbon atom, the asymmetric carbon 


atom, and the peptide nitrogen atom of the 
ith residue by Csi-2, Csi+. and Nz, respec- 
tively (See Fig. 2(a)). The vectors from N3i-s 
to Csi-2, from Csi_2 to C31, and from Css1 
to Ns: are represented by riz, r3e1 and rz, 
and their lengths by d:, db: and bs, respectively. 
The supplements of the valence angles, 
ZNai-sCai-2Czi-1,. Ce-2Cae-1Nae and Casi-1 
NziCzi41 are represented by wm, w2 and 3, re- 
spectively. We assume 0; and m, etc., to 
remain unchanged in the helix-coil transition 
region. As in the previous articles’, we 
choose a set of Cartesian coordinate systems 
attached to skeletal atoms as follows. The 
positive direction of xs: axis of the zth co- 
ordinate system attached to Cs:-1 coincides 
with r3:, that of ys: axis makes an acute angle 
with rs:_1 in the plane involving rsi1 and ri 
and zi axis constitutes a right-handed rect- 
angular coordinate system with xs: and Js 
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axes. 03; is the angle between the two planes 
involving r3i-1 and r3z and rs and Tsi+1, re- 
spectively. It is measured from the trans 
position to the direction of a clockwise rota- 
tion of rsixi, facing to the direction of ras 
(See Fig. 2(b)). Other coordinate systems also 


may be defined analogously. 


H V O 


Cai-2 


(b) 
Fig. 2. Geometry of a polypeptide molecule, (a) 
bond lengths and supplements of bond angles; 
(b) rotational angles around skeletal bonds. 


Here, it should be noted that the partition 
function, of course, can be expressed in the 
form of an integral by using the parameters 
defined above, provided that the contribution 
from side groups is suitably averaged. How- 
ever, it is easily shown that the partition 
function of this form can be reduced to Eq. 
(2), if the range of integration on (for example) 
@3, is divided into two regions, a narrow one 
in which @3, is assumed to occur when the 
ith residue is distorted, and the rest, and 
thereafter the integration involved is per- 
formed. In this procedure we can find that 
the neglect of the sequences, 010 and 0110, 
are allowable when the former region is suf- 
ficiently narrow, which is just the case for 
the present problem. 

Now the vector from Nz:-3 to Ns, Re=rzi—2 
+r3it+1rs:, 18 given in the (3:—2)th coordinate 
system by? 

R:=b,+ A(Osi-2, 1)b, 


+ A(A3¢-2, w1)A(O3i-1, W»)b3 ’ (29) 


where 


Kazuo NAGAI 


(Vol. 15; 


»=(0,00)” and b:=(6300)" , | 


b,=(6,00)" , 
(30)| 
and 
A(O, o)=/ COS@ sin @ 0 | 
(sn ocos@ —coswcos@ sin# | 
sinw sin? —coswsin@ —cos@/ .— 


(33)) 
Then the scalar products, Ri-R; and R,’, are: 
given by 
Ri: Rj=[{03A(03i, 3) +b2A(O3i-1, W2)A(O3:, ws) 
+b, A(@3i-2, 1) A(O3i1, @2)A(O3:, ws)} 
xX A(O3i41, @1)++ + A(G33_-3, Ws) 
x (06,E+ b2,A(93j-2, 1) 
+b3A(O3;-2, 01) A(O3j-1, @2)} 1.1 , 
R?2=[(62 +02 + bs?) E+ 2b1b2A (3:2, 1) 
+2b2b3A(Osi1, @2) 
+2b1b3A(O3i-2, wi) A(Osi-1, 2) « (33%, 
First we wish to average R;-R; and R?2 of | 
a polypeptide molecule with specified /:’s over 
all possible ranges of 01, 02, ---, Osy. For the 
sake of simplicity, we assume that all rota- 
tions around skeletal bonds, though being 
hindered, are independent of each other. This 
assumption is indeed insufficient because of 
various steric hindrances between atoms!®).10 
but it probably brings no serious error, so far 
as the present problem is concerned, since 
we take interest rather in a conspicuous change 
in the mean dimension, etc., in the transition 
region than in the absolute value of the mean 
dimension of a randomly coiled chain or its 
delicate temperature dependence. We may 
obtain a somewhat better approximation by 
assuming that the rotations around the two 
consecutive bonds, which together join the 
asymmetric carbon atom of a residue to the 
rest of the molecule, correlate with each other, 
but are independent of those around other 
bonds. This approximation would be better 
than a similar approximation proposed for 
vinylic molecules, because the correlation be- 
tween rotations around the two bonds, the 


(32) | 


skeletal C-C bond of a residue and the C-N 


bond of the preceding residue along the chain 
(see Fig. 1), seems not to be very strong 
due to the planarity of the peptide C-C-N-C 
linkage, which prohibits, to some extent, for 
atoms of the two residues to become over- 
crowded. So far as we take into account the 
interaction between the rotations around first 


neighboring bonds, the solidity of peptide 
) linkages has the effect of separating all re- 
maining bonds into many pairs of two con- 
secutive bonds, of which the rotation around 
one bond interacts with that around another 
bond in the same pair but is independent of 
those around all other bonds belonging to 
| different pairs. The procedure required for 
this approximation is straightforward, and, 


') hence, is omitted here. 


Under the assumption of the independent 
rotation mentioned above, each matrix ap- 
pearing in scalar products can be averaged 
| independently. We define the average of 
A(Osi4K-3, Ox) by 


<A(3i+%-3, Ox)>=Anyk ; 


(A=, 2, 3S Dal ie ® dV es (34) 
and, further, from these 
Ay,=Ap,1Ap,2An,.3 ) G=1, rapes N) (35) 


| Averaging Ri-R; and R22 by using Eqs. (34) 
and (35), and last, averaging over all possible 
values of y:’s by using Eq. (26), we obtain 


(Ri: Ry =[Trace {Q,. YAS 3Z}]11, (36) 
| and 
(Ri?>=[Trace {Q,.X }]i1, (37) 
where A, X, Y and Z are given by 
H=(1/A)(aBH, 0 0 0 ah 0 0 
0 0 aH, 0 0 0 0 
apH, 0 0 0 0 0 0 
0 0 aH 0 0 0 0 
0 Mh 0 0 0 Hh 0 
0 0 0 Hh 0 0 h 
0 0 0 Hh 0 0 A, 
H2aA, XY ands Z; (38) 
with 
Xp = (br? +b? + O32) E+ 20102 Ap,1 
+ 2b2b3Ay,2+2b1b3Au1Ap,2 , (39) 


Yu=b3Apn,3+b2Au2Ap,3stb1Ap1Ay2Aun,s , (40) 
and 


Zi =b E+ b:Ap1+03Ayi1Ap.. . (41) 
Introducing Eqs. (86) and (37) into 
eis 3 (RAD+2 SE KR RD, 
we obtain 
(R?) =[Trace [Q,{NX+2Y(N-DE 
—NA+A")(E—A)?Z } hit . (42) 
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If we wish to cover all cases, from the 
perfect helix to a randomly coiled chain for 
a polypeptide molecule with a given degree 
of polymerization, we must take into account 
all terms in Eq. (42). However, it seems im- 
possible to diagonalize the matrix A and, 
hence, also to calculate A”. When the mole- 
cular chain has some flexibility or involves 
some amount of randomly coiled sections, Eq. 
(42) becomes, in the limit of N>o, 


<R?>/N=[Trace [Q,{X+2 YE—A) Zit 
(43) 
The expression for the a@-helix will be given 
later. In the present theory we have neg- 
lected any long-range interaction between 
residues. Most of solvents in which the 
transition occurs have very high solubility 
power even for the polypeptide molecules with 
no charged group, as seen, for example, in 
the high power in the Mark-Houwink equation 
for the molecular weight dependence of in- 
trinsic viscosity. Therefore, polypeptide mole- 
cules expand considerably from their unper- 
turbed dimensions. This situation is even 
more remarkable for the polypeptide molecules 
with charged groups, between which the long- 
range electrostatic repulsion acts. These long- 
range interactions, which seem not to be af- 
fected strongly by such a small change in 
atomsphere as is required to complete the 
helix-coil transition, may be roughly taken 
into account by the introduction of some pro- 
per assumptions, for example, that all ran- 
domly coiled sections, irrespective of numbers 
of residues which they contain, expand by 
the same degree as the perfect random coil 
does. More detailed inspections of these effects 
are beyond the purpose of the present work. 
Now let the matrix 7 be given by 
T=A(T}:=(H—A)>* (44) 
where 7y.’s are martices of three degrees. It 
is easily found that Eq. (44) may be written 
in the alternative form 


Tw{ E—(aB/A)Ai}— Ti3(@B/A)Ai=OnE , 
Tr2— Trs(1/A)Ao=0i2k , 

Tr3—(Tie t+ Tra(@/A Ar =O wk , 
Tis—(Tro+ Ter)(/2)Ao=0rsF , 

Tis — Trs(@/4) Ai =O ) 

Tye— Trs(1/A)Av=0r6k , 

Tur{ E— (1/2) Ao} — Tre(1/A)Ao=Ox7k , 


(R=1f52,'"-+; 7), (45) 
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Ox being the Kronecker’s delta. By solving 
this set of linear matrix equations we can 
obtain all Ti.’s, which are not displayed here 
to save space. Introducing these, and m’s 
and ui’s given by Eq. (17) and (18) into Eq. 


Sir=c[{Ar?+ (1—aB/A)(Ar + Ar) } {Ar + (1—aeB/a)(Ar* + Ar™)} 
—(Ar!+Ar?+ Ar )—(1-a@p/a2Ar*+Ar)] , 
Sio=c(A—a@B){ Ar 4+ (1—a@B/a)(Ar t+ Ar) } KUE— Ao) , 
So1=c(A—aeB)(AE— Ao) 1K {Ar3+(1—a@B/4)(Ar*+ Ar™)} , 
Soo=c(A—a’B)(A— 1)" Ar 3— (a@B/A) Ar? + (08/2?) E FK AE — Ao) . 


with 
K={Ay-3—(ap/2) Ar? — (0 B/2°) Ao(AE— Ao) *}. 
(48) 

When a becomes zero, 8 being finite, then 
2-1, =>0, KA’, Su, So, Soi 9, and Soo 
(E—Ao)!. Hence, Eq. (46) reduces to 

<R*>/N=[Xo+2 Yo H— Ao)! Zol1,1 ; (49) 
which is the expression for a randomly coiled 
chain. 

We proceed to calculate the end-to-end dis- 
tance of the @-helix, R, which is simply equal 
to N times of the pitch per residue. If we 
assume a unit vector along the molecular axis 
of the a-helix to be given by v=(vavyvz)", 
(v22+y,2+v2=1), in the (32+1)th coorninate 
system, it should be given by Aw in the 
(3i—2)th coordinate system. Since all residues 
in the a-helix are equivalent, Ai» should be 
equal to », 1.e., 

(EH—Ai)p=0. (50) 
Since the matrix Ai, which represents an 
orthogonal transformation, has the eigenvalue, 
unity, Eq. (50) has a nontrivial solution. Fur- 
ther, since A; is not the unit matrix, » can 
be determined uniquely. The component of 
R, along the direction of the molecular axis 
is equal to the pitch and, hence, we obtain 
R=N|v?{b,4+ A1,1b2+ A1,1A1,2b3}| . (51) 

When the configuration of a polypeptide 
molecule becomes very near the a-helix, or 
the largest eigenvalue of the matrix A ap- 
proaches very near unity, Eq. (46) ceases to 
be valid. Some appropriate interpolation 
formula, which is valid in this region, is re- 
quired. 


§5. Electric Moment 
Recently, Wada!) has reported that the 
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(43), we find | 
<R*)/N=[EM+(1-&)X0+2{ MiSus 1 
fia YiSi0Z0+ YoSuZi1+ YoSooZo}]1,1 ? 


where 


electric moment of poly-7-benzyl-L-glutamate 
in ethylenedichloride is very large and changes 
linearly with the degree of polymerization, as 
can be anticipated. Consequently, it seems 
worthwhile to discuss the electric moment., 
Let the electric moment vector of the ith 
residue have the components, wu,,2, Uu;.y andl 
Uu,,z In the (8:—2)th coordinate system. From} 
these we define 


/ 
(52) | 


Uy, =Up,,o+Uy,,y + Uy, ,2 . 
Then similarly, we obtain 
<u?>=[Trace[Q,{ NU+2V((N-DE 
—NA+A*)(E— A)? WH]i1, (53) | 


where U, V and W are given by Eq. (38): 
with 


U.=d.t dy , (54). 
Vu=du? Ap , (55) | 
and 
Wu=di= Un,« O O 
(1s 0 ) (56) 
Uns 0 0 , 


When the molecular chain has some flexibility, 
Eq. (53) reduces to, in the limit of Noo, 
<u®>/N=[EUi+(1-&) H+ 2{di7 AiSud, 
+ di" AiSiodo + do” AvSoi1di+ do? AoSvodo}]1,1 . 
(57) 
When a@ becomes zero, # being finite, EquGn 
reduces to 
<w>/N=[do"(E+ Ao)(E— Av) 'doli1 . (58) 
As for the electric moment of the a-helix, 
the components perpendicular to the molecular 
axis cancel each other, but those parallel to 
the axis are left unvanished. Thus the ex- 
pression for the a-helix becomes 


u=N|v7u| . (59) 
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Appendix 


In this appendix we wish to construct a 
partition function including various effects 
such as the end effect, the influence of a 
degree of polymerization, etc. Considering 
the specific contribution from each residue of 
a molecule to the partition function, we find 
that it is convenient to divide all residues 
into the following three groups: the first re- 
sidue with a free carboxyl group, the Nth 
residue with a free amino group, and the rest 
put between them. As for the third group, 
we assume the contributions to the partition 
function from the middle residues of the 
sequences, 111, 101, 011, 001, 110, 100 and 
NOON tombe: AB, 7735) Be, FirtXs, 72, and: 1 -re- 
spectively. Then the matrix associated with 
these residues is given by, instead of Eq. (4), 


jo= et? OO OO Ga O- 
O Option, GO Ole Onn 0 
cre © © @ 
0 0 a Veal al (A-1) 
O FeO OO ne aO 
CEOS Or 18 0, Ot a 
COMO 08 Giz OU even 
where £ is the contribution from a hydrogen 


bond, as in the text. The eigenvalue equa- 
tion of this matrix is found to be 


4(A—aeB)(A—1)— anaes 7sA—1) +7172} = 
(A-2) 


Further, we assume the contribution from 
the first residue, which can never be involved 
in a helical section, to be 7- when the second 
residue is distorted, or ye when it is undis- 
torted. Then the matrix associated with this 
residue, pe, can be obtained from p by sub- 
stituting ye’ for 71 and 7c for 1 (in the seventh 
row) and making all remaining elements zero. 
Similarly, the matrix associated with the Nth 
residue, pa, can be obtained from p by sub- 
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stituting yo’ for 7, and ya for 1, and making 
all remaining elements zero. The meaning 
of ya’ and ya is now self-evident. Some ad- 
ditional contributions from the three NH and 
three CO groups which are’ located at both 
ends of a helical section can be taken into 
account through 71, 72, 73, ve and Ya’. 
Now the partion function is given by 
Z=SAE [pep* pal , (A-3) 
where the symbol “SAE” means the sum of 
all elements of the matrix. Provided that 
Ax (kR=1, 2, ---, 5) is the eigenvalue of p, and 
ux and vx are the corresponding right-hand 
side and left-hand side eigenvectors, respec- 
tively, and they are normalized as viusz=1, 
p”~ can be expanded in the form 


(A-4) 


5 
pe > Ae ume - 
k=! 


Introducing Eq. (A-4) into Eq. (A-3) and _per- 
forming the calculation involved, we obtain 


5 
Z=2aAA1A228 >) Ae —2(Ae—1) 
k=1 


Are Paar ede DS Mie aera An 1) 
x {52x —4(1+ aB)An? +3aBA2—aayarBy3}" 
(A-5) 


Note added in proof: 


We can derive a less rigorous but more 
tractable expression for the mean square end- 
to-end distance by using a simplified model. 
In this model a helical section is replaced by 
a rod of gid: in length if it contains q: re- 
sidues and a randomly coiled section is re- 
placed by random flight chain of go rods of Jo 
in length if it contains g residues, and they 
are combined alternatively at the ends by a 
universal joint so as to form a interrupted 
helix. Applying the method descrived in the 
text for this model we can find the expression 


<R?>/Nlo? 
=1—E+[E+2c{3+4+ (Bla)aA(A—1)} hi/lo)? . 
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Crystallization and glass transition in various samples of polypro- 

\ pylene, have been studied by proton magnetic resonance over the wide 

temperature range —180~200°C, and by X-ray diffraction at room tem- 

perature. It was found that the free rotation of methyl groups would 

a be hindered below ~130°C and the second moment tended to increase 

towards the rigid state value. Motional narrowing occurs gradually at 

—40°C in atactic polymer which is mostly amorphous. On the other 

i hand, isotactic polymer which is highly crystalline, showed rather sharp 

narrowing from —10°C to 30°C, but the condition of heat treatment af- 

fected the behaviors of narrowing. X-ray diffraction patterns suggest 

that quenched film has smaller size of crystallite than that of annealed 

film. The line shape of atactic polymer is very similar to that of 

amorphous component decomposed by Wilson-Pake method in isotactic 

polymer, and then the degree of crystallinity of highly crystalline isotac- 

tic sample was estimated about 70~80% at room temperature. When 

the isotactic polymer was cooled down from 200°C, recovery of crystal- 
lization was observed between 140 and 120°C. 

§1. Introduction temperature, the difference of crystallinity 

It is very important to study the behaviors and size of crystallites by heat treatment, and 

of crystallization in crystalline polymer, i.e., the temperature range of crystallization etc., 


the changes of the degree of crystallinity with and also to know the molecular process of 


* Read at the 13th annual meeting of the Phy. freezing of segmental. motion through the 
sical Society of Japan at Kyoto University in Oc- behavior of polymer in the glass transition 
tober, 1958. temperature region. Recently nuclear mag- 


| ments. 
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‘netic resonance method is found to be very 
.} useful to study these subjects of crystalliza- 
»| tion and glass transition in crystalline poly- 
} mer, 

In the present study some measurements 
by proton magnetic resonance and X-ray dif- 
| fraction were carried out about the recently 
developed stereospecific polymer, polypro- 
pylene®. This polymer usually obtained by 
the stereospecific catalysist is usually com- 
posed of three kinds of different steric con- 
figuration which are called isotactic, atactic, 
and stereoblock by Natta.». Isotactic polymer 
' is a linear polymer with a complete head-to- 
| tail ordered arrangement and with the mono- 
mer units all disposed in the same steric con- 
figuration along the polymer chain; atactic 
' polymer is a linear polymer with a randomly 
ordered arrangement and does not posses a 
steric order of the monomer units; and stereo- 
block polymer is a linear polymer with a 
partially ordered arrangement and with partial 
sequence of steric ordered monomer units”. 

Recently the molecular motion of isotactic 
and atactic polypropylene polymers was inves- 
tigated with interesting results by W. P. Sli- 
chter® and J. A. Sauer by nuclear magnetic 
resonance and dynamic mechanical measure- 
Our study was independently per- 
formed mainly about the effect of heat treat- 
ment upon crystallization, molecular motion 
near the glass transition temperature, crystal- 


Table I. Specifications of Polypropylene Samples Tested. 
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lization recovery of highly isotactic and stereo- 
block polypropylene. 


§2. Materials 


Several different samples of polypropylene 
have been studied. Most of them were origi- 
nally the commercial products of Moplen M-2 
manufactured by Montecatini Company. Natu- 
ral Pallet and Natural Powder were used. 
From 5 gramms of Natural Powder extracted 
by toluene at 100°C for 40 hours, the extracts 
and residues were obtained. Another group 
of samples supplied through the courtesy of 
Professor Kambara and Mr. Oshika of Tokyo 
Institute of Technology, were extracts by 
ether and n-heptane. The extract of M-2 by 
ether was negligibly small in amount. 

To study the effect of heat treatment, 
quenched and annealed films were molded by 
hot press at 180°C for 2 min. and then quickly 
immersed into dryice-methanol bath or an- 
nealed at 100°C or room temperature. The 
molded samples have usually light brown 
color, the cause of which is not yet made 
clear, but may be ascribed to either thermal 
decomposition through some weak bonds, re- 
sidual catalyst or to other impurities. Some 
conditions of molding these samples are given 
in Table I with other remarks. 


$3. Apparatus 
The apparatus for studying nuclear mag- 


Molding and after-treatment 


Original 


Sample Thickness. : 
N . (mm) conditions Material Extraction 
1 1.0 quenched into —65°C bath after Natural None 
molded at 180°C, 2 min. Pellet 
Zz 10 annealed at 100°C, 1 hr after Natural None 
molded at 180°C, 2 min. Pellet 
3 0.15 quenched like No. 1 Natural None 
Powder 
4 0.15 annealed like No. 2 Natural None 
Powder 
P hed like No. 1 Natural Toluene residue at 
: ES Nese we Powder 100°C, 40 hrs. 
ily Onis annealed slowly from 200°C Natural same as No. 13 
to room temperature Powder 
5 i No. 1 Natural Toluene extract at 
14 0.15 quenched like No a pe for Gea he. 
14’ 0.15 annealed like No. 13’ Natural same as No. 14 
é Powder 
bs th meee Polymerized by Ether extract 
ee = Prof. Kambara 
idi 0°C Kambara N-heptane extract after 
252-H 1.6 slowly solidified from 15 te dg are er 
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netic resonance was constructed and assembled 
by Koike, the main parts of which are 30 
Mc/s oscillator multiplied by 100kc/s quartz 
oscillator, balanced tube type bridge (Fig. 1), 
phase sensitive detector, temperature control- 
led modified Gutowsky type cryostat, highly 
stabilized electromagnet. 

X-ray diffraction study was carried out by 
the use of conventional Geiger counter type 
spectrometer. 


§ 4. 


Comparison of Crystalline Characters 
of Various Samples by X-ray Diffraction 


Since there may be expected some differ- 
ences in their crystalline characters among 
various samples, their X-ray diffraction pat- 
terns were recorded as shown in Figs. 2, 3 
and 4. 

At first, using Cu target, samples No. 1~ 
No. 4 were compared. As seen from Fig. 2 
(a) and (b), the quenching treatment in No. 1 
seems to be not so effective compared with 
No. 2. Perhaps the thickness of 1mm in this 
samples would be too large to detect the effect 
of heat treatment. Although the surface of 
No. 1 was quenched, its interior would be 
annealed, and after all the contributions from 
the annealed part would be larger than the 
quenched one. Then we have molded thinner 
films, No. 3 and No. 4, which show large 
differences in their diffraction patterns as 
shown in Fig. 2(c) and (d). Since the differ- 
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Bridge circuit. 


Seeocore beeen, ral (1) 


/\ oe ¥. /\ 
eg ean) (0) 


——. (C) 


‘ See (d) 


L 1 = 
10 20 30 
20 


Fig. 2. X-ray diffraction patterns of polypro- 


pylene films (a) No. 1 (b) No. 2 (c) No. 3 (d) 
No. 4. 


ences in their diffraction patterns will be 
caused by the difference of their size of the 
crystallites, slowly scanned patterns were re- 
corded using Co Kaw as shown in Fig. 3(a) and 
(b) to separate the peaks more clearly. Then 
using Scherrer’s formula, the size of the cry- 
stallites were roughly estimated. 


‘} 1960) 


D=RA/B cos 6 , 


| where D is the size of the crystallite (A), 2 
| the wave length (A), @ the half-height width 
| in angle, and @ the Bragg angle. 
Fchosen & as 0.9, and 4 is 1.787 A for Co Kg. 
) Correcting the width due to the apparatus and 
| the width of non-separable a; and az, cor- 
t rected half-height width is obtained. 
/ contribution from the former correction ap- 
} peared even in single crystal cannot be neg- 
| lected in small angle patterns, while the latter 
} can be. 
j the standard sample. 
; as 150 and 200A from the smaller angle two 
peaks in No. 3 and 230 and 280A in No. 4. 
' Thus, 


We have 


The 


Here, MoS. (20=16°) was used as 
Then D was obtained 


it was confirmed that quenching is 
more effective in growing smaller size cry- 
stallites than annealing. The estimation of 


} these D values are rather rough, but their 


order of magnitude seems to be plausible, 
judging form the comparison with D values 
in polyethylene. 


(b) 
ees een ee 
10 20 30 
268 


Fig. 3. X-ray diffraction patterns of polypropylene 
films (a) No. 3 (b) No. 4. 


Although above samples were all molded 
from M-2, we can see more distinct differ- 
ences in crystalline character by comparing 
other samples in Fig. 4. No. 13’, toluene 
residue, which is highly isotactic and crystal- 
line, shows rather similar but slightly more 
crystalline character than No. 4. On _ the 
other hand, the pattern of 252-E which is 
extracted by ether, suggests highly amorphous 
character of this sample. There can be ob- 
served some small peak, but it is not clear 
whether this is due to the existence of iso- 
tactic molecules of lower molecular weight, 
or to the coexistence of both isotactic seg- 
ment crystallizable and atactic segment in 
the same molecule. But this pattern seems 
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to be consistent with the assumption that 
ether extract is considered as almost atactic 
and amorphous sample. 

The n-heptane extract (252-H) and toluene 
extract (No. 14) are both sopposed to contain 
so-called stereoblock polymer», but remem- 
bering that toluene has higher boiling point 
than n-heptane, there may still remain some 
possibility of assuming that the toluene ex- 
tract has some fraction of isotactic polymer 
of low molecular weight which is larger than 
that of 252-H. These differences may sug- 
gest higher crystallinity in No. 14 than 252- 
H, but as seen from Fig. 4(a) and (d) the 
actual situation seems to be the opposite. 
Presumably this fact may be attributable to 
the differences in their heat treatment; No. 
14 was quenched at room temperature after 
molded at 180°C for 2min., whereas 252-H 
was slowly solidified in the holder of X-ray 
diffractometer after melted at 150°C. These 
different treatment may suggest that the 
former is slightly quenched and the latter is 
annealed, and thus we can expect higher cry- 
stalline behavior in 252-H than No. 14. 


(Q) 


(Db) 


(d) 
S ia 30 
10 20 
20 


Fig. 4. X-ray diffraction patterns of polypropylene 
(a) No. 14 (b) No. 13’ (c) 252-E (d) 252-H. 
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The different characters of crystalline state samples, except the atactic and toluene ex- 
in various samples above mentioned will be tracts, are almost the same with each other, 
helpful to discuss the following results by and are simple bell shape. Especially below 


nuclear magnetic resonance absorption. —40°C there are no significant difference be- 

tween atactic and isotactic polymers. Further 
$5. Proton Magnetic Resonance Study cooling below —130°C, makes the line shape 
5.1. Line shape more flat with plateau. As will be mentioned 


Typical line shapes are shown in Fig. 5. later, these broadening contributes the increase 
From —50 to —10°C the line shapes of these of second moment more than 10 gauss? which 


(a) No. 4, -180°C 


ENESCO EEN CNAN CS pee eee y 


(b) No. 4, -150°C 


RE IOS ESS BRB ch Ba Woe 


(c) No. 1, -24°C 
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is reasonable ascribed to the freezing of the 


—10 to 30°C the effect of heat treatment can 
rotation of methyl groups. 


be observed, and there appears narrow part 
Above —40°C there are significant differ- in the derivative curves, which increases 


ences in the line shape between the extracts rapidly with increasing temperature, super- 
and other non-extract samples. The motional imposed by the broad part like the well known 
narrowing occurs at lower temperatures in Wilson-Pake type. It might be concluded 
the former than in the latter, which has al- that in higher temperatures the broad tail in 
most the same shape below —10°C. From_ the extracted sample, especially 250-E, at room 


(f) No. 4, 100°C 
Fig. 5. Line shapes of Moplen M-2 at Various Temperatures. 
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temperature will disappear, whereas in other 
crystalline samples there remains the broad 
tail even at higher temperatures. From these 
rather different behaviors in those two kinds 
of samples, and remembering the X-ray dif- 
fraction pattern of 252-E, it would be sug- 
gested that 250-E might be considered to be 
almost atactic and amorphous. And the fact 
that all the crystalline samples show almost 
the same shape below —40°C, would suggest 
that this shape may give the rigid state line 
shape of crystalline part of polypropylene ex- 
cept the rotation of methyl groups. There- 
fore the room temperature curve of crystal- 
line samples could be decomposed in two parts; 
one of which is the rigid state crystalline part 
and the other residual part may correspond 
to the amorphous one. This method enables 
us to estimate the degree of crystallinity of 
various crystalline samples. 

Another fact to be mentioned is that the 
long tail can be observed in crystalline sam- 
ples at rather high temperature near the melt- 


(a) No. 4, 180°C, modulation 30c/s, 2.4 gauss. 


(b) No. 14, 170°C, modulation 30c/s, 2.4 gauss. 


Fig. 6. Absorption curves at high temperatures. 
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ing point about 175°C, which suggest the 
larger crystallites, to persist at such a high 
temperature. Above the melting point, wig- 
gles can be observed in isotactic sample as 
seen from Fig. 6(a). Compared to this shape, 
252-H in Fig. 6(b) shows rather intense wig- 
gles at 170°C, which suggest the molecular 
motion to occur more easily in this sample. 
These results about resonance line shape and 
X-ray diffraction pattern in 252-H suggests 
that there can be some difference in molecular 
structure between 252-H and residue. The 
word “ stereoblock ” will be compatible with 
these results about 252-H. 


5.2. Motional narrowing in line width 

A typical example of line width narrowing 
in wide temperature range from —180 to 200°C 
is given in Fig. 7. A slight change of line 
width in maximum slope can be seen at lower 
temperatures, but at these lower temperatures 
4Hn,s1 is very inaccurate, because the deriva- 
tive curve show wider plateau. In this case, 
it is reasonable to estimate half-height width, 
4Hiy,. Comparing the values of 4Hi/2 at 
—180°C and —15°C, their difference is only 
2 gauss. 
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Fig. 7. Temperature dependence of line width 


and second moment of polypropylene. 


The interesting line width transitions lie 
between —40°C and room temperature, and 
there are much differences in the behavior 
of motional narrowing between extracts and 
non-extracts. The former show only small 
difference between quenched and annealed 
samples, whereas toluene residue and natural 
samples show marked differences by heat 
treatment, suggesting the striking influences 
of crystallization upon the motional narrow- 
ing, and their onset of Narrowing occurs ex: 
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-clusively near —10°C. 
|} As shown in Fig. 8, the tendency of nar- 


‘@ rowing with increasing temperature is more 
‘] sharp in annealed samples than in quenched 


samples. At first sight it might be expected 
that the line width in maximum slope derived 
from the amorphous part in the derivative 
curve should be narrower in quenched sample 
than in annealed samples, if the sample would 
be composed of two phases, amorphous and 
crystalline, and two types of line shape, one 
narrow and the other broad, will correspond 
to each phase respectively. But, strictly 
speaking, the concept of two phases could not 
be applicable to crystalline which connect the 
crystallites and typical amorphous part, and 
are less labile than the ordinary amorphous 
region. These constrained amorphous regions 
would modify the contribution to the line 
width of narrow part in the derivative curve, 


Line Width, sHm,si, (gauss) 


(@) 50 
Temperature: (°C) 


Fig. 8. Line width narrowing near second-order 
transition. 


and broaden the width apparently. As seen 
from the preceding description, X-ray diffrac- 
tion pattern suggest the existence of smaller 
sizes of crystallites in quenched sample than 
annealed one, and there is not so large dif- 
ference in the degree of crystallinity in both 
samples. Therefore, the volume of the con- 
strained amorphous part would be larger in 
the quenched sample than the annealed one, 
and this situation would perhaps explain the 
broadening of line width in quenched amor- 
phous region. The residue sample is much 
more remarkable in this tendency than the 
non-extracted samples because there are con- 
tained much more isotactic polymers in the 
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former, and may be larger changes in the 
constrained amorphous volume due to the heat 
treatment. Another factor to be suggested 
is that the amorphous part in these samples 
may consist of non-crystalline atactic segment 
and amorphous isotactic segment, which pos- 
sibly coexist in each large molecules, and the 
molecular motion will be different in both 
regions. 

As for the glass temperature of this poly- 
mer, Natta has already found that it was 
about —35°C and independent of the mole- 
cular stereospecificity of this polymer, i.e., 
isotactic, stereoblock, or atactic. In the first 
approximation, there would not be so much 
differences in the amorphous state of above 
structures, but in detailed consideration we 
shall expect different behaviors with respect 
to each other toward the glass transition.. As 
described before, so-called “ isotactic” poly- 
mer contains both atactic amorphous and 
isotactic amorphous parts in the macromole- 
lules, and atactic polymer could be considered 
to be almost amorphous state, and the ex- 
istence of isotactic amorphous state in isotac- 
tic polymer would suggest the different be- 
havior near the glass transition. The onset 
of motional narrowing occurs near —40°C, 
which is very close to the glass temperature 
reported by Natta, and seems to be in close 
relation with the gamma peak temperature 
235°K recently pointed by Sauer in non- 
crystalline sample. In Fig. 1 of his paper, 
there is seen this sort of peak in lower cry- 
stalline sample, but the appearance is rather 
weak compared with amorphous sample, and 
moreover, highly crystalline sample does not 
show this peak clearly. Sauer has attributed 
this peak to the onset of small scale chain 
motion in the amorphous portions of the poly- 
mer, but if we take account of the detailed 
structure of amorphous part, it may be per- 
haps more plausible to say that this small 
scale chain motion will occur in the amor- 
phous state of atactic structure more fre- 
quently. 

Above the glass temperature, the onset of 
marked narrowing in line width will corre- 
spond to the glassy to rubbery transition, 
which accompany the large scale segmental 
motions. From the analysis of the data in 
this region in the familiar fashion, the activa- 
tion energy for the segmental motion was 
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calculated to be 7.0Kcal/mole. On the other 
hand, the analysis of the narrowing in No. 1, 
gives its value of about 13 Kcal/mole which 
is higher than that of atactic sample. This 
fact shows that the segmental motion is more 
hindered in the amorphous state of highly 
isotactic polymer by the presence of isotactic 
crystalline phase as suggested by Slichter. 
It also contains both isotactic amorphous state 
and atactic amorphous state as stated above. 
No. 14 and 252-H show the behavior which 
is similar to isotactic polymer in its crystal- 
lization, but is closer to atactic polymer in 
its molecular motion. This would suggest 
that the stereoblock polymer has amorphous 
parts mostly composed of atactic structure. 
The commercial sample contains about 10~ 
15% of stereoblock polymer as mixture, but 
the crystallization and motional narrowing are 
rather close to those of isotactic or toluene 
residue. 


5.3. Degree of crystallinity and_ crystalliza- 
tion temperature 

In determining the degree of crystallinity 
by nuclear magnetic resonance method, it is 
necessary to confirm that the crystalline part 
does not show motional narrowing, and the 
amorphous part does show remarkable nar- 
rowing, and to perform this precedure safely 
it is better to select the temperature range, 
in which only the slight change of crystal- 
linity is expected to occur. The changes of 
crystallinity with temperature was recently 
measured by infrared spectroscopy and dilato- 
metry by Abe® and Nakane” respectively, 
who have shown slight changes of crystal- 
linity in the temperature range from room 
temperature to about 100°C in highly crystal- 
line polypropylene. On the basis of these 
results we can estimate the degree of crystal- 
linity by NMR method in this temperature 
range. As shown in Fig. 9, the degree is 
about 70-80%, which shows rather high cry- 
stallinity of this polymer. 

It may easily be expected that the polymer 
would crystallize at temperatures below the 
melting point after some interval of induction 
period* when cooling from the temperature 


* Tt takes certain period of time for nuclei of 
crystallites to grow into sufficient extent in sizes 
and numbers detectable by means of the apparatus 
concerned. This time is usually called induction 
period. 
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above the melting point. Since the recrystal- _ 
lization was found by Abe® to occur near 1 
130°C, we have tried to reexamine this be- | 
havior by nuclear magnetic resonance method. i 
As it needs about 30 minutes to sweep the 
magnetic field in the resonance region, it is 
very difficult to obtain reliable results when | 
the sweep interval is comparable to the induc- — 
tion period at some definite temperatures. As 
shown in Fig. 9, the appearance of broadening 
in the tail of th derivative curve can be seen — 
very rapidly below about 140°C, and the whole 
shape of the curve recover at about 120°C. 
Considering the experimental error, it may 
be fairly well in accordance with both NMR 
and infrared analysis. The slightly higher © 
values of crystallinity of cooled sample at 
room temperature may be attributable to the 
annealing effect encountered in the cooling 
process. In No. 14, there can be observed 
lower freezing temperature and lower degree 
of crystallinity as shown in Fig. 9. 
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Fig. 9. Temperature dependence of crystallinity 
of polypropylene. 


As suggested recently by Natta, the ex- 
tract by n-heptane is considered to be a 
mixture of chain molecule which is constituted 
from alternatively arranged isotactic and atac- 
tic small segment in each molecule, that is, 
so-called “stereoblock” polymer. As easily 
expected from such a structure of stereoblock 
polymer, any isotactic segment in this polymer 
will find with less probability another isotactic 
segment of different molecule in arranging in 
its nearest neighbour than in highly isotactic 
polymer like residue from toluene. This tend- 
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ency would be ascribed presumably to lower 
crystallinity and smaller sizes of crystallites 
in stereoblock polymer than in the case of 
isotactic polymer. The smaller sizes of cry- 
stallites will lower the melting point of the 
polymer. These expectations are confirmed 
as seen from Fig. 9. In parallel to this ex- 
periment, infrared spectroscopic observation 
was done by Abe™, who showed that the 
behaviors in the hysteresis in crystallization 
is largely different among the three samples 
of isotactic, stereoblock, and atactic respec- 
tively. In ordinary crystalline polymer, the 
crystallization rate and the maximum crystal- 
linity are higher in lower molecular weight 
sample than the higher as shown by Yamada! 
in polytrifluorochloroethylene. The lower rate 
and degree of crystallinity was observed in 
stereoblock polymer, which has lower mole- 
cular weight than isotactic sample. This op- 
posite behavior of crystallization in the stereo- 
block polymer is reasonably consistent with 
the molecular structure, which have natural 
tendency to disturb the crystallization. If we 
interprete the word “stereoblock ” generally, 
the isotactic and atactic are both the extreme 
cases, which are considered to be the ideal 
regular and irregular stereoblock respectively. 
The difference between the stereoblock and 
atactic may be as follows: the former may 
have smaller sizes of crystallites and lower 
crystallinity, but the latter may be almost 
perfectly amorphous, and expected to show 
no behavior of hysteresis in crystallization 
process as is the case in the former. As seen 
from Fig. 8, above mentioned expectation 
was confirmed in NMR data about 250-E. As 
expected from the characteristic feature of 
the polymerization process of this polymer, 
we may suppose that the molecular weight 
distribution of isotactic polypropylene would 
have the maximum position at higher mole- 
cular weight side, opposing the ordinary dis- 
tribution of the polymer obtained by radical 
reaction, and so the extract by ether or ace- 
tone may have only small fraction of isotactic 
component of lower molecular weight. 
Summarizing the results obtained in the 
toluene extract and n-heptane extract, they 
show the lower temperature for the onset of 
molecular motion than toluene residue and 
commercial samples, but almost the same with 
that of ether extract. The tendency of mo- 
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tional narrowing with increasing temperature 
is similar to that of ether extract. These be- 
havior suggest that the structure of amor- 
phous state in toluene and n-heptane extract 
is very similar to that of ether extract, that 
is, atactic structure. X-ray diffraction pat- 
tern of this sample shows rather crystalline 
nature, and similar to that of ordinary com- 
mercial sample though there are somewhat 
different characters. The degree of crystal- 
linity and crystallization temperature are both 
lower than those of toluene residue and com- 
mercial samples, in spite of the lower mole- 
cular weight of these extracts than that of 
non-extracts. These behaviors suggest dif- 
ferent crystallization mechanism in these ex- 
tracts from that of ordinary crystalline homo- 
polymer. If we presuppose the existence ‘of 
the crystallization mechanism of recently pro- 
posed “stereoblock polymer ”, there should be 
lower probability of crystallization in neigh- 
bouring chain molecules, which causes lower 
crystallinity and lower crystallization tem- 
perature. As was suggested recently ‘by 
Coleman™, the depression of crystallization 
temperature with cooling may give some 
measure of isotaxy. These characteristic fea- 
tures of toluene and n-heptane extracts are 
in good accordance with the concept of “ Ste- 
reoblock ”. 

The toluene residue and commercial samples 
have higher temperature for the occurrence 
of segmental motion about —10°C, The tend. 
encies of motional narrowing are different 
among quenched and annealed samples, sug- 
gesting the amorphous part to be somewhat 
different from that of extracts. The amor- 
phous part of this sample will consist of atac- 
tic amorphous and isotactic amorphous chain 
segments, and these isotactic amorphous seg- 
ments will vary in their content in the whole 
polymer sample, affected by heat treatment. 

The degree of crystallinity is about 70> 
80% in ordinary molded sample at room tem- 
perature, and decreases slightly up to sei 
100°C. The melting point lies at about 170°C 
in Moplen M-2. 

When cooling from the molten state, recry- 
stallization occurs at about 140°C and recovers 
almost at about 120°C. This quick recovery 
of crystallization of this sample makes the 
quenching process difficult. 

It is very difficult to determine the fee 
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of isotaxy in this polymer, but if we neglect 
the crystallization of atactic structure, the 
upper limit of the degree of crystallinity ob- 
tained from the well annealed sample at the 
crystallization temperature range would be at 
least the lower limit of isotaxy; in other 
words we might say that the degree of isotaxy 
would be larger than the degree of maximum 
crystallinity attainable in annealing process. 
Using this assumption the isotaxy of toluene 
residue may be more than 80%. 


5.4. Second moment 

Although the theory of Anderson’ and 
Kubo-Tomita!® predicts the invariance of 
second moment in the process of motional 
narrowing, observed second moments show 
usually decreasing with increasing tempera- 
ture, because the long tail part comparable 
with noise are inevitably cutoff in obtaining 
the profile of derivative curve experimentally. 

So, strictly speaking, the second moment 
has significant meaning only at the rigid state, 
but apparent decrease of its value is very 
useful in understanding the mechanism of 
motional narrowing of line width. 

Fig. 7 shows the temperature dependence 
of observed second moment of No. 1 from 
—200 to 180°C, and other samples from —50 
to 20°C. It is about 14 gauss? near —50°C, 
and 22~26 gauss? near —180°C and tends to 
increase further at lower temperatures. These 
results are in fairly good accordance with 
those of Sauer and Slichter®. 

To compare with this observed value, we 
have calculated the rigid state second moment. 
In the simplest case, we obtain the intra- 
molecular contribution using tetrahedral bond 
angle and length as in the following. 


22.5 x 1/2+11.2x1/3=15 gauss? . 


The difference between this and the ob- 
served value, is about 10 gauss?, which is too 
large to be ascribed to the intermolecular con- 
tribution. 

Recently Slichter® has calculated the rigid 
state second moment on the basis of Natta’s 
helical structure of the isotactic polypropylene 
molecule™, and found the intramolecular con- 
tribution to be 23.5 gauss?. But as he stated 
in his paper, there remains some ambiguity 
in the choice of the positions of three protons 
in CH; group about its rotational axis. His 
calculation is based on the model, which 
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brings two of the CH; group protons equally | 
distant from the proton on the tertiary carbon | 
in the next monomer on the helix, and gives | 
minimum value about the interactions between 1 
the proton on the tertiary carbon and three | 


protons of CH; group. 
Generally speaking, this interactions should 


depend upon the relative positions of protons | 


in this system. We have independently cal- 
culated this moment based upon Natta’s heli- 


cal srructure, using tetrahedral bond angle | 


and C-H distance of 1.094 A. As seen from 
Fig. 10, which is the projection on x-z plane 
containing any C-C-C on the main chain of 
helix, Slichter’s model will correspond to the 


case of (a) in Fig. 10, and this gives the intra- | 


molecular contribution to 4H.” to be 25.6 
gauss? slightly higher than Slichter’s 23.5 
gauss?, which is attributable to the smaller 
bond angle of tetrahedral C-C-C than the 
value 114° expected from the period of helix 
6.5A in the unit cell at room temperature 
given by Natta. 


Fig. 10. Assumed positions of methyl group in 
the helix of polypropylene molecule. 


On the contrary, if we choose the rest posi- 
tion of methyl group like (b) in Fig. 10, in 
which the protons of methyl group take the 
trans or gaush position against the proton of 
tertiary carbon on the same monomer unit, 
and so one of the C-H bond of CH; directs 
parallel to the axis of helix, the intramole- 
cular contribution is found to be 26.6 gauss?, 
about 1 gauss? higher than in the case of (a). 
The distance between the proton on the ter- 
tiary carbon and the nearest neighbouring 
proton of CH; group are found to be 2.3 and 
and 1.9A in the case of (a) and (b) respec- 
tively. The latter value seems to be rather 


| 


a) 
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‘shorter than the distance expected from the 
}ordinary van der Waals radius 2.4 A. But as 


Powles have already reported about poly- 
isobutylene at lower temperatures, the inter- 


| of 1.5 A. Therefore the above value obtained 
‘} would be permissible. 


Of course, since the 
free rotation of CH; group is considered to 


“| be hindered at lower temperatures, the short- 
“| est interproton distance given above would be 
“} excluded. 
| Slichter’s data would give the minimum con- 
‘| tribution to the second moment between CH 
‘) proton and CH; protons, but because some 
| rather short distances must be taken at lower 


Summarizing above descriptions, 


‘* temperatures, the intramolecular contribution 


‘| to 4H. would possibly be larger than Sli- 
i} chter’s calculated value. — 
‘| position of CH; against CH in the same unit 
|} is concerned, the position in Fig. (b) is most 


So far as the stable 


plausible at low temperature, but the mag- 


' netic dipolar interaction between the CH: pro- 


tons and CH proton on the tertiary carbon 
of next unit would be in favor of (a) and 
modify slightly the position of CH; from (b) 
toward (a), accompanied by higher activation 
energy. Therefore, the plausible position 
would be intermediate between these two 


te cases. 


From the increasing tendency of the second 
moment at lower temperatures, it cannot be 
concluded that the methyl group is rigid at 


_ liquid air temperature, but the large differ- 


ence between the behavior at this tempera- 
ture and at about —50°C would suggest the 
existence of severe hindrance for the rotation 
of methyl group at liquid air temperature. 
Fig. 7 shows that the second moment de- 
creases to about 14 gauss? at —130°C and is 
nearly constant throughout the further in- 
crease of the temperature up until near 0°C. 
If all the methyl group contained in this poly- 
mer will be free in axial rotation even in the 
crystalline state in this temperature range, 
the second moment should decrease about 9 
gauss” by this effect only. The observed dif- 
ference is slightly higher than this value, but 
we may suppose this difference to be mainly 
due to the contribution from the free rotation 
of methyl groups, together with the residual 
contribution from hindered rotation or torsio- 


nal oscillation of methylene groups. 
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9.5. Synthesis of absorption curve 

Since the absorption curve in two or three 
spin system is given analytically by Pake! 
and Andrew’ respectively, the absorption 
curve can be synthesized as the superposed 
system composed of these simple spin sys- 
tems, assuming no interaction between these 
spin systems, but this assumption would not 
be applicable in a strict sence because of large 
contribution from intramolecular interaction. 

In obtaining the synthesised curve, there are 
two parameters that is, the interproton dis- 
tance in CH: or CHs, and the broadening para- 
meter due to external spin system, which 
introduce some arbitrariness and ambiguities 
in final results. We have obtained the curve, 
superposing in the ratio of 2:3, two spin curve 
of dichloroethane and three spin curve of tri- 
chroloethane’®, but there was not so good 
accordance between calculated and experi- 
mental curves, and the decrease of half width 
due to CH; rotation is about 5 gauss in the 
calculation, but 2 gauss in the experiment. 
As stated in the previous section, CHs; rota- 
tion seems not to cease perfectly even at 
liquid air temperature. 


§6. Conclusions 


Our experimental results above mentioned 
are summarized as in the following. 

1) Methyl groups do not appear to cease 
the rotation perfectly even at liquid air tem- 
perature, and seems to be in free rotation 
above —130°C. 

2) The glass transition temperature seems 
to lie at about —40°C in ether extract (almost 
atactic) and toluene extract (almost stereo- 
block), but in toluene residue and commercial 
sample will be somewhat higher because the 
onset of molecular motion occurs at about 
—10°C in these highly crystalline sample 
(highly isotactic). 

3) The ether extract has lower activation 
energy for segmental motion, and very low 
crystallinity. These behaviors suggest the 
almost amorphous character of this sample, 
which is in good accordance with the idea of 
“atactic polymer ”. 

4) The toluene extract and n-heptane ex- 
tract have intermediate structure between 
atactic and isotactic molecule, which is in 
good accordance with the concept of “ stereo- 
block ”. 
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5) Strictly speaking, the toluene residue 
and commercial samples are not perfectly 
isotactic, and may be included in the concept 
of “stereoblock” generally. But the different 
behavior of motional narrowing, and crystal- 
lization from those of toluene and n-heptane 
extracts may enable us to call the toluene 
rdsidue and commercial samples to be so-called 
“isotactic polymer ” 

6) The size of crystallites is slightly smaller 
in the quenched sample than in the annealed. 
one. 

7) The larger value of the rigid state 
second moment suggests the large contribu- 
tion from the intramolecular interaction, which 
depends upon the position of methyl groups 
in the helical structure of the chain molecule. 
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The paramagnetic inelastic scattering of neutrons due to ions of 3d 
transition elements in the anisotropic crystalline field was considered. 
When the orbital momentum of the paramagnetic ions is not quenched, 
the spin states are no longer degenerate but split into discrete levels. 
The transition between these levels can occur by magnetic dipole interac- 
tion of ions with neutrons, neutrons losing or gaining the corresponding 
energy. In the special case of FeCl,, an antiferromagnetic crystal whose 
Néel temperature is 24°K, the calculation of the forward scattering 
cross-sections of neutrons in various temperatures and wave lengths were 
carried out which showed that it is possible, in the ordinary conditions, 
to observe the inelastically scattered neutrons, and whence to obtain an 
information about the energy level scheme of the atomic spin in the 


crystal. 


$1. Introduction 

In 1935, Van Vleck” pointed out that neu- 
trons would be scattered inelastically by a 
paramagnetic ion which has an exchange 
interaction with neighbouring magnetic ions. 
However, there should be another kind of 
inelastic paramagnetic scattering which occurs 
_when neutrons interact with the spin magnetic 
moment of an iron group ion under the in- 
fluence of a crystalline electric field. In this 
case neutrons will cause a transition of the 
spin state, losing or gaining an amount of 
energy corresponding to the energy difference 
between the spin levels. Thus it may be pos- 
sible to obtain informations about the magne- 
tic anisotropy of the crystal by analysing the 
energy change of the scattered neutrons. In 
the case of the inelastic scattering associated 
with the exchange interaction, the wave length 
of the scattered neutrons distributes them- 
selves continuously around the incident wave 
length, in a manner which depends on the 
spread of the energy level of the atomic spin. 
In the case of the inelastic scattering associ- 
ated with the magnetic anisotropy, however, 
the wave length distribution will be discrete, 
since the spin level splitting by the crystal- 
line field is discrete. 

When the orbital angular momentum is 
quenched, the spin level splitting of the 
magnetic ion under the influence of the crys- 
talline field is rather small, being of the order 


of 10cm or less. In such a case, the dis- 
tribution of the scattered wave length will be 
overlapped by the continuous distribution, the 
width of which is in general larger than 
10cm-!. When the orbital momentum is not 
quenched as in the case of FeCl:, which is 
an anti-ferromagnetic crystal whose Néel point 
is at 24°K, the spin level splitting appears to 
be of the order of 100cm~!?. For the same 
case, the width of the energy spread of the 
neutron inelastically scattered by the exchange 
interaction is estimated to be about l5cm™ 
for the paramagnetic temperature region. Ac- 
cordingly, it is expected that one should be 
able to observe a discrete wave length distri- 
bution of the scattered neutron wave. The 
purpose of the present paper is to investigate 
such a paramagnetic scattering for this par- 
ticular case of FeCls. 

The Fe*+ ion is in °D state when it is free. 
Its fivefold orbital degeneracy is not completely 
lifted by the cubic and trigonal crystalline 
field, and the ground state in this field is con- 
sidered to be a doublet. The spin moment 
therefore feels a strong magnetic field through 
LS coupling, so that the spin levels belong- 
ing to the orbital ground state split into five 
levels each of which is doubly degenerate. 
The energy difference between neighbouring 
doublets is of the order of 100cm™?. A sche- 
matic diagram proposed by Kanamori” for 
the energy splitting of the spin states belong- 
ing to the orbital ground state is shown in 
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Fig. 1. The energy difference between the 
neighbouring spin levels, 4, is the same for 
the five levels as long as the LS interaction 
is small compared with the orbital level split- 
ting due to the crystalline field. Transition 
between these spin states due to the dipolar 
interaction between neutrons and atomic spin 
is possible only between neighbouring levels 
as will be proved later, so that the energy 
change of the inelastically scattered neutrons 
are confined to +4. So, if the corresponding 
cross-section is large enough to allow for the 
observation, it should be possible to determine 
the level splitting 4, or the coefficient of the 
LS coupling. In the following sections we 
shall calculate this cross-section. 


ih S{Sy=-2 Iz=1), SalSz=2 iz=-!) 
ia S{Sz=-l I2=1), S3(Sz=! Iz=-1) 
SASz=O Iz=!), S2(Sz=O Iz=-l) : 
2 Si(Sz=t =1), Si(Sz=! Iz=-l) 
So(Sz=2 I=), SolSz=-2 12=-1) 


Fig. 1. The level scheme of orbital ground state 
of Fet++ ion in FeCl, crystal. S, and 1, are the 
quantum numbers of z component of spin and 
orbital moment. 

§2. Mathematical Details of Calculating the 

Inelastic Scattering Cross-Section 


The amplitude of the neutron wave scat- 
tered by a paramagnetic ion, according to 
Halpern and Johnson® is given by, 


M Nin - 
Gn (ne) 


ae “, A’'\sn-R\s, A)ysP a , 


S’A’ 
where 


=(e-P.e—Pstex(=*) 


K 
| Sy seth ry : Pi= 3 pi Jetk on ! 
z i 


e=k—k’'/|k—k’|, k=\k'|, 
s; and p; are the spin moment and momentum 
of the 7’th electron, the summation over 7 
extends over all the electrons in the ion; k 
and k’ are the wave vectors of the neutron 
before and after scattering; ys is the wave 
function of the neutron spin sp in state s: V4 
represents the wave function of the magnetic 
ion in state A; g is the nuclear magneton 
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number, My) the mass of neutron, and ko the / 
Boltzmann constant. } 
The differential cross section for unpolarized } 
incident neutron beam when the paramagnetic } 
ion is in thermal oe kee is: 
; (2 )) 


ds (88) 8 
d2 mec | 


Si en Balko? 

A 
where Rua‘s denotes the matrix element of 
operator R and Eu. is the energy of state A. 
When we are concerned with FeCl, in the: 
temperature range of 50 °K-300°K, it is al- 
lowed to extend the summation >» only over 


the spin states which belong to the orbitai 
ground state because their overall separation | 
is about 600°K. The wave functions of the 
orbital ground state,” which are doubly dege. 
nerate, are 

Oa, =COS AW_2+sin a 1 } 

Oa, =COS @ hw2—Sin A yy 
were a@ is a parameter which is determined 
by the ratio of the cubic to trigonal crystalline 
field acting on the magnetic ion (cos a=//2/3_ 
when the trigonal field is zero). yx represents 
the Slater wave function for the four electrons — 
with L.=M belonging to the °D state, the 
direction of z being along the axis of three 
fold symmetry of the crystal. For example, 
We iS given explicitly by 


deo vt u $1(2)60(3)b_1(4 
ar evans > ( 1)pP{$2(1)$1(2)¢0(3)b-1(4)} , 
(4) 


where the subscript numeral in the parent- 
hesis indicates which electron occupies each 
paticular orbital, P is the permutation operator 
representing the operation to interchange the 
electrons. ¢m is given by 

Pm=C(r) V2,m(O, ) , (5) 
€(r) being the normalized 3d radial wave func- 
tion, Y2m the spherical harmonic of degree 
2. The wave functions of states A and A’ 
are constructed by combining these two orbi- 
tal states %2,, 92, with spin functions whose 
eigenvalues are S.=2,1,0,—1, —2 as shown 
shiny IB ver AM, 

In the calculation of 


(AP A= oy [iota sett-¥ ory , 
and 


(AY Pz Ay py [re 7 eek ridr | 


_|monics as follows; 
* 


| 
f _ => Are] (Kr) 


(6) 


|| where j.(«vr) is the so-called spherical Bessel 
| function of order J, i.e., juler)=/n/2nr Japry +1, 


1 
; 2 Vim(9, 2) Yi,m(O1, G1) +C.C.} , 


oe) 


(iy | ba (g grad bn)Yimejlerndr. (8) 
A product of two 3d wave functions, n’*¢m, 
| is expressible as a linear combination of 
spherical harmonics of even degree, and 
a product of a 3d wave function and its gra- 
dient, Yn* grad@n, as a linear combination 
of those of odd degree. Accordingly, the 
integral (7) vanishes unless / is even, while 
_ the integral (8) vanishes unless / is odd. Thus 
(A’|P;|A) takes on only real values and 
(A’jPr|A) takes on only imaginary values. 
Physically, this means that scattering due to 
spin magnetic moment and that due to orbital 
magnetic moment are incoherent with each 
other. We can therefore separate the differ- 
ential cross-section as follows: 

The elastic cattering cross-section by spin 
moment: (do/d2)e-s. 

The inelastic scattering cross-section by spin 
moment: (da/d2)in.s. 

The elastic scattering cross-section by orbital 
moment: (do/d2)er x. 

The inelastic scattering cross-section by 
orbital moment: (da/dQ)in x. 

Then, the total cross-section is given by the 
sum of the above four terms, each term being 
expressed as 


> e-8alko?| Rs al? 
SS Roc Mel? 
A 

224 e B4/koT R/ /R\| Rsara|? 


St eB alko? ? 
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A 
R;=(e-Ps)e—Ps ’ 
Ri=ex (- Pr ) . 
K 
C95) 


As we see in equation (9), the operator Rs 
contains the atomic spin operator s in linear 
form, whence the probability of transition be- 
tween A and A’, due to the spin-spin inter- 
action, has non-zero value only when either S./ 
=S,' or S.7=S,'+1 where S and S./ denote 
the spin quantum numbers of initial and final 
atomic state, respectively. From this it fol- 
lows that the energy change of neutrons scat- 
tered by atomic spin is confined to zero and 
seal. 

For a powder sample, we average the above 
expressions over the directions of the crystal- 
lites; then a calculation shows that they are 
expressed in the form, 


ls ey) r(4, T)Gile) , 
UR ee alee eh t(4, T, Eo)Gx(«) , 


mc 


GaNe 
(45). =(Ee ever. 
el,L mC 


is ah la t2(4, T, Eo)Gx'(«) . 


G: and Gy’ (J=1, 2) play the role of the form 
factor and vary with « (the difference between 
the incident and scattered wave vectors) and 
are given explicitly by 


Gia=diclcs Ss , 
a5 
=), areed ba Ls ’ i; j=, 3 
tj 


f=\erognjderyrar, alee: nt 


Ly Oy ee 


(UY) 
where €(v) is the radial 3d wave function, Ji 
is the spherical Bessel function of order 2, ci 
and c; are certain numerical factors deter- 
mined by the wave functions (3). As for the 
value of (7), we make use of the calculations 
for Cott by Nagamiya and Motizuki” using 
the Hartree wave function. 
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ct, and t)’ are related to the thermal distribution of the initial state, and moreover, in th : 
to the initial neutron energy and the energy change due t ! 


case of inelastic scattering, 
scattering. They are given by 


A/ko 
t1 (A, T= eee (4+ e-A/ko? + e~ 3A/KT 4 Ae-4A/koT) | 
Lseens —AjkpT 3 p-2A/kot pige 
t2(4, T, Eo) =F ap oe 1/it% (e A/koT 4 se 2A/koT + e 


at 2 —A/kg? 1 3 en 2Alko? 4 a 
+/1-g(1+ 36 ie 4 


= lie 
1— en Alko? 


T2 (As lip Ep) =- 
+entarnory/ 1 4 Hl : 


where Eo=(h?k?)/(2Mo) is the energy of the 
initial neutron wave, and 4 is the energy dif- 
ference between neighbouring spin states. 
The terms multiplied by 7/1—(4/Fy) represent 
the cross-sections for the inelastic scattering 
in which the atomic spin state is excited. 
Thus, if the incident neutron energy is not 
sufficient toexcite the spin state, i.e., dE, 
these terms should vanish. The terms multi- 
plied by 1/1+(4/Fo) represent those for the 
de-excitation of the atomic spin state. Fur- 
ther, the terms multiplied by 1/1+(24/E)), 
V1+(44/E) corresponds to the transitions be- 
tween the two states whose energy changes 
are 24 and 44. These transitions can occur 
only in the inelastic scattering due to the in- 
teraction between neutron spin and atomic 
orbital moment. Through this kind of scat- 
tering the orbital state of atoms changes, 
while the spin state must be the same before 
and after transition, or S,7=S,'. So that, as 
can be seen in Fig. (1), all allowed transitions 
are as follows: 
SoS2=2 L=1N)2Si(S:=2 1=—1) ) 
S(Si=—2 L=NLSi'(S.==2.==1) J 
Ist kind 
Ogee B= Ve SatSs i hee 1) i 
S3(Sz2=—1 L=NY)ESi'(Sz=—-1 L=—)) } 
2nd kind 
S2xS2=0 12-=1)2S2’(S:=0 1z=—1) 3rd kind 


The energy change in the first kind transi- 
tion is 44, that in second kind 24, and in the 
third kind of transition the energy change is 
zero which is no more inelastic. 

Therefore (do/d2)in.z gives the scattered 
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neutron whose energy change is twice or four 
times as much as the scattering due to atomic 
spin. But the cross-section for these scatter- 
ings is quite small as compared with 
(do/d2)in.s because the form factors for these 
scatterings are different. The main parts of 
the form factors for these scatterings are 
different. 
are (fo)? and (fi)? in Egs. (11) for (do/d2)s and 
(do/d2);, respectively. For the forward scat- 
tering, or for small «, we can estimate the 
above value as follows: 


pn ([ esi) -(focnny, 


ery (ep <e jlerr ar) a rd) 


(13) 
So that (do/d2)r is about 10% of (do/d2Q)s. 


§3. Temperature and Wave Length Depend- 
ence of the Forward Scattering Cross- 
sections. 


In Fig. 2— Fig. 5 the calculated forward 
scattering cross-sections are shown, where we 
used the value 150°K for 4 and neglected the 
influence of the trigonal field on a, i.e., cosa 
was assumed to be 1/2/3,, which is enough 
for our present purpose to know the order of 
magnitude of the cross-sections and general 
features of their dependence on temperature 
and incident neutron wave length 2. 

In Fig. 2 we see that (do/d®)..5 decreases 
as the temperature is raised. This comes 
about because the scattering by the spin in 
the lowest level is the largest. It is not af- 


(12)) 


The main parts of the form factors — 
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th i i 
jtected by a change of 2, because « for elastic (do/d2)in.s increase as the temperature is 


‘forward scattering is always zero, and there- 
fore the form factor is independent of 2. In 
the same figure it is seen however that 


lekoy 
‘Ga, g PI'NS/ster, 


A 
At 


} Fig. 2, Temperature dependence of forward scat: 
tering cross-sections, (do/d2)o.,.5 and (do/d2)jn_s- 


bo barns /ster. 
(<<) inss ise 


T=100°K 


€0 
— = dA) 

Fig. 3. Wave length dependence of forward scat- 
tering cross-section, da/d2)in.s, the part under 
the dotted line corresponds to the cross-section 
due to de-excitation of atomic spin state. 
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Fig. 4. Temperature dependence of forward scat- 
tering cross-sections, (do/d2)e,.z and (do/d2)in.x- 


raised, as the spin in the upper states gives 
rise to larger cross-sections. As for depend- 
ence on 4, it is seen that the cross-section in- 
creases largely on the short wave length 
region. One of the reasons for this is that, 
for 4<1/#2/2Md , inelastic scattering in which 
neutrons lose energy can occure beside that 
in which neutron gain energy. Moreover, 


faz) y103 
($2), * barns /ster. 


— 
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Fig. 5. Wave length dependence of forward scat- 
tering cross-section, (do/d2)jin_z. 


even for the forward scattering « is not zero, 
but varies with 2, which makes the feature 
of the 24 dependence rather complicated. In 
the limit of 2-0 («-00), the relative energy 
change becomes zero, and inelastic scattering 
becomes substantially elastic scattering. Ac- 
cordingly, in the limit of TJ-oo and 4-0, 
there should be no effect of spin level splitting 
on the neutron cross-section, which predicts 
that in this limit, the sum of (do/d®).1.5 and 
(do/dQ)in.s should be equal to the spin para- 
magnetic cross-section given by Halpern and 
Johnson®. In fact, we can see that 


, do do 
a ( d2 fh 4 dQ dbp 


= 0 


(ne) aa) 
~~ mc v dQ apy 


(do/d2)e.1 shows neither wave length depend- 
ence as is the case of (do/d2)e1.s, nor tempe- 
rature dependence because in this scattering 
the orbital motion is common to all the levels. 
(do/d2)in x shows nearly the same temperature 
and wave length dependences as (do/d2)in.s 
does, only its absolute value being much 
smaller than the scattering by the spin mo- 


ment. 


(14) 
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$4. Discussion 

It was first predicted by Van Vleck» 
that the exchange interaction between neigh- 
bouring paramagnetic spins would cause an 
inelastic scattering of neutrons, and in 1953, 
Brockhouse®) observed the effect experi- 
mentally. 

According to the theory of Van Vleck, this 
kind of inelastic scattering produces the wave 
length distribution for the scattered. neutrons 
which is Gaussian in shape, the second mo- 
ment of this distribution being given by 

hYrms=Ro[ 6O2/z2S(S + 1)]” , (15) 
where @ is the Curie-Weiss constant, z the 
number of nearest neighbouring spins, S the 


spin quantum number of the magnetic ion, 
ky the Boltzmann constant. For FeCl:, 
@=48°K , 
S=2% 
BO 

Here we take as the value of z only the 
intralayer spins into account because the inter- 
layer exchange interaction is much smaller 
than the intralayer interaction. From these 
values we obtain hyrms/ko~20°K. This width 
of energy distribution is quite small as com- 
pared with the discrete energy change of 
about 150°K (100 cm7). 

The theory of the width of energy distribu- 
tion was improved by De-Gennes®. According 
to his theory, the second moment of the 
Gaussian distribution as defined above will 
depends on «. For «=0, the width is zero; as 
« increases, the width tends to increase till it 
reaches a limiting value for «=co, which is 
just the same value as that predicted by Van 
Vleck. Thus, in our case, where we are con- 
sidering the forward scattering only, the se- 
cond moment may be even smaller than the 
value given in Eq. (10). 

To determine experimentally the crystal 
level splitting by the method given above, 
either the usual slow chopper or three crystal 
analysis of the inelastically scattered neutron 
may be used. In the specific case of FeCl, 
the sizable capture cross-section of the chlorine 
atoms may present some intensity problems. 
We have calculated the expected intensity for 
a sample thickness of 1/z which is around 
0.6cm for A=5A, mw being the linear absorp- 
tion coefficient. 

The forward scattering intensity of inelastic 
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scattering is given by 


I=hpsde"(“F) 2, 


un 


irradiated. Using the parameters given by 


S= Oren. | 
O=48>41022"cmee 

a—V. bic. 

ji— lone - 

G2— 105" ster 


aa =(.4 barns/ster. (A=5A) , 


(i 3(0nkKee 
we calculated the ratio J/Jo, which is found to 
be 1.31x10-°. This means that for an aver- 
age beam intensity such as J=10%c/sec the 
forward intensity of inelastically scattered 
neutrons comes out to be about 720c/min,, 
which should be observable. | 

In the special case that the kinetic energy) 
of incident neutron is almost equal to the: 
energy of excitation of atomic state, the plane? 
wave approximation for the inelastically scat-. 
tered wave is no longer valid, that is, Born’s: 
approximation can not be used. In such ai 
case, we must proceed as follows. As _ the: 
interaction energy is much smaller than the: 
energy separation of atomic state, the wave: 
function of the total system for the inelastic: 
scattering process may be given in the follow- 
ing form: 

Y=(atomic wave function in the excited state) 
x (neutron wave function) , 


where the neutron wave function is one of 
the function which satisfy the following 
Schrodinger wave equation, 


Pe. he 
| 2M) V +<¢ V> Wriron= Eyre 9 


(17) 
< Vo= Wr atom V Weatom ata , 


where V stands for the dipole-dipole interac- 
tion and Fermi interaction between atoms and 
neutrons, Watom represents the atomic wave 
function in the excited state, dra being the 
volume element of atomic coordinates. This 
potential energy is of the order of 10-3cm7! 
which means that the plane wave approxima- 
tion is not valid only when (27?h?/Mo)(1/22 


—1/4.?)~ 10-3 cm=!, where Ay corresponds to 
ih the wave length of exact resonance, 27°/2/Mo- 
‘1/4?=4. It follows therefore that this kind 
rej, Of anomaly occurs only in the wave length 
ip Tange of 10-64) around 4’. Moreover, the 
Inelastic scattering cross-section, which con- 
tain the term k’/k, will tend to zero in the 
limit of AA) even if the transition probability 
suffers a finite modification. Thus, we expect 
no observable anomaly in the inelastic scat- 
tering. If there are trapped neutron states, 
which have discrete energy levels, as solutions 
of equation (17), resonance elastic scattering 
may occur which can be described analogously 
to the resonance nuclear scattering. If such 
occurs, it may be possible to observe an 
increase in elastic scattering around Abo. 
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Paramagnetic Resonance of Manganese in Alkali-Chlorides 


Introduction 
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The solution energies of manganese in LiCl and KCl crystals have been 
calculated by applying Haven’s method to the systems of MnCl.-Alkali 
Chloride and by the use of the experimental value of the solution energy 
of manganese in NaCl, obtaining 0.85eV for LiCl and —2.08eV for KCl. 
The paramagnetic resonance spectra of manganese in quenched crystals 
of LiCl and KCl showed the hyperfine structure of divalent manganese 
ion in the crystalline field with non-cubic symmetry. By assuming the 
spin Hamiltonian of orthorhombic symmetry for the divalent manganese 
ion associated with a positive ion vacancy, the values of D and H have 
been calculated as D=109+10 gauss and H=25+10 gauss for LiCl. For 
KCl the observed spectra and their transformations by thermal treat- 
ments will be shown. The coloration of Mn doped crystals was carried 
out by y-ray irradiation or by pointed cathode, and the resonance spectra 
of the colored crystals were observed. 


between quenched and slowly 


of resonance spectra of some transition metals 


cooled alkali- 


It has been well known that the paramag- 
netic resonance of manganese in alkali-halides 
shows various spectra under thermal treat- 
ments. Oshima, Abe, Nagano and Nagusa” 
pointed out, for the first time, the difference 
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chloride crystals. Schneider and Caffyn” 
found out independently that manganese in 
NaCl showed a complex spectrum composed 
of many hyperfine lines in quenched crystals 
and a broad line with the width of 400 gauss 
in slowly cooled crystals. They proposed 
some models for the states of manganese in 
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the crystals, corresponding to the observed 
spectra. Watkins and Walker, and Morigaki, 
Fujimoto and Itoh® (hereafter referred to as 
M.F.I.) investigated this complex spectrum 
and successfully carried out analysis of it by 
assuming manganese ion associated with a 
metal ion vacancy. Further, Watkins® and 
Yokozawa®) observed the transformations of 
resonance spectrum with increasing tempera- 
ture and found the hyperfine structure of six 
lines caused by manganese in crystalline field 
with cubic symmetry. From these results 
they verified that the complex spectrum in 
quenched crystals resulted from the frozen 
state of manganese at high temperature. 
Fukuda, Uchida and the present author, and 
also Watkins”? pointed out that these be- 
haviors of manganese had the generality in 
other alkali-chloride crystals. Forrester and 
Shneider® extended the resonance experiments 
to KCl-Mn crystals from solution, and Fukuda, 
Uchida and the author® observed the hyper- 
fine spectra of LiCl- and KCl-Mn crystals 
from the melt. Nowadays, it is understood 
that various paramagnetic resonance spectra 
of Mn in thermally treated alkali-halide cry- 
stals transform to each other and that the 
complex spectra in quenched crystals are due 
to divalent manganese ion in the orthorhombic 
crystalline field caused by a metal ion vacancy 
in its neighboring site. 

In this paper will be first described the 
calculations of solution energy of manganese 
and its observed resonance spectra in LiCl-Mn 
and KCl-Mn single crystals from the melt, 
which were partly reported by us in the 
previous paper®. Then the analysis of hyper- 
fine structure will be shown for these crystals, 
especially in detail for LiCl-Mn, by using the 
model of Mnt+ ion associated with a positive 
ion vacancy. Further, the phenomena of 
coloration induced in LiCl-Mn, NaCl-Mn and 
KCI-Mn crystals by pointed cathode method 
or by y-ray irradiation will be discussed in 
relation to the behaviors of resonance of 
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manganese in the colored crystals. 


§2. Experimental Technique 


The measurements of the electron spin 
resonanice were carried out by a usual field] 
modulation (30c/sec) spectrometer, working) 
at 24,000 Mc/sec. The power generator of! 
klystron (2K33) was frequency-stabilized by) 
using the circuits designed by Silsbee”. Fig.. 
1 shows the block diagram of the spectro-. 
meter; the frequency modulation of klystron} 
is performed at 455Kc/sec, and the error 
signal of microwave frequency is detected as: 
the deviation from a resonance frequency of! 
the wave-meter (Q=25,000) used as a frequen-- 
cy reference. When the amplitude of modu-: 
lation voltage Em on the klystron repeller is) 
small, the voltage of the microwave signai. 
may be expressed by 


Eo sin (ot + (KyEm/om) sin Wmt) ’ 


where Ky indicates the change of microwave | 
frequency per the change of unit repeller | 
voltage, wm is frequency of modulating volt 
age Ey and w microwave frequency. The 
above expression shows that the microwave. 
signal from klystron is frequency-modulated. 
Then the output error signal from the refer- 
ence wave-meter is proportional to the follow- 
ing expression because of the square-low de- 
tection of diode crystal; 


Impedance 


2K33 transforme’ 


30cps 
oscillator 


Fig. 1. Block diagram of spectrometer. 
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where Q is unloaded quality factor of refer- 
ence cavity of resonance frequency a, Qr its 
jloaded quality factor, Jo and jf, are Bessel 
functions and 0:=KyEm/om. In this expres- 
sion the terms beyond second harmonics of 
)®m are omitted. The above expression of er- 
)ror signal as a function of w gives the dis- 


ij) persion curve with the center at a reference 
frequency of w. 


This error signal is nega- 


| error signal. 
| system worked in good conditions under the 
| amplification of 60~80db of error signal and 


} sample of 0.5x5x5mm* in dimension was 
|} set on the bottom of the cavity. The angle 
{ between the crystal axis and D.C. magnetic 


if tively fed back to the klystron repeller through 


is accomplished. For the klystron used Ky; 


pwas 2.8 Mc/sec/volt and the modulating volt- 
i) age was taken as En=0.02 volt. 


The time 


Thus the frequency control 


The cylindrical cavity of TE. mode (Q~ 
3,000) was used as a sample cavity, and a 


field was varied by a rotation around the 


| vertical axis of the electromagnet. 


§3. Solubility of Mn in Alkali Chlorides 
It may be useful in experimental procedures 


to know how much manganese is soluble in 


alkali chloride crystals, and so the solution 
energies of Mn in these crystals were calcu- 
lated for the MnCl, and alkali chloride systems. 
Haven™ carried out the calculations of solu- 
tion energy of Mg in LiCl crystal from the 
MgCl. and LiCl system. MnCl, has the same 
crystallographic structure as MgCl, that is, 
CdCl, structure, and its unit cell is shown 
in Fig. 2 together with the crystal constants, 
where d indicates the ionic distance for the 


Ocl @ Mn 
Fig. 2. The crystal structure of MnCl. 
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ideal cubic arrangements of univalent chlorine 
ions obtained by slight deformation of MnCl. 
crystal. 

The solution energy is defined by the dif- 
ference between the sums of Madelung, polari- 
zation and repulsive energies for the two 
systems: Mn*+ in MnCl, crystal and Mntt+ 
plus one free positive ion vacancy in alkali 
halide crystal. Madelung energy is estimated 
from the expression aye?/d, where aw is 
2.1845 for MnCl, 1.7476 for alkali chlorides 
and the values of lattice constants are given 
in the first row of Table I. The polarization 


Table I. 

Crystal MnCl | LiCl | NaCl KCl 
Lattice ere. ea 
constant | 2.59A | 2.57A | 2.82A | 3.14A 
Madelung | 
energy 24.6eV. | 19.6eV. | 17.9eV. | 16.1eV 

Sveiyvy | ze 
Bepulsite 2.73eV.| 2.54eV.. 1.14eV.) 0.41eV 
energy n=9 Pass . : .14eV. -4le 
Polarization |1 ggey| 7.32ev.| 7.22eV) 5.76eV 
energy : | 4, ‘eee | 5. , 
Seiution ‘ rf a4 TF . i 
energy +0.85eV. HOapey.| —2.08eV. 

imental a Fe 
Experimental 
value by Haven hiss 5-4 


energy of Mn** plus one positive ion vacancy 
in alkali chloride is calculated from the lattice 
energy and the formation energy of a pair 
of separated vacancies. The values of the 
latter are 2.12eV, 2.02eV and 2.25eV for 
LiCl and KCl respectively, by taking the 
average of the values measured by Kelting, 
Witt, Wagner and Hantelman™. The polari- 
zation energy for Mn*+ vacancy in MnCl, can 
be estimated by making use of the above 
polarization energy of alkali chloride, as dis- 
cussed by Haven. The repulsive energy is 
assumed to be proportional to 1/r”, but the 
value of m is not known for Mn** in both 
MnCl, and alkali chlorides. Therefore, assum- 
ing that the n-value is the same for all the 
crystals now under consideration, it was 
determined in such a way that the calculated 
value of the solution energy of Mn in NaCl, 
which contains m as a parameter, becomes 
equal to its experimental value of 0.44eV (in 
the temperature range of 200°C~400°C)!, 
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Thus the value of ~ was determined as 9,* 
and then the solution energies of Mn in LiCl 
and KCl were calculated by using this n- 
value. The results of the calculations are 
shown in Table I. By the above method of 
calculation a considerable error may be intro- 
duced into the values of solution energy, but 
it seems likely that these values indicate the 
tendency of the change in Mn solubility for 
different solvent crystals. From the calculated 
value of solution energy it is considered that 
Mn is not soluble in KCl, but it is, in fact, 
soluble in KCl and the hyperfine structure of 
Mn is observed, which is most weak in its 
intensity and most unstable in comparison 
with that in NaCl or LiCl as described in the 
next section. 


§ 4. 


Paramagnetic Resonance Spectra of 
LiCl-Mn and KCl-Mn 


(1) Transformations of resonance spectra 

Single crystals of LiCl-, NaCl- and KCI-Mn 
were grown by Kylopolous method from the 
melting phase containing 1 mol % manganese 
chloride. Since LiCl crystals are very hygro- 
scopic, the crystal growth was performed as 
follows: when the temperature of the furnace 
gradually fell down to about 400°C after 
growing up of a single crystal by some volume, 
the grown crystal was brought out from the 
furnace and quenched to room temperature. 
Then the thermal treatment of crystal sam- 
ples, slowly cooling or quenching, was carried 
out by holding them in a evacuated glass tube. 
For resonance experiments samples were 
coated with polyvinyl lacquer and set into the 
sample capity. Both the quenched and the 
slowly cooled LiCl-Mn crystals gave the same 
hyperfine spectrum of strong intensity, though 
the latter showed also a very weak line with 
the width of about 500 gauss, and the Kyper- 
fine spectrum did not bleach for a few months. 
Contrary to these behaviors, the slowly cooled 
NaCl-Mn crystals had only a broad line with 
the width of about 150 gauss; and the hyper- 
fine lines, which appeared in the quenched 
crystals, bleached out after a few days, as 
observed also by M.F.I.2 

The grown crystal of KCI-Mn was separable 


* The n-value of 8 given in the previous re- 
port®) is incorrect, and hence the calculated values 
given there of solution energy are somewhat dif- 
ferent from those in Table I. 
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in three parts, that is, transparent, cloudyy 
and opaque parts with distinct boundaries. 
The paramagnetic resonance experiments were: 
mainly carried out on the samples taken from) 
the cloudy part. The transparent part showed. 
too weak resonance pattern to carry out fine! 
measurements. The opaque part had a line: 
of the width of 20~50 gauss, which persisted] 
and hardly transformed to other spectrum by/ 
any thermal treatment. In the slowly cooled| 
crystal sample from the cloudy part the over-: 
lapping lines of about 100 gauss and about} 
30 gauss in width were observed. When this} 
samle was quenched from 300~500°C after’ 
heating of short time period (about 30 minutes), , 
only one line of about 30 gauss remained. By’ 
further quenching of this sample, the com-: 
plex hyperfine spectrum was observed, only’ 
central six lines of which were found in the: 
previous paper®, but the period of heating 
necessary for the appearance of this complex 
spectrum seemed to depend on the local posi-— 
tion in the cloudy crystal part. This complex 
spectrum, the intensity of which was much 
weaker than those of NaCl and LiCl-Mn, 
bleached out within a period of 20 hours, and 
could not be reproduced by further quenching. 
From the complex behaviors of KCI—Mn reso- 
nance above described, it was difficult to 
standardize crystal samples and to obtain 
concrete informations of the transformations 
of spectra. Furthermore, the weak intensity 
of the hyperfine spectrum did not allow to 
analyze exactly its complex pattern, but it 
was found that the analysis of this pattern 
could not be performed only by the model of 
Mn** associated with a metal ion vacancy in 
its nearest neighbor. The observed hyperfine 
spectrum is shown in Fig. 3 and from this 
spectrum the following values have been 


= = es 
8800 8700 8600 8500 8400 8300 
gauss 
Fig. 3. a, The observed spectrum of LiCl-Mn in 
[100]. b. The schematic representation of the 
observed spectrum. c. The schematic repre- 
sentation of hyperfine lines for 9=45° (abun- 
dance 4). ds; The schematic representation of 
hyperfine lines for 6=90° (abundance 2) 


|: 1960) 


tentative derived; g=2.005+0.002 and A=83 
lti=&5 gauss. 

| A number of investigators”).3).0 suggested 
‘ith that the broad line spectra resulted from Mn*+ 
it}in some coagulation state and their widths 
it} might be explained by the exchange narrow- 
ing caused by these Mnt*. The degrees of 
} stability of the hyperfine pattern in each 
i) solvent crystal seems to show correspondence 
i) to the calculated values of solution energy in 
“) section 3, and this correspondence may be 
) plausible, if the structure of the coagulation 
ith Of Mn** is similar to that of the MnCl. 
wh crystal shown in Fig. 2. Such a model of 
| Mn** arrangement with the same lattice con- 
stant as host crystal was examined by Oshima, 
| Abe, Nagano and Nagusa”, and was considered 
| unlikely because the line width of 30 gauss 
observed by them for NaCl-Mn feil too short 
of the value (360 gauss) expected from the 
exchange narrowing. It may be allowed, 
it however, to consider that the coagulation 
| state of Mn** similar to this model gives the 
| observed line width of about 150 gauss on 
| account of the exchange narrowing. 


| (2) Analysis of hyperfine structure of LiCl-Mn 
The observed hyperfine spectrum of LiCl- 
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Mn is very simple for the magnetic field H 
in [100] direction compared with those of 
NaCl-Mn and KClI-Mn, as shown in Fig. 4. 
Since it has direction-dependent lines other 
than six central hyperfine lines, following 
spin-Hamiltonian in the crystalline field of 
rhombic symmetry originated from an associ- 
ated vacancy is used: 


H=gBSH+ DS2+ E(S2—S,?) 
—}S5(S+1)+AST. 


Here g, the spectroscopic factor, is assumed 
isotropic. $8 is the Bohr magneton, H the 
external field and S the electron spin operator. 
After the analysis of the spectrum of NaCl- 
Mn by M.F.I., the z-axis is taken as the 
direction connecting Mn** site with the posi- 
tive ion vacancy in its nearest neighbor. 

When magnetic field H is in [100] direction 
of the crystal axis, equivalent vacancy sites 
are classified into two kinds on account of 
crystal symmetry, for which the angles be- 
tween the magnetic field and the z-axis are 
45° and 90° respectively. Using Eq. (3) and 
Table I in M.F.I., one obtains the following 
expressions for each transition representing 
the fine structure of spectrum. 


mol) For 0=45°, 
au ha; ee BOD ie) tek CD pst 
sf (OTOL) DE) oD 3k): 
M=1/2-3/2 Ahn=F D AF ih ico: 
_ A Dat DASE 
M=-—1/2-1/2 A3= Ho + Th 2 Hy , 
ia D+3E (D—E) 5(D+3E)? 
M=-—3/2> —-1/2 Mm=Ho+ 9 se Th 16 Ep Ba 
8D-E)! , (D+3E) 
M=—5/2—> —3/2. Hs=H+(D+3E) 7p 4H , 
Cy) 
MIL). Por @=90°; 
D-E 
M=3/2— 5/2 i Fovop esr) + 2-4 aA Z , 
5(D—E)? 
M=1/2- 3/2 Fa=o+(D+3E ) — ee ) 
2(D—E)? 
M=-—1/2-1/2 H3= Ho es Fie ve 
5(D—E)? 
M=-3/2 1/2 Hi=Hy—-(D+3E)— *P 2” , 
(OEE) 


M=—5/2— —3/2 
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If m is the magnetic quantum number of 
nuclear spin, for the transition M— M-+1 and 
4m=0 the following terms must be added to 
the values of H in Eq. (1): 


—Am— 2 ((L+1)—m?+M2M+1)} Maly 


For the magnetic field H in [110] the expres- 
sions of fine structure transitions must be 
classified into three kinds corresponding to 


(b) 


eM) 90 89 «688 87 86 «aS a4 83 a2 Bil 


© [efwdebeba) a 


e0 79 


baer OL 0 Oe Yd 
(b), (c), (d) 
Fig. 4. a. The higher field part of the observed 


spectrum of LiCI-Mn in [100]. b. The schema- 
tic representation of the observed spectrum. 
c. The schematic representation of hyperfine 
lines for 6=0° (abundance 1) derived from the 
observed spectrum. 


rl 


(a) 
(b) 


i L 
91 90 89 88 87 86 85 a4 83 e2 Bl 80 79 
eee 


(c) 
Re ae ee eesti Ee {ae Ect Mr a ce Oe 
Hi 
Hs 


(b), (c) 

Fig. 5. A part of the observed spectrum of KCl- 
Mn in [100]. Here are shown the six hyperfine 
lines of transition M=-—1/2-—1/2 and the spectra 
in the neighborhood of these lines. 


0=0°, 60° and 90° by taking account of the 
orientations of Mnt* plus a vacancy with re- 
spect to H, and so the observed spectrum is 
more complicated than that in [100] direction, 
as shown in Fig. 5-a. 

From the expressions in Eq. (1), 


H, — Hs =2(A2— 1) 
for both 0=45° and 90°, 
and 
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H,—Hi=—(D+3E) for 0=45°, 1 
_  =2(D+3E) for 6=90°. (3)) 
From the hyperfine pattern in Fig. 4-a, the: 
following results consistent with the above H 
aelations can be easily derived, independently | 
of whether the sign of (D+3£) is positive or | 
negative; |Hi—H;|=349 gauss and |H2— Hit 
=173 gauss for 0=45°, |Hi—H;|=710 gauss) 
for 0=90°, and hence |D+3E|=173 gauss. 
Here the positions of Ai, Hz, Hs and Hs in 
Fig. 4-b are shown for positive D+3E, but’ 
the order of arrangements of H must be 
reversed for negative D+3E. In order te 
determine the sign of D+3£E, one uses the 
overall spacing of six hyperfine lines, —5A— 
5(A?2/2Mo)(2M—1)™, derived from Eq. (2). 
Here A may be assumed to be negative. 
The transition M=—5/2— —3/2 in [110] fali 
in the high field side of Ab for negative 
D+3£E and in the low field side for positive 
D+3E. On the other hand, the overall spac- | 
ing of hyperfine lines of the transition M=3/2 
— 5/2 is smaller than that of M=—5/2—> —3/2. 
Accordingly, the sign of D+3£E can be deter- 
mined from Figs. 3-c and 4-b; in practice, it 
was confirmed by using both the pattern of 
45° in [100] and that of 60° in [110], because 
the accuracy in the calibration of magnetic 
field was bad, that is, about +15 gauss, out- 
side the range of magnetic field between 9000 
gauss and 8000 gauss. Thus D+3E was de- 
termined to be +173 gauss. 
From the expressions representing the fine 
structure of resonance pattern in [110], the 
following expressions for 9=0° can be derived: 


M=3/2—5/2 H,=H)—4D+4E?/Eh , 
M=—5/2—>—3/2 Hs=Hot+4D+4E2/Fh . 


Therefore, the value of D can be determined 
from the resonance pattern of [110] in both 
extreme field sides. The sign of D can also 
be decided in a similar way to the above 
procedure, but it was impossible on account 
of inaccuracy in the calibration of higher or 
lower magnetic field. The absolute value of 
D was found to be 109 gauss. 

For the determination of the values of D 
and F£, the following quantity was introduced 
by taking the difference between H;’s of 0= 
45° and 90° in Eq. (1); 


(D—E)?=(D+3E)/12+4M4H , 


where 4H= H;(45°)—H;(90°). 4H gives the 


degree of superposition of the hyperfine lines 
centered at H; for 0=45° and those for @=90° 
| in [100] direction and it may be less than the 
of observed width of hyperfine line. Hence, by 
1 taking at most 15 gauss for 4H, we obtained 
I |D—E|<150 gauss. By making use of this 
| relation together with D+3E=173 and D=109 
gauss, the following values were determined; * 


=2.003 == 0.001 , 


ig 
A=82 3-5 fauss , 
D=109=+10 gauss , 
HE=25== 0Neausse 


i) §5. Coloration of Alkali Chloride-Mn Cry- 
stals 


(1) Experiments on coloration 
_ The coloration of alkali chloride—Mn crystals 
by Co® y-ray or by pointed cathode method 
was investigated. -ray irradiation of crystals 
was carried out at room temperature for about 
100 hours (dosage: 210° réntgen/hour), and 
the coloration by pointed cathode was per- 
formed at the temperature of 500°C~600°C 
by using a cathode of platinum wire and an 
anode of graphite plate. Optical absorptions 
of colored crystals were measure by Beckman 
DU spectrophotometer. 
(i) Case of NaCl-Mn: Slowly cooled crystals 
showed the optical absorptions of F- and V2- 
centers after y-ray irradiation, as shown in 
curve I of Fig. 6, and the ratio of the in- 
tensity of V2 absorption to that of F' absorp- 
tion was larger than that in pure NaCl cry- 
stals. The resonance absorption of manganese 
with the width of 150 gauss seemed to be 
somewhat reduced by y-ray irradiation. 
Quenched crystals having the hyperfine 
spectrum of Mn** associated with a vacancy 
were colored in dark brown by y-ray irradi- 
ation, but they did not practically show the 
absorption of F and V2 centers; the optical 
absorption curve is shown as curve II in Fig. 
6. The effects of y-ray irradiation on the 
resonance absorption were examined also on 


* Jf one takes the crystal axis as the z axis of 
spin Hamiltonian instead of the Mn**vacancy 
direction, as used by Watkins, D and # must be 
transformed according to —(D+3E)/2 (=De) and 
—(D—E)/2, (= E,) respectively!®. Thus from the 
values of D and E, we obtained D-=—86 gauss 
and B.=44 gauss. These values are in good agree- 
ment with those derived by Watkins. 
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quenched crystals by taking care of thermal 
bleaching of hyperfine pattern at room tem- 
perature. The quenched sample showing 
strong hyperfine spectrum was cut into two 
parts, and one part was irradiated by y-ray, 
while the other part was not irradiated and 
used as a reference sample. After the period 
of 100 hours this reference sample showed 
the line of 150 gauss width and the hyperfine 
pattern, the latter being so weak that only 
six direction-independent lines were observed. 
On the other hand, the irradiated sample gave 
only the line of 150 gauss, the intensity of 
which was much smaller than that in the 
reference sample. 


i 
300 


— —— A 
200 400 500 600 700 600 
—>mp 
Fig. 6. The optical absorptions of NaCl-Mn 


colored by ;-ray irradiation and pointed cathode 
method. Curves I and II show the absorptions 
of slowly cooled and quenched crystal irradiated 
by 7-ray, respectively. Curve III is the absorp- 
tion colored by pointed cathode method. 


In the electrolytic coloration the boundary 
of the range colored in dark brown went to- 
wards the anode with the passage of time 
after the voltage was applied. This phenome- 
non was quite similar to F-coloration of pure 
NaCl crystals, but the darkening of the cry- 
stal was not due to F-absorption. The optical 
absorption of this crystal is nearly the same 
as that of the quenched crystal irradiated by 
y-ray, as shown in curve III of Fig. 6. The 
darkening, which occurred more easily at 
higher temperature, did not disappear by flow- 
ing conversely the electric current with pointed 
anode or by any thermal treatment, though 
the colored crystal was heated up to the tem- 
perature right below the melting point. These 
behaviors are quite different from those of 
F-coloration in pure crystals. 

Darkening by pointed cathode was stopped 
before the colored range reached the anode, 
and then electron spin resonance was measured 
in colored and uncolored parts. Though the 
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same spectrum composed of a broad line of 
about 150 gauss width and weak six hyperfine 
lines was observed in each part as shown in 
Fig. 7, its intensity in the colored part was 
smaller by about 60% than that in the un- 
colored part. When both parts were quenched 
again from the temperature of about 600°C, 
a broad line disappeared and the hyperfine 
pattern was enhanced to show direction de- 
pendent lines. This is just like the behaviors 
of resonance spectrum in uncolored crystals. 
In this case the darkening of crystal was, of 
course, unchanged. 

(ii) Case of KCI-Mn: The irradiation of 
y-ray was carried out only for slowly cooled 
samples taken from both cloudy and opaque 
crystal parts. The coloration in both samples 
was due to F- and V2-absorptions (See Fig. 8), 
and these absorptions in the cloudy sample 
were more intense and stable than those in 


lhe enero wl Vecne Sesel| eee eee ee 
8300 8400 85008600 8700 8800 Gauss 


Fig. 7. The electron spin resonance spectrum of 
of NaCl-Mn colored by pointed cathode method. 
Six arrows show the positions of the six hyper- 
fine lines independent of direction. The broad 
line of about 150 gauss in width is considered 
to be the resonance absorption corresponding 
to coagulation state of Mn. 


200 300 400 500 


me 

Fig. 8. The optical absorptions of KCI-Mn colored 
by y-ray and pointed cathode method. Curves 
I, If and Iff show the absorptions of cloudy 
and opaque parts of KCl-Mn and pure KCl 
after ;-ray irradiation, respectively. Curve IV 
is the absorption colored by pointed cathode 
method, 


600 700 800 
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F- and V2-centers in the} 
| 


the opaque one. 
opaque sample thermally bleached rather fast | 
at room temperature, just like those in pure | 
KCl crystals. The change of the resonance | 
absorption in opaque samples was not recog-. 
nized after y-ray irradiation, but the line of 
100 gauss width in cloudy samples was reduced | 
by about two thirds in its intensity after ir- | 
radiation. | 
The coloration of KCI-Mn by pointed cathode | 
was performed for cloudy samples and its | 
behaviors were different from those of NaCl- 
Mn. Fig. 8 shows the optical absorption of 
colored crystal; here F-absorption is dominant, 
but the absorption similar to that of NaCl- 
Mn colored by pointed cathode is seen in the | 
ultraviolet region. In the resonance experi- 
ments no appreciable absorption was observed 
except that of F-center after coloration. 
(ii) Case of LiCl-Mn: LiCl-Mn crystals, 
which have the hyperfine spectrum, gave F- 
absorption band (890 my) after y-ray irradi- 
ation. The informations of absorption in 
shorter wavelength range below 300 my could 
not be obtained on account of the absorption 
of the polyvinyl film coating the crystal for 
optical measurements. The spin resonance 
spectrum of the colored crystal gave a broad 
line of about 500 gauss width in addition to 
the hyperfine pattern, the intensity of which 
was somewhat weaker than that before color- 
ation. 


(2) 

From the above experiments it has become 
clear that the quenching of F-centers occurs 
in both the darkening by pointed cathode and 
that of quenched crystals by y-ray irradiation 
for NaCl-Mn. As proved out by Watkins and 
Yokozawa.) in resonance experiments, most 
of Mn** ions are dispersed in the crystal from 
their coagulated states and many free positive 
ion vacancies are generated at such a high 
temperature as that of electrolytic coloration. 
Hence the electrons injected from pointed 
cathode will be captured by isolated Mn*+ 
ions, if the probability of Mn++ for electron 
capture is larger than that of negative ion 
vacancy, and then Mn** ion or its complex 
may be formed in the crystal instead of F- 
centers. This mechanism of F-center quench- 
ing may be supported to some extent by the 
following experimental results: the darkening 
by the absorption in the ultraviolet region 


Discussions on coloration 


‘mtensity of Mn*t+ resonance spectrum in the 
“feolored crystal. The darkening of quenched 
““NaCI-Mn crystals by y-ray will also be ex- 
| plained by using the above considerations. 
Mn** ion and a positive ion vacancy are as- 
“sociated in the quenched crystal and they may 
‘| be dissociated by thermal spike caused by ;+- 
|ray irradiation. Then isolated Mn++ ions and 
“excess free positive ion vacancies will catch 
‘Yfree electrons and holes created by 7-ray to 
‘}from Mnt- and V-type centers, respectively.* 
‘| The darkend crystal, in fact, shows the same 
‘| optical absorption as that of the electrolytically 
‘| colored crystal and an absorption near 220 my 
‘} in the ultraviolet region (curve II in Fig. 6). 
| On the other hand, the hyperfine spectrum of 
‘|}Mn*+ ion plus a positive ion vacancy com- 
| pletely vanished after y-ray irradiation. From 
| the above explanations there seems to be no 
resonance absorption attributed to Mn* type 
‘center. Hayes and Jones’ reported Llewel- 
} lyn’s resonance experiments of irradiated 
} NaF-Mn, in which any spectrum attributed 
| to Mn+ was not found even at 4°K. 

| In the pointed cathode experiments of KCl- 
/ Mn crystals the darkening was mainly due to 
| F-absorption, and the absorption correspond- 
} ing to that of the electrolytically colored 
| NaCl-Mn was very weak (curve IV, Fig. 8). 
In the resonance experiments of the colored 
crystal no line was observed. In this case it 
| may be considered that the quenching of F- 
center could not be clearly observed because 
of the following reasons; that is, the Mn 
content in KCI-Mn single crystal is very small 
on account of the low solubility of Mn and 
hence the number of free Mn*+ ions be- 
come extremely small, particularly depending 
on the conditions of coloring operations. But 
_ further investigations will of course be neces- 
sary for definite conclusions. 

In the y-ray coloration of slowly cooled 
NaCleMn and KClI-Mn (cloudy) crystals the 
darkening was sensitized and the ratio of the 
number of V2-centers to that of F-centers was 
larger than the ratio of pure crystals. It is 
well known that the sensitization occurs in 
KCl-Ca crystals, in which positive ion vacan- 


- * Jt would be unlikely from the experiments of 
Z-centers of alkali halide crystals containing diva- 
lent ions that a free electron is trapped by Mn** 
associated with a positive ion vacancy. 


Paramagnetic Resonance of Manganese in Alkali-Chlorides 


443 


cies are not associated with Cat+ ions'®. On 
the other hand, from the ionic conductivity 
experiments”, the conductivity of slowly cool- 
ed crystal of NaC]-Mn is lower than that of 
quenched one. Therefore, the above sensiti- 
zation phenomenon seems to contradict to the 
conductivity experiments. But it may be al- 
lowded to consider tentatively that free excess 
positive ion vacancies are supplied by 7-ray 
irradiation from the coagulation states of Mn++ 
ions and they contribute to the sensitization 
of darkening. The resonance experiments did 
not give any information supporting the above 
consideration and so further experiments are 
necessary. 

The above explanation of the F-center 
quenching may be contradictory to the 7-ray 
darkening of LiCl-Mn crystal, since Mn++ 
ions in LiCl are in dispersed state and F- 
coloration occurs. Moreover, this crystal was 
not colored by pointed cathode method. These 
problems are not yet solved. 


§6. Summary 


(1) It was found out that the state of 
Mn** associated with a positive ion vacancy 
was most stable in LiCl at room temperature. 
It has been considered that the complex be- 
haviors of KCl-Mn in thermal treatments, 
which depend on crystal samples, show the 
low solubility on Mn in KCI crystals. The 
results of the calculations of solution energy 
indicated the tendency of solubility correspond- 
ing to the above facts. 

(2) The electron spin resonance of LiCl- 
Mn and KCl-Mn was observed, and the spec- 
trum of LiCl-Mn was analyzed, assuming the 
model of Mn*+ associated with a positive ion 
vacancy. The constants of spin Hamiltonian 
have been estimated for LiCl-Mn as follows: 
g=2.003+0.001, A=82+5 gauss, D=109=-10 
gauss and EL=25+10 gauss. Though the 
spectrum of KCl-Mn was not analyzed, the 
values of g and A have been given from the 
direction independent hyperfine lines as fol- 
lows: g=2.005-+0.003 and A=83=+5 gauss. 

(3) The experiments of coloration of LiCl-, 
NaCl- and KCl-Mn were carried out by 7-ray 
irradiation and pointed cathode method. In 
the NaCl-Mn it was found that the quenching 
of F center occurred in colored crystals by 
pointed cathode and in quenched crystals 
irradiated by y-ray. About these phenomena 
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some speculations have been performed. 
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Below liq. H, temperature down to liq. He temperature, it seems that 
the protons of NH; ligand are rotating or tunneling about three-fold axis 
in the complex ions of M(NH3). type. Above liq. H, temperature, there 
occurs the molecular reorientation in addition to the rotation or the 
tunneling of the protons of NH3 about three-fold axis. 

The difference of the line width between the diamagnetic and the 
paramagnetic salts at room temperature is explained by taking account 
of the short 7; in the paramagnetic salts. 

The magnitude of the observed shift at low temperature is proportional 
to the susceptibility and such a relation is derived theoretically by evaluat- 
ing for three spin system. Comparing each line width and the shift of 
Co and Mn salts with those of Ni salt, it is suggested that the distance 
between hydrogen atom and the metal ion in Co and Mn salts is much 
larger than that in \Ni salt. In the measurements on the salts of 
Ni(NHs3)eCly and Ni(NH3)6(ClO,)2 at low temperature, there happened an 
unexpected phenomenon that the proton line disappears suddenly, though 


the reason of which is not yet certain. 


Introduction 


1. 


In many complex salts, they contain H.O, 
NH; etc. as the coordinate ligands. It seems 
of interest to study the behavior of these 
lingands which are in molecular state in the 
~ complex salt. 

In the present paper, especially, the behavior 
of NH; in the complex salt and the effect of 
the electron spin on nuclear magnetic reso- 
nance were studied by nuclear resonance 
absorption method. The complex ions under 
cosideration are of M(NHs3). type, which forms 
an octahedron with d?sp* bond between M and 
six NH3. The metal ion M locates at the 
center of the octahedron, and NH: locates 
at the corners. It may be supposed that three 
hydrogen atoms in NH; locate symmetrically 
around three-fold axis which joins the cen- 
tered metal ion to the nitrogen atom. If these 
hydrogen atoms undertake such a motion as 
a hindered rotation about three-fold axis, the 
line of proton magnetic resonance absorption 
is changed due to this motional effect. 
Accordingly, by studying the temperature 
variation of the line width and the second 
moment the present writer intended to inves- 
tigate the behavior of NH; in the complex 
ion. In the analysis of the line shape caused 
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by NHs, the theoretical calculation for the 
three spin system is adopted”, and a com- 
parison between calculated and experimental 
values of the second moment will provide an 
information concerning a rotational process”. 
Recently, Murray and Waugh” investigated 
the structure and molecular motion of the 
cobalt complex salts by studying the nuclear 
resonance above liq. air temperature. 

In the paramagnetic salts, owing to the 
interaction between nuclear and electron spins 
besides the interaction between nuclear spins, 
the analysis of the line shape is rather com- 
plicated than in the diamagnetic salts. There- 
fore, it was discussed first the behavior of 
NH; in the diamagnetic salts, and then the 
interaction between nuclear and electron spins 
in the paramagnetic salts was studied by 
nuclear resonance by taking account of the 
results for the diamagnetic salts. The elec- 
tron spin fluctuates so rapidly by an effect of 
the short electron spin relaxation time that 
we may consider the interaction between 
nuclear spin moment and the time-averaged 
electron spin moment which is parallel to the 
magnetic field». Since the time-averaged 
electron spin moment parallel to the field is 
given aS #=%arllo, where Xa: and Ho are the 
atomic susceptibility and the field strength 
respectively, the shift of the absorption line 


445 


AAG Pil Hyon KIM (Vol. 15,}) 


is expected to be proportional to the field 
strength, and if the atomic susceptibility 
obeys the Curie law, the shift is inversely 
proportional to the absolute temperature T. 
We may expect that, if the atomic suscep- 
tibility is known, the unknown distance 
between the hydrogen atom and metal ion is 
estimated by observing the line shift. 

It is well known that the spin-lattice 
relaxation time 7, decreases by a presence 
of the paramagnetic impurities”, and there- 
fore, a short 7; value is expected in the 
paramagnetic salts. The line broadening in 
the paramagnetic salts seems to be caused 
by such a effect. In applying B.P.P.® equa- 
tion in such a case, the electron spin relaxa- 
tion time o should be chosen as the correlation 
time Te. 


§2. Experimental Procedure 


(2.1) Apparatus 

The block diagram of the apparatus is 
shown in Fig. (2.1). The measurements were 
carried out at 15.5Mc by using an autodyne 
detector. The signal picked up from an 
anode circuit of the oscillator and introduced 
to a narrow band amplifier, was detected by 
a phase sensitive detector™. The derivatives 
of the absorption signal were obtained on the 
recording milliammeter by sweeping the static 
magnetic field slowly over a required range. 
The field was swept automatically or manually 
by supplying the direct current through the 


Phase sens, 
detector 
yey 


\ 


Fig. 2.1. The block diagram of the apparatus. 


2A3 DH3A pies Se 


Fig. 2,2, The circuit of the sweeping field. 


coil wounded separately from the main coil., 
In the circuit as shown in Fig. (2.2), switching; 
off K, the direct current passing the coil was) 
increased. By replacing the capacitor C for’ 
another, the time rate of sweeping field was} 
changed. In manual operation, by sliding the ] 
resistor R the strength of the current was} 
changed. The current in the main coil was} 
supplied from the batteries of 120 volts, and 
the field strength was obtained about 4106 
gauss by passing a current of 8 amperes.. 
The pole piece of the electromagnet was 10! 
cm in diameter with a gap of 4cm ane¢ 
shimmed to improve the uniformity of the 
field at the center of the gap', and the field 
was modulated by a 30 c.p.s. oscillator®. The 
measurements at low temperature were car. 
ried out by using a r.f. spectrometer oi 
Pound-Watkins type™. 


(2.2) Preparation of the samples 

(a) Co(NHs3).Cls 

CoCl:-6H20 and NHi«Cl was dissolved in 
water, then we added concentrated aqueous 
ammonia solution and a small amount of the 
charcoal to the above solution. After browing 
air into the above mixture till the color of 
the solution changes from red to yellow-brown, 
it was filtered. The precipitated micro-crystal 
and charcoal were dissolved in hot concentra- 
ted HCl and was filtered. In cooling slowly 
the solution, the yellow-brown fine micro- 
crystals of Co(NHs)sCls were precipitated. 
The sample was purified by dissolving it in 
hot concentrated HCl and repeating the above 
procedure. 

(b) Ni(NHs)6Cly 

The powdered sample of Ni(NHs3),Cl. was 
prepared after reference 13. For the prepara- 
tion of the single crystal, the powders of 
Ni(NHs3)eCl. was dissolved in aqueous ammonia 
solution to get a _ saturated solution of 
Ni(NHs)sCl,. A single crystal was recrystal- 
lized from the above solution, but the 
recrystallization was difficult because the 
solubility of the samples varied with the 
concentration of ammonia in the solution; the 
more the concentration of ammonia was 
decreased, the more the solubility increased. 
The (111) surface grew comparatively rapid 
and the single crystal of 10mm in diameter 
and of 5mm thick was obtained. 

(c) Ni(NHs)¢6(ClO,4)2 

NiCl;-6H2O was dissolved in the aqueous 


Fmonia solution of 2% NH.ClO;. Then, the 
Flight blue fine micro-crystals of Ni(NH3)s(C1O.)» 
‘were precipitated. 

(dd) Co(NHs)sCls, Mn(NHs3)eCls, Fe(NH3)6Cl» 
! Each hydrated salt was dehydrated by keep- 
‘ing the temperature above 200°C. The dehy- 
“Y drated salt was kept off from air and let flow 
» the ammonia gas slowly, then we got the pow- 
W der of pink Co(NHs3)sCl, white Mn(NH3),Cl. 
“and milk-yellow Fe(NHs)cCl, respectively. 
') These salts were kept in ammonia gas. 
Co(NHs3)6(Nos)3 and trans-Co(NHs).(Noz)2(NO3) 
i were also used under test. 


} §3. Measurements on Diamagnetic Complex 
Salts 


‘| (8.1) Experimental results 

In the measurements at a temperature 
' ranging from liq. He temperature to room 
temperature, it is found that the line shape 
1 is a single peak without any fine structure 
over the whole temperature range. The 
observed values of 6H and 4H,” in micro- 
- crystals of Co(NHsz)sCl; are given in Table 
(3.1) and the temperature dependence of 0H 
is shown in Fig. (3.1), where 6H and 4H,? 
} are the line width measured between maxi- 
|. mum and minimum slopes and the second 
moment of the absorption line respectively. 


Table III-1. 
temp. A Hp?(gauss?) | 6 H(gauss) T,(sec.) 
room 3.0 
200°K 3.6 
90°K BAO) USD 
60°K iS) Bis Ut 
20.4°K 20.1 ie ee ~0.03 
10°K 20.6 10 ~0.1 
BAR Zw 10 ~0.5 
10 
se 
(Ze) 
i22) 
S 
io} 
Le) 
6) 
10 50 100 200 300 (°K) T 
Fig. 3.1. The line width versus temperature in 


Co(NH3)6Cls * 
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The relaxation time 7, values is also shown 
in Table (3.1). As it seems that 7, values 
depend on the purity of the sample, it may 
be fairly doubtful to consider that 7, values 
thus obtained give the definite character of 
the sample. 

All results for Co(NHs)s(NOs)s are as same 
as for Co(NH;)Cl; within the experimental 
error, and also a same situation holds for 
trans-Co(NH3).(NO2).(NOs), as to the line shape 
and the line width. 

(3.2) Discussion of the results 

The structure of Co(NH3),’+ is as shown in 
Fig. (3.2) and Co atoms in the unit cell are 
in the face center cubic symmetry™. Co-N 
distance is 1.9 A and the structure of NHsz is 
assumed to be just the same as gaseous NH3 
molecuJe as shown in Fig. (3.3). 


(3.3) 
The structure of Co(NH3)¢3*. 
Fig. 3.3. The structure of NH3. 


In treating the resonance absorption of 
protons in NH:, the calculation for three 
spin-system is available. In the absorption 
line, there are two side peaks on both side 
of a center peak in rigid lattice, and these 
side peaks disappear when a motion or tun- 
neling of a triangular configulation of equidis- 
tant proton about three-fold axis occurs. In 
case of triangular rotor, 0H can be estimated 
as follows: 


0H~2 ea, py *=9.8 (gauss) 


where yv is the proton magnetic moment and 
y is the distance between protons. This value 
is comparable to that observed below lig. Hz 
temperature. 

We find in Fig. (3.1) that the line width 
changes over a wide temperature range as 
like as Murray et al. have pointed out. 
However, the line width increases as yet 
below lig. air temperature. Such fact is 
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contrary to their assumption that the line 
width at liq. air temperature corresponds to 
that of protons which are rotating about 
three-fold Co-N axis. Murray et al. have tried 
to interpretate the reason of the slow change 
of the line width above liq. air temperature 
by assuming the reorientation of two types 
of the cation, the transition point of which is 
different. However, the residual motion of 
NH; seems to occur easier rather than the 
reorientation of the cation. 

The second moment in rigid lattice for 
powdered sample is calculated by using Van 
Vleck’s second-moment formula. For a sys- 
tem rotating about a certain axis, the second 
moment becomes, 


(4 Ae”) rot = 1/4(3 COS?7 jx 7 1)?(4 Ae?) right 


where yjx is the angle between 7;x and the 
axis of rotation of rjx, which is the inter- 
nuclear distance between nuclei 7 and k. For 
the system under consideration, since inter- 
nuclear distance, nuclear spins and g-values 
are already known, we can compute the second 
moment in both cases. The calculated value 
of the second moment due to the dipolar 
broadining of the protons in a given NHs3 is 
38.6 gauss? for rigid and 9.7 gauss? for trian- 
gular rotor, and, taking account of the dipolar 
broadening caused by the protons of another 
NHs and by another nuclei, the total values 
are ~46 gauss? and ~14 gauss? for each case 
respectively. In comparing the second momet 
in rigid and triangular rotor with the observed 
values and taking account of the discussion 
of the line width, we may reasonably conclude 
that there occurs the hindered rotation or the 
tunneling of protons in each NHs about its 
three-fold axis below liq. H. temperature, and 
occurs the reorientation of NH; as a whole 
or the cation in addition to the above 
mentioned motion above liq. H. temperature. 


§ 4. Measurements on Paramagnetic Com- 
plex Salts 


In this section we will concern the effect 
of the electron spin on nuclear resonance 
absorption in the paramagnetic salts, making 
use of the knowledge of the behavior, the line 
width and the line shape of protons in the 
diamagnetic complex ion which has been 
discussed in the previous section. 

It is of interest to know how the line width 
and the line shift change with spin number, 


and the measurements were carried out ony 
various metal ions of the complex salts of! 
M(NHs),Cl, type. .The Ni?+ ion has two 
unpaired electrons, Co?* and Fe?+, Mn** ion) 
have three, four and five unpaired electrons: 
respectively. | 


(4.1) Line width at room temperature | 

The observed line width at room temperature? 
of Ni(NHs3)sClz, Ni(NHs)6(ClO«)2, Co(NHs)eCl,, 
Fe(NH3),Cl, and Mn(NHs)sCl, are shown in) 
Table (4.1). The values in Table (4.1) are? 
those obtained at a field strength Ho=3709 
gauss, and did not change at Ho=2000 gauss: 
whithin experimental error. As seen in the: 
table, these values show nearly the same: 
value with each other. In the above table,. 
the line width of the diamagnetic salt of 
Co(NHs3)sCls are also included as a reference. 
Each line shape of these paramagnetic salts: 
is a single peak and the line width shows a 
quite large value as compared with that of | 
Co(NHs3)6Cls. | 


Table [V-1. 

Samples OH O Hpara(=0 H— 6 Haia) 
Ni(NH3)¢Cl, 7.1 gauss 4.1 gauss 
Ni(NH3)g(C10O,4)2 |7.0 4.0 

para |Co(NH3)¢Cl, 6.5 45) 
Fe(NH3)6Cly 6.9 | 3.9 


Mn(NHs3)6Cl, —‘|[7.0 4.0 


dia |Co(NHs)sCl; [3.0 


The difference of the line width between 
diamagnetic and paramagnetic salts may arise 
from the unpaired electron in the paramag- 
netic salts. As we found no large difference 
in the magnitude of the line width of the 
paramagnetic salts, it seems that the magni- 
tude of the line width is not much affected 
by the number of the unpaired electron, or 
the electron spin number. Such a result may 
be explained by the following discussion. 

In the paramagnetic salts, the proton in 
NHs may be in rotation about three-fold axis 
as in the diamagnetic salts. It may be con- 
sidered that the line width consists of two 
terms, one is due to the mutual interaction 
among the protons in NHs3, and the other is 
due to the unpaired electrons. The former 
seems to be the same as the line width in the 
diamagnetic salt and is denoted by OHgia, and 


ithe latter due to the unpaired electrons is 
denoted by OHpara. Then, the line width in 
the paramagnetic salts may be expressed as, 


0H~0 Agia t OMlnsta - 


(4.1) 


By use of the observed values, OHpara= 
| 0H—OHgia is obtained as about 4 gauss. Of 
course, in order to express relation (4.1) by 
| the characteristic temperature 7, and 7», it 
“must be consider the line shape. However, 
“we may study the origin of OHpara by the 
| order estimation without regard for the line 
shape. 

As the origin of OHpara, the contribution 
due to the distribution of the shift, if exist, 
-to the absorption line may firstly be con- 
i idered. We may consider such an effect by 
_the following way; the line shift, due to the 


|| interaction between electron and nuclear spins, 


may be expected. However, if the magnitude 


h of the time-averaged magnetic moment is 


slightly different in each ion, the line will not 
be equally shifted, and the distribution of the 
shift contributes to the line width. Next, the 
contribution of the short 7, caused by the 
electron spin to the absorption line, is also 
regarded as the origin of OHpara. The second 
contribution is to be connected with the second 
moment due to the electron spin, and will 
depend on a square of the effective spin 
moment 7.?4?S(S+1). By the aid of the 
calculation in Appendix, as the contribution 


_ of the electron spin to the line shift, at room 


temperature and AHy=3500, gauss shows the 
value less than 2 gauss, even in Mn?* in which 
the magnitude of the electron spin moment is 
the largest of all the concerned samples, the 
width due to the distribution of the shift will 
become too small. Therefore, the first con- 
tribution mentioned above is faint, and only 
the second contribution of the short 7i on 
OApara Will dominate. 

The line width due to the relaxation time 
T; is expressed as, 


OWpara® 1/ Ti 


where 


OWpara=7 v9 Hpara - (4.2) 


By substituting the observed value of OHpara 
in above expression, we can estimate the Ti 
value as 7:~10~ second. 

As the orientation of the nuclear 
the paramagnetic salt fluctuates by the pre- 


spin in 
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sence of the interaction between electron and 
nuclear spins, B.P.P. equation can also be 
adopted replacing the electron spin relaxation 
time o for the correlation time te. 

1/T,=0.9%"7 pr 2S(S+ rar ’ (4.3) 
where 7» and y. are the gyromagnetic ratio 
of the proton and the electron respectively, 
and S is the electron spin number, 7/p-< is 
the distance between the hydrogen atom and 
the metal ion. For Ni?+ ion, assuming that 
Ni?+*—N distance is 1.9 A, 7»_. is estimated 
as 2.5 A by use of the data of the crystal 
structure. 

As the origin of the electron spin relaxation 
time oe, besides the spin-lattice interaction, the 
spin-spin and the exchange interaction is also 
to be taken into account. In order to obtain 
the 7; value estimated by using the observed 
value of OHpara, the electron spin relaxation 
time is to be chosen as p~10-" sec. in (4.3). 
Since the relaxation time due to the spin- 
lattice interaction is longer than the other 
two, it is left out of the present discussion. 
Firstly, the electron relaxation time due to 
the spin-spin interaction, for which the estima- 
tion in order is possible, be considered, and 
that due to the exchange interaction will be 
considered later. The frequency deviation 
due to the electron spin-spin interaction is 


[< eo? dav]? ee }) : 


Hence, the electron spin-spin relaxation time 
Os is represented as, 


(4.4) 


1 ard Ye—e 
aol 2 ren V S(S+ 1) ‘ 


where 7c-- is the distance between two metal 
ions. In Ni?* ion, the distance of the nearest 
neighbor ion is 7.1 A and ps~10-" sec. are 
given by relation (4.5). Over all the samples 
of Ni, Co, Fe, and Mn salts, if the line shape 
is of similar type and v-_-. is nearly the same, 
os is inversely proportional to y.2V S(S+1), and 
we get from (4.2) 


ee (4-5) 


[< do? 


0 Hpara* VS(S+)) bien wit (4.6) 


1 p—e° 
The above result will be easily derived after 
Anderson’s expression for the narrowing of 
the line width’ 


rete WS(S+ 1) oe Be ——— i! 
renVvy SS+ 1) Tr p—® VS(S+ uy) rp e 


where w” is the value of the second moment 
due to the interaction between nuclear and 
electron spins on angular frequency scale. 
and wy, is the reorientation angular frequency 
of the electron spin. In above case, the 
distance between proton and electron spins is 
assumed to be the same. Such an assumption 
may be plausible by considering the fact that 
each of the salt hasa similar crystal structure, 
and the length of the unit cell @ is almost 
the same as seen in Table (4.2). The crys- 
tal structure of these salts is the face centered 
cubic as shown in Fig. (4.1) and the distance 
of the nearest neighbor ion is that between 
the corner and the face centered ions. 


(4.7) 


Table IV-2. 
samples ao 
NiCly-6NH,, | 10.064 A 
CoCl,-6NH; | 10.10 
FeCl.-6NH; 10.14 
MnCl,-6NH; 10.198 


© Metal ion 
© Cl 


Fig. 4.1. The crystal structure of M(NH3)Cl.. 


As we see in Table (4.1), the values of 
OHpara are nearly the same in all samples 
and do not depend on VY S(S+1) as if it seems 
to contradict to relation (4.6). Such a fact 
can be reasonably explained by taking the 
presence of 7p. into account. In comparison 
of the values of 0Hpara in Co and Ni salts, 
the former must be 1.4 times as large as 
that of the latter because of (VS(S+1))ni: 
(VS(S+1))co=1:1.4. On the other hand, the 
ratio of the experimental values of OMpara in 
Co and Ni salts is about 0.85, which fact will 
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lead us to take in relation (4.6) as (7p-c®)Ni:!! 
(rr-)Co=0.6:1. Hence, 7». in Co salt would} 
be larger than that in Ni salt by an amount} 
of 0.2 A. Such a fact agrees with the result j 
of the analysis of the crystal structure and ith 
is also considered by comparing relatively the» 
magnitude of the shift of these salts at low) 
temperature. Likewise, in comparison of the 
values of OHpara in Mn and Ni salts, 7p im 
Mn salt must be taken about 2.8 A which is} 
larger than that in Ni salt by an amount of 
0.3 A. | 

Inspecting the susceptibility data’, we can 
find that the exchange interaction exists in 
these salts except for Mn salt. If the ex- 
change interaction takes an important role in 
narrowing the line width, the values of OHpara 
in another salts than Mn will become so smal! 
comparing with OHpara of Mn salt that the 
effect of the exchange interaction, if exist, is 
not prominent as compare with that of the 
spin-spin interaction. 
(4.2) Line shift at low temperature 

Since the time-averaged electron magnetic 
moment s is not large in the field strength 
of 2000~3000 gauss at room temperature, the 
contribution due to the interaction between 
electron and nuclear spins to the first moment 
of the absorption line has not been taken into 
account in the previous discussion. At low 
temperature, however, the magnitude of 2 
increases as temperature falls and is inversely 
proportional to the absolute temperature T. 
Thus, the contribution to the first moment 
becomes important. 

In the field strength of H)=2000 gauss, the 
distinct shift is not observed above liq. air 
temperature in all salts. In the present ex- 


—»—— 


(AO) 


—o— Ni (NH3)¢ Cle 
a Ni (NH3)g(Cl Og)2 
g 
|KO} pe 
O 
O 10 20 (°K) 


Fig. 4.2. The.shifts versus temperature at A= 
2000 Oe.. 


4} 1960) 


periments, the shift of the absorption line was 
Ameasured comparing with the signal of the 
j proton in water sample which set on near the 
sample separately. 

i (4.2 a) Ni(NHs)6Cls, Ni(NHs)6(ClO,)2 

4 In Fig. (4.2) and (4.3), the temperature and 
| the field dependence of the shift are shown 
respectively for powdered samples. As seen 
: in Table (4.3), we have found an anomalous 


| Pears suddenly at a definite temperature, 
; _below which the proton line has not been 


40- —A- Ni(NHs3)6(ClOglo : at 10°K 
—o— Ni (NH3)¢Clo sat 4.2°K 


10) 2000 4000 Ce 


Fig. 4.3. The field dependence of the shift at the 
constant temperature. 


Table IV-3. 

Samples | Ni(NH3)Cly | Ni(NH;)9(C10,)2 
disappear 

tem. (°K) | a6 | eu 


Fig. 4.4a. The derivative curve of Ni(NH3)sCl, 
at 4.2°K. 
=30 0 40 gauss 


Fig. 4.4b. The line shape of Ni(NH3)6Cl, obtained 
from Fig. 4.4a. 
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observed®. Such an anomalous phenomenon 
above mentioned has occured in irrespective 
of the field strength and reversibly in chang- 
ing the temperature. According to Moriya’®, 
the spin-lattice relaxation time of proton in 
a salt in which the spin degeneracy is com- 
pletely lifted by the crystalline electric field, 
is expected to increase exponentially below 
the temperature that is comparable to an 
interval of the splitting of lowest spin levels. 
In contrast, the 7; values of these salts were 
shorter than 10-* sec. above the temperature 
below which the proton line was not observed. 

As an example, the proton line of 
Ni(NHs3)6Cl, at 4.2°K is shown in Fig. (4.4). 
The line draws a long tail on the side of the 
low field and is cut on the other side. For 
a powdered sample of Ni(NHs)sCle, the color 
of the sample was also examined by using 
the glass cryostat near the temperature at 
which the proton line disappears, but the 
change in the color of the sample was not 
observed in a temperature range from 1.5°K 
to liq. Hz. temperature. 

For the single crystal of Ni(NHs3)sClo, the 
proton line disappeared also at 1.6°K just the 
same as for powder. Applying the field in 
[111] direction the single peak without shift 
was observed and when the field was applied 
in [100] direction the line separated in two 
peaks at 4.2°K. The width between these 
two peaks was about 15 gauss at Hy=2000 
gauss and it decreases in nearly a half at 
Ay=1000 gauss. 


(4.2 b) Co(NHs3)6Cle, Mn(NHs)6Cle 

As in Ni salts, the shift of the absorption 
line was observed at low temperature as 
shown in Fig. (4.5). The line was broadened 
with increase of the shift, and it is hard to 
catch exactly the center of the shifted line. 
In Mn salt, it showed the larger shift and the 


gauss 


—o— Co(NHa)e Cle 
—O— Mp(NH3)6Cle 


O 
20 (°K) 


(0) 10 


Fig. 4.5. The shifts versus temperature at Hy 
2000 Oe.. 
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line was more broadened, hence, the shift 
was not measured below liq. He temperature. 
In these salts, such an anomalous phenomenon 
occured in Ni salts was not observed over the 
whole temperature range. 


(4.3) Calculation of the line shape and the 
shift 

For a system concerned with, the elements 
of a secular determinant is calculated by 
using the wave function of three spin system 
as seen in Appendix, when three spins couple 
with each other, The secular determinant is 
consisted of two parts and each of them is 
four column determinant. In a rotating 
system, non-diagonal elements vanish and the 
energy term is easily calculated. The com- 
ponent line of the powdered sample of 
Ni(NHs3)6Cle at Ho =2000 gauss is derived from 
the calculated energy diagram and is shown 
in Fig. (4.6). It seems that the maximum 
region of the component line corresponds to 
the center of the observed shift. 
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When the interaction between nuclear and 
electron spins becomes larger than thai 
between nuclear spins, the nuclear spin will 
couple with the electron spin directly. Foo 
the decoupled system mentioned, the energy 
diagram is also calculated and shows the 
centered component line shifted by same 
quantity as for the coupled three spin system) 
However, as the mode of the dipolar interac 
tion of nuclear spins and the transitior 
probability between the energy levels differ 
from that in the coupled system, the line 
shape is slightly different. 

For a single crystal, applying the field i 
[111] direction, the angular factor (3 cos? @—1 
of the perturbing energy reduces to zero arc 
the line without shift is to be observed 
When the field is applied in [100] direction 
NH3 in a complex ion may be classified inte 
two groups. In Fig. (4.7), a and b form a 
group of which line shifts to the high field! 
and c, d, e and f form another group of whicl 

line shifts to the low field. The ob» 
served line in the single crystal od 
Ni(NHs)sCle seems to be composed 0 
these two parts. 


Ho 


b 
Ho-H* 
-40 -30 20 =10 0 io 20 307 gauss Fig. 4.7. The groups of NH3 in Ni(NH3)¢2*. 
Fig. 4.6a. Each component line. (4.4) Comparison of the line shift ane 


-40 


O 


Fig- 4.6b. The composed component line. 


the magnetic susceptibility 

As the shift is proportional to the 
time averaged moment, namely pro: 
portional to the magnetic susceptibility 
at Hy=const., in both coupled and de 
coupled system (see Appendix), the 
comparison of the shift with the sus. 
cep tibility may be undertaken. Ir 
order to compare the shift with the 
susceptibility data, the curve of the 
molar susceptibility versus temperature 
obtained by Kido and Watanabe” is 
quoted in Fig. (4.8). 

For each salt, the temperature de 
pendence of the shift shwos the simila: 
behavior as that of the molar suscep 


30 gauss 


al 
yh Comparing the shift of Ni(NHs)o(ClO,.». and 


tibility as seen in Fig. (4.2), (4.5) and (4.8). 


Co(NHs)eClz, at 10°K, it turns out the shift 


: of Ni(NHs)6(ClO2 is larger than that of 
i; Co(NH3z)Clz in a ratio of 1.1:1 on the con- 
yj trary to the fact that the molar susceptibility 
iy Of the latter 
igh LOrmer. 
. is larger than that in Ni(NHs)s(ClOs). by an 


is larger than that of the 
But, assuming 7p-e in Co(NHs)eCh 


amount of 0.2 A as was given in previous 
section, the difference of the observed shift 
can be well explained. However, the ratio of 
the shift in Mn(NHs3)eCl, and Ni(NHs)e(ClOx)s 


. is smaller than that of the expected shift 


from the susceptibility data even though 7p-. 


‘| in Mn salt is larger than that in Ni salt by 


an amount of 0.3 A as was given in previous 
section (compare Fig. (4.5) and Fig. (4.8)). 


4 —e— Ni(NHs)eCle Xn 
x10" —a— Ni(NHs3)e(ClO4)e 
30 —4— Co(NHs)eCle 
--0-= Mn(NHs)e Cle x10 


(right scale) 


20 


0) 
20 (°K) 


(0) 
Fig. 4.8. The molar susceptibility versus tem- 
perature. 


In this case, since it is hard to assume that 
Yp-e in Mn(NHs)sCle would be still larger by 
an amount to account for the difference of 
the shift, the discrepancy may not be simply 
explained by the difference of v»-e in these 
salts. 


§5. Conclusion 


The behavior of NH; was investigated in 
the diamagnetic complex salts, and the ob- 
served line width and the shift of the absorp- 
tion line in the paramagnetic salts were 
explained by the interaction between nuclear 
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and electron spins based on the observed 
results in the diamagnetic salts. In com- 
parison of the line width in each salt at room 
temperature and that of the shift and the 
susceptibility at low temperature, the differ- 
ence in the distance between hydrogen atom 
and metal ion was estimated. 

The mode of the temperature dependence 
of the shift is similar to that of the suscep- 
tibility. However, in Ni salts at low tem- 
perature, the absorption line disappeared and 
the shift could not be observed in spite of the 
fact that the susceptibility could be measured 
continuously. The paramagnetic resonance 
could not be observed in these Ni salts. 
Recently, for Ni(NHs)sCl., Date! observed 
the paramagnetic resonance above 74°K, and 
below which he could not observed the 
resonance line because of the disappearence 
of the resonance line. It may be concluded 
that the proton line can not be observed 
because of either a sudden increase of 7; or 
a sudden broadening of the line. 
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Appendix 

Taking into account of the interaction 
between nuclear and electron spin, a calcula- 
tion of the energy term of three spin system 
is carried out and the magnitude of the shift 
in the paramagnetic salt is derived. Firstly, 
the coupled three spin system is taken under 
consideration. 

The effective Hamiltonian for this system 
is 

3 

Het=gBHo 3) Lest 31 Tle 3lejles) Ae 


— 3 lyBy= +H, (1) 
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where 
A je=438" 87 jx3(3 COS? Ojx—1) , 
B; =gB(geBeS:)rj-*(3 cos?0;—1) (2) 
=gBu(3 cos?8;—1)rj-* 
and 


H»= »S (le 31ejler) A jr— 3% T23B; 
i>f Jj 


viz and 7; are the distance between nuclei 
and k, and that between nuclei j and the 


M;==- => —24—>-(By+ Ba+ Bs) | 
M=1. -3 ax) (Bi +By-+Bs) 7 te Bs) b-3 v a5 CB B,—B) 
eles 7 mal b 
J f= D) J=0 Ga ve 6 Bie Bz) 2 Bs VE (Ba Bz) 
1 1 
is Ising A Sa 2! (OBIYOR.— Ba 
I 9 Af=all b— = > (2B3;— Bi— Bz) VE) 6 uy 1+2Bz2 3) 

where 
x=} (AutAutAs), 0=WG2 @An—An—An),  a="49(An—Av). Se 


For M;<0, the elements of matrix is calculated by a same 


diagonal elements of matrix for Mr<0 is 
—2x+ 1/2(Bi+ B.+ Bs) ’ 


For the rotational system, using the addition 
theorem of spherical harmonics 

<3 cos? Oj.—1 >g=1/2(3 cos?0—1)-(3 cos?7jz—1) , 
The subscript ¢ denotes an average over the 
azimuthal angle, and 7; is the angle between 


rx and the axis of rotation of vj. In the 
present case under consideration, 
cos 7j«=0, 
< 3cos? 0j¢.—1 >g=3(1—3 cos?) , 
and 
x=1/4(Aiz+ Aas+ Ais)=3/169282(1—3 cos? O)r-3 , 
(5) 


where @ is the angle between the external 
magnetic field and the normal to the plane of 


Fig. 1. 


Diagram defining 9 and 7;. 
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2x+1/6(Bi+ B.+ Bs) , 


(Vol. is, 


f 
metal ion respectively. Oj, and 0; are the} 
angle between 7; and the field strength Fo, , 
and that between 7; and A. J,; By; is the} 
interaction between nuclear and electron spin. | 
According to Bersohn”, the states of such) 
three spin system labelled by the eigenvalue } 
of #, 2 and Jz where J=fh+h, I=J+I; and} 
Le=Thet Iz +Isz, Then, the secular determinant | 
is | 


procedure as for Mr>0. 


1/2B3, 1/6(2B,+2B,—Bs) , 


the triangle, 

Likewise 

<3 cos? 6;—1)4=3(3 cos? @—1)-(3cos?7j3—1) , 

(6) 

where 7; is the angle between 7; and the axis 
of rotation of 7;. Accordingly, by putting the 
following relation, B is expressed as follows, 

Bi=B,=Bs=—B, 

B=3gBA(3 cos? 73—1)-(1—3 cos?0)rp_e73 

In case of Ni(NHs)sCl, cos 7;=2.3/2.5 from 
the crystal structure, and 2=53 Bauc at 4.2°K 
and H)=2000 gauss by using the susceptibility 
data, where Bauc is the nuclear magneton. 
For the rotational system, non-diagonal terms 
vanish and the secular determinant becomes 


—22+5.B 0 
2a + B 
0 +B uty 
> B 
In Fig. (2), the energy diagram and the al- 


lowed transition were shown taking account 
\jof the selection rule 4J=0, 4Z=0 and 
VM ==-1. 

ii For the transition —1/2——3/2 

ot hy=gBH)—(B+4x) . 


| Substituting h=gBH*, the resonance value 
. for the external field is obtained as, 
Pie 8/2 Hy=H*+—(B+42) 


| In the same way 


| 2-1/2 Ho=H*+.B, 

e372 1/2 HoH (Bay). 

gB 

| When the interaction between nuclear and 
| electron spin becomes larger than that of 


nuclear spins, the nuclear spin couples with 
the electron spin directly. For this decoupled 
system, when the protons in NHs: rotate about 
| three-fold axis, each proton shows the same 
diagram as shown in Fig. (3), where the same 
| abbreviation used in the coupled system is 


} adopted. The resonance value for the ex- 
} ternal field is obtained as, 
Hy=H*4 ice = 4%) , 
Hy=H+~ B . (9) 
Hy=H+ (B- 2-49) . 


In both cases, the line shift is proportional to 


M, 
oe | 
. -2x-3/2:8 
Ho- (4x48) 

-1/2 Pee 2x-1/2-B 
/2-B (3=0,1) 
2xtl/2- 

ie 1/2:B (Je 0,1) 


=2xt 0/2-B 


Fig. 2. Energy diagram for the coupled three 


spin system. 
My 
=|/2 -|/2:'B+2/3-2x 
uta /esoysce 
-|/2 -B-2/3-2x 
gBH 2 
ie gBHo 8 1/2:B+ 2/3 2x 
/2:B 
1/2 1/2:B-2/3:°2x 


Fig. 3. Energy diagram for the decoupled system. 
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Bterm. Ineach case, taking into account of 
each transition probability, we can obtain the 
composed component line. 

For the single crystal of Ni(NH3)sCh, apply- 
ing the field in [111] direction, the angular 
factor (1—3 cos? 0) reduces to zero because of 
cos 0=1/// 3, and applying the field in [100] 
direction, the angular factor becomes as 
follows, 

for-c,.d,, € and:f.in, Fie. 4.7) 
1—3 cos? 0=—1/2. 
for a and b in Fig. (4.7) 
I=3 CO 0a ik 
Hence, the line of a and b shifts to the high 
field and that of c, d, e and f shifts to the 
low field. Thus, the total component line has 
two side peaks. 
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Adopting the effective Hamiltonian by Pryce and the molecular field 
approximation, the parallel and perpendicular susceptibilities of FeF» 
are calculated. According to the experiments by Stout and Matarrese, 
the perpendicular susceptibility below the Néel point decreases with dec- 
reasing temperature. Denoting the components of the D-tensor in Pryce’s 
effective Hamiltonian by D; (i=x, y, 2) where the z-axis is taken as the 
c-axis and the w-axis as the direction of the line connecting two nearest 
neighbouring F ions, this behaviour of the perpendicular susceptibility 
can be explained if Dx, Dy>Dz. The parallel susceptibility at absolute 
zero has a non-zero value proportional to (Du—Dy)?. However this term 
is of the same or small order compared with the temperature-independent 
part of the magnetic susceptibility. Comparisons with experiments are 
made by using the values of the D-tensor and the g-factor obtained by 
Tinkham. If the reasonable values of exchange integrals are adopted, 
the calculated susceptibilities are in good agreement with the experimental 
results by Stout and Matarrese. 


§1. Introduction 
The crystal of FeF, has the rutile structure 


and is antiferromagnetic. Its Néel point is 


mori and Nagamiya®. In particular, Moriya | 
et al. calculated directly the crystalline elect-. 
ric field itself and they obtained the magnetic: 


78.3°K from the specific heat measurements.” 
The magnetic anisotropy was studied experi- 
mentally by Stout and Matarrese”» over the 
temperature range 10°~300°K. Using the 
data of the powder susceptibility measured by 
Bizette and Tsai», they obtained the individual 
susceptibilities perpendicular and parallel to 
the c-axis, y, and v,. Since the powder data 
do not extend below 63°K, the portions of the 
curves below this temperature can not be 
determined. According to them, however, x1 
below the Néel point decreases with decreas- 
ing temperature. To obtain the individual 
curves below 63°K, Stout et al. made extra- 
polations based upon the assumption that the 
parallel susceptibility approaches zero at 0°K. 
The value of x, extrapolated to 0°K is about 
0.9 times its value at the Néel point. Further 
they obtained that y%,—y. at hydrogen tem- 
peratures is proportional to the fourth power 
of temperature. 

The theoretical investigations of the 
magnetic anisotropy were undertaken by Niira 
and Oguchi? and by Moriya, Motizuki, Kana- 


* Submitted in partial fulfillment of the require- 
ments for the D.S degree in the Tokyo University 
of Education. 


anisotropy by taking account of the spin-orbit: 
coupling. According to Abragam and Pryce”, 
when the lowest orbital state of a paramagne- 
tic ion is a singlet and the energy separation 
between the lowest and the first excited levels 
is much greater than the magnitude of the 
spin-orbit coupling constant 4, the effective 
Hamiltonian pertaining to the lowest orbital 
state of this ion is given by 


FO =H Ut A4, a. 
a= Die S*x+ DyS?y+ Diz, (1.1a) 

IOs = bo SeSxHe+ SySyHy+ ZeSzHz) 
— fo? AH? + AyH,? + AH), (1.1b) 


in the presence of an external magnetic field 
H, where the coordinate system is taken so 
as to agree with the symmetrical axes of the 
crystalline electric field and gi and A; are 
given by 


gi=21—-2A), (1.29 
A= > ae : (1.3) 


and S is the usual spin operator, Z the or- 
bital angular momentum operator, “) the Bohr 
magneton and 0, m refer to the lowest and 
excited orbital states. The D-tensor for Fe 
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jion arises from the two main sources: one is 
the spin-orbit coupling and the other the spin- 
/spin interaction within the ion. If the latter 
lean be neglected, the D-tensor is given by 


Di=—BA:, (1.4) 


Moriya et al. calculated the 4 -tensor. Using 
these results and the molecular field ap- 
proximation, they showed that the calculated 
susceptibility in the paramagnetic region is in 
fairly good agreement with the experimental 
one. 
Tinkham” has performed the measurements 
of the paramagnetic resonance on the various 
iron-group elements included in ZnF, as im- 
' purities and offered the valuable informations 
about these ions. As to Fe ions, he obtained 
the energy separation, 4E, between the lowest 
and the next levels of (1.la) and the g-factor 
with respect to the c-axis. According to these 
results, 4H is much smaller than that cal- 
culated by Moriya et al., thus the effective 
Hamiltonian (1.la) has the nearly tetragonal 
symmetry. However it should be remarked 
that the D-tensor obtained by him contains a 
significant contribution from the spin-spin 
interaction. Though his data were obtained 
as to Fe ions included in ZnF, as impurities, 
| it may be said that his data give the fairly 
- reliable informations about Fe ions in FeFs, 
because the differences of lattice constants 
between ZnF, and FeF, are small. 

In this paper we shall calculate the magne- 
tic susceptibility, by using the effective 
Hamiltonian (1.1) and the molecular field ap- 
proximation to describe the exchange coupling 
among spins. In particular we shall study in 
detail the perpendicular susceptibility below 
the Néel point and investigate under what 
condition the experimental behaviour can be 
explained. Further we shall compare the 
calculated susceptibility with the experimental 
one, by adopting the data by Tinkham and 
reasonable exchange integrals. 


Kigenvalues of the Effective 
Hamiltonian 


In this crystal the metallic ions constitute a 
body-centred tetragonal lattice. According to 
the experiments of neutron diffraction”, the 
spin alignment below the Néel point is along 
the c-axis. We shall take the c-axis as the 
z-axis and the direction of the line connecting 


c2, 
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two nearest neighbouring F ions as the x-axis, 
and denote the spins on the body-centre sites 
by S@ and those on the corner sites by S®. 
Using (1.1) and the molecular field approxima- 
tion to describe the exchange coupling 2X Ji; 
S;-S;, the effective Hamiltenian for the spins 
on the body-centre sites is then written 


LEO =A + Bu, (2.1) 
S49 = — DiS — DoS, (2.1a) 

Bid = (er JK SEP) + 220 J 6 SYS, = 
— he S)S, (2.1b) 


in the absence of the external magnetic field, 
where D, and D, are Dy—D; and Dy—D;z 
respectively, J:, jJ2 the exchange integrals 
between nearest neighbours and _ between 
second neighbours, 2:(=2), z.(=8) the numbers 
of the nearest and second neighbours, <S> the 
average of S.™ i.e. the spontaneous magnetiza- 
tion and ka is thus written as 


RaA=—22 J, +2z]e . (232) 


k being the Boltzmann factor. The Hamil- 
tonian for the spins on the corner sites is 
obtained by interchanging x, y with y, x. 
Using the spin functions of S=2, the Hamil- 
tonian (2.1) is represented by the following 
form: 


FO = 
A, —ka<S> B 
O 
B Ait+tkacS» 
A,—2kaiS» C O 
O G As C 
O C A,t2ka<S> 
(2.3) 
where 
3 
A=—Di- 2D, Bei 
3\/, 
A,= —4D,—D., C= -(5) D, 
Az=—3D,, (2.3a) 


The roots of the secular equation of (2.3) are 
Ey =A,—{((RaXS>P+ BY, 
E,= Ai +{(kaXSP +BY, 


E3=—2r\/3 cos ae Petes | 


(2.4) 


E,=2r'/* cos a Ee Bast As , 
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2A, + Az 
3 ? 


E,=—2r'/5 cos aa 


where if we define 
ae (6D: ~J6D,Ds-+13D;)+(2hatS))2, (2.5) 


b= = (2D\—D,){22hka <>) 


— 4 (32D8—32D:D,+35D2)} , (2.6) 


then 
1/2 b 
73 — <) , COS = 
( 3 sate!) 


In order to refine the following equation, we 
introduce the orthogonal transformation matrix 
M% which diagonalizes 4. This matrix is 
defined by 

WE Gi tH 1s oe Op aetoe (2.8) 
and aj can be obtained easily from (2.3) and 
(2.4) as follows: 

Gin Ei tkatiSy—Ai 


(2.7) 


Git Gis = a fOr 7— 12. 


ain B 

Ais _ Est 2kakKS>—As _ajs _Est2kakSp—Az 
aj3 & . aj3 Ej—2katiS)>— Az 
453° +4j2+4j"°=1, TOR J— 5.4. 3 (2.9) 
On=Axn=0, Oe Pel Oo fas, 4b 


In the temperature range of T=>Ty, <S> takes 
the value of zero. Therefore the matrix % is 
simplified as 


1 +1 0 
1 ii 
—s 7 si 
ye) cosdé —7/2sin@ cosé 
0 sin #@ V2cos@ sind 
—1 0 1 
(2.10) 
with 
tan 20=—Y 3 D,/(22,—D.). (2.10a) 


§3. Magnetic Susceptibility 
3a) The parallel magnetic susceptibility 

We consider the case where the external 
magnetic field is along the z-axis. Since both 
the body-centre and the corner sites are equi- 
valent with respect to the z-axis, we do not 


make the distinction between them. The 
Hamiltonian is written as 

FO = FH 0+ 01S, — 0? AH’, (Sr) 

01 = (o8zHz+khy<6S.>, (Cita) 


where ZH is Eq. (2.1), <dSz> the average of 
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the spin component induced by the external] 
magnetic field and ky is defined by 


ky =22Ji+2z2Je. (3.2) )) 
The last term of the Hamiltonian, which is } 
spin-independent and quadratic in H:, gives|| 
a temperature-independent susceptibility and | 
so may be added after the other terms were ] 
calculated. The self-consistent relation is) 
written as 


(S)+<6S)= TrS2e8# / Tye-8# | (3.3) 
where @ means 1/kT. Using the relation 


B 
CRED =ee—| e-B-s)ah e-8@ ds4-+-. (3.4) 


0 


the right hand side of (3.3) can be expanded — 
into powers of H;. Its zeroth order term gives 
the spontaneous magnetization of sublattices, 


(S={ i (Gn? — aes") exp (— BE) 
+22 (a33?—a3s*) exp (—BE))}/Z, 


with Z=Tr exp (—BS) and the first order 
term in (8.3) is the induced spin component: 


{0S27=— Poi, (3.6) 


(3.5) 


where 
ZP=&{ a1 i2"tia+ = (@i30j3— isQjs)"tiz} 
i<j 


(3,4,5) 


+ BL Di (Qu? aa)? exp (— BE;) 
+4 2 (as? aye)? exp (—BEs)—ZS)*}. 


(3.7) 
Here 
fy-= XP (—BE))—exp (— BES) 
Ej—E: 

<S>=0 is always the solution of (8.5), but 
the non-zero solution of <S> is stable in the 
region below the Néel point. At absolute 
zero the lowest energy level is E3, as one sees 
from (2.4). Therefore the spontaneous mag- 

netization of sublattices at 0°K is given by 
(S)0=2(dss?— 35”). (3.9) 
which is obtained by taking the limit of Bo 
in (3.5). This means that <S>o shrinks from 
its maximum value 2 by reason of the fact 
that Sz is not commutable with F%. There- 

fore 2—<S>o should be proportional to D,?. 
From (3.9) with (3.1a), <6S.) can be obtained. 
As the average magnetic moment induced by 
the external magnetic field is given by 
— fogKOS2>, we get the expression for y, 
after adding “the temperature-independent 


(3.8) 


(1960) 


susceptibility: 


Xi = Nu g?P/1+krpP)+2Nyu02Az. (3.10) 


}At the absolute zero of temperature, P has a 
non-zero value Po which can be obtained from 
3.7) by taking the limit of Boo: 


Pr, = SS G45)? 
E.—E3 


+ (Gs3Qs3 — 35 Ass)” 


E;—Es 
| (SmLL) 
This arises from the fact that the perturbing 
Hamiltonian is not commutable with the un- 
perturbed one. Therefore Po should be pro- 
portional to D.?. In the temperature range of 
(§}T=Ty, P is written, by using (2.10), as 

| Z P=2(tis4+- Aes cos? 6+4t 4; sin? A). (3.12) 
|with Z’=Tr exp (—B#H,)}. (3.12) corresponds 
|to the formula obtained by Moriya et al. 

| The exchange parameter ka defined by (2.2) 
/can be determined by P at the Néel point. 
{ Expanding the right hand side of (8.5) with 
| respect to <S>, we get the relation 

ka=1f/ Pr (3.13) 
| 3b) The perpendicular magnetic susceptibility 
| For the sake of simplicity we consider the 
' case where the external magnetic field is 
| parallel to the x-axis. Since the x- and y-axes 
| differ by 90° rotations from the body-centre to 
| the corner sites, the Hamiltonian for S“ and 
| S©®, except for the terms which give the tem- 
| perature-independent susceptibilities, are writ- 
) ten as 

FY H=FAWO 4-828, 


LO =P + 8S, al 


ae 
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02 = (o82He+ 2a fi.OS2) + 229 Jo bS2, 
O3= o89He+2afiKOS2™) +22. Jo(bS2), 
(3.14a) 
where <dS™» and (dS, are the average spin 
changes induced by the external magnetic 
field. From the self-consistent relations 
(8S, = TrS2 exp (—BHF)/ 

Ly exp (—827 ), 7=1, 2. (8.15) 
we can obtain <dS.)>. Using the formula 
(3.4), we have (3.15) as the expanded forms: 

6S: =—Qodz , 
< > Q (3.16) 
<OS,©)=—Rés; , 


where 


ZQ=2 3 Kan@s+ V 3/2 a ) 


+a12(dis+ VY 3/2 ais)}? te 


+{anr(adist 3/2 ais)—ai2(ais+ VY 3/2 ais) }°tai), 
(BM) 
and 
Ze 4 [{au(—aist ¥3/2 dis) 
+ a12(ais— / 3/2 ass)? tie 
= {a, 1(@is— V 3/2 ars) 
+ adi2(ai3— V 3/2 ais)}? tai). (3.18) 


From the simultaneous equations (3.16) with 
(3.14a), we can obtain <dS,“> and <dS,>) 
separately. The average magnetic moment 
induced by the external magnetic field being 
given by —/o(gr<dSz™) + By 0S2™))/2, we get 
the total perpendicular susceptibility including 
the temperature-independent terms as follows: 


(3.19) 


Taking the limit of Boo in (3.17) and (3.18), we get Q and R at the absolute zero of tem- 


' perature : 


Or oP {an(ass + V 3/2 3/2 au)+a(ast+V 3/2. ass) }* 


Ey, E3 


4 (anGss+ 3/2 ¢ 34) — —a(a33+ V 3/2 34) }” | 
E,—Es3 


(3.20) 


VY 3/2 asa)? 


Pe 9] (41(— Qt Viole. 34) + Q12(A35— 
— BE; 


4 Aan(Gs5— VY 3/2 Bite) elon —V/SPael? | 
E.—Es 


Using (2.10), we have @ and F in the temperature range of T=Ty: 
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Z’Q=Atis+(cos 0—Y 3 sin 0)*ta3+(sin 0+ VY 3 cos 8)? tas}, 
Z R=2Ates+(cos 0+ 3 sin 0ti3+(sin 0—V 3cos 0)? tu}. 


which correspond to the results obtained by 
Moriya et al. 


3c) The effect of the anisotropy on the tem- 
perature variation of x1. below Tw 

Using the obtained formula for the per- 
pendicular susceptibility, its temperature 
variation below the Néel point could be 
investigated. For this purpose, however, the 
general expression of x1 is too complicated, so 
that we assume some approximations and 
attempt to simplify the formulae relating to 
x.. Furthermore, for the purpose of investigat- 
ing the temperature variation below the Néel 
point, we shall content ourselves with the 
comparison between the values at the Néel 
point and the absolute zero. This procedure 
may be permitted, because 7, seems to be ex- 
pressed by a monotonous function of tem- 
perature. 

Let us first derive the approximate expres- 
sions for Q@ and R at Ty. We assume that 
both D,; and D., are much smaller than kTy, 
so that #:; (3.8) can be expanded into powers 
of ByD:i. Omitting higher orders than qua- 
dratic of BvD: in exp (—8E:) and using (8.21), 
we get after some calculations @ and R at Ty 
as 


Q/2Bx=1-— ae (2u1 —U2) + = Us, (S222) 
Lea 21 
R28 nal 50 (2m Us) 90 Us, 
where wm are defined by 
u=BwD, pall, A. (3.23) 


The exchange parameter a can also be ob- 
tained at the Néel point, as shown by the 
relation (3.13). In the same method as deriv- 
ing Q@yv and Ry mentioned above, a is written 
as 


aes a1 ie (21 —ta). (3.24) 


Let us next drive the approximate expres- 
sions for Q and Rat O°K. As stated in §3a), 
the spontaneous magnetization of sublattices 
at O°K shrinks from its maximum value 2, 
thus we can write <S>) as 


<S>o=2(1—AS),. (3.25) 
Taking account of (3.24), the energies (2.4) at 
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O°K can be expanded with respect to D,/2ka,) 
Thus we have the approximate energies which 
are necessary to calculate Qo and Ro (3.20), byy 
omitting higher orders than quadratic of 
D,/2ka, as follows: 


Ey Ar=(—1)'2ka(1—48) (1+ 20), i=<12) 


Ect AdcactA be dS) (+=), (3.26) 


where v; are defined by 

u=Di/2ka, il, (3.27) 
In deriving (3.26), we assume tacitly that 45) 
should be proportional to v7. Appling (3.26); 


to (2.9), the matrix elements a; and dS at 
O°K are written as 


Q12/d1, = 30/4, 
3s(As3=V/ 6 Vs/4, @35/A33= 3027/16, | 
AS=3v2?/8 . (3.28)) 


Using the derived results and transforming vi: 
into uw; with the use of (3.24), we get @ and! 
Fat. O°K., from,@:20),: 


Qyogy=ad At oa b pemlitetig * 

5 2 

4 3 ‘ 
Ro/2B =1—— (2a ri aS U2. (3.29) | 


As the approximate expressions for Q and 
R have been derived, next we attempt to 


simplify the formula of xy, (3.19). Defining 
Q1=(Q+R)/2, gi =(g2+g,)/2, (3.30) 
4Q=Q—R, Ag= Z2—8y. 


and neglecting the higher orders quadratic of 
4Q/Q.1., the approximate formula of x1, except 
for the temperature-independent part, is writ- 
ten as 


UE Ge I+é 1 dQ Ag \*) 
UT)=zim4 14 E_(_1 #2 

x(T)=21" aie ORE Riel 

(3.31) 

x1" = Ny’ g1?Q1/A+krQ 1), (3.31a) 


where € is the ratio of the exchange para- 
meters defined by (2.2) and (3.2): 


E=r/a. (3.32) 
Inserting the approximate formulae of Q and 


R into (3.31), we get the ratio of ~1(O) to 
x1(Tw): 


1960) 


4100) 5 9 x(t un) 
%1(T yw) 5(1+&) 2U1— Us 
pea ina 
14 gel ag ) (3.38) 


(3.33) indicates the effect of the anisotropy 


_ {energy on the temperature variation of y, and 


tive. 


| states that both a: and w:—ms must be positive 


in order to explain the experimental fact that 
%1 below the Néel point decreases with dec- 
reasing temperature. In terms of the com- 


yj Ponents of the D-tensor, w: and uw1—wus are 
| equal to Bw(D,— Dz.) and By(D.—D.,) respective- 


ly, so that the condition stated above is equi- 


|, valent to say that the z-axis must be the most 
| preferred one of all. 
following points; It is forbidden that 1+€ is 


One should remark the 


negative, otherwise 7, at Tw becomes nega- 
In addition, in the rutile type structure, 
even if either w or u1—u:, becomes negative, 
the spin alignment can be along the z-axis, 
such as in the case of CoF., about which the 
theoretical investigation was performed by 
Nakamura and Taketa®. However it is un- 
favourable to the spin alignment that both m 
and wi—wu. are negative. 


§4,. Comparison with Experiment 


In order to get the numerical values of the 


' magnetic susceptibility, it is necessary to know 


the values of D-tensor, g-factor and exchange 
integral. Tinkham” has obtained experi- 
mentally the energy separation between the 
lowest and the next levels of (1.la) and g, by 
the paramagnetic resonance of Fe ions included 
in ZnF; as impurities. To get the components 
of D-tensor, he has made the theoretical 
formula of magnetic anisotropy x1 —x1 fit the 
experimental data at various temperatures; 
obtaining 
D,=8.06 cm}, Ge 2024, 
De VAziemrs gi =2.04, 
From (4.1) and the value of Tw, wm and m are 
equal to 0.148 and 0.026 respectively. There- 
fore the assumptions in §3c) are very good. 
The D-tensor stated above consists of the 
two main contributions: one from the spin- 
orbit coupling and the other from the spin- 
spin interaction. To get gz and gy (or A, and 
Ay) individually, it will be necessary to 
separate these two contributions. However we 
do not attempt to do it, because of the fact 
that |4g|/g. is very small as compared with 


(4.1) 
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one, so that x, is approximately determined 
The exchange parameter @ can 
be estimated by the relation (3.13), by using 
the values of D; and Ty. The exchange 
parameter 7 is so chosen as to make the 
calculated susceptibilies fit the experimental 
values. 

It is the spontaneous magnetization versus 
T curve that makes the basis of the numeri- 
cal evaluations of susceptibilities below Ty. 
<S> is given by the self-consistent equation 
(3.5). Using (4.1), we get the <S> versus T 
curve which is shown in Fig. 1. Since the 
magnitude of uw is very small, <S>. is very 
nearly equal to 2. For the comparison we 
show in Fig. 1 the curve obtained from the 
Brillouin function of S=2. Using the curve 
(a) of <S> and the formulae of susceptibilities, 


O6 (0s) 1.0 


—>!T/ TN | 

Fig. 1. Curves of <S> versus T. Curve (a) is 
obtained from Eq. (3.5) using the numerical 
values of Di by Tinkham and (b) from the 
Brillouin function of S=2. 


02 04 
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3 
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Fig. 2. Curves of yx and y1 versus ie 
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we have the numerical values of x, and x1 
which are shown in Fig. 2 together with the 
experimental values®, where the exchange 
parameter ka is equal to 22.9cm7 and 7 is 
chosen as 1.24 a. The temperature-indepen- 
dent parts of the magnetic susceptibilities are 
added by assuming the spin-orbit coupling 
constant to be a free ion value -100cm™. y1 
below TIT, decreases with decreasing tempera- 
ture, displaying the same behaviour as the 
experimental one. The ratio of 7, at O°K to 
that at Tw is equal to 0.943, the value of x1 
at O°K being 17.5x10-%. As stated in §1, 
the experimental value of this ratio is about 
0.9, but it should be remarked that this value 
was obtained by the extrapolation based on 
the assumption that x, approaches zero at 
O°K. yx, at O°K has the non-zero value which 
arises from both P. (3.11) and the tempera- 
ture-independent part. However the former 
gives only a little contribution because of the 
small wz, so that 7, at O°K is equal to 0.6 
10-° from the value of g. In Fig. 3 we 
compare the calculated y;—yv. with the ex- 
perimental one.» 


Cf — 


+ 


~205 


100 200 300°K 


TT 


Fig. 3. Curves of y —y1 versus T. 


If we take into account that the molecular 
field approximation is used and hence the good 
predictions of the magnetic behaviour near the 
Néel point could not be expected, the agree- 
ment of calculated susceptibilities with the 
experimental ones seems to be good. 


$5. Summary 

By the molecular field approximation, the 
magnetic susceptibility of FeF, was studied. 
In particular we investigated in some detail 
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the effect ef the anisotropy energy on the: 
temperature variation of x1 below the Néellf 
point and obtained the condition which iss} 
necessary to explain the experimental fact: 
that x, decreases with decreasing temperature. | 

This condition says that both D; and Di— Dili 
must be positive, meaning that the z-axis is}| 
the msot preferred one ofla ,] under the as- ] 
sumptions that both D: and D, are much 
smaller than kTw and the higher orders ot 
4Q/Q. can be omitted. According to the ex-. 
perimental data by Tinkham, these assump- 
tions are valid. In FeF., therefore, the 
symmetry of the anisotropy energy is es- 
sentially equivalent to the tetragonal one anc 
is remarkably different from the one in CoF;%. | 

The numerical evaluations were performed 
by using Tinkham’s data and 7/a=1.24, and 
we found that the calculated susceptibilities 
seem to be in good agreement with the ex- 
perimental values if we take account of the 
fact that Tinkham’s data were obtained about © 
Fe ions which are included in ZnF. as im- 
purities. The temperature variation of the 
calculated perpendicular susceptibility below 
the Néel point shows the same behaviour as © 
the experimental one; obtaining the ratio of 
x1 at O°K to that at Ty to be 0.943 which is 
compared with the experimental value of about 
0.9. This value, however, was obtained by 
the extrapolation with the use of powder data 
as stated in §1, so that the more accurate 
measurements for single crystals are desirable. 
At the absolute zero of temperature, as ws is 
very small, the spontaneous magnetization of 
sublattices is almost equal to 2. Therefore 
Po, which arises from the fact that the 
magnetic field parallel to the z-axis induces 
the virtual transitions and hence is propor- 
tional to #?, contributes little to yx). 

Finally we shall refer to the temperature 
dependence of magnetic anisotropy at very low 
temperatures. The experimental fact states 
that it is proportional to T* at hydrogen tem- 
peratures. The molecular field approximation 
can not predict this behaviour. According to 
the spin wave theory by Eisele and Keffer™, 
% iS given by 


i 2G = KanTan{T) . 


Here K, is the real Hankel function of degree 
2 and T4s in our case is defined by 


kTan=V 2S{22.Jo(2D1— D2) +2D,(D, — Dz) }?, 


,yand C is a factor independent of temperature. 
The temperature variation of magnetic ani- 
fsotropy at low temperatures seems to be 
_peoverned by that of x. Therefore we shall 
[investigate Kz as a function of T*. One sees 
}that this function has a point of inflexion at 
%1=T4»/Tr1=3.9 besides zero and infinity, and 
above and below x7, Ke is convex and concave 
‘respectively towards the T‘-axis. We make 
the tangent at x. and regard it as an ap- 
‘proximate value of the original function. If 
‘}we choose, for instance, x. as 5.3, the range 
‘of x over which the errors in doing so lie 
f within 10% is from 3,9 to 6. Therefore if the 
b | appropriate value of Tus is chosen, the ex- 
{perimental behaviour could be explained. 
| Using the numerical values in §4, T4121 becomes 
# 89.5°K. 
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Forced volume magnetostriction of cocalt-nickel alloys with 10, 20 and 
30 atomic percent nickel content was measured by means of resistance 
strain-gauge up to the magnetic field of 15000Oe. It was observed that 
the fractional volume change per oersted of these alloys after technical 


saturation were smaller than 1x 10-1°/Oe. 


The result is consistent, at 


least qualitatively, with Patrick’s experimental results of the change of 
the Curie temperature with hydrostatic pressure. 


§1. Introduction 


The volume magnetostriction of the primary 
solid solution alloys with h.c.p. structure in 
cobalt-nickel system was investigated once by 
Mashiyama» and the fractional changes of 
yolume due to magnetization, 00/0H(o= 
AV/V, V: volume, 4V: volume change, H: 
magnetic field), were found to be compara- 
tively large, viz. 15x10- Oe. However, 


since the maximum magnetic field strength 
used by this author was about 1500 Oe, his 
results for h.c.p. alloys should be interpreted 
as being contaminated with magnetostriction 
which took place before technical saturation 
had been reached. Therefore, we performed 
the measurements of volume magnetostriction 
of cobalt-nickel alloys in magnetic fields 
strong enough to rule out any ambiguity 
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arising from incomplete saturation of the 
specimens. 


§2. Specimens and Experimental Procedure 


Three cabalt-nickel alloys, containing 10, 20 
and 30 atomic percent nickel, were melted by 
means of a vacuum induction furnace, cast 
in a metal mould 20mm in diameter, forged 
and then machined into rectangular paral- 
lelopipeds measuring 10x10x20mm’. They 
were then heated in the vacumm furnace at 
950°C for about 7 hours and cooled slowly. 
Then the specimens were examined by means 
of the X-ray analysis technique. It was con- 
firmed by the Debye-Scherrer method that 
alloys containing 10 and 20% nickel were in 
the range with h.c.p. structure, while 30% 
nickel alloy was a mixture of h.c.p. and f.c.c. 
phases. 

The measurements of magnetostriction were 
performed by means of _ resistance-strain 
gauge. Resistance-strain gauges were stuck 
to the surface of the specimen both in the 
longitudinal and transverse directions of the 
rectangular parallelopiped. The specimens 
were placed between the pole pieces of an 
electromagnet (spindle diameter: 7cm), the 
longer side of the parallelopiped being parallel 
to the direction of the magnetic field. The 
longitudinal and transverse magntostrictions 
were measured independently and the volume 
magnetostriction was derived by using the 
relation 

AV «Al aoe 

ae a ee 
where 4//i and 4t/t are the fractional changes 
in the longitudinal and transverse directions 
of the specimens respectively. Now, a ther- 
mal expansion due to the magneto-caloric 
effect will occur during magnetization, which 


(1) 


gauss gr 
100 


1O%Ni 


20% Ni 


15000 Oe 


(e) 5000 


10000 
H 


Fig. 1. The curves of specific 
versus magnetic field. 
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will disturb the measurement. As a matte: 
of fact, however, the error from this source! 
did not exceed 6x10-”/Oe,* which was far 
less than the observed value of magnetostric) 
tion. The specimen was also placed in « 
cooper vessel with large heat capacity, the! 
surfaces of the specimen being kept in clos 
contact with the vessel so that the heat 
produced in the specimen by magnetocalorig 
effect could be readily taken away by heat 
conduction. 


§3. Result and Discussion 


First the magnetization curves were tak 
of the specimens with the nickel concentratic 
of 10 and 20%. (Fig. 1.) It was considere 
that saturation magnetization was reached at 
magnetic field strength of the order of 80( 
Oe. 

The results of measurements of the magne- 
tostriction in the longitudinal and the trans-: 
verse directions are shown in Figs. 2 and 3.. 


x10e 


—100 


Fig. 2. The curves of longitudinal magnetostric- 
tion versus magnetic field. 
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Fig. 3. The curves of transverse magnetostric- 
tion versus magnetic field. 


* Temperature rise of a specimen by magneto- 
caloric effect 4T is 


in which T is the  .. I the magnetization 
and Cy the specific heat. Adiabatic volume change 
by the effect per Oersted (dw/H)aa is 


oo x gy 42. 28d? 
OH /aa AH a ae es 


(a: linear thermal expansion coefficient). Putting 
appropriate values for T, Cy, dI/dT and a in the 
above equation, the value of (aw/aH)aa is calculated 
to be about 6x10-! per Oe. 


an 


y th 
iy 


1960) 


The accuracy of these measurements is in 


} the order of 1x 10-5. 


Using the above results, we obtained the 
volume magnetostrictions, and their results 
are shown in Fig. 4. As can be seen in it, 
the volume magnetostrictions for these cabalt- 


nickel alloys appeared to have linearity in 
“magnetic fields above 10000 Oe. 


We may 
deduce the forced magnetostriction constants 
from the slope of the curve in high fields. 


x 108 
50 


30%Ni 


2l> 8 Sra ly 
BO*NI 
be hogy nO 


-50| 


Fig. 4. The volume magnetostriction deduced 
from longitudinal and transverse versus mag- 
netic field. 


It was found that the fractional change of 
the volume magnetostriction with the magne- 
tic field 0w/0H was smaller than 1x10-!° Oe 
within the accuracy of our measurements, 
and was far smaller than that due to Mashi- 
yama mentioned above. The results by 
Mashiyama may be considered to correspond 
to the magnetostriction in the rotation range 
of magnetization. 

Now, if the specific magnetization and the 
Curie temperature of the specimen are denoted 
by o and @ respectively, and if oo, the specific 
magnetization at absolute zero, is assumed to 
be independent of pressure, then the fractional 
change” of the Curie point by hydrostatic 
pressure is given by 


Le OO 00/0H 
6 OP T(dc/0T)—3(a/Kx)(Ow/OH) ’ 


(2) 
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in which @ is the linear thermal expansion 
coefficient and « the volume compressibility. 
In equation (2), the second term in the 
denominator is negligibly small as compared 
with the first. And since T(OJ/OT) is always 
negative, it is derived from equation (2) the 
fractional change of the Curie point with 
pressure 1/0-00/0P has the sign opposite with 
that of forced volume magnetostriction 0w/0H. 
By putting the observed values of forced 
volume magnetostriction in equation (2), the 
change in the Curie point due to hydrostatic 
pressure 00/0P is found to be less than 10-3 
deg/atm for these alloys. Indeed, the investi- 
gation of Patrick» indicates that 06/0P for 
nickel and cobalt is (0.35+0.02)x10-3 and 
(0-1) x 10-* deg/atm respectively. The value 
of the changes in the Curie point by hydro- 
static pressure for cobalt-nickel alloys, men- 
tioned above has a same order of magnitude 
with them of nickel and cobalt. 
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The magnetic anisotropy of MnO single crystal, grown by the Verneuil 
method, was measured using a torque balance. The results of the torque 
measurements at liquid air temperature could be summarized within 
experimental errors by a formula 


T=(C,H? sin (26 +€1)+ C2H¢ sin (40+ €2)+C3H® , 


where H is the applied field intensity, @ the angle of rotation of H 
relative to the crystal, and e’s and C’s are constants which depend 
in a certain way on the kind of crystallographic axis of suspension. In 
the case where [111] is the direction of suspension, C.=0. The C3H® 
term changed its sigh when the rotation was made in the revere sense; 
thus it represents a rotational hysteresis term. Alternative theoretical 
interpretations of the new 4@-term are presented: it arises either from a 
possible small anisotropy energy within the easy plane of magnetization, 
or from reversible movements of the walls which separate different 


antiferromagnetic domains. 


Introduction 


$1. 

Manganese monoxide is well known™:™ to 
be an antiferromagnetic crystal with a Néel 
point at 116°-118°K. It is also known™ that 
its susceptibility shows a field-dependence 
below the Néel temperature. Its magnetic 
structure has been studied by neutron diffrac- 
tion experiment first by Shull et al® and 
more recently by Roth”. The latter author 
determined a structure in which the plus and 
minus spins occupy alternately (111) planes 
and the spin axis is confined in this plane. 
(From symmetry consideration, possible easy 
axes may be either [110], [011] and [101] or 
[112], [211] and [121].) Roth’s structure con- 
forms to the theoretical considerations 
developed by the following several investi- 
gators. Kaplan“ inferred, by calculating the 
magnetic dipolar interaction energy, that (111) 
would be the easy plane of magnetization. 
Keffer and O’Sullivan™ showed that, if one 


* The authors have taken parts as follows: 


Y. Nakazumi: Preparation of single crystals and 
X-ray study, E. Uchida and H. Kondoh: Magnetic 
torque measurements, T. Nagamiya: Theoretical 
analysis. 


Discussion to favor the latter is given. 


takes only dipolar interaction into account, 
the relative orientations of the spin axes of 
the four sublattices (corresponding to the f.c.c. 
arrangement of Mn**) cannot uniquely be 
determined ; they suggested, however, that 
the small rhombohedral distortion of the 
lattice, observed by X-rays by Rooksby™, 
would make (111) the easy plane of magneti- 
zation. More recently, Nagamiya® has shown 
that the small rhombohedral distortion actual- 
ly imposes a further restriction to the spin 
axes and confines them in the (111) plane. 
He considered the decrease in exchange energy 
due to this distortion and showed that this 
decrease is equal to twice the increase in 
elastic energy due to the same distortion. 
Minimizing the sum of the exchange energy 
and dipolar energy, he showed that the spin 
axis is uniquely determined and is stabilized 
in the (111) plane. 

The present experiment was carred out, as 
an extension of our previous experiment on 
NiO™, to see what the anisotropic character 
of the MnO single crystal is. We have found 
that the torque exerted on the crystal by the 
magnetic field: consisted of Fourier terms of 
periods 180° and 90° of the angle of rotation 
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j>f the magnetic field and a small constant 
‘erm which changed its sign when the rotation 
was made in the reverse way. The 90° term, 
which was not observed in the case of NiO, 
will be interpreted in §4 and §5 to be due 
xither to the anisotropy energy within the 
111) plane or to the movements of the anti- 
ferromagnetic domain walls. 


§2. Experimental 


Single crystals of MnO were grown by the 
flame fusion method of Verneuil, the flame 
having been finely controlled so as to have 
‘an excess composition of hydrogen“. Refer- 
ring to thermal analysis data obtained by us 
‘of the manganese-oxygen system, we found 
‘it preferrable first to prepare powder MnO 
jof high purity by heating powder MnO, 
1(99.9% pure) at about 700°C for one day in 
-H. atmosphere. By melting this powder in 
{the flame, single crystals were grown. A 
boule of crystal taken out from the furnace 
had a bullet-like shape, about 1 cm in diameter 
and a few cm long (see Fig. 1). The room 
temperature Laue back reflection X-ray picture 
or rotation photograph showed that the crystal 
was a good single crystal (see Fig. 2); in 
most specimens we scarcely found any traces 


Fig. 1. A boule of MnO single crystal grown by 
the Verneuil method and a cloven-out crystal. 


Fig. 2. Rotation photograph of a MnO single 
crystal, No. 415, taken by a perpendicular inci- 
dence of Fe Ka radiation at room temperature. 
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of higher oxides (e.g. MnsQ,). The lattice 
constant, a@=4.445A (at room temperature), 
calculated from these patterns conforms very 
well to that given by Wyckoff“) or by 
N.B.S.0) 

The crystal can be cleaved along {100} to 
a rectangular parallelpiped. By cleaving and 
grinding we prepared samples of the shape 
shown in Fig. 3; a parallelpiped of a few 
mm in edge lengths was ground in such a 
way that {111} or {121} planes appear at the 
corners and {110} or {110} at the edges of it. 
This shape is convenient for the purpose of 
exactly mounting the sample with desired 
crystal orientations. Misorientations of the 
ground-out surfaces are within 3°, when 
judged from the precision of our grinding 
apparatus. 


Fig. 3. Made-out shape of the sample. The cube 
represents the original cloven-out sample. 


Magnetic torque measurements were made 
by using a torsion balance. Since the details 
of our equipments and method of measure- 
ments are almost the same as those in our 
previous experiment on NiO single crystal™, 
they will not be reported here, except that 
the following device was made in the present 
case in order to improve accuracy in the 
measurements. A horizontal magnet, whose 
pole pieces have flat surfaces of 12cm in 
diameter, is allowed to rotate about a vertical 
axis, and the crystal is freely hung along 
this axis of rotation. (Previously, the magnet 
was fixed and the crystal was rotated.) The 
angular direction of the magnet can be read 
to within 0.2°. The magnitude of the torque 
acting on the sample is measured by reading 
the rotation of the torsion head which is 
required to make the sample rest at its normal 
position, i.e., the position for zero field; this 
procedure was convenient to keep the sample 
free from any ‘rotational hysteresis’ which 
will be mentioned in the next paragraph. 
The normal position was checked by observa- 
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Fig. 4. Magnetic torque curves obtained with 


suspension is [010]; 90°K. Arrows indicate position where the respective crystallographic axes 
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a MnO single crystal, No. 415, when the axis of 


coincide with.the direction of the magnetic field. 


tion with a telescope. The torsion fibre is a 
ribbon wire of phosphor bronze, 1mm wide 
and 0.03 mm thick. With a suspension ribbon 
of a length of 12cm, the torsion constant 
was 7.46x10-2 dyn cm deg-. Since MnO 
has a Néel temperature at about 116°K, the 
torque measurements have been done mostly 
at liquid oxygen temperature (90°K). 


§3. Results 


In the present experiment, it was observed 
that the torque was always accompanied with 
a hysteresis, i.e., the torque did not take the 
same values when the rotation of the applied 
field was reversed ; the observed torque curve 
was not stationary in the starting stage of 
each run and it was only after rotating the 
applied magnetic field by about 180° in one 
direction that the torque values became sta- 
tionary and reproducible. In Fig. 4 are shown 
the stationary torque curves versus the angle 
of rotation of the magnet, in the case where 
the sample was suspended along its [010] axis 
and in the range of field up to 8080 oe. Each 
curve in this figure contains two sinusoidal 
components, one with a period of 180° and 
the other with a period of 90°, and further- 
more a constant component. This decompo- 
sition for the case H=8080 oe is shown in 
Fig. 5. By analysing all the observed torque 
curves into such three components, it was 
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Fig. 5. Magnetic torque curves (thick curves) 
obtained with a MnO single crystal, No. 415, 
when the axis of suspension is a) [010], b) [110], 


c) [110], d) [121], and their Fourier components 
(thin curves);. 1) with 180° period, 2) with 90° 
period and 3) a constant term. 
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found that the amplitude of the component 
with period 180° was closely proportional to 
H’ over the range 5280 oe to 8080 oe, while 
the amplitude of the component with period 
90° was even more strictly proportional to 
H* in the same range. The constant term 
increased more rapidly with increasing field 
and was roughly proportional to H®. These 
results are shown in Fig. 6. 
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Fig. 6. Field dependence of the amplitudes of 
torque components for MnO single crystal, No. 
415, 1) 20-term, 2) 40-term, 3) constant term 
plotted against H?, H‘, and Hs, respectively; 
90°K. 


Similar results were obtained when the 
sample was suspended along other crystallo- 
graphic directions than [010], except when it 
was suspended along [111], in which case the 
90° component vanished as shown in Fig. 7. 
Therefore, our results for the torque per unit 
mass, 7, can be summarized within experi- 
mental errors by a formula 
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T= C,H? sin (20+¢1)+ C,H? sin (40-+e2)+C3H® , 


(1) 
where H is the applied field intensity, e’s 
are phase constants, and C’s are amplitude 
constants. In the case where [111] is the 
direction of suspension, C,=0. 

Noteworthy features of our observation 
were as follows. The amplitude per unit 
mass and the phase constant of the 20-term 
for a specified axis of suspension varied with 
thermal or mechanical treatment (cooling by 
liquid air and re-heating to room temperature, 
or polishing). Contrary to this, the cor- 
responding quantities of the 40-term remained 
the same and they were characteristic of each 
specified axis. In our previous experiment 
on NiO single crystals a similar result was 
found for the 20-term (there was no 40-term). 

In the case of NiO, the single crystal was 
composed of small rhombohedral crystallo- 
graphic domains twinned through {100} 
planes, as we actually examined them by 
X-rays. The distribution of these domains 
depended on the direction of the crystal 
growth in the Verneuil furnace; a crystal 
whose direction of growth was along [111] 
showed an equal distribution of domains with 
respect to the three cubic axes, resulting in 
zero torque when it was suspended along 
[111], while crystals grown in any other 
directions had unequal distributions and gave 
rise to finite torques even in the (111) plane. 

Similar behaviors is expected for MnO. No 
determination of the twin structure has been 
undertaken, however, since X-ray works had 
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to be done at low temperatures. Neither did 
we apply any technique of aligning domains 
in the present experiment. The quantity, p, 
which represents the excess fraction of aligned 
domains, could be estimated in the present 
case, as in NiO, from the amplitude of the 
20-term. It was found that » was of the order 
of one percent in all the samples of MnO 
used. This is very small compared with that 
previously found for those NiO single crystals 
which were annealed without applying any 
pressure. 


Table I. 
and H=8080 oe. 
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The appearence of the 40-term is the most | 
important result in the present experiment. 
This torque component remains practically 
unchanged by any thermal or mechanical | 
treatment. From the torque curves, suchas | 
those in Fig. 4, (or Fig. 5), the amplitudes | 
of this component per unit mass and their | 
ratios, as well as the phase angle, ex, have | 
been calculated and they are listed in Table 
I. We shall theoretically interpret them in — 
the next section. 

Two interesting characteristics are found 


Torque measurements on MnO at liquid air temperature, 90°K, 
Axis of suspension of the crystal and the corresponding 


torque amplitude, relative amplitude and phase angle for the 90° term 


are shown. 


Constant torque term is also included. Phase angle is 
measured as mentioned in the text. 


Axis of Amplitude Relative amplitude Phase angle Constant term 
suspension dyn-cm/g (exp.) (theor.) (exp.)  (theor.)| dyn-cm/g 
mean mean 
[100] 5.36 
[010] 5.66 5.56 1.00 1.00 0+3° 0 125 
[001] 5.66 
[110] 4.16 
[101] ela 1.34 
[011] 4.45 
4.33 0.78 0.75 0+4° 0 
[110] 4.50 
[011] ‘rf 1.36 
[101] 4.07 
[121] Sip ls: 
iN q 818 3.24 0.585 0.583* 180+2° 180° fa 
[121] 3.26 
[122] 3.43 
{111} 0 0 0 = — 1.36 
OS Sa== 7/2 


for the third component of the torque, i.e., 
the constant term. 1) As was mentioned 
already, the stationary state was attained 
only after rotating the applied magnetic field 
in the same sense beyond about 180°. This 
indicates a rotational hysteresis. By revers- 
ing the rotation, it was found that the sign 
of the constant term in the stationary state 
reversed its sign. 2) Comparison between 
the magnitudes of the constant term in dif- 
ferent samples showed that it depended 
strongly on the degree of stoichiometry of 
the sample. We used samples made out of 


three different mother crystals which were 
numbered as 407, 415 and 426. The crystal 
of No. 426 is such that the X-ray patterns 
obtained by it showed the best stoichiometry 
and the appearance of its cleavage surfaces 
were the finest. No. 415 comes closely next 
to this, and No. 407 showed, though very 
weakly, an extra pattern which corresponded 
to Mn3;O.. The crystals of No. 426 showed 
the largest constant torque, No. 415 a smaller 
value of it, while those of No. 407 showed 
scarcely any constant torque (see Table II). 
These results indicate that the more perfect 
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‘the crystal is, the easier is the irreversible 
‘rotation of the magnetization of each domain 
‘Por irreversible movements of the domain 
@ walls. A similar example of the constant 
‘(torque has been reported recently by Chika- 
‘} zumi@® in his magnetic torque measurements 
‘Pon thin Ni films. 


(8. Table II. Observed value of Ki and that of constant 
torque, showing their variation for different 
samples. The size dimension of their mother 
crystals and the mass of the made-out samples are 
listed together. 


Size dimen- Mass K. _ Const. 
= Sample : ‘ ; omp. 
i sion (mm) (gr) erg/gr dyn cm/gr 
BeNO. 407. 9x7.5x7 1.644._1.75:x 104 =0 
mo. 415° 7x5.5x4.5 0.871 1.09 x104 ies 
| No. 426 8x5.8x3.5 0.676 0.692x10! 5.62 
H=8080 oe 
dyn-cm {o10) 
6 
4 
2 
Néel point room temp. 
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Fig. 8. Temperature dependence of the amplitude 
of the torque components for a MnO single 
crystal, No. 415; 1) 26-term, 2) 49-term, 3) con- 
stant term; H=8080 oe. The suspension axis 
is [010]. 


Fig. 8 shows the temperature dependence 
of the torque amplitudes of the 20 and 40- 
components and of the constant component 
- for the suspension along the axis [010]. The 
Néel temperature estimated from the vanish- 
ing of these components is 113°K. It is noted, 
however, that a small finite torque was always 
observed even when the temperature was 
raised beyond the Néel temperature. This 
small torque is sinusoidal with period 180° 
and had a quite different characteristic from 
the torque component with period 180° 
observed below the Néel temperature: the 
former remained unchanged after cooling the 
sample below the Néel temperature and. Te: 
heating it, while the latter changed every 
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time the sample was cooled; this happened 
in all the samples used in the present experi- 
ment. It is believed that this torque originates 
from a paramagnetic higher oxide of manga- 
hese contained in the crystal to a very small 
amount as an impurity but not from MnO 
itself. 

Effect of field cooling on the torque varia- 
tion were also studied in the present experi- 
ment. It was found that when a sample was 
cooled down to 90°K from room temperature 
in the presence of a magnetic field (8080 oe), 
a significant change was observed in the 
phase constant of the component of period 
180°, in snch a way that the position of 
stable equilibrium became perpendicular to the 
direction of the field applied during the cool- 
ing. The component of period 90° remained 
without being affected by the field cooling. 


§ 4. 


Our experimental results may be interpret- 
ed in alternative ways: either the torque 
component of period 90° is due to the ani- 
sotropy energy within the plane of easy mag- 
netization, i.e. (111), or it is due to the move- 
ments of walls which separate domains with 
different directions of magnetization. The 
former possibility will be discussed in this 
section and the latter possibility in the next 
section. 

If a single magnetic domain has a spin axis 
whose direction cosines are a, 8,7 and if we 
apply a magnetic field whose direction cosines 
are a,b,c, the free energy per unit volume 
due to the interaction with the applied field 
will be written as 


Interpretation of the Results, I.* 


1 2 1 2 
heme vl Py -5 M dT 


=F. ty) aa+ Bb re 50H? (2) 


where %,; annd X, are the susceptibilities 
parallel and perpendicular to the spin axis. 
We assume that the spin axis is confined in 
the (111) plane, in virtue of the classical dipolar 
interaction, and that it is subject to an ani- 
sotropy energy of six-fold symmetry in this 


* The main part of this and next sections was 
reported by Nagamiya in his paper “‘ State of Atoms 
in Magnetic Crystals ’’ which was presented at the 
Second Welch Foundation Conference in Houston, 
Texas, December 1958 


472 


plane, the easy axes being either <i10> or 
<112). For an applied magnetic field which 
is lowe nough to make the spin axis deviate 
only little from the equilibrium direction, 
the total anisotropy energy can be written 
in the form 


KiB? + Kaz’, (3) 


where we take the z-axis perpendicular to 
the (111) plane, the x-axis along the easy axis, 
and the y-axis perpendicular to the both. Ai 
is associated with the anisotropy energy 
within the plane and A, with that which 
confines the spin axis to the plane; both are 
functions of temperature. We assume that 
‘4 is much smaller than Kz. Adding (3) to 
(2) and looking for the minimum of the total 
free energy, the following expression in 
powers of H? can be obtained for the minimum 
of the total free energy: 


il 


ule | , 

= tL Et oh ma? 

1 Cb @C 

| a8 —X 2 4 = 
man eH G+) (4) 


In order to simplify the matter, we average 
(4) by applying all the symmetry operations 
of the original cube, and at the same time 
transform the coordinate system into such 
that the x, y, z-axes are the principal axes of 
the cube. Then we have, up to terms of 
order H+, 


(f= seh — 1H se 


OK alg +6?c?+ ca") 


~ 0s +%)H? 


v7 heel! 1 

ael%1— i) e+ oak (5) 
The first term in this expression depends on 
the direction of the applied field and so it 
gives rise to a torque. The torque can be 
obtained by differentiating this term with 
respect to the angle of rotation of the field. 
Since this expression is quartic with respect 
to the direction cosines of the applied field 
relative to the cubic axes, the torque must 
change sinusoidally with a period of 90° for 
any axis of suspension. Also, its magnitude 
must be proportional to H‘. The theoretical 
formulae thus obtained for the torque for 
different crystallographic directions of sus- 
pension are as follows: 
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ly -E) nn 40 
(oly 04 — ech Cre zz) sin 
<10>) Ly, x Eee — 2.) sin 49 
CTios| 96 ok i | 
<111)> zero (6)) 
= 7 1 OA de} i 
(1125 — gts <n see) sin 40. 


In these formulae, the angle, #, is measured | 
from a cubic principal axis in the plane of | 
rotation for the first three cases and from . 


[111] for the fifth case. 

To compare with theory, the experimental 
results must be averaged by the same cubic 
symmetry operations. An ambiguity arises 


in doing so, as each time when we choose a_ 


particular crystalline axis as the axis of sus- 
pension, the specimen is pulled out from a 
low temperature region to the room tempera 
ture region in order to re-set. During this 
process the twin structure may change. If 


this happens, other terms of the free energy — 


which average out to zero by cubic symmetry © 
operations will also contribute to the torque. — 
However, the comparison given in Table I 


seems to show that there is actually little 
fear of this change, as there is a complete 
agreement between theory and experiment. 
The anisotropy constant Ki can be calculated 
by comparing the absolute magnitude of the 
measured torque (Table I) and the correspond- 
ing theoretical formulae (6). Since Kz is 
much larger than Ai, as will be shown below, 
the Ky! term in these formulae can be neg- 
lected. Making use of the values of the 
powder susceptibility obtained by Bizette, 
Squire and Tsai® (%,=41x10-%e.m.u./g at 
90°K and %,=86x10-% e.m.u./g), the value of 
Ay, can be obtained to be 1.0910‘ erg/g for 
the sample of the Table I (No. 415). How- 
ever, for the best sample, No. 426, we 
obtain a value of Ai of 0.69x10‘erg/g, and 
for the sample No. 409, which contains some 
small amount of a higher oxide, a value of 
1.75x 10‘ erg/g. In all these cases the value 
of Ki is much smaller than that of K, 
(=0.33 x 107 erg/g, as calculated by Kaplan). 
The above different values of A, for different 
samples cast a doubt on the validity of the 
present interpretation. To this adds another 
difficulty which we meet when we compare 
our values of Ay with that derived by Keffer 


~and O’Sullivan by analysing the field-depend- 
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ence of the powder susceptibility measured 
by Bizette, Squire and Tsai. They obtained 
a value Ai=5.8x10'erg/g at absolute zero 
| (nine times their Ay is our Ay, and the value 
quoted here is twice as large as the corre- 
j sponding value obtained earlier by Nagami- 
‘§ ya“ by analysing the same data*) This 
; value of K, deduced by Keffer and O’Sullivan, 
‘is about ten times the value obtained from 
if the present torque measurements, and one 
|might suspect that this difference could be 
due to the difference of the temperatures of 
if} the two experiments (0°K and 90°K). How- 
¥ ever, by analysing Bizette-Squire-Tsai’s data 
at finite temperatures we find values of Ki 
that are almost independent of temperature, 
§ falling down only very near the Néel temper- 
# ature. If K, were a rapidly decreasing func- 
) tion of temperature, decreasing more rapidly 
} than (x, —%))? near the Néel temperature, as 
} one might expect theoretically,** one would 
} have obtained an increasing field dependence 
} of the susceptibility with increasing temper- 
| ature, whereas it decreased actually. In our 
| experiment we observed also a decrease in 
| torque amplitude when the temperature was 
| raised above 90° to 113°K (Néel temperature), 
as shown in Fig. 7. All these facts indicate 
| that the origin of Ki may not be intrinsic. 
We shall therefore proceed to another possible 
interpretation in the next section. 


_§5. Interpretation of the Results, IT. 


Our samples may consist of small domains 
with different axes of magnetization. There 
may be walls of a certain structure (maybe 
similar to that of the ferromagnetic Bloch 
wall) which separate different domains. With 
the application of a magnetic field, these walls 
will move from their equilibrium positions 
. and will give rise to a field-dependence of 


Ki=Kz, whereas K;,< Ky in the present case, so that 
his previous value of Ki has to be multiplied by 
1/2. Thus Kaffer and O’Sullivan’s value becomes 
four times as large. However, since their analysis 
is based on the formula which is valid for higher 
field strengths, their value may be more reliable. 

** The anisotropy energy of six-fold symmetry 
within the easy plane of magnetization may mostly 
arise from the higher order dipole-dipole interaction, 
and so will vary as (Ty—T)", n>2. The calcula- 
tion of this quantity will be published in another 


paper. 
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the susceptibility, as pointed out by Néel@®, 
Likewise, this movement will give rise to a 
variation in torque. We shall investigate the 
latter effect in this section. 

Néel supposed a domain wall between two 
antiferromagnetic domains with different 
directions of the spin axis for the crystal 
which has more than one easy axes. If a 
magnetic field is applied, one of the domains 
whose spin axis is more perpendicular to the 
field will expand by pushing the wall to the 
side of the other domain, since the free energy 
decrease per unit volume of the former due 
to the applied field is greater than that of 
the latter, as %,>%. On the other hand, 
the wall will be exerted by an elastic restoring 
force, so that it will settle at a new equilibrium 
position. As in the case of an intrinsic ani- 
sotropy energy, this mechanism gives rise 
also to a field-dependence part of the suscep- 
tibility proportional to (%,—%)))?H?. 

Néel’s idea can be applied to the present 
case in the following way. Let the direction 
cosines of the spin axis in one domain be a, 
8,7 and those in the other domain a’, B’, y’. 
If the domain boundary wall shifts by a dis- 
tance x, enlarging the first domain and di- 
minishing the second one, the chang of the 
energy of interaction with the external mag- 
netic field will be 


H.-H) Haat Bb+ 707 


—(a'a+B'b+y'c)|x CH) 
per unit area of the wall. We have to add 
to this the energy increase due to the restor- 
ing force, which may be written as 


SoH (8) 


Adding (8) to (7) and minimizing the total 
energy, we have 


x= 3-1 ~My) Haat b+ 70 


—(ala+B'b+r'ch]. (9) 
Substituting this x into the total energy 
increase per unit area, we have 


s(t —%)) H{(aa+Bb+70? 


—(a/a+B'b+r'cPlavy (10) 
It is seen that this expression is quartic in 
a,b,c. We now take the average of this 
expression by applying all the cubic symmetry 
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operations. Physically this corresponds to 
having a cubic randomness for the domain 
distribution. However, since we do not know 
what the correlation between a, 8,7 and a’, 
B', vr’ is for the neighboring domains, although 
there may be a finite number of direction 
for the spin axis within the crystal, we 
cannot arrive at a definite formula after the 
averaging. Nevertheless, we must have a 
formula of the following form: 
—const.(% 1 —%\))2?4((a2b? + b2c?-+ c2a”)+- const.) . 
(11) 
It is seen, by comparing this expression with 
(5), that the present mechanism gives rise to 
the same field-dependence of the torque curve 
as that due to the intrinsic anisotropy energy. 
The first const. in (11) is proportional to the 
total area, A, of the wall participating in 
the present mechanism and inversely propor- 
tional to c. Thus, in order to explain our 
experimental results, c/A, has to be of order 
10‘ erg/cm? (the previously derived value of 
kK, being ~10terg/g, or ~5x10t erg/cm). 
Unfortunately, it is not possible at the present 
moment to estimate the value of c. There- 
fore, assuming rather arbitrarily that the 
linear dimension of the domains to be 107% cm, 
since Uchida and Kondoh observed on the 
surface of NiO (not in MnO) etch patterns 
of about 10 microns, we have A~10* cm? per 
cm’ and correspondingly c~10’ erg/cm*. 

It is not possible to conclude definitely at 
the present stage that the wall movement is 
responsible for the torque variation, though 
it is highly more probable than the mechanism 
due to the intrinsic anisotropy energy for the 
reasons given at the end of the preceding 
section. 

Another conceibable mechanism is that the 
spin axis of each domain is constrained by 
those of the surrounding domains due to 
exchange interaction; this would give an 
effective anisotropy constant which corre- 
sponds to the previous Ky. What actually 
governs the field dependence of the torque 
or susceptibility is the smallest one of the 
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three: the elasticity constant for the domain | 
wall displacement, c/A, the elasticity constant 1 
for the rotation of the spin axis, arising from | 
the interaction between domains, and the. 
constant, Ki, of the intrinsic anisotropy energy | 
within the easy plane of magnetization. ! 
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For clarifying the physical properties of high polymer solution, it 
important to investigate into the relation of the extension of high polymer 
molecule in solution to the potential energies between chain elements of 
the high polymer molecule and solvent molecules. In the present paper 
is given a theoretical treatment of this relation asa guide to the experi- 
mental study. 

The calculation is based on a lattice model. The potential energies of 
interaction between chain elements and solvent molecules were formulated 
as precisely as possible, and the expression for the extension of high 
polymer molecule was obtained. 

The results secured may be summarized as follows: The expression by 
which the erid-to-end distance of high polymer molecule is related to the 
potential energies between chain elements and solvent molecules, and 
also the expression for a change in end-to-end distance of high polymer 
molecule, when it is put from vacuum into solution, have been obtained. 
From these relations we see that the quantity which determines the ex- 
tension of high polymer molecule in solution is 4H=(Hy»+E'ss)/2— Eps 
and the quantity which determines the change in extension accompany- 
ing the transfer of high polymer molecule from vacuum to solution is 
Eins— Ess/2. Here —Epp, — Ess and —Eps are the potential energy be- 
tween two chain elements, that between two solvent molecules and that 
between a chain element and a solvent molecule, respectively. 


§1. Introduction 
In view of the fact that the extension of a 
high polymer molecule in solution varies ac- 
cording to the sort of solvent, it is anticipated 
that there must be some properties of a high 
polymer solution which depend on the ex- 
tension of the high polymer molecule. Sol- 
vent-dependencies of viscosity, diffusion con- 
stant, viscoelastic properties and so on are 
the typical examples of such properties. Since 
it is to be considered that the effect of sol- 
vent on a dissolved high polymer molecule 
depends on the potential energy of interac- 
tion between chain element and solvent mol- 
ecule, the inquiry into the relation between 
the molecular extension and the potential 
energy is not only of importance to the study 
of the real character of the extension but also 
necessary for investigating the chemicophysi- 
cal nature of the high polymer solution. 

The present paper deals with the theoretical 
investigation of this relation based on a lat- 
tice model. The results obtained, it is hoped, 
may serve as a guide to the experimental 
study to be promoted later. 

The important points, which form the 
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keynote to the construction of the theory, 
are as follows: 

1) The potential energy between the chain 
element of high polymer and the solvent 
molecule is calculated as rigorously as pos- 
sible and introduced into the expression for 
the molecular extension 7. 

2) That the chain element has a finite 
volume is taken into account. 

Now, the main experimental facts concern- 
ing the extension of a high polymer molecule 
in solution are 

1) That the better the solvent, the greater 
the extension (end-to-end distance) of a high 
polymer molecule in this solvent: 

2) That in a good solvent, the extension 7 
becomes larger than 3.5 times vj? ?, where 
N being the number of chain elements, and 
b the mean bound length between two neigh- 
boring bound elements: 

3) That in a good solvent, dr/dT<0” (1) 

4) That in a poor solvent, dr/dT>0” (2) 

5) That some solvents have positive heat 
of dissolution. (Heat of dissolution is the 
heat which is absorbed when a solute is dis- 
solved in a solvent at a constant temperature.) 
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It is therefore to be desired to develop a 
theory for the extension of high polymer 
molecule, on which these experimental facts 
can be satisfactorily explained. 

As a first step, let us inquire what kinds 
of force are necessary to be assumed in order 
to explain the experimental facts (1)~(5). 
Conceivable forces that act on or within a 
chain are as given in the following. All or 
some of these forces must be taken into con- 
sideration in formulating the theory, in so 
far as they are not contradictory to the ex- 
isting facts. 

F-1) Such a force within a chain with a 
fixed end-to-end distance, that causes the chain 
elements to take random distribution (elastic 
force giving rise to contraction of the chain). 

F-2) Such a force within a chain that 
causes the line connecting the two ends of 
the chain to take random orientation (extens- 
ional force). 

F-3) Repulsive force acting between neigh- 
boring chain elements due to volume exclu- 
sion of chain elements (extensional force). 

F-4) Attractive molecular force between 
chain elements (contractive force). 

F-5) Repulsive force between a chain ele- 
ment and a solvent molecule. 

F-6) Attractive force between a chain ele- 
ment and a solvent molecule. 

Extension of a high polymer chain in solu- 
tion is determined by the balancing of these 
forces. When only the forces F-1) and F-2) 
are taken into account, the end-to-end distance 
ry of a chain is given by 

r=V NB (3) 
where WN is the number of chain elements, 
and 6 the effective bond length between neigh- 
boring elements. If account is taken of (F-3) 
and (F-4), besides (F-1) and (F-2), one gets 

r2V NB , 
according as 


o>) 
(F-3)2(F-4). 


Thus it is clear that the smaller the force 
(F-4), the larger the extension of a chain, 
and vice versa. 

Further, if the effects of (F-5) and (F-6) 
be to increase (decrease) the effect of (F-4), 
they will bring forth an additional contrac- 
tion (extension) of the chain. In the case 
where the effect of solvent is disregarded, 
the extension of a chain involves only the 
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detachment of those elements which are not 


connected with each other directly with bond. 
But when the effect of the solvent is taken — 
into consideration, the process that accom- 
panies the extension of a chain must be the 
separation from each other not only of the 
elements but also of the solvent molecules, 


and the new creation of contacts between || 


elements and solvent molecules. 

Denote a chain element and a solvent mole- 
cule by p and s, respectively, then the above 
processes may be written as 


(p:p)+(s-s)>2(p:s) es) 


If we express the potential energies between 
p and p,s and s, and p and s by —Epp, —Ess, | 
and —Eys, respectively, the energy necessary 
for these processes to occur is Eyp+Ess—2Eps. i 
Accordingly, the relations 


EppZE ppt Ess—2E ps or Alps = Pgs (6) 


correspond to the case where the effect of 


decreases 
solvent {does not change} the effect of (F-4), 
increases 


{ increases 


so that it | does not change} the extension of | 


decreases 
a high polymer chain in solution as compared 
with that in vacuum. 

Thus, if these relations become known, 
we shall be able to gain a deeper insight into 
the behavior of the extension of high polymer 
chain in different solvents. Consider, for ex- 
ample, the case where all the intermolecular 
forces acting between chain elements and 
solvent molecules are dispersion forces. If 
we assume, for simplicity, that the volume 
of a chain element and that of a solvent 
molecule are nearly equal, we have 


Eps=V Epp: Ess (Jo) 
so that relation (6) becomes 
02VE,,—2V Ey Or 4E SES (8) 
; increase 
corresponding to {no change} of the exten- 
decrease 


sion of chain in solution in comparison with 
that in vacuum. Thus, we see that, so far 
as the relation 4Ey»>Ess holds for the dis- 
persion force, the chain is more extended in 
solution than in vacuum, notwithstanding 
that the mixing heat of chain elements and 
solvent molecules is positive. Furthermore, 
from Eq. (4) it may well be anticipated that, 


Let us now ingire into the relation between 
‘jae extension of chain and the temperature 
f solution. The chain element has a finite 
folume, which causes the increase of ‘end-to- 
nd distance y of the chain. Further, since 
he volume exclusion brings about diminu- 
‘fion of configuration number, the tendency 
v0 contraction of the chain due to elastic 
‘orce is repressed. Thus, the effect of volume 
-§2xclusion leads to augmentation of 7, which 
‘evidently becomes pronounced when the ele- 
ents approach one another, as in the ease 
of poor solvent. 
i) Now, as the temperature rises, the increas- 
ing tendency to contraction of the chain due 
to elastic force and the expansion caused by 
the increase in volume of chain elements 
counteract each other. In case the former 
faction predominates, the chain will shrink as 
is actually observed in good solvents, while 
when the latter action predominates, the chain 
will expand, which is the case with poor 
solvents. 

We have thus seen that the assumption of 
‘the forces (F-1)~(F-6) fits in qualitatively 
with the experimental facts. It seems there- 
fore amply justified to introduce such forces 
in formulating the theory of the extension of 
high polymer chain in solution. 
i 
§2. Theory of Extension of High Polymer 

Chain in Solution 


The properties peculiar to high polymer 
solution are most conspicuously revealed by 
the solution with good solvent, where the 
high polymer chain has a large extension. 
The formulation of the theory must therefore 

be such that it can account for the behavior 
of high polymer chain in good solvents. There 
are many theories »~!? as to the exten- 
sion of high polymer chain in vacuum, in 
which the forces (F-1), (F-2) and (F-3) are 
taken into consideration. There are, however, 
few theories®@9 which takes account of 
(F-4) as well. Here we shall, for conveni- 
ence’s sake, take it for granted that the end-to- 
end distance 7 of the chain under the influence 
of forces (F-1), (F-2) and (F-3) is known and 
is equal to YW CN, and then inquire into the 
question how this quantity will be modified 


Extension of High Polymer Molecule 
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under the influence of forces (F-4), (F-5) and 
and (F-6). The information as to the modi- 
fication of CNY makes it possible to see 
how yr behaves in solution under the influence 
of forces (F-1)~(F-6) and to compare it with 
y in vacuum under the influence of forces 
(F-1)~(F-4). 

The calculation of the extention of high 
polymer chain in solution will be performed 
in the following, being based on the lattice 
model and on the assumptions that the distri- 
bution of chain elements is Gaussian and that 
the solution is so diluted that the mutual in- 
teraction between high polymer molecules can 
be disregarded. Consider that the total solu- 
tion is divided into equal volume cells whose 
number is equal to that of high holymer 
molecules in solution, that is, that each cell 
contains one high polymer molecule on the 
average. Statistical consideration of such 
cells will give the nature of the high polymer 
molecule in solution. 

Mean square end-to-end distance of a chain 
is, on the assumption that energy FE is a 
function of 7, given by 


rok) an aie 


7?) = mts 
ee pC Bere 


(9) 


where o(£) means the configuration number 
corresponding to &. Putting 


WAF)=a(7) (10) 
and 
S()=k log w(7) , (11) 
Eq. (9) can be rewritten as 
\r exp {—(E(r)—TS(”)/kT } dr 
= 
[exp (-(E()—TS(ykT}dr 
\r exp (—F(n)/kT )dr 
= (12) 


lexp (—F(nkT dr 


S(r) and E(r)—TS(r) correspond respectively 
to the entropy and the free energy of the 
system (cell) for given 7. Thus, if we can 
calculate E(r) and S(r), and hence F(r), we 
obtain <7?) from Eq. (12). 


I) Calculation of entropy S(7) 


Let the number of chain elements of a 
high polymer molecule and that of solvent 
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molecules in a cell be denoted by N and Ns, 
respectively. The entropy S(v7) of the cell is 
given by 
S(n=h log a(r) , (13) 

where (7) is the number of those configura- 
tions out of all possible configurations of the 
system which fulfil the condition that chain 
elements must be connected in series with 
each other, the end-to-end distance of the 
chain being fixed at 7. 

The probability that the end-to-end distance 
takes the value between 7 and r+dy is given 
by 


Water ae Se8s 37 Nard 
= (s—aige) am (soa acl 
(14) 

so that the configuration number of a chain 
with the end-to-end distance ry is proportional 
to Wy(r). 

Further, since the volume of each cell V 
is far greater than that of a high polymer 
molecule V, 


VreV, (15) 
the number of position that the center of 
mass of a high polymer molecule can occupy 
in a cell may be put equal to the total num- 
ber of lattice points of the cell, which is 
given by 

vV=N+N, , (16) 
vy being the density of lattice points. Thus 
the configuration number (7) of the system 
must be proportional to the product Wy(r)-vV: 


o(r)= Kv V Wy(r) 


RN 
a Sues nea 


x exp (- 5 a are? a dC) 
K being the proportionality constant, which 
means the total number of configuration of 
a chain for all possible values of y. Inasmuch 
as the configuration number of solvent mol- 
ecules at the lattice points which are not oc- 
cupied by the chain elements is unity, (7) 
given by (17) is none other than the con- 
figuration number of the whole system of a 
cell. Therefore we get the following expres- 
sion for the entropy of the cell: 


S(”)=k log a(r) 


— { “(E = = eee sia 
pie K(N+ Ns) omCN? 


fT 37? 
2CN” 


II) Calculation of energy E(7) 

First we calculate the number of pair 
formed of chain elements (p) and solver 
molecules (s) in volume V,;, exclusive of tha 
pairs of two directly bonded chain element 3 
For the sake of simplicity, we assume thaj 
p—s pairs exist only in V;, which is permis 
sible when the number of p is very large: 
In this case there exist p—p, pP—s and s—: 
pairs inside the volume V; and only s—s 
pairs outside. 

Putting the number of solvent molecules 
inside and outside of V, equal to N,’ an 
N°, respectively, we have 

Ng=vV,—-N, (19) 
N®=N;s—N¢=Ns—vVr—N . 

Let o be the number of the nearest neigh- 
bors around a lattice point, o» be the average: 
number of p out of o, and o;' and os? be the: 
average numbers of s out of o inside andl 
outside of the volume V;,, respectively. Then 


Mee Arr*| (la 


es 
yp Va’ 
0 La ear (20) 
: » Vela or 
C—O) . 


Now, the number of p—p pairs (Npp), ex- 
cluding those chemically bonded along the 
chain, is on the average 

1 oN? 
N. =—N bias = am 
rj. 2. < sy 2Qv Ve 
the number of p—s pairs (Nps), that of s—s 
pairs inside and outside of V;(Ni;, N°) and 
their sum (Nss=Nss;+Nes) come out to be 


N, (21) 


Nos Nos’ N53*op oN oN* F 
vV;,. 
i ge late ovV, oN? 
Ni.=—N¢ = a —— 
. 2 5 2 aie 2 V;, : 
l 3 (22) 
a 5 Me Ome Mies tc a AND 5 
Ng “ ee OS ENB < 
Prat 2 Ne ees QV; 


It follows therefore that 
k= = Viiplooe-IN plows — Notice 
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0 oN? 4 4 
— {5 —-N)- 28h Ered Seareren ON ia tiais ; (26) 
be NE vy oNEw—- Ne-N ES Whence we get 


E(r)=NEpp—oNEps 


oN? (= —Em) 


”) vV;, 2 —(N.— N)Es— 


GNA pan (27) 
VT 


-AE, III) Free energy F(r) 


(23) From Eqs. (18) and (27), we obtain the ex- 
pression for the free energy of the whole 
system as a function of end-to-end distance 

ae (24) 7 of high polymer molecule; 
F(r)=E(r)—TS(r) 


= NE »»—oNEys—-(N.— N)Ews— “ 


=NEpy—oNEps—-(N.— N)Ess 


ccc Since, for the Gaussian distribu- 
(tion of chain elements, the mean square dis- 
“ance <R?) of chain elements from their center ; 
‘of mass is related to the mean square end- x( 3 dine 5a log sre? (28) 


pray 4 


VT 


AEr3— kT log K(N+N) 


iito-end distance <7?> of the chain by 2CNY 2CN 
é Ry=16 (25) IV) Mean eluate end-to-End distance of a 
6 chain <7?) 
“we have By Eqs. (12) and (28), we obtain 


oe 3 ¥ e 372 )s es 
Jexp | i ET | CNL) 2 Doce oe 


ME ex oo Ae }( z LP exp (— at ar my?dr pe 
P Siete Wed 2xCNY 2CNY 
| or, by making use of the expansion formula 
et=14— os aN SD (30) 


ce 2 


SL oie Ae ele oN") (43) -6 algeene ee (- ue \drer‘ar 
allo "= asa er | eeCne P\ —3GN7 | 


aN TE ag (NPV (AEY 5. [goin ex (nr 
1+{) ek aot ie Vee s lean APN OCNT) TK 


“In case the second and higher terms are small compared with the first term both in the 
numerator and denominator, Eq. (31) can be rewritten as 


| 3\%2oN? AE 1 e 372 )i 
ry. =CNi| 1+(5- a) ET Feral 1 eee yarriy aes 
oR oe sere oa 
— | exe{— 2CN7 me ‘ar }+(scen) 21 N oped) NRT 
3r? fe 
: “2 s 4 eae |. (32) 
«| aya \exP (—3e Fae zien 2dr — Jexr( ane mr—*dr 


ys; from CNY as affected by the potential 


CNY 


(31) 


From this we can estimate the deviation of <7? 


les. 
ergy between chain elements and solvent molecu . 
e Take, as an example, potystyrene with molecular weight 200,000 (molecular weight 
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of the chain element=54). As the second 
and higher terms in the square brackets of 
Eq. (32) are the correction terms, we may 
well substitute Nb? for CNY in these terms, 
b being the feffective bound length, which 
takes the value J=8.5x10-8§cm for polysty- 
rene. Eq. (82) then becomes 


oAE 


ee 
AE 
~2.35 x 104( 2 
(ir) 
In so far as c4E/kRT=10-3, consideration up 
to the second terms is sufficient. Thus we 
see that in the case of the solvent which 
dissolves polystyrene with absorption of heat, 
namely 4E>0, 


C7 >s= cw 1- 82.2 


(33) 


TP sGONTs (34) 
As for the temperature dependency of +r 
we can say as follows; 
(I) In case 4E>0, we get, rewriting Eq. (33) 
in the form 


Tos=CNIAL); (35) 
daA(E) 
rae SS). (36) 
It holds, on the other hand, that 
dCN” 
qT <0 (37) 


Consequently, the temperature dependency 
of extension of high polymer molecule dr/dT 
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(II) If 4E<0, 


dA(E) 

ad: 
so that, in combination with the relation (37% 
which holds likewise in this case, we alway’ 
have dr/dT<0, as is the case with good sol. 


vent. | 


<05 (3¢ 


§3 Theory of Extension of High Polymét 
Chain in Vacuum ' 


In vacuum the forces (F-1)~(F-4) com 
into question. We must estimate the effect 
which the force (F-4) brings about on the squar 
end-to-end distance CNY of high polymer 
chain under the forces (F-1)~(F-3). Also 1 
this case, the mean square end-to-end distance 
<r?) and the entropy S(r) of the chain, which 
is equal to that in solution, can be written 
in the forms of Eq. (12) and (18), respective- 
ly. The energy of the system E is composed 
of potential energies of p—p pairs, so that,, 
since the number of p—p pairs is given by’ 
Eq. (21), we get 


oN? 
E=—Np,Eeo=— Dy aes NE pp 
NE NN (40) 
2vt 


Thus the free energy of the system comes. 
out, by Eqs. (40) and (18) to be 


is determined by the balance between the A@ss oN? ON*E ny |, -3_NE 
relations (36) and (37), namely fl 2vT ~ 
dCN’|_ dA(E) — 3 3/2 
TT IT for good solvent, ie K are 
and (38) we. 
i! 2 
ce << eee) for poor solvent. ei 2cnr* °8 ae ie 
a ven 
dT dT and hence, by (12) 
oN? Epp = Ip ”) 3 Te 
ex Bed Pt 
th xe Wee by vy Geary, exp (—3e TONE zeny iaridr 
<r = 373 42 
jexp \ ee ee Arcred “ 
Que kT RT tera xp (— a, "DF 
or, by making use of the expansion 
alte tie 91 Wee ’ 
1 ON? Eoy ,, 1 f oN? Evo\? 8 nile 372 
ete SPP —3 + Sp \ 6 a eth 
CCNY Saal Que kT nee it)! " Gea) exp ( 2CN? ; ertdr 
all oN? IDey 3 io Eon a Stee 3) 3/2 O 
Que SRT O1\ Dyan i. eee exp (— aan aa 


(43) 
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| If the second and higher terms are very 
mall compared with the first term both in 
Wiumerator and denominator of Eq. (43), this 


|quation reduces to 
3 3/2 
( 2xCNY ) 


Mn 
| Hor? >= CN] 1+ IN* Evp 

| x L jex © 4nrd 

Caren nt) pia 

— j ok eee a 

jexe(—32 saan rer dr 


Zin KA. 
1 bee Pon \? 8 Bf 
a ) (arseame) 


2yce BE 
od x aa ; \aerdr 


+ 


[exp (- ie 
CN? 


3 yr 
ex Anr- td 
p (- 2CN7 *) x Aan 
Putting Nob? in place of CN” in the second 
‘and higher terms, for the same reason as 


| L ANaa) 


JE pp 
2kT 


E 
—2.35 1 Seno ¢ 
35x10 Oh | 


From. this we see that the end-to-end distance 
‘y in vacuum is smaller than Y CN’. 


y= CN 182.2 


(45) 


$4 Comparison of <72>s with <7?» 

The relation between the end-to-end distance 
y of a high polymer molecule in vacuum and 
that in solution can be obtained by compar- 
ing Eq. (33) with Eq. (45). If it holds that 


CAE oE pp ~10-3 
| SONA Sh 


the ratio of <7*)s to <7)» takes a very simple 
form; 


2 
po 
TT) 


(46) 


oAE 

Oe 1—82.2 oT 
(2 = OE np 
1—82.2 —— RT 


2.35 x x10(-F 


k 
oO 


= 2.35% 104( 
=e) 
2 
2 lies 
ake: 
42.35 x 10 (Gr) (E» : ) 


a apnEes 8) 


Whence we obtain: 


2 


= Ens— 
=~1+482. al r 
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7 )52 ={r* >» , | 
according as “ (48) 
ins _* = = = ee ) 
2 


If the intermolecular force is dispersion 
force, the relation (48) becomes, by virtue of 
Eq. (7) 

7s 
according as 
APF nyp—Ess=0 « 
The relations (48) and (49) are valid only for 
the case where the condition (46) is satisfied. 
When 


Cr" >» ) 
(49) 


OAE Olin 

RT TORT: 
it becomes necessary to compare Eq. (29) 
directly with Eq. (42). These equations have 
close resemblance to each other and can be 
written in the form 


= Ose (50) 


jew Porr rar 
AA)\=—— ; 
yeti °o Br dy 


(51) 


As can easily be proved (see Appendix) func- 
tion Z(A) is a monotonously decreasing func- 
tion of A, so that 


Z(A1)BZ(A2) , 
according as (52) 
ASA? . 
Thus, from Eqs. (29) and (42), we get 
CPE Me - 
according as (53) 
Ra a0 
or, 
<r? sy 
according as 5 (53/) 
Ens— 2 =0, 


which is identical with the relation (48). 


§5 Discussion 

The above theory, in which the increase of 
chain extension 7 due to the finite volume of 
chain element is expressed in the form 
VGN?, merely gives the deviation of 7 in 
solution from CN. In order to obtain the 
absolute value of 7, it is necessary to know 
the correct value of CNY, which is not ac- 
cessible at the present stage of the theory. 
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The theory is based on the assumption that 
the distribution of chain elements is Gaussian 
such that the mean square end-to-end distance 
is CNY, but the actual distribution must be 
different from Gaussian, since in the Gaussian 
distribution the superposition of elements is 
not excluded notwithstanding that the aug- 
mentation of chain extension arising from 
the effect of volume exclusion is taken into 
account. This difference in distribution 
manifests its effect only little in the case 
where the chain extension is large, while it 
will become of importance when the extension 
diminishes so that the chain elements come 
in contact with each other at many places. 
In other words, the theory will prove more 
and more inaccurate as it is applied to poorer 
solvent. 

As for the temperature dependency of ,7 it 
is determined by the following properties: 

(1) Tendency toward contraction of chain 
due to elastic effect is strengthened with 
rising temperature. 

(2) Volume exclusion effect causes the con- 
figuration number of the chain to decrease, 
so that, the elastic force of the chain is dimi- 
nished. 

(3) The higher the temperature, the more 
the increment of excluded volume of chain 
elements. 

For rigorous treatment of the effects (2) 
and (3), Gaussian approximation for the dis- 
tribution of chain elements is not sufficient. 
Gaussian distribution may be assumed solely 
in such a case that the effects (2) and (3) are 
insignificant and it suffices to take only the 
effect (1) into consideration, namely, in the 
case of good solvent. 

In short, the present theory which is based 


dZ(A) _ | [esr erm'rsdr| fete Met ydr}— | [etree rtdr } ut raat a 
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on the assumption of Gaussian distribution} 
of chain elements proves to be an approximate 
theory applicable only to the case of goo 

solvent. l 

Further it is to be noticed that since a0 
Bragg-Williams approximation forms the basis) 
of the theory, the forward step to be taken 
must be to use Bethe approximation for i 
fining the theory. 

Nevertheles, we have obtained several 
fruitful results, as stated in the foregoing. 
It will therefore not be insignificant to ex- 
amine the availability of the theory through 
comparison with experimental facts. 

We have seen that the quantity which de- 
termines the relations between <7?>s and CN”: 
is 4E, and those which determine the relation 
between <7?>; and <7*>» are Eys and Ess (or 
Eyp and Ess when the force acting between | 
the elements is dispersion force). Thus ini 
order to scrutinize the theory, it is necessary’ 
to obtain available data concerning <7?>, 4E, 
Ess, Epp and the like. As we have at present: 
very few systematic data as regards these 
quantities, we are now carrying on experi- 
mental determination of them. The results. 
will be reported in the near future. 


Appendix 
Eqs. (29) and (42) can be expressed in the 
common form (51) 


— 2 
\at 39-Br vidr 
Z(A)=2>—_—_——__ 
Jet e™rear 


where A is a factor involving intermolecular 
potential energy. By examining the sign of 
aZ(A)/dA. 


dA 


pans 2 3 z 
ee rar 


(94) 


we can determine whether Z(A) is an increasing or a decreasing function of A. 


Let the numerator of Eq. (54) be X, then 


v= [eter terre netos(aay — ty tdy 


Pape y= 2 2 : 
al [ee tU-")o- Bl HW? x2y — gehy-l + y2x — y'x—)dxdy 
y>yus 


ma “it _Jeteter be aera ysay Dry 74+ Deety-* bay 4 Daddy >0 


(95) 


hus we have 


dZ( A) 
FV Wee (56) 
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The paramagnetic susceptibility of a single crystal of CoCl,-6H,O was 
measured by the usual a-c bridge method. Transition to the antifer- 
romagnetic state was observed at about 3.3°K. The easy axis is along 
the crystalline c axis. The g values determined in the paramagnetic 
region, below 20°K are: gc=g»=4.9 and ge1=2.9. Some considerations 
about the anisotropic susceptibilities in the paramagnetic state are given 
from the standpoint of crystalline field theory. The exchange interaction 
in this salt is discussed considering the interaction path between the 
magnetic ions which involves the linkages of chlorine atoms or water 
molecules. The measurements on the deuterated salts are intended to 
make clear the effect of the hydrogen bond on the magnetic exchange 


interaction. 


$1. Introduction 

It was reported by Haseda and Kanda” that 
the susceptibilities of powdered samples of 
CoCl,-6H:0 show antiferromagnetic behaviour 
below about 3°K. Crystal analysis was under- 
taken by Mizuo, Ukei and Sugawara, and it 
was found that each Co*? ion is surrounded 
by four water molecules in a plane and by 


two chlorine atoms along the axis perpen- 
dicular to the plane. Measurements of 
paramagnetic resonance were attempted by 
Date®” and also by Gerritzen®. Recently, Date 
has succeeded in detecting the paramagnetic 
and antiferromagnetic resonance in this salt 
in the frequency range of 9.5 to 38 GC/sec*. 
Sugawara has detected the proton resonance 
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in this salt in the antiferromagnetic state.* 

In this paper, the results of the measure- 
ment of susceptibility in a single crystal of 
CoCl,-6H,O are presented, and some considera- 
tions about the anisotropic susceptibility in 
the paramagnetic state is given from the 
standpoint of the crystalline field theory. 

Although details of spin structure in the 
antiferromagnetic state have not been clear, 
the discussion about the exchange interaction 
in this salt is given considering the interac- 
tion path between the magnetic ions, which 
involves the linkages of chlorine atoms or 
water molecules. The measurements on the 
deuterated salts are made intending to clarify 
the effect of the hydrogen-bond on the mag- 
netic exchange interaction. 


§2. Experimental Results 


The magnetic susceptibility of a _ single 
crystal of CoCl:-6H2O was measured by the 
a-c bridge method using the frequency of 
90 c/s. The single crystal used had about the 
dimensions of a 7mm. cube. Measurements 
were made along the crystalline b and c axes, 
and along the axis perpendicular to the c axis 
in the ac plane. 


x10 © 
1000 }- 
—a— Ci-axis 
r as b axis 
B00; C1 axis 
L — 
Ns —— 
hese sien es 
x< ics 
400 ae 
L Ha. 
200+ — 
a pase Ou 
fo) n Ms Sy 1 eae Ge eee OO 4 ee > ae 
| lO I, ta 13 14 15 16 17 18 19 20 
>i) 
Fig. 1. Susceptibilities of single crystals of 
CoCl,.:-6H;0. 


The results are shown in Fig. 1 and Table 
I. As is apparent from Fig. 1, CoCl:-6H:O 
becomes antiferromagnetic below 3.3°K. The 
easy axis is along the crystalline c axis. 

The crystal structure determined by Mizu- 
no, Ukei and Sugawara is shown in Fig. 2”. 
The crystal is monoclinic, containing two 
non-equivalent Cot? ions in a unit cell. The 
relation between the crystal axes and the axes 
of an octahedron around a Co*? ion is apparent 


* Wik A-transition has been found out at 2.29°K 
in CoCl,-6H,O. W. K. Robinson and S. F. Fried- 
berg, Bull. Amer. Phy. Soc. Ser. Il 4 (1959) 183. 
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in Fig. 2. band c axes are almost in tl 
plane formed by four water molecules. T 
c axis is therefore almost along the Cl-Co7 
Cl axis. Two Co*? ions are non-equivaler 


Table I. Susceptibilities of a single crystal an 
powdered sample of CoCl,-6H,O. 


xq x 108 

OK : 
ic b-axis | c-axis | C,-axis average 4 renal 
20.4| 390 | 375, | 122, |... 296 309 } 
17.7 | 435 420 132.5 iid 4 
15.8 | 470 477 150:-[) (aes = 
14.0 | 505 492 172 390 386 
4.20) 860 901 360 707 714); 
3.50} 890 931 371 730 730 
3.00] 878 915 380 724 730 
2.48| 860 803 376 €80 690 
2.05| 853 493 370 572 5860 
1.42] 845 250 365 485 491 


LOO 


COOLS FC lula 


Fig. 2. (a) Crystal structure of CoCl,-6H,O. 


Fig. 2. (b) Crystal structure of CoCl,-6H,0. 


‘cording to the relation to the next nearest 
Hater molecules, and therefore two Cot? ions 
a unit cell are almost magnetically equiva- 
Wat in this salt. 

§ From the values of the anisotropic suscep- 
dilities in the paramagnetic state, (below 
)°K) the g-values of each axis are determined 
sing the relation of the Curie-Weiss law with 
»§=3.3°K. The values obtained are go=4.9, 
=4.9 and gc1.=2.9. Because of the limited 
Binge of temperatures within which the Curie- 
Teiss law holds (below 20°K down to 4°K), 
1e g-values are not determined with sufficient 
ccuracy. However, it is interesting to com- 
are these values with those found in CoNH,- 
Wutton salt. In Table II, the g-values in these 
‘wo salts are given. Contrary to the case of 
YONH:-Tutton salt, the g-value of the axial 
@irection (gc:), which is along Cl-Co*?-Cl 
@irection in this case, is smaller than the 
alues in the plane perpendicular to the axis 
% and ge). 


Table Il. g-values of CoNHy,-Tutton salt and 
CoCl,-6H,O. 
| g-valuds 
: oe Le 
Co(NH4)2(SO4)2:6H,O*|) gz= Inin= 92> 
6.45+0.13 3.06+0.06 
CoCl,-6H,O Jet = 2/9 


Gc=9=—29 


* 8B. Bleaney and D. J. E. Ingram: Proc. Roy. 
Soc. 208 (1951) 143. 


200 x10 5 


xm 


—— CoCle-6H20 
- CoCle: 6 D20 


100x10> 


/ a TI 
Fig. 3. Molar susceptibility of CoCl,-6H,O and 
CoCl,-6D,0. 


The field dependence of susceptibility and 
the paramagnetic ralaxation effect are not 
detected in the paramagnetic or aniferromag- 
netic state up to the field of 1200 gauss and 
to 1500 c/s. 

Besides the measurements on single crystals, 
the susceptibilities of powdered sample of 


30) Paramagnetic Susceptibility of CoCl,-6H»O 


485 


CoCl,-6D.0 and CuCl:-2D.0 were observed. 
The results are shown in Fig. 3 and Fig. 4. 
Any appreciable change in the transition 
temperature from the case of CoCl,:-6H.O and 
CuCl.-2H,O was not detected. The discussion 
is given in § 3_(3). 


—*— CuCly 2H,0 
—c— CuCle:2D20 


/ 


160 
Xg 140 
120 
100 
O } 2 3 4 
TK 


Fig. 4. Molar susceptibility of CuCl,-2H.O and 
CuCl,-2D.0. 


§3. Discussions 
(1) Paramagnetic susceptibility of CoCla- 
6H.0 

Kambe, Koide and Usui calculated the energy 
levels of Co*? ion in the crystalline field of 
tetragonal symmetry and gave the expression 
for the anisotropic g-values as a function of 
crystalline field parameters. Their results 
were compared with the experiment on the 
CoNH,-Tutton salt. Resonable agreement 
was obtained, though some difficulties re- 
mained, as the authors themselves pointed 


o- Ou 
on 


—_—_— 


Oil Ol 


' 
' 
‘ 
1 
1 
‘ 
4 
‘ 
' 
i} 
' 
4 


=5-4-3-2-10123457% 
fe] Experimental values of CoNH, Tutton Salt 
© Experimental values of CoCl,-6H,O 


Fig. 5. Variation of g// and gi with 7. 
Kambe, Koide and Usui. 1952). 


(by 


486 
out. The g-values obtained are shown in 
Fig. 5. gy, and gi are the g-values in direc- 


tions parallel and perpendicular to the tetra- 
gonal axis respectively. The abscissa 7 in 


Fig. 5 is given as 
Doe 1,410. a eae ea 
sabes Se A 2 : 
13506” pir eee 


tes es 
Q and A used here are the crystalline field 
parameters in the expression 


(1) 


Verys=e Di | Atxe + yi2+ 2:2) + Dixit + pitt 264) 


+Q(ed+6nty2)+---b, (2) 
2 is the spin-orbit coupling constant. 

As is shown in Fig. 5, in the usual octa- 
hedrally coordinated compound such as CoNHz- 
Tutton salt, g//=6.2 and g:=3.0, correspond- 
ing to the y-values of 3.5~4.5. 

Contrary to these cases, in CoCl.-6H:2O, 
gy/=2.9 and g.i=4.9, corresponding to the 
y-values of about —4.0 

The calculation of the crystalline field 
parameters was attempted by Van Vleck” 
and Polder® in a rather crude model (point 
charge or point dipole model with octahedral 
coordination). A more elaborate calculation 
was made by Kleiner” and recently by Suga- 
no and Tanabe’. The simple method gives 
consistent values for the parameters of the 
crystalline field, but the more elaborate 
method gives rather inconsistent results. 
Although it is clear now that the simple 
method such as used by Polder is not a 
reliable one, it will be worth-while to check 


Co(NHa)aSOa)2 *6H20 
a=22,R 
b=1.98 
a Ma= Hy9= 30x io7'8 
Hp= =Pieo=3.3x 10-8 
Eq €5=0 
CoCle-6eO 
a=258 
b=2.2A 
€g= €q= = (or —0.5) 
Ha= He = 0 (or. 40x 107'®) 
Cb=0 
Hb= HH,0= 3,0x107'® 


Har €q 


Eb or Cp 


Fig. 6. Constants used for calculation of the 
crystalline field. Values of each » involve the 
induced polarization due to the Co*2 ion. Two 
sets of values of e, and pa in CoCl,-6H.O are 
used. The best fit will be obtained midway 
between these two cases. 
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the method in the case of CoCl.-6H:O wher 
the anisotropy in g-values is very differen 
qualitatively from the case of the CoNHd 
Tutton salt. 

The model used is shown in Fig. 6. Here 
each chlorine ion is treated as a point charge 
and each water molecule as a point dipole 
Tetrahedral crystalline field parameters ari 
represented by the following formulas. | 


Ha bt Ca & 
A=—3( malt =) 


25 Ait, oe 5) (ae a ct 
FAMINE Bid Neri: - 


29 (Ha te i Ae 
Sl nil fine = 4 te 
A, D and Q are the parameters whiek 
appeared in equation (2). fa, @a, Ga, etC. ak 
given in Fig. 6. In Table III, the calculates 
values are given for CoCl.-6H,O0 and CoNH: 
Tutton salt. The values of 7 obtained by the 
use of egation (1) are also given in Table II 
From the theory of Kambe, Koide and Usui: 
reasonable agreement with the experimenta 
results is obtained as is seen in Fig. & 
Though this agreement may be iene 
i 


considering the approximation used, the resu 
will have qualitative meaning. 


(2) Antiferromagnetic state in CoCls- SHO, 
Interaction paths 

As is mentioned in §2, the axis of easy 
magnetization is almost along the crystalline 
c axis. It is interesting to note that in 
NiCl.-6H20 which is isomorphous to CoCl2- 
6H:O0 and is also antiferromagnetic below 
6°K1), the easy axis is along the c, axis. 

The superexchange interaction (which 
amounts to about 3°K.) between two adjacent 
Co*? ions in CoCl.-6H:O which are in the 
same (001) plane is thought to follow the fol- 
lowing linkage (or path) of atoms: 


pp 


Table. HI. Calculated values of y in Eq. (1). 
‘CoNH:-Tutton| 
| = an CoCl,-6H,O 
A | —0.28x10% | — 0.06 x 1014( +-0.10 x 1014)* 
Q —0.22 x 1030 | —0.01 x 1030(-+0.02 x 1030)* 
n** —4.5 —1.0 (—5.0) 


* Values in brackets are obtained using the con- 
stants in brackets in Fig. 6. 

** Values of<r‘> and <r2> used in the calcula- 
tion are 0.70 x 10-82 and 0.80 x 10-16 respectively. 


iilayers, is thought to be 


Cot? 


221A 3.62A 


in Tutton salt. 


} nearest interaction path is necessarily 


Cot? 


| The superexchange interaction through this 
linkage may be considered comparable with 
that through the path IV in CoCl:-6H.O. The 
fact that the magnetic transition occurs 
usually at about 0.1°K in the Tutton salts such 
as CoNH.(SOxz)2-6H2O or MnNH.(SO.z)2-6H20, 
means that the order of magnitude of the 
interaction on path IV or path V will be 
about 0.1°K. If this order is accepted for 
the path IV in CoCl,-6H.0, we can conclude 
_ that the main part of the interaction comes 
. from the paths I, Il and perhaps from III. 
Here, it will be worth-while to note the ex- 
istence of a hydrogen bond in path III*. 


(3) Effect of the hydrogen bond on magnetic 
interaction 


Geller and Bond! have pointed out the 
importance of the hydrogen bond in the 
superexchange interaction in the case of 

~ CuF,-2H.O. In our case, as was mentioned 
in the forgoing section, the superexchange 
interaction between two magnetic ions will 
be in the paths such as I, IJ, etc. The over- 
lap of the electron cloud of atoms or molecules 
which are situated between two magnetic ions 
is thought to be dominant in these paths. 

Though the details of the electronic struc- 
ture of the hydrogen bond has not been 
clarified, it will be supposed that the hydrogen 


* The formation of a hydrogen bond in path IL 
is doubtful from the distance and bond angles. 


OH SHy-0' 


L960) Paramagnetic Susceptibility of CoCls-6H2O 487 
Cot2—___(]] ....------. CI———Co*? (1) 
247A 4.10A 2.484 
Co*2—___C --.-------- H+O ———Co*? (II) 
2.484 3.08A 2.20A 
Cor? Online -H-O-H------------ H:-O———-Cot? (IID) 
247A 22 DOWN 2.20A 


The path of superexchange interaction between two Cot? ions, each on two adjacent (001) 


Cot? 


IV 
221A a 


Distinct cleavage on a (001) plane shows weak bonding between the layears of (001) planes”. 
(It may be said that the superexchange interaction is also weak between (001) layers. 
ican estimate the order of the interaction energy on the path (IV) comparing it with the path 


We 


In Tutton salt, each Cot? ion is surrounded by six water molecules octahedrally, so the 


(V) 


bond may give also some special effect in the 
superexchange interaction in the case of 
CoCl.-6H2O. The measurements on the 
deuterated salts, such as CoCl-6D.O and 
CuCl,-2D,0 were made to detect this effect. 
The results were negative, not showing any 
appreciable change of the transition point in 
these salts. These facts mean either that 
the effect of the hydrogen bond is not 
dominant in the salts investigated, or that 
the effect of the hydrogen bond on the 
superexchange interaction is not altered when 
hydrogen is replaced by deuterium in this 
bond. 

The author wishes to express his sincere 
thanks to Prof. Kanda for his continuous 
interest and encouragement on this problem. 
He also wishes to thank to Mr. Takashi Sato 
for helpful assistance in the experiments. 


Note added in proof. Private communica- 
tion from Dr. S. A. Friedberg tells us that 
he and his collavorator have made the meas- 
urement of susceptibility of a single crystal 
of CoCl,-6H,O. Their results are in reason- 
able agreement with ours. 
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By experiments upon the thermal stability of the M, Rand N centres 

in KCl crystal coloured additively, it was revealed that R; and R2 

centres dissociated thermally into F, M and N centres above 50°C, N 

centres dissociate into F and M centres above 100°C and M centres 
dissociated into F centres above 130°C. The relaxation time c for the 
dissociation process of the M centre is expressed by 1/r=2-10!2~x 

exp (—1.31/kT) sec"! for kT in ev. The corresponding experiment on the 

R centre was unsuccessful. With use of the above properties of photo- 

chemical products, the number of the F centre corresponded to one M 

centre was determined with high precision. In addition to this, the 

quantum yield of the M centre in the photochemical reaction with M 

band light was investigated as a function of temperature. Combining 

these two experiments with a quantitative analysis of dichroism both in 

the F and M bands, it is concluded that the M centre is one-electron 

centre, that the 2nd M band exists in the F band region, that the 
absorption considered to be a continuum of the M centre exists in the 

short wavelength branch of the F band and that the oscillator strength 

of the M main band is assigned to 0.83. The reciprocal of the quantum 

yield of the M centre is expressed by 1+1.4-10-? ewp (0.50/kT7’) for kT 

in ev. It is also concluded that the R centre has its another absorption 

in the spectral region of the F band. 

§1. Introduction Gottingen school studied this subject on the 
Ottmer” has first discovered the M absorp- crystal of KCl coloured additively. Firstly, 
tion band beside the F band and carried out St. Petroff showed that the F centres are 
the experiment both with absorption measure- converted into the A, B, C(M), D(R:), E(Ri) 
ments and with photoelectric effect in the M and G(N) centres when the specimen contain- 
band of NaCl and KCl crystals coloured with ing only F centres was illuminated with light 


X-ray. However, the systematic and more 
detailed experiment was made later since 1940 
by Molnar* and St. Petroff®, independently. 

* J.P. Molnar: The article quoted in the re- 
ference by F. Seitz.) 


lying in the F band, and made a detailed 
experiment on the relationship between these 
centres ranging from —170°C to above 100°C. 
Except for the. B centre, these so called com- 
plex centres are detected as the well defined 
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absorption bands on the red side of the F ab- 
sorption band (see, Fig. 2(b)). One of the 
characteristic features of this photochemical 
reaction is that these photochemical products 
are created simultaneously accompanying an 
ionic motion during the course of photo- 
chemical reaction with F band light. (see, 
Fig. 2(a)). This reaction is quite contrasted 
with the F to F’ or the F’ to F  transforma- 
tion which is characterized by the pure 
electronic processes in a crystalline and photon 
field. Secondly, Barth®) examined the photo- 
conductivity in the spectral region of the M 
band from —150°C to near 30°C. He found 
that the quantum yield for the production of 
the photoelectric current of the M centre is 
nearly equal to one tenth of that of the F 
centre at room temperature, although Ottmer 
could not detect any contributions of the M 
centre to the photocurrent, because of its 
small concentration in his specimen, pre- 
sumably. 

Seitz? proposed tentatively the atomic model 
of the M centre which is consisted of one F 
centre and a pair of vacancy attached to it. 
Some modification of this model is made 
recently by Knox,*? on the basis of the ex- 
periment on the Stark effect of the M centre 
by Overhauser and Richardt,® indicating 
that the M centre has no permanent dipolemo- 
ment and thus it should have an inversion 
symmetry. 

These models have a common feature that 
the M centre is one electron carrier and that 
the optical dipolemoment is parallel to the 
<110> of the crystal. In fact, the M band 
shows strong dichroism when it was illumina- 
ted with light polarized along the <110>in this 
band at room temperature.?-' This fact 
indicates that the M centre may have such a 
structure as the Seitz or Knox model. How- 
ever, dichroism of the M band may be in- 
duced even when the dipolemoment is directed 
to the <111> of the crystal. From the experi- 
mental point of view, moreover, it is not so 
evident that the M centre carries one electron. 
It was discovered by van Doorn that the F 
band also shows dichroism when it was illu- 
minated with light polarized along the <110> 
in this band at the presence of the M band, 
and thus, he proposed another model of the 
M centre which consists of two F centres and 
has the second absorption band in the spectral 
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region of the F band. These models are 
shown in Fig. 1. 

In connexions with these experiments, 
luminescence of the F and M bands and its 
polarization analyses have been made hither- 
to.21012)14) Presently, there are two possibili- 
ties to interprete the phenomena: (i) energy 
transfer mechanism between F and M centres, 
and (ii) the second absorption band of the M 
centre hidden in the F band. 


Thus, it is desired to decide which of these 
models may correspond to experimental facts. 
Up to the present, the number of F centres 
corresponding to one M centre is not known 
except for a few experiment.!?!® This may 
possibly be due to the fact that the A, M, R 
and N centres are simultaneously constructed 
by illumination with F band light at room 
temperature. Recently, it is noticed that the 
A, R and N centres are thermally trans- 
formed into F centres in the temperature 
range between 50°C and 130°C, and that the 
M centre is thermally the most stable among 
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Fig. 1. A schematic representation of atomic 
models of colour centres. +: a positive ion, 

—: a negative ion, and e~: an electron. 

(a): de Boer model of the F centre. 

(b): Seitz model of the M centre. 

(c): van Doorn model of the M centre. 

(d): Knox model of the Mcentre. In this case, 

the positive ion marked with M is situated at 

the midway between the positive ion vacancy 

and the positive ion marked with M in (b). The 

electron trapped in this box makes the central 

pair of electron-ion M whose possible distribu- 

tion is distorted toward the nearest neighbouring 

positive ions, as indicated by the shaded region, 
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photochemical products and decomposes into 
the F centre above 130°C. These facts en- 
abled us to determine the number of the F 
centre which is required to form one M centre. 
The problem of this work is to determine 
experimentally the followings: — 

(1) The thermal behaviour of the complex 


centres, 

(2) The dissociation energies of the M, R and 
N centres, 

and 

(3) The number of the electron in the M 
centre. 


The consideration is also given as to the 
possible configuration of the M centre. The 
preliminary account of the results was already 
reported .1%22) 


§2. Experimental Procedure 


The specimen employed in this experiment 
was the synthetic single crystal of KCl grown 
from the melt in a platinum crucible and 
coloured additively heating it in the vapour 
of potassium. The fresh coloured crystal 
showed only the F band accompanied with a 
trace of the M band. The desired tempera- 
ture of the specimen was obtained by the 
vegetable oil heated by an electric current 
through the nichrome wire (500 W) immersed 
in it, and the temperature was registered by 
the Copper-Constantan thermocouple inserted 
into the copper block in which the specimen 
was held. The whole system was shielded 
thermally by a dual vessel evacuated to 10-° 
mmHg. The constancy of the temperature 
during the experiment was possible to retain 
within the accuracy of +1°C. 

The optical measurements were made with 
use of a reference uncoloured crystal to eli- 
minate the reflection loss on the surface of 
the specimen, unless otherwise described. 
The spectrophotometer, the Model Hitachi 
EPB-U, covers the wavelength range from 
350 my to 1,000 mz. 


§3. Photochemical Reactions by Illumina- 
tion with F Band Light 


At room temperature, the A, M, Ri, R, and 
N centres are created simultaneously when 
the crystal containing only F centres was 
exposed to light lying in the F band, as 
stated in §1%. This photochemical reaction 
settled down to the equilibrium state at the 
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prolonged irradiation with F band light. Fig. 
2(a) is one of the representative results which 


shows the variation of the absorption maxima 


of these bands as the illumination period pro- 
ceeded at 15°C, here the incident light is 
monochromatic green light (A=545 my, band 
pass=20my) and its photon intensity is 
the order of 1.2-10'* quanta per sec. per 
cm?. Near the maximum of the developing 
curve (die Entwicklungskurve) of the A band 
(Amix=620 my, the half width=0.20 ev at 
10°C), anomaly is detected on the bleaching 
curve of the F band. It was interpreted by 
St. Petroff that the anomaly is responsible for 
the progenitor of the M centre, z.e., the B 
centre. The curve 2 in Fig. 2(b) shows the 
absorption spectrum at the time when the A 
band reached its maximum height of the 
developing curve in Fig. 2(a). The A band 
is easily detected as a well defined band by 
the difference measurement. A subsequent 
decrease of the absorption maximum of the 
A band is caused mainly by the decrease of 
the F band on which the former overlaps. 
On the other hand, it is not detected any 
anomaly on the bleaching curve of the F band 
even when the M band is lowered at a later 
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Fig. 2 (a): Variation of the absorption maxima of 
the F, A, M, R, and N bands when the photo- 
chemical reaction with F band light proceeded 
atelby Cf 


1960) 


‘ifistage of illumination with F band light. 
‘fThe curve II in Fig. 2(b) represents the 
“@spectrum at the stage when the M-curve 
i@reached its maximum height. The bleaching 
‘‘ficurve for the F band is re-examined in rela- 
(§@ tion to the developing curve for A, M andR 
bands in §8. At the illumination period of 
»f} 140 min., five curves become parallel to the 
abscissa of the figure. This corresponds to 
if the equilibrium state at 15°C. The absorption 
spectrum at this instant are shown by curve 
3 in Fig. 2(b). Usually, it is detected that 
the K band and the short wavelength branch 
;} of the F band are enhanced with this reaction 
@ (see, §7). 
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Fig. 2(b): The curve 1 shows the absorption 


spectrum for the initial state of the specimen, 
the curve 2 for the state at which the A-curve 
in Fig. 2(a) reached its maximum height, the 
curve II for the state when the M-curve reached 
its maximum height and the curve 3 for the equi- 
librium state at 15°C. The half width of the F 
band varies with the photochemical reaction. 


In a crystal of KCl, these reactions are 
quite sensitive to the temperature at which 
they were carried out, and this type of the 
reaction is confined in a relatively narrow 
temperature range: When the specimen was 
exposed to F band light below—80°C, F’ 
centres were created instead of the R, M and 
N centres?!; above the temperature of 
—50°C, it is sure that the photochemical reac- 
tion proceeded in the form shown in Fig. 
2 (a) and (b). It is observed that the ratio of 
the number of M centres, which is calculated 
with the Smakula’s equation, to that of the 
F centre at the time when the M-curve 
reached its maximum height becomes smaller 
and the equilibrium state is settled«down"in 
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the shorter time with the rise of temperature 
at which photochemical reaction is measured. 
However, in the temperature range between 
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Fig. 3. (a): Variation of the absorption maxima 
of the F, A, M, N and that of 4=730myp when the 
photochemical reaction with F band light pro- 
ceeded at 96°C. It is noticed that the absorption 
maximum of the M band increases monotonously 
with period of irradiation with F band light. 
This type of variation is observed above 60°C. 
(b): The curve 1 is the absorption spectrum for 
the initial state, the curve 2 is for the equilibrium 
state at 96°C and the curve 3 is the absorption 
spectrum of the crystal which was attached to 
the heat reservoir kept at 67°C after the develop- 
ment of the R;, R:, M and N bands at room 
temperature. The photochemical products in the 
temperature range between 60°C and 100°C were 
A, R3, M and N centres. 
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60°C and 100°C, it was impossible to detect 
the R; and R; bands when the crystal was 
illuminated with F band light, because of the 
short life time of these centres (cf. §4). Fig. 
3 (a) shows the variation of the absorption 
maxima of the F, A, Mand N bands together 
with that of 24=730my as the period of F 
band light illumination at 96°C increased. 
The curve 2 in Fig. 3(b) is the absorption 
spectrum at the equilibrium state at this tem- 
perature. The increment of the absorption 
between the F (or A) and the M band is not 
caused by the Ri and R, bands, but is caused 
by the other kind of complex centres. In the 
following, we term this the R;, for brevity. 
It may well be corresponded to the R’ centre 
designated by Scott and his coworkers.*? The 
statement that the R; differs from the Ri and 
R: is based upon the following facts: 

(1) After the R: and R. centres (together 
with the A, M and N centres, of course) had 
been created with the consumption of the F 
centres at room temperature, this crystal was 
heated slowly up to the temperature of 60°C, 
for example. Then, the R: and R: centres 
dissociate thermally into the other centres 
(see, Fig. 5). The decay rate of the absorp- 
tion at 4=730 my suffers a sudden change 
whenever the absorption spectra between the 
F and M bands change its shape into the one 
shown in Fig. 3 (b) (the curve 2 or 3). 

(2) Even when the crystal showing the R, 
band was cooled slowly to room temperature, 
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little change could be observed in the shay 
of the absorption spectrum between the F ar 
M bands, and the two peaks corresponding 1 
the Ri and Rz bands were not resolved. 
Thus, above 60°C, the photochemical rea¢ 
tion with F band light is slightly differer 
from those at room temperature. The photc 
chemical products are the Rs, M, N and 4 
centres in the temperature range betwee} 
60°C and 100°C. The Rs; centre is also ther 
mally unstable above 100°C. 
The A and N centres can exist stably up tl 
the temperature near 100°C. The most stablij 
product is the M centre which dissociat 
thermally above 130°C. Therefore, the phot: 
chemical reaction with F band light ha 
another aspect above 130°C. When the crysta: 
of KCl containing only F centres is irradiatec 
with light in the F band at 165°C where the 
pure M centres are thermally unstable, 4 
broad band lying on the red side of the F 
band appears together with the M band which 
is detected as a small hump whose peak ig 
located at 850my. If these products are 
cooled to room temperature, a weak peak is 
observed at 670 my beside the one at 820 mz:' 
The latter is considered to correspond to the 
M band, and the former may presumably be 
ascribed to the higher aggregates of F centres. 
These phenomena are illustrated in Fig. 4. 
Above 200°C, the detailed experiments were 
carried out mainly by Scott and his co- 
workers. })1617) 
7% §4. Thermochemical Reactions of 


cy Complex Centres 


In the analysis of thermochemical 


reactions, it is the most important 
problem to decide the order of the 
reaction. The answer of this basic 


ak 730m. 


problem is, of course, not obvious, 
a priori, even in the case of reaction 
of colour centres, because it depends 
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Fig. 4. The photochemical reaction with F band light at 


165°C. 


(a): Variation of the absorption maxima of F and M 
bands with period of illumination with F band light. 
(b): The curve 1 is the absorption spectrum for the initial 
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upon the nature of the process. If 
a colour centre decays thermally in 
the form of the first order, the con- 
centration N per cm? at the time 
sec is expressed by the logarithmic 
law: 


state of the specimen, the curve 2 and 3 correspond to 


spectra when the crystal was illuminated with F band light 
for 50 and 110 min at 165°C, respectively, and the curve 4 
is the difference of the curve 3 and the initial state both 


measured at 20°C, 


N=WN-exp (—?t/r), Clg 
where No is the concentration at 
t=Q, and ct is a relaxation time fot 
the dissociation process at a giver 
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temperature. In the first and the second 
order of the reaction, tr is expressed by the 
Arrhenius equation : 

1/e-=Bo-exp (—E/kT), (2) 
where Bo is a constant corresponding to the 
frequency factor of the process, E an activa- 
tion energy of the process, and k the Boltz- 
mann constant. 

Generally, the rate with which a thermo- 
chemical reaction takes place is very sensitive 
to the thermal history of the specimen. For 
example, when dichroism was induced in the 
M band by illuminating with light in this 
band polarized along the <110> at a higher 
temperature, say at 90°C, it is observed that 
the thermal reorientation of the M centre in 
its ground state takes. place in the dark in 
the direction that the induced dichroism 
vanishes. In this case, the amount of di- 
chroism decreases satisfying the logarithmic 
law.1) When the specimen was heated above 
90°C and subsequently cooled to this tempera- 
ture prior to exposure to M band light, on the 
other hand, it is usually observed that di- 
chroism of such a specimen vanishes thermal- 
ly showing a departure from the logarithmic 
law, or decreases with a too larger value of 
the relaxation time to be expected at 90°C, 
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even if the logarithmic law is satisfied. The 
phenomena sensitive to the thermal treatment 
were also observed in the thermal decomposi- 
tion of R centres. 

When the crystal containing the F, M, R 
and N centres is heated slowly to the tem- 
perature above 50°C, R centres dissociate 
thermally according to the logarithmic law so 
long as the absorption spectra show the two 
peaks of Ri and R, bands. This is shown in 
Fig. 5(a). When these two peaks smeared 
out into the R; band, however, the thermal 
decay at 730my takes place more slowly. 
Alternatively, when the crystal containing a 
considerable amount of the R: and R» centres 
was directly attached to the heat reservoir 
kept at the temperature of 50°C, for example, 
the decay of the absorption constant at 730my 
took place deviating from the logarithmic law 
and the R3 band appeared in the shorter time. 
The behaviour of the thermochemical reaction 
is shown by Fig. 5(b) and the final state is 
represented by the curve 3 in Fig. 3(b). 

In spite of these complexities, it is possible 
to state that the thermochemical reaction 
takes place in the next form in the tempera- 
ture range between 50°C and 100°C: 


(Ri and R,)-N+F-+R3; 
or —>N+F+R;4+M. 


(3a) 
(3b) 


The (3 a) reaction is usually observed 


on the specimen in which the M band 
was developed up to near Minaz of the 
M-curve of Fig. 2 (a) at room tem- 


perature, and the (8b) is on the 
specimen to which F band light was 
exposed until a photochemical equi- 
librium state was settled down. 

By this reaction, the N band was 
remarkably enhanced to height which 
could never be attained by illumi- 


nation with F band light at room 
temperature. This is illustrated by 
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Fig. 5. The thermochemical reaction at 55°C. 


(a): The specimen was heated slowly up to 55°C after the 
R band had been developed at room temperature to the 
linear part of the R-curve in Fig. 2(a). The decay of 
the R band takes place satisfying the logarithmic law. 
(b): The specimen was attached directly to the heat 
reservoir kept at 55°C after the R band had been developed 
under the same condition as that of (a). The decay takes 


place deviating from the logarithmic law. 


60MIN: 


Fig. 6. The curve (1) is the spec- 
trum corresponding to an equilibrium 
state of a photochemical reaction with 
F band light at room temperature, 
and the curve (2) is the one meas- 
ured at room temperature after the 
reaction (3) completed. The N center 
was hardly bleached by illumination 
with light in this band over the entire 
temperature range where it is stable 
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thermally. When the specimen which under- hand, and of the effect of the red tail of the 
went the reaction (3) was exposed to F band F band modified with the A band on the other 
light at room temperature, however, the spec- hand. The latter prevented us from the 
trum (1) reappears at the prolonged illumi- difference measurement. However, t of the 
nation and, thus, the equilibrium state of reaction was determined formally by taking 
the photochemical reaction with F band light the inclination of the decay curve of Fig. 5 
is again established. In another word, the (a) in order to clarify the temperature range | 
N centres are easily destroyed with F band in which the Ri and R, centres decompose | 
light. This is quite similar to the pheno- thermally with a measurable frequency. This 
menon that the photochemical equilibrium was shown in Fig. 8. The measured points 
state between F and F’ centres at a given were rather distributive, and the line drawn 
temperature was easily destroyed by exposure tentatively gave the frequency factor in Eq. 
to X-ray at another temperature.22 The N wee re 

centres were also destructed effectively by Ole a Ss tee * 

illumination with light in the Rs band (maz aa shave Tate Ge 
=720my at 15°C), and Ri and R: bands rf | 
reappeared. This is shown by the curve (3). eee ie ae 
It is convinced that these properties will be S| [ 

worthy of special attentions. 


The determination of the relaxation time t 
for the dissociation process of the R centre Pee id ee Wale AOL 
was less reliable because of the simultaneous ot le aan ee 
creation of the R; band at the same position 
as that of the peak of the R: band on the one } 
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Fig. 6. The thermochemical reaction (3) and the 
photochemical reaction with R; band light, (see 
the text). 

(1): The initial state of the reaction (3), 


(2): The final state of the reaction (3) measured 25 os Yer (ey) —- 38 
fied WPS, ; Fig. 8. The reciprocals of ¢ for the complex 
(3): The photochemical reaction with R3 band centres plotted against 1/kT (in ev~'), (see the 


light at 15°C. text). 


4 as shown in Fig. 7. 
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(2) the value of the order of 4.7-10* sec and 
the activation energy of 0.6 ev, 

The N and Rs centres decompose thermally 
into the F and M centres above 100°C: 


(N and R;)>F-+M. above 100°C (4) 


The reaction (4) satisfies the logarithmic law, 
For 1/ct of the reaction, 
the measured points were also plotted in Fig. 
8 and were expressed by the next equations: 


N: 1/t=3.98-10" exp (—1.11/RT) sec", (5a) 
Rs: 1/c=7.96-10"° exp (—1.12/RT) sec-!. (5b) 
for kT in ev. 
Thus, we have the next relation: 
2(1/t)w =(1/t)zs. (5c) 


It is possible to realize the condition that the 
specimen contains only F and M centres, by 
the reaction (4). 

Above 130°C, M centres return thermally 
to F centres according to the logarithmic 
law: 

M-F. (6) 
When the specimen was cooled to room tem- 
perature after the reaction (6) had been over, 
the absorption spectrum recovers the initial 
state within experimental errors. The reci- 
procals of tr of the reaction (6) were plotted 
as a function of 1/kT in Fig. 8. They are 
expressed by the next equation: 
1/r=2.01-10!? exp (—1.31/RT) sec. 
for RT in ev. (7) 
In this case, the rate of the reaction (6) was 
also quite sensitive to the thermal history of 
the specimen and to the presence of a trace 
of the other centres, such as N or Rs; re- 
mained. 

The relation (7) implies that electrons 
ejected from the ground state of the M 
centres into the conduction band by thermal 
agitations are eventually captured by Cl- 
vacancies to form F centres. 


§5. The Oscillator Strength of the M Band 


In the preceding paragraph, the thermal 
stability of the photochemical products in an 
additively coloured KCl crystal was studied 
quantitatively. Fig. 8 summarized the results 
and illustrated the temperature ranges in 
which they decompose thermally with a mea- 
surable frequency. From these experiments, 
two facts are obtained: (i) The M centre is 
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thermally the most stable among the photo- 
chemical products; (ii) when the crystal con- 
taining F, A, R, M and N centres was heated 
to destroy the photochemical products thermal- 
ly and subsequently cooled again to room 
temperature, the absorption spectra recover 
to the original F band within experimental 
error.. The above two facts enable us to 
determine the number of the F centre corres- 
ponding to one M centre with high precision.’ 
At room temperature, the M centres are 
created by the comsumption of F centres. 
However, the number of destructed F centres 
does not directly correspond to that of the 
created M centres owing to the simultaneous 
photochemical reaction as stated in §3 (cf. §8, 
too); alternatively, when the KCl crystal 
containing F centres together with the A, R, 
M and N centres is heated from room tem- 
perature to the higher so as to decompose the 
complex centres except for the M centre, the 
number of decreased F centres should be equal 
to that of M centres remained, under the 
assumption that the M centre carries only one 
electron. The experiment in this section was 
carried out on this principle. 

After the KCl crystal containing only F 
centres had been illuminated with light in the 
F band at room temperature to produce suf- 
ficient amount of M centres, it was heated 
slowly up to 115°C and subsequently cooled 
once again slowly to room temperature. 
With use of this procedure, it was possible to 
decompose A centres and a small amount of 
R and N centres almost completely into F 
centres leaving only M centres. Fig. 9 demon- 
strates this clearly. In Fig. 9 (a), the crystal 
was illuminated with light in the F band until 
a photochemical reaction reached its equilib- 
rium state at 20°C. In this case, it was 
necessary to heat the crystal to 138°C in order 
to decompose the N centre completely. The 
absorption spectra were measured using the 
difference method owing to the high concentra- 
tion of F centres. Since the spectrum corres- 
ponding to the initial state is to be represented 
by 4A=0, where 4A is the relative optical 
density, Fig. 9 (a) shows directly the absorp- 
tion area of the decreased F centres (the 
shaded region) and that of the constructed M 
centres at the cost of the former. It is, how- 
ever, observed that the K band and the short 
wavelength branch of the F band are en- 
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hanced. In Fig. 9 (b), the coloured crystal 
was illuminated with F band light for 20 min 
at,20°C. (cf. Fig. 2 (a)).. The, curve 1 is the 
absorption spectrum of the initial state at 
20°C, the curve 2 is that of the specimen 
heated to 115°C after the development of the 
M band at room temperature and subsequently 
cooled to 20°C, and the curve 3 is the incre- 
ment of the optical absorption in the spectral 
region except the M band. They show that 
the necessary condition for obtaining the 
oscillator strength of the M band, 7.e., the 
crystal contains only F and M centres, is 
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satisfied except for the small increase of the 
short wavelength branch of the F band. 

Now, the number of the F centre 4Nvr peri 
cm? which was consumed in the constructiom 
of M centres is easily calculated by the 
Kieinschrod-Smakula’s equation”: 


4ANr=1.31-10"% Hr -4Kr, 


where 
Hr=The half width of the F band, 


and 


4Kv=The variation of the maximum ab-- 
sorption constant of the F band. 


1.5 ev 


ety 


(2) 


aN 
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, ay 


cca ill Ra ee 
800 300 1000 
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Fig. 9(a) and (b). The absorption spectra of the specimen which contains only F and M 
centres. The small amount of increment of absorption near 650my is due to the 


residual A band. 


(a): The absorption spectrum measured with a difference method. The shaded region 
represents the absorption area of the decreased F band, and the remainder for the 
increment of the absorption spectra at the cost of the F band. The specimen was 
heated to 138°C after exposure to F band light at 20°C and twas subsequently cooled 


to 20°C. 


(b): The curve 1 is the absorption spectrum of the initial state of the specimen at 
20°C, the curve 2 is the one that was heated to 115°C after exposure to F band light 
for 20 min at 20°C and was subsequently cooled to 20°C, and the curve 3 is the 
increment of the absorption in the spectral region except for the M band. 


| 
| 
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Tt Measured at 125°C. 


The number of created M centres 4Nw per 
cm* is calculated with the Smakula’s equa- 
tion?) 

tu-4Nu=1.06-10"Hy-4K uy, 
where 


fu=The oscillator strength of the M band 

Hu=The half width of the M band, and 

4Kw=The variation of the maximum ab- 
sorption constant of the M band. 


(9) 


The experimental values are listed in Table I. 
Thus, we can obtain the relation : 


—ANr/4( fu: Nu)=2.0. (10) 


This leads to the relation fw=0.5, if the M 
centre carries one electron and has a cubic 
symmetry as the F centre. The experiment 
in the next paragraph may decide the validity 
of the former assumption. However, the 
latter is not valid, because the experiment 
upon dichroism of the M band shows that the 
optical dipolemoment of the M centre is 
directed to the special crystallographic direc- 
tion except for the <100> of the crystal. 
Hence, the obtained value 0.5 is but formal. 

It is generally known well that the half 
width of the F band becomes wider when the 
F band was illuminated with light in this 
band. For example, at 15°C the half width 
of the F band is 0.34 ev at the initial state, 
0.38 eV at the stage of Amaz of the A-curve, 
0.36 eV at Minox of the M-curve and finally 
0.38 eV at a photochemical equilibrium state 
as seen in Figs. 2 (@) and, (b). This 
variation of the half width should not 
directly be connected with the presence of the 
other band of the M centre hidden in the F 
absorption, but is ascribed certainly to the 
overlap of the A and R bands with the F 
band, because the half width of the F band is 


aa patie Ik feaneanucntal Values of the Ratio R= —4N;/( fue N. Na) measured at 20°C. 
Original een. of a ‘ 
Sreeinen tdentrcs y Consumed F centres Created M centred Ratio 
Ny (cm-) —4Nr (cm-*) A(furNar) (em—*) 

| RI 
A-17 (0-3) 2.9107 4.95.1016 2.012101 1.93 
A-16 (III-5)s HES 1.26 0.64 1.98 
A-18 (III-5) 13 AS. 0.83 2.08 
A-20 (III-5) Wee 0.55 0.34 1.60 
A-23 (III-6)}+ Te 2.25 1.04 2.17 

+ Fig. 9(@),  § Fig. 9(b) eure. 0) (ike. Means Valuesofrl 


=1.95+0.22 


kept at a constant value 0.35 ev irrespective 
of the presence of the M band, or it becomes 
slightly smaller than that of the original one 
as shown in Fig. 9(b). Thus, it is safely 
concluded that the second absorption band of 
the M centre does not affect the half width 
of the F band, even if the former should 
exist and happens to superpose with the 
latter. 

In the determination of AE CELO 
—ANvr/4(fu-Nu), any correction was not made 
concerning the increment of the absorption 
area in the short wavelength branch of the F 


band. It is proved in §7 that this is of no 
need. 
§6. The Quantum Yield of the Photo- 


chemical Reaction with M Band Light” 


When the M band developed at 20°C was 
illuminated with light in the M band ata 
given temperature, the electrons ejected from 
the M centres are captured in the trap form- 
ing other centres which are stable thermally 
at this temperature, 7.e., F, R and N centres 
below 50°C, the F and N (and Rs) centres 
between 100°C, and 50°C, and F centres 
above 130°C. Generally, the amount of the 
photochemical products except the F centre 


is exceedingly smaller than that of those with 


light in the F band. 
In the photochemical reaction: 

M-+(Photon)u—F +R+N(+M), (1) 

the quantum yields yr and yx were defined 

by the next equations: 
nr=0Nr/0qu, 
nu=O( fu Nu)/Ogu, (13) 

where 4Nr and 4(fuNu) were calculated with 

eqs. (8) and (9), respectively, and the quanta 

absorbed in the M band are denoted by qu. 


} at qu=0 
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As a preliminary experiment for checking 
the photon intensity, which was measured 
with the calibrated thermopile of Kipp, the 
quantum yield for the conversion of F to 
F’ was measured as a function of tempera- 
ture. The results are represented in Fig. 10, 
where the points measured by Pick!® and by 
the present author are marked with-+and °, 
respectively. The agreement between them 
is fairly satisfactory. 


As an example of the photochemical reac- 
tions with light in the M band, 4Nr and 
—A(fuNu) were plotted asa function of light 


—180 —-140 -100°° + -60 


Fig. 10. Experimental confirmation of the photon 
intensity with use of the well defined F to F’ 
transformation. 7, is the quantum yield for 
this reaction. 


Initial Values of the 

Optical Density : 
0.095 at Mmax 
0.355 at Fmax 

Measured at 135°C 


ANz , ~A(fa-Ne) 


© 


Wig. 11. The photochemical reaction with light 
in the M band at 135°C. 4Nyp and—4(fiNy) 
are plotted against the quanta absorbed in the 
M band gy. In this case, Yr =—2yy=0.56. 
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quanta absorbed in the M band at 135°C in 
Fig. 11. The experimental values of yr andj 
nyu were plotted in Fig. 12 as a function of! 
temperature, where 7m is marked with o and 
nr with +. It is clearly observed that both 
yr and yx reach the maximum value above: 
130°C and that there exists a definite rela-- 
tion: 

Qr=—2nn, (14a)) 

“r= 0.56-+0.050. (14b) 


The equation (14a) ascertains that all the 
electrons departed from M centres are solely 
captured in Cl- vacancies to form F centres} 
in the temperature range where M centres} 
decompose thermally into Fcentre s* (cf. Eq.. 
(10)). Then, one may interprete Eq. (14b) in! 
a way that the M centre carries one electron. 
at most. In the following, the descriptions} 
were made on this basis. 

Now, Eq. (14b) indicates that™one of two: 


abone, 0a 


0°c 60°C 


[20:6 180°C 


Fig. 12. The quantum yield yr and yy in the 
reaction with light in the M band are plotted 
against temperature. 


*) The contribution of the thermally decomposed 
M centres to 77 and yy can be neglected so long 
as Ay,max ~0.10 at gy=0, because the number of 
electrons ejected from M centres by absorption of 
photon energy is exceedingly larger than that of 
those by thermal agitations, 7.e., a series of 
measurements of the specimen is completed within 
five minutes or so, on the other hand the M centre 
decomposes thermally according to Eq. (6). 
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electrons ejected from M centres by absorp- 
tion of two photons is captured in the Cl- 
vacancy to form an F centre and the other in 
another trapping centre to form an M centre. 
However, it was rather surprising that the 
latter can fix an electron in the conduction 
band as firmly as the Cl- vacancy in the 
circumstance that it frees an electron ther- 
mally. 

Now, if the optical dipolemoment of the M 
centre is parallel to the <110> of the crystal, 
one third of 6N, dipolemoments shall be 
detected optically, where No is the concentra- 
tion of the M centre per cm’ which is parallel 
to one of the <110>. Therefore, Eq. (10) in- 
dicates that fa should be greater than unity, 
1.€., fu=1.5. This is quite contradicted to the 
another experimental fact yr=0.56 on which 
basis it has been interpreted that the M centre 
carries only one electron at most. However, 
if we postulate the second absorption band of 
the M centre in the spectral region of the F 
band, the paradox stated above is removed. 
This is described below: 

If it is assumed that the second absorption 
band of the M centre happens to overlap with 
the F band, the optically detected decrement 
—ANr should be multiplied with the over- 
lapping factor p in order to obtain the net 
variation of the concentration of the F centre. 
pis obtainable under the requirement that 
the net quantum yield of the F centre yr* 
should be unity above 130°C where the M 
centre decomposes thermally into the F 
Centre: 

0*r=0(p- Nr)/Oqu=1.0. 

With use of Eq. (14b), we have 

p=1/ONr/0qu)=1/0.56=1.8. (16) 

The results (10) and (16) indicate that the 

height of the second absorption band of the 

M centre is equal to one half of that of the 
main band. 

Now, it is easy to calculate the oscillator 
strength of the M band. We denote by fas 
the oscillator strength of the j-th band and 
by fire the oscillator strength of the continuous 
absorption of the M centre. If it is assumed 
that the optical dipolemoment is directed 
along the <110> of the crystal as in the Seitz- 
Knox model, the relation (10) is written in 
the next form: 

A(p: Nr)/A( far: 2.No) = —2P, 


(15) 
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where Np is the concentration of the M center 
per cm*® directed along one of the <110). 
With using of the relation: 


4(p: Nr)=—A(6No) , 


we have 
Si =3/(2p)=0.83, (17) 
and from the f-Sum rule 
Sf lieehs 201% (18) 
(EP 


The accuracy of the results (14), (17) and (18) 
is within the order of +10%. 

To proceed with an analysis further, it is 
adequate to introduce the quantity y*~, the 
net quantum yield of the M centre, 
derive the relation connecting 7*x to ym. 
Prior to exposure to M band light, the speci- 
men is certainly isotropic in the sense that the 
M centres are distributed with equal concent- 
ration along the possible independent orienta- 
tions. This state of the uniform distribution 
is destroyed inevitably during the course of 
the photochemical reaction with M band light. 
Then, the quantum yield ys defined by Eq. 
(13) should be expressed in the next form: 


qu=—far-ONs+Np)/Oqu at qu=0, 


where N,» and Ns are the concentration of the 

M centre along one of the <110> on the {100} 

which are parallel and normal to the pro- 

pagating direction of incident light, respective- 

ly. We define the net quantum yield 7*xz by 

”*yu=—0(Total Number of the M Centre)/Oqu 
at qu=0 


Then, we have the relation: 


Feo Voge esa} 


At the higher temperature (>80~100°C), the 
thermal reorientation of the M centre in the 
ground state takes place so frequently that 
the second term of the above formula can be 
neglected. By exposing the specimen to M 
band light polarized along the <110>, the 
quantity or the quantity proportional to 
—{(Ns)—(Ns)1} is detected as dichroism in 
this band, where by the symbol || it means 
the concentration of the M centre parallel to 
the electric field of the polarized light and by 
{| the one normal to it. It was already con- 
firmed experimentally that the quantity 7p is 
characteristic to the M band™, where yp is 


qu =O. 


and . 
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defined by 
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Usually, yp is small compared to 3ym/fai and 
is actually the order of one sixth of the Itater 
over the entire range of temperature below 
80°C. It is obvious that the quantity 
—{O(\Nv—Ns)/Oqu}ay_) is far smaller than 7. 
Thus, we are led finally with a sufficient 
accuracy to the next equation : 

0*u=3ymu/funr. (19) 
It will be worthy of mentioning here that 
Eqs. (17), (18) and (19) are equally valid to the 
model of the M centre of which dipolemoment 
is directed to the arbitrary <hkl> crystallo- 
graphic direction. 

Above the temperature of 130°C, combining 
Eq. (19) with (15) and (14a), we have 

“*u=2p-yu=p-nr=1.0. (20) 
The postulation (15), that requires 7*» should 
be equal to unity, leads to the conclusion 
that the quantum yield of the M centre 7*x 
is also equal to unity, and furthermore the 
oscillator strength fan gets a value smaller 
than unity. 

As shown in Fig. 9(b), even when the 
‘“‘oure’’ M band existed on the longer wave 
length side of the F band, its half width 
remained unaltered from that of the F band 
at the initial state, and, in addition to this, 
any anomally responsible for the second band 
of the M centre was not detected in the shape 
of the F band.™ In order to be in con- 
cordance with these facts, the hypothetical 
second band of the M centre should be located 
in the spectral region of the absorption 
maximum of the F band, and its half width 
be equal to or smaller than that of the F 
band. In the next, the half width of the 
second M band is evaluated: 

Since, in the visible region, the numerical 
factor of the Smakula’s equation can be 
regarded as constant, we can put 


*) It is observed that the anomaly similar to a 
small shoulder of the F band appears at 545 and 
575my, and that the half width of the F band 
becomes smaller than that of the initial one by 
0.005 ev. It will be problematical to regard these 
finer deviations as the evidence of the second ab- 
sorption of the M centre, because they are probably 
in the limit of the accuracy of the measurement 
by a spectrophotometer. 
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(Han -4Ku1)/fur (Hae: 4K) (fue, (21) 


where we denoted by Hu; and Kw; the half 
width and the absorption maximum of j-th 
band of the M centre, respectively. Under 
the assumption that the absorption maximum 
of the second M band is located at the same 
wavelength of that of the F band, the next 
equation is also valid: 
With use of Eqs. (21), (22) and (10), we have 
Ax = 1 : Hr (23) 
Sue 2(p-1) fin -fr 


~0.32 at room temperature. 


(23a) 
If it is assumed that faj;’s (j2>3) are vani- 
shingly small, 7.¢., fanc0.17, then the half 
width of the second M band is approximately 
evaluated: 


Hy.™0.054 ev at room temperature. (23b) 
<Hr (0.35 eV). 


Thus, the result (23b) is also consistent with 
the above requirement. Generally, the half 
width of the absorption band of a colour 
centre is mainly affected by the lattice vibra- 
tion, and this was already confirmed earlier 
by Mollwo?2 who found that the increment 
of the half width of the F band was expressed 
by a linear function of the specific heat of 
the crystal. Therefore, the half width of the 
second band of a colour centre is expected to 
be smaller than that of the first band. In 
this respect, the result (23b) is also satis- 
factory. 

Now, we can calculate the net quantum 
yield 7*x with use of the experimental value 
yu by the relation (19). The values of y*x 
and yr* were plotted as a function of the 
reciprocal of kT (eV) in Fig. 13. The recipro- 
cal of yu* is expressed by the next equation: 


1/yu*=1+1.4-10-7 exp (0.50/RT). 
for kT in eV. (24) 


To attempt an interpretation of this equa- 
tion, we denote by A the probability per unit 
time interval that the electron in the first 
excited state drops back to the ground state, 
by B the probability that the thermal agita- 
tion frees the electron and by (1—€) the 
fraction with which the electrons in the con- 
duction band are recaptured by the trapping 
centre to from M centres. Then the quantum 
yleld yx* is expressed by 
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au*=CB/(A+B). 
Comparing this expression with Eq. (24), we 
have 


1 A 43 
a ( o +1)—1=14-10 “exp (0.50/RT). 


At the higher temperature, € is nearly equal 
to 1, owing to the relation (14a), thus the left 
side of this equation can be simplified to 
A/(BE). It is shown that this holds also at 
sufficiently low temperature: According to 
the experiment upon the photoelectric effect 
of the M centre of a KCl crystal with 10’ F 
centres per cm’, (y/€)a,». was the order of 
6-10-" cm per Volt/cm below — 100°C, where 
% is the quantum yield, w the mean range 
(der Schubweg) and € the strength of the 
applied electric field, and by suffices M and 
ph it is denoted that the quantity is due to 
the photoelectric effect of the M centre; since 
ow/€ is the order of 3-10-° cm per Volt/cm for 
KCl crystal at —100°C with the same con- 
centration of the F centre*, ar,» will be 
the order of 10-*; thus the above expression 
is again reduced to A/B(€), because of the 
relations 1.4-10- exp (0.50/k7)>1 and A/B>1. 
The above simplification is also permitted in 
the intermediate temperature range where 
A/B~1 is valid so long as B and € are de- 
fined by the equations described below. We 
assume here the relation A/B(€)=1.4-10-* exp 
(0-50/RT) to be valid in a crude approximation 
over the entire temperature region under con- 
siderations. 

Now, we can proceed with our discussions 
according to the Mott and Gurney’s theory”. 
If it is assumed that A corresponds to the 
Einstein’s A coefficient, then we have 


A~8.109 (hy/13.54)? far ’ 


where hy~1.2 ev® and fai=0.83. 
ceived that B will take the form: 

B=Bee exp (—Eu/kT) , 
where Ew is the energy required to remove an 
electron from the first excited state of the M 
centre into the conduction band. It is not 
quite unreasonable to consider that © is a 
function of the temperature. For simplicity, 
we choose the expression of € in the next 
form: 


It is con- 


€=C€, exp (—€/kT) . 
Then, we are led to the next relations under 
the above approximations: 
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Boe: €o=3.8: Os secs, (26) 
Eu+ €=0.50 ev. (27) 


To determine the quantities Ex, €, Boe and 
€o numerically, it will be necessary to have 
informations concerning the temperature de- 
pendency either of (7w/©)», a of the primary 
current or the recapture processes (1—C€) by 
M centres. It appears, however, that such 
an experiment has not been carried out suc- 
cessfully up to the present. 

If it is permitted to put Boc~5.10" sec~, Co 
has the value of 7.6-10?. Then, € is esti- 
mated as the order of 0.31 eV because of the 
relation £6=1eatyd30°Cit(cf. Eqvsd4a)\e and 
thus Ey is the order of 0.19 eV. 

The assumption that the second M band is 
hidden under the F band leads to fairly plau- 
sible values for oscillator strength of the first 
band (Eq. (17)), quantum yield yu* and the 
half width of the second band of the M centre 
(Eq. (23b)). 

Now, it is highly desired to detect another 
fact which is responsible for the hypothetical 


second M band hidden in the F band. This 
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Fig. 13. The net quantum yield of the F and M 
centres in the photochemical reaction by M 
band light. The measured point at room tem- 
perature represents the mean value. +: 77%, 


O: vu*, @: (1/7u*)-1. 


a % 
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is described in the next paragraph. 


§7. The Second M Band and Dichroism in 
the F Band 


The hypothesis of the second band of the 
M centre hidden in the F band was first pro- 
posed by van Doorn’? basing on the fact that 
the F band, of which centre is considered to 
be istoropic, exhibits dichroism when the 
specimen was illuminated with light in the F 
band polarized along the <110> at the presence 
of the M band, as stated in §1. This hypo- 
thesis has certainly a greater advantage in 
the explanation of dichroism induced in the 
F band. However, it has a few weak point: 
(i) when the R band is irradiated with light 
in this band polarized along the <110>, the R, 
F and M bands exhibit dichroism simultaneous- 
ly; (ii) dichroism in the F band induced by 
illuminating with F or M band light polarized 
along the <110> appears on a relatively broad 
spectral region. 

After the M band had been illuminated 
with light polarized along the [110] in this 
band so as to induce dichroism in the M 
band (and F band) at room temperature, the 
F band was subsequently irradiated with light 
in this band polarized either along the [110] 


or [110] of the crystal. Then botn A” pio) 
and A” t1i0) increased with period of illumina- 
tion with F band light, where A”) and 
A” tiioj are the absorption maxima of the M 
band measured with light polarized along the 


[110] and [110], respectively. In Fig. 14 (a), 
in which case the F band was irradiated with 
light polarized along the [110] in this band, 
A*™ tuo] increased at an initial stage and then 
became constant at prolonged irradiation, 
while the A”;io] increased at first, then de- 
creased to cross over the A™fio}-curve with 
illuminating duration and finally became a 
constant value. In Fig. 14 (b), in which the 
direction of polarization of F band light was 
reversed to the [110], A”pio) and A”; in- 
creased and subsequently became a constant 
value. Two curves did not cross with each 
other. Thus, a part of electrons ejected from 
the normal state of F centres into the conduc- 
tion band is captured by the trapping centre 
to form M centre exhibiting a strong de- 
pendency of the polarization direetion of ex- 
citation light. This phenomenon is, however, 
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analogous to the one that the F band shows 
dichroism when it was illuminated with light 
polarized along the <110> in this band in its 
essential points. Hence, this phenomenon 
has the same advantage and disadvantage as 
the van Doorn’s experiment in granting the 
hypothesis of the second band of the M centre. 
These phenomena might be interpreted either 
with the second band of the M centre hidden 
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(110]- Polarized. 
T = 28°C. 
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Fig. 14. Variations of absorption maxima mea- 
sured with <110> polarized light versus the 
period of illumination of light polarized along 
the <110> in the F band. A*tijx] denotes the 
absorption maximum of the x band measured with 
light polarized along the [%, 7, k]. (After Ishii, 
Tomiki and Ueta) 
(a): The specimen was illuminated with light 
polarized along the [110] in the F band after 
the M band had been bleached partially with 
light polarized along the [110] in this band. 
(b): The specimen was illuminated with light in 
the F band polarized along the [110] after the 


M band had been bleached partially with light 
polarized along the [110] in this band. 


150 MIN. 


200 
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in the F band or with the distortion of the 
crystalline field of the F centre through an 
anisotropic effect of the Mcentre. To deter- 
mine experimentally which of these two pos- 
sibilities is probable, a quantitative analysis 
of dichroism both in the F and M bands was 
carried out. 

In Fig. 15 (a), the curve (1) shows absorp- 
tion spectrum for the initial state of the 
specimen. After the M band was developed 
at 17°C by illuminating with light polarized 
along the <100> in the F band (the curve (2) 
in Fig. 15 (a)), the M band was bleached 


partially with light polarized along the [110] 
in its band (A=820my, band pass=50 my). 
Variations of dichroism in the F and M bands 
with the period of illumination are shown in 
Fig. 16 (a), and the spectra at the illumina- 
ting period of 120 min are also shown in Fig. 
15 (a). A spectral distribution of dichroism 
D=Apioj—Apinj at this instant is plotted in 
Fig. 15 (b), in which the shaded region in- 
dicates the negative value of D. It is clearly 
observed that the peak of the M band mea- 
sured with light polarized either along the 


[110] or [110] shifted from 820 my to 825 mu 
when it was illuminated with light polarized 


along the [110] in this band for 120 min (see, 
Fig. 15 (a)). The peak of dichroism in the M 
band region coincides with that of the M 
band, and the half width cf its dichroism is 
also equal to that of the M absorption band. 

Now, if dichroism in the F band is caused 
by the second band of the M centre, the ratio 
|Du/Dr| should remain a constant value 
during the course of partial bleaching of the 
M band, where Dw and Dry are dichroism at 
the peak of the M and F bands, respectively. 
This is shown in Fig. 16(c). The mean 
value of the ratio was 2.02+0.20 which is re- 
presented by a full line in the figure: 

|(Du/Dr)exp|=2.02+0.20. (28) 
Kanzaki®? and Kawabara and Misu' measured 
recently the ratio and obtained the value of 
1/0.50 and 1/(0.50+0.05), respectively. They 
agrees quite well with the present value. 

On the other hand, the ratio is calculated 
with use of Eg. (23), under the assumption 
that the absorption peak of the second M 
band coincides with that of the F band and 
that dichroism Dy is caused only by the 
second band of the M centre: 
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Especially at room temperature, the ratio has 
the next numerical value (cf. Eq. (23a)): 
(Du/Dr)eate. =0.32-(0.83/0.13)~2.0 , 
or 
1/(Du/Dvr)caic.&0.50. 
Hence, we have 
\(Du/Dr)exp.| =(Du|Dr)ecare. (30) 
Thus, it is certain that dichroism in the F 
band is mainly caused by dichroism in the 
second band of the M centre hidden in the F 
band. 


at room temperature. 
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Fig. 15 (a) and ae Dichroism in the F and M 
bands induced at 17°C by illuminating with light 


polarized along the [110] in the M band. 

(a): Absorption spectra of the specimen. The 
curve (1) shows absorption spectrum for the initial 
state at 17°C, the curve (2) for the state after 
the M band was developed by illuminating with 
F band light polarized along the <100>. The 
curve and +—+ are the absorp- 
tion spectra measured with light polarized along 
the [110] and [110], respectively, after the M 
band (curve (2)) was bleached partially with 
[110] polarized M band light (A=820 mp, band 
pass=50 my) for 120 min at 17°C. 

(b): Spectral distribution of dichroism defined 
by A=Dri0j— Ari} (see, the text). Each point 
plotted in thefigure is a mean value of repeated 
measurements. 
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Fig. 15 (b) shows, however, that dichroism 
in the F band appears in a wide spectral 
region extending into the short wavelength 
branch of the F band and it has a peak 
which located at ~560my. We term it Dr. 
It may be possible to conclude that Dvr is 
responsible for the experimental evidence that 
the second M band exists in the spectral 
region of the F band, in view of argumenta- 
tions and results in §6 and Eq. (30). The half 
width of Drzr varied from specimens to speci- 


0.6 


KC1 + F (Spec. A-63) 
T=IT°C3NE= 2:10"? 


p=25:10'7cm-2 | 
: A- P= 2.0°10'7 Cm 
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Fig. 16. Variation of dichroism in the F and M 
band with the period of illumination with M 


band light polarized along the [110]. Each 
point in the figure is a mean value of repeated 
measurements. 

(a): Variation of the optical density at the peak 
of the F and M bands measured with light 


polarized along the [110] and [110]. Notations 
for the curve are the same as that of Fig. 15(a). 
(b): Variation of Dy and Dy with the period 
of illumination. 

(c): Experimental values of the ratio | Dar/Dr | 
mean value is at every stage of illuminating 
period and their respresented by the full line. 
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mens. However, it has certainly the value of 
about 0.20 ev which is far greater than the 
one evaluated in $6, 7.e., 0.054 eV (Eq. (23b)). 
The discrepancy is hardly explicable with our 
data so long as it is assumed that the half 


width Drr is equal to that of the second M | 


band as was the case for the first M band 


and Dr. | 
On the other hand, it is necessary to con- 1 
sider that dichroism in the short wavelength | 


branch, D., is caused by the other origin. . 
As stated in §§4 and 5, when the specimen — 
exposed to F band light at room temperature 
was heated above 130°C, it contains certainly 
only F and M centres at first, and then the 
spectrum recovers to the initial state which © 
exhibits only the F band, owing to the thermal 
dissociation of M centres into F centres. It 
should be emphasized here that the increment 
of absorption in the spectral region both of 
the K band and the short wavelength branch 
of the F band vanishes completely. Secondly, 
when the pure M band exists as shown in Fig. 
9 (§5), the absorption is always enhanced in 
the above spectral region. For three speci- 
mens A-17, -18 and -20 of Table I, the ratio 
of the optical density at 820 my to the incre- 
ment at 460 my, 71=(4As20/4 Asoo), is consider- 
ed to be constant (see, Table II-A). Finally, 
when the M centres were completely converted 
into F centres by irradiation with M band 
light at 125°C, in which case prior to light 
exposure the specimen contained naturally 
only F and M centres, the spectrum in the 
short wavelength branch of the F band re- 
covered to its original state. These three 
facts indicate that the increment of the ab- 
sorption in the short wavelength branch of 
the F band is directly related to the M centre, 
when the specimen contains only F and M 
centres. Especially, the last phenomenon 
rules out another possible interpretation that 
the above increment of the absorption is 
caused by another kind of colour centre which 
is quite independent of the M centre and dis- 
sociates thermally into F centres in the same 
temperature range as that of the M centre. 
Thus, it may be possible to interprete that the 
increment of absorption stated above cor- 
responds to a continuous absorption of the M 
centre, and that dichroism in the shorter wave 
length side of Drr is ascribed its origin to 
this. This interpretation is also supported by 
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the fact that the ratio dNr/4(fu- Na), that was 
obtained in the circumstance that the incre- 
ment of the absorption area in the short wave 
length branch of the F band amounted to a 
considerable part of the absorption area of 
the M main band (see, Fig. 9 (a)), is equal to 
the ratio yr/ya obtained above 130°C by 
another procedure. 

In the photochemical reaction with F band 
light at room temperature, however, we ob- 
serve the phenomenon which appears to be 
contradicted to the above interpretation at 
first sight: The absorption in the short wave 
length branch of the F band increase con- 
tinuously even when the M band is lowered 
at a later stage of the photochemical reaction. 
One sees this at once by comparison of the 
curve II with 3 in Fig. 2(b). Table IL-B 
contains values of the increment of the optical 
density at 2=820my and 460mp, 4Ag. and 
4Aeo, and the ratio 7:=(4As20/4 Ass) at every 
stage of illumination with F band light 
(A=555 my, band pass=20my) at 12°C. The 
illumination period of the table covers the 
stage including the linearly ascending part 
and the descending part beyond the maximum 
plateau of the developing curve of the M 
band. In this stage, the absorption maximum 
of the R. band rises linearly, as shown in 
Fig. 2 (a). Now, the ratio 7, of the specimen 
containing only F and M centres has a mean 
value of 13, while the corresponding ratio 72 
for the specimen illuminated with F band 
light amounts to about 60% of the former, at 
the stage of the linear part of the M-curve 
(Table I-A & B). According to the analysis 
of §8, ~70% of the electrons of the photo- 
chemically destructed F centres is used to 
create M centres and the remainder is con- 
sumed for the construction of the other com- 
plex centres, in this stage. Therefore, it is 
certain that the increment of the optical 
density in the short wavelength branch of the 
F band is caused both by the continuous ab- 
sorption of the M centre on the one hand and 
by that of the other complex centres (pre- 
sumably mainly of the R centre, at the present 
experiment) on the other hand, when the F 
band was irradiated with light in the F band 
at room temperature. Then, the fact that 
the optical density in the above spectral region 
continues to increase even when the M band 
is lowered is not contradicted to the inter- 
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Table II. 


A: AAge, Aggy and the ratio r,=(4Ago0/4-Aago) for 
the specimen containing only F and M centres. 


Specimen | 44s | 4A | 7 
A-17 | 0.331 | 0.034 | ANG 
A-18 btterghiss 0.010 bots 
A-20 | 0.064 | 0.005 | Bets 
3 i i} 


Mean Value —13 


B: 4Ag29, 4Ag9 and the ratio T2=(4As99/dAgeo) at 
every stage of illumination with F band light 
at 12°C. N°,y7=3:10!7 cm-3, 


Period of Illu. 


(Min) AAgoo PP AUG To 
15 | 0.101 0.015 6.7 
25 | 0.198 0.027 7.3 
35 | 0.291 0.038 7:7 
55 | 0.423 0.058 mas 
75° 0.468 0.077 6.1 
95 0.453 0.085 5.3 


pretation stated above. In facts, the absorp- 

tion in the above branch is lowered when the 

M band is illuminated with light in this band 

at room temperature. 

Thus, the evidences and considerations 
given here permit us to conclude the fol- 
lowings :— 

(i) The second band of the M centre exists 
in the F band, and dichroism Dr, is con- 
ceived to be responsible for the experi- 
mental evidence. 

(ii) The M centre has further the other ab- 
sorption in the shorter wavelength region 
in the F band. This is detected as the 
increment of the absorption in the short 
wavelength branch of the F band. Di- 
chroism in the above branch, D.«, is conceived 
to be due to this absorption. 

(iii) When the F band is illuminated with 
light in this band at room temperature, the 
absorption of its short wavelength branch 
is enhanced. One part of the increment is 
due to the M centre, and the other part 
mainly to the absorption other than the 
main band of the R (or R and N) centre. 


§8. The Anomaly on the Bleaching Curve 
of the F band 


In the preceding section, it was concluded 
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that the second M band exists in the spectral 
region of the F band. It is anticipated from 
the above conclusion that the bleaching curve 
of the F band might exhibit some dependency 
on the wavelength of light with which it was 
irradiated. To carry out this experiment, the 
F band was illuminated with monochromatic 
light of 620, 605, 585, 575, 560, 545, 530 and 
510my. The band pass was chosen 8 my for 
each ‘“‘probe’’ light except the first and the 
last whose band pass was 10my. The ex- 
periment was made both on the freshly 
coloured crystal and on the crystal left in the 
dark for two months after colouration. The 
obtained results showed a fairly good agree- 
ment irrespective of the aging period of the 
specimen. 

In Fig. 17 (a) and (b), the bleaching curves 
for the F band were shown for light lying 
in the longer wavelength side in the spectral 
region of the F band and for those in the 
shorter, respectively. The optical density 
was measured at 560 my throughout this ex- 
periment. In connexion with this, the develo- 
ping curves for the A, R, M and N bands were 
shown in Fig. 17(c) only for the specimen 
which was illuminated with light of 560 my 
(curve (4)), for simplicity. The part pq of the 
bleaching curve mainly corresponds to the F 
to A transformation at the beginning. In 
fact, as shown by the curve (1) in Fig. 17(a), 
the inclination of the pq is affected when the 
F band was illuminated with light 620 my 
which lies also in the A band. Near the end 
of the stage pg, the A-curve reaches its 
maximum height, and, at the same time, the 
linear increase of the M-curve is already 
initiated. At this instant, the anomaly qr 
appears on the bleaching curve and was 
inferred by St. Petroff as the B state. The 
subsequent part yrs is considered to correspond 
mainly to the F to (M+R)-transformation. 
In fact, the ratio of the inclination rs to that 
of the M-curve was independent of the wave- 
length of illuminating light and gave a mean 
value |0.98]+0.09. Since, according to Eq. 
(10), it is calculated that the ratio should be 
|0.66| if the F to M transformation takes 
place, 30% of electrons of the destructed F 
centres is used to create the other complex 
centres but M centres even at the beginning 
of the stage vs. It is clearly seen from Fig. 
17 (a) that the duration’ of the stage gr 
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becomes longer and that of the vs shorter, as 
the wavelength of illuminating light is shorter. 
Really, vs vanishes on the curve (4), in which 
the wavelength of illuminating light was 
560 mu, and any anomaly cannot be seen. 
The ratio of the inclination gr to that of the 
M-curve has a mean value |0.70|._ According- 
ly, in the stage qr, almost all of the electrons 
of the destructed F centres was used to create 
M centres and the ratio of the inclination of 
st to that of the R-curve was, consequently, 
suppressed to a lower value (~|0.6| for the 
specimen having a longer period of gr, while 
for the specimens having not any or a shorter 
period of gr, the ratio was raised to |1.6|~ 
ie2is 

The situation is altered in the ultra violet 
side in the F band. The curve (1) of Fig. 
17 (b) does not carry any anomaly and is quite 


Wavelength of Bleaching Light for the Curve 
(1) 620 mys 
(2) 585 mys 
(3) 575 mp; 
4) 560 mu. 


T= 24°C 


Log, (Jo/1}) —> 


100 min. 


Wavelength of Bleaching Light for the Curye 
(1) 545 mp5 
(2Y 510 mp. 
T = 24°C 


109} (10/1) —- 
a 
deo 


tog, (Io/1) —— 
° 
nm 


Developing Curves of the Specimen@) 


VG soe pk. See one 
Ou 4 


Fig. 17. Dependency of the bleaching curve of 
the F band on the wavelength of light with which 
it was illuminated. The absorption was mea- 
sured at 560 mn. 

(a): The bleaching curves of the F band which 
was illuminated with light 620, 585, 575 and 
560 mu at 24°C (the curve (1), (2), (3) and (4), 
respectively). 

(b): The bleaching curve of the F band ir- 
radiated with light 545 and 510 mp at 24°C. 
(c): The developing curves for the complex 


centres in the specimen shown by the curve (4) 
in (b). 


1960) 


similar to the curve (4) in the shape. How- 
ever, the stage subsequent to the pq should 
not be assigned to qr, but to rs, because the 
ratio of the inclination of this part to that of 
the M-curve is equal to |1.0]. This type of 
the bleaching curve was obtained also on the 
specimen irradiated with light of 530my. On 
the curve (2)’, in which the specimen was 
irradiated with light of 510 mp, the anomaly 
qr reappears. As shown in Fig. 2 (a), the 
anomaly was detected on the bleaching curve 
for the F band. Since the specimen was 
illuminated with light of 545 my whose band 
pass is 20 my, it is conceived that the F-curve 
in Fig. 2 (a) represents the combined feature 
both of curve (4) and (1)’ in Fig. 17. 


According to the result that 30% of the 
electrons of the destructed F centres is used 
to create R and N centres even at the earlier 
stage where the M-curve initiated its linear 
rise, it is certain that the photochemical 
reaction with F band light is essentially 
characterized by the simultaneous production 
of M. R and N centres, at room temperature. 
It has also shown in §6 (Fig. 13) that nearly 
equal fraction of the electrons of the destructed 
M centres is consumed in the construction of 
the R and N centres. 

The dependency of the rate of the photo- 
chemical reaction on the wavelength of light 
with which it was carried out may indicate 
the complexities hidden under the F band. 
For the definite assignment of the stage qr to 
the B centre or to the second M band through 
which some special interaction between F and 
M centres might be elucidated, however, 
further experiments will be required. 


§9. Discussions 
9.1. The M centre 

On the basis of experiments on dichroism 
in the M band induced by illumination with 
light polarized along the <110> in this band, 
it has been concluded that the optical di- 
polemoment of the M centre is directed to the 
special crystallographic direction except the 
<100> and this centre has not a cubic sym- 
metry. It is easily calculated that one third 
of the total number of the M centre is 
detected by an optical absorption measurement 
either with natural or with plane polarized 
light when its dipolemoment is directed to 
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the <h, k, 1> direction as shown in Table III, 
in which (i) hack<l and hX<0, k2<0, I2<0; (ii) 
h=<RkAI and hX<0, k0, 1=0; (il) h=ks<1 and 
h=<0, k2<0, Is<0; (iv) h=RI and hme =0) 
2=0 and (v) h=k=/<0. 

In our experiment, the relation (14b), yr= 
0.56, was interpreted that the M centre car- 
ries one electron. However, the relation (10), 
which determined the ratio of the number of 
F centres corresponding to one M centre, does 
not specify any definite model for the M 
centre, but only put the restriction fy<1 in 
order not to be contradicted to Eq. (14b). 
Since the relation (17), (18), (19) and (20) are 
influenced only by the parameter /, the over- 
lapping factor of the second M band with the 
F band, they are equally valid for any kind 
of the M centre whose optical dipolemoment 
is parallel to the arbitrary <h, k, 1) crystallo- 
graphic direction. 

If it is possible to assign to the M centre 
the model whose optical dipolemoment is 
parallel to the crystallographic direction 
having a lower index, the <110> or the <111), 
the <110>-M centre is preferable according to 
the Ishii’s analysis*?: Under the assumption 
that the M centre is either the <110>-or 
<111>-type, it was concluded for the thermal 
reorientation of the M centre in the direction 
that the dichroism D= A” (110}3— A” tio) vanishes, 
where A”¢110}>A” iio) at the time ¢=0, as 
follows: (i) The reorientation of the optical 
dipolemoment takes place with equal fre- 
quency l/r for six possible directions, (ii) 
AA" t110j3=4A”" (110) for the <111>-M centre and 
(iii) —4 A” ¢110)>4A™ iio] for the <110>-M centre 
and this relation agrees quite well with the 
experimental fact*). 

If the M centre carries two electrons, the 
quantum yield of the F centre y» may be too 
small, because all the electrons ejected from 
M centres should be captured either by Cl- 
vacancy or by the M-vacancy owing to the 
relation 77=—2ym. In fact, if it is postulated 
that the second band of the M centre of two- 
electron system exists in the spectral region 
of the F band so as to make the net quantum 
yield a quantum equivalent full value, 7.e., 
n*r=2.0, then the next relation should be 
valid [cf. Eqs. (10), (22)]: 

4K 2/4 Kun =Da2/Dm=1.6. 
at room temperature. 
Then, we have to admit, in this case, some 
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effect of the F band which suppresses di- 
chroism in this band down to the observed value 
of 0.50. Therefore, it is conceived that such 
a model of the M centre as proposed by van 
Doorn will be discarded. Thus the descrip- 
tions of §§5—8, which based on the one- 
electron model of the M centre, are justified. 

Now, it is possible to state, in conclusion, 
that the concentration of the M centre per 


Table III. 
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cm? Ny* is calculated, without specifying its 
model, by the next equation: 


= 1.0610" Kar He 


M1 
=3.83-10'*-Ku-Hx- (31) 
where Ky in cm-! is the maximum absorption 
coefficient of the M band determined by ab- 
sorption measurement, and Hy in eV is the 
half width of this band. 


The ratio of the number of the optically detected dipolemoment to that of those 
directing to the <k, h, I> crystallographic direction. 


Index 


<h,k.ly hack*l<0 


24 
MN k,b> hak, L=0 12 
Khakinl> W=k-=b=0 12 
lle Oe lo 0 6 
<1,1,1> (Forbidden) h=k=1-+;-0 4 
<1,0,0> (Forbidden) h=<0 3 


= t=O 


The number of possible 
independent orientation 
of dipolemoment 


‘The number of dipolemo-| : 
| ment detected optically Ratio 
| 


8 1/3 
4 1/3 
4 1/3 
2 1/3 
4/3 1/3 
1 1/3 


2.2. 


According to the conclusion drawn in §7- 
(ii), it is certain that the second and the other 
absorption including the continuous one of the 
M centre exist in the spectral region of the F 
band and of its short wavelength side. In ad- 
dition to this, if the conclusion § 7-(ili) is taken 
into considerations, it may not be quite un- 
reasonable to infer that the R centre has also 
its absorption band hidden under the main band 
of the F centre. Then, the phenomenon that 
the R and M bands become dichroic when the F 
band was made dichroic by illuminating with 
light polarized along the <110> in this band is 
easily recognized. On the other hand, the F 
band becomes dichroic when the R band was 
made dichroic by illumination with polarized 
light in this band. It is conceived that the 
absorption band of the R centre hidden under 
the F band plays its role in producing di- 
chroism in the F band, in a quite similar way 
to the M band (§7). It is, however, observed 
that R, M and F bands become dichroic 
simultaneously when the R or M band was 
made dichroic by illuminating with polarized 
light in the R or M band, respectively. To 
explain this phenomenon completely, we have 
to admit the intimate interaction between the 


Dichroism 


R and M centres (presumably including F 
centres) which is unknown at present. 


9.3. Some aspect of photochemical reactions 


at room temperature 

It is generally observed that, among the 
developing curves of complex centres, only the 
M-curve descends at a later stage of the 
photochemical reaction carried out at room 
temperature by illumination with F band light. 
However, when the F band is illuminated 
with light polarized along the [110] in this 
band, the corresponding phenomenon is ob- 
served only on the M-curve measured with 
light polarized along the direction normal to 
the polarization direction of F band light with 
which the F band was illuminated, as shown 
by the A”,iio)-curve of Fig. 14 (a). If the M 
band is lowered by a process whereby the M 
centre captures another electron to transform 
into the Rs centre, the above phenomenon 
should be observed equally on the A™pro3- 
curve of Fig. 14(a). Therefore, it appears to 
be plausible that the special behaviour of the 
M-curve is caused by the destruction of M 
centres through absorption of F band light by 
the second M band hidden in the F band: 
Suppose that the specimen contains Nw M 
centres per cm* at a given time ¢ and that 


5 | 1960) 


lls 


incident light L,r of the F band region falls 
upon it, then the destructed M centres dNx 
in a time interval dt may be expressed by 


@Nu=k-Io,r- Nu: dt, 


where k is a constant; if a fraction 7 of the 
dN» electrons is consumed in the construction 
of the R, centre, its increment dNe, per dt 
should be described by 


d Nr2/dt SOE Nx, 


K=—kh,=const. (32) 
This is nothing else the experimental law ob- 
tained by St. Petroff??. Of course, it is not 
clear at present that the R. centre is created 
only by the process stated above when the F 
band was illuminated with light in the F band 
at room temperature. 


§10. Summaries 


1. The photochemical reaction with F band 
light was reexamined for KCl crystal coloured 
additively. In a temperature range from 
~70°C to 165°C, it was classified into three 
types: The photochemical reaction which 
creates (i) the A, Ri, Rz, M and N centres (—50°C 
to 50°C), Gi) the A, R;, M and N centres 
(60°C to 100°C) and (iii) the M and the higher 
aggregates of F centres presumably (at 165°C), 
as photochemical products (§ 3). 

2. The above phenomena were considered 
to be due to the thermal stability of these 
products and their thermal stability was 
studied (§4). The R,; and Re centres were 
unstable thermally above 50°C and they de- 
composed into the R;, N, M and F centres. 
By this thermochemical reaction, the N band 
was enhanced to the height which was hardly 
attainable by illumination with F band light 
at room temperature. R; and N centres dis- 
sociated into F and M centres above 100°C. 
M-centres were thermally the most stable and 
dissociated into F centres above 130°C. The 
relaxation time for the process is expressed as 
1/r=2.01-10' exp (—1.31/kT) sec~! for kT in 
ev. 

3. The fact, that the M centre is thermally 
the most stable among the photochemical pro- 
ducts, enabled us to determine the number of 
F centres corresponded to one M centre. The 
relation 4Nr/4( fu Nu)=—2 was obtained (§ 5). 

4, The quantum yield 7r=0Nr/Oqu and 
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7u=0( fu Nu)/Oqu were determined in the reac- 
tion M+qu—F as a function of temperature 
(§6). The relations yr=0.56 and yr=—2n_ 
were obtained above 130°C where M centres 
decompose thermally into F centres. Thus, 
it was concluded that the M centre carries 
one electron and has the second band in the 
spectral region of the F band with an over- 
lapping factor p=1.8. The oscillator strength 
of the main band of the M centre was 0.83, 
and the ratio of the half width to the oscilla- 
tor strength of the second M band was 0.32 
at room temperature. The net quantum 
yield of the M centre 7*z was expressed as 
1/n*a=1+1.4-10-7 exp (0.50/kT) for kT in 
eV. 

5. Dichroism of the F band induced by 
illumination with light polarized along the 
<110> in the M band was analysed quantita- 
tively (§7), with use of the value of over- 
lapping factor ~. This led to the conclusion 
that dichroism of the F band is ascribed to 
that of the second and the other absorption 
of the M centre. 

6. It is concluded that the increment of the 
absorption in the short wavelength branch of 
the F band is due to the other absorption 
both of the M and R centres, when the F 
band was illuminated with light in this band 
at room temperature (§7). 

7. The anomaly on the bleaching curve of 
the F band measured at 560m was re- 
examined (§8). It was found that it appears 
showing strong dependency of the wavelength 
of light with which the F band was illumi- 
nated. 


It is a great, pleasure for the author to ex- 
press his cordial thanks to Prof M. Ueta for 
his kind interest and encouragement, and to 
Profs. F. Seitz and R. Maurer for their kind 
interest. 
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On the Acoustic Radiation from a Flanged Circular Pipe 
By Yutkichi Nomura, Ichiro YAMAMURA and Sakari INAWASHIRO 
Department of Applied Science, Tohoku University 
(Received July 4, 1959) 
The problem of sound radiation from a circular pipe fitted with an 
infinite flange is solved. The radiation impedance, the transmission 
coefficient, the power gain function and the end correction are evaluated 
numerically and shown as functions of the wave length. 
§1. Introduction space regions, the one outside the flanged 


The problem of sound radiation from an 
unflanged circular pipe was solved by H. 
Levine and J. Schwinger in 1947.) Using a 
Green’s function, they formulated the problem 
in terms of an integral equation similar to 
the equation of Wiener-Hopf type and solved 
it by application of the Fourier transform 
method. In case of a flanged circular pipe, 
a Green’s function consists of two terms, one 
representing free space propagation of sound, 
with dependence on z—2’, and the other 
representing the image effect of the flange, 
with dependence on z+z’. As they remarked 
in their paper, the existence of the latter 
term considerably complicates the Fourier 
transform solution.” 

We will solve this problem by the use of 
Weber-Schafheitlin type integrals? and 
Jacobi’s polynomials. We consider the two 


pipe and the other within the pipe. The two 
solutions that satisfy the wave equation and 
the boundary conditions in each region are 
obtained and connected smoothly at the open 
end of the flanged pipe. The continuity 
conditions for the wave function itself and 
for its derivative in the direction of the pipe 
axis give two equations, from which we can 
determine unknown coefficients in the solution. 


§2. Solution of the Problem 


We consider the sound radiation from the 
pipe which is fitted with an infinite flange. 
A cylindrical coordinate system is chosen 
with origin at the center of the pipe mouth, 
and oriented so that the flange lies in the 
x,» plane. A plane wave is incident from 
the negative. z direction and a part of its 
energy is radiated from the open end into the 
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free half space z>0, and the remainder is 
reflected back into the pipe. 

The velocity potential of the incident wave 
is described by a scalar wave function 


byt exp ats) : (2.1) 
where +=ka is a parameter depending on the 
wave number & and the pipe radius a, and 
Vo the velocity amplitude of the incident 
wave. The harmonic time dependence e!” (w 
is the frequency of the wave) is omitted 
throughout. We put 


= Vo *{ayexp (*22) 
R a 


+ 3 ahi( Be) exp (VE a » (2.2) 


Fig. 1. 


as an expression for the reflected wave within 
the pipe, where fs; are positive zeros of 


Jo’ (Bs)=—fi(Bs)=0, and 
Vo = r 
b= SAS(5, z), (z>0) (2.3) 


for the radiated wave outside the pipe, where 


563 2) 
a 
= 2% 
maaan: & ©) Jovsy(€) exp (—VE=F me 
do Wee 
z>0. (2.4) 
Conditions upon the velocity potential are 
given as follows; 


oF HZ ISO r=a, 2<0;° (2.5) 
Or 


a) 
a, 9 1 >a; 2=0 26) 
pot bi=gs P<, £=0 » ae) 
Felt = 2 4, r<a, 2=0,. (2.8) 


In the half space z>0, the field at distant 
points from the open end of the pipe should 
be asymptotically described by a divergent 
travelling wave, i.e. 


1 —irR oe 
baw exp aes , (R=VPHA) (2.9) 


where we suppressed dependence on direction. 

From the forms of (2.1) and (2.2), it is 
easily seen that ¢o9+¢1 satisfies (2.5), with 
vanishing normal derivative on the surface 
of the pipe wall. The radiation field ¢. in 
(2.3) satisfies (2.6), on account of a property 
of the function S, 


2s(£,0)= VE n( -) ney Ed 


a 


where the integral is a type of Weber- 
Schafheitlin integrals.2» The asymptotic be- 
havior (2.9) is ensured by the values of S, 
for large R which is obtained by the saddle 
point method.» The remaining conditions 
(2.7) and (2.8) which connect ¢0+¢4: and ¢: 
are written in terms of the expansion 
coefficients A,» and as as follows, 


5 An S(£, 0)=1+a0+ Sah(G%) , 2.10) 
> AnaySy(~, 0) 
=ira-1)+3,an/B—P he (Be). 21) 


From these two equations, we can determine 
the unknown coefficients An and ds. 


§3. Determination of the Coefficients 
Using the expansion formula” 


fA)=Z, cote) 0<x<1) 
2 Aer eee n-4 d. ‘ 
op | Sogn la Nae 
where up(x) is a Jacobi’s polynomial 
Pint 2) da” n(] — 7\n-3 
Un( x)= V2(n VE nly? id x) dx” =x (1 y) ys 


(0<x<]1) 


512 
we obtain 
SV, = E Gute) (s=(4)) (3.1) 
 Jinsy(E) Jureg€) 
Gu (4140) SmoyE) Iie) yp (3,2) 
. VEon 
and 
\(B9 
WibsV x)= > 4+) ae u(x). (3.3) 
Subsituting (8.1) and (8.3) in (2.10), we have 
a set of equations relating A» to as. 
S AnGu=(1+a0)q/-2.60 
+(41+1) 3 ae hy 80 »aphcee) 
C2 ey oe 


On the other hand, (2.11) is expanded in 
terms of Bessel functions Jo(8s7/a). 


Sad Tot 3 Pra dof be ) 


SC aaes SaV BP ra a (3.5) 


where Jno and Tns are given by 


28. S66) Odo 
ie 


T if) 

no—\ a 

\ : 
mo ie 


TEP aa 
VB ik (Bs)? 


From (3.5), we obtain the other set of equa- 
tions 


ant 2 


(3.6a) 


i a), 0) Jo(Bs0) 0 do 


Jonvy(Bs) « (3.6b) 


(3.7a) 


asV B2—7? SEE S AnJon+4(Bs) 


(s=1,2,-++) (3.7b) 
giving expressions of as in terms of An. 
From (3.4) and (3.7), we have a set of linear 


equations for An, 
1 /> ee 
—y/ = Al/ 2 5, 
17 ne fis 


> AnGni =2}1— 
co 2 Jo1+3(Bs) Jons3 (Bs) 
Al+1 EVAR MEER TTR 
—(4i+ PP nena 


A matrix Xns, an inverse of the matrix Gn,” 
is defined by 


Aj”. 43.8) 


> GuXn= Ois (3.9) 
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and already calculated in the reference 7). 
Making use of the matrix Xns, (3.8) is trans- 
formed into 


=2(1- [2 Aa )/ 2 Xow Pade 
17 7 T m=0 


(3.10) 
where 
Pam= = 2 At Ame pa AL Bol? : 
Gy) 


For the range of the values of y under 
consideration (7<$:==3.8317), numerical cal- 
culation shows that Xnm and Pnm are quanti- 
ties of the magnitude of order 1, for n=m, 
and decrease with a considerable rate as the 
difference n~m increases. In order to obtain 
an approximate solution, we assume that An 
becomes smaller as m increases. (This as- 
sumption will be verified later). Then, the 
terms PrmAm in the right hand side of (8.10), 
with m>n, are considerably small compared 
to the other terms, and if we neglect them, 
we obtain the following equations in the first 
approximation 


Ag =2(1—— ae 2 Ay) / 2X03 PamA®. 
m=0 
(3.12) 


The equation for the deviation from the true 
solution is 


(An—A®) =i (Ap— A) Xno 
cy 


n oo 
—> PrmlLAm—A®)—> Pree . 
m=0 m>n 


If we take into consideration the effect of the 

last terms, > PumAm, by replacing them by 

the penne value of the largest term of 

them, i.e. by Pr,m+1A®,,, we have 
An~AM+ AM 

AM Xan— SS Pam AD— 


m=0 


2) = 
AM= i— Pr nv A® 


n+1 


G.13) 
in the second approximation. In the similar 
way, the (¢+1)-th approximation is given by 


An=AM+4+ AM+4..-+ A q>1 


A@=12A@X ay 3 Se PrmA@ 


m=0 


7 > Pr n+mAGim 


m=1 


(3.14) 


ETS eerie saieevreemeommmeene 
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Table I. Expansion coefficients A, and ay. 


if 0.25 0.50 1.00 1.50 2.00 2.50 3.00 3.50 

Se aca clerors. | econ faz 1500 |e: veg van | wee 
Peo ee Och shes 240. 0.364, a8 aco. | ga com. | Gene 
As SS OiGs1? Paeei0, 000 | /oAPetone|| =e cu16r || Se0{1i6: | Le Gale | ce Bee. |B 
As} 45 0.017 | +4 0.081 | +4 0-00 | +< 0.056 | +i 0:068 | 4c O07 | +e 0cere | 44 O:orl 
a | +i 0.365 | +4 01546 | va 0-516 | 4s 0.374 | +i 0-286 | 4 0l172 | +e Oct? | 42 01088 


The solutions of (3.12) and (3.14) are easily These are calculated successively from the 


obtained and given by lower level of the approximation to the 
Aw =i — x higher one. We obtained Ao, Ai, Az and As 
ty = Roney AVI Pos) up to the fourth, third, second and first term, 
1 ‘2 respectively. as is obtained from (3.7). Par- 
ol ee ane! bE 2 Zap) (3.15) ticularly, the important coefficient a is given 
1+ Pan { iT by 
x2/ 2X, ao x "Pun AL cu n>=1 AB oe 
é enna a=1+i/ 2 Ay. (3.17): 
is 
and 


The values of Ax (n=0,1,2,3) and a for 


ADS Sik x : : several values of 7 are shown in Table I. 
oot (ér7/4)(1 + Poo) Substituting these values back into the 
3 Sy Pym AG-™ equation (3.8), we see that they satisfies (3.8) 
mel = to the degree sufficient for a practical pur- 
ie \ (ed (3.16) Poses. 
Nia jee ae Ay? Xno When 7 is sufficiently small, it is con- 
J ; venient to use a power expansion 
ae (aa 
> Ponds = Po. nam Ane je An=Ani~ + Qnax2+ °° (3.18) 
(n=1) Substituting power expansions 
Gu= (Ant WE 
5 a = (—1)l"-t +e P(2|n—1| +24 Dnt l—|n—1 + 3-2" 
2 im pS —|n—l — py (n—U+et DPeln—I +44 Psd + ln +u+3) 
( yt ye e (—1)eM'(2n+214+2u+2)(n+l+ ut 17/2)" 5 i (3.19) 
e2 feo wT Qn t+2l+n+20Ont+et sl Ql+ eta atl+ “+ s) 
and 
< 2 Jrisd 1(Bs) Jon+43(Bs) = tox) bin 
ais =1 Bs BP —7? a vagy 
where 
(2m) _ = (gigi = 2 Jar+4(Bs) Jon+4(Bs) (3.21) 


Tim! oi Bef Bs)P 


in (3.8) and comparing the terms of the same power of 7, we have the following equations 
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1-2 /Zan=0, SZ On+Q2an=—Q2a0, 
1 7 n= 


SOO mn “I > OW Ani , > (On t+ Qin )Qn2= — Qi) Javon (3.22) 
1 i= us 
and obtain 
a =i/ La 
61 2 
am=—| 3 (E+Q) hm QS} an 
an=FF{1+Q8— SS Qo L+Q1 hm Qnahans (3.23) 


e).) 0a a, © ime) clo @ shen 6 ieys «| 06 © 0.0) 8 0u6 Pele. aes 


ee 


where F is the unit matrix and (£+Q’)* the 
inverse of the matrix £+Q’, of which the 
elements are defined for m and m larger than 
ONeice 


[E+ Q nn =Omn+ Onn (nm, n= 1) 


$4. Field at Large Distances 


The behavior of the solution at large dis- 
tances depends on the proporties of the Sz, 
defined by (2.4), for large R=V/7+z2. We 
first consider the function ~(7) defined by 


WN=S(—, 2) z>0 me 
=8(*, = £005 


When z=0, 0¢/0z reduces to Weber-Schaf- 
heitlin’s integral, and vanishes for r>a. 
Thus the discontinuity of 0¢/0z lies only on 
the circular plate z=0, r<a. We denote a 
surface which envelops this circular plate by 
S. According to Green’s theorem, we obtain 


soci Fan 


) —ikR’ 
sas Se es (4.2) 


where R’=|r—r’| and 7’ represents the point 
on S. The contribution from the surface at 
infinity vanishes on account of the property 
of S,® that the magnitude of S, is of the 
order of 1/R for large R. The integrals of 
the second term over the surface above and 


eee eee ewes 


eee eee wees 


Z 


Pige2. 


below the circular plate concel each other, 
for @ has the same value on both sides of 
the plate. 

When F is large, R’ can be expanded in 
power series of 1/R and the first two terms 
are expressed as follows 


R’=V R®—2Rr sin 0 cos(o—9’) +r 
=R {1 — ee sin 0 cos(e—')+0( Ps )} 
where @ is the angle between 7 and Z-axis, 
and ¢,¢ the azimuthal angles. Neglecting 


the term of the order of 1/R? and of higher 
order in (4.2), we have 
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e kR 
pn~— eon al de’ \ dy’ exp {ikr’ sin 0 cos (y—g’)} ta a 
ez aaa ; eS 
a ora ha de’ \"r ry dr’ exp {ikr’ sin 8 cos (g—¢ on” VE h (“E) Jeney Bde 
exp (—7kR) ae ; 
= oR \: Jo(kr’ sin 0)r’dv’ a) VE ( =) Janey (E)dE 
a exp (—ikkR) d” 
“VET DR | Mba Fin Opel 
ee ae 2 exp (—7kR) 
> 2a jun (7 Sin may a ,; (4.3) 
Then as the asymptotic form of $2, we have 
‘ r als 5 exp( — Ge 
o(— a\~ 2 OS Anju(y sin) 27 (4.4) 


§ Calculation of the Physical Quantities 


Using the values in Table I, we can cal- 
culate various physical quantities for the 
corresponding values of ;. 

a) Acoustic impedance 

Acoustic impedance per unit area of the 

pipe is defined by 


LE=Lti5= pl dm (nb) 
where pm and vm are the mean values of 


pressure and velocity at the open end, respec- 
tively, and given by 


teal, “ae\ {ios (, 0) bar 


=ipc Vo(1+ao) (9.2) 
m= al ae)"| Sore 0) br dr 
Ta? 0 0 Oz a 
=1V0(1—ao) (O53) 
r/pc 
ie) 
0:5 
x/pC 
jie = 52s onl ee 
O 1.0 2,0 3.0 ka 


Fig. 3. Acoustic resistance and reactance, as 
functions of ka=2na/d. 


where o is the density of the fluid and c the 


velocity of the sound propagation. Then we 
have 
Din 42 +a. 
— Si A 
Um 1— ao 
1—|ao|? 
r= pc———_ 5.4 
Oe aairadlaky (9.4) 
pear 2Im a (5.5) 
|1—ao|? 


The dependence of these quantities on r=ka 
is shown in Fig. 3. 
b) Power gain function 

The time average of the energy flow per 
unit area can be written 


Rett (68) 


When R»a, the energy P(@) radiated into 
the unit solid angle in the direction @ is given 
by 

P(0)= Re lim Re! U8 sire 


2 "OR 
nolan Vo? > S AnAn‘j lon (7 sin @) 


n=0 2’ =0 


(5.6) 


where we used the asymptotic form (4.4) in 
section 4. The total radiation energy P, is 
written 


P=\’ “do\™ “P(0) sin 6 dé 
0 


<ipoder Si) » 


_ roca Vor iD A Ae’ 


k 
x(a ew® 
0 Vr £2 


dé. 
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Comparing the form of the integral in the 
double summation to the definition of Grn’ 
(3.2), and taking the symmetric property of 
the integral regarding n, n’ into consideration, 
we obtain the following expression 

ALC Ad . 


co 


_ mocaVo* ¥ it 

fe k n=0n'=0 4n’+1 
When we express the above equation by ds 
instead of A» using (3.7) and (3.8), it turns 
out that the contribution to the imaginary 
“part comes only from ad, and we have 


P, 


2 2 
P, = PAEEE (lal) 


Then the relation between P, and acoustic 
resistance r is written 


(5.7) 


Pa 7S lol? Pe (5.8) 
Power gain function g(@) is given by 
LP) 
S 8 
~ m(1—|ao|?) 


x SS AnAnjanlr sin O)jan(7 sin 6) . (5.9) 
0 


n=07' = 
The dependence of g(#@) on 7 is shown in 
Fig. 4. 


10.0 


—_—1____1 
60° 


9 90° 
Fig. 4. The dependence of the power gain func- 
tion on angle for various values of ka. 


c) Transmission coefficient t 
Transmission coefficient ¢ is defined by the 
ratio of the total radiation energy P, to the 


incident energy Pi, 
EP; 


t=— 
P, 


The dependence of ¢ on 7 is shown in Fig. 6. 


=1—|ao!? . (5.10) 
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1,0 y 


0.5 


! | i A 

1.0 2.0 30 ka 

Fig. 5. The transmission coefficient as a function 
of ka. The dashed curve represents the value 
in case of an unflanged pipe (by Levine & 
Schwinger). 


i 4 25 
1.0 2.0 3.0 ka 


Fig. 6. The reflection coefficient as a function of 
ka. The dashed curve represents the unflanged 
value (by L. & S.). 


d) The end correction 

For the values of y which is smaller than 
61, the field within the pipe far from the 
open end is almost determined by the term 


Ploe(— 2) rane 2) 
k a a 


The field represented by (5.11) has the velocity 
maximum or the pressure minimum at z=/, 
where the length 7 is defined by 


(5.11) 


ao=— |ao| exp (—72R!) Gal?) 
or explicitly 
I i t Im ao 
ae Ss Sf eee EOS 
a 2 a ( Re a ) ole 


Further, when y is small, a tends to —1, 
i.e. the perfect reflection occurs and the 
velocity potential within the pipe is the same 
as if the pipe were lengthened by 7 and the 
open end behaved as a loop. Jmadp is of the 
first order in ‘y, and (5.13) gives the finite 
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value of the end correction in the limit 7-0. 
From (3.17) and (3.18) we have 


pee —1472)/ Sar +O) abibaign ts 


Then we obtain 
o=lim lies y 24 
7 


y>0 @ 


a 3S QQIE +O ms. 


(5.15) 


Neglecting the elements Q with m or n 
larger than p, we have the approximate values 
of [(£+Q’)] and then dy, i.e. 
02=0.822482, 03=0.822013, d4=0.821850, 
0;=0.821778 . (5.16) 


The limit value 6, extrapolated from the 
above values is 


o=lim 0p=0.8217 6 


prs 


(6.17) 


Ke 2.0 3.0 kd 


Fig. 7. The end correction as a function of ka. 


The dashed curve represents the unflanged value 
(Dyan (ees) 


§6. Discussions 


We solved the problem in case where 
7 (=ka) is smaller than the value $1=3.8317 
that corresponds to the first resonance wave 
length,* and calculated the impedance, power 
gain function, transmission coefficient and 
end correction which is shown in Figs. 3 to 
7. For the purpose of comparison, some of 
the results obtained by H. Levine and 


*) In case ka> 1, where more than one progres- 
sive mode can exist in the pipe, an appropriate 
modification of the theory is required. 
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J. Schwinger in case of the unflanged pipe 
are shown by dashed curves. The trans- 
mission coefficient is converted from their 
reflection coefficient given in reference 1). 
The flanged pipe, about 1.34 times at ka= 
1.00. 

As for the end correction in the long wave 
limit, Lord Rayleigh® considered the two 
cases where the open end has an infinitely 
thin disc of perfect conductivity and an in- 
finitely thin piston, the effect of which will 
be to decrease and increase the effective 
length of the tube, respectively. It is easily 
shown that these modified problems give the 
end corrections 0:=7/4 and 6.=87/3. 

Therefore the true end correction 6 must 
satisfy the following relation 


m/A<d<8x/3, i.e. 0.785<d<0.849. (6.1) 


Further, in a variational approximation, he 
showed that 0 is not greater than 0.82422. 
He expected that the right value is “probably 
about” 0.82. Our theory leads to d6=0.8217, 
ascertaining his expectation. According to 
H. Levine and J. Schwinger, the end correc- 
tion 0’ in case of the unflanged pipe is 


0’ =0.6133 (6.2) 


a little smaller than the value of the flanged 
pipe. It is expected that as the wave number 
increases, the influence of the flange upon the 
diffraction becomes smaller. Indeed, as shown 
in Fig. 7, the end corrections in both cases 
are nearly equal for the values of ka about 
By 
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Measures of Finite Strain and Stress-Strain Relations 
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Ordinarily, stress-strain relation of Lagrange’s representation is written 
in terms of Lagrange’s representation of stress oJ and the Love measure 
ely. From the above relation, we can derive Reiner’s equation i. terms 
of Euler’s representation of stress 74“ and the Green measure én. 

In this paper, it is shown that o/J and e,; defined by 


*KA OK 


cA Me pA 
CU=De,¢5 TT , 


€1j=3(045- 9°?) 


can play the role of oJ and e%, and starting from stress-strain relation 


tj 


of o/*i and e;;, we arrive at Reiner’s equation in terms of 7% and the 


Almansi measure ef ‘4 


Various relations relating to four measures above mentioned and to 
their first variations are also shown, as well as various relations among 


different strain invariants. 


Introduction 


§1. 

Many measures of finite strain have been 
utilized so far,» but, as far as we know, they 
are Euler’s representation of strain except 
the Love measure e/,, the Euler’s representa- 
tion of which is the Almansi measure e¥#,.” 
In this paper, we will discuss how another 
measure of Lagrange’s representation @é;, 
Euler’s representation of which is the Green 
measure ef, can be utilized, and will also 
discuss some properties of four measures 
above-mentioned for the comparison. 

Stress-strain relation in Lagrange’s repre- 
sentation is usually expressed by the stress 
in Lagrange’s representation o’/ and the Love 
Measure e?,, from which we can derive stress- 
strain relation in Euler’s representation. If 
the material is isotropic before deformation, 
the latter relation becomes equivalent to 
Rivlin’s equation.” As it will be shown la- 
ter, Rivlin’s equation can be converted into 
Reiner’s equation” which is expressed by 
Euler’s representation of stress J and Green 
measure €¥,,. 


T™ is equivalent to actual stress, stress per 
unit area after the deformation, but o%/ is not 
equivalent to conventional stress, stress per 
unit area before the deformation and i4 not, 
strictly speaking, stress®. In this paper, we 
shall use another stress in Lagrange’s repre- 
sentation o:*) which also is not, strictly speak- 
ing, stress. Then, as we shall see later, we 
can derive stress-strain relation in terms of 
oJ and e'J and subsequently in terms of 7° 


and ex,. 

Various relations existing among different 
strain invariants will be also shown, as well 
as the behaviors of variation tensors of 
strains. 


§2. Definitions of el, Chu éi; and ae 

Let us denote the quantities relating to 
Lagrange’s and Euler’s representation by the 
suffixes of Latin letters (7,7, k, etc.) and of 
Greek letters (A, 4, », etc.), respectively. 

Let the position of a material point be x’ 
(i=1, 2,3) for undeformed state (T=0) and 
x*t (i=1, 2,3) for deformed state (T=?), res- 
pectively, on a rectangular coordinate system 
X' (i=1, 2, 3) fixed in space. Let the time ¢ 
be fixed. We assume that the coordinates x*! 
are single-valued and continuously differenti- 
able functions of the x* and vice versa. 
Then, we can define four kinds of symme- 
tric tensors, each of whose components is a 
summation of the quadratic products of coor- 
dinate gradients, as follows. 


(x*B=Ox""/Ox") (2.1) 
(x4 =Oxt/Ox**) (2.2) 
(x $=0x!/0x*”) (2.3) 
(x*=Ox*/Ox") (2.4) 
where we have used Einstein’s convention 
which will be used throughout this article. 


From the above equations, we can readily 
prove that 


kk 
Sig= HTS 
AE iat 
& MAK Ky 
fecal, chet 
SOR KS 


7 Af me a KA ge KM 
£ XEN i 


Sig =6i; 
Lng w= Oru 


(2.5) 
(2.6) 
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where 0;; and 6,, are Kronecker’s delta. As 
is well-known, gi; and g‘J are the covariant 
and the contravariant components of funda- 
mental tensor, respectively.” 

From Eq. (2.1)—Eq. (2.4) and Kronecker’s 
delta, we can constitute four measures of 
finite strain as follows: 


= 3( B15 915) (2.7) 
ef, .=3( 13-2") (2.8) 
ij =3(0ij—-g") (2.9) 
= $(o/**— Oyu) (2.10) 


e#, defined by Eq. (2.7) is equivalent to the 
Love measure ordinarily used, exept for the 
factor 1/2 in the shear components, and ej, 
is tensor expression of the Almansi measure.” 
We can easily prove that ef, defined by Eq. 
(2.10) is a tensor expression of the Green 
measure. The three measures above-men- 
tioned are prevailing, but e:; is not so, in 
spite of its simple composition. 

From the above equations, we can easily 
prove that 


(2.11) 
(2.12) 


I ty jI— oA L —v¥dAy¥AGA 
Cis % XOX, OL Cy HGH Haw 


euyctintmeF Or ery X TCR, 


It is noticeable that the transformation be- 
tween e?, and e4, is covariant, as it is well- 
known, but e:; and e¢, transform with each 


other as contravariant tensor. 
§3. Invariants of Strains 
Let us appoint, for the latter use, three 
sets, each of which consists of three invari- 
ant quantities, to each of our measures as 
follows: 
1) Ser, 
=e, In=hebel,, Uh=seieheis G1) 


lyf =g15 
Thy, = 2233+ £33211 + 211822—-§ 23832 CY) 
; — £21213 S128 1 
III, = det |gi5| 
=e, 
NG = Len Chee == Cher re C205 ( 3.5 ) 


C1sCi ay Chen 
IIT,/’ =det \e?,| 
li) eX, 
hy =es,, = Fe“ ey, » TGF CL Ca.e5x (3.4) 
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Ts =8;) 
IT = 28st Sef t Ou aS (3.5) 
= 254 Lis 25 gn 


TIT =det \g’xu| 


A= ER, 
Id’ =eses-ehes-+ehes—eses | iy 
Carers C721 mg 
M14 =det leg, 
lil) 13 
I=e% 5 = 4ei 5€i5 A TIT = $1 3€ jxeni (Cones ) 
V=gtt 
IT = 9933+ 933g! + gil g — g3g% 
. (3.8) 
—gilgls—gl%g?l 
IIF =det |g*)| 
I’=eu 
IT’ = €22€33 + €33€11 + €11€22 — €23€32 (3.9) 
— €31€13 — €12€21 
IIl’’=det |e:5| 
IV) Oy 
Ie=e8,, Ha=he$,e%,, Wa=3ehe66r 
(3.10) 
Tq’ =g/* 
II =9' 293+ g/ 89/4 g/g’ 
: (3.11) 
— g/%8g/32 g/31g/13_—_g/14g/2t 
Tig = det |274| 
Tai’ =€Xy | 
Iq’ =e5 8, ree, tench, —ee |g ay 


< Chis Bea 
TTT’ =det |e, | 
Using the above definition. together with 


Eq. (2.5) and Eq. (2.6). we can easily prove 
that the following relations hold: 


I, = 47" 2) 
p= 44a! —3)"—4(Lh’ —3)+ 4’ —3) 


IT, =U —33 +i’ —3—Uih’—3) (3.13) 
+ I1Iy/ —1}— $01’ —3){4U0 hi’ —3) 
ai) 

VEST G; 

Ti,’ =4(L1—ih (3.14) 


UD, =U, — TTT + 4° 
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In=4Ua’ —3) 
Ia=34(L —3—-4UL’ —3) 
+3U4’—3) 
—I1I,4= 441 —3)3-+ 4 Ur’ —3— UL 3) 
+ HD —1}—4(La —3){ 41’ —3) 


T@’’ =4Ue)?— Tg (3.20) 


ti 3)y 
he aT 
Ih! =4ay— Wa ja 
TL = W14—T4TT +41? 
—I= 30-3) 
11=44( —3- 4 —3)+ 4 —3) 
—HT=41" —3+4{l —3—-Ul —3) (3.17) 
+11 —1}—4( —3){4Ur — | 
=F Mie oi 
i’=I 
If’ =4 9-11 joe 
TY =TI—1 1I+4(1)$ 
Tg=4(¢’ —3) 
Hg= 44’ —3)?— $e’ —3)+ $e’ —3) 
HIg=44Ue' —3)?+ $e’ —3—Ulg’ —3) + (3.19) 
+ [Hq —1}— 4d’ —3){4U’ —3) 
—4(e—3)} 
ie 21, 
T1Iq/’ = Wg Tg Hg +4Ua) | 
ete. “Tha T= THe (3.21) 
ates UST Pa, Se Ce) 
Teele Uae, I le! Oe) 
lal, l= Toe JTS Ig. 3.24) 
(2 lo ella, TT TIO WG.25) 
PSL ee IT Sys TEE eee) 
Ga Wel? tre 27) 


Lalo dle! TL! = lo! |Uida', LT 8.28) 


§4. Variations of Strains 


When we want to derive the variations of 
strains, we should regard the initial position 
x* as constant, because, in this case, inde- 
pendent variables are x’ and time ¢ and the 
variations are related to ¢. Thus, from Eq. 


(2.1)—Eq. (2.4) and Eq. (2.7)—Eq. (2.10), we 
have 
Och = a{(Ox*") .x*F + (Ox*) ok) (4.1) 
Oexu=B{(Ox*), xh t (Ox*8),uH"QX4} (4.2) 


SEGAWA (Volmeis} 


Oers=F{(Ox*) yx 4x J+ (Ox?) yx bx SF 


Bed =H{(Ox*) eat + (Ox) TET 


(4.3) 

(1.4) 

where we have used following relations: 
O(x*® \=(yx*")* etc. 


O(x*) = —(0x*") axe, etc. 


(4.5) 
(4.6) 
Let us define de,. by 

${(Ox*) yt (Ox*") a} 


then, from Eq. (4.1) and Eq. (4.3), we can 
derive following relations: 


N= 


(4.7) 


(4.8) 
(4.9) 


From Eq. (4.9), we can see that de; and 
Oe, transform each other as contravariant 
tensor. It is noteworthy that e}, and ei; 
transform to e¢, and eX, res pectively, whereas 
de?, and de; transform to the same quantity 
Oexu defined by Eq. (4.7) 


deh x4 =Oenw Or Cet =x rx *K ery 


Oe sx* ix — deny Or Oerj=X)X, J0enu 


§5. Derivation of Stress-Strain Relations 


Let the Euler’s and Lagrange’s representa- 
tion of stress be 7“ and oJ, respectively, 
then we have 


TP=1/D 4 x*to} or ia Da ia ITs sol) 


where D is the volume magnification ratio. 
Let the Helmholtz free energy per unit 
volume before deformation be A, then we 
have, for isothermal process 


OlnG = az 
0d, 


If the material is isotropic in its initial state, 
we have 


6A= 


atsde!, (5.2) 


A=A(, I, Hh) (Oxo) 
where J;, IJ; and IJ, are defined by Eq. (3.1). 
Then, from the second of Eq. (5.2) and Eq. 
(5.3), we can obtain 
0A 0A 0A 
Ol, Olt, oll, 


Substituting the second of Eq. (5.2) into 
the first of Eq. (51) and taking Eq. (8.13), 
Eq. (5.3) into account, we have Rivlin’s equ- 
ation as follows:® 


OA 
ol, 


lic, 


a Bt + eh + (5.4) 


I 
Chek 


Tie S) gin SE + yi g— grogten) 2 


ae : 


0A 
TTT Oyu 
oP LI; PN aT 


where J,’, IJ’, IlI;' are defined by Eq. (3.2). 


(9.5) 
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Substituting Eq. (2.10) into Eq. (5.5), and 
using the relation D=JJ/;,'/? we have 


we? aA aA aA 
Te= ——- 4 (| ————___ — ———_. Nes 
Til,/4 1( Qi,’ Oli,’ * Ol! 
aA aA aA 
+11, QA og _9 9A _ 
” STIL,’ ) met 2( OG nore 
aA aA 
+T;,' re ies ia i en | (5.6) 


Erom Eq. (3.19), (3.20) and (3.22), we can see 
that J;’, I,’ and JI,’ are functions of J,”, 
Ig!’ and I/I,'''. Therefor, Eq. (5.6) can be 
rewritten as follows: 


DP = F0yut Pied, + Fes eS 


OSes (5.7) 
where /, F; and Fy are functions of Green’s 
strain invariants Ig’, Ig’, IlIg''. Eq. (5.7) is 
equivalent to Reiner’s equation. 

Let us apply the similar procedure above 
to é:; and o'‘J, where ej; is defined by Eq. 
(2.9) and o’J is defined by 


TM = +x has! or a= Dr xKT™ (5.8) 
If we substitute the second equations of Eq. 
(5.1) and Eq. (4.8) into the first of Eq. (5.2). 
we have 

O0A= DT""-6exu (5.9) 


Then, substituting the first equations of Eq. 
(5.8) and Eq. (4.9) into Eq. (5.9), we have 


0A=o''J0ei.; or aps ae (5.10) 


0e:5 
which corresponds to Eq. (5.2). 
From Eq. (3.13), Eq. (8.17) and Eq. (3.27), 
we can see that J/,, J/,, and J//, are functions 
of J, II, IJ] which are defined by Eq. (3.7). 
Accordingly, if the material is isotropic in 
an undeformed state, we have 


A=AU, I, If) (5.11) 


as well as Eq. (5.3). Then, from the second 
of Eq. (5.10) and Eq. (5.11), we have 
; 0A 0A 0A 
igs See 
i aaelga Tel worn OL 


which corresponds to Eq. (5.4). 

Substituting the second of Eq. (5.10) into 
the first of Eq. (5.8) and taking Eq. (3.17), 
Eq. (5.11) into accont, we can obtain 

0A 


2 
Ai ! 
eat 5 Naa ar! 


Sie pet (5.12) 


——— Ci€ng 


+ CEES =O ay) a ot 


0A / 
jginl Dian) hectoias(3 
+I. (5.13) 
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which corresponds to Eq. (5.5). Substituting 
Eq. (2.8) into Eq. (5.13) and using the rela- 


tion D=III'-2, we have 
Too ( 0A 0A ,,, 0A 
ol’ oll oll’ 
OA OA 0A 
III’ — )6,,,—2{ —— — 
eesore ae 2( ar" OIF 
aA aA 
f[ A 
a ane 4 eee eae 1d) 
From Eq. (3.15), (3.16) and Eq. (8.25), we 


eae see that J’, JJ’ and I//’ are functions of 
(ili, and WIZ. So, Eq. 6.14) can be re- 

ae as tc 
I= G0 aut Giek, + Gres e4, (5.14) 


Where Go, Gi, and G, are functions of invari- 
ants of Almansi measure J/, /{ and Ii 
Again, we have arrived at Reiner’s equa- 
tion.2*) 


§6. Conclusion 


It has been shown that 
i) oJ and ej can play the role of oJ and 
e},, for our scheme to derive stress-strain 
relations. When the material is initially iso- 
tropic, stress-strain relation in terms of o%/J 
and e/, results in Reiner’s equation in terms 
of 7 and e%,, whereas if we Start from 
stress-strain ralation in terms of o// and ej), 
we arrive at Reiner’s equation in terms of 
Deandseg. 
ii) of) and T™ transform with each other 
as contravariant tensor of weight 1, whereas 
o'3 and T do as covariant tensor. o/‘J seems 
to be rather an artificial quantity, but we 
must remember that o’5 also was somewhat 
artificial one. 
iii) e7, and e4, transform with each other 
as covariant tensor, as it is well known, 
whereas ¢; and ef, do as contravariant ten- 
sor. 

del, transforms to de,, as covariant tensor, 
whereas 0¢:; transforms to de,. as contravari- 
ant tensor. 
iv) Any one of tree sets which are defined, 
as above-mentioned, toa measure, determines 
definitely the other two belonging to the 
same measure. 

The 1st, 2nd ane 3rd invariant which con- 
stitute a set belonging to e7, are equivalent 
to the Ist, 2nd and 3rd invariant of the 


corresponding set belonging to eku, respectively. 
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Such relations hold also between e; and e%,. 

Each of J, 1%, and IJ; is a function of J’, 
I, II’ and each of [4, 4%, and II% is of 
Ig, Ig, and ITg. 
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On Similar Solutions of the Steady Quasi-two-dimensional 


Incompressible Laminar Boundary-layer Equations 


By Nisiki HAYASI 
Transportation Technical Research Institute, Mitaka, Tokyo 
(Received November 5, 1959) 


Using the orthogonal curvilinear coordinates, three-dimensional incom- 
pressible laminar boundary-layer equations are obtained. These equations 
reduce to two-dimensional type, if one component of the velocity and the 
pressure gradient in that direction are negligible throughout the boundary 


layer. 


Conditions for the existence of similar solutions for such quasi-two- 
dimensional boundary layer are investigated. New similar solutions are 
found using ‘‘planar coordinates’’ a, 8, y (y=0 gives the surface) in the 
case where the velocity at the outer edge of the boundary layer is ex- 
pressed as {B,G(a, 8)+Bz}™ or Bz exp {B:G(a, 7)}, where m is a constant, 
B, and Bs are arbitrary functions of 8, and G(a, 8) is a known function 


determined by the surface geometry 


§1. 


Since Prandtl» proposed the boundary-layer 
theory, many exact solutions of the steady 
incompressible laminar boundary-layer equa- 
tions have been obtained. Most of them are 
similar or affine solutions, for which one 
component of the velocity has the property 
that two velocity profiles located at different 
coordinates differ only by a scale factor. The 
first of such similar solutions was given by 
Blasius» for the flow past a flat plate. Sub- 
sequently the solutions for flows of the fol- 
lowing types have been found: the flow near 
a stagnation point», the flow through a 
converging channel”, and the flow past a 


Introduction 


wedge»®. These belong to the problems of - 


the two-dimensional flow. Mangler? and 
Hatanaka® have found independently a con- 
venient transformation which reduces the 
axisymmetric problem to the equivalent two- 
dimensional problem. Using this transforma- 
tion, Mangler? solved the problem for the 
flow due to a point sink on a flat plate or 
the flow due to a uniform line sink perpen- 
dicular to a flat plate. These are the ex- 
amples which belong to the problems of the 
axisymmetric flows. Recently, Hansen? 
obtained similar solutions for three-dimen- 
sional boundary-layer flows for the case of 
developable surfaces and for the case of pro- 
portional main stream velocity components. 
However, his treatment cannot be applied to 
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the boundary-layer flows over an arbitrary 
surface, if one velocity-component of the 
main stream vanishes. In this paper, we try 
to obtain other kinds of similar solutions for 
three-dimensional boundary-layer flows. 


§2. Boundary-layer Equations in Orthogo- 
nal Curvilinear Coordinates 


The equations of continuity and of motion 
for incompressible flow, using a set of ortho- 
gonal curvilinear coordinates a, B, 7 with 
scale factors A, B and C, are known™. Let 
(u, v, w) and (X, Y, Z) be the components 
of the velocity and the external force in the 
directions of a, 8, y increasing, o the den- 
sity, and p the pressure. Then, by the 
boundary-layer approximations w<u, 

IGOR Hid Oowig {KO 

C 07° A 0a’ BOB’ 
the non-dimensional equations of continuity 
and of motion reduce to 


0 oO ca 2 
Bq (BCU) + Ge (CAv)+ Z(ABw)=0, (1) 


0A OB 
gs ee orn Car ca re 
w ZL OP: AES) 
pA 0a BC Re 07 \CA O07 /’ 
(2) 
Uu OA OB vw OB 
Dual ag" on) BC Oy 


elegy clea fed. 9B 
0B O08. CA Re Oy\BC Or )’ 
(3,) 
pane HOD alt? AN: (4) 
BOI puiee Aer 
where 


wOA_, 1 op 


oC Oy ’ 


Ope OL 0 ar w.-0 
D=a+A ba * BOR C Or’ 
and Re=U)L/v, Uo, L and v being reference 
velocity, reference length and kinematic 
viscosity, respectively. 
Let us assume that v=0, that the flow is 
steady, and that the external force vanishes. 


Then Eqs. (1), (2), (3) and (4) reduce to 


+. | 


0 vs 20 5 
eq (But G(ABw)=0 » Yi 


u Ou w Ou 

Amine Guo 

MA) hae ae 2 (EF): (8) 
CA Or 


=~ A ba BC Re Or 
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Without loss of generality, we may take 
Ca 


§3. Similaritly Solutions 


We shall further assume that 0A/dr= 
0B/Oy=O(1). The physical meaning of this 
assumption is that the thickness of the 


boundary layer 6 is far less than the radii 
of curvature of the body surface. Then, from 
(7) and (8), we can show that 06/07 =O(1) and 
OA/OB=0p/OB=O(6). In fact, differentiating 
(7) with respect to 7, we have 

ER a 

A OB Or 
and hence 0A/08=O(0), since 0/07=O(07). 
The flow in which v=0, 0p/0y=0B/07 =O(1) 
and 0p/08=O(0) may be called ‘quasi-two- 


(u?)=O(1) 


dimensional’. Then Eqs. (5) and (6) reduce 
to 
OBu Ow 
B—=0, 9 
0a Or 2 
u Ou On UO 1 Ou 
St pp = 4 10 
Alda B55 WAU OW RE De elon 


where U is the velocity at the outer edge of 
the boundary layer. If the main flow out- 
side the boundary layer is irrotational, OU/da 
may be replaced by dU/da. 

Let us consider the conditions under which 
the boundary-layer flow is similar. For this 
purpose, we assume u=—U(a, 8)f’(z), where 
z=rV/ Rel/g(a@, 8) and dash denotes differentia- 
tion. Naturally g is considered to be pro- 
portional to the thickness of the boundary 
layer. The boundary conditions for f are 


fO)=f'0)=0; F’(o)=1. 
Substituting these equations, together with 


the one derived by integrating (9) with 
respect to 7, into (10), we have 


A pry (U 08 4 LOBUY pry 
et icles da B 0a fF 
Ug ipy-0. a) 
0a 
Hence we must have 
0U dA U dg _U0B_eA 
Ae Sonate Ts A ee Fie) 
Deis weg Oe 26 00, Bila, 2 
d and e being certain constants. Then Eq. 
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(11) is reduced to 

ff’ +(d+e) ff" +dai-f”?)=0. (13) 
This equation has been treated by Blasius”?, 
Mangler®, and others. 


If 0U/Oa=0, then 
U=U(8) (14) 
and d=0. Since the second equation of (12) 
is reduced to 
Og? ns Mig settee 2 
0a 0a Vas 
we have, in this case, 
g=V BiB)+2eG(a, R/U |B , (15) 
where B(#) is an arbitrary function of 8, and 


G(a, =| ABraa ; (16) 
If 0U/Oa+#0, we have, from (12), 


OU 
2e/a. 
o 0a 


=Bi(6)AB? , 


where B; is an arbitrary function of 8, being 
not zero. Then we have 


U={Bi(8)G(@, 8)+B2(8)}"/m™ (17) 
when 1/m=1-+2e/d#0, and 
U=B,(8) exp {BiG(a, 8)} (18) 


when 1/m=0, where B.(8) is an arbitrary 
function of 8. From the first equation of 
(12), we have 


es dm™1 
BY Bi{BiG(a, B)+B,}"4 


-/|4)/ 
ni iS B 


when 1/m+0, and 


& 


(19) 


DU Bee ae RADU welt ATO 
“a B / BE: exp {BiG(a, B)} Wy : oe 
when 1/m=0. 

If we suppose that the boundary layer 
begins at a=a)(f), then we have the con- 
dition that g-0 as aa. Hence, from 
(19), Bz is determined as B,=—B,G(a%, 6), 
when (a) m<1 and £Bo#0, where suffix 0 
denotes the value at a=a, or (b) A=1, 
m<1/3, Bo=0 and (OB/Oa))+0, or (c) A=1, 
m<1/5, Bo=(0B/Oa))=0 and (62B/da2))+0, and 
so on. For example, let us consider the case 
(b). If A=1, Bo=0 and @B/da)+0, for 
a=a, we can put Bla, 8)=OB/0a)(a—ay), 
so that we have 
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(Woliahs; 


Gla, B)—Gla, a=" Beda 


0 


=(OB/0a))?(a—a)?/3 « 
Therefore 
{G(a@, 8)—G(a@o, B)}™/B 


Bom nl FY le aly)(1-3m)/2 
é Oa /o 
and we can make g-0 as a>a, if m<1/3. 
In the same way, other cases can be demon- 
strated. Also, from (15), when A=1, it is 
clear that Bis determined as B= —2eG(a», 8)/U, 
because in this case m is 0 in the above dis- 
cussion. 

Eqs. (14), (17) and (18) give the velocity 
distributions of the main flow which make 
the boundary layer similar, whereas Eqs. 
(15), (19) and (20) give the variation of the 
thickness of the similar boundary layer. On 
the other hand, the velocity distribution in 
the boundary layer is the same as what was 
obtained by the above-mentioned researchers. 

From 0A/08=O(6), it can be shown that 
the 8 coordinate surfaces must be planes! 
(neglecting O(6)). Thus, steady ‘quasi-two- 
dimensional’ boundary-layer flow can exist 
only in the coordinate system in which at 
least one family of coordinate surfaces con- 
sists of planes perpendicular to the wall. 
We shall call such coordinate systems ‘ planar 
coordinate systems’. Corresponding to any 
planar coordinate system, whose plane co- 
ordinate surfaces contain all the streamlines 
in the boundary layer, when the velocity 
distribution of the main flow satisfies the 
above-mentioned relations, the solutions of 
(13) will give new similar solutions of the 
boundary-layer equations. 


§ 4. Boundary Layer on a Flat Plate 


In this section, we consider the case where 
the wall is a plane. Let us take the y-axis 
perpendicular to the wall, so that w and B 
coordinate surfaces are families of cylindrical 
surfaces perpendicular to the wall. Then 
we have clearly 0A/Oy=0B/07=0. Therefore 
the boundary layer on a flat plate is quasi- 
two-dimensional, provided v=0. 

In search of a planar coordinate system, 
we consider a smooth curve K on the plane. 
The curves parallel to K and their normals 
constitute the projection of our planar coordi- 
nate system on the plane. If we take the 
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distance y along a normal as a, and the angle 
6 between a normal and an arbitrarily chosen 
straight line on the plane as 8, then ds?= 
dr’ +-{r+ Ro(0)}*d0?, where Ry denotes the 
radius of curvature of K. Thus A=1 and 
B=r+R,(@). 


In the case U=U(@), (15) is reduced to 
S=[LOKr+ RAM} +FOXr+ Ro}? ]2 , (21) 
where E(#)=2e/3U(@) and F(@) is an arbitrary 
function of 0. If we suppose that the bound- 
ary layer begins at r=7(0), then F is deter- 
mined as F=—E(7+o)3, so that 
S=VE(r—n) 
VFR ++ Ro) ot Ro) +(r0+ Ro? 
r+Ro ; 
(22) 
For each stream surface 9=const., which 
is perpendicular to the wall, the variation of 
the boundary-layer thickness is of the same 


Fig. 1. (b) 
Fig. 1. The variation of g as compared with the 
square-root law. 
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form, irrespective of the shape of the basic 
curve K. Indeed, (22) can be written as 


g=/ FEV Ley ee Leh Eo? 


with E=r—r(0), Fo5=ro(0)+Ro(0). Thus, for 
example, the boundary-layer thickness is 
exactly the same as that for the rotationally 
symmetric boundary layer on an_ infinite 
plane wall, having a circular hole of radius 
&). This is shown in Fig. 1, where com- 
parison is made with the square-root law in the 
Blasius flow. When we can use Cartesian coor- 
dinates as the planar coordinates, as in the case 
of parallel flows, we have Ru=oo. Then, from 
(22), we have g=1/3E£. On the other hand, 
when we can use cylindrical polar coordinates 
as the planar coordinates, as in the case of 
radial flows, we have Ro=0. If there is no 
hole on the wall, 7=0. Then we have g= 
VEE. In the general quasi-two-dimensional 
flow as well as general rotationally symmetric 
flow with a hole, g=1//3EE in the region 
where €<&, whereas g=1/FE in the region 
where E>&. In other words, the variation 
of the boundary-layer thickness in quasi-two- 
dimensional flow is two-dimensional at the 
beginning, and is rotationally symmetric at 
the end. On the other hand, the velocity 
distribution in the boundary layer is the same 
as what was obtained by Blasius” and Tani. 
It should be remarked here that, if the main 
flow is irrotational, U and E must be con- 
stants for the existence of similar flows. 


If 0U/Or+0, (17) and (18) are reduced to 
U={O,(r+ Ro)? +O2}" when 1/m+#0, and 
U=0, exp {0,(r+Ro)*} 
when 1/m=0, where @; and @, are arbitrary 
functions of 6. From (19) and (20) we have 
g=V |d3mO, || U|O-m?"/(r+ Ro) 
when 1/m+0, and 
g=V |d/[3U00\|/(r + Ro) 
when 1/m=0. If we suppose that the boundary 
layer begins at r=70(@), @2 is determined as 
—GO,\(70+Ro*, when m<1 and +040 or 
m<1/3. 

If the main flow is irrotational, it can be 
readily shown that B=r+Ro(A)=Ri7)O0@), 
where Ri(r)=V |dU/dr||\U|/*. Therefore, 
R(0) must be a constant (@(9) being also 
constant), and so the curve K must be a 
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straight line or a circle. Then our planar 
coordinate system is reduced to Cartesian or 
cylindrical polar coordinate system. 


§5. Boundary Layer on a Certain Kind of 
Surfaces 


The arguments in the previous section can 
be extended to the more general case as fol- 
lows. Let us consider a fixed plane M and 
a movable plane N (Fig. 2). On M is located 
a smooth curve K, while on WN a straight 
line G and a smooth curve L are drawn. 


Fig. 2. A sketch of a certain surface. 


Then suppose that N is moved in such a 
manner that G slides on M and L intersects 
with K, N being kept normal to K. L will 
make a surface S. We consider the boundary 
layer on S, assuming that the stream-line at 
the outer edge of the boundary layer is on 
N everywhere. We shall take as @ the dis- 
tance r from Q along L, Q being the point 
of intersection of K and L, and as 8 the 
angle of rotation 6 of N from some fixed 
orientation. Further, we shall take the dis- 
tance from S as 7. It is evident that such 
a planar coordinate system is orthogonal, and 
that A=1 “and'C=1." B is given bye B= 
R(@)+P(r), where P(r) is the projected dis- 
tance (on M) of a point on L from Q. 

Then the boundary-layer equations are 
reduced to (9) and (10). Therefore the argu- 
ments in the previous sections are also valid 
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in the present case except for B. 
In the case U=U(@), (15) is reduced to 


_V3E@)G(, )+F(O) 
P(r) + Ro(O) : 


g (23) 


where 
G(r, 0)=Ro?r+2Ro \" Pdr+ \ Bedi 
20 0 


If we suppose that the boundary layer begins 

at r=r(0), then F is determined as F= 

—3EG(ro, 8), so that 

VG, \—Gr, 9) 

P(r) + Ro(A) ; 

If the main flow is irrotational, U and E 

must be constants for the existence of similar 

flows, as noted before. 


g=V3E ee 


In the case 0U/0r+0, 
reduced to 


U={@i,G(r, 0)+@02}" 
when 1/m+0, and 
U=@, exp {@:G(r, 0)} 
when 1/m=0. From (19) and (20) we have 
g=V |d/mG || U |G-™/2™/(P+ Ro) 
when 1/m+0, and 


g=Vd/U@; |(P+Ro) 
when 1/m=0. If we suppose that the bound- 
ary layer begins at r=70(0), when the con- 
dition as given in §3 is satisfied, @,= 

—O,G(r, 0). 

If the main flow is irrotational, it can be 
readily shown that B=P(r)+ Ro(A)=Ri(r)O(8). 
Then two cases arise. 

(a) P=0, Ri=const=hi, Ro(#)=h,9O(0). (The 
case P=const. can be easily reduced to that 
of P=0 by a simple modification of K.) P=0 
means that L is a straight line perpendicular 
to the plane M. Thus the wall S is a cylin- 
drical surface perpendicular to M. It may 
be interesting to note that Howarth™ has 
pointed out that in such cases the boundary- 
layer equations may be taken in Cartesian 
form. Since @ is an arbitrary function of 0, 
RO) is also an arbitrary function in this 
case. From Ri=h,, it can be readily obtain- 
ed that U=(kar+k;)™ when 1/m#0 and 
U=k, exp (sr) when 1/m=0, where k, and k;3 
are constants. 

(b) Ro=const=ki, O@=const=ho, P= 
k2Ri—k;,. In this case, we are obviously con- 
cerned with the two-dimensional or axisym- 


(17) and (18) are 
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metric boundary layer. 4) K. Pohlhausen: Z. angew. Math. Mech. 1 

After the completion of this paper, it was (1921) 252. 
brought to the author’s attention that Sedney!®) 5) D. R. Hartree: Proc. Cambr. Phil. Soc. 33 
has already shown that there is no secondary (1937) 223. 
flow in the boundary layer if the external © Hs Mangler» G2 angews Math Mech. 23/404) 
flow streamlines are geodesics of the body ; P ; 
surface. The boundary-layer flows treated Ms a Mii age EB EOS 
in this paper belong to such category. Since, 8) H. Hatanaka: Rep. Inst. Sci. Technol. Univ. 
however, detailed discussions are not given Tokyo 3 (1949) 115. 
in his paper, the author believes that it would 9) A.G. Hansen: N. A. C. A. Tech. Memo. no. 
be wothwhile to present his own result. 1437 (1958). 

10) P. L. Yohner and A. G. Hansen: N. A.C. A. 
Acknowledgements Tech. Note no. 4370 (1958). 
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A 160cm Synchro- and Variable Energy Ordinary Cyclotron 


By Seishi KIKUCHI et al. 
J. Phys. Soc. Japan 15 (1960) 41 


Page Column Line 
41 names of authors 4 in names 
7 in names 
44 Table I 3 
49 left 15 from bottom 
right Fig. 8 
m.50) left 10 from bottom 
55 left Fig. 16 
56 left Pig. 17 


Should be read 


Keigo NISHIMURA 
Hiroshi OGAWA 

70 tons 

plate 4mm 

G, H: Dee veltage 
an aluminium plate 
B,=1.00 Wb/m? 
B,=1.76 Wb/m? 

B: Tuntable 


Keigo NISIMURA 
Hirotsugu OGAWA 
270 tons 

plate 3mm 

G, H: Dee voltage 
a copper plate 


B.=1.76 Wb/m? 
B,=1.00 Wb/m? 


B: Turntable 


Short Notes 


This section is intended to secure prompt publication of important discoveries in 


physics. 
7cmx7cm will be counted as 150 words. 


J. PHys. Soc. JAPAN 15 (1960) 528 


Heat Capacity of a Single Crystal 
of MnCl, -4H.0* 


By H. Forstat, G. O. TAYLOR and B. R. KING 


Department of Physics and Astronomy 
Michigan State University, Hast 
Lansing, Michigan, U. S. A. 


(Received January 6, 1960) 


Friedberg and WasscherD have measured the 
heat capacity of MnCl,-4H,O by using approxi- 
mately 88gm of the salt which consisted of a great 
number of small crystals. This is equivalent to 
making a powder measurement except that a size 
effect correction was not necessary since the cry- 
stals were about 3mm in average dimension. They 
reported observing an antiferromagnetic-paramag- 
netic transition at the Néel temperature of 1.622°K. 

During the course of some work on the magnetic 
properties of single crystals of MnCl.-4H,O it was 
felt desirable to perform a heat capacity measure- 
ment on a single crystal, so that there might not 
be any question in comparing the magnetic ex- 
periments with heat capacity data. In this con- 
nection it should be noted that the work on the 
magnetic susceptibility and relaxation processes2),®) 
included experiments on both a single crystal and 
a powder sample because it was felt that the poor 
thermal conductivity might affect the relaxation 
mechanism. 

In the present experiment, the heat capacity 
measurements were carried out in a calorimeter 
used previously for wook on azurite, NiBr,-6H,O) 
and CoBr,:6H,O®%. The single crystal of MnCl,- 
4H,O was grown from an aqueous solution at room 
temperature and weighed 2.58gm. It was approxi- 
mately 2x1.5x1.0cm in size. Heat capacity data 


& MnCle4 HO 
@ — MnClp*4 HpO 


NOV, 18,1959 


z0 DEG, 3,1959 


40) Tw * 460 £0,01 °K 


Cp (cale/moleedeg) 


40 45 2.0 25 3.0 3.5 40 45 


TEMPERATURE (°K) 


* Supported by the Office of OrdnanceiResestch, 
\Ur Se Za saah'7 


The reports should not exceed 800 words in length. 


A figure of size 


were taken in the temperature range 1.17-4.43°K 
using a 1/10 watt, 56 ohms Allen-Bradley resistor 
as a thermometer. The results of the measure- 
ments are shown in Fig. 1. 

A d-type anomaly, characteristic of a phase 
transition ordering process, was observed at 1.60 
+0.01°K. This transition has been identified as an 
antiferromagnetic-paramagnetic one by the work on 
the magnetic susceptibility?),» and the proton reso- 
nance”). Within the experimental error, this Néel 
temperature agrees with the heat capacity work of 
Friedberg and Wasscher), indicating that they were 
able to achieve fairly good thermal equilibrium 
with their use of helium exchange gas. 

An estimate has been made of the magnetic 
entropy change which occurs as the crystal cools 
through the transition temperature. This same 
calculation has been used in the case of other cry- 
stals)).5).6) and consists of determining the contri- 
butions to the magnetic entropy in the paramag- 
netic state (the characteristic tail in the heat capa- 
city curve) and separately, in the antiferromagnetic 
state. By assuming that the heat capacity is in- 
versely proportional to the square of the tempera- 
ture in the paramagnetic state and correcting for 
the lattice specific heat, a value of 0.20 cal/mole-deg 
is obtained. In the antiferromagnetic state a graphi- 
cal method is used to determine the area under the 
Cp/T vs T curve. This yields 3.30 cal/mole-deg. 
Therefore the total entropy change is 3.50 cal/mole- 
deg. Since the entropy change is given by 
Rin(2S+1) where S=5/2 for the ground state spin 
of Mn++, this gives 3.55 cal/mole-deg. This seems 
to be a fair agreement. 

It is of interest to observe that approximately 
6% of the total entropy is gained above the Néel 
temperature, due probably to short range ordering 
effects. 
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Purification of Alkali Halide Crystals 
through Fractional Distillation and 
Normal Freezing 


By Hiroshi KANZAKI and Keishiro Kipo 


The Institute for Solid State Physics, 
The University of Tokyo 


(Received January 13, 1960) 


During experimental studies for preparation of 
alkali halide crystals with the highest purity, we 
have found the following procedures are very use- 
ful for the purpose. 

Firstly, the purity can be considerably improved 
by fractional distillation in a transparent quartz 
tube under high vacuum (10-®'mmHg with liquid 
nitrogen trap). The first fraction is collected in a 
receiver nearest the trap and the middle fraction 
is collected in the next section. The concentration 
of multivalent cations in the middle fraction is al- 
ways about one tenth of that in the starting mate- 
rial. The residue always contains higher concen- 
tration of cationic impurities than the middle frac- 
tion. Distillation procedure is also effective for 
removing anionic impurities. For example, crystals 
produced from the middle part are entirely free 
from extra optical absorption bands originating from 
oxide or hydroxide. 

Secondly, single crystal has been grown by using 
the Bridgman, or normal freezing, method. The 
middle fraction described above is sealed off in 
quartz tube under high vacuum immediately after 
distillation and its melt is solidified by lowering the 
sealed quartz ampoule very slowly (2mm per hour) 
along vertical temperature gradient. Under this 
condition of growth, any sign of reaction has never 
been observed between molten alkali halide and 
quartz tube, and crystals thus produced do not 
stick to quartz wall upon cooling to room tem- 
perature. 

Seven crystals of KCl have been produced by 
using these procedures and three of them were 
long enough to study the segregation of impurities 
in the course of normal freezing process. In the 
following, experimental results on low temperature 
ionic conductivity will be described on one of the 
long crystals in order to show the effectiveness of 
removing multivalent cationic impurities by these 
procedures. 

Starting material of the following experiments is 
Wako reagent grade potassium chloride. The KCl- 
F crystal in Fig. 1 was grown from original KCl 
powder without distillation. Its conductivity is a 
measure of concentration of multivalent cationic 
impurities in the starting material. 

Several specimens were cleaved from each of 
grown crystals and their d.c. conductivity were 


Short Notes 


529 


measured as a function of temperature. In Bigs 15 
data are shown for three specimens from KCLI 
crystal which was 65 mm long and 10mm in dia- 
meter. Conductivity data of KCI-I-(1), (2) and (3) 
show the distribution of multivalent cationic im- 
purities along the KCl-I crystal. The location of 
these specimens along KCI-I can be described by 
their value of “fraction g previously solidified ” 
using Pfann’s notation). Values of g for (1), (2) 
and (3) are 0.02, 0.70 and 0.98, respectively. The 
results in Fig. 1 show clearly that cationic im- 
purities effective for low temperature ionic conduc- 
tivity are segregated with distribution coefficient 
less than unity. These data have been used to cal- 
culate the conductivity corresponding to average 
concentration of impurities in the crystal. Black 
circles in Fig. 1 show the results calculated for 
KCI-I crystal. 
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Fig. 1. Specific conductivity of KCl specimens 


against 1/7. 


We can estimate the effective concentration of 
divalent cationic impurities by using the value of 
vacancy mobility extrapolated from data by Kelting 
and Witt2. The estimated values for these spe- 
cimens are as follows: 


Specimen Concentration per cm3. 
KCI-F 5.1x 1016 
KCI-I-(1) 2.2x 10 
KCI-I-(2) 6.5 x 1015 
KCI-I-(3) 2.3 x 1016 
KCI-I average 6.2x 101 


It may be worth mentioning that effective distri- 
bution coefficient of multivalent cations is estimated 
to be about 0.4 in the case of KCI-I crystal. 

It is a pleasure to record the value of coopera- 
tion with Dr. T. Ninomiya during this study. This 
work is partly supported by the Research Grant 
from the Ministry of Education. 
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Ferrimagnetic Resonance in Polycrystalline 
Europium-Iron Garnet (Eu3Fe;O.12) 


By Yuaz6 SHICHIJG, Tomonao MIYADAI 
and Hisao TAKATA 


Electrical Communication Laboratory, Nippon 
Telegraph and Telephone Public Corporation, 
Tokyo, Japan 
(Received December 10, 1959) 


Although many and detailed investigations have 
been made on yttrium-iron garnet, detailed studies 
on the other garnets have not yet been done for 
the ferrimagnetic resonance. Here, we shall take 
up europium-iron garnet (EulG) for which no data 
has been reported. 

The specimens used were prepared by copre- 
cipitation method from Eu,03 (99.9% pure) and 
electrolytic iron metal. The heat-treatments were 
presintering of 1000°C x2 hrs, final sintering of 
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Fig. 1. Absorption curves at various tempera- 


tures. 
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1330°C x 5.3 hrs (both in air) and cooling in the 
furnance. The specific gravity is 5.6 (relative 
density is 90%). Several spheres from 0.25 to 0.54 
mm in diameter were polished for resonance ex- 
periment. The experimental errors in g-factor 
and line width are about 2 and 10%, respectively. 
The resonance absorption experiment was made at 
18320 Mc by a usual microwave technique in the 
temperature range from —196°C to 300°C. 

In Fig. 1 is shown the temperature-variation of 
the absorption curve. It is seen that a secondary 
peak appears near —90°C and that it becomes more 
intense at the cost of the old “main” peak as the 
temperature decreases. 


aut 


Ne lpia Sia aa 1.700 
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4000 F asammp 4600 


-200 -100 O° 100 


Fig. 2. Line width (4H), effective g-factor (gerr) 
and calculated g-factor for Eu?+(gmu) vs tem- 
perature. 


4H and gerp are shown in Fig. 2 as functions of 
temperature. gerr’s at low temperatures are deter- 
mined referring to the main peak. Although the 
line width seems to show a rather rapid increase 
at lower temperatures, it is expected that the line 
width associated with the main peak varies scarecely 
with temperature; actually, according to a_pre- 
liminary experiment on a single crystal of EulG, 
the line width at ~—196°C is about equal to that at 
room temperature. A minimum in 4H occurs 
slightly below the Curie point. gers is as small as 
1.34 at room temperature and has a slight linear 
dependence on temperature. We calculated the 
g-factor for Eu’+, gma by applying Tsuya- 
Wangsness formula) for gers of ferrimagnetics 
with two magnetic sublattices under some assump- 
tions. gxu obtained is also shown in Fig. 2 and 
seems to have a slight temperature dependence. 

The secondary peak which appears at lower 
temperatures, could be explained following to 
Schl6mann®; at these temperatures the condition 
Ms<Ha (Ms=saturation magnetization, Ha=effec- 
tive anisotropy field), will be satisfied, resulting in 
appearance of a secondary peak. 

The authors wish to express their thanks to Mr. 
T. Sat6 in the Laboratory for sample preparation. 
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Maser Oscillation on 6-6 Line of N“H;* 


By Isao TAKAHASHI, Tsuneo HASHI, 
Masaru YAMANO, Motokazu YAMAMOTO, 
Shigeyoshi SUZUKI 


Department of Physics 
and Tsutomu MAKITA 


Department of Chemistry, 
Facnity of Science, Kyoto University 
(Received December 15, 1959) 


The oscillation frequency of the maser on N14H3 
3-3 line changes fairly with the focuser voltage and 
the source pressure”).2), mainly because of the hy- 
perfine structure due to the electric quadrupole 
moment of N!4 nucleus. This change may be absent 
in the case of N1!5H3, since N! has no electric 
quadrupole moment. We observed the characteris- 
tics of the maser on N1H; 6-6 line (23,922 Mc%) 
and referred to as A) and compared with those on 
NH; 3-3 line (23,870 Mc) and referred to as B), 
using the same maser device. 

The samples used were N15H3 prepared from am- 
monium sulphate 68% enriched in N!° (referred to 
as a) and natural ammonia (referred to as 8). 

The focuser consisted of eight cylindrical elec- 
trodes 355mm long. The cavity was a cylindrical 
TMo19 mode cavity 100mm long and had value of 
@ near 6,000. The superheterodyne detection sys- 
tem with 25 Mc intermediate frequency was used. 

To estimate the intensity ratio I4/I,; of the 
masers on A and B, we computed the quantity: 

I=(fractional population*),5)) x (efficiency of focus- 

ing®)) x (transition probability®), 
omitting other factors not serious in the present 
case. The obtained value of J4/I, was about 1. 
Figs. 1 and 2 show the oscillation characteristics. 
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* Read before the meeting of the research group 
on the atomic frequency standard, Nov. 26, 1959. 
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voltage at the source pressure of 7mm Hg. 


Table I. Intensity ratio I4/Tp. 


0.04 


value | 0.3 | 0.05 | 
threshold 3 5 
from voltage Fig. 1 Fig. 2 


Here the values are referred to B in 8 at the 
same population by multiplying with the abundance 
ratio. 


The threshold voltages for A in a and B in # had 
their minimum values 7.6 and 3.4kV at the source 
pressure of 7mmHg. The general features of the 
oscillation characteristics for A in a and B in B 
are alike. The multiplication of the intensity ratio 
of Bina and B in # by the abundance ratio 99/32 
gives about 1/5. Thus the intensity of B in a 
seems to be consideaably smaller than that of B in 
B at the same population of N“H3. It is partly 
due to the effect of N15H3. The effect of N1*H3 on 
the intensity of A in a may also be present. 

Table I shows the intensity ratios evaluated from 
the observation. They differ from one another and 
also are so far from the theoretical value 1 that 
they cannot be compensated with the factor, say 5 
(derived above). Further studies on the mutual in- 
fluence between N14H3 and N15H3 are necessary. 

The precise measurements on the shift of the 
oscillation frequency are now in progress. 

The authors’ thanks are due to Prof. N. Sasaki 
for his guidance in preparing the sample. 
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Microwave Discharge Chamber 


By Shuaji FUKUI and Satio HAYAKAWA 


Physical Institute, Faculty of Science, 
Nagoya University Nagoya, Japan 
(Received January 14, 1960) 


Recently Fukui and Miyamoto” have developed 
the discharge chamber as a detector of ionizing 
particles. In this short note we would like to pro- 
pose the microwave discharge chamber that will 
result from the natural extention of our discharge 
chamber operated by D. C. pulses. 

In spite of its merits in many respects, the D. C. 
discharge chamber has disadvantage in obtaining 
only a particle trajectory projected on a_ two- 
dimensional plane. The microwave discharge 
chamber seems to be get rid of this disadvantage 
in such a way that a pulsed intense alternating 
electric field of a high frequency is responsible not 
only for the multiplication of electrons produced 
by a particle to be detected but also for the effect 
of preventing the electrons and ions thus formed 
from drifting away from a region in which primary 
electrons are produced. In this way we shall be 
able to obtain such particle tracks that one is ob- 
serving with cloud and bubble chambers. 

In comparison with existing devices the advantage 
of the microwave discharge chamber may be seen 
in the following points. (I) The distortion of a 
track should be much less than that in the expan- 
sion chambers, the expansion inevitably giving rise 
to turbulent motions in the chambers. (II) The 
sensitive time is so short that the coincidence with 
other electronic devices is possible. (II) The con- 
struction is easy and the cost is rather small. The 
above points are expected from our experiences in 
the D. C. discharge chamber. 

The working conditions of the microwave dis- 
charge chamber was investigated by reference to 
the theory and the experiment of the high frequency 
discharge)... Only essential points of them will be 
presented in what follows. 

The analogy to the D. C. discharge is found if 
the effective strength of and alternating electric 
field, Ee, is used in place of a D.C. field of 
strength, Ag, which are connected by 


1 2 
E2=— —"=—E2 
2 w*-+Vp_? 


where w is the angular frequency of the applied 
microwave and y. the frequency of collision for 


Notes 


(Vol. 15, 


momentum transfer. In order to obtain the width 
of a track of 1mm, the drift length of electrons 
accelerated by a h.f. field is restricted also to be 
smaller than 1mm, so that the value of EF, is re- 
lated to the value of w. If we use a conventional 
magnetron with w/2x=3000 Mc/s and a mixture of 
Ne+0.5°A of atmospheric pressure, we may choose 
E, as high as a few kV/cm on account of our pre- 
vions experiences with the D. C. chamber as well 
as of w%<vp_2*. A pulsed microwave of this field 
strength should be applied no later than a few 
microseconds after a particle passed through the 
chamber, so that the primary electrons may not 
diffuse away. The duration of the pulse should be 
as short as 10-7 sec, equal to the duration of the 
D. C. pulse used for the D. C. chamber, so that the 
width of a track is as small as 1mm and the back- 
ground luminescences produced by photoelectrons 
are restrained. The number of excited atoms 
enough to give one a visible track must be pro- 
duced by means of electronic collisions. The multi- 
plication of electrons in a h.f. field is affected by 
the space charge produced. The field strength 
required above, therefore, corresponds to a rather 
high power of microwawes, several megawatts. In 
practice, however, we need not use a high power 
source but we may use a cavity of a reasonable 
Q value as the discharge chamber, so that a con- 
ventional magnetron is powerful enough for our 
purpose. 

Finally a few remarks are mentioned. A mag- 
netic field can be applied for measuring the rigidity 
of a particle. The magnetic field helps in sharpen- 
ing the track, because it prevents electrons from 
drifting across the field. The light emitted from 
the excited gas of Ne+A is of short wave lengths. 
The use of a wave length shifter, such as quater- 
phenyl, increases the visibility of a track. Xenon 
is considered to be suitable for high energy physics, 
because of its high atomic number and of better 
visibility of its light emission. Details of the 
working conditions will be determined by experi- 
mental studies. 
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* The breakdown voltage for this case is esti- 
mated to be about several hundreds of V/em. The 
field strength of a few kV/cm is required for the 


multiplication of electrons enough to give a visible 
track. 
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Domain Patterns on Thin Films of 
Perminvar 


By Yuzi Gomi, Yuzo ODANI 
and Makoto SUGIHARA 


Electrical Communication Laboratory 
Nippon Telegraph and Telephone 
Public Corporation 1551, 
Kichijoji, Musashino-shi 
Tokyo, Japan 
(Received September 10, 1959) 


Magnetic domain patterns in thin films were al- 
ready observed on many magnetic materials by 
several investigators). We have observed new 
interesting domain patterns in the films of the 
thickness range 300 A to 2000 A by the well-known 
Bitter technique. These patterns are thought to 
be important in investigating a crystal structure of 
thin films. 

The films used in this work were mane by eva- 
porating perminvar (Fe30%. Co25%, Ni45%) on 
microscopic slides without magnetic field at a pres- 
sure of 1.10-5mmHg. The disturbance field of a 
filament current was below 0.020e. When a spe- 
cimen has been demagnetized by an ac field, the 
domain pattern formed varies greatly with the direc- 
tion of the ac demagnetizing field. It will show 
the presence of an uniaxial anisotropy along 
certain direction. That is, with the demagnetiza- 


tion by the ac field applied along the specific direc- 


> |0.1 mm|<— 


x direction of dc 
SG ls field 
Su 
easy axis and 
direction of ac 
demagnetization. 


(c) 
Fig. 1. Domain patterns observed in 450 A Fe- 


Ni-Co film: (a) domain configuration after ac 
demagnetized along the direction of easy mag- 
netization, (b) slender lines which appeared by 
applying the dc field just below H, along the 
30° from the easy axis, (c) slender lines covered 
whole surface by reversing the dc field in (b). 
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tion which is thought to coincide with that of the 
uniaxial anisotropy, the domains formed are largest 
in size and orientate themselves into this direction 
(Fig. l(a)). As the direction of the ac demagnetiz- 
ing field has been inclined from this perferred one, 
the domains become narrower. 

When a dc magnetic field of over about 300e 
(nearly equal to the coercive force of this film) is 
applied along the preferred direction after ac de- 
magnetization along the same direction, the domains 
with the same sense as the dc field become larger 
as has been expected. If, however, the dc field is 
applied at an angle of about 30°~60° to the pre- 
ferred direction, complicated patterns appear. That 
is, with increasing field strength over about 30 oe, 
the slender lines making 30° angle to the perferred 
direction appear in the domains which have the 
magnetization in opposite sense to the dc field, (Fig. 
1(b)). The domain boundaries in Fig. 1(a) remain 
unchanged. If the field is decreased to zero and 
then increased along the opposite direction, the 
slender lines begin to appear in the domains where 
there were no slender lines before, and after the 
futher increase of the field those lines cover the 
the whole surface (Fig. l(c)). If the dc field is ap- 
plied prependicular to the preferred direction, the 
contrast of the adjacent domains increases with in- 
creasing field as shown in Fig. 2(a). As soon as 
the field strength has reached to 30 0e, the domain 
pattern becomes abruptly complicated as shown in 
Fig. 2(b), and disappears instantaneously with in- 
creasing the dc field further. 

The phenomena mentioned above is observed in 
the films evaporated without magnetic field on un- 
heated substrates, and especially remarkable in the 
region produced by the oblique incidence of metal 
depositing beam, but not observed in those eva- 
porated in the presence of magnetic field on the 
same conditions. If the evaporation was made on 


(a) (b) 
easy axis 
{i 
|<— 0.1mm —>| <|— de field 
Y 


Fig. 2. Domain patterns with the dc field per- 
pendicular to the easy axis in the film plane: 
(a) when applying the dc field less than Hig 
(b) the complicated domains which appeared 
with a sudden break by increasing the dc field 
further in (a). 
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heated substrates, then the considerable winding of 
the slender lines appears. Similar phenomena is 
observed in the Co and the Fe films. Detailed re- 
sults shall be reported later. 
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Jump Phenomenon in Resonance Curve 
of Ferroelectric Ceramics 


By Katsuo NEGISHI 


Kobayasi Institute of Physical Research, 
Kokubunji, Tokyo 


(Received December 17, 1959) 


In the process of measuring the amplitude de- 
pendence of the mechanical @ of the ferroelectric 
ceramics, a jump phenomenon of the resonance 
curve was observed. 

Fig. 1 shows the mechanical resonance curves of 
a circular disc of lead zirconate-titanate ceramics, 
26.2mm in diameter and 2.1mm in thickness and 
resonating in a radial mode at 93.18 kc/s. The ver- 
tical axes are proportional to the motional admit- 
tance, and the top of the axes corresponds to about 
25mvu. The horizontal or frequency axes are swept 
bidirectionally, one division corresponding to 100 c/s. 

In Fig. 1 (a), the applied voltage is 0.1V, and 
the resonance curve seems to be the same as that 
of a linear system. The mechanical Q is estimated 
at about 1700. By applying a driving voltage of 
1V, the peak of the resonance curve becomes in- 
clined to the lower side of the frequency axis as 
in Fig. 1 (b). Fig. 1 (c) is the curve at 10 V show- 
ing the jump or hysteresis phenomenon. Compared 


Sa es TOR Ge 2 mS 


(c) 
Resonance curves of Pb(Zr-Ti)O3 ceramic 
resonator at various driving voltages. 


Bigale 
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with Fig. 1 (a), the peak of the curve shifts to 
lower frequency side by about 350c/s and is re- 
duced in heignt to one third. 

These phenomena are explained by the nonlinear 
stiffness and damping of the resonator. The strain 
amplitude of the resonator, at which the effect of 
the nonlinearity becomes to be noticed, is of the 
order of 10-5. The nonlinear behavior was found 
in all of the tested ceramic specimens of lead 
zirconate-titanate system and barium titanate sys- 
tem, but the jump phenomenon did not occur except 
in the specimens of high mechanical, Q. 


Reference 


1) J.J. Stoker: Nonlinear Vibration (Interscience 
Pub. Inc., N. Y. 1950) 90. 


1960) 


J. PHys. Soc. JAPAN 15 (1960) 535 
Chain Wall in Permalloy Thin Films 
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1551, Kichijoji Musashino-shi, Tokyo, Japan 
(Recived January 11, 1960) 


In permalloy thin films, Goodenough et al!) have 
shown the existence of chain wall (shown in Fig. 1) 
as well as the well-known cross-tie wall2). There 
must be the special origin for chain wall to exist, 
because only cross-tie walls are generally observed 
under usual conditions. Goodenough et al, never- 
theless, did not show this origin. We have already 
observed also the similar walls and their modified 
types. Here, we shall report on these modified 
t types and explain their origin. 

The films used in this investigation were made 
by evaporating 80-20 permalloy on microscopic 
slides. During evaporation, a pressure of 1-10-5 

mmHg was maintained. Magnetic domain patterns 
were observed by the well-known Bitter figure 
technique. 

The walls observed were almost cross-tie walls, 
and scarecely chain walls. In addition to walls 
mentioned above, in our work, the displaced types 
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Cross-tie wall and chain wall in permal- 
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(b) . 
Fig. 2. (a) displaced chain wall and (b) its mag: 


netic structure. 
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(b) 
es 
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® WM vertically into plane 


Fig. 3. (a) displaced cross-tie wall and (b) its 
magnetic structure. 


of these walls were observed also as shown in 
Figs. 2(a) and Fig. 3 (a). The magnetic structures 
of the displaced walls newly observed are supposed 
to take the distribution of the magnetization vectors 
as shown in Figs. 2 (b) and 3 (b). 

Figs. 2 (b) and 3 (b) show that the magnetization 
vectors on the both sides of the displaced walls 
have the same sence. This means that these walls 
are originated by scratches or anisotropic inner 
stress, because they exist in a single domain. If 
the vectors of both sides are antiparallel, the walls 
around the scratches become usual type chain wall 
or cross-tie wall. Whether the walls formed are 
chain walls or cross-tie walls seems to be deter- 
mined by the degree of magnitude of the scratch 
or anisotropic inner stress. Precisely speaking, if 
there is no scratch, there appear cross-tie walls 
only. If the scratch or inner stress is compara- 
tively small, cross-tie wall or its displaced type 
appears. For the larger scratch or inner stress, 
chain wall or its displaced type appears, because 
in the neighborhood of the wall the anisotropic 
inner stress induced by the scratch makes the 
direction of easy axis of magnetization perpendic- 
ular to wall line with the action of magnetostric- 
tion. The behavior of the walls by applying dc 
magnetic field is now under investigation and it 
will be reported in near future. 
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Diffuse Scattering of X-rays by Gamma- 
ray Irradiated Rochelle Salt 


By Koichi ToryopAa, Akira SHIMADA* 
and Tetsuro TANAKA 


Institute for Chemical Research, 
Kyoto University, Kyoto 


(Received January 23, 1960) 


It has been reported by two of the - present 
authors) and Iurin2 that peculiar changes occur 
in the ferroelectric and piezoelectric properties of 
Rochelle salt, when the crystals are subjected to 
y-ray irradiations. It is noteworthy that with an 
increase of dosage, the ferroelectric region becomes 
narrow and the dielectric constant decreases, and 
with a further increase of dosage two Curie points 
essentially disappear; the electromechanical coupl- 
ing factor is affected in the same way as the case 
of dielectric constant. Peculiar changes appeared 
in the ferroelectric hysteresis loops of these 
crystals after irradiation, i.e., the crystals develop 
the normal loops before irradiation, but in the 
irradiated crystals the typical double loops are 
observed under higher electric field. Hence, it 
would be of interest to undertake an X-ray scatter- 
ing measurement in order to look into the structural 
changes of these crystals caused by the radiation 
in connection with their ferroelectric properties. 

The crystals used in these experiments were thin 
They were 
irradiated with ;7-ray from Co® at room temperature, 
and the intensity of this source is 1.9 x 10° roentgens 


slices having thickness about 0.7mm. 


per hour which was estimated by Fricke’s method. 
The specimens were sealed in polyethylene enve- 
lopes during the experiments, since their physical 
properties are very sensitive to humidity. 

Their appearances changed gradually in the 
course of exposure: the coloring and opacity of 
crystals and the evolution of water were clearly 
found under high dosages. The crystals were 
examined by X-ray method before and after a wide 
range of irradiations. The ferroelectric properties 
of these organic compounds are very sensitive to 
the radiation!—), and, in the case of Rochelle salt, 
about 105 roentgens was sufficient to give a peculiar 
change in ferroelectric properties. In this dosage 
range, little or no remarkable change is observed 
in X-ray diffraction patterns. But the changes 
become more pronounced with an increase of dosage, 
and it seems natural that observable changes in 
X-ray pattern found under a sufficient large dosage 
might give some information about the process of 
damage. Moreover, it is known and confirmed 


* Department of Chemistry, Konan University, 
Kobe. 
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by the authors that the X-ray irradiation has the 
similar effect as the 7-ray irradiation, but effects 
of the former during the X-ray measurements might 
be neglected under a high dosage of the latter. 
The most striking changes occurring in Rochelle 
salt on y-ray irradiation can be seen in Laue 
photographs, as shown in Fig. 1. It will be seen 
that the diffuse spots are associated with Laue 
spots. The intensity of diffuse spots is enhanced 
with an increase of dosage. However, the Laue 
spots do not change appreciably. With still further 
increase of dosage, the Laue spots become splitted 
and at the same time the intensity of diffuse spots 
seems to become less marked. 


Fig. 1. Laue pattern of irradiated Rochelle salt 
using unfiltered copper X-radiation. Total 7-ray 
irradiation 3.1x107 roentgens. Incident X-ray 
beam parallel to a-axis of crystal. 


We are interested in the structural change oc- 
curring in the stage where splitting of Laue spots 
does not yet take place, and took Laue photographs 
for a number of settings of crystals. It is found 
that the diffuse spots associated with Laue spots 
have neither streaks nor fine structures; in terms 
of the reciprocal space the scattering weights are 
distributed almost spherically around reciprocal 
lattice points. It is interesting to note that, in 
spite of the elimination of water molecules, the 
frame work of the crystal lattice remains almost 
unchanged. The appearance and enhancement of 
diffuse spots are due to the three-dimensional 
lattice imperfections without any directional pre- 
ference which are presumably caused by the 
elimination of water molecules. The damage effect 
might be ascribed to the migration of lattice defects 
into the domain walls, hence clamping domain 
walls. More detailed studies will be reported in a 
near future. 

We are indebted to Dr. M. Marutake of the Ko- 
bayasi Institute of Physical Research for a generous 
supply of Rochelle salt. It is also a pleasure to 
thank Professor T. Watanabé of Osaka University 
for his interest in this work. 
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Influence of Preparation and Quenching 
on the Magnetic Properties of 
Precipitates in Cu-Co Alloy 


By Masayoshi SATO and Tadayasu MITUI 


Department of Physics, Faculty of Science, 
University of Hokkaido, Sapporo, Japan 


(Received November 7, 1959) 


In the previous study of Cu-Co alloyY, we have 
led to a different result from what obtained by 
Sucksmith et al.2).3) on the variation of coercive 
force H, with aging time. In this report, we sup- 
pose that the difference in the procedures of pre- 
paration of the sample gives the remarkable influ- 
ence on the mode of precipitation. Sucksmith et 
al. have stated that the water quenching produces 
the surface strain which affects the rate of preci- 
pitation and have used oil quenching to avoid an 
irregular precipitation. 

In order to find out how the variations of coer- 
cive force H, and reverse field H, are influenced 


Table II. The ratios of the maximum values of He and Tele 
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by the procedure of preparation and the method of 
quenching, the following experiments were done. 

1) Eventual fluctuation in H, appeared among 
the samples aged at 700°C after equally treated and 
water quenched from 1000°C was measured. It was 
found that the fluctuation was less than 8 Oe and 
could be safely neglected. 

2) We used the following four samples A, B, C 
and D as shown in Table I. We measured H, and 
H,, at room temperature of these samples quenched. 
The results for aging at 700°C are shown in Fig. 


Table I. 
method of : 
sample quenching procedure of preparation 
Deak : oe : 
A in water | solid solution treatment 
sami tas ——— | Vateccate 1000°Ce formithr 
B.. dy (yi. oil after forged 
———|— pete exten cat 7 
C | in water | solid solution treatment 
—— | “at ca, 1000" C= for ihr 
D in oil | after not forged 
|4- x 10° Oe eae 
bee >= --—* 
I2- --°-- sample A ae ie is ri 
—-x-~ sample B Hr ve oe ear On cies ee 
1o| —— sample C We iia 
—*— sample D he 
8 
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Fig. 1. Changes of H, and H, asa function of 
aging time in 2 percent Co-Cu alloy. 


samples ratios of He 750°C 700°C ratios of Hy | = 750°C | 700°C 
oe, Ho(w)|Ho(0) 1-36 1.29 H,(o)/H,w) | 1.30 | 1.40 
forged H,.(w)/H-(0) 1.28 1.13 H,(0)/H-(w) } iv | 1.25 
water-quench H,(nf)/H-(£) 1.05 Tel H,(£)/Hr(nt) | 1.01 | 1.24 
oil-quench H.(nf)/H-(£) 1.00 1.00 Ay(f)/H(nf) | On9 Z| elo 


(w) water quench. (0) oil quench. (f) forged. (nf) not forged. 


1. The changes of H, and H, at 750°C showed 
also a similar behavior to each of 700°C-aging. 

As shown in Table II, it was found that the 
magnetic properties of Cu-Co alloy were affected 
not only by the method of quenching but also by 
the procedures in preparation of the sample before 
aging. It is supposed that the mode of precipita- 
tion depends upon the sample history. Accordingly, 
to study quantitatively the magnetic properties in 
these alloys, one must take care of these effects. 
Moreover, surface effects of quenching were also 


found in the results of measurements of H, and 
H,. The detailed reports will be published in this 


Journal. 
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Optical Bleaching of AR-bands in 
LiF Crystals 


By Kuniya FUKUDA, Akizo OKUDA* 
and Yoichi UCHIDA 


Department of Physics, Faculty of Science, 
Kyoto University 


(Received February 2, 1960) 


It has not been conclusively decided - whether 
R-bands in alkali halides arise from the transitions 
in the same center or notD-5), We observed the 
behaviors of R-bands in LiF crystals. 

LiF crystals grown up in our laboratory®) were 
irradiated with 1-Mev electrons from Van de Graaff 


machine. At the exposure of about 108 rad, two 
absorption bands at 320myz and 380mp were 
definitely observed between #F- and M-bands. 


Overlapping these two bands, a weak and broad 
band appeared, but it was bleached out by a brief 
exposure to ultraviolet light without affecting them 
(Fig. 1 (a)~(b)). From the results described below, 
it is sure that the bands at 320 my and 380 my are 
R,- and R».-bands respectively”. 

The following results were found concerning the 
relations between ;- and fR,-bands. (1) The 


relative intensities of F-, R- and M-bands after 
electron bombardments depended on the sample 
R-bands 


temperature under irradiations. pro- 


400° 
Wavelength (my) 


Fig. 1. Bleaching of R,- and Ry-bands in an LiF 
crystal by R-bands light. (a) After irradiation 
with Van de Graaf electrons; (b) 15 minutes, 
(c) more 3 hours, and (d) more 12 hours ex- 
posure to Hg-lamp light through a ultraviolet 
filter at room temperature. Absorptions were 
measured at room temperature. 


* Department of Mathematics and Physics, Fac- 
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University. 
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minently appeared at about 100°C and only weakly 
at the temperature lower than room temperature 
or higher than 150°C. 


In this case the intensity _ 


ratios of both R-bands (R,/R2) were nearly con- — 


stant. (2) When colored samples were exposed to 
the light in R-bands from carbon arc or mercury 
lamp through filters at room temperature, both 
R-bands were bleached and M-band was enhanced 
(Fig. 1). In spite of different intensity distribution 
of exposing light used in each bleaching experiment, 


R,- and R,-bands were bleached with a nearly con- © 


stant ratio of decrements in their intensities 
(4R;/4R>2), which was nearly equal to (Ri/R:) in (1). 
During the bleaching of Fig. 1, in which R-bands 
were finally bleached out, the above ratio did not 
change and the peaks of the bands did not shift. 
(3) In the bleaching experiments using various 
monochromatic lights in R-bands, R-bands were 
more effectively reduced by R,-light than by Rz- 
light, the decrement ratio being the same as 
(4R;/4R2) in (2). (4) When the sample scarcely 
exhibiting R-bands by the pre-exposure to #-light 
was exposed to M-light at room temperature, M- 
band was reduced and R-bands were almost recovered 
with their increment ratio equal to (4R;/4R,) in 
(2). This fact is somewhat similar to the results 
of KCI. The results of (2) and (3) indicate that 
the direct optical bleaching of the one of R-bands 
accompanys the bleaching of the other R-band and 
that the efficiency of R-bands bleaching is higher 
for the light in the band of higher energy side. 
These facts, together with the results of (1) and 
(4), support the suggestion by Herman and oth- 
ersD- that R,- and Ry-bands are induced from two 
transitions in a single center. 

We observed the dichroism of AR-bands at room 
temperature. When the sample exhibiting R-bands 
was irradiated with the light in R-bands polarized 
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Fig. 2. Dichroism of R-bands in LiF crystals 
irradiated with Hg-lamp light through a ultra- 
violet filter (I), and with monochromatic light 
(A=325 my) (II), polarized along [110] direction 
at room temperature. The measurements were 
made at room temperature. Solid lines show 
the absorptions before the irradiations. 
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along [110] direction, the absorption intensities of 
both R-bands polarized along [110] were more 


reduced than those polarized along [110] (Fig. 2 (1) 
and (I)). This is the same as the R-bands dichro- 
ism of KCl. For the irradiation with the light 
polarized along [100], both bands showed no 
dichroism in absorption along [100] and [010]. 
From these results it might be considered, as 
suggested by van Doorn®), that the symmetry axis 
of R-center does not lie along <110> direction but 
along <111> direction, and, furthermore, the small 


dichroism in absorption along [110] and [110] seems 
to suggest that both R-bands cannot be expressed 
by simple optical dipoles. Finer experiments of 
dichroism will be reported in a near future. 

The authors acknowledge the facilities offered by 
Dr. E. Mukoyama (Research Department, Toyo 
Rayon Co.) for f-irradiations. 
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Excitation Functions for Alpha-Induced Reactions 


on Manganese-55 


By Shigeo TANAKA, Michiaki FURUKAWA, Takashi Mikumo, Shiro Iwata*, 


Masuo YAGI** and Hiroshi AMANO*** 


Institute for Nuclear Study, University of Tokyo, Tanashi, Tokyo 
(Received October 1, 1959) 


Excitation functions for the reactions Mn(a, n)Co®, Mn55(a, 2n)Co%, 
Mn (a, 3n)Co®, Mn(a, a’n)Mn*4 and Mn°%(q, 2pn)Mn*§ were measured 
by the activation method using a “ stacked-foil ” technique, the alpha- 
particle energies ranging from 10 MeV to 40 MeV. Bombardments were 
made with the alpha-particle beam of 32 MeV and 40 MeV from the 160 
cm INSJ cyclotron. The beam was collected in a Faraday cup and 
measured by a current integrator. After bombardments, manganese, 
cobalt and iron were chemically separated. The disintegration rates of 
product nuclei Co’, Co%’, Co and Mn‘ were obtained by the gamma- 
ray scintillation spectrometry, while that of Mn%* by a calibrated end- 
window type Geiger counter. The reaction cross section was found to 
agree with calculated value for a nuclear radius constant 7» of 1.7x 10-8 
cm. Competition between different reactions was analyzed in terms of 
the statistical model of nuclear reaction by use of a level density ex- 
pression of w=cexp[2(aH)¥2] and it agrees with the calculated value 


for a=2 MeV-1. 


§1. Introduction 


A few experimental investigations have 
been reported on the excitation functions for 
the alpha-induced reactions. Most of the re- 
sults can be fitted with the predictions based 
on the statistical model of nuclear reaction 
assuming the higher nuclear temperature than 
that obtained from the measurement of the 
energy spectrum of emitted particlesY-. On 
the other hand, the angular distributions of 
protons emitted by the (a, p) reactions leaving 
the residual nuclei in low-lying states have 
in general forward peaks for many of the 
medium weight nuclei at intermediate ener- 
gies. The latter fact indicates that the alpha- 
induced reaction leaving the residual nucleus 
in low-lying state proceeds by direct inter- 
action®. 

Accumulation of more experimental data is 
desirable for further developments on the 
elucidation of nuclear reaction mechanism. 
This experiment is a part of the present 
authors’ systematic study in which the cross 
sections of the alpha-induced reactions on 


* Faculty of Science, Osaka University. 
** Radiochemical Laboratory, Shizuoka Univer- 
sity. 
*kk The Research Institute for Iron, Steel and 
Other Metals, Tohoku University. 


medium weight nuclei at intermediate ener- 
gies are investigated. 


§2. Experimental 


Excitation functions for the reactions 
Mn**(a, 2)Co®®, Mn**(a, 22)Co®”, Mn**(a, 32)Co°®, 
Mn**(a, a’n)Mn** and Mn**(a, 2pn)Mn°’* were 
measured by the activation method, the alpha- 
particle energies ranging from 10 MeV to 40 
MeV. No attempt was made to obtain 
the excitation function for the reaction 
Mn**(a, 2p)Mn*" because of the short half-life 
of product nucleus. 

1) Bombardments 

The target foils were activated with the 
monoenergetic alpha-particle beam from the 
160cm INSJ cyclotron. The deflected beam 
was focused by a couple of quadrupole mag- 
nets and a sector type focusing magnet, and 
was collimated successively by narrow carbon 
slits. Energy dependence of the cross sec- 
tions was measured by using the “stacked- 
foil” technique in which target foils were 
interspaced with aluminum absorbers. The 
energies of alpha-particles just entering and 
leaving each target foil were determined 
by calculating the energy loss in each foil 
and absorber in the stack. The —dE/dx value 
in aluminum absorber was obtained from the 
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range-energy curve of Aron et al.”, and that 
in manganese target from the stopping power 
formula of Bethe et al.®) using the estimated 
mean excitation potential J=11.5 Z (kev) and 
Vie W ay 

The bombardments were performed with 
the alpha-particles of about 0.25u4A and 40 
MeV for 4 hours and with those of 0.5 nA 
and 32 MeV for 3 hours. The energy spread 
of incident beam was estimated to be less 
than -++1%. The change in cyclotron frequen- 
cy during the bombardment was monitored 
and estimated to be less than +0.5%. The 
manganese target foil of about 3mg/cm? was 
prepared by evaporating manganese metal 
onto 20y thick aluminum foil which was 
pretreated with a surface active agent. The 
purity of the manganese metal was approxi- 
mately 99.9%. With some exceptions, the 
inhomogeneity of manganese foil was esti- 
mated to be +7% in thickness. The 3cm~x 
3cm foils were used for cyclotron bombard- 
ment, when the section of the beam was 
about 0.5cm’®. The foils were wide enough 
to intercept all the beam, including the mul- 
tiply scattered portion of alpha-particles. The 
beam was collected in a Faraday cup and the 
total charge of the beam was measured by a 
100% feed-back type current integrator. 


2) Chemical procedures 

After bombardment, the target foil was 
dissolved in fuming nitric acid. Aluminum 
backing remained undissolved by this treat- 
ment. The solution was evaporated to dry- 
ness on a sand bath. The residue was dis- 
solved in 1 ml. of 7 N HCl and passed through 
a column (7 mm dia. x7 mm high) of the anion 
exchange resin Dowex —1x8 (200~250 mesh) 
followed by washing with about 10ml. of 7 
N HCl. Manganese was not adsorbed, while 
cobalt was strongly adsorbed at the top of 
the column, and was successively eluted with 
4N HCl (within 10ml.). Each fraction was 
adjusted to 5ml. and aliquots were taken for 
counting. The sample for gamma-ray meas- 
urement was prepared by taking 2 ml. of each 
fraction ina polyethylene vessel. One ml. of 
the manganese fraction was evaporated in a 
glass counting dish and oxidized to manganese 
dioxide by heating with a small amount of 
nitric acid to be used for Geiger counting. 
The sample for 47$-counting was prepared 
by taking a definite small portion of the solu- 
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tion with a micropipette onto a gold-spattered 
polyvinyl acetate film supported by an alumi- 
num holder. 


3) Counting procedures 

(a) Mn*(a,2pn)Mn** The activity of each 
manganese sample was counted with an end- 
window type Geiger counter whose geometry 
had been calibrated with various beta-emitters. 
The disintegration rate and the relative yield 
were obtained by analyzing the decay curve. 
Small corrections for self-absorption and self- 
scattering were made. 

(b) Mn**(a, a’n)Mn*+ After Mn** had decayed 
completely, the activity of each manganese 
sample was measured in a well-type Nal(T]) 
scintillation spectrometer. The relative yield 
was obtained from the photo-peak of 0.842 
MeV gamma-ray from Mn*‘. The disintegra- 
tion rate was given by comparing the sample 
with the Mn*! standard source. The Mn* 
standard source had been measured by use 
of a 1-3/4 in. dia. x2 in. high Nal (Tl) cry- 
stal in a poorly defined geometry and the 
photo-peak efficiency had been applied to the 
counting rate. 

The photo-peak efficiency €» was calculated 
from the equation €)>=RE&:2-.. The values of 
calculated efficiency &,2- of the 1-3/4 in. dia. 
x2 in. high Nal(Tl) crystal were obtained 
from ‘the work of Wolicki et al.® and those 
of peak-to-total ratio R from the work of 
Berger et al.!® : 

(c) Mn**(a,2)Co®® The gamma-ray spectrum 
of each cobalt sample (the typical one is 
shown in Fig. 1.) was examined by means of 
a 2 in. dia. x2 in. high Nal(Tl) scintillation 
spectrometer. The change in spectrum was 
followed every 4 hours with the aid of a 10 


Counts /min. 


30 40 50 60 70 80 90 
Pulse Height (V) 


Fig. 1. Gamma-ray scintillation pulse height spec- 
trum of the cobalt sample. 
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channel pulse height analyser.* After Co%8™ 
had decayed to Co’, the relative yield of 
Co**™*8s was obtained from the photo-peak 
of 0.814MeV gamma-ray, the contribution 
from Co* (produced by the 
Mn**(a, 32)Co**) being subtracted. The sub- 
traction procedure is given below. The 
gamma-ray spectrum of Co** standard source 
(produced by the proton bombardment of 
| natural iron) was also taken and is shown in 
Fig. 2. Output signals from the amplifier 
| above 80V (Fig. 1. and Fig. 2.) are named 
A; and Az, and those from 36 V to 50V are 
named #; and B:. As A: is supposed to be 
from Co**, the value of (B:—A:B:/A2) gives 
the photo-peak count from Co** only. The 
disintegration rate was obtained by comparing 
the 0.814 MeV photo-peak of the sample which 
-| was bombarded below the threshold of (a, 37) 
reaction with the 0.842 MeV photo-peak from 
Mn* standard source. It was cross-checked 
by a 47§-counting. 


reaction 
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Fig. 2. Gamma-ray scintillation pulse height spec- 
trum of Co%% standard source. 


The cross section for isomer formation and 
‘that for ground-state formation were sepa- 
rately measured. The result of the yield 
ratio for isomeric pair is to be published in 
near future. 

(d) Mn**(a, 32)Co® Counting method was 
the same as in the case of Mn**(a, 1)Co*. 
The relative yield was obtained by taking 
the surplus count above 80 V of the amplifier 
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signals in Fig. 2 (which corresponds to gamma- 
rays above 1.5MeV). This procedure dis- 
criminates the gamma-rays from the other 
cobalt activities. The disintegration rate was 
obtained by comparing the sample with the 
Co*® standard source. The Co standard 
source was calibrated by comparing the 0.845 
MeV photo-peak with 0.842 MeV photo-peak 
from Mn** standard source, and was cross- 
checked by a 47{-counting. 

(e) Mn**(a,2n)Co* The activity of each 
cobalt sample was measured in a well-type 
Nal(Tl) scintillation spectrometer. The dis- 
integration rate and the relative yield of Co*? 
were obtained from the photo-peak af 0.122 
MeV gamma-ray. Compton tails from more 
energetic gamma-rays were subtracted graphi- 
caliy in each spectrum. The counting efficien- 
cy of the crystal** for the 0.122 MeV gamma- 
ray was estimated to be 0.85, which had been 
corrected for geometrical loss and absorption 
loss in the aluminum cover and in the alumi- 
num oxide light reflector. 


4) Correction of “recoil loss” 

The gamma-ray spectrum of the aluminum 
backing foil indicated the presence of a con- 
siderable amount of Co°** and the other activi- 
ties which seemed to be produced by the 
alpha-induced reactions on manganese. Manga- 
nese was not detected in the aluminum foil 
by a colorimetric analysis. The activities in 
the aluminum foil were estimated to be the 
product nuclei recoiled from the manganese 
target. Attempts were made to find the 
amount of “recoil loss” from the target. 
Aluminum backing foil was chemically sepa- 
rated by nearly the same procedures as in 
the case of the manganese target, and simi- 
larly submitted to counting. The amounts of 
“recoil loss” for each reaction were thus ob- 
tained as a function of the alpha-particle 
energy. They were about 20% of total ac- 
tivities produced for the evaporated target 
foil, and were used for the corrections of 
relative and absolute yields. The “ recoil loss” 
for (a,2pn) reaction was not obtained, be- 
cause the short-lived product nucleus had 
decayed before counting. The “ recoil loss ” 
correction for the (a, 2pm) reaction was _ per- 


* All the electronic equipments including a 
Johnston type 10 channel pulse height analyser 
were developed and constructed in the Electronics 
Division of this Institute. 


“we 1-3/4 in. dia. x2 in. high Harshaw’s 7F8 well- 
type Nal(Tl) crystal with a hole 3/4 in. dia. x1- 
1/2 in. depth and with a spun aluminum well cap 
0,032 in. thick. 
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formed by use of the value for (a, 3”) reaction. 


§3. Results 


The cross sections were calculated in a di- 
rect manner using the nuclear data shown in 


Table I. Nuclear data necessary for the 
calculation. 
| Emission 
Nuclide | Half-life | Radiation and Seieen a 
gamma-ray 
(%) 
Cos 71d B* 0.485 MeV 15 
y 0.814 MeV 100 
Co” 270d y 0.122 MeV 100 
7 0.138 MeV 
Co 77d B+ 1.50 MeV 
B+ 1.00 MeV 20 
B+ 0.44 MeV 
y 0.845 MeV 100 
Mn*é 2.58h B- 2.81 MeV 50 
B- 1.04 MeV 30 | 100 
B- 0.65 MeV 20 
Mn*4 290d y 0.842 MeV 100 
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Fig. 3. Excitation functions for the alpha-induced 
reactions on Mn®, 
@ Mn (a, n)Co%8 
& Mn%(a, 3n)Co%s 
CL] Mn*(a, 29n)Mns6 


© Mnv(a, 2n)Cost 
A Mn (a, a'n)Mn5+ 
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Table I. These data were obtained from the 
compilation of Strominger et al.! and from 
the newer nuclear data in literatures.” The 
absolute cross sections are plotted as a func- 
tion of alpha-particle energy in Fig. 3, to- 
gether with the energy width in target foil 
and with the estimated standard error of the 
magnitude of cross section for some experi- 
mental points. 

The cross section calculation is very sensi- 
tive to the decay scheme of residual nucleus. 
The plotted cross section for (a, m) reaction 
was calculated from the disintegration rate 
obtained by the gamma-ray measurement and 
it was about 15% smaller than that by the 
4xB-counting assuming that the emission pro- 
bability of positrons in Co® is 15% of the 
total disintegration. The plotted cross section 
for (a, 3”) reaction was also calculated from 
the gamma-ray measurement and it was about 
33% smaller than that from 47{-counting. 
As the positron emission probability of Co*® 
is at present somewhat uncertain, the value 
from 478-counting does not seem to be fully 
reliable. 


§ 4. Discussion 


Excitation functions were compared with 
the predictions based on the statistical model 
using the following assumptions. 

(1) It was assumed that neutrons, protons 
and alpha-particle were the only particles in- 
volved. The evaporation of deuterons would 
increase the (a, pm) reaction cross section but 
this type of process appears to be negligible 
because of their small probability of existence 
at the nuclear surface and the difficulty in 
penetrating the Coulomb barrier! . Tritons 
would be in the same situation as deutrons. 
(2) The cross section for the formation of 
compound nucleus, including that for the in- 
verse process was taken from Shapiro’s calcu- 
lation’. It was assume that an alpha-particle 
had a finite size and the interaction radius R 
was expressed as R=(7o x A”8+1.21) x 1078 
cm for an alpha-particle and R=1% x A!/? x 10-%8 
cm for a nucleon. 

(3) The level density w of residual nucleus 
Was assumed to be given by the expression 
w=c exp [2(aE)'/?], in which @ and c were 
constants. The value of @ chosen was 2 
MeV-', which was in fair agreement with 
many measurements of excitation functions 
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The dependence of 
level density on an odd-odd, an odd-even, an 
even-odd and an even-even nucleus was taken 
into account as follows'®. 


Wo-o Wo-e We-e 


es OF Oy 


Wo-—e= We-o . 


(4) De-excitation by photon emission was 
Table If. Binding energies. 
| Binding energy in MeV 
153% By Ba 
Co59 10.2 ee, 6.8 
Coss Sh08) FO 6.7 
Cos? ipl 6.3 7.4 
Cox | 10.0 5.8 7.8 
Mns | 10.1 8 py diye. i729 
Mn54 9.1 Mel. 9.0 
10" 
£10 
2 
s 
3 
5 
Tom 


n — 
10 15 30 35 


Ole on" 
(Ealom.(MevV) 
Fig. 4. Comparison of experimental and theoreti- 
cal results for the cross sections of the alpha- 
induced reactions on Mn°. 
Mn (a, n)Co%8 
Mn55(a, 3n)Co® 
Mn%(a, 2n)Co” 
Mn55(a, a’n)Mn** 
Total reaction cross section from the 
measured and the estimated values of 
most probable reactions. 
Theoretical value for each reaction. 
Shapiro’s calculation of 7ro=1.7. 


Experimental data 
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assumed to be allowed for by shifting the 
threshold for the secondary proton emission 
upward by 2 MeV*),17, 

(5) The emission probabilities are very sensi- 
tive on the binding energies of various par- 
ticles. The values of binding energy were 
obtained from the compilation of Wapstra'® ; 
those used in this calculation are listed in 
Table II. 

The results of calculation are shown in 
Fig. 4, along with the experimental data. 
Agreements between them are good both for 
the magnitude of cross section and for the 
shape of excitation function. The cross sec- 
tion of compound nucleus formation obtained 
from the measured cross sections and from 
the estimated values for the reactions leading 
to stable nuclei is consistent with a nuclear 
radius constant 7 of 1.7. This agrees well 
with the results obtained by the present 
authors in the alpha-induced reactions on iron- 
54 and nickel-58!”. The competition between 
different reactions is well fitted with the 
statistical model calculation with the five as- 
sumptions. However, the magnitude of the 
cross section for (a, 3”) reaction is not com- 
pletely reproduced by the calculation. 
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The angular distributions of protons from the reaction C!2(d, p)C® 
were measured at the deuteron energies of 14.9-, 16.6-, 18.1-, and 19.6- 
MeV, for the proton groups leading to the lowest four levels of C®. 
The proton groups to the second and third excited states were not re- 
solved. The measurements covered the angular range from 15 to 165 de- 
grees at intervals of 7.5 degrees. The results were compared with the 
stripping theory and qualitative agreement in the forward directions 
was obtained, but not in the backward. 

The best fits for the angular distributions of the ground state group 
were obtained with the nuclear radius of (6.3+0.1)x10-8%cm with 
Bhatia’s formula. The angular distributions changed regularly with the 
deuteron energy. The excitation function was found to decrease mono- 
tonically with the increase of deuteron energy but that in the backward 
directions showed a slower decrease than that for the forward directions. 


$1. Introduction 


in th 


e Energy 


Nevertheless, the reaction mechanism has not 


The reaction C'*(d, p)C is one of the most 
well-studied nuclear reactions and the angular 
distributions of protons from this reaction 
have been almost thoroughly investigated in 
the range of deuteron energy below 6 MeV.” 


* This experiment was performed with the 160 
cm variable energy cyclotron at the Institute for 
Nuclear Study, University of Tokyo. 


yet been well understood. For example, the 
excitation curve at the deuteron energy above 
4MeV, obtained at some definite angles, 
showed remarkable maxima and minima, in 
contrast to the stripping type of angular dis- 
tributions in the same energy region. 
Although these maxima and minima in the 
excitation curve may not be directly related 
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to the resonances in the compound nucleus 
formation, the simple stripping theory will not 
be able to explain these maxima. In the 
range of deuteron energy above 9MeV, the 
angular distribution measurements has been 
made at 9MeV by Green and Middleton?’, at 
14.8 MeV by McGruer ef al.®, at 19MeV by 
Freemantle et al., and at 24 MeV by Conzett 
et al.®. 

At these higher energies of deuterons, the 
angular distributions could be fitted qualitative- 
ly to the Butler’s stripping theory, but the 
agreements for C!2 seem not to be satisfac- 
tory, while the good agreements have been 
obtained in these higher energy ranges for 
other light nuclei. Moreover, except the ex- 
periment of Freemantle ef al.*), the measure- 
ments were confined only in the forward 
directions. We intended to investigate the 
variation of the angular distributions for the 
deuteron energies from 15- to 20-MeV in the 
angular range from 15 to 165 degrees. The 
angular distributions in the backward direc- 
tions can not be obtained by the stripping 
theory and will be interesting in relation to 
the recent direct interaction theory by Butler 
et al.®. Moreover, the variation of total 
cross sections, obtained by integration of the 
angular distributions, with the deuteron energy, 
will give some information about the reaction 
mechanism in these energy ranges. 


§2. Experimental Procedure 


The experimental arrangement is shown in 
Fig. 1 and is quite similar to the arrange- 
ment used in the study of (a, p) reactions by 
Nonaka e¢ al.*”. 

The deuteron beam from the cyclotron was 
collimated by two defining slits of graphite 
of 5mm in diameter and 80cm apart, and 
between these two slits, three antiscattering 
graphite baffles of 8mm diameter were ar- 
ranged equidistantly. The beam energy 
spread was estimated to be within about Oe5 
% at the target. The target of self-support- 
ing film of elemental carbon were prepared 
from colloidal solution of graphite and the 
thickness was measured to be 2.04 mg/cm***. 


Ine We are indebted to Prof. Nonaka et al. for 

the use of the detector systems they had made. 
* We are indebted also gratefully to Mr. Mi- 

kumo of Institute for Nuclear Study for the pre- 


paration of the target, 
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This target was assertained to be quite uni- 
form and contain no detectable impurities ex- 
cept hydrogen, which was absorbed as humi- 
dity.” The target was set in such a way 
that its surface makes 45 degrees to the 
deuteron beam. The two sets of scintillation 
counters and cathode followers were arranged 
in the opposite directions to the target so as 
to measure the counts at two angles in the 
forward and backward directions simultane- 
ously, and were rotated around the target 
with the turn table in the scattering chamber, 


Backward 


counter 


Scattering chamber 


Fig. 1. Schematic diagram of scattering chamber. 
whose inner diameter was 100cm. The 
counts in the two counters were normarized 
at the direction of 90 degrees. The scintil- 
lators of CsI or Nal crystals used were 3 and 
2mm thick in the forward and backward 
counters, respectively. These scintillators 
were coupled with the Du Mont 6467 photo- 
multipliers and four 20 channel pulse height 
analysers, of which each two sets were used 
in series as a 40 channel analyser. The 
energy resolution of these counters was 3 to 
5 persent, as can be seen in Fig. 2. As is 
shown in Fig. 1, a collimator of circular 
opening was arranged for each counter to de- 
fine the solid angle of the order of 10 
steradians subtended by the counter, and an 
absorber of aluminium of 600 micron thick- 
ness, set just before each counter window, 
served to discriminate the deuterons scatter- 
ed by the target and the alpha particles from 
any reactions. With these detector arrange- 
ments, the proton groups leading to the 
several low-lying levels of C'* were separated 
from background. The thicknesses of scintil- 
lators chosen were enough to stop all the 
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protons from the (d, ~) reaction. 

The measurements were made in the range 
of angle from 15 to 165 degrees at intervals 
of 7.5 degrees. The monitor counter was ar- 
ranged at the direction of 55 degrees to the 
deuteron beam and the protons entered to the 


O 
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Se (C) Pulse height (volts) 
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Eg= 14.9 MeV 
3000) 90° 
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Fig. 2. (a) shows the energy spectra of protons 
from the C!2(d, p)Cl3 reaction, obtained at 90° 
(lab. system) with Hg=19.5MeV. The arrows 
show the calculated energies of proton groups 
to the ground, 3.09-, 3.69-, and 3.86-MeV 
levels. (b) and (c) show the pulse height spec- 
tra of protons, observed at 90° and 165° (lab. 
system), respectively, with #,=14.9-MeV. 
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scintillator of CsI of 3mm in _ thickness 
through an aluminium foil in the side wall 
of the scattering chamber. The single chan- 
nel pulse height analyser coupled with the 
monitor counter was biased so as to discri- 
minate all the pulses smaller than those due 
to the protons of ground state group and, 
thus, the effect of drift of the bias level of 
this analyser was minimized. The deuteron 
beam was collected by a Faraday cup and 
was measured with an current integrator. 
The proportionalities between the counts in 
the monitor counter and those in the current 
integrator were constant within 2.6 percent. 
The angular distributions were obtained by 
referring to the monitor counts, and the ab- 
solute values of the differential cross sections 
and the excitation curve were estimated re- 
ferring to the counts in the current integra- 
tor. For the determination of the energy of 
deuteron, a small fraction of the beam was 
extracted through a hole in the Faraday cup 
and the range in aluminium was measured 
according to the method of Mather and 
Segré®. 


§3. Results and Discussion 


Some examples of the pulse height spectra 
of protons are shown in Fig. 2. At lower 
energies of deuteron and in the backward 
directions, the energies of emitted protons get 
lower and the proton peaks in pulse height 
spectra overlapped on or smeared out into 
the y-ray background. The arrows in Fig. 2 
(a) show the energies of protons leading to 
the ground and excited states of C'? at 3.09-, 
3.69-, and 3.86-MeV®, calculated by the 
reaction kinematics. These energies were in 
good agreement with the positions of the 
peaks obtained and the variations of energies 
at these peaks with angles were also consis- 
tent with the protons from the C1(d, p)C#® 
reaction. The proton groups leading to the 
ground state and to the first excited state are 
well separated from each other, but those to 
the second and to third excited state could 
not be resolved, and the angular distributions 
of the mixture of these two groups were 
obtained. The angular distributions, thus 
obtained, are illustrated in Fig. 3, 5 and 6. 
The statistical errors of each point were 
smaller than 2.6 percent and were negligible 
in these figures. The background was smal- 
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ler in higher energies of deuteron and in 
forward directions, where it was usually 5.1 
percent and became larger at lower energies 
and in the backward directions and the errors 
in the estimation of the background amount- 
ed to 7.8 percent at maximum. Another un- 
certainty came from group separation in the 
energy spectra, and it amounted to 4.8 per- 
sent at maximum, when the deuteron energy 
was the lowest. The angular distributions 
for the ground state group, taken at the deu- 
teron energies of 14.9-, 16,6-, 18.1-, and 
19.6-MeV, are shown in Fig. 3. The dotted 
curves in this figure show the stripping curves 
calculated by using the formula obtained by 
Bhatia et al, with /n,=1 and m=6.3x 10-8 
cm. As the spins and parities of the ground 
states of C' and C* are 0+ and 1/2-, re- 
spectively, the stripping process with J,=1 
is considered to be predominant. The theore- 
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Fig. 3. Angular distributions of protons from the 
C1(d, p)C8 ground state reaction. 
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tical curves in the extremely forward direc- 
tions, which are not shown in this figure, 
reach maxima at 0 degree after increasing 
rapidly. The experimental data could not be 
obtained in these angular range. The cross 
sections at the second maxima of the theore- 
tical curves at about 50 degrees were nor- 
marized to the experimental maxima at these 
angles. The best fit of these maxima to the 
experimental data was obtained with m=(6.3 
+0.1)x10-"cm. Although this value of 
nuclear radius is somewhat larger compared 
with those of other light nuclei obtained by 
(d, p) reactions, it may not be so unreason- 
able. The angular distributions obtained by 
McGruer ef al.*) at 14.83MeV and by Fre- 
emantle et al.® at 19.1 MeV, which were 
normarized to our data at the maxima, are 
also shown in these figures, showing good 
agreement with the present data within their 
experimental errors. The scale of the ordi- 
nate of these figures, has an uncertainty of 
about 20 percent, owing to the unknown con- 
tent of the molecular hydrogen ion in the 
deuteron beam and the absolute value of the 
cross section is in agreement with that 
obtained by McGruer ef al.*) within the ex- 
perimental error. From these figures, it is 
found that the general behaviors of experi- 
mental curves are consistent with the stripp- 
ing theory but rather regular changes with 
deuteron energy are found in the experimen- 
tal curves. First, the maxima at about 50 
degrees in the experimental curves become 
less pronounced with the increase of deuteron 
energy. Secondary, the increase of the dif- 
ferential cross sections in the backward 
directions becomes remarkable as_ the 
deuteron energy decreases. As the compound 
nucleus formation will little contribute to 
this reaction at these higher deuteron ener- 
gies, the rise in the backward directions will 
be attributed to the heavy particle stripping" 
or to the direct interaction process suggested 
by Butler ef al... The total cross sections 
for the ground state group, estimated by in- 
tegration over the angular range from 15 to 
165 degrees, are plotted against the deuteron 
energy and are shown by the curve A in 
Fig. 4. The contributions of the extremely 
forward range, where the experimental data 
were not obtained, to the total cross sections 
were estimated by the extrapolation of the 
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experimental angular distributions and also 
with the aid of the theoretical stripping 
curve and it was found that, by taking into 
account these contributions, the cross sections 
became larger by 14 percent than that shown 
by the curve A but no significant change in 
the general behavior was found. The curve 
B in Fig. 4 was calculated according to the 
theory of compound nucleus formation. In 
this calculation, the cross section for formation 
of the compound nucleus was assumed to be 
independent of deuteron energy. Then, the 
excitation curve for a single proton group 
leading to a discrete level of residual nucleus 
will be, principally, determined by competition 
between this level and all other levels of the 
residual nucleus. The decay probability of 
the compound nucleus by emitting a proton 
of kinetic energy between &’ and &’+dé&’ can 
be expressed by 


14 ike) 16 17 18 


{9 (MeV) 20 


Fig. 4. Excitation curves for the C!2(d, p)C8 re- 
action. Curve A shows the cross section for 
the ground state group integrated over the an- 
gular range from 15 to 165 degrees. Curve B 
and C show approximate theoretical excitation 
curves calculated by the compound nucleus for- 
mation and _ stripping theory, respectively. 
Curve D shows the experimental cross sections 
for the ground state group integrated over the 
range from 90 to 165 degrees and curve E 
shows those for the first excited state group 
integrated over the range from 60 to 90 de- 
grees, 
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where €*=&+Q and € is the kinetic energy | 


of incident deuteron in the center-of-mass 
system and Q is the energy release in the 
ground state reaction. o-(&’) is the cross sec- 
tion for the formation of a compound nucleus 
by a collision with energy &’ between proton 
and nucleus C"? excited at the energy €*—€’. 


w(E)—0.3 exp [2(0.3E)'] is the level density 


of C!? at excitation energy E. Accordingly, 


the energy dependence of the cross section | 


for formation C' in its ground state is given 
by 
&*o¢(E*) 
ex 
| €’ ae(E’)w(E*— Ed &’ 
0 


a(E)cc (2) 


and is shown by curve B. 


On the other hand, the stripping theory can 
not predict the excitation curve exactly be- 
cause of the unknown dependence of the 
nuclear wave function on the deuteron ener- 
gy. But, neglecting this nuclear factor, the 
energy dependence of the stripping cross sec- 
tion is determined by the energy dependence 
of the probability that the neutron captured 
by the nucleus can be found in the deuteron 
with proper energy and angular momentum 
and can be expressed by 


(3) 


where the symbols have their usual meaning 
as are used in the stripping theory.'” The 
curve C, thus obtained, is shown in Fig. 4. 
The ordinates of curves B and C are arbitrary. 
No significant difference was found between 
the curves B and C in these ranges of deute- 
ron energy, although the curve B shows much 
more rapid increase than the curve C with 
the decrease of deuteron energy in the range 
below 14MeV. The curve D in Fig. 4 shows 
the experimental cross sections obtained by 
integration over the range from 90 to 165 
degrees, where the theoretical stripping cross 
section are negligible compared with the ex- 
perimental one. 

The angular distributions of protons from 
the Cd, p)C!® 3.09 MeV level are shown in 
Fig. 5, together with the data obtained by 
other investigators. 

The peaks in the energy spectra correspond- 
ing to this proton group, obtained at lower 
energies of deuteron, were masked by the +- 
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ray background in the backward directions, 
and the angular distributions in these region 
could not be obtained. As the spins and 
parities of initial and final states for this 
reaction has been found to be 0+ and 1/2+, 
respectively, the stripping process with J,—0 
must be predominant. It must be noted that 
the distribution in the forward region, ob- 
tained by Freemantle et al. Ea-=19 MeV, is 
not consistent with the present data and the 
theoretical curve. The dotted curves show 
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the theoretical curves calculated by using 
Bhatia’s formula. Better fits to experimental 
curve were obtained with a slightly decreas- 
ing values of nuclear radius with increasing 
deuteron energy, as are shown in these fig- 
ures. As in the case of ground state reaction, 
the general behaviors of angular distributions 
are consistent with the stripping theory. In 
order to obtain some information on the pro- 
tons emitted in the angular range near 90 
degrees, the cross sections integrated over 
the angular range from 60 to 120 degrees, 
where the stripping cross section is quite small, 
is shown in Fig. 4 by the curve E. It is 
remarkable that the curve E shows much 
slower decrease with the increase of deuteron 
energy and behaves quite similarly with 
curve D. Fig. 6 shows the angular distribu- 
tions of the mixture of proton groups to the 
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3.69—- and 3.86-MeV levels, for the four 
values of deuteron energy. 

As the spins and parities of the 3.69- and 
3.86-MeV states of C!® have been found to 
be 3/2— and 5/2+, respectively, it is expected 
that the stripping transitions with /,=1 and 
In=2, respectively to these states, will be 
predominant. The theoretical angular distri- 
butions for these transitions were calculated 
with 7=5.6x10-%cm only for the deuteron 
energy of 18.1 MeV, because of the small 
change of theoretical angular distribution with 
the deuteron energy, and are shown in Fig. 6 
with the arbitrary scales for their ordinates. 
It may be concluded from this figure that the 
transition to the 3.69 MeV state with /,=1 is 
more predominant than that to the 3.86 MeV 
state with /,=2. But the results obtained by 
McGruer et ai. show the cross section for the 
3.86 MeV state larger by one order of magni- 
tude than that for the 3.69 MeV state in the 
extreme forward direction, and the theoretical 
curve with larger value of 7=7.0x10-'% cm, 
for the 3.86 MeV state group can be fitted to 
the observed distribution. The angular dis- 
tributions of these two proton groups, resolv- 
ed separately, are necessary to obtain a de- 
finite conclusion. Although McGruer ef al.* 
resolved these proton groups with a magnetic 
analyser and measured the angular distribu- 
tions, they did not obtain the absolute value 
of the cross section and the measurements 
were confined only in small angular ranges 
in the forwar directions. The experimental 
distribution, obtained by Freemantle ef al." 


at Ea=19.0 MeV and shown in Fig. 6, is also 
that for the unresolved proton groups to the 
3.69- and 3.86-MeV states and the general 
behavior is quite consistent with the present 
data, but their absolute cross sections are 
somewhat larger than the present result. 


The authors express their cordial thanks to 
Prof. I. Nonaka for his support and discus- 
sions throughout this work and to the cyclo- 
tron crew of I.N.S. of University of Tokyo 
for their operations of the cyclotron. 
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Elastic and Inelastic Scattering of 11.2 MeV Deuterons 
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The differential cross section for deuteron-nucleus elastic scattering 
has been measured for N, O, Ne, Mg, Al, S, A, Ca, Cr, Fe, Ni, Cu, Kr, 
Ag, Xe and Au at the deuteron energy of 11.2MeV. Measurements 
were done at 5° intervals from 15° to 165° with relative uncertainty of 
3 to 5%. Deuterons were detected by a thin CsI(T1l) crystal whose 
energy resolution was about 4% so that in almost all the cases inelastic 
deutrons and protons produced from (d, p) reaction were rejected. The 
measured cross sections show a pronounced diffraction pattern in light 


and medium weight nuclei. But the cross sections for heavier elements 
show a smooth decrease and are smaller than the Rutherford cross 


sections. 


The cross sections of deuterons leading to the first excited state of 
20Ne and #4Mg by inelastic scattering have been obtained. However, we 
could not detect inelastically scattered deuterons in other elements. The 
angular distributions for 29Ne and *4Mg are explained by the direct 


nuclear process. 


$1. Introduction 


The elastic scattering of protons” , neutrons?) 
and alpha particles? by various nuclei has 
been studied over a wide range of incident 
energies by a number of investigators. These 
measurements show that the cross section for 
the elastic scattering of protons” usually re- 
mains in the same order of magnitude as 
Rutherford scattering, and the cross section 
for alpha particles?» shows a much stronger 
decrease with increasing angle. These results 
have been found to be generally consistent 
with the prediction of the optical model”. 
Since the deuteron is a loosely bound and 
spin one particle, it is of interest to see whe- 
ther the elastic scattering of deuterons can 
be considered in the same ways as those of 
protons, neutrons and alpha particles. How- 
ever, there have been rather few systematic 
measurements of the elastic scattering of 
deuterons®). Gove has reported on the elastic 
scattering of 15.2MeV deuterons and Rees 
and Sampson have measured the differential 
cross section at 11 MeV for some heavy ele- 
ments. These angular distributions show no 
diffraction pattern. Nishida® has fitted the 
data assuming that the electric break-up of 
the deuteron is the main contribution. The 
elastic cross sections for light nuclei exhibit 
an oscillatory behavior. Yntema has meas- 
ured the angular distributions for a number 


of medium and heavy elements at 21.6 MeV 
which show pronounced diffraction patterns. 
Measurements at 3.32 MeV and 4.07 MeV have 
been reported by Slous and Alford on nine 
elements and the analysis have been done. 
All these results may be explained by the 
optical model. Melkanoff??) showed that the 
13.5 MeV and 15 MeV data were explained by 
the diffuse surface optical model analysis. 

Recently, considerably large polarizations 
of elastically scattered protons were observed 
and it was proved that the spin orbit coupling 
was contained in the proton-nucleus interac- 
tion besides the usual central optical poten- 
tial?. This suggests the presence of spin 
orbit interaction in the deuteron-nucleus scat- 
tering. 

The present measurements were intended 
as a survey of elastic deuteron scattering 
over a wide range of elements from nitrogen 
to gold at approximately 11 MeV to search 
these features described above. In order to 
determine the optical model parameter, it 
may be desirable to cover the range of atomic 
numbers as wide as possible and also to pro- 
vide sets of neighboring elements to facilitate 
the detection of possible effects due to nuclear 
spin, shape and shell structure. 

There are a few reports on the inelastic 
deuteron scattering”. Haffner observed dif- 
fraction pattern in some light elements. His 
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results show a forward peak in all the cases, 
while in many other measurements any for- 
ward peak does not appear. We have meas- 
ured the differential cross sections of inelastic 
deuteron scattering for neon and magnesium 
which have relatively large differential cross 
sections, in order to study the direct interac- 
tion features in the reaction. 


§2. Experimental Procedure 


The Osaka University Cyclotron was used 
to produce a 11.2 MeV deuteron beam. The 
layout of the cyclotron and associated equip- 
ments have been shown elsewhere’. This 
experiment was performed in a scattering 
chamber of 51cm in diameter. The angular 
position of the counter could be measured to 
+0.1°. The angular resolution was +0.1°. 
The data was taken from 15° to 165° with 
an interval of 5°. The beam was collected 
in a Faraday cup which was always held at 
ground potential. The collector cup was con- 
nected to a vibrating reed electrometer and 
a condenser. 

A CslI(TI) crystal combined with a RCA 6342 
photomultiplier was used to detect the scattered 
deuterons. Signals were amplified with a con- 
ventional fast amplifier and analyzed with a 20- 
channel pulse height analyzer. There are a 
great number of protons produced by the (d, p) 
reaction which have nearly the same energy as 
the elastically scattered deuterons. Moreover, 
there exist positive Q-value (d,a@) reactions, 
though their cross sections have quite small 
values. Therefore, it is necessary to sepa- 
rate these particles. We made use of the 
fact that the range of an 11 MeV deuteron is 
quite larger than that of an alpha particle 
produced by (d,a@) reaction and considerably 
less than that of a proton with the same 
energy. We used a CsI crystal with uniform 
thickness of 150mg/cm? which corresponded 
to the range of a 9 MeV deuteron or a 7 MeV 
proton. An aluminum absorber was always 
inserted to stop the alpha particles and its 
thickness was increased until the pulse height 
of the elastic deuteron peak reached a maxi- 
mum at each angular position. To minimize 
the effect of the multiple scattering in the 
absorber, we mounted the crystal close to the 
absorber. The scintillation crystal was con- 
siderably larger than the dimensions of slit. 
The arrangement is shown in Fig. 1. 
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In the measurement of inelastic scattering 
we used the following method, in the forward 
angle, to reduce the background due to the 
large elastic tail. We reduced aluminum ab- 
sorber until the range of inelastically scat- 
tered deuterons which corresponded to the 
first excited level of target nuclei became 
equal to the crystal thickness. In this case 
the largest pulse height was obtained for the 
inelastically scattered deuteron corresponding 
to the first excited level and the elastic pulse 
height was smaller and broader than the in- 
elastic peak. Typical pulse height spectra, 
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obtained for magnesium at 50° and 30° and 
for gold at 70°, are shown in Fig. 2. It is 
shown that the elastically scattered deuterons 
are completely separated from the inelastically 
scattered ones and the protons of various 
energy. The energy resolution of the detector 
was about 4%. The inelastic peak was not 
separated from continuous proton background, 
so the error of inelastic scattering cross sec- 
tion was quite large because of subtraction 
ambiguity. 

Both metalic foils and gases were used in 
this experiment as the targets. They were 
chosen to cover the wide range from low to 
high atomic number. The foil targets were 
a few mg/cm? ‘in thickness which were pre- 


1960) 


pared by evaporation or made from com- 
mercially available foils of natural isotopic 
abundances, and were placed at 45° to the 
beam direction. The thickness of these foils 
were assumed to be uniform within several 
percents. Copper and silver foils were 9 and 
6 mg/cm? respectively, so that the mean inci- 
dent energies at the centres of targets were 
somewhat less than those in other cases. We 
could not find any oxygen or other contami- 
nations in the pulse height distributions. The 
gases were filled in the gas target cell with 
a 154 aluminum window to about 1/3 atoms, 
therefore the incident energy in the center 
of the target cell was somewhat less than 
that in the case of foil target. All the target 
gases were pure simple substances except 
sulphur. We used SH2 gas as sulphur target 
because there was no disturbance from the 
hydrogen except in the region of small angle. 
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The SH: gas was purified by a liquid air trap. 

There were some sources of errors. Espe- 
cially at very small angles, the angles, the 
error due to the angular uncertainty was 
somewhat large. The disturbances to the 
elastic cross sections by inelastic scattering 
groups could be neglected for the elements 
lighter than nickel, but it was not clear for 
the elements heavier than copper. It was 
considered that the disturbance might be 
small. For the elements lighter than neon, 
the error due to the background subtraction 
was large at backward angles. For all the 
elements except nitrogen, oxygen and neon, 
the relative accuracy of the measurement 
was estimated to be about 3% for elastic 
scattering. For nitrogen, oxygen and neon 
the relative error was about 5%. The abso- 
lute error was believed to be about 10%. 
Inelastic peaks could not be separated from 
the continuous background of protons from 
(d, p) reactions, so the error of inelastic cross 
section was quite large because of the am- 
biguity in background subtraction. The rela- 
tive error of inelastic scattering cross section 
was about 10%. 


§3. Results and Discussion 


The experimental results obtained for the 
elastic scattering are shown in Figs. 3 to 18. 
Also the Rutherford cross sections are shown 
with dotted curves in these figures. The cor- 
rections due to the finite size of target and 
detector slit and the multiple scattering of 
incident deuterons in the target are estimated 
to be negligible even for the extremely for- 
ward angle. 

Nitrogen and oxygen have almost the same 
values of nuclear mass and their angular 
distributions are similar in spite of their dif- 
ferent nuclear spin as is shown in Figs. 3 
and 4, and an appreciable differences in the 
shapes of the distributions are observed in 
backward angles. The angular distributions 
for magnesium and aluminum are also similar 
in this respect as is shown in Figs. 6 and 7. 
Argon and calcium nuclei have been identical 
mass number and their cross sections have 
nearly the same angular dependences, although 
they differ by a factor of nearly two at some 
points, as is shown in Figs. 9 and 10. Al- 
though nickel and copper nuclei have different 
spins, we cannot find any special difference 


am 


560 Minoru 
in the angular distribution. 

The characteristic features of these angular 
distributions are in their smooth variation of 
the positions of maxima and minima and of 
relative amplitude of diffraction pattern with 
atomic number. The amplitude decreases as 
the atomic number increases and the diffrac- 
tion pattern vanishes completely in silver. 
The cross sections are always smaller than 
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ford cross section. 
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those of Rutherford scattering except in the 
cases of nitrogen and oxygen whose cross 
sections exceed those of Rutherford at oscil- 
lation maxima and also in backward angles. 
Although we studied many elements having 
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Fig. 6. Differential cross section for magnesium. 


different nuclear spins, we could not observe This expression is valid only for small angles. 


any appreciable effect of the spin on the Fora given feature of the diffraction pattern 
elastic angular distribution. 


The simple theory for the diffraction of a 
plane wave by a completely absorbing sphere 
of radius R leads to the expression!” 
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(e.g., maxima or minima), one would expect maximum vanish in the nuclei heavier than | 
RR sin (0/2) to remain approximately constant aluminum. 


as R is varied. Fig. 19 shows the variation 
in the locations of the maxima and minima 
in the differential cross sections. It is inter- 
esting that the second minimum and the third 
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Fig. 11. Differential cross section for chromium. 
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Moreover, it is quite strange that 


Fig. 15. Differential cross section for krypton. 
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Fig. 17. Differential cross section for xenon. 
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the first minimum does not change its posi- 
tion for almost all the elements. 

On the other hand, the differential cross 
sections of 9.83MeV and 17MeV_ protons” 
show that there are some regularities in the 
locations of the maxima and minima. That 
is, the points plotted on the 1/R—@ plane 
which represent the positions of minima of 
each order, lie on a straight line. 
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Fig. 19. Locations of the minima and maxima in 
the scattering cross sections as functions of 


nuclear radius. 


Though it is not clear that the optical model 
is applicable to the elastic scattering of deu- 
terons, there have been some successes in 
In the previous para- 
and 


optical model analysis. 
graph, we pointed out that Melkanoff” 
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results on polarization by using the distorted 
wave method. The incident deuteron wave 
and the outgoing proton wave were distorted 
by the nuclear optical potential. It may seem 
to be strange that the optical model is suc- 
cessful in the elastic scattering of deuterons. 
Therefore, it is necessary to study in detail 
why this treatment is applicable to such 
loosely bound composite particles as deuterons. 
Recently Sano proved theoretically that the 
optical model is applicable to the elastic scat- 
tering of deuterons as the first approxima- 
tion). He fitted the main feature of our 
magnesium data with a theoretical result 
using reasonable parameters of square well 
optical model. The usual Wood-Saxon poten- 
tial may explain more closely these data, so 
it is desirable to determine many parameters 
of this potential. Since the spin orbit inter- 
action is necessary in the elastic proton scat- 
tering to fit both the angular distribution and 
the spin polarization, this interaction would 
also be necessary for the case of deuteron 
scattering. If the elastic deuteron scattering 
data are fitted well by a optical potential with 
spin orbit term, then the polarizations and 
the non-elastic cross sections of deuterons 
will also be predicted. The compound elastic 
scattering is assumed to have negligible contri- 


Slaus®) explained the experimental results for 
the elastic scattering of deuterons by using 
the optical model analysis. Another success 
was obtained in the (d, f) stripping reaction. 
That is, Tobocman, by using the wave func- 
tions distorted by the optical potential, ob- 
tained the theoretical curves of angular distri- 
butions more fittable than those obtained from 
simple Butler theory'’®. There does not ap- 
pear any polarization of emerging protons in 
the theory using the plane wave approxima- 
tion, and Tobocman explained the experimental 
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Fig. 20. The solid curve is the experimental 
angular distribution of inelastically scattered 
deuterons from the 1.63 MeV level of Ne2°, The 
dashed curve is the theoretical cross section 
predicted by Huby and Newns. 
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bution to the elastic cross section for our 
case. 

The differential cross sections for inelastical- 
ly scattered deuterons by magnesium and neon 
to the first excited states are illustrated in 
Figs. 20 and 21. Many theories of inelastic 
deuteron scattering were proposed up to now?) 
and some of these were based on collective 
excitation. In the present paper we have ex- 
plained these inelastic cross sections from a 
single particle aspect. The dotted curves 
shown in these figures represent the attempts 
to fit these data with a direct interaction 
model by Huby and Newns™). The charac- 
teristic features are rather well reproduced 
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Fig. 21. The experimental and the theoretical 
angular distributions of inelastically scattered 
deuterons from the 1.37 MeV level of Mg”. 


with reasonable interaction radii. The absolute 
values of the cross sections are rather small 
compared with those of proton scattering of 
the same energy leading to the same levels. 
We could not find any inelastically scattered 
deuteron groups in medium and heavy nuclei, 
though Yntema'*) has reported such deuteron 
groups with a considerably large cross section. 
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Microscopic observation, thermal analysis, measurement of electrical 
resistivity and X-ray study of WO3 were carried out in relation to the 
phase transition from room temperature down to —70°C. The crystal of 
WO; is monoclinic (a=7.30A, b=7.53A, c=7.68A, 8=90°54’) at room tem- 
perature, and it transforms to triclinic (a=7.30A, b=7.52A, c=7.69A, 
a=88°50’, 8B=90°55’, y=90°56’) near 17°C, and transforms to monoclinic 
(a=5.27A, b=5.16A, c=7.67A, @=91°43’) near -—40°C, on cooling. 
These two transitions could be clearly observed in the single-domain 
crystal in the room temperature phase, but the phase transitions of 
complicated appearance were observed in the multidomain crystal owing 
to a small difference between free energies in the room-temperature 
phase and the triclinic phase. Both electrical resistivity versus tem- 
perature curve and thermal differential curve show a slight anomaly at 


17°C transition and a remarkable anomaly at —40°C transition. 


§1. Introduction 


Concerning to the ferroelectricity or antifer- 
roelectricity of WO; many investigations have 
been performed.'-!) Above room tempera- 
ture WO; has very high dielectric constant, 
and many phase transitions have been report- 
ed. It has a monoclinic lattice at room tem- 
perature and transforms to an orthorhombic 
one at 350°C and to a tetragonal one at 740°C. 
Two more phase transitions at 950°C and 
1250°C have been known, but the crystal is 
remained to be tetragonal up to 1350°C anda 
transition to cubic phase has not been known. 
Each phase has lower symmetry variations of 
the cubic structure of ReO; type. Though 


these facts suggest the possibility of ferro- 
electricity or antiferroelectricity above room 
temperature, it has not been ascertained ow- 
ing to its high electrical conductivity. 

On the other hand, below room temperature 
a phase transition at about —50°C has been 
reported.” .»).® Matthias and Wood” succeed- 
ed to observe a hysteresis loop at —198°C 
without interference of dielectric loss, and 
then WO; has been thought to be ferroelect- 
ric in the low temperature phase. There are 
several points left to be studied about the 
phase transition of this material below room 
temperature. _Hirakawa®) observed a gradual 
and complicated change of domain structure 
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in the wide temperature range from —50°C 
to room temperature, but the reason of such 
complicated change has not been clear. Ac- 
cording to the dilatometric measurements of 
Hirakawa® or other investigators,®).© a re- 
markable contraction was observed near 
—50°C, and yet Sawada) could not observe 
any noticeable specific heat anomaly, corres- 
ponding to such a remarkable volume change 
but observed a slight anomaly whose amount 
was only a little larger than experimental 
error. The low temperature phase has been 
supposed to be trigonal from the facts that 
the symmetrical extinction was observed if 
viewed along c axis by polarizing microscope” 
and a higher crystal symmetry was reported 
from X-ray study,?) but the supposition is 
not based on any conclusive evidence. Fur- 
ther, recently Sawada and Danielson” studied 
the electrical conduction of single crystal 
from room temperature to 1000°C, but below 
room temperature the conductivity has not 
been measured. Concerning to these points, 
optical, thermal, electrical, and X-ray studies 
of this material have been carried out in this 
work. 


§2. Preparation of Samples 


Single crystals of WO; were prepared by 
the sublimation method previously reported.® 
The plate crystals having c axis perpendicular 
to the plane of plate (c crystal) and an area 
of about 5x5mm? can be obtained by this 
method. The crystals usually have a domain 
structure with walls of (110) and (100) twin 
planes at room temperature, but they can be 
changed to single-domain crystals by the ap- 
propriate external stress as previously report- 
ed.” In many cases of the following study, 
single-domain crystals thus obtained were 
used. In the following, the words “ single- 
domain crystal” and “ multidomain crystal ” 
mean the crystals of single domain and multi- 
domain in the room temperature phase 
respectively. 


§3. Optical Observation 


When the c crystal of single domain was 
observed by the polarizing microscope with a 
simple low temperature stage, two crystallo- 
graphic changes were found at about 17°C 
and —40°C on cooling (Photo. 1). Below 
17°C the crystal has the domain structure 
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whose walls are (010) twin planes, and its 
colour changes from green to light green. 
The difference of extinction between two 
neighbouring domains is about 6°. When the 
crystal was viewed along a axis it was found 
that the difference of extinction between 
neighbouring domains is about 14°. The 
relations of extinction directions and crystal 
axes are shown in Fig. 1. 


(b) 
Extinction positions of the neighbouring 
domains in the triclinic phase when viewed 
along (a) ¢ axis and (b) a@ axis. 


Kiggale 


The second remarkable change occurs at 
about —40°C. The crystal becomes to be 
almost colourless and transparent and shows 
usually a very fine (010) twinning. This 
transition corresponds to —50°C transition 
reported by Matthias”) and other workers.® 
The extinction position rotates about an an- 
gle of 45° from that in higher temperature 
phase, and the symmetrical extinction was 
observed in the low temperature phase. This 
symmetrical extinction was one of the reasons 
that this low temperature phase had been 
supposed to be trigonal, but Iwai‘ pointed 
out first that if viewed along 0 axis extinc- 
tion is not symmetrical but nearly parallel to 
It was confirmed again in our 
It is evident from this optical 


@ or C axis. 
observation. 
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observation that the crystal is not trigonal. 
The observed changes of the extinction 
position at the two transition points can be 
explained by the assumption for the changes 
of crystal symmetry, that at 17°C the mono- 
clinic pseudocubic unit cell changes to tricli- 
nic pseudocubic by small shears in the (100) 
and (001) planes, and below —40°C a axis 
length becomes equal to 0} axis length and 
the new cell is monoclinic with its three 


axes in the directions [110], [110] and [001] 
relative to the pseudocubic cell. These as- 
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sumptions are supported by a X-ray investi- 
gation as described below in detail. In the 
following let us call these three phases, 
350°C-17°C, 17°C-—40°C and —40°C-, as the 
room temperature phase, the triclinic phase 
and the low temperature phase, respectively. 

The two transitions near 17°C and —40°C 
can be clearly observed showing a thermal 
hysteresis in the single domain crystal, but 
the phase transitions of multidomain crystal 
are rather complicated. When the c crystal 
of multidomain is cooled down from room 


Photo. 1. Three phases of WO; observed between 
crossed nicols. 

(a) Room temperature phase (30°C). Only one 
(100) wall is seen near the right corner of 
the crystal. 

(b) Triclinic phase (10°C). The irregular 
boundary corresponding to the above (100) 
wall is seen. 

(c) Low temperature phase (—55°C). 


Photo. 2. Process of the phase transition in a 
multidomain crystal. 
(a) Room temperature phase (30°C). 
(b) Coexistence of the room temperature phase 
and the triclinic phase (— 20°C). 
(c) Complicated domain structure of the low 
temperature phase (—50°C). 
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temperature, the triclinic phase frequently 
appears below 17°C at first at the edge of 
the crystal and grows step by step at the ex- 
pence of its neighbouring domains with de- 
creasing temperature, but often the growth 
of the triclinic phase seems to be hindered 
by (100) domain walls and then the (100) 
wall changes to a zigzag boundary between 
the triclinic part and the monoclinic part. 
Below 0°C a few narrow stripes with (100) 
domains of the triclinic phase, which run 
across the monoclinic part at an angle of 
about 60° with (100) wall, often appear in 
the interior part of c surface and grow in its 
length with decreasing temperature (Photo. 
2(b), 3), and then a sudden change to the 
ordinary large triclinic part with (010) twins 
is sometimes observed. The crystal trans- 
forms to the low temperature phase near 
—40°C, and so the apparently direct transi- 
tion from the room temperature phase to the 
low temperature phase is observed in some 
part of the crystal. Then obtained domain 
structure of low temperature phase is the 
complicated one. An example of such pro- 
cess is Shown in Photo. 2. 


stripes 


triclinic 


Photo. 3. Fine structure of 


(220°C): 


When the crystal is heated up from the 
stage as shown in Photo. 2(b), triclinic stripes 
disappear even in the temperature below 0°C 
slowly with increasing temperature, but the 
large triclinic parts with (010) twins do not 
transform to the room temperature phase 
until the crystal is heated up to above Wel ee 
When the triclinic part with (010) twins 
transforms to the room temperature phase, 
we can hardly found (100) domain wall in 
that part and this part can easily transform 
at 17°C to triclinic on cooling. 

The crystal in the low temperature phase 
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always transforms on heating to the triclinic 
phase near —25°C, and transforms to the 
room temperature phase rather gradually in 
a temperature range from 20°C to 30°C. 
After cooling and heating were repeated, the 
multidomain crystal usually breaks up into 
small pieces chiefly because of a remarkable 
volume change at -—40°C transition, and 
each piece has a relatively simple domain 
structure and transforms to triclinic at 17°C 
on cooling without complexity. 

On account of the complexity of the phase 
transition of multidomain crystal, the single- 
domain crystal must be used in many cases 
for the study of this material below room 
temperature. 


§ 4, 

In order to investigate the symmetry 
changes of WO; below room temperature, 
rotation- and oscillation-photographs of single- 
domain crystals, in which a, 0, and c axes 
are vertical, were taken by using Nickel fil- 
tered CuKa@ radiation at about 30°C, 10°C, 
and —50°C. Obtained crystallographic data 
in each case are shown in Table I. The de- 
tailed analysis of the crystal structure of 
WO; in the room temperature phase will be 
reported in another paper.'” 


X-ray Investigation 


Table I. Crystallographic data of WO3. 


1) Room temperature phase (at 30°C) 
Monoclinic unit cell containing eight molecules: 
a=7.30A, b=7.53A, c=7.68A, @=90°54! 

2) Triclinic phase (at 10°C) 

Triclinic unit cell containing eight molecules: 
a=7.30A, b=7.52A, c=7.69A 
a=88°50', B=90°55’, 7 =90256! 

3) Low temperature phase (at —50°C) 
Triclinic unit cell containing eight molecules: 
@21.38A, 9 b=7.38A, te = 7.67 
a! =88°48', (SUA a ily 
Monoclinic unit cell containing four molecules: 
a=5.27A, b=5.16A, ce=7.67A, B=91°43' 


Among the lattice parameters of the tricli- 
nic phase at 10°C, the values of a, 6, c and 
8 are almost the same as those of the room 
temperature phase, and @ and 7 show slight 
deviations from 90°. The reflections in the 
first and third layer lines of rotation photo- 
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graphs for c vertical are very weak as in the 
room temperature phase. According to our 
preliminary analysis, the positions of tungsten 
atoms in the triclinic phase expected from 
Patterson projections along a and b axes are 
very similar to those in the room tempera- 
ture phase. The detailed structure analysis 
is not easy owing to its triclinicity. 

For the low temperature phase let us as- 
sume for convenience an unit cell with its 
three axes a’, b’ and c’ parallel to those of 
the triclinic phase and the room temperature 
phase, then a’ axis length is equal to 0’ axis 
length but c’ axis length is longer than those 
and so the low temperature phase can not be 
trigonal. For the confirmation of the relation 
a —b’, reflections of (840) (480) and (820) (280) 
were taken on the same film, but any split- 
ting of each spot could not be found. All of 
the observed reflections could be indexed by 
the monoclinic unit cell whose dimensions 
are shown in Table I. Of course it can not 
be determined only from this fact whether 
the low temperature phase has a monoclinic 
symmetry or a triclinic symmetry in which 
a’ is equal to b’ by chance. But taking into 
account the fact that by the microscopic 
observation the symmetrical extinction was 
found in this phase if viewed along c axis, it 
may be concluded that the low temperature 
phase has a true monoclinic symmetry. Fig. 
2 shows the relation of triclinic axes and 
monoclinic axes in the low temperature 
phase. 

The calculated unit cell volumes of each 


Fig. 2. Orientation of monoclinic axes (a, b, ce) 
relative to triclinic axes (a’, 0’, c’) in the low 
temperature phase. 
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phase are 422.1A* (30°C), 421.9A%(10°C) and 
417.5A3(—50°C), in which the value of low 
temperature phase is the one for triclinic 
unit cell (a’, b’, and c’). These values sug- 
gest the remarkable volume contraction at 
—40°C transition. The volume difference 
between 30°C and —50°C estimated from the 
result of Hirakawa’s dilatometry® is about a 
half of calculated value, but Sawada® obtain- 
ed a larger volume change, exact value of 
which was not shown in his paper. The 
discrepancy of his value from X-ray data 
may be small. 


§5. Thermal Properties and Complicated 
Phase Transition 

The differential thermal analysis was per- 
formed from —60°C to 80°C in vacuum, and 
the heating rate was about 5°C/min.. About 
lcc of small crystals, each of which had a 
dimension of about 1mm’, were used for 
sample after the repeated heat treatments of 
heating and cooling between 50°C and —60°C 
in order to avoid the difficulty of the com- 
plicated phase transition near 17°C as much 


Deflection of galvanometer 


=A0 i =20 [e) 20 
Ternperature (°C) 


Fig. 3. Differential thermal curve of WO3;. 


40 60 80 


as possible. Fig. 3 shows an obtained dif- 
ferential thermal curve, in which there are 
two endothermic peaks except an anomaly at 
0°C caused by moisture of standard material 
(NaCl), a remarkable peak near —25°C and 
a small and broad peak near 20°C. The for- 
mer certainly corresponds to the above 
described low temperature phase transition 
and the latter seems to correspond to the 
17°C transition. Judging from the differential 
thermal curve, the specific heat anomaly at 
—40°C transition seems to be larger than 
that reported by Sawada.) A more accurate 
measurement of the specific heat is desirable. 
On the contrary the specific heat anomaly at 
17°C transition may be relatively small. 
Then the difference between the free energy 
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of the room temperature phase and that of 
the triclinic phase is to be small and, as 
described below, the phase transition of 
multidomain crystal may be strongly affected 
by several factors. It seems that this is the 
reason of the complicated appearance of this 
phase transition. 

Fig. 4 shows two possible ways of displacive 
transformation from the room temperature 
phase to the triclinic phase in which three 
axes hardly change in length, and in case (a) 
the transition takes place mainly by small 
shears in (100) and (001) and in another case 
(b) the shear in (010) is also necessary for 
the transition. It is reasonable to assume 
that the case (b) is more difficult to take 
place than the case (a). In fact, it was as- 
certained by X-ray method that only the 
transition of case (a) takes place reversibly 
by heating and cooling in the single-domain 
crystal. For the successive growth of the 
triclinic part without (100) domain wall in 
the multidomain crystal, it is necessary that 


Tricli. 


Monocli. 


Fig. 4. Two possible ways of displacive trans- 
formation from the room temperature phase to 
the triclinic phase. 
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the transition proceeds at the expence of its 
neighbouring domains alternately in two 
ways (a) and (b), in which (b) is difficult to 
take place. This may be the reason why the 
transition does not proceed smoothly but the 
transition process is often hindered by (100) 
domain walls. If each (100) domain of multi- 
domain crystal transforms to the triclinic 
phase with (010) twin in the way (a), it is 
evident from the lattice constants of the 
triclinic phase that the coherency is not 
satisfied at (100) domain wall. Then the 
strain energy is large, and such transition 
can hardly take place in multidomain crystal 
with fine (100) domains, but it was observed 
in the crystal with a few relatively large do- 
mains. If each (100) domain transforms to 
single domain of the triclinic phase, then 
(100) domains will be observed in the triclinic 
phase. But such transition was observed only 
in a few cases. This fact suggests that the 
wall energy of (100) domain may be larger 
than that of usually observed (010) domain in 
the triclinic phase. Further, when one part 
of the crystal of the room temperature phase 
transforms to triclinic, a certain stress dis- 
tribution occurs around the triclinic part ow- 
ing to the lattice deformation, and the strain 
energy in the crystal increases. But such 
stress distribution will be favourable to the 
transition to the triclinic phase in some part 
of the crystal. The stripes of the triclinic 
part in Photo. 2(b) and 3 might be due to 
such stress distribution. Of course the phase 
transitions may be also affected by the other 
factors beside these, for example, interfacial 
energy between two phases, residual internal 
stress, electrostatic energy if the crystal is 
polar and so on. 


§6. Electrical Conductivity 


The specific resistivity in the direction of a 
axis of single-domain crystals was measured 
from 100°C to —70°C. Measurements were 
performed in vacuum by the usual D. C. 
potentiometer method. Au was evaporated on 
the crystal as current electrodes and potential 
probes. Evaporated Au electrodes have usual- 
ly a considerable contact resistance with 
sample and show the rectifying characteristic 
as well as the pressed platinum electrodes 
used by Sawada and Danielson.” Therefore 
when the voltage was reversed, the current 
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changed by several tens percent in some 
cases, but it was ascertained that the calculat- 
ed resistance between potential probes was 
almost the same, and so measurements were 
performed in a definite direction of voltage. 
Applied voltage across the crystal was about 
0.1 volt between 100°C and the lower transi- 
tion point, and below it about 0.5 volt. Fig. 
5 shows the specific resistance versus tem- 
perature curve of a crystal (breadth 1.18mm, 
thickness 0.31 mm, interval between potential 
probes 1.7 mm, length between current elect- 
rodes 4.4mm). Above room temperature the 
specific resistance increases with increasing 
temperature in a similar way as was report- 
ed by Sawada and Danielson. But the abso- 
lute value at 30°C, 0.39 ohm cm for the above 
crystal, is slightly larger than their value. 
Below room temperature it shows two ano- 
malies at about 17°C and —40°C on cooling. 
Below —40°C the specific resistance becomes 
more than ten times larger than that above 
this temperature. The steep increase below 
—40°C is not due to the gradual phase tran- 
sition. It was ascertained by the microscopic 
observation that the transition of this crystal 
took place completely at about —40°C., 


(ohm cm) 


Specific resistivity 


“50 45 


40 ao 3.0 CXS) 
Vr X10 (°K) 


Fig. 5. Specific resistivity versus temperature 
curve of a single domain crystal. 


Below —40°C WO; may be a typical impurity 
semiconductor. 

Dielectric constant of the single crystal of 
WO; is very high (several thousands at 
1M.C.) at room temperature and suddenly 
decreases to several hundreds near —40°C.12).1% 
If the dielectric property of WOs is closely 
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related to the electrical conductivity as point- 
ed out by Sawada, the sudden change of 
both properties at —40°C transition is worthy 
to notice, and suggests a change of electronic 
structure. Concerning to this point, it is ex- 
pected from the inspection of X-ray photo- 
graphs that the crystal structure of the low 
temperature phase is considerably different 
from that of the room temperature phase and 
the triclinic phase. Especially reflections of 
the first and third layer lines of c vertical 
rotation photographs are fairly strong. This 
fact shows that tungsten atoms arranged 
parallel to c axis displace considerably in each 
other. A detailed structure analysis of the 
low temperature phase seems to be important 
as a basis of discussions about the dielectric 
and conductive properties of WOs. 
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The following results were obtained from 
this study: 

(1) WO; has a triclinic phase between the 
monoclinic phase above about 17°C and the 
low temperature phase below about —40°C. 
The low temperature phase, which has been 
supposed to be trigonal, has a monoclinic 
symmetry. The lattice constants of each 
phase are shown in Table I. 

(2) Two phase transitions near 17°C and 
—40°C can be clearly observed in the single 
domain crystal showing a thermal hysteresis 
in some extent, but the phase transitions of 
multidomain crystal show a complicated ap- 
pearance, because the 17°C transition may 
be strongly affected by several factors, 
strain energy, domain wall energy etc., ow- 
ing to the small difference between free 
energies in the room temperature phase and 
the triclinic phase. 

(3) A small specific heat anomaly at 17°C 
transition and a considerable anomaly at 
—40°C transition are expected from the dif- 
ferential thermal curve. 

(4) Electrical resistivity decreases with 
decreasing temperature in the room tempera- 
ture phase and increases slightly at 17°C 
transition. It becomes more than ten times 
larger at —40°C transition and then shows a 
steep increase with decreasing temperature. 
The sudden increase of resistance at —40°C 
may be related to the considerable change of 
crystal structure expected from X-ray study. 


Summary 
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Crystal Structure of Monoclinic Tungsten Trioxide 


at Room Temperature 


By Sigetosi TANISAKI 
Faculty of Literature and Science, Yamaguchi University 
(Received November 27, 1959) 


The crystal structure of tungsten trioxide at room temperature has 
been studied by the X-ray oscillation method. The crystal has a mono- 
clinic unit cell with a=7.30A, b=7.53A, c=7.68A and 6=90°54!, 
containing eight molecules of WO3. c¢ axis length is as twice as the 
values reported by the other authors. The space group is P2;/n. The 
structure analysis was performed by trial and error based on inspection 
of the Patterson projections along a and ¢ axes. The arrangement of 
tungsten atoms is similar to the structure reported by Braekken. The 
positions of oxygen atoms, which had been determined hitherto mainly 
from packing considerations, could be obtained directly from the weak 
reflections with odd index J. According to the obtained structure the 
crystal is antipolar in the directions of a, b and ¢ axes. 


§1. Introduction this value and having the space group Ci. 

Ever since tungsten trioxide, WO:, was He determined the positions of the four tung- 
first reported to be a ferroelectric by Naga- sten atoms in the unit cell. But this struc- 
sawa” and Matthias”, many investigations» -® ture corresponds to the monoclinic symmetry 
have been carried out about the properties of of space group P2,/a as pointed out by 
this material. The crystal structure of WO; Anderson®, who confirmed again the Braek- 
in the room temperature phase was studied ken’s structure. On the other hand, the 
at first by Braekken’”, who described the structure analysis was also carried out by 
structure as being triclinic (pseudomonoclinic) Ueda and Kobayashi” from a study of the 
having two angles very nearly equal to 90° Patterson projections. In spite of the con- 
and the third showing a slight deviation from _ sistence of the space group P2,/a, the atomic 
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arrangement of the Ueda and Kobayashi’s 
structure is different from that of the Braek- 
ken’s structure. According to Ueda and 
Kobayashi, the displacements along c direc- 
tion of W atoms arranged parallel to b axis 
are in alternate sense, but W atoms arranged 
parallel to a axis displace in the same sense 
along c direction. On the contrary, in Braek- 
ken’s structure the displacements along c 
direction of W atoms are in alternate sense 
in both a and 6 directions. Kehl et al.‘ 
studied the crystal structure of this material 
in tetragonal phase above 740°C by X-ray 
powder method and obtained the structure 
with the same feature as Braekken’s type. 

In order to investigate the mechanism of 
dielectric anomaly of this material it is very 
important to determine the correct crystal 
structure. In this work, a detailed X-ray 
analysis of room temperature monoclinic phase 
of WO; was carried out. 


§2. Experimental Procedure 

Oscillation photographs by 30°, in which a, 
b and c axes are vertical, were taken with 
Ni filtered CuKa@ radiation. Single crystals 
of WO; were grown by the method previously 
reported’. Relatively large single-domain 
crystals can easily be obtained from them by 
the appropriate external stress!”. Needle- 
shaped single-domain crystals with rectangular 
cross section in which @ was parallel to the 
needle axis were prepared by cleavage in 
(010) from a large single-domain crystal. One 
of them was used for a vertical oscillation 
photographs. Then by cutting another needle 
crystal in (100), a single-domain crystal suit- 
able for c vertical oscillation was obtained. 
The crystal for b vertical oscillation was ob- 
tained by the following method. Several 
crystals in which a axis was parallel to needle 
axis were heated up to the tetragonal phase 
over 740°C, and then cooled down to room 
temperature. Then by chance the needle 
axis changed from a to b, but in this case it 
was not easy to obtain the single domain 
crystal by the external stress owing to its 
very minute dimension, so that the multi- 
domain crystal was used for b vertical oscil- 
lation. Crystals used in this experiment have 
approximately uniform rectangular cross sec- 
tions, which can be determined accurately by 
microscopic measurements. The cross sec- 
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tions of each crystal are as follows: 


73x 382 (length about 2 mm) 

for a vertical, 
70x 732 (length about 1.5 mm) 

for 5 vertical, 
171 x 2362 (length about 0.2 mm) 

for c vertical. 


Intensities were visually estimated using the 
multifilm technique with an intensity scale 
only for the equator reflections of each film, 
because it is only in these cases that a reli- 
able absorption correction could easily be ap- 
plied according to the graphical method re- 
ported by Howells'®?. The linear absorption 
coefficient of WO; for CuKa@ radiation was 
calculated to be »=1005cm-! from atomic 
absorption coefficients. As for the crystal 
used for b vertical, in order to take account 
of the effect of domain structure, the follwing 
device was used for the determination of re- 
flection intensity from oscillation photographs. 


(b) 


Fig. 1. (a) Schematic representation of multi- 
domain crystal with walls of (100) twin planes. 
(b) Single-domain crystal corresponding to (a). 


The crystal was composed of two kinds of 
domains, A and B, twinned by (100) as shown 
in Fig. 1(a) schematically. Let us imagine 
the corresponding single-domain crystal of A 
domain only as shown in Fig. 1(b), in which 
the part A: corresponds to the domain B, of 
the multidomain crystal, and compare the re- 
flections from each crystal. The external 
forms of both crystals are almost the same, 
for the crystal is monoclinic and 8 is nearly 
equal to 90°. Therefore, when we consider 
the directions of incident and reflected beams 
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it is evident that the effect of absorption for 
(h0l), reflection from the part A: of single- 
domain crystal is not equal to that for (h0/)p 
reflection but nearly equal to that for (h0/)p 
reflection from the domain B: of multidomain 
crystal. Accordingly in order to obtain the 
intensity of (10/) reflection, we must sum up 
the intensities of (h0/),4 from A domains and 
that of (h0/)g from B domains and then apply 
the usual absorption correction to the sum- 
mation. 

The structure analysis was performed by 
trial and error method based on inspection of 
the Patterson projections along a and c axes. 
The corrections of temperature factors and 
the effects of extinction were ignored. For 
the scattering factors of the atoms involved, 


172 2000 1000 _o Onto Q 1000 


x 


(b) 


Fig. 2. Patterson projections along (a) a axis and 
(b) ¢ axis. Contour lines are in arbitrary scale. 
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the values tabulated in the Internationalle 
Tabellen (1935) were used. 


§3. Structure Analysis 


1) Symmetry and unit cell dimensions 

The observed data require the monoclinic 
structure whose unit cell dimensions calcu- 
lated from the back reflections of (092), (920), 
(804) and (804) are 

Z= (OU A, D=7.53 A; c=7.68 A 

and B=90°54’, 

and unit cell contains eight molecules of WQs. 
These values are in good agreement with 
the results of the other investigators? —”.', 
except that the c axis length is as twice as 
the other’s values. Single crystal rotation 
photographs for c axis show quite clearly 
weak first and third order layer lines for c 
axis of 7.68 A. The reason for the discrepan- 
cy of c axis length is not clear, but the crys- 
tal obtained by Sawada and Danielson®, 
which was kindly offered by Sawada, has the 
same twice length of ¢ axis. 


O:W, (IAtax,,ay,,|4422,) 
QO: Woll4+4x2,4Y2, 3/444 2p) 


@: superposition of 
W, and We 


(I) 


O:W, (Atax,oy,.42)) 


Q@: Wa(I/4+4x%,4Y,1/2+4Z5) 


@: superposition of 
W, and We 


Fig. 3. Two types of possible arrangements of 
W atoms from inspection of Patterson pro- 
jections. 
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Reflections (40/) were all absent when h+/ 
=2n-+1, and reflections (0k0) were all absent 
when k=2n+1. These absences are charac- 
teristic of the space group P2:/n—C3,. 


2) Atomic positions 

Patterson maps for the projections along a 
and c axes shown in Fig. 2 were calculated 
from (Ol) and (hk0) reflections in order to 
get the informations as to the positions of 
heavy tungsten atoms. It is impossible to 
get informations relating to W-O distances 
and O-O distances from Patterson maps, for 
the oxygen atoms are too light compared 
with tungsten atoms. Taking consideration 
of the space group P2:/n, there are two 
models of the possible arrangements of W 
atoms from the inspection of Patterson maps, 
which are shown in Fig. 3. The approximate 
parameters of W atoms are as follows: 


model (1) 1=1/44+4m, dy, 1/44+4a 
W2=1/4+4x2., Aye, 3/4+4z 
model (IT) Wi=1/4+4mu, dy, dz 
W2=1/4+4%., Aye, 1/2+4z2 
and in each model 4x:+0, 4%2+=0, 4dyi=dyo= 


0.03 and d4z+4z,.=0.03. If the relations 
Ax1=Ax2=0, 4yi=Ay2 and 4z:=A4z. are strictly 
satisfied, both models correspond to the iden- 
tical structure of Braekken’s type in so far 
as the arrangement of W atoms except the 
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translation of the origin of 1/4 along z direc- 
tion. Since the observed reflections with odd 
index ] are very faint, they may be ignored in 
the first stage and it is assumed to be 4m= 
An=0, 4yi=Ay2e=Ay, Au=Am=Az. Then 
parameters of W atoms were calculated by 
trial and error using the disagreement factor 
R=(3||Fo|—|Fell)/S|Fo] as a criterion. The 
scale K for Fo is established by K=2|Fe| 
/S|Fo|. In this calculation the positions of O 
atoms were assumed to be half way between 
neighbouring W atoms in accordance with 
Braekken’s assumption. Obtained values of 
Ay and dz are as follows: 


4y=0.030 , 4z=0.033 . 


The weak reflections with odd index / must 
be taken into consideration in the next stage. 
Then there are two cases; case (1) in which 
the arrangement of W atoms is just equal to 
that above described and the reflections with 
odd indel / are due to O atoms only, and case 
(2) in which W atoms show the small dis- 
placements from the arrangement above de- 
scribed. The intensity contribution of O atoms 
to the reflections which have relatively large 
values of sin 6/4 is to be small. But among 
such reflections with odd index 7 there are 
rather strong ones, for example (507) and 
(075). Therefore the case (1) should be ex- 
cluded. 


Table I. Comparison between calculated and observed structure factors of (Okl). 


Okl 


|Fe| | Fo| Okl | Fel | Fo| Okl | Fel | F'o| Okl |F'.| | Fo| 
002 942 502 023 25 25 042 301 296 063 32 23 
004 381 407 024 283 268 043 35 30 064 110 100 
006 138 141 025 10 15 044 228 195 065 15 — 
008 14 = 026 92 91 045 16 23 066 40 48 
027 17 15 046 93 OE 
O11 a = 028 34 22 047 26 26 071 23 22 
012 33 45 072 119 128 
013 12 — ~ |» OB 16 a, 051 16 18 073 av 17 
014 58 76 032 87 102 052 115 136 074 211 219 
015 11 = 033 23 20 053 14 — 075 52 50 
016 59 87 034 153 141 054 203 184 076 245 242 
017 2 = 035 31 32 055 27 31 
018 57 78 036 161 171 056 224 238 080 31 41 
019 11 = 037 20 17 057 18 17 081 4 — 
038 150 Al 082 19 30 
020 550 511 060 184 184 
021 18 20 040 393 405 061 19 19 091 20 20 
022 381 348 041 25 29 062 144 121 
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When small displacements of W atoms are found that for the model (II) the calculated 
considered, the models (I) and (II) in Fig. 3. intensities for (AOL) and (Ok/) reflections with 
correspond to the different structures. It was odd index ] were out of agreement with the 


Table II. Comparison between calculated and observed structure factors of (h0l). 


ees | hot Fol Fol | AOL (Fel Sel | AOL SOI, Fl 
002 542 478 208 20 — 402 411 383 | 606 92 118 
004 381 370 404 296 265 
006 138 160 202 411 All 406 122 155 701 12 = 
008 14 = 204 314 299 703 31 28 
206 118 145 501 9 = 705 24 16 
101 3 — 208 14 = 503 52 49 
103 44 67 505 46 4l 701 13 = 
105 46 61 301 23 30 507 66 83 703 18 24 
107 54 69 303 18 24 705 8 = 
109 50 39 305 10 20 501 10 = 
307 29 39 503 37 35 800 315 290 
101 1 = 505 10 = 802 282 271 
103 21 41 301 25 34 507 14 26 
105 3 = 303 0 es 802 285 287 
107 6 = 305 30 32 600 351 362 804 202 202 
109 14 24 307 27 18 602 296 337 
604 216 238 901 3 = 
200 571 508 400 508 464 606 85 102 
202 402 390 402 403 404 901 2 = 
204 305 288 404 290 254 602 301 297 
206 110 139 406 111 121 604 222 224 


Table III. Comparison between calculated and observed structure factors of (hk0). 


hkO | Fel | Fol hkO | Fel | Fo] hkO | Fel | Fol hkO | Fe} | Fo| 
020 550 537 240 299 315 420 422 433 630 2 [de 
040 ©398-—S 383 250 1 ar 430 2 2 640 248 251 
060 184 190 260 153 150 440 315 290 650 1 BS 
080 31 40 270 0 LPs 450 2 i 060 126 116 
280 19 32 460 161 150 
110 2 fea 290 1 # 470 1 xe 710 7 a 
Py 172. 4 213 720 #116 131 
130 2 a 310 5 Res 510 6 iz 730 8 i 
140 329 360 320 156 195 520 137 163 740 207 199 
150 2 2 330 6 2 530 8 Bs 750 10 im 
160 311 328 340- 202 285 540 245 247 
170 3 re 350 7 = 550 9 z 800 315 308 
180 322 290 360 297 308 560 277 283 810 0 Ls 
190 2 pe 370 8 i 570 9 i 820 300 256 
380 307 303 830 0 = 
200 571 525 600 351 371 840 220 172 
210 1 = 400 508 485 610 1 ar: 
220 417 433 410 1 i 620 323 340 910 7 ie3 
230 2 = anlar zs 4 
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observed intensities even if the contribution 
of O atoms was taken into account, and so 
the model (I) was adopted. 

The contribution of W atoms for the reflec- 
tions with odd index / is so small that the oxy- 
gen contribution is generally a comparable 
order with them. Therefore, in order to 
calculate the structure factors, the arrange- 
ment of O atoms must be taken into account. 
In other words, the positions of O atoms, 
which had been determined mainly from pack- 
ing considerations, could be obtained directly 
from X-ray reflections. Atomic coordinates 
in fractions of the cell edges obtained by trial 
and error are as follows: 
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W: = 1/4—0.003 0.033 3/4+0.031 
Out 0 0.025 1/4—0.030 
Oz2 0 1/2—0.025 1/4—0.030 
Oy 1/4+0.040 1/44+0.040 1/44+0.015 
Oy. 1/4—0.040 1/4+0.040 3/4—0.015 
Ou  1/4+0.030 0.040 0.030 
Oz  1/4+0.030 1/2—0.010 —0.030 
Among these values, y coordinates of Oz1 


(4y:) and Oz (1/2—Ay2) and x coordinates of 
Oy (1/4441) and Oye (1/4—4%x2) could not be 
determined only from the intensities of equa- 
tor reflections with odd index 7. From the 
equator reflections it was only concluded that 


W.~ 1/4+0.002 0.026 1/4+0.035 4yi=4y2 and 4%1=4x2. Since the quantitative 
Table IV. Comparison between calculated structure factors and observations of (hkl). 
hk1 |F.| obs. hkl |F,| obs. hkl |F.| obs. hkl |F.| obs. 
111 2 = 241 26 es 471 35 -+ 611 26 “+ 
121 4 = 251 18 = 621 14 os 
131 43 “+ 261 19 = 411 18 - 631 31 + 
141 22 “+ 271 10 = 421 17 = 641 20 = 
151 26 ++ 281 4 = 431 28 ~ 651 ih - 
161 39 “+ 441 24 = 661 15 am 
171 20 ++ 311 33 - 451 14 = 
181 53 ++ 321 25 a 461 18 - 711 25 “+ 
331 5 = 471 11 = 721 8 = 
111 12 = 341 33 = 731 12 ~ 
121 8 = 351 22 “+ 511 24 “+ 741 26 + 
131 1 = 361 43 rs 521 13 = 751 38 + 
141 24 fF 371 23 f 531 16 2. 
151 6 + 381 53 “+ 541 25 = 711 28 “b 
161 4l - 551 6 = 721 6 - 
Ti 1 = 311 40 oe 561 38 “+ 731 18 - 
181 51 - 321 14 =. 741 16 - 
331 24 es 511 28 -té 751 44 ++ 
211 19 # 341 10 =. 521 2 a 
221 14 4 351 46 ms 531 1 “4 811 40 + 
231 40 fe 361 32 - 541 15 =. 821 12 = 
241 23 s 371 40 -ff 551 21 = 831 47 fe 
251 12 ze 381 48 F 561 32 a 
261 18 4 811 30 + 
271 31 fk 411 31 “+ 611 36 “+ 821 13 - 
281 10 J 421 14 4 621 13 - 831 37 + 
431 48 4 631 48 fb 
211 7 43 441 ot = 641 20 SS 
221 19 nae 451 11 a 651 13 wd 
231 11 = 461 18 = 661 18 za 


-+-=observed reflection, 


—=absent reflection. 


SS 
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estimations of observed structure factors of 
(hk1) and (hk3) reflections were not easy ow- 
ing to the complexity of the absorption cor- 
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Fig. 4. Schematic projection of the room temper- 
ature monoclinic structure of WO; along a axis. 
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rection, 4y: (=Ay2) and 4x: (=4x2) were deter- 
mined in the way that the calculated structure 
factors F, for the observed reflections in the 
first and third layer lines of c vertical oscil- 
lation photographs of almost the same ex- 
posure are on the whole larger than the F, 
for the absent reflections in these layers. 

The schematic projection of the obtained 
structure along a axis is shown in Fig. 4. 
Tables I, II and III show the comparison be- 
tween observed and calculated structure fac- 
tors of (Ok/), (h0/) and (hk0) reflections respec- 
tively. R factors are 0.088, 0.092 and 0.065 
in each case. Tables IV and V show the 
comparison between calculated structure fac- 
tors and observations for (hk1) and (hk3) re- 
flections. 


§ 4. Discussions 

The crystal structure obtained is similar to 
the Braekken’s structure. W atoms arranged 
parallel to a@ and b axes displace almost along 


Table V. Comparison between calculated structure factors and observations of (hk3). 


hk3 |F.| obs. hk3 |F.| obs. hk3 |F,| obs. hk3 |F| _ <-obs. 
113 18 + 213 12 + 423 27 = 543 40 -+ 
123 30 + 223 18 = 433 39 + 553 8 = 
133 17 + 233 8 = 443 43 + 563 44 “+ 
143 il - 243 26 - 453 18 be 
153 0 * 253 2 - 463 38 + 613 24 + 
163 25 + 263 21 - 473 36 + 623 24 “+ 
£73 4 _ vives 18 - 633 40 re 
183 35 + 413 7 be 643 38 fF 
313 33 + 423 11 = 653 14 = 
113 8 - 323 10 - 433 4 = 
123 26 + 333 1 - 443 16 = 613 2 = 
133 14 = 343 9 - 453 24 - 623 2 = 
143 33 + 353 30 + 463 11 = 633 10 = 
153 17 _ 363 29 + 473 12 ~ 643 8 = 
163 30 + 373 ra) + 653 18 = 
173 20 = 513 a + 
183 39 + 313 20 = 523 Al + 713 19 = 
323 6 “ 533 13 = 723 24 - 
213 12 ie 333 6 = 543 15 u 733 6 5 
223 30 fe 343 19 = 553 10 n=: 743 10 = 
233 34 fe 353 19 Ee 563 12 = 5 
243 44 23 363 34 + 713 24 - 
253 9 = 373 14 = 513 19 f- 723 20 = 
263 AO an 523 37 ++ 733 11 — 
273 35 “ 413 17, — 533 8 - 743 27 F 


--=observed reflection, 


—=absent reflection. 
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c axis in alternate sense but W atoms arranged 
parallel to c axis show only a very little dis- 
placement in each other. The locations of 
W-W peaks in the Patterson map projected 
along a axis expected from the Ueda and 
Kobayashi’s structure are entirely different 
from those in Fig. 2 (a), though the expected 
peaks in the projection along c axis are in 
accordance with those in Fig. 2(b). The 
intensity relation J(0/)>J(h0l) for even index 
1 which was pointed out by them as one of 
the grounds of their structure is also satisfied 
by our structure. Therefore it seems that 
the Ueda and Kobayashi’s structure is unlike- 
ly, and then the inconsistency with the struc- 
ture of high temperature phase reported by 
Kehl ef al. can be excluded. 

There have been many reports in relation 
to the ferroelectricity or antiferroelectricity 
of this material. But owing to the high elec- 
tric conductivity, the accurate dielectric meas- 
urement is very difficult and it has not been 
determined whether WO; is ferroelectric or 
antiferroelectric at room temperature. Of 
course it is impossible to determine the ferro- 
electricity or antiferroelectricity from the 
crystal structure alone, from which we can 
only determine whether the crystal is polar 
or nonpolar. According to the structure above 
determined, WO; is a nonpolar crystal with 
centers of symmetry, and so it can not be 
ferroelectric or ferrielectric at room tempera- 
ture. 

In relation to the antiferroelectricity, it is 
interesting to examine the W-O distances. 
The crystal is composed of two kinds of WOs 
octahedra, one of which has a W; atom in its 
center and another has a Wz atom. The unit 
cell contains eight octahedra, four of one 
kind and four of another kind. These octa- 
hedra are arranged in the crystal in such a 
way that a shorter distance and a longer one 
are linked alternately in any of three direc- 
tions parallel to a, 6 and c axes as shown in 
Fig. 5 and in this sense we may say that the 
crystal is antipolar along the a, b and c direc- 
tions. The differences between the longer 
distances and the shorter ones along a and b 
axes are considerably larger than that along 
c axis. Therefore, if the crystal is antiferro- 
electric at room temperature, it is probable 
that the polar axis is parallel to a or b axes 
or otherwise it is in the plane (001), though 
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hitherto it has been thought that the polar 
axis may be parallel to c axis. 


In conclusion the author wishes to express 
his hearty thanks to Prof. K. Tanaka of 
Kyoto University for his kind guidance and 
fruitful discussions, and to Mr. H. Onomichi 
for his assistance. This work was supported 
in part by the Grant in Aid for the Funda- 
mental Scientific Research from the Ministry 
of Education. 
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broken lines show the shorter distances and the 
longer ones respectively. 
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The magnetic properties of iron phosphide, Fe.P, were investigated. 
It was found by means of a newly designed apparatus for the measure- 
ment of magnetization that the extrapolated saturation magnetization at 
absolute zero of temperature reaches 66.3 gauss per gram of iron, cor- 
responding to a spin moment of 0.85+0.02 Bohr magneton per iron 
atom. The ferromagnetic Curie point is at 306°K. The Curie-Weiss 
law holds up to 900°K with the paramagnetic Curie point 478°K and the 
effective magneton number is 3.2+0.2. A brief remark is given for 


these data. 


§1. Introduction 


The phase diagram of the iron-phosphorus 
system was hitherto investigated by several 
authors.** Three compounds, Fe;P (15.62% 
P), FeP (21.74% P) and FeP (35.71% P) 
were found in this system. Fe:sP and Fe.P 
were known to be ferromagnetic with their 
Curie points at 693°K and 353°K respectively, 
while the compound FeP showed paramagne- 
tic behavior. The crystal structure of the 
compound Fe,P was investigated by Hagg” 
as well as by Hendricks and Kosting.” Ac- 
cording to their results, FeP has a rather 
peculiar structure as compared with the 


*) Now at the Matsuda Research Laboratory of 
Tokyo-Shibaura Electric Co., Ltd. 

*k) A summary of the metallographical researches 
hitherto reported is given by M. Hansen: (Con- 
struction of Binary Alloys, 2nd Edition (1958), 


692). 


usual ionic crystals. Interatomic distances 
between the anions and cations in the crystal! 
lattice are too short to be understeod from 
the usual conception of ionic radii. As to 
the magnetic properties, only the Curie point, 
353°K, has hitherto been reported.*?) The 
present paper reports the results of the 
measurements of the saturation magnetiza- 
tion, susceptibility and electric resistance for 
the compound Fe:P, brief data are also given 
for FeP. For the measurement of the satu- 
ration magnetization, susceptibility and electric 
resistance for the compound Fe:P, brief data 
are also given for FeP. For the measure- 
ment of the saturation magnetization, a new- 
ly designed handy apparatus was used. 


§2. Preparation of Specimens 


Specimens in the present experiment were 
prepared by the ceramic method described 
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below. Powders of electrolytic iron (150 mesh) 
with purity of 99.9% were weighed in desir- 
ed proportions, mixed well in a mortar and 
enclosed in evacuated silica tubes. Impurities 
in red phosphorus were mainly water and 
phosphoric acid, which would not introduce 
any appreciable errors to the result of the 
following magnetic measurement. Since the 
boiling point of red phosphorus is 416°C, 
rapid heating of these mixtures above this 
temperature may induce an abrupt explosion 
of the reaction tube, due to the reaction heat 
and the vapour pressure of phosphorus. 
Therefore these mixtures were fired in the 
electric furnace initially at 400°C for 24 hours 
and then heated up to 1000°C at a slow rate 
of 20 degrees per hour. In this way several 
specimens from Fe.P to FeP were prepared. 
The compositions of the specimens were de- 
termined by chemical analysis. They are 
shown in Table I. 


Table I. 


Specimen No. 2 el 3 


Result of = | | 
Analysis 
| | | 


(Guaee percent 
44.5 | 40.1 | 


of phosphorus ) 50.1 | 36.4 | 33.4 


Debye powder photograph was taken for 
the specimen No. 5, i.e., FezP specimen. The 
diffraction line were completely indexed as a 
hexagonal lattice with @=5.852A, c=3.453A, 
and c/a=0.590. The observed line intensities 
also coincided with those derived from the 
proposed structure by Hagg” as well as 
Hendricks and Kosting.” 


§3. Experimental Apparatus 


For the purpose of measuring saturation 
magnetization of the specimens at various 
temperatures by means of an electromagnet, 
a handy apparatus was designed by the 
author. The apparatus is of an induction 
type, the details of which are described 


below. 
2d 
ales 
AX +AX 
Cc ix 


Measuring Principle. 


Fig. 1. 
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A pair of search coils C and C’ are wound 
on the front surfaces of the pole pieces of 
the electromagnet, as shown in Fig. 1. Both 
coils are designed to be exactly equal and 
connected in antiphase series so as to com- 
pensate the induced e.m.f. due to the field 
fluctuation of the electromagnet. The speci- 
men is set on the common axis of the coils, 
and then displaces along the axis. If the 
specimen is regarded as a magnetic dipole 
and if it moves from —4x to +4x along the 
axis of the pair of search coils (as shown in 
Fig. 1), the change of flux 4F passing through 
the coils due to such displacement is given 
by 

AF=kdx 

and 

8 
(a2+d2)5/? fj : 
where a and WN are the radius and the num- 
ber of windings of each coil respectively, m 
is the magnetic moment of the dipole and 2d 
is the distance between the two coils. It can 
also be proved that the correction arising 
from the size of specimen is negligibly small 
as compared with the dipole term shown 
above. Hence, if the induced e.m.f. due to 
the motion of the specimen is measured, then 
the magnetization of the specimen can be 
calculated. 

The detailed parts of the apparatus are 
shown in Fig. 2. A lever, 900mm in length 
hangs on the fulcrum O. The lever is com- 
posed of two parts, the upper side being 
made of brass and the lower side of a quartz 
rod. <A disc-formed specimen S (10mm in 
diameter and 1.5mm in thickness) is attach- 
ed to the bottom of the lower side of the 
lever and moved by a cam K attached to the 
head of the lever. A stopper T of the lever 
is adjustable in accordance with the required 
sensitivity. A phase switch P is of use in 
securing constant conditions for repetitive 
movements of the lever. Search coils C and 
and C’ on the pole pieces of the electroment 
are 26mm in mean diameter and have 600 
windings of enamelled copper wire with 0.1 
mm in diameter. 

Measurements of the magnetic moment at 
liquid nitrogen temperature are made by co- 
vering the specimen container D with a cop- 
per cylinder A, which is cooled by liquid 
nitrogen in a vessel V attached to A. In 


a =24amN.?} 
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this way the temperature of the specimen 
can be kept slightly higher than the boiling 
temperature of liquid nitrogen; intermediate 
temperatures are also reached by adjusting 
the height of vessel V. The measurements 
at high temperatures can be made by use of 
a non-inductive electric furnace. 
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Fig. 2. The newly constructed apparatus for 
measuring saturation magnetization. 
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Fig. 3. Saturation values in arbitrary units of 


various specimens against Fe,P-concentration. 
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Paramagnetic susceptibility above the Curie 
point was measured up to 942°C by a magne- 
tic balance* of automatically recording type. 


$4. Experimental Results 


Magnetizations of various specimens, No. 1 
to No. 5, at the field strength of 10,000 Oe 
and at room temperature are shown in Fig. 
3. The abscissa of the figure is the concen- 
tration of Fe:P. In the figure the magnetiza- 
tion changes linearly with the concentration 
of FeP. 

Now the magnetization of the compound 
Fe,P was measured in various fields with 
varing temperature. For the determination 
of the moment at absolute zero of tempera- 
ture it was assumed that the magnetization 
could be expressed approximately in terms of 
temperature TJ and applied magnetic field H 
as follows: 

a=dau(1—aT*)( 1 se) 
First, in order to show the temperature de- 
pendence of the magnetization, o is plotted 
against 7? for a constant field in Fig. 4. It 
was found that the measured magnetization 
changes almost linearly with the square of 
temperature, and the magnetizations at ab- 
solute zero temperature in various magnetic 
fields can be obtained by extrapolation. In 
Fig. 5, the magnetizations at 0°K thus obtain- 
ed are plotted against the inverse square of 
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Fig. 4. The T? law FeoP. 
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Fig. 5. The curve of o versus H-? of Fe,P. 
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field, which shows that they change also 
linearly with the inverse square of the 
magnetic field. The saturation value at ab- 
solute zero of temperature is determined to 
be (66.341.5) gauss per gram of iron atom, 
corresponding to (0.85-+0.02) Bohr magneton 
and to a spin of (0.85-£0.02)/2 per iron atom. 

The temperature dependence of magnetiza- 
tion of Fe.P is studied under an applied field 
of 10,000 Oe in the region from 87 to 335°K. 
The result is shown in Fig. 6. From this 
curve it can be said that the ferromagnetic 
Curie point is 306°K, in discordance with 
the value reported by Le Chaterier and 
Wologdine® 353°K. 
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Fig. 6. The curve of magnetization vs. temper- 
ature under 10,000 Oe. 


400 600 800 1000 1200 
T’K 
ig. 7. Inverse susceptibility for iron phosphide 
Fe.P. 


The result of the measurement of suscep- 
tibility x7 for Fe,P above the Curie point is 
shown in Fig. 7. Above ca 570°K, the 


susceptibility changes according to the Curie- 
Weiss law; 
oa 1.28+0.06 
NOM teat ai a 
T—(478+10) 
* xmoi refers to one gram ion of Fe, viz., one 
mole of FePo 5. 
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Between the ferromagnetic Curie point and 
ca 570°K, the 1/y—T curve bends upwards as 
like an ordinary ferromagnetic substance. 
From the Curie constant, the number of the 
effective Bohr magneton is found to be 3.2 
+0.2. This corresponds to a spin value of 
(2.4+0.2)/2, provided that the orbital moment 
is quenched. 
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Fig. 8. Inverse susceptibility of FeP per gram. 
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Fig. 9. Electric resistance vs. temperature curve 
of FesP. 


The susceptibility of FeP was measured in 
the temperature range from room tempera- 
ture to 1200°K, and the results are shown in 
Fig. 8. As is shown, the inverse susceptibili- 
ty changes linearly with the temperature so 
that the susceptibility obeys the following 
formula up to 900°K. 


1.46 
T+50 


Above 900°K, the Curie-Weiss law does not 
hold. This is probably due to some phase 
transition present in this range of tempera- 
tures. In the measurements during cooling 
at the rate of two degrees per minute, we 
could find no thermal hysteresis below 900°K. 

Electric resistance was measured from room 
temperature to°424°K; it increases with tem- 


mol 
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perature, as shown in Fig. 9. The specific 
resistivity at room temperature is about 4x 
10-4 ohm cm. 


§5. Discussion 


As was mentioned in the introduction, in- 
teratomic distances in this crystal are fairly 
smaller than would be expected from the ionic 
picture: There are two crystallographically 
different Fe atom positions, Fes and Fe,. 
Fes site is located at the centre of a distort- 
ed tetrahedron, four P atoms occupying its 
vertices, two of which are 2.22A, and the 
other two 2.304 apart from the central atom. 
Another site, Fez, is surrounded by three P 
atoms, two of which are 2.21A, the remain- 
ing one is 2.34A apart from the metal atom. 
Then, if we were to consider the crystal to 
be ionic, e.g. as Fe®+FeP*-, and use Pau- 
ling’s radii,* the shortest /e—P distance would 
be equal to 2.72A, which is far larger than 
any of the interatomic distances in the actual 
crystal mentioned above. That this compound 
cannot be regarded as an ionic crystal is 
also borne out by our magnetic data. Both 
the Curie constant and the saturation magne- 
tization are definitely smaller than those ex- 
pected from the ionic picture. The average 
spin value for iron atoms calculated from the 
former constant is (2.4+-0.2)/2 and that based 
on the latter (0.85-+0.02)/2, respectively, while 
they should be 3.75/2** and 3.5/2, provided 
that the moments of Fe*+ and Fe atoms cou- 
ple ferromagnetically. Of course the satu- 
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ration value could be made smaller by assum- 
ing a ferromagnetic coupling between Fe*+ 
and Fe spins, but the Curie-Weiss behavior 
of the inverse susceptibility data may probab- 
ly rule out this possibility. Hence, the 
magnetic properties may rather be depicted 
better by the collective electron model than 
the ionic lattice picture. The collective 
electron picture may be supported by the low 
electrical resistibility, 4x 10-* ohm cm at room 
temperature. In such a model, the origin of 
small saturation magnetization at low tempera- 
tures might be understood if a relatively 
small exchange energy could be assumed 
between neighboring metal atoms. It may 
be noted that the shortest Fe-—Fe distance in 
the crystal, 2.65A, is only a little longer than 
those observed in metals (~2.54A). 
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The internal friction of transparent natural quartz was measured at 
room temperature with longitudinal vibration in kilocycle range using a 
composite piezo-electric oscillator. Specimens were cylinders axes of 
which took various orientations in the crystallographic YZ-plane. The 
internal friction of specimens parallel to the Y- or Z-axis was small and 
almost independent of the strain amplitude of the vibration, while that 
of specimens with other orientations was rather large and showed mark- 
ed dependence on the amplitude. The experimental results were analyz- 
ed with the theory of dislocation damping based on the pinned-down 
dislocation model. It could be concluded that the internal friction of 
quartz was mainly due to the vibration of dislocations in the slip plane 
parallel to the Y- or Z-axis. The dislocation density in a specimen was 
estimated to be 10?3~10tcm-2. It was also found that the dislocation 
density was reduced by annealing the specimen. The defects pinning 
down the dislocations were assumed to be aggregates of metallic 


impurities. 
§1. Introduction 
There have been some investigations on 
the internal fiction of quartz crystals. 


Artman”, Alers?), Cook et al.®) and Wasilik” 
measured the decrement of quartz bars in 
longitudinal or torsional vibrations, and ob- 
served one relaxation peak at high tempera- 
tures (near 300°C at 36 kc/sec). Some of the 
authors®) interpreted these phenomena as due 
to the stress induced migration of the metallic 
impurity ions in the lattice. Bommel ef al.°, 
King® and White” measured Q* of quartz 
plate vibrating in shear, and revealed the 
presence of two relaxation peaks at low tem- 
peratures (near 21 and 52°K at 5Mc’/sec). 
Mason* discussed that the lower temperature 
peak could be identified with so-called Bor- 
doni’s peak arising from the movement of 
dislocations, while the higher temperature 
peak was originated from the vibration of 
oxygen atoms in the quartz lattice. Fitz- 
gerald®) determined the complex shear com- 
pliance of quartz crystals as a function of 
frequency, and discovered sharp resonance 
dispersions in the audio-frequency range (100- 
5000 c/sec). Some of these resonances may 
be related with the presence of crystal im- 
perfections. 

In the present investigation, the internal 
friction of single crystals of quartz with 


various crystallographic orientations was 
measured as a function of the strain ampli- 
tude of the vibration at room temperature, 
since the systematic measurements of the 
amplitude-dependence have not yet been car- 
ried out. 


§2. Experimental Procedures 


It is very difficult to determine the internal 
friction of quartz, since the value is so small 
that other sources of dissipation of energy 
frequently predominate over the true internal 
loss of the specimen. The resonance method 
is most adequate because of possibility to 
minimize the external losses. The Marx’s 
three-component piezo-electric oscillator 
method® was used in the present experiment. 
The frequency of vibration used was about 
64kc/sec. The details of the experiments 
were similar to those described in the earlier 
paper’. The different situation was that the 
energy loss of the measuring quartz oscillator 
system, being of the order of 10-*, could not 
be neglected in comparison with the internal 
friction of the quartz specimens. Soon after 
a run of measurement about a specimen was 
carried out, the specimen was detached from 
the oscillator and the internal friction of the 
oscillator system was measured. The inter- 
nal friction of the specimen can be obtained 
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from the equation dsns=d.m:—dom, where 
0’s and m’s represent the internal friction 
and the mass of each element, and suffixes 
s, t and o refer to specimen, total and oscil- 
lator, respectively. 

Specimens were prepared from transparent 
Brazilian quartz crystals exclusive of the part 
containing twins or other visible defects. 
The metallic impurities in three mother cry- 
stals were determined by the spectroscopic 
analysis and the results were as show in 
Table I. The specimens were cylindrical 
form of 2mm in diameter and about 40-50 
mm in length. The length was adjusted so 
as to make its frequency of vibration coincide 


Table I. Concentration of impurities in ppm. 


pi Aces  Jesuuoer 
Al 10— 50 50-100 100-500 
Ba 50-100 10- 50 tr 
Bi 5- 10 nil 1l- 5 
Ca nil 50-100 tr 
Cu 1l- 5 5- 10 1l- 5 
Fe 10- 50 5- 10 5— 10 
Ga 1- 5 nil l- 5 
Ge 1- 5 nil tr 
K 10- 50 10- 50 100-500 
1G nil nil te 
Na 10- 50 50-100 10- 50 
Pb nil 10- 50 5- 10 
Sn 5- 10 nil tr. 
Sr nil ses nil 
Ti tL: nil nil 


Ag, As, Au, B, Be, Cd, Co, Cr, In, Mn, Mo, Ni, 


Sb, Tl, V, W, Zn, Zr were not detected. 


Fig. 1. 


Axis of 
specime 


Quartz crystal 
thogonal axial system. 


(right-quartz) with or- 
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with that of quartz oscillator within 1%. The 
direction of the specimen axis was chosen to 
be in the crystallographic YZ-plane and made 
the angle 0 with Y-axis, as shown in Rice: 
X, Y and Z are the orthogonal axes and 
sometimes called as the electrical, mechani- 
cal and optical axes, respectively. Sixteen 
specimens with various orientations were 
prepared from various mother crystals, the 
angle .@, being. 0°, 18.5°,, 45°...60°.. 71.5% or 
90°. The specimens will hereafter be desig- 
nated, for example, as “ A-45-1”, which re- 
fers to that “mother crystal is ‘A’, angle 0 
equals to 45°, and specimen number is 1”. 


§3. Results and Discussions 


3.1 Results on amplitude-dependence 

The internal friction of quartz, 6, was 
measured as a function of the strain ampli- 
tude of vibration, €. Some of the typical 
results for various specimens are shown in 
Fig. 2. In the case of specimens parallel to 
the Y- or Z-axis, namely, when @=0° or 90°, 
the values of the internal friction are small 
and almost independent of the strain ampli- 


tude. The internal friction of specimens 
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Fig. 2. Internal friction vs strain amplitude curves 


for various specimens. 
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Fig. 3. Internal friction vs strain amplitude curve 
for specimen ‘HH’. 
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with other orientations is rather large and 
depends markedly on the strain amplitude. 
In general, 6 increases monotonously with in- 
creasing €. At large amplitude, however, it 
seems sometimes to decrease slightly. Speci- 
mens made from mother crystal ‘H’ show 
anomalous discontinuities in the 0 vs € curves, 
as shown in Fig. 3. 


3.2. Dislocation damping in crystals 

The amplitude-dependent internal friction 
was frequently observed in single crystals of 
pure metals. Such behavior was sometimes 
interpreted as due to the dislocation damping, 
namely, the dissipation of mechanical energy 
originated from the motion of dislocations. 
Granato and Licke! have developed a 
theory about the dislocation damping and 
made a comprehensive analysis of experi- 
mental results. They start from a model 
that crystalline solid contains a network of 
dislocations, their intersections being immov- 
able. The dislocation lines are further pinn- 
ed down or fixed by point defects which 
exert forces on them. They conclude that 
the internal friction is expressed as the sum 
of the frequency-dependent and amplitude- 
independent term, 0;, and the frequency- 
independent and amplitude-dependent term, 
On. The former corresponds to the dynamic 
loss due to the damping force against the 
movement of the dislocation, while the latter 
corresponds to the static hysteresis loss 
originated from the break-away of the dis- 


location line from the pinning point. These 
are given by!» .1® 
! 
jee Re eee, 
70°C 
n= aie EXP (—ai/€); 
2QA tf S Wea 
Oe be) L,/? ’ 
2 aa 
ROSH Tee 


where o is the angular frequency of the vib- 
ration and & the strain amplitude of the 
specimen. 4.=4(1—y)/z?, c=2Gb2/z(1—yv) and 
E is Young’s modulus along specimen axis, 
G shear modulus along slip direction, » Pois- 
son’s ratio, b Burgers vector. 2 is orienta- 
tion factor, s resolved shear stress factor 
given by s=cos4 cosg where 4 is the angle 
between specimen axis and normal to the 
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slip plane and ¢ the angle between specimen 
axis and slip direction. 2=(E/G) > (Ai/A)si? 
a 


and 3} 4;=A, where quantities with suffix 7 
a 


belong to the 7th slip system. 4 is disloca- 
tion density in the specimen, Ln loop length 
of the dislocation network, Ze mean distance 
between point defects on the dislocation line, 
F the maximum binding force between the 
point defect and dislocation, and B damping 
constant for dislocation movement. The 
value of L- takes the exponential distribution 
in the present case, while Ln is assumed to 
be constant throughout a specimen. 


3.3 Dislocation damping in quartz 

Although the crystal of quartz is not as 
ductile as usual metals, there are some facts 
which suggest the presence of dislocations in 
this material. Frederickson'® observed a 
mosaic structure developed by etching, which 
was usually indicative of the presence of dis- 
locations. Keymeulen'!) revealed dislocation 
lines decorated with silver atoms using a 
special technique. Noggle et al.!*) determined 
the dislocation density in single crystals of 
quartz with high-resolution X-ray diffraction 
methods. 

There are further some indications of dis- 
location damping in quartz crystals. The 
frequency of quartz resonator was sometimes 
found to decrease with increasing strain am- 
plitude’®. Such behavior is assumed to be 
originated from the non-linear properties of 
the vibrating dislocations. The small residual 
aging of the elastic properties of quartz after 
processing the crystal, which is observed as 
the long-time change of frequency’, is pro- 
bably due to the stabilization of dislocations 
in the crystal. Mason analyzed the low-tem- 
perature relaxation peak appeared in quartz 
crystal, and found that the Peierls’ stress for 
the dislocation in quartz was smaller than 
those for usual metals’. If it is the case, 
dislocations may be the cause of the room- 
temperature internal friction in quartz because 
they can vibrate rather easily under the in- 
fluence of the external alternating stress. 

In the following section, the experimental 
results obtained by the present investigation 
will be analyzed with the theory described in 
section 3.2, although it may be somewhat un- 
certain to apply the theory for the internal 
friction of quartz crystals. 


‘| specimens. 


1960) 


3.4. Analysis of the results 

The amplitude-dependent part of the inter- 
nal friction 6,=d—6; is extracted from Fig. 
2, where 0; is obtained by extrapolating the 
value of 6 to €=0. In Fig. 4, values of 
‘| log €'? 6, are plotted against &-! for several 
| It is found that linear relation- 
‘| ship holds between these two variables, as 
Eq. (2) requires. The values of co and c: in 
Eq. (2) can be determined by the intercept 
and the slope of the straight line. The same 
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Fig. 4. Analysis of amplitude dependence of in- 
ternal friction for various specimens. 
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plot for the anomalous specimen ‘H’ is com- 
posed of two straight lines with different 
slopes, as shown in Fig. 5. The values of 6:, 
co and ci thus determined for various 
specimens are represented in Figs. 6, 7 and 
8, where the abscissae are the angle 0. The 
values of co and c: for the specimens 
parallel to Y- or Z-axis cannot be determined. 
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Fig. 7. Values of cp) for various specimens. 
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For specimens ‘H’, the lines with larger 
slopes were used to determine co and c. It 
can be obviously seen that these three quanti- 
ties are dependent on the crystallographic 
orientation of the specimen. These facts can 
be explained by the above theory described 
in section 3.2. Of all factors which determine 
6i, Co and ci, the Young’s modulus £, the 
orientation factor 2 and the resolved shear 
stress factor s are dependent on the orienta- 
tion of the specimen. If 4, Ze and Lx are 
not different in each specimen, the orientation 
dependences of the above quantities can be 
expressed as 


590 
OPTS’ Ee 
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where Ki, K2 and K; are independent of the 
orientation. It can be shown from a geo- 
metrical consideration that only when the 
dislocations in the crystal have the slip plane 
parallel to Y- or Z-axis, the resolved shear 
stress factor s=0 for 0=0 or 90° while s#+0 
for 0:40 or 90°. In these cases, the factor 
can be expressed as s=Kisin@cos 0, where 
K, is a constant related to the actual slip 
direction. Inserting this into Eq. (3), three 
quantities can be calculated as functions of 
6. They are shown as the solid curves in 
Figs. 6, 7 and 8, respectively. These curves 
are normalized so as to pass the midpoints 
of the two experimental points for A-45-1 
and A-45-2. The agreements of these 
curves with experimental results are consi- 
dered to be satisfactory, since the dislocation 
density and the concentration of impurities 
may vary from specimen to specimen. 


3.5. Effects of annealing 

The internal friction of a specimen A-45-1, 
annealed at 500°C for 20, 50, 100 and 150 
hours successively, was measured as a func- 
tion of the strain amplitude for each state 
during annealing. The relative values of 4, 
Ly and Le! can be calculated from Eqs. (1) 
and (2) by eliminating the unknown quanti- 
ties F and B. The variations of these three 
quantities with annealing time are shown in 
Fig. 9, where the values of A, Lp» and L-7! 
of the specimen annealed for 150 hours are 
chosen to be unities. 
specimen is annealed, the dislocation density, 


or 
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Fig. 9. Variations of A, L, and L.-1 of a specimen 
annealed at 500°C. 
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A, decreases greatly, and the network length, 
In, increases slightly. Annealing the speci- 
men at 500°C may cause the annihilation of 
unstable dislocations, since the natural quartz 
is assumed to have grown at temperatures 
lower than 350°C under the ground’®?. The 
number of the pinning points on the disloca- 
tion, which is proportional to L.!, seems to | 
decrease apparently as the specimen is an- | 
nealed. This phenomenon may be explained 
when the knowledges about the nature and | 
kind of the pinning defects are obtained. 


3.6. Estimation of dislocation density 

In order to estimate the dislocation density 
from the present experimental data, the pre- 
ferable slip system of the dislocation in the 
quartz crystal must be discussed first. In has 
been shown in section 3.4 that the disloca- 
tions which contribute to the internal friction 
have the slip plane parallel to Y- or Z-axis. 
Considering the atomic configuration in the 
crystal, dislocation lines may lie along [10.0] 
direction and the slip plane may be either 
(10.0) plane (m-plane) or (00.1) plane (Z- 
plane). It can be further presumed that the 
most probable slip system is [01.0]/(00.1), 
since dislocations with such system have the 
minimum self energy®”. In such a case, the 
resolved shear stress factor and the orientation 
factor are expressed as s=(// 3 /2) sin 0 cos 0 
and 2=(E/G)(2s?/3), and the Burgers vector 
equals to the length of the unit cell a 
(=4:9T A). 

In Eqs. (1) and (2), the unknown factors 
are 4, In, Lo, F and B, *whilé 6, c) and 
can be determined experimentally and all 
others are known quantities. Among the 
five unknown factors, the damping constant, 
B, will be calculated by Leibfried’s for- 
mula», although it can give the correct 


value only in order of magnitude!”?). This is 
given by 
3z2kT 
Ba 
10vsa? ’ Ser 


where z is the number of atoms per unit cell, 
vs the velocity of shear waves in the crystal, a 
the lattice parameter and k is Boltzmann’s 
constant. The value of B for quartz at room 
temperature is thus calculated to be 4.0x 10> 
gr/cm. sec. 

For a specimen, A-45-1, annealed at 500°C 
for 150 hours, the dislocation density in the 
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Table II. 
. In oy Le cm A cm-? F Avne : b/Le 
5 x 10-5 6.0 x 10-5 2.9 x 106 3.8x 10-5 fe 8.2 10-4 
1x10-4 | 9.0x 10-5 5.6 x 105 By Thea Ot HeooelOe* 
5x 10-4 1.4 10-4 1.2x 10+ Tbe =4 2.0 10-4 
1x 10-3 3.6 x 10-4 2.3x 103 2.3% 10-4 Wa 04 


crystal will be estimated. Inserting the 
above value of B into Eq. (1), and regarding 
In aS a parameter, the values of L., A and 
F can be calculated. The results are listed 
in Table II, where the concentration of the 
pinning points on the dislocation line, b/Le, 
are also shown. Considering the pinned- 
down model of dislocations used to derive 
Eqs. (1) and (2), the inequality, L,»/Z-—1>1, 
must always hold. From this restriction, the 
following relation is obtained: L,>4x10-4 
cm. Etching experiments about quartz cry- 
stals'? have shown that the size of the 
mosaics, which is considered to correspond to 
In mentioned above, is 10-*‘—10-?cm. ‘Thus 
the most probable value of Ln to be adopted 
in the present case may be Ln=5x10-*—10-° 
cm. Then the following values are obtained 
for the specimen: Le=2—4x10-‘cm, 4=3x 
10?—1x 10‘ cm and F=1—3%x10-* dyne. 

Mason® estimated the dislocation density 
in quartz to be 10? cm~? through analyzing the 
low-temperature relaxation peak, while the 
value determined by X-ray methods’ has 
been 10°—10° cm7?. 


3.7. Defects pinning dislocations 

The theory adopted above assumes that the 
dislocations are pinned down by point defects 
which exert forces on the dislocation lines. 
The pinning defects in metals are usually 
considered to be impurity atoms or vacancies. 
In natural crystals of quartz, metallic im- 
purities such as Al, Fe, Mg, Ca, Li, Na and 
K are usually contained. Some of these im- 
purities may interact with dislocations and 
pin them down. In the present experiment, 
the concentrations of the pinning points on 
the dislocation line, C=b/Le=zb’sEc:/2F, can 
be calculated and these values for specimens 
OAV aA and )H’ aré shownin Table III, 
where F is chosen to be 10-‘ dyne. It is found 
that the concentrations for three kinds of 
specimens are not different. The pinning de- 
fects are presumed to be*associated with Na, 


since the contents of Na in three crystals 
are rather large and nearly alike [Table I]. 
Alkali ions in quartz can move rapidly, and 
some of them may be gathered to the dislo- 
cation lines and act as pinning points. 
Although Al and K are also contained com- 
monly in three crystals, their contents are 
different considerably. The anomalous be- 
havior of the specimen ‘H’ observed in the 
internal friction vs strain amplitude curve 
[Fig. 3] may be due to K atoms, since the 
crystal contains large amount of K compared 


Table III. 

Specimen ¢1 x 105 sHx 10-22 | -Cx104# 
A-18-1 2.96 0.184 2.06 
A-45-1 1.85 0.361 DATS 
A-45-2 2.47 0.361 3.38 
A-60-1 EAs 0.366 3337, 
A-71-1 3.23 0.266 3.26 
F-71-1 P49) 0.266 Da PH 
H-18-1 3.02 0.184 2.10 
H-18-2 S74 0.184 2.28 


with other crystals. When a specimen con- 
tains effective pinning defects of two kinds, 
the plot of log €'/?d, vs €-! may be composed 
of two straight lines with different slopes, 
because the values of c: may be different for 
different kinds of defects. This expectation 
is considered to be fulfilled as shown in Fig. 
5: 

In general, point defect interacts with dis- 
location line through the Cottrell mechanism. 
In the case of quartz crystal, the maximum 
binding force between a dislocation line and 
a Na atom on it, calculated by the Cottrell’s 
formula, is of the order of 10-* dyne. This 
disagrees in order of magnitude with the 
value, F=10-* dyne, obtained through analyz- 
ing the results of the internal frinction 
measurement [section 3.6]. In some cases, 
the values of F evaluated by the internal 
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friction method are found to be 10-20 times 
the values given by the Cottrell mecha- 
nism!).22), Koehler??? suggested that these 
discrepancies may occur when more than one 
point defect occupy a pinning point, or ato- 
mic size is not the important source of bind- 
ing between point defect and _ dislocation. 
The following is a proposition to explain the 
above discrepancy which is more serious in 
the present case. Assume that there are 
widely spaced aggregates of impurities such 
as Na or K in the vicinity of the dislocation 
lines, although these aggregates are not con- 
firmed to exist through other experimental 
methods. Dislocation line between network 
pinning points bows out when an external 
stress is applied. The dislocation line is ob- 
structed by the aggregates that intersect the 
slip plane. As the applied stress is further 
increased, the dislocation line finally breaks 
away from the obstacles, leaving a trapped 
small dislocation loop around each of them. 
This mechanism of the ‘by-passing’ of ob- 
stacles by dislocation line has been proposed 
by Orowan to explain the slip in over-aged 
alloys. Some work is necessary to form the 
small dislocation loop when the dislocation 
line escapes from the obstacle. As the ex- 
ternal stress is decreased, the dislocation line 
returns to the original position, and the 
trapped dislocation loops disappear when they 
meet with the dislocation line. Accordingly, 
such aggregates are able to act as breakable 
pinning points through mechanism described 
above when they are composed of impurity 
atoms fewer than about one hundred, since the 
maximum displacement of the dislocation line 
between pinning points is about 5b when Le 
35 Osa Ciiusald c= 0> 9. abiShei wcheai cw 
considered the ‘by-passing’ mechanism and 
calculated the energy, E, to form the closed 
dislocation loop around a particle with cir- 
cular cross-section of radius 7. Their result 
showed that E~(3/4)Gb?7. The maximum in- 
teraction force between a dislocation line and 
such an obstacle, f, is considered to be near- 
ly equal to E/2r. In the case of quartz cry- 
stal, it becomes that /=(3/8)Gb?=4x10- 
dyne. This value agrees in order of magni- 
tude with the value of F obtained in section 
3.6. 
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The quantum yield for the photochemical conversion of a U center 
| to an F#’ center as a function of illuminating photon energy has been 
investigated in KCl, KBr and their mixed crystals. For photons in the 
i 


U-absorption band the yield increases with the illuminating photon 
energy. It has been determined that the conversion occurs with a 
maximum yield of nearly unity for photons both in the shorter wave- 
length tail of the U-absorption band and in the fundamental absorption 
tail-exciton band. The dependence of the yield of exciton-induced U>F 
conversion upon the temperature and U center concentration has also 
been studied. The yield of unity is independent of the concentration in 


the range higher than 1.0x101"/c.c.; however, it drops appreciably below 


length of migration is of the order of 3x10-6cm. 


Introduction 


§1. 

U centers can be converted from /F' centers 
when alkali halide crystals additively colored 
are heated in a hydrogen atomosphere, and 
display a bell shaped optical absorption band 
in the ultra violet region, with maximum ab- 
sorption at 2A 228 my and 216 my in KBr and 
KCl crystals, respectively, at room tempera- 
ture. 

The properties of U centers have been ex- 
tensively studied by Hilsch and Pohl” and a 
model of an H- ion occupying substitutionally 
the position of a halogen ion has been given 
for it. 

At high temperature (above —100°C) in the 
case of the KBr crystal, U centers are con- 


| 
5x 10!8/c.c., indicating that the exciton is movable and its maximum 
| 


- verted photochemically to F centers with ultra 


violet light in its absorption band. The quan- 
tum efficiency is about 30 percent at room 
temperature when the crystal is irradiated 
by light at the U-absorption peak. The tem- 
perature dependence of the yield has been 
measured by Hilsch and it is explained by 
Mott and Gurney” using the configurational 
coordinate diagram. 

U centers can also be converted to F cen- 
ters by irradiating the crystal containing the 
hydride with X-rays at room temperature. 


Pick and Martienssen*) observed that the rate 
of F center production is much faster and 
centers thus produced are relatively more 
stable than those generated by X-rays in pure 
salt. They have determined the value of 35 
eV for the initial energy required to convert 
a U center to an F center in a KBr crystal. 
In KCl crystal, we have obtained nearly the 
same value as will be reported elsewhere. 

On the conversion of U-F by X-rays, 
Seitz!) has proposed that an electron-hole pair 
is generated by X-rays, the hole may annihi- 
late an electron of a U center and the hydro- 
gen atom may diffuse away from the vacancy 
and be replaced by an electron. 

He has also pointed out that there might 
be other processes of ionization or excitation 
of U centers by an exciton, but he concluded 
that these processes will not be predominant, 
because the quantum yield of UF conversion 
by a U light in a KCl crystal will be smaller 
than 20 percent in the case of KBr crystal 
and at least 7eV is required to produce an 
exciton, therefore, the minimum energy re- 
quired to convert a U center to an F center 
should be much larger than the 35eV which 
was determined experimentally. 

Moreover, Seitz has pointed out that it 


593 


594 


would be very interesting to examine the 
quantum yield for the conversion with photons 
in the tail of the fundamental absorption 
band-exciton absorption band-because it would 
provide convincing evidence of the exciton 
migration, if the efficiency is the same as for 
photons absorbed in the U band. 

If the quantum yield of U-—F conversion 
by light in the U absorption band increases 
instead of remaining constant as the energy 
of the irradiating photon does, the minimum 
energy required to convert a U center to an 
F center by X-rays might be smaller than 35 
eV. Therefore, the reason for rejecting the 
possibility of processes of ionization or excita- 
tion of U centers by the exciton will not 
exist. 

Measurements of the quantum yield by 
photons in the U absorption band as a func- 
tion of illuminating photon energy and by 
photons in the fundamental absorption tail 
are thus important. 

In a previous report®) it has been observed 
that the quantum efficiency increases more 
when the wavelength of illuminating light 
was decreased below the U absorption peak 
and has a maximum value at the position 
where the fundamental absorption tail and 
U-absorption band are superimposed. 

We determined the quantum efficiency with 
light of the U-absorption peak to be 45 per- 
cent and the maximum yield was more than 
unity. This was found to be due to the over- 
estimation of the yield value of 18 percent 
with light of 24 253my. After careful meas- 
urements it was determined to be 12 percent 
at room temperature. Therefore, the quantum 
yield at the U-absorption peak bebame 30 
percent, in agreement with Hilsch’s values, 
and the maximum efficiency was nearly unity. 

In the present report a more detailed de- 
termination of the absolute quantum yield 
and its dependence upon both temperature 
and U center concentration will be described. 


§2. Experimental Procedure 


U centers were prepared in KBr and KCl 
crystals of the Harshaw Chemical Co. by 
heating the crystals containing F centers at 
940°C in a hydrogen atmosphere at high pres- 
sure. Almost all F centers existing initially 
are converted to U centers by this procedure. 

The concentration of U centers [U] in the 
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KBr crystal can be calculated by the follow- 
ing formula given by Hilsch® ; 
[O25 S10" Xi x KX 
at room temperature, 
where K, is the absorption coefficient meas- 


Crystal 
(a) 


235m—| 
Vacuum Saal 
Monochromator —| <j 


Fig. 1. 


(a) Crystal holder. 
crystal to be illuminated by the ultraviolet 


(b) Mounting of the 


light. (c) Schematic diagram of the measure- 
ment of the density distribution of F' centers. 
Transmission at F absorption peak of the il- 
luminated crystal is measured from one end to 
the other continuously by the sliding mechanism 
which is driven by a micrometer screw. 
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ured in mm~! and the /f,’s are constants de- 


charge tube. 


i 


pending on the wavelength of the light with 
which the absorption coefficients of the U 
band are measured, and have the following 
values: 


Absorp. 


Hg. igi Cd. Hg. 
(my) | peak 228 | 245 | 254 | 257 | 265 
rx | 1 | 8 | 21.2 | 43.2 | 235 


A KBr crystal containing U centers was 
cleaved to the dimension of 20103 mm? 
and mounted on the crystal holder which is 
shown in Fig. l(a). The crystal holder was 
fixed on the focal plane of the powerful 
vacuum monochromator* as shown in Fig. 1 
(b) in such a manner that the crystal surface 
of 20x 10mm? can be irradiated by light of 
continuous spectrum from the hydrogen dis- 
Crystals can be warmed by 
conduction from the Ni-Cr heater. 


0.15 / 


225myA 


(proportional to Number of F Centers) 
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The width of an entrance slit of the mono- 
chromator is 1mm and the dispersion is 2 
my/mm at the focal plane. Therefore, when 
the midpoint of the crystal surface is set to 
be illuminated by a certain monochromatic 
light, for example of 215 my, the surface of 
the crystal is illuminated with continuous 
light ranging from 195myz to 235my. In the 
crystal, U--F conversion occurs after the il- 
lumination, but the number of F/ centers thus 
generated is not uniform but depends on both 
the intensity distribution of the continuous 
spectrum and the quantum yield. 

The crystal holder was removed from the 
monochromator after illumination and set at 
the exit slit of the spectrophotometer to 
measure the transmission continuously from 
one end to the other of the crystal after it 
was fixed on the sliding mechanism having a 
micrometer screw as shown in Fig. 1(c). 
From the measurements of transmission (J/Jo 


KBr +U (d) 
bi 18 (a) :after 30 min. Irrad. 
CUJ=2 xlO"/ec Va (Bie SO Be 
d= 3mm f x tele «(50h 


(d)ji4 210 4 | 
(e):Intensity distribution 
of Continuous Spect. 


at 20°C 


br 
ie 230 my 
2 
1 
A (f) 
A 
i 
O aS |e S| | ei Se See E UE aed | eS, Fs | eee 
On wlio OF Ape Pwo 200 210 220 230 
(hours) (hours ) Wavelength (my) 
Irradiation times Irradiation times 
Fig. 2. Spectral density variation of F’ centers converted from U centers in a KBr crystal at 20°C. 


Curves (a), (b), (c) and (d) show the number of F’ centers generated after 30, 90, 150 and 


210 minutes’ illumination, respectively. 


Curve (e) shows the spectral intensity distribution of the hydrogen discharge light source 
at the focal plane of the vacuum monochromator. isi, 
Straight lines of (f) indicate that F’ centers are produced linearly with illuminating times 


with wavelengths longer than 205 mp. 
for wavelengths shorter than 205 mp. 


Curve (g) shows the saturation of F’ center-generation 


* The details of the vacuum monochromator has been described in the previous report®?. 
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at the wavelength of the F absorption peak) 
the number of generated F centers can be 
calculated by the well known Smakula equa- 
tion: 
—— AG; za 
Node ol LO) (+d) 
putting n=1.53, H=0.36(eV) and f=0.85, 
where 7 is the index of refraction of the 
KBr crystal at the F-absorption peak, am and 
H the absorption coefficient in cm~! and the 
half value width of the F-band in electron 
volt, respectively. / is the oscillator strength. 
The relative intensity distribution of the 
continuous spectrum of light at the focal 
plane of the vacuum monochromator was ob- 
tained by measuring the intensities of fluo- 
rescence impressed on the film of sodium 
salicylate, because the fluorescent film is 
found”? to have the same quantum efficiency 
to monochromatic light from 300 mz down to 
100 my. 


*Am* HH > (KBr) 


§3. Experimental Results 


3.1 Dependence of quantum yield upon photon 
energy 

The result in the KBr crystal containing 
U centers with a concentration of 2x 10!8/c.c. 
is shown in Fig. 2. Curve (a) is the relation 
of the number of F centers converted from 
U centers after the 30 minutes’ irradiation 
as a function of illuminating photon energy. 
Curves (b), (c) and (d) are the same relations 
after 90, 150 and 210 minutes’ irradiation, 
respectively. Curve (e) is the relative in- 
tensity distribution of the continuous spec- 
trum of the hydrogen discharge tube at the 
exit slit of the monochromator. 

For the illumination wavelength longer than 
205 my, the number of generated F' centers 
is linearly proportional to the irradiation time 
and there is no saturation within 210 minutes. 
The straight lines on the left side of Fig. 2 
shows the linear relations clearly. Therefore, 
the number of F' centers indicates the relative 
quantum yield of U-F conversion if it is 
corrected by the intensity distribution of the 
continuous light. 

The absolute quantum yield using mono- 
chromatic light of Hg 253 my has been found 
to have a value of 0.12 through measurements 
of the number of photons and the number of 
generated F centers. Using this value of 
0.12 as the standard, we can determine the 
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absolute quantum yield as a function of the 
photon energy of the illuminating light. 


Curve (a) of Fig. 3 shows the absolute — 


quantum yield thus obtained in the region of 
wavelength longer than 205my. As seen 
from the figure, the maximum yield is very 
close to unity and at the U-absorption peak 
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it has a value of about 28 percent, which | 


coincides with that of Hilsch. Curve (b) in| 


Fig. 3 indicates the absorption coefficients of © 


— Quantum Yield of 
UF Conversion 

— Absorption Curve of 
KBr+U_ Crystal 


ea 

aN os 
U-Absorption 

Say Peak 


at 20°C 


Absorption Coefficient 


Zz <1) 
= 
2 
€ 
Zz 
5 
305 | 
OL. = L l eet fase ! 1 n 
190 200 210 220 230 240 250 260 
Wavelength (my) 
Fig. 3. (a) Variation of quantum yield for the 


reaction U-F in KBr crystals as a function of 
illuminating photon energy at 20°C. The drop 
of yield below 205myp is due to the F center 
saturation. Real yield variation is indicated by 
the dotted line. (b) Absorption curve of KBr 
-+-U crystal. 


the KBr+U crystal. 
ent of the crystal of 3mm thickness is so 


high in the whole wavelength range of meas- | 


urement that the absorption curve was ob- 
tained in a thin cleaved crystal of 0.2mm 
thickness. In the wavelength region between 
190 mz and 255my, a crystal of 3mm thick- 
ness containing U centers with a concentra- 
tion as high as 10'%/c.c. is quite opaque and 
all incident photons are absorbed in the cry- 
stal. Therefore, it is unnecessary to make 
the correction against the spectral variation 
of absorption. Furthermore, consideration of 
the reflectivity change with the wavelength 
of light has been neglected, because it should 
have a uniform value as the U center con- 
centration is much smaller than that of the 
constituents of the host crystal. 

The wavelength side of curve (a) in Fig. 3 
shorter than 205 my does not indicate a true 
quantum yield of U-F conversion, because 


in this exciton absorption region the number 


The absorption coeffici- | 
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of generated F centers saturates. This is 
due to the fact that the penetration depth of 
light into the crystal is small and the back 
reaction of FU conversion occurs. 

The number of F centers generated by each 
light of 24 202, 200 and 197 my» is plotted against 
the irradiation time as shown in Fig. 3(g). 
The slope of the curve for the 2 202 my coin- 
cides with the straight line for the 2 205 my. 
Slopes of curves for lights of 22202my and 
197 mz do not coincide with 205my, but if 
we take account of the decrease of light 
intensities for these wavelengths, it is seen 
that they are the same as that for 2 205 my. 
Therefore, it may be concluded that the ab- 
solute quantum yields in the region shorter 
than 2 205 my are also very close to unity as 
shown by the dotted circles in Fig. 3 (a). 


KCI+U = [U9=1LOxI0®/ec 

—® Quantum Yield 

—— Intensity Distribution of Lights 

—°— Absorption of KCI+U (d=0.4Imm) 

—*— Number of F center Converted U (d=3.17mm) 
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Fig. 4. Spectral variation of the quantum yield 
for U-F conversion in a KCl crystal at 20°C. 
(a) Absorption curve of a KCl+U crystal of 
0.41 mm thickness. 

(b) Spectral distribution of F' center densities 
after 125 minutes’ illumination. 

(c) Spectral intensity distribution of light. 

(d) Absolute quantum yield as a function of 
photon energy. 


In a KCl crystal containing U centers with 
a concentration of 1.0x10'*/c.c., similar meas- 
urements were carried out at room tempera- 
ture. The result is shown in Fig. 4. The 
absorption curve of a KCI+U crystal has 
been measured with a thin crystal of 0.41 mm 
thickness as shown in curve (a). The distri- 
bution of F center density generated from U 
centers as a function of photon energy after 
125 minutes’ irradiation is shown by the curve 
(b). In this case the number of / centers 
also increases linearly with an irradiation time 
if the wavelengths of light are longer than 
183 my as indicated in Fig. 5(a). Therefore, 
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the variation of F center density itself gives 
the relative quantum yield of U->F conversion, 
if they are corrected by the spectral intensity 
distribution of light as shown by the curve 
(c). 

For light shorter than 2 183 my, the penet- 
ration depth into the crystal is small and the 
saturation of UF conversion occurs as shown 
in Fig. 5(b). However, if we plot the initial 
slope of the F center growth the quantum 
yield is considered to be the same as that for 
light of 42 183 my. 


i 


5 


(arbitrary ‘unit ) 


Number of generated F Centers 


VE 1 1 4 = aie 1 
O 30 60 90 1/20 ©” 30 GO" 90 20 
Irradiation times (min) 
Fig. 5. Relation between F' center generation and 
illuminating time. 
(a) The linearity exists for light longer than 
A 185 My. 
(b) Saturation of F' center generation for light 
shorter than 4 185 my. 


The absolute light intensity below 4 220 
my is too weak to be measured with a 
thermopile, therefore, to obtain the absolute 
quantum yield in KCl crystals, the following 
procedure was applied. A KCI+U crystal 
and a KBr+U crystal were held together side 
by side in the crystal holder shown in Fig. 1 in 
such a manner that the KCl and KBr crystals 
can be illuminated with light ranging from 
180 mz to 200 my and from 200 mz to 220 mz, 
respectively, at the focal plane of the vacuum 
monochromator. After the irradiation of pro- 
per period, the number of F centers created 
from U centers were measured as described 
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before. The result is shown in Fig. 6. Curve 
(a) is the distribution of F center density and 


curve (b) is a spectral intensity distribution — 


of light. With light of 2 205my, F centers 
can be converted from U centers with a 
quantum yield of unity in KBr crystals as 
determined before. From these figures it was 
found that with light of 2 185my, F centers 
are converted from U centers with a quantum 
yield of nearly unity in KCl crystal too. 
Curve (c) is the absolute quantum yield thus 
determined. From the quantum yield of unity 
in KCl crystal at 4 185my, we can plot the 
curve of the absolute quantum yield as a 
function of light energy as shown by the 
curve (d) in Fig. 4. 

In mixed crystals of KCl(75%)+KBr(25%) 
and KCl(50%)+KBr(50%) the same types of 
spectral variation of the quantum yield for 
the U-F conversion have been measured. 
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Fig. 6. Determination of absolute quantum yield 
in a KCl crystal. 
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Fig. 7. Spectral variation of the relative quantum 
yield for the reaction U->F' in the mixed cry- 
stal of KCl and KBr. 
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Fig. 7 shows the relative yield in one of the 
mixed crystals. In all cases of KCl, KBr and 
their mixed crystals the quantum yield reaches 
a maximum value at the position in the funda- 
mental absorption tail where the absorption 
coefficient is increasing steeply, and in KCl 
and KBr crystals the maximum value is nearly 
unity. 


3.2 Temperature dependence of quantum yield 

The temperature dependence of the quantum 
yield for the photochemical reaction of U-F 
conversion in KBr crystals with light of U- 
absorption peak has been measured by Hilsch” 
as shown in Fig. 8 and the yields are about 
0.45 and 0.60 at 100°C and 150°C, respectively. 

The spectral variations of the quantum yield 
at 100°C and 150°C were measured with the 
same procedure as before and the results 
shown in Fig. 9 were obtained. In the figure, 
maximum yield values are normalized to unity. 
At the peak of the U-absorption band, yield 


values are 0.4 and 0.5 at 100°C and 150°C, 
| 
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Fig. 8. Temperature dependence of quantum yield 
in KBr Crystals with light of U absorption peak 
(by Hilsch). 
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Fig. 9. Spectral distribution of quantum yield at 
20°C, 100°C and 150°C. 
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respectively. These values are a bit smaller 
than the mean value of Hilsch’s observation 
but coincide well with that of the specimen 
indicated by (+) in Fig. 8. 

From these facts it may be concluded that 
the quantum yield increases with the temper- 
ature for light in the U-absorption band. How- 
ever, for light in the region of the fundamental 
absorption band, it does not depend on tem- 
perature over the range from room tempera- 
ture to 150°C but has a constant value of 
unity. 

3.3 Dependence of quantum yield upon the 
U-center concentration 

From the results obtained above, it has been 
concluded that the ultra violet light in the 
fundamental absorption band can convert a 
U center to an F center with a quantum 
yield of unity. On the other hand, it is well 
known that when the alkali halide crystals 
absorb light in their first fundamental absorp- 
tion band, an exciton is generated. 

However, the mechanism of how the energy 
of the exciton is transferred to F center or 
other electron trapping or luminescent centers 
is not clear yet. The investigation of the 
quantum yield as a function of the concentra- 
tion of these centers will shed some light on 
this problem. 
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Fig. 10. Independence of quantum yield upon the 
U center concentration in the range from 1.7 x 
1017 to 2.8 x 1018/c.c. 
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Similar measurements of the quantum yield 
in KBr crystals containing U centers in the 
concentration range from 1.7 x10!” to 2.8 x 108 
per cubic centimeters were carried out at room 
tempertaure. The results are shown in Fig. 
10. The spectral variations of the yield are 
the same for all crystals within the experi- 
mental error of 15 percent. Therefore, the 
conclusion of the concentration independence 
will be deduced. However, if the U center 
concentration is as low as 2.6x10'*/c.c., the 
yield drops appreciably in the fundamental 
absorption region as described below. 


KBr+ U d=3.83mm —— 30 minutes’ Irradiation 
LUJ= 2.6 xl0'%c * 
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Fig. 11. Spectral variation of F' center density 
converted from U centers in KBr crystal con- 
taining a small U center concentration of 2.6 
10!6/c.c. Curves (a)-(d) show the F' center 
densities after 30, 90, 150 and 210 minutes’ il- 
lumination, respectively. Curve (e): Absorp- 
tion curve of the crystal (%). 


Curves (a)-(d) in Fig. 11 show the spectral 
variation of / center generation after succes- 
sive periods of illumination of 30, 90, 150 and 
210 minutes, respectively. Curve (e) shows 
the absorption percentage of the KBr+U 
crystal of 3.83mm thickness. As the con- 
centration of U centers is small, the growth 
rate of F centers is not linear to the illumi- 
nation time but tends to saturate in the whole 
spectral range. Therefore, to obtain the varia- 
tion of quantum yield we plotted curves show- 
ing the number of F centers versus illumina- 
tion time and measured the slopes at zero 
illumination as shown in Fig. 12. The rela- 
tive quantum yield thus obtained is shown in 
Fig. 13(a). To obtain a true quantum yield 
”, this curve was corrected for both the 
spectral intensity distribution of light and the 
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absorption curve of the crystal, which are 
shown in curves (b) and (c), respectively. 
Curve (d) is the spectral variation of » thus 
obtained. 

In this case the yield at the wavelength of 
the U absorption peak (A 228 my) was normal- 
ized to have the same value as in the case 
of high concentration of U centers. From 
the curve (d), it is seen that the spectral 
variation of 7 between 4A 232 mu—215my is 
the same as that in the high concentration of 
U centers, (cf. Fig. 3), but the maximum 
yield is 60 percent and its position shifts to 
the longer wavelength side. 

For light of wavelength shorter than 200 
my, it is quite interesting to obtain a slope 
as shown in Fig. 12 to know the quantum 
yield with light which is absorbed in the 
fundamental absorption band, but unfortun- 
ately the number of generating F centers is 
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Fig. 13. Variation of quantum yield in KBr cry- 
stal containing small U center concentration. 
(a) Distribution of F’ centers. 

(b) Spectral intensity distribution of light. 

(c) Absorption curve of the crystal (%). 

(d) Variation of quantum yield with illuminat- 
ing photon energy. 
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too small to be measured accurately. How- 
ever, from the value at 4 200my in Fig. 13 
it may be said that the yield will be about 
30 percent, because of the fact that here the 
absorption of the crystal consists mainly of 
the fundamental absorption tail, and the 
superposition of the absorption due to U 
centers is small. 

Accepting the value of 30% by light in the 
exciton band, the maximum yield of 60% is 
explained by the following consideration. 

From the result in the case of high con- 
centration of U centers, it is observed that 
the quantum yield increases as the illuminat- 
ing photon energy does, and it is 0.8 at 210 
my where the absorption coefficient of the 
fundamental absorption tail is negligible com- 
pared to that of the U band. The yield at 2 
210 mz should be independent of the U center 
concentration if the light is absorbed by U 
centers only: However, in the case of low 
concentration of U centers, the absorption 
due to the exciton and U bands are super- 
imposed in nearly equal amount at 2 210 my 
as shown in Fig. 13. Therefore, the yield 
will be reduced and have a value of 0.55 which 
is the mean value of 0.3 and 0.8 due to the 
exciton and U-light, respectively. 


$4. Conclusion and Discussion 


From the results shown in Fig. 3, it is clear 
that the increase of quantum yield from 22 
250myz to 210myz is the property of the U 
band itself because the absorption due to the 
exciton band is negligibly small in these spec- 
tral ranges. 

At a wavelength of 203 my the absorption 
of exciton and U-bands are contributing to 
the absorption coefficient of the crystal in 
equal amount and furthermore here, 7 is very 
close to unity. 

From these facts it is concluded that the 
”’s of U-F conversion by exciton light or 
the light in the shorter wavelength tail of the 
U-band are both unity. 

From the experiments of the dependence 
of y by the exciton band-lights upon U center 
concentration, it was observed that 7 starts 
to decrease when the U center concentration 
is below 5x10'*/c.c. This fact will indicate 
the exciton migration through the crystal, 
and show that the maximum migration length 
is the order of one hundred lattice spacing 


Interaction of Exciton with Color Centers 


601 


at room temperature: i.e.~3x10-* cm. 

There might be an ambiguity that the 
fundamental absorption tail is affected by the 
existence of U centers and a or 8 type- 
absorption bands are produced and thus the 
observed effect will be attributed to the spe- 
cial localized exciton in the vicinity of a U- 
center. @ and 8 absorptions correspond to 
the formation of special kinds of localized 
excitons very close to a negative ion vacancy 
and an F center, respectively. Seitz®) con- 
sidered that they can attract an electron and 
therefore the exciton is stabilized. According 
to his theory, U centers will not produce the 
localized excitons, because it has no ability of 
electron affinity if the model of the U-center 
as an H~- ion is correct, and will not influence 
the fundamental absorption tail. This expec- 
tation has been confirmed by comparing the 
absorption curves of crystals containing hy- 
dride to that of pure salts (cf. Figs. 7 and 8 
in reference 5). Therefore, the observed ef- 
fect of 7=1 in the exciton absorption band is 
concluded to be due to the free exciton. 

One more ambiguity is concerning the 
purity of the crystals. When the alkali halide 
crystals are grown in air, they sometimes 
contain the hydroxyl ion: OH- and show an 
absorption band near the fundamental absorp- 
tion tail. NaCl crystals take in such im- 
purities easily but in KCl and KBr crystals 
the concentration of it is small. Absorption 
bands of OH~ are broad and their absorption 
maxima are 204my and 215my in KCI and 
KBr crystals, respectively. These wavelengths 
are far from 183 my and 203 my, respectively 
where the maximum yield of U->F conversion 
takes place. 

No trace of OH- band has been confirmed 
in the KBr crystals which were used here, 
but in KCI crystals its absorption coefficient 
amounts to 3cm~, which is negligibly small 
compared to that of U centers. Furthermore, 
it is reported by Etzel and Patterson® that 
the OH band is tranferred to the U band in 
the process of additive coloration. From these 
facts it is hardly considered that the observed 
phenomena might be attributed to the OH 
band. 

When pure alkali halide crystals are illumi- 
nated by the light in the fundamental absorp- 
tion band, F centers are generated with a 
quantum yield of unity in the early stage of 
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illumination. This effect has been observed 
by Smakula! and is attributed to the exciton. 
In our experiments for the crystals containing 
U centers, the Smakula effect might play 
some part for the F center generation. It is 
considered that the excitons will be captured 
by U centers more efficiently than negative 
ion vacancies to produce F centers, because of 
the much higher concentration of the former 
than the latter. However, to check how much 
is this contribution, a slice of pure KBr cry- 
stal was illuminated in the same manner as 
before, but the F center formation has been 
observed to saturate so quickly and the satu- 
ration value was so small. Therefore, it was 
safely clarified that the Smakula effect can 
be neglected in the determination of the 
quantum vield of U-—F conversion. 
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Argon-filled and xenon-filled three-anode proportional counters were 
designed so as to attain the quantum counting efficiency of about 90% 


for CuKa and MoKa radiation, respectively. 


Important properties of 


these counters are compared with those of Nal(TI)scintillation counter. 
These proportional counters have remarkable superiority over Nal(T1)- 
scintillation counter in monochromatization effect upon the characteristic 
radiation in use of a pulse-height analyzer, though their quantum count- 
ing efficiencies for the characteristic radiation are almost the same. 

A stabilizer of X-ray tube output utilizing an ionization chamber with 
balanced filters as a monitor was also constructed. High stability was 
attained without accurate regulation of the tube voltage. 


Introduction 


Sal 

Proportional counters used with an X-ray 
diffractometer were constructed by Lang” .» , 
who showed that the high monochromatiza- 
tion effect was attained by using a propor- 


tional counter and a pulse-height analyzer. 
Arndt and Riley®* used a_ proportional 
counter, setting the pulse-height analyzer 
symmetrically to detect 50% of CuKa@ radia- 
tion, and attained fairly good monochromati- 
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zation. Parrish and Kohler® found that an 
Nal(T1)-scintillation counter had the quantum 
counting efficiency of nearly 100% for all 
wavelengths between 0.3 and 2.5A. A pro- 
portional counter constructed in an ordinary 
way has the quantum counting efficiency of 
60~70% for CuKa@ radiation, but very low 
quantum counting efficiency for MoKa radia- 
tion. For CuKa radiation, however, higher 
monochromatization effect is obtained with a 
proportional counter and a pulse-height an- 
alyzer. Therefore, it is desirable to design 
a better counter which has both the advant- 
ages of scintillation and proportional counters. 
This purpose will be attained with a scintil- 
lation counter so improved as to have high 
energy resolution, or with a proportional 
counter so improved as to have high quantum 
counting efficiency. The former is difficult 
in consideration of the properties of present 
scintillators and photomultipliers. Therefore, 
the latter method was preferred here. Al- 
ready, Skertchly® has obtained increased 
absorption efficiency of an argon-filled pro- 
portional counter by the expedient of design- 
ing a counter tube with diagonally opposed 
windows, and introducing the X-ray beam at 
a small angle to the window. But it has a 
drawback that the absorption of entrance 
window is increased. 

In X-ray diffraction work, however, high 
efficiency for the particular characteristic 
wavelength to be measured is not only de- 
sired, but it should be combined with low 
efficiency for other wavelengths necessarily 
produced by the X-ray tube. In this respect, 
the optimum gas absorption efficiency of a 
proportional counter was determined to be 
about 90% for both MoKa@ and CuKa radia- 
tions when £-filter was employed. In order 
to secure such a high gas absorption effici- 
ency, the author constructed a three-anode 
proportional counter and eliminated the broad- 
ening of pulse-height distribution which was 
produced in this type of counter, and thus 
high counting efficiency and high monochro- 
matization effect were attained. 

Another important factor in a counter dif- 
fractometer is stability of X-ray intensity 
output. Accurate measurements can be car- 
ried out by keeping constant the intensity of 
the characteristic radiation to be measured 
from the X-ray tube, since the continuous 
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radiation is hardly detected by a scintillation 
or a proportional counter combined with a 
pulse-height analyzer. In usual apparatus, 
both the tube current and the tube voltage 
are regulated, and if they are completely 
regulated and also a sealed-off tube is used, 
good stability of the intensity of the X-ray 
beam will be attained. But exact regulation 
of the tube voltage is difficult: The use of 
line regulators alone is not sufficient, since 
the X-ray output is very sensitive to varia- 
tions in the peak voltage, and most saturated- 
core stabilizers, while maintaining excellent 
regulation of r.m.s. voltage, do not keep the 
peak voltage constant. Therefore, accurate 
measurements require a stabilizer that keeps 
constant the intensity of the characteristic 
radiation from the X-ray tube, independently 
of the variation of the X-ray tube voltage. 

This requirement will be satisfied with a 
stabilizer which has a monitoring system: 
A constant fraction of the characteristic 
radiation from the X-ray tube is detected 
with a monitoring detector and the filament 
current is automatically controlled so as to 
keep the output from a monitoring detector 
constant. 

A detection system of monitor used in this 
type of stabilizers should satisfy following 
necessary conditions: (1) It should detect 
only the characteristic radiation and hardly 
white radiation. (2) It should have a much 
better stability than that required for the 
intensity of the characteristic radiation in the 
measurement of a diffracted beam. (3) In 
order to control rapidly the change of the 
characteristic radiation, it should detect the 
radiation at a very high counting rate and 
keep relative statistical fluctuations of the 
output small when the radiation detected with 
a time constant of about 0.1 sec. 

In order to monochromatize the monitoring 
beam, a crystal monochrometer has _ been 
used”® but it is unstable against variation 
in temperature and mechanical disturbances. 
Therefore, the balanced filters were used 
here for monochromatization”. These filters 
are stable against variations above mentioned, 
though the degree of monochromatization at- 
tained is inferior to that with a crystal mono- 
chrometer. 

A counter tube is unsuitable for the mea- 
surement of a very high intensity of the 
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radiation because of the effective resolving 
time of 1~10ysec. Crystal detectors, such 
as CdS’ and AglI, can be used for the mea- 
surement of very high intensity of the radia- 
tion, but are unsuitable for a monitor be- 
cause of unstable dark current and the spec- 
tral response. Ionization chambers can be 
also used for the measurement of a high 
intensity of the radiation’ .'”), and the proper 
spectral response can easily be obtained by 
choosing the length of absorption path and 
the pressure of filling gas. Finally, a sealed- 
off ionization chamber with the balanced filt- 
ers will satisfy the above conditions. 

An ionization chamber was used as a moni- 
tor by Hargreaves, Prince and Wooster’, 
and a stabilizer using an ionization chamber 
as a monitor was devised by C. K. Jones!”. 
In these cases, however, the monochromati- 
zation of the monitoring beam was not con- 
sidered. In this paper a stabilizer using an 
ionization camber with the balanced filters 
as a monitor will be described. 


§2. Apparatus 


The detection circuit used in this work is 
composed of detector, amplifier, pulse-height 
analyzer, rate-meter and scaler in an ordinary 
way, aS shown in Fig. 1. The stabilizer of 
X-ray tube output is also shown in Fig. 1. 
A demountable X-ray tube used here has two 
windows, one of which is used for diffraction, 
and another in opposite side for stabilizing 
the X-ray output. The X-ray beam from this 
window of the X-ray tube is divided into two 
beams by two slits, which are so adjusted 
that two beams have equal intensities re- 
spectively. These two beams are introduced 
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between three plates of the ionization chamber 
as shown in Fig. 1. The Ni and Co foils of 
balanced filters are respectively placed in the 
paths of the two beams. 

The three plates of ionization chamber are 
mounted in a glass envelope which has a 
mica window to admit X-rays. The plates 
are supported parallel to each other with the 
separation of about 15mm. The ionization 
chamber was filled with argon gas at the 
pressure of 60cmHg, as shown in §3. The 
differences in two ionization currents produced 
respectively between the plates combined 
with Ni and Co foils is obtained from the 
middle plate'*) and is fed to the D. C. ampli- 
fier. The principle of stabilizing with D. C. 
amplifier is the same as that of stabilizing 
X-ray tube current!”,1. 


§3. Gas Absorption Efficiency 


For proportional counters. The quantum 
counting efficiency (QCE) of a counter is equal 
to the product of the gas absorption efficiency 
and the transmission of window'®. A ‘ mylar’ 
polyester film was used for the window of 
the counter, in order to secure very high 
transmission of X-rays. So, the gas absorp- 
tion efficiency of a counter should be chosen 
properly so as to secure the highest value of 
ratio I/Ijy, where J, is the detected intensity 
of the particular characteristic radiation to 
be measured and J, is the total detected 
intensity of all other radiations necessarily 
produced by the X-ray tube operated at a 
given voltage. 

When a Cu target X-ray tube is operated 
on full-wave rectified 60 cys 40kVp, the 
spectrum from the X-ray tube was measured 
with a scintillation counter and a 
calcite analyzer crystal, and was 
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with wavelength. The subharmonic 
reflection of the crystal was also 
corrected. In this case a 20u Ni 
filter was employed and the ‘mylar’ 
film used for the window of counter 
was placed in front of the scintilla- 
tion counter. Thus, the intensity 
distribution, J(A), which would ap- 
pear just behind the window of the 
proportional counter when mounted 
on the diffractometer was obtained 
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and was plotted in Fig. 2. If Q(A) is the gas 
absorption efficiency of counter tube and D(a) 
the transmission factor of a pulse-height an- 
alyzer (PHA) for a wavelength 2, then the 
total intensity detected with this counter is 
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where 4; is the short wavelength limit of the 
spectrum and A: is the effective upper limit 
above which absorptions of the Ni filter, the 
window of X-ray tube, air, etc. reduce the 
intensity to a negligible quantity. Consequ- 
ently, we have 
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Fig. 2. Intensity distribution J(A) of the spectrum 
from a Cu target X-ray tube (40 kVp full-wave 
rectification) in use of 20, Ni filter (solid line), 
and transmission factor D(A) of a pulse-height 
analyzer set symmetrically to detect 90% of 
CuKa with A-filled proportional counter (dotted 
line). 
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Fig. 3. The ratio of the detected intensity of 
CuKa to that of general radiation, Ip/Ig, as 


function of thickness of argon (g/cm?). 
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where Qa and Das are respectively the gas 
absorption efficiency and the analyzer trans- 
mission for CuKa@ and J» is the integrated 
intensity of CuKa radiation. 

It is proper to set the window of PHA 
symmetrically to detect 90% of CuKa radia- 
tion in general case. With 90% analyzer 
transmission of the CuKa radiation, the trans- 
mission factor D(A) for argon-proportional 
counter (A-PC) was calculated from the ap- 
proximation for the pulse-height distribution 
(PHD) explained by Lang'”, and was plotted 
in Fig. 2. The effect of the escape peak due 
to argon fluorescent X-ray (2.96 keV) on the 
PHD was not taken into account. For the 
D(a) given above, J./J, was numerically cal- 
culated for various thicknesses (g/cm?) of 
argon gas filled in the counter tube and was 
plotted in Fig. 3. The figure shows that the 
high value of J./J, is obtained with markedly 
high gas absorption efficiency for CuKa@ radia- 
tion, and it is unfavorable to use A-PC with 
low absorption efficiency. With D(A) for Xe- 
PC obtained by Parrish and Kohler®’, in which 
the effect of the escape peak due to xenon 
fluorescent X-ray (about 4keV) was taken 
into account, the estimation of J-/I, for Xe- 
PC resulted in a curve similar to that for A- 
PC, but the curve shows the maximum of 
I,/Iy at the absorption efficiency of about 90% 
for CuKa@, and I,/J, is reduced a little with 
increasing the thickness of gas (g/cm?) beyond 
that required for the absorption efficiency of 
about 90% for CuK@. For A-PC, the maxi- 
mum of /./J, appears at the absorption effici- 
ency of 93% for CuKa, if a 174 Ni filter is 
used instead of 20 one. With a Mo target 
X-ray tube operated at 50kVp and a 60mg 
/cem? Zr filter, J./J, was also calculated for 
Xe-PC in the same way, and it was found 
that J./J, has the maximum at the absorption 
efficiency of 91% for MoKa. The non-X-ray 
background is increased with greatly increas- 
ing absorption efficiency as will be shown 
later. Consequently, in use of @-filter, it is 
proper to choose the thickness (g/cm’) of 
filling gas so as to have the absorption effici- 
ciency of about 90% for the characteristic 
wavelength to be measured. 


For monitoring ionization chamber. The 
optimum gas absorption efficiency of ioniza- 
tion chamber used as a monitor for a Cu 
target X-ray tube was determined as follows: 
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The thickness of balanced filters must be 
first considered. If the ionization current ini 
is produced between the plates combined with 
the Ni foil and ico between those combined 
with the Co foil, it is proper to choose the 
thickness of the filters such that the expected 
relative error for (¢Ni—ico), namely 
(inittco)/? 
tNi—tCo 

becomes a minimum). The thicknesses that 
satisfy this condition depend on the spectral 
distribution of the intensity in the incident 
beam and the spectral response of the ioniza- 
tion chamber. However, this optimum thick- 
ness has only a slight variation, notwith- 
standing that the spectral distribution of the 
intensity and the spectral response of ioniza- 
tion chamber vary in a wide range. (In this 
case, however, the expected relative error 
for (tni—?co) has a larger variation.) The 
proper thickness of Ni foil is about 10mg 
[cm?. 

In order to reduce the statistical fluctuation 
of output voltage of the ionization chamber, 
it is required to increase the intensity of 
incident beam as greatly as possible by 
broadening the width of the slits. But the 
upper limit of the ionization current is caused 
by the production of space charge. There- 
fore, under the condition that inj cannot be 
increased beyond a given value, the gas ab- 
sorption efficiency of ionization chamber 
should be determined such that the expected 
relative error for (ini—ico) becomes a mini- 
mum. By a simple consideration, it is proper 
to choose the gas absorption efficiency in such 
a way that the value of 7:/ig becomes a maxi- 
mum, where 7, is the ionization current pro- 
duced by the incident X-ray with the wave- 
lengths in the window region of balanced 
filters and 7, in the outside of the window 
region. 

A 10 mica film was used as the window 
of the ionization chamber. The spectral dis- 
tribution of the intensity of incident beam 
just behind the mica window J(£) was ob- 
tained from the measurement with a Ni foil 
(10 mg/cm?) as before, after the correction 
for the wavelength variation of the absorp- 
tion in the intervening air between the win- 
dows of the X-ray tube and the counter tube. 
The ionization current produced by X-ray 
beam with -a wavelength 2 is proportional to 
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the gas absorption efficiency @(A) and inver- 
sely to 4, so that the ratio: 
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should be made maximum by choosing a pro- 
per thickness of gas, where 4ni and Aco are 
NiK and CoK absorption edges, respectively. 
The optimum thickness of argon gas, 0.009 
g/cm, was obtained by numerical calculation. 
Since the length of the plates of ionization 
chamber is 7cm, argon gas was filled at the 
pressure of 60cmHg at room temperature 
20°C. 


§ 4. Construction of Proportional Counters 


The gas absorption efficiency required for 
the detection of CuKa@ radiation is secured 
with 0.023 g/cm? of argon and that for the 
detection of MoKa@ radiation with 0.059 g/cm? 
of xenon, from the results in §3. In order 
to secure these thicknesses of gas with a 
side-window type counter tube designed in 
an ordinary way, high pressure of gas as 
well as large diameter of counter tube are 
required, so that high voltage is required to 
be applied to the counter tube and it will 
cause noise due to electric leakage. And 
also a thin window of counter tube will be 
broken by filling gas at high pressure. Al- 
though greatly increased gas absorption ef- 
ficiency is easily obtained by use of end 
window type, the elimination of both the in- 
active length and the end effect upon the 
field, which has been suggested by Cockroft 
and Curran’, will be difficult in practice. 

Therefore, the high absorption efficiencies 
were secured with a combination of three 


Fig. 4. Cross section of the three-anode propor- 
tional counter. A: anode wire, C: cylindrical 
cathode, F: polyester film, Wi: entrance win- 
dow, We: exit window. 
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Table I. Three-anode proportional counters constructed here. 


; 7. counter [ counter II 
radiation detected properly CuKa MoKa : ye 
kind of gas filled A(90%)+CH4(10%) Xe(91%)+CH(9%) 
pressure of gas filled at 20°C 132 cmHg 100 cmHg 
active length 9cm 9cm 
applied voltage 2500 V 


2700 V 


tubes, as shown in Fig. 4. Aiuminium tub- 
ing, 10cm long and 3cm in diameter, was 
used for each unit of this counter. The anode 
was tungsten wire of 0.08mm in diameter. 
A ‘maylar’ polyester film window of 0.025 
mm in thickness, whose interior surface was 
covered with a very thin film of evaporated 
aluminium, was mounted in the side of the 
counter to admit X-rays. The exit window 
was an aluminium foil. A ‘maylar’ film of 
0.006 mm thick, the both surfaces of which 
were also covered with a very thin film of 
evapolated aluminium, was mounted between 
the tubes in order to prevent distortion of 
the field. The windows in each tube have 
the same size of 8mmx20mm. This three- 
anode counter was filled with argon (counter 
I) or xenon (counter II), as shown in Table I. 

When a PC is used with an X-ray diffracto- 
meter, the sharpness of pulse-height distribu- 
tion affects not only monochromatization but 
also reduction of non-X-ray background and 
escape peak. In a multiple-anode counter, 
broadening of the pulse-height distribution 
is also caused by the difference in geometry 
of each tube. When the three anode-wires 
were connected in paralell, the pulse-height 
distribution was as wide as that of Nal-scitil- 
lation counter. However, this disadvantage 
can be eliminated by adjusting voltage ap- 
plied to each anode. Fig. 5 shows an ad- 
juster of each anode voltage. The adjust- 
ment of applied voltage was as follows: A 
monochromatic X-ray beam was sent into the 
counter tube. The voltage adjuster FR: and 
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Fig. 5. Adjuster of each anode voltage. 


R, in Fig. 5 was set first so as to apply 
+100 V to each anode wire of the first tube 
T: and the second one 7, while the potential 
of the third anode was zero. Therefore, the 
pulse produced in these tubes was higher 
than that in the third tube 73, so that the 
pulses produced in 7; was chosen by a PHA 
and transmitted to a rate-meter. The window 
of the PHA was made narrow (about 1V) 
and was set on the peak of the pulse distri- 
bution. The applied voltage of tube 7: was 
adjusted by R2 in Fig. 5 so as to give the 
maximum counting-rate, and then that of tube 
T: was adjusted in the same way. The ad- 
justment should be made in the order de- 
scribed above in consideration of statistical 
fluctuation. 

A linear amplifier with a gain of about 
21000 was used in the present experiment. 


§5. Characteristics of the Proportional 
Counters 
Pulse-Height Distribution. Cu target X- 


ray tube was operated at 30kVp and Mo 
target at 50kVp. The voltage applied to 
each anode of the A-filled (counter I) and the 
Xe-filled counter (counter II) were respec- 
tively adjusted for CuK@ and MoKa charac- 
teristic radiations reflected from a calcite 
crystal plate. 
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Fig. 6. Pulse-height distribution of the three- 
anode proportional counters. (A): A-filled, (B): 


Xe-filled counter. 


608 


Profiles of the pulse-height distribution 
curves of a single tube PC were described by 
Lang”). In the three-anode counters, the pro- 
files cannot be discussed exactly, because the 
profile depends on the exactness of adjusting 
the applied voltages. However, these profiles 
for CuKa@ are similar to those obtained by 
Lang”.”, as seen in Fig. 6. The profile of 
the pulse-height distribution curve of the 
three-anode counter was also similar to that 
of the first tube 7:1, when the anode of 7: 
only was connected with an amplifier in- 
dependently of 7: and 7; in Fig. 5. These 
facts show that a noticeable broadening of 
the pulse-height distribution was not caused 
by combining three counter tubes when the 
voltage applied on each tube was adjusted as 
described in § 4. 

The ratio, W/A, of the width W of the 
pulse-height distribution at one-half peak 
height to the average pulse height A isa 
measure of the energy resolution of the de- 
tector at a given wavelength. This ratio 
varies inversely as the square root of the 
energy of the incident X-ray quanta. For 
counter I, W/A for CuKa@ radiation was 16%, 
while W/A for countinuous radiation of A= 
0.77 A (subharmonics of CuKa@) was also mea- 
sured and a reasonable value of 12% was ob- 
tained. This fact shows that if the applied 
voltage to each tube is once adjusted for a 
monochromatic radiation, then for Other 
radiations the pulse-height distribution for a 
three-anode counter will be also similar to 
that for a single tube counter. 

Plateau. The plateau for the three-anode 
counter was similar to that for a single tube 
counter: The plateau of counter I for CuKa 
radiation was not more than 0.5% per 100 V 
in the range 2500~3000 V, while the plateau 
of counter II for MoKa radiation had almost 
the same value in the range 2700~3000 V. 
(Since the maximum voltage of the high ten- 
sion power supply used here was 3000 V, the 
plateau above 3000 V could not be measured.) 
These results were obtained with an amplifier 
gain of about 21000 and base level of 5V. 


Non-X-ray background. The non-X-ray 
background was 22c/min for counter I and 
40c/min for counter II, when the channel 
was used with 90% analyzer transmission for 
CuKa@ and MoKa radiations. This fact shows 
that the amount of this background is in- 


Jun-ichi CHIKAWA 


(Vol. 15, 


creased by making the volume of counter 
tube larger and by filling gas at higher pres- 
sure. Consequently, it is unfavorable to in- 
crease volume and gas pressure of a PC be- 
yond that required for the detection of the 
characteristic radiation. The background of 
a three-anode counter is larger than that of 
a SC), when a PHA is set. This is a draw- 
back of a three-anode counter. 
Monochromatization effect. The mono- 
chromatization effect of SC and PC with PHA 
will be compared here, when Cu and Mo 
target X-ray tubes are used. A three-anode 
counter with PHA is never inferior to a 
single anode counter constructed in an ordi- 
nary way in regard to the monochromatiza- 
tion effect as seen from the pulse height 
distribution (Fig. 6). The monochromatization 
effect upon CuKa@ radiation has already been 
reported®), but a PC with high efficiency for 
MoKa radiation has never been constructed, 
so the monochromatization effect of counter 
II upon MoKa will be described in detail. 
When Mo target X-ray tube was operated 
at 50kVp full-wave rectification, the marked 
difference of PC and SC in the monochro- 
matization effect was observed, since the 
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Fig. 7. Comparison of monochromatization effect 
of the three-anode Xe-proportional counter and 
the scintillation counter with pulse-height an- 
alyzer (PHA) set symmetrically to detect 90% 
of MoKa, a Mo target X-ray tube operated at 
50kVp, full-wave rectification, Zr-filter (ZrOz 
80 mg/cm?) employed. 
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intensity of the continuous spectrum close to 
the MoKa is high. Zr filter (ZrO: 80 mg/cm?) 
was employed in all the cases described be- 
low. Fig. 7 shows the effects of both NaI-SC 
and counter IJ upon the monochromatization 
of MoKa@ radiation in use of PHA. Counter 
II and SC were compared in regard to QCE 
in Fig. 7(A) and (B). They show that the 
QCE of the PC is smaller than that of the 
SC for the continuous spectrum below the 
ZrK absorption edge, though the two counters 
have almost the same QCE in the longer 
wavelength region above MoKa wavelength. 
Marked reduction in the intensity of continu- 
ous spectrum below the ZrK absorption edge 
and the MoK® radiation can be attained with 
the PC and PHA, owing to the high energy 
resolution and the low QCE for short wave- 
lengths, as can be seen by comparing Fig. 
7(C) with Fig. 7(D). The intensity of continu- 
ous spectrum above MoKa@ was also reduced 
with the PC and PHA, though its large por- 
tion still remained. The height of the escape 
peak (EP) with the SC was lower than that 
with the PC. This is due to the fact that 
the probability of escape of the fluorescent 
X-ray from the scintillator is smaller. How- 
ever, PHA combined with PC has a narrower 
channel width, so that the total intensity of 
the escape peak with the PC is smaller. 

By use of a polyethylene specimen, the 
backgrounds in the diffraction patterns ob- 
tained with counter II and SC are compared 
to each other in Fig. 8. The markedly re- 
duced background below the position of the 
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Fig. 8. Diffractometer patterns of a polyethylene 
obtained with the three-anode Xe-proportional 
counter (A) and a scintillation counter (B), to 
be compared in regard to intensity of the back- 
ground. Mo target X-ray tube, 50 kVp, Zr- 
filter (ZrO, 80 mg/cm?). 
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(110) peak was observed with the PC in Fig. 
8(A). Further, the backgound above the peak 
recorded with the PC was lower than that 
with the SC. NalI-SC is inferior to the PC 
in the monochromatization effect, as shown 
in Fig. 7 and 8. 

Similar measurements were carried out with 
counter I by use of CuKa radiation. The 
peak-to-background ratio (P/B) for the poly- 
ethylene specimen was measured: ‘The 
highest peak intensity with (110) line and 
background at 20=13° and 6° for each radia- 
tion of CukKa and MoKa@ were measured. i 
is the detected intensity of the particular 
characteristic radiation and J, is the total 
detected intensity of all other radiations ne- 
cessarily produced by the X-ray tube, as have 
been described in §3. The spectra from X- 
ray tubes were measured with counters I and 
II and with a calcite analyzer crystal. The 
value of J./J, at the position of the receiving 
slit was obtained after the corrections for 
variation of crystal reflectivity with wave- 
length and the subharmonics of the escape 
peak, the values obtained with the SC having 
been taken as unity for each radiation. The 
results are shown in Table II. Although the 


Table II. Comparison of counters. 
counter ee P/B Ie/Tg 
For CuKa 
(40 kVp, full-wave rectification, 
Ni filter: 20 ,) 

A-PC (counter [) 82 92. P18) 
Nal(T1)-SC 87 o2 1.0 
For MoKa 
(50kVp, full-wave rectification, 

Zr filter: ZrO, 80 mg/cm?) 

Xe-PC (counter II) 81 58 LA) 
Nal(T1)-C 90 27 1.0 


Ka radiation. 


detection efficiency of the PC is lower a little 
for each Ka@ radiation, the marked superiority 
of the PC over SC in monochromatization 
effect upon each Ka radiation can be seen in 
Table II. 


§6. Stability of X-Ray Tube Output 

The present stabilizer was constructed for 
the purpose that the intensity of CuKa radia- 
tion from a Cu target X-ray tube was kept 


610 


constant independently of variation in the X- 
ray tube voltage. Fig. 9 shows the curve of 
X-ray tube voltage versus intensity of the 
(110) peak of a polyethylene specimen for X- 
ray tube stabilized by using the ionization 
chamber and the balanced filters as a monitor. 
The variation of X-ray tube current with 
tube voltage is also shown in Fig. 9. The 
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Fig. 9. X-ray tube voltage versus intensity of 
the diffracted beam and X-ray tube voltage 
versus X-ray tube current (dotted line) for a 
Cu target X-ray tube stabilized by using the 
ionization chamber and the balanced filters as 
a monitor. 


intensities were measured by a _ proportional 
counter with a pulse-height analyzer and 20 
Ni filter. The variation in the intensity of 
diffracted beam with X-ray tube voltage is 
not more than 0.05%/kVp, as can be seen 
from Fig. 9. That is, if the X-ray tube 
voltage is stabilized within +1%, the fluctua- 
tion of the intensity can be limited to 0.02 
%. (In actual case, the stability of the inten- 
sity output for long time will be limited by 
the stability of the D.C. amplifier used in this 
stabilizer.) In this apparatus the primary 
voltage of the high tension transformer was 
stabilized with an saturated-core stabilizer in 
order to regulate the X-ray tube voltage. To 
check the stability, the counter arm of the 
diffractometer was set at the angle of the 
(110) peak of the polyethylene specimen and 
number of counts detected in a fixed time- 
interval was recorded for five hours. The 
fluctuation of the intensity could not be ob- 
served except the statistical fluctuation. 


$7. Discussion 


Parrish and Kohler® reported that for MoKa 
the peak-to-background ratio for a_ silicon 
powder specimen was not improved by using 
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PC instead of NaI-SC. This may be ex- 
plained by the fact that their PC had a low 
QCE for MoKa radiation, so that high value 
of JI./Iy was not obtained, as can be seen 
from § 3. 

The use of the higher applied voltage on 
Cu target X-ray tube is desirable, since it 
reduces the relative intensity of continuous 
spectrum close to the NiK absorption edge 
when the intensity of CuKa@ radiation is kept 
constant. For example, the increase from 
40 kVp to 50kVp in applied voltage reduces 
the relative intensity of the continuous radia- 
tion with A=1.1 A (11 keV) to 4/5. The higher 
applied voltage reduces also the effective re- 
solving time of a detector. But the intensity 
of the escape peak which appears in use of 
Xe-PC or NalI-SC (as seen in Fig. 7) is rapidly 
increased with the applied voltage to X-ray 
tube. This escape peak does not appear in 
A-PC. It is an advantage of A-PC over 
other counters that larger value of L/Iy is 
obtained with higher tube voltage. 

It is convenient that a counter can be used 
for all diffraction work with MoKa, CuKa, 
FeKa, CrKa, etc. The PC was designed 
above for detection of CuKa@ only or MoKa 
only. However, it is not impossible to use 
counter II for the detection of CuKa@ radia- 
tion, as suggested from Fig. 3. For the 
detection of CuKa, only the first tube of 
counter II should be used with grounding 
other two anodes of this counter, since the 
detection efficiency of counter II for the con- 
tinuous radiation in shorter wavelength region 
is large. But a small amount of the continu- 
ous radiation in shorter wavelength region 
remains in the spectrum of a Cu target X-ray 
tube obtained with the first tube of counter 
II, though it has the gas absorption efficiency 
of almost 100% for CuKa@. Likewise, the 
two tubes (combination of 7: and T2 in Fig. 
5) of counter I have the gas absorption effici- 
ency of 97% for FeKa@ and the first tube has 
that of 93% for CrKa, so that good results 
will be obtained in diffraction work with these 
characteristic radiation. This is an advant- 
age of a multiple-anode counter over a single- 
anode counter. 

Hall, Arndt and Smith” described a two- 
window monitoring system in which X-ray 
beam for the diffractometer was taken from 
one window of the X-ray set and monitoring 


—— 
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beam from another. This system has not 
been found to be entirely satisfactory, how- 
ever, owing to the fact that the monitoring 
beam was monochromatized by a crystal 
monochrometer which is unstable against 
variation in temperature and mechanical dis- 
turbances. If the monitoring beam is stably 
monochromatized and detected, good results 
will be obtained even in a two window moni- 
toring system. 

In the apparatus shown in Fig. 1, the 
wandering of the focal spot of the X-ray tube 
over the target will not cause variation in 
both the intensities of the beam irradiating 
a specimen and the beam introduced into the 
ionization chamber, because both the distance 
between the focal spot and the divergence 
slit and that between the focal spot and the 
slit with ionization chamber are very large 
compared to the wandering distance of the 
focal spot. But the wandering of the focal 
spot may cause an angular movement of the 
beams, which will hardly affect the intensity 
of beam diffracted from a powder specimen 
but will vary markedly the intensity of beam 
diffracted from a single crystal. Any moni- 
toring system cannot eliminate such a varia- 
tion in geometry as this angular movement. 
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In this paper, a fundamental equation of luminescence which can ex- 
plain various luminescent properties of nonphotoconducting phosphors 
under excitation by ultraviolet of constant intensity at thermal equili- 
brium is formulated. According to this equation, various characteristics 
of Cu-activated §-calcium orthophosphate fired in a reducing atmosphere, 
such as temperature dependence of the quantum efficiency of fluorescence, 
thermoluminescence and stimulation or that of the quantum light-sum 
and fluorescent intensity, the build-up and fatigue of luminescence, the 
recovery from the fatigue of luminescence, and the relation between 
the fluorescent intensity and concentration of activators were calculated 
in detail by using an energy state model involving the ground, emitting, 
trapping and quenching states. Furthermore the detailed experimental 
results on the build-up of afterglow together with its theoretical results 
are described. A good agreement between the calculated and observed 


results was obtained. 


Introduction 


§1. 

The preparation and properties of Cu- 
activated calcium orthophosphate and related 
phosphors, and the qualitative interpretation 
of luminescent properties of Cu-activated #- 
calcium orthophosphate fired in a reducing 
atmosphere were reported in a_ previous 
paper.) In the present paper, in addition to 
an explanation of the general principles of 
quantitative calculation of luminescent pro- 
perties of nonphotoconducting phosphor, the 
calculated results of the various characteris- 
tics of Cu-activated 8-calcium orthophosphate 
will be described. 


§2. General Principles 


According to the theory of adiabatic ap- 
proximation concerning a system consisting 
of a number of nuclei and electrons, it is 
well known that the electronic energy states 
in the system are represented by the poten- 
tial surfaces of multidimensions in a con- 
figuration space. Optically allowed transitions 
between these states are responsible for the 
absorption and emission of light. 

Perturbation of the system represents the 
order of magnitude of the approximation. 
This perturbation is responsible for the so- 
called radiationless transition in the phosphor. 
At high temperatures, the main part of the 


radiationless transition will be approximated 
by the absolute theory of thermal reaction,” 
but at low temperatures, the transition aris- 
ing from the quantum mechanical resonance 
effect will be predominant.® 

The following expression for the radiation- 
less transition probability, therefore, will be 
assumed as an approximation: 


aj = Aj’ +23’ ur) 


with 
Ri’ SK j¢-e AS 8/* ts EF si/kT 
2 


(2) 


where Aj,’ is the probability of radiationless 
transition due to resonance effect from state 
~ to 7 and is assumed to be independent of 
temperature, k;;’ is the absolute rate constant 
of thermal reaction for the transition from 
state 7 to j, «ij is the transmission coefficient 
of electrons from state 7 to j, e is the base 
of natural logarithm, k and h are respective- 
ly Boltzmann’s and Planck’s constants, T is 
absolute temperature, & is the activation 
energy between state 7 and j, and 4Sj is the 
entropy change for the transition from state 7 
to 7, which, together with «;:, is assumed to 
be independent of temperature. 

Let the probability of spontaneous emission 
for the transition from state i to j be Aji 
and that of induced absorption be Ju By in 
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which jij denotes the energy density of the 
exciting radiation, then the total probability 
of possible transitions from state i to 7 is 
given by 

an=Jiy- But Apt Ag! +5’. C3) 


The transition probability of induced absorp- 
tion can be expressed by use of the flux 
density of exciting photons m-,4; (photons- 
cm-*-sec"!) and of the absorption cross sec- 
tion oj (cm?) as follows: 


Ji Bur=Ne t5+ 05%. (4) 

It will be possible to extend the above re- 
lations to the case of charged particle exci- 
tation by considering w2,ij as the flux density 
of secondary electrons generated by the col- 
lision of primary particles and oj as the col- 
lision cross section for secondary electrons, 
neglecting the effect of the recombination 
process between electrons and positive holes. 

The impurity activated phosphor which 
shows efficient luminescence is one of the 
typical cases in which the method of adiabatic 
approximation leads to a good approximation. 
Let us now consider a nonphotoconducting 
phosphor under excitation by ultraviolet radi- 
ation of constant flux density at thermal 
equilibrium. Let the number of activator 
centers per unit volume be m and that of 
energy states in an activator center be m, 
the rate of change of the state density at any 
time ¢ after the beginning of excitation can 
be given by a set of homogeneous linear dif- 
ferential equations, that is 


(6) 


where m: and m; are respectively the state 
density of state 7 and j, the negative sign on 
the left side expresses the decrease of the 
rate and >)’ means that we are to sum over 


a= 2 Aji , 


J . . 
all values of j from 1 to m except j=7. Sub- 
stituting the change of variables 
neale* Ce) 


into Eq. (5), we can obtain the secular equ- 
ation 


[A]Jn—An=0 , (8) 


where the matrix [A] is given by 


[A] =[0%5- ais] «9 
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with 
Og=1, ify 
=—1, if 7-0) LO) 
and 7 is the vector of the m-th order having 
the explicit form of (m1, m2,-+-, 7m). From 


Eq. (8), we can obtain the characteristic equ- 
ation 


(@i—a)  —aa —Gim 
ple (0%) (d22—A) — dom ag 
— ami — Gin2 (@mm—A) | 
(11) 


In general, the m roots of this equation 
give the rate constants of build-up or decay 
which belong to m states in the activator 
center. For the sake of convenience, let us 
choose the first state as the ground state. 
Then it follows that 

K=O . (12) 
Referring to Eq. (11), we confine ourselves, 
unless otherwise noted, to the case in which 
the rank of the determinant is m—1. 

Now, let :Di-1 be the minor of the (1, 1) 
element of the determinant D, when z=1 and 
also be the corresponding minor in which the 
(¢—1)-th column is replaced by (G21, Gs1,++ + ,@mi) 
for the values of 7’s ranging from 2 to m, 
then the general solution of Eq. (8) is given 
by 

m 
ae: PCa De dyes, 
CEzN6 Peoscn 777). Gls) 

Here, C; should be determined so as to 
satisfy the given boundary conditions. For 
example, let us consider the build-up of 
luminescence. We can define the system by 
the initial condition, 
at f=0, m:=m and all the other m’s are zero. 


(14) 
Then we can prove that 
No 
| pay eae Bae ae > 15) 
C3 Laas) oY 
h 


where II’ means the product taking on all 
h 


the values of h from 1 to m except h=j. 
Substituting this result into Eq. (13), we have 


Mo-tDi-1 (ay) dot 
{= > it Shee 16 
s j II’(Aj— An) \ 

h 


Then, the specific intensity of fluorescence 
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(photons. cm~*-sec~!) produced by the transi- 
tion from state 7 to 7 is given by 

di, ; 

dx 
Here, we must keep in mind that, in order 
to satisfy the postulate that the flux density 
of excitation must be constant, we must con- 
fine our problems to the thin layer of phos- 
phor of thickness dx. 

Referring to Eq. (16), put t=oo, then by 
the relation given by Eq. (12), only one term 
remains and it follows that 
Le No+1Di-1(0) 

Ngee ee ae 
II(—An) 
Lv 
WO Snr “8) 
This quantity corresponds to the state density 
of state 7 at steady state and it can be verifi- 


ed easily that it is equivalent to the result 
derived from Eq. (5) by putting 
dnijdt=0. 

If the transition of induced absorption is 
allowed only from the ground state to higher 
states, Eq. (18) is reduced to the following 
general formula: 

adli,y a-Jij- Bis 

Cine RES SET ENR 
where a, b and d are quantities independent 
of excitation density. 

In a similar way, we can exactly calculate 
almost all the characteristics of luminescent 
properties of nonphotoconducting phosphors. 
As an example we shall apply this method to 
Cu-activated 8-calcium orthophosphate phos- 
phor fired in a reducing atmosphere. 


=Ay-ni . (17) 


(19) 


$3. Energy State Model 


In order to calculate the characteristics of 
Cu-activated 8-calcium orthophosphate, a con- 
figuration model of the luminescent center is 
assumed as Fig. 1. (In this diagram, two 
suffixes used before for the transition pro- 
bability are abreviated to single suffix for 
the sake of convenience. In order to cal- 
culate quantitatively the characteristics of 
luminescence, it is only necessary to know 
the values of the matrix element in Eq. (9) 
and boundary conditions. Strictly speaking, 
the configuration model, as shown in Fisw i, 
will be almost meaningless for real phosphor 
except for the case in which only one mode 
of vibration in the crystal lattice is predomi- 
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cent center. 
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nant, but it helps us to visualize the mode 
of the transition of electrons in the lumines- 


As it has been already explained in a pre- 
vious paper”, the model given in Fig. 1 will 
be satisfactory to explain, at least quantita- 
tively, the properties of Cu-activated @-calcium 
orthophosphate phosphor fired in a reducing 
atmosphere. In this model, the six most 
important energy states of Cu* ion in the 
luminescent center are adopted for the sake 
of reduction of the numerical calculation. 
The number of the adopted energy states is 
rather small compared with that of the pos- 
sible states. As the result, we have to ex- 
pect that, for example, the number of com- 
ponents of afterglow obtained from the calcu- 
lation must be reduced, at least, by more 
than three. Furthermore, the transition from 
state 5 to 4 is omitted; therefore, the 
number of the components of afterglow will 
necessarily be reduced by one. It should be 
noted that the radiationless transition 2— 4 
with the transition probability A»’ will be as- _ 
sumed to be caused by radiation process of — 


8(eV) 


3d “Ap'P, 
7 


Energy 


J,Bi|| J: Bi 

2537A |! 36504 

; Excitation Excitation 
| 


Configuration Coordinate 


Fig. 1. Configuration coordinate model of copper- 
activated f-calcium orthophosphate phosphor 
under excitation by 2537A or 3650A. 
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infrared with the probability of spontaneous of radiation, the emission probability is pro- 
emission A2’, since the transition *P,°—*D, is portional to the third power of the frequency. 
allowed, but it will be ascribed to the radi- Because the frequency of the infrared emis- 
ationless transition due to dipole-quadrupole sion will be small, as shown in Fig. 1, the 
interactions between states 2 and 4. Accord- probability of spontaneous emission will be 
ing to well known relation between the spon- much smaller than that of radiationless 
_ taneous emission probalility and the frequency transition due to (d-q) interaction. 


§4. Quantitative Calculation of Characteristics of Luminescence 


(I) Quantum efficiency of fluorescence with 2537A excitation 
The fundamental equation of luminescence of the phosphor excited with 25374 correspond- 
ing to Eq. (8) is explicitly given by 


a SiBi = 7Eo. —73" — hi" —75 
sides 72 —k,/’ —k,’ 0 
0 = Re ts 0 0 | n—Aan=0 (1.1) 
0 —T09/ 0 4 0 
0 0 0 rar 75 


T2= Ast Ao’ +ho’ +ho’’ +ko’”” ’ m2’ = Ast+k2’ : Tee’ = Ao’ +he’”” J 


a= As’ +hs +ks’’ , 5 eA al faa 

ERAT hae Re, ie SAR, (1.2) 
ts—As +hs , 

NBi=ne ro « 


Here, m:,: and o; are respectively the flux density and absorption cross section for 2537A 
_ radiation. In Eg. (1.1), the state 6 is neglected, because it has no influence on the lumi- 


nescence in this case. 


with 
N=(N1, N2, Ns, Ns, Ns) , 
where 
According to Eq. (18), the quantum efficiency of fluorescence is given by 


As As 74 Az 73 , 


The probability of radiationless transition A2’, involved in the third term of eS edie net 
in Eq. (1.3), will be of importance in connection with the quantum efficiency ) am test : 
near T=0. If we neglect it, the quantum efficiency of fluorescence will pecan. ae 

to unity with decreasing temperature contrary to the result expected from experiments. 


(Il) Quantum efficiency of fluorescence with 3650A excitation 


tea Az: N2,¢ a ae is 2ee (1.3) 
}2, f= > A 77 kh 77 k 77 bs’ 
"fi Bi-n1,¢ 14% 4 72 (as; 4 \+ 2 (ar ) 
The fundamental equation of fluorescence of the phosphor excited with 3650A is given by 


rr JV BY —72" —T3 —k’ Taide — me 

0 72 —ks’ =k,” 0 0 

0 sa a y : 0 | wan’ =0 (2.1) 
=f BY S74 0 74 0 0 

0 0 0 aia 7s 0 

0 0 — Jo’ Bs’ 0 0 a a 
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with 
n’=(ni', No’, Ms’, Na’, Ns, Ne), 
where 
ms’ = Js’ Bs’ + As’ +hs’ +ks’” ’ me= Act Ac’ +heo’ > | 
J’ By =ne,1'- 01" and Js Bs’ =Ne,3" + 63" (2.2) | 
with Me — Ter euns 


The quantum efficiency of fluorescence with 3650A excitation is given by 


” aioe . As: 2,6 
ee 1 
Ji’ By + mi,e + Js’ Bs’ +03, 
i i \ 
Se Se ee ee a dl - (2.3) 
Tos Teo” ho Rs! 74 O38 1 
oe = 7, VT 1+ , x “"r ia “rr 4 k “or 
Asks As Aors’ Rs o1 RTA eA: Sos LE etc SN ald ch 


Bs Bee Re!’ Bee 


As clearly seen in Eqs. (1.3) and (2.3), the quantum efficiency of fluorescence with 2537A — 
excitation is independent of the excitation density, while that with 3650A excitation depends 
on the excitation density. 

All values of the transition probabilities in Eqs. (1.3) and (2.3) are determined so that the 
calculated results for the temperature dependence of the quantum efficiency show good 
agreements with the observed results. A set of values selected out of many possible com- 
binations is listed in Table I. 


Table I. Numerical values of the transition probabilities estimated for Cu-activated 


| 
| 
8-calcium orthophosphate phosphor. | 


As=1x108sec-!, Ay’!=1x105sec-!, ky’ =5 x 109. T-e-8°7x108/7 sec-1, fey!’ =1 x 104 T- e-3X108/T sec—1, 
kg!’=1.5x 108- T-e-80/7 scc-3, A3!=1x10-5sec-1, ks’ =1x1010- T-¢e-18x104/T sec—1, 
ks!’ =1 x 102- T-e-8X108/7 sec—1, Ay’=10sec-1, ky! =1x1010- T-e-1°8x104/7 sec—l, 


kg!’=1X107- T-e-8x108/7T sec-1, ky!’ =1 x 108- T-e-2X108/7 sec-1, As’=1sec—}, 


cs’ = 1x 104. T-e-8xW8/T sec-1, Ag=1x108sec-1, Ag’=1x105sec-1, kg’ =7~x 109. T-e—9X108/T7 sec-1, 


In Eq. (2.3), the value of ji’B:’=1x10? sec! was assumed and the last term in the deno- 
minator was omitted, because it is negligibly small compared with unity, when the reason- 
able value of o3’/o,’ are used. The calculated 
results for the temperature dependence of the 
quantum efficiency of fluorescence are shown, 
compared with the observed results, by curves 
(1) and (2) in Fig. 2. Their degree of agree- 
ment between the calculated and observed 
values seems to be rather satisfactory. Thus 
the model given in Fig. 1 seems to be reason- 

eneerature. T( able. Although a set of numerical values of 

Fig. 2, Temperature dependence of the quantum the constants listed in Table I does not seem 
efficiency of fluorescence of Cu-activated §- to be necessarily the best one, we shall as- 
calcium orthophosphate under excitation by sume hereafter that these values are sufficient- 


9597 & Q “ : , re ; ‘ 

253% A or 3650A. Full lines (Curves (1) and (2)) ly accurate in order to investigate the detailed 
indicate the calculated results and points marked behaviors of the phosphor 
with ©, x, and @ express the observed values. , 


As a reference, the calculated decay rate con- (IL) Quantum efficiency of phosphorescence 
stants of various components of afterglow are with 2537A excitation to saturation 
shown by curves (3), (4), and (5). The quantum efficiency of phosphorescence 


oo 


Decayrate constant (sec.) 


duantum efficiency of fluorescence 
oF iz piled 


o- nN Ok ODS @ 


A 
S 


F 
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of the phosphor excited with 2537A to saturation is determined by the solution of Eq. (1.1) 
subject to the initial condition, 


Ata — Oi A=0, and. m=. , Oe (Sil) 

and it is given by 
22,9 = sisal di =72,31{1—(03,n +04, ) }e*2 vb +35, p-e-A3.p°t 4 By, pO p**] (3.2) 
ST Bi-n1,¢ ; iy the ; 


with 
03.9= TsTa(a—As, v)(a—As, ») +h!’ hs’ 14 (e1— As, ») tr! Take (ta— As, v) 


T374(As, p—Az, Nek peerws) 


iy 2 ‘TaT4(73 As p) (74 —A, F oD) +he’ ks’ 74(74—As, ») +12" raka’’(73— As, ») 
, T3704(Ag,p—A2,p)(As, p—A3, pv) ; 


and m2,» denotes the state density of state 2 at any time ¢ after the end of excitation. 
Here, the rate constants of decay for the components of afterglow, 4:,» (i=2, 3, 4, 5), are 
given by the roots of the following equation: 


F(A) = (as —A){ (702A) (a03— 2) (704— a) — 02 Ra (703 — A) — he!’ (44) =0 (3.4) 
Accordingly, we have 


As, p=75 . (3.5) 


According to this relation, the term including e-.»* in Eq. (8.2) vanishes automatically, 
as suggested before. In general, the number of the components of afterglow is equal to that 
of excited states. In our case, the triplet terms of the spectrum may split completely by 
the interaction of crystal field, i.e. Stark effect; therefore, we can expect a number of 
components of afterglow. 

Since the values of the roots of Eq. (3.4) can be determined by the numerical calculation, 
the final result reduces to 


M2, n(300°K) = 72, 7{0.99987 -e-*2.»** + 1.0288 x 10-4 -e-*3-».6 + 2.4577 x 10-6 -e-*4,0""} (3.6) 
with 
”2.7=0.87765, Ae,p=1.1395x 108 sect, As,9=7.1829 x 10° sec, 
and (Sen) 
As, p=3.9180 x 102 sec? at 300°K. 


The calculated values of the decay constant of the most persistent component of after- 
glow were 3.867 hr at 300°K, which was quite close to the observed value of 3.87 hr at 296- 
298°K, and 11.66 hr at 280°K. The behaviors of the calculated result given by Eq. (3.6) are 
rather in good agreement with the observed results reported in a previous paper”. 

We can approximate 22,», 2s,» and 4s,» to 


As,p=Ta+a@z, As,p=Mst as and Ae, p= T2— (3 + as) (3.8) 
with 
© ren ee eee (3.9) 
2— 73 Ge ee 


if as and a, are much smaller than z3 and 7 respectively, as is true in our case, then we 


have 


As(Lt he’s’ [rears + 12!) sy, (3.10) 


2,7 ho p= 1— he! Rs!’ [reams — 2" Real” [Tete 
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The temperature dependence of the decay constants, (A2.», As,» and Az,»), which were cal- | 
culated by Eqs. (3.8) and (3.9), are shown by curves (3), (4) and (5) in Fig. 2. F urthermore, | 
it was proved directly by the numerical calculation that Eq. (3.10) holds over a wide range 
of temperatures from 120 to 760°K. 

(IV) Quantum efficiency of phosphorescence with 3650A excitation to saturation 


The quantum efficiency of phosphorescence of the phosphor excited with 3650A to satura-_ 
tion is determined by the solution of Eq. (2.1) subject to the following initial condition: 


at t—0, Jv=0, js’=0 and ni =ni,e’, Ga24, Jo ee, Gh (4.1) | 
In a way similar to Eq. (3.2), we have 


Az “Ne, p 
JV BY “11 ula e Js’ Bs’ : N3,6 


= 92,7 {1—(63,0 + 04,n')}e*2 2" +05," e793: 9° + Oa, p’ e740] (4.2) 


ieee 
Ro» = 


with 


es 73’ "(703—A3, p)(724—As, p) tho’ Rs’ (24—As, ) ar (reemes’’ — ko!’ ks’) (73— As, v) 
a m3'"(As,p—Az, »)(As,.p— As, 0) . 


A se ms’ (13—As,p)(m1—As,p) the!’ hs’’ (t4—As, vp) + (eats — he’s’) (03— As, ») 
4D) — : . 


(4.3 
m3’ (As,p—Az, p)(As, p— A3, 0) 


Since Eq. (4.3) contains the factor zs’’, the quantum efficiency of phosphorescence in this 
case depends on the excitation density. The decay characteristics of afterglow under exci- 


Table I]. Numerical values of the coefficients in Eq. (4.2). 
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Fig. 3. Calculated decay curves of afterglow of 
Cu-activated @-calcium orthophosphate excited 
with 3650A of various intensities at 500°K, in 
microsecond time scale, 


Fig. 4. Calculated decay curves of afterglow of 
Cu-activated @-calcium orthophosphate excited 
with 3650A of various intensities at 500°K, in 
millisecond time scale, 
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tation by 3650A of various excitation densities at different two temperatures were calculated. 
The numerical values of the coefficients of three terms in Eq. (4.2), together with the quan- 
tum efficiency of fluorescence, are shown in Table II. 

The calculated results for the decay characteristics of phosphorescence at 500°K are il- 
lustrated in Figs. 3 and 4. Here, we can see two significant behaviors of phosphorescence. 
The first is that the quantum efficiency of the persistent phosphorescence decreases rapidly 
with increasing excitation density. Such a property of afterglow is familiar in some other 
phosphors‘), The second is that the coefficients of exponential functions become negative; 
as the result, the decay curve is given a convex curve, as shown in Fig. 3. The extreme- 
ly small value of 72,7’ at 300°K, as shown in Table II and Fig. 2, will be responsible for the 


experimental fact that we could not observe the existence of persistent phosphorescence with 
3650A excitation at room temperature. 


(V) Quantum efficiency of thermoluminescence with 25374 excitation 

Let us suppose that a thin layer of the phosphor is excited by 2537A at 7o°K, then, it is 
placed in the dark for t) sec which is sufficiently long to exhaust all the electrons in the 
excited states except for the trapping state 3, and then it is heated up to any higher 
temperatures ZJ°K and the whole system reaches instantly thermal equilibrium at T°K. 
Then the state density of state 2 at any time ¢ after the beginning of heating is determined 
by the solution of Eq. (1.1) subject to the initial condition. 


at ¢t=0, fi=0, m;=m:;° and all the other n’s are zero. (21) 


In this solution, the value of 3° is determined by the calculation similar to that of Eq. (3.2) 
and it follows that 


n3°(280°K, to) =Ms,e(280°K){(1 — 2.0912 x 10-11) -e-2-8881x10- tp 
+ 2.0969 x 10-11 -@-1.1365 10% 4+. 5 6949 x 10-14. @-2.3189% 10% to) (5.2) 
Thus, with a high degree of exactness over a wide range of temperature To, we have 
N3°(To, to)=(Ms,e°€*3>p' 0) ry (5.3) 
Using this relation, we have for the quantum efficiency of thermoluminescence 


Bex 


k - p73, ) Fy 
eet). “Cae peest ig deitrt hom 


4/ 
2 
73 


H2,(To, to, T, =n, (To( 


Sant (774—A2, »)(As, p— 44,0) ema p't (724—As, p) (Az, »—A3,») ehh ; (5.4) 
te “a (1—As,v)(Az,n— 44,0) (1s—As, p)(Az,»—Aa4,n) 
As an example, let 7)>=280°K, fo=1lsec., T=600°K, then we have 
%2,1(280°K, 1sec; 600°K, ¢ sec) 
— 92 A081 {e-2-2462¢— 0), 97852 -e-2- 7884 10°'t 0.02148 -e-8.047x10%-0) (5.5) 


In a similar way, the quantum efficiency of thermoluminescence as a function of time ¢ at. 
various temperatures T adopted as a parameter was calculated and the results are shown in 
Figs. 5(a), the last points connected with dotted lines show the maximum values of spe 
quantum efficiency of thermoluminescence at given temperature T. We can see that ste 
higher the temperatures, the faster the rise time of the quantum efficiency becomes. ; ve 
experimental fact” that the rise time of thermoluminescence is very fast compared wit : e 
decay time is satisfactorily explained by this calculation. The calculated Ace: Sora or 
the most persistent component of Fe aT oe T3,t= 10.00 sec at and it is 
i d value of about 10sec a ; 

UAE aa ae area the quantum efficiency of thermoluminescence ee the 
phosphor excited with 9537 at temperatures 7)=280°K and stored in the ee a sec a 
shown as a function of heating temperature T by curve (1) in Fig. 6, and also those ca 
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culated for the phosphor excited with 2537A and stored in the dark for 1sec at 7o°K, and 
then heated at temperature T=600°K are shown as a function of temperature To by curve 
(2) in Fig. 6. These calculated results can explain satisfactorily the experimental results 


reported in a previous paper”. 
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Fig. 5. Calculated build-up and decay charac- 
teristics of thermoluminescence of Cu-activated 
B-calcium orthophosphate phosphor excited with 
2537A and stored in the dark for lsec at 
280°K, and then heated at 500°, 600° and 700°K. 
(a) Build-up characteristics, (b) build-up and 
decay characteristics. 


(VI) Quantum efficiency of thermoluminescence 
with 3650A excitation 

By the method similar to earlier treatments, 
we can calculate the quantum efficiency of 
thermoluminescence of the phosphor excited 
with 3650A. The calculated maximum quan- 
tum efficiency of thermoluminescence is given 
by 

%2,1'(280°K, 1sec; 600°K, max)=4~x10-* . 

(6.1) 

Thus the experimental fact that no thermo- 
luminescence could be observed with 3650A is 
satisfactorily explained. 


(VII) Quantum efficiency of stimulation 

The quantum efficiency of stimulation for 
the phosphor which was first excited with 
2537A to saturation and stored in the dark 
for to sec, and then stimulated with 3650A is 
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Fig. 6. Calculated temperature dependence of the 
quantum efficiency of thermoluminescence and 
stimulation of Cu-activated f-calcium ortho- 
phosphate. 

Curve (1): The maximum quantum efficiency 
of thermoluminescene as a function of heating 
temperature 7 for the phosphor which was 
excited with 2537A, stored in the dark for 1 
sec at 280°K, and then heated up to 7'°K. 
Curve (2): The maximum quantum efficiency 
of thermoluminescence as a function of temper- 
ature Ty for the phosphor which was excited 
with 2537A, stored in the dark for 1 sec at 
variable temperature 7)°K, and then heated up 
to 600°K. 

Curve (3): Temperature dependence of the 
maximum quantum efficiency of stimulation 
which was determined with reference to the 
absorption of 3650A radiation. 

Curve (4): Temperature dependence of the 
maximum quantum efficiency of stimulation 
which was determined with reference to the 
absorption of 2537A radiation. 

It should be noticed that the value of curve (4) 
is 102 times enlarged. 


given by the solution of Eq. (2.1) subject to the initial condition, 


at ¢=0, ms=ns° and all the other m’s are zero. 


Ghd) 


According to the earlier calculated results for the phosphorescence and thermoluminescence 
of the phosphor excited with 3650A, we can, in an approximate calculation, neglect Ji’ Bi’ 
and k,”’ involved in the general solution and we have for the state density of state 6 
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(1.2) 


where 4; denotes the rate constants of stimulation. 
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Now, let us define the quantum efficiency of two types as follows: 


& i Dy A *N6,s A 
Wore Oates 186 271) =e 8 a Nate Aee 
ti tia Js’ Bs’ +ns° Sas mk a x (7.3) 
E ai Asb:N6s NPA BAER 
testo; Ji: Bi-m,.) = . pie 3 228 BS Na ala ipeNaer eee Ne 
; pate te Ji Bi-N1,¢ (76— 78°’) (sors — h2’k3’’) ae 7 farce ) UA 


The former denotes the quantum efficiency with reference to the absorbed quanta of 3650A 
stimulating radiation and the latter that with 2537 exciting radiation. Taking account of 
the approximation given by Eq. (5.3), in Eq. (7.3), M30 was used instead of 73,2. As an ex- 
ample, using the values of Ji’ Bi’ =/Js’ Bs’ =1x10-? sec, ty—=1sec and T=280°K, build-up and 
decay characteristics of stimulation were calculated by Eq. (7.4). The calculated results are 
shown in Fig. 7 and are in good agreement with the observed results". 
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Fig. 7. Calculated build-up and decay charac- Fig. 8. Calculated temperature dependence of the 


teristics of stimulation of Cu-activated @-calcium 
orthophosphate which was excited with 2537A 
to saturation, stored in the dark for 1 sec, and 
then irradiated with 3650A at 280°K. 


The temperature dependence of the maxi- 
mum quantum efficiency of stimulation, which 
was calculated by Eqs. (7.3) and (7.4) using 
the same values for /i’Bi’, J;’Bs’ and fo as 
given above, is shown by curves (3) and (4) 
in Fig. 6, respectively, The calculated curves 
(2) and (4) are sufficiently satisfactory to ex- 
plain quantitatively the experimental fact that 
the brightest thermoluminescence and stimu- 
lated red emission were observed with 2537A 
excitation at about 280°K, as reported in a 
previous paper”. 


quantum light-sum of phosphorescence, thermo- 
luminescence and stimulation of Cu-activated f- 
calcium orthophosphate. 

Curve (1): Temperature dependence of the 
quantum light-sum of phosphorescence of the 
phosphor excited with 2537 A to saturation. 
Curve (2): Temperature dependence of the 
quantum light-sum of thermoluminescence of the 
phosphor which was excited with 2537 A to 
saturation, stored in the dark for 1 sec at 280°K, 
and then heated up to 7°K. 

Curve (3): Temperature dependence of the 
quantum light-sum of stimulation of the phosphor 
which was excited with 2537° to saturation, 
stored in the dark for 1 sec, and then irradiated 
with 3650A. 


The small value of the quantum efficiency of stimulation, as given by 


curve (4) in Fig. 6, can explain the observed weak intensity of the stimulated red emission. 


(VID Quantum light-sum of luminescence with 2537A excitation 
Now let us define the quantum light-sum of luminescence by the integral of the quantum 


efficiency over the entire time interval of the emission. 


The quantum light-sum of phos- 


phorescence, thermoluminescence and stimulation calculated by using Eqs. (3.2), (5.4) and 
(7.4) under the same conditions given before are shown by curves (1), (2) and (38) in Fig. 8, 
respectively. It is of interest that the quantum light-sum of thermoluminescence is larger 
than that of phosphorescence over the wide range of temperatures, while that of stimulation 
is larger than that of phosphorescence in the limited range of temperatures. These results 
are quite reasonable compared with the observed results in sulfide phosphors reported by 


Ellickson® . 
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(IX) Build-up and fatigue of luminescence with 2537A excitation | 
According to Eq. (16), the general solution for build-up of luminescence of the phosphor | 


excited with 2537A for tf) sec is given by 


pices 75 (e374 —72" 73k” —he!’ ks’ 74) 
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Pe a IP { (9.1b) - 


hat} > 
=2 
and so on, where 2;,, denotes the rate constant of build-up of luminescence. 


The specific intensity and quantum efficiency of build-up of luminescence are respectively 
given by 


gee A. ee (9.2) 
dx 
and 
As: db 
= 9.3 
23 I Bi-n1,0 ( ) 


Substituting Eq. (9.1) into Eqs. (9.2) and (9.3), 
and using the numerical values given in 
Table I and those of 43,1, the characteristics 
of build-up of luminescence for various values 


always normalized to unity, while in Fig. 12, 
the maximum of the specific intensity of — 
luminescence is normalized to unity. 

The characteristics of build-up of lumines- 


of the parameter /:B: were calculated. The 
calculated results are illustrated in Figs. 9, 
10, 11 and 12. In Figs. 9 and 10, the specific 
intensity of luminescence at steady state is 


9R 


cence are not, in general, given by a simple 
curve, but show a certain number of maxima 
or minima. The number of maximum or 
minimum points decreases with decreasing 
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Fig. 9. 


Calculated characteristic curves of build-up of Cu-activated 8 -calcium orthophosphate 


excited with 2537A of various intensities corresponding to 4B,=1~0sec~! at 300°K. Arrows 


show the position of maximum points. 
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Fig. 10. Calculated characteristic curves of build-up of Cu-activated @-calcium orthophosphate 
excited with 2537 A of various intensities corresponding to J;B,;=10'~10’ sec-! at 300°K. Arrows 
show the position of the maximum or minimum points. 


excitation density and finally the build-up the build-up curves shown in Fig. 10 is quite 


curve monotonously approaches to the satura- 
tion value of luminescence. The shape of 
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Fig. 11. Calculated quantum efficiency of Cu- 
activated 8-calcium orthophosphate excited with 
2537A of various intensities at 300°K as a 
function of excitation time. 
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Fig. 12. Calculated relation between the specific 
intensity and excitation time for Cu-activated 
B-calcium orthophosphate excited with 2537A 
of an intensity corresponding to Ji:Bi=1 sec"? 
at 300°K. This curve was reproduced from the 
corresponding curve in Fig. 9 by plotting it in 
a linear scale instead of semilog scale. 


different from that of the curves which have 
already been reported*.”, but it rather re- 
sembles that of the curves obstained by 
Gessner® in zinc sulfide phosphor under ex- 
citation by nuclear radiation, disregarding 
the difference of units in the time scale. 
Such a result as shown in Fig. 10 is impor- 
tant when the phosphor is used as a scintil- 
lator and is proved to be reasonable for the 
explanation of the characteristics of scintil- 
lator, which will be reported elsewhere. 

The curve shown in Fig. 12, which was 
reproduced from the curve of /:Bi=1sec 
in Fig. 9 by plotting it in a linear scale in- 
stead of semilog scale, is considered as a 
typical case expressing the characteristics of 
the fatigue of luminescence such as already 
observed by some workers” in various phos- 
phors. Accordingly, we can interpret the 
fatigue of luminescence as a process of the 
saturation of luminescence in the course of 
the build-up of Juminescence. 


(X) Recovery from the fatigue of lumines- 
cence 

Let us now consider the recovery from the 

fatigue of luminescence for the phosphor 

which was first excited by 2537A to satura- 

tion and then placed in the dark for a long 

time after the end of excitation. Let us ex- 
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press the rate of recovery from the fatigue 
of luminescence at any time ¢ after the end 
of excitation by 
eet 2 (10.1) 
No—N1,e 
where 7,, denotes the state density of the 
ground state at time f. 

The fatigue of luminescence and its reco- 
very depend on the excitation density and 
temperature. As an example, therefore, the 
characteristics of the recovery from the fati- 
gue of luminescence under excitation by 
2537A of an excitation density given by /iPi 
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Fig. 13. Calculated curve of the rate of recovery 
from the fatigue of luminescence for Cu-activated 
8-calcium orthophosphate excited to saturation 
by 2537A of an excitation density given by 
Ji Bi=1 sec! at 300°K. 


=1sec- at 300°K was calculated. The cal- 
culated result is given be 
Ox=1—{4.383 x 10-7-e-*2.v"* 
+1.0096 -e-*3,n"*—1.011-e-*4, 7" 
+-5.356 X 10-*-e-*5.7"*} (10.2) 
This result is illustrated in Fig. 13 and seems 
to be reasonable compared with the observed 


results for the other some phosphors which 
was reported by Beese and Marden”. 


(XI) Build-up and saturation of afterglow 
with 2537A excitation 

(a) Theoretical 

The state density of various states in the 
phosphor excited with 2537A of constant in- 
tensity for f,sec has already been calculated 
and given by mi,, ((=1, 2, ---, 5) in Eq. Q.1). 
Using these values, the build-up of afterglow 
under excitation by 2537A of constant inten- 
sity can be determined by the solution of 
Eq. (1.1) subject to the initial condition. 


at #=0, fi=0 and m=.» 
(G1, -2ifes 6) 5) (ast) 
In a way similar to Eq. (3.2), the state den- 
sity of state 2 at any time ¢ after the end of 


excitation was determined, and then the 
specific intensity of all the components of 
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Fig. 14. Calculated curves of build-up of the specific intensity of various components of afterglow 


of Cu-activated f-calcium orthophosphate unde 


r excitation by 2537A at 300°K 
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afterglow was calculated. As an example, 
the calculated characteristic curves of the 
afterglow at t=0 for two different excitation 
densities are shown in Fig. 14. As clearly 
seen in this diagram, the specific intensity 
of all the components of afterglow increases 
rapidly with increasing excitation time z and 
then gradually approaches to its maximum 
or saturation value. All these curves reach 
the values near maximum or saturation at 
excitation time corresponding to their decay 
constants of afterglow. As the result, the 
smaller the decay constant, the shorter the 
excitation time required for reaching the 
maximum or saturation of afterglow. 
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Fig. 15. Calculated build-up curves of 2: -and Ag 
-component of afterglow of Cu-activated B 
-calcium orthophosphate reproduced from the 2, 
-and 4,4 -curve in Fig. 14 by plotting in linear 
scale instead of log-log scale. 


The specific intensity of the most persistent 
component: of afterglow, i.e. 4:-component, 
approaches monotonously to its saturation 
value with increasing excitation time, as 
shown in Fig. 14, while that of A’2- or As 
component of afterglow reaches its saturation 
value through a maximum point, as shown 
in Fig. 15 which is plotted in linear scale. It 
seems that 2:- and ds. curve express the 
typical characteristics of negative pre-excita- 
tion effect of phosphorescence and character- 
istics of 4s- curve correspond to positive pre- 
excitation effect. If the phosphor shows 
an appreciable photochemical deteriolation, 
even the most persistent component of phos- 
phorescence will exhibit negative pre-excita- 
tion effect as will be reported elsewhere. 

(b) Experimental 

In order to check the theoretical results 
mentioned above by experiments, the charac- 
teristics of build-up of phosphorescence for 
the phosphor under excitation by strong 
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2537A were measured accurately. A thin 
layer of the phosphor, which was stored in 
the dark for more than 24 hr in order to ex- 
haust the phosphorescence completely, was 
excited with 2537A radiation of constant in- 
tensity from a 20 watt low pressure mercury 
discharge lamp made with quartz. The 
phosphor layer was placed at a constant dis- 
tance of about 2cm from the mercury lamp. 
A series of excitation times of 10sec, 30sec, 
2min, 10 min, 1 hr, 3 hr and 6 hr were used. 
The decay curves of phosphorescence were 
automatically recorded with a Brown Electro- 
nik Recording Electrometer combined with a 
photomultiplier during the period from about 
1 to 100 min after the end of excitation. All 
these experiments were carried out at 297- 
298°K. As an example, the observed values 
of decay characteristics of phosphorescence 
for the phosphor excited for 3 hr are shown 
in Fig. 16. In this diagram, the observed 
values were adopted from the original con- 
tinuous decay curve at a period of 0.5-2 min. 
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Fig. 16. Observed decay characteristics of after- 
glow of Cu-activated #-calcium orthophosphate 
under strong excitation by 2537 A for 3 hours 
at 297°K. Full lines indicate the decay charac- 
teristics of afterglow calculated by analizing 
the observed result. 


The observed decay curve was resolved into 
four components of phosphorescence having 
the decay constants of t:=3.87 hr, T,=24.6 
min, ts=4.13 min and c.=0.931 min shown by 
the four straight lines in this diagram which 
was plotted in semilog scale. The resultant 
curve is shown by the full line and shows a 
good agreement with observed value. Thus 
the intensity of the four components of 
phosphorescence at 120) BG =o; 8,9), 
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were determined accurately. By the same 
way, those for all the other excitation times 
were determined. The initial intensity of the 
four components of phosphorescence as a 
function of excitation time is shown in Fig. 
17. As seen in this diagram, at least, 4s- 
and 4 »- component show clearly the character- 
istics corresponding to positive and negative 
pre-excitation effect, respectively. Although 
it is not clear, the behaviors of 4;- and As- 
component seem to be negative effect. 


a 
70 
2557A excitation 


60 at 297-298 'K 


30 . ee See ey, 


Intensity of afterglow (arb units) 


1 1 L 1 1 1 
0 20 40 60 80 100 120 140: 160 180 200, 360 
Excitation time, to (minute) 


Fig. 17. Observed build-up curves of the com- 
ponents of afterglow of Cu-activated ~ -calcium 
orthophosphate. 


The build-up characteristics of the specific 
intensity of phosphorescence depend on the 
excitation density. As an example, the cal- 
culated specific intensity of the A3;-component 
of phosphorescence as a function of excitation 
time for five different excitation densities are 
shown in Fig. 18, compared with the observ- 
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ed intensity of the 4s-component of phosphores- 
cence. Because the specific intensity of 
phosphorescence was used instead of the in- 
tensity of phosphorescence for the calculated 
values, the absolute value of /:B:=30sec 
for the curve which show a good agreement 
with observed values does not seem to be 
correct. The validity of the theory mention- 
ed above, however, seems to be supported by 
this result. The observed decay constant of 
t3=3.87 hr at 297-298°K is in complete agree- 
ment with the calculated value of ts=3.867 hr 
at 300°K, as mentioned before. The other 
components of phosphorescence observed here 
will be attributed to the transitions omitted 
in Fig. 1, as suggested before. 


(XID Intensity of fluorescence 

The fundamental equation of luminescence 
given by Eq. (8) and the specific intensity of 
fluorescence given by Eq. (17) concern them- 
selves with the properties of the thin layer 
having a thickness of dx in which the excit- 
ation density is considered to be constant, 
as mentioned before. The actual layer or 
crystal of phosphor, however, has a finite 
thickness through which the excitation densi- 
ty is decreased with the depth of penetration 
by the absorption or scattering of excitating 
radiation. We must, therefore, integrate the 
specific intensity of fluorescence with respect 
to thickness of the phosphor layer, consider- 
ing the effect of absorption and scattering of 
radiation, in order to obtain the intensity of 
fluorescence. 


at 
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Fig. 18. Calculated build-up curves of 43 -component of afterglow are compared with the observed 
values for 43 -component of Cu-activated 8 -calcium orthophosphate excited with strong 2537 A 
at 297-298°K. The calculated curves deal with the specific intensity of phosphorescence at 
300°K, while the observed values with the intensity of phosphorescence. 
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Let us first consider a large single crystal 
of phosphor which is under steady excitation 
by ultraviolet radiation. The absorption coef- 
ficient of the phosphor activated with impuri- 
ty atom, a, will be expressed by 

Aa=a,+a,=o1n0+o1(n+—nN) , (12.2) 
where a, and a are respectively the absorp- 
tion coefficient for the activators and host 
crystal, o: and o are respective absorption 
cross sections, and m and z+ are the num- 
ber of activators and positive ions involved 
in the unit volume of crystal, respectively, 
assuming that the activators are introduced 
in the matrix replacing the positive ions. 

Neglecting the surface reflection of the in- 
cident radiation, the energy density of excit- 
ation at a depth of x is given by 


i@=fi-e-* , (12.2) 


a=n Arrsrarts ’ 
and 


A=72!' mma t+ 15(mam1 the ms +72'' Ts) « 
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where J; is the energy density of the incident 
exciting radiation on the surface. Taking into 
account the correction factor c for the reflec- 
tion of the exciting radiation and fluorescent 
light and for the geometry of measurement, the 
specific intensity of fluorescent light which is 
produced in the thin layer of thickness dx at 
depth x and emitted from the front surface 
of crystal is given by, according to Eqs. (19) 
and (12.2), 


OPA INERT ie Osi e 
b+d-Ji:Bi 1m 


Where ay is the absorption coefficient for 
fluorescent light. The same form as Eq. 
(12.3) will hold for the case of powdered 
phosphor layer. For Cu-activated $-calcium 
orthophosphate, the values of constants, a, D 
and d, in Eq. (12.3) are given by 


dle, (x)= 


ai a laee) 


// 


b=75(momsms4— 72 maka’ —Ro’ ks’) , 


(12.4) 


Considering that ay is usually much smaller than @, we can obtain from Eq. (12.3) the 
following results by integration under various conditions: 


(12.a) General case 
har a (1+ oe In {1+ a . guste nett (12.5a) 
hide) =e in (1+ cs) (12.5b) 

(12.b) d-f.Bilb<1 
ee a {1—e-@+ayt} , (12.6a) 
RGSS sre aie: (12.6b) 


where / denotes the effective thickness of the phosphor layer. 


In our case, we can consider 


that the effective thickness of the phosphor layer is practically infinite. 


The absorption coefficient a: for P-calcium orthophosphate activated with 0.5 mol % Cu is 
estimated to be of the order of 10?cm~! for 2537A. Since the crystal of this phosphor con- 
tains about 310-19 Cut ions per unit volume, the absorption cross section of the a a 
center for 2537A is estimated to be about 3x10-'* cm’. Assuming that the sey goes 
2537A radiation of moderate intensity is, for the sake of convenience, about 3x10" photo 
cm-?-sec~ (11), we have 

( 
A:Bi=3x10-® 3x10 = 1x10” sec"! . (12.7) 
For Cu-activated $-calcium orthophosphate, the values of d/b at various temperatures are 


smaller than 2.3. Therefore, the value of d- J:B:/b is about 2x 10~ or less for the ordinary 


excitation density of 25374. Thus Eq. (12.6b) holds in our case. 
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(XIIl) The Relation between the fluorescent efficiency and concentration of activator (concen- 


tration quenching) 


According to Eq. (12.6b), we can express the fluorescent efficiency of the phosphor excited 


with 2537A by 


Tas a 


eo 7 = 


T:Me,1 b atay 


If we neglect a compared with a, we have, according to Eq. (12.1), 


E2,7(Co) =%2,7(Co)° 
with 


Co 


O1 . No: Or ‘ (13.1) 
piss a+ ay 
Ane (13.2) 
Co + 02/01 -(1—co) 
EF (13.3) 


nt 


According to Eq. (1.3), the quantum efficiency of fluorescence will be expressed as a func- 


tion of concentration of activators by 


1 


(13.4) 


2, 7(Co)= 


iF 


A; Az 


ke’ re ASG) ey eee 


(1- 


= Bi? Be . 
= 
ne a 73 ) 


yl 
7 4 ) 


In this equation, it was assumed that As’ and A,’ were independent of the concentration of 


activators because of their small values compared with A,’. 


As it has already been explain- 


ed, the term A:’(co) is considered as expressing the probability of the dipole-quadrupole 


energy transfer from emitting state 2 to quenching state 4 between activator centers. 


Us- 


ing the transition probability due to (d-g) interactions given by Dexter’, the averaged transi- 


tion probability P(d-g) was calculated. Assuming a homogeneous distribution of activators 


in the matrix, it follows that 


mo., 3 Ho 


Pid-qg= 


3 


3 78/8 | 


T 
5 Ts V°/8 


2 vols 


/ 
setts eoa.P( " novo) 3 (13.5) 


2 


where vo is the volume excluded by the presence of an activator and the notation of y and 


ts is the same as that given by Dexter’. 


Now, let Z be the number of positive ion sites to which an activator can transfer excita- 


tion energy, then we have 


As’ (0) =c0oZ: P(d-@) . 


Substituting the values of vo=1x10-*! cm’, 
Uno =3,92« 10? Sec=4 "1 /r3= V4 RA10 sees 
=2.57 eV and assumed value of 1/7 eV for the 
maximum value of the overlap integral in- 
volved in y into Eq. (13.6), we have Z=8.3 
and) = 1's < 10-20 cm*, Ihhis® valuemor eZ as 
close to the number of the nearest like 
neighbours and seems to be reasonable. Sub- 
stituting the relation (13.6) into Eq. (13.4), 
we can calculate the concentration dependen- 
ce Of y.2,7(Co). Then, according to Eq. (13.2), 
the relation between the fluorescent efficiency 
and concentration of activators can be calcu- 
lated, if the ratio of o:/o1 is known. It was 


(13.6) 


determined so that position of the maximum 
point of the calculated values coincided with 
that of observed values, as shown in Fig. 19, 
and it was 


Oy ji= 1 xA0s j CS mp) 


This value seems to be reasonable and calculat- 
ed result shown in Fig. 19 is also satisfactory 
considering the large fluctuation of experi- 
mental values 


Using Eq. (12.5b), we can now calculate 
the temperature dependence of fluorescent in- 
tensity for the phosphor activated with 0.5 
mol % Cu and under excitation by 25374 of 


1960) 


various intensity. The calculated results are 
shown in Fig. 20. The calculated curves ex- 
cept extremely weak excitation show a mini- 
mum point whose depth increases with in- 
creasing excitation density. Since the mea- 
surement of the temperature dependence of 
fluorescent intensity was carried out under 
considerably weak excitation by 2537A, which 
is estimated to be of the order of /:B:=1x 
10° sec“! or less, the degree of agreement 
between the calculated and observed values 
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Fig. 19. Fluorescent efficiency of Cu-activated ~ 
-calcium orthophosphate excited with 2537A at 
300°K as a function of the concentration of 
activators. Full line: calculated curve, ©: ob- 
served value. 
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Fig. 20. Calculated temperature dependence of 
fluorescent intensity of 8 -calcium orthophos- 
phate activated with 0.5 mole per cent copper 
and excited with 2537A of various intensities. 
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Fig. 21. Calculated temperature dependence 


curves of fluorescent intensity of -calcium 
orthophosphate activated with various amounts 
of copper and excited with extremely weak 
2537 A radiation are compared with the observed 
values (marked with © and x). 
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is satisfactory, as clearly shown by the upper 
most curve in Fig. 21 which was reproduced 
from the corresponding curve in F ig. 20 and 
compared with the observed values. All 
curves shown in Fig. 21 were calculated under 
conditions subject to /i:Bi<lsec-!, and all 
curves except the uppermost curve were cal- 
culated using no adjustable parameters; the 
calculated results, therefore, are quite satis- 
factory. 
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Germanium Crystal as a Neutron Monochrometer and 
the Determination of its Higher Order 


Contaminations* 
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In order to cover the wave length range 1~4A with neutron crystal 
spectrometers, an attempt was made of using as a neutron monochrometer 
a germanium crystal. Germanium has a ‘diamond cubic structure and 
the second order (222) reflection is theoretically forbidden. The intensity 
ratio of third to first order neutrons, J;/J,, at thermal energy with a 
1/v, BF; counter was determined experimentally by a double crystal 
method using a second silicon crystal analyser, to be 0.023+0.002 in 
agreement with the theoretically predicted values, [3/=0.0245 and Iy/h 
=0.0055. A maximum value of 0.2% was also measured for the second 
order contamination in the same way. The total higher order contami- 
nation determined from the transmission of pyrex glass plates was 
(4.740.5) % at thermal energy, assuming only the third order contami- 
nation. The comparison of Ge, Si and NaCl crystals as monochrometers 
is discussed. The experiment indicates the successful use of a germa- 
nium crystal in A region as a neutron monochrometer and also confirms 
the ways of determining higher order contaminations. 


§1. Introduction 


The basic condition upon which the inter- 
pretation of neutron crystal spectrometer data 
is based is that the coherent scattering of 
neutrons from single crystals is described by 
Bragg’s law, 


nh=2d:sin 0 ED) 


where 


4: de Broglie wave length, 4: Bragg angle, 


d: interplanar distance, nm: order number 

For any particular Bragg angle @, neutrons 
having wave lengths 2b, 40/2, 49/3, ---, ao being 
equal to 2d-sin@, will be reflected into a 
counter which is set at angle 20) with respect 
to the direction of neutrons from a reactor. 
The effect of these higher order contamina- 
tions will alter the observed quantities, trans- 
missions in most cases, of a sample as a 
function of ratios of higher order intensities 


* This work was performed at Brookhaven 
National Laboratory from January to September, 
1958, under the direction of Prof. W. W. Havens, 
Jr. of Columbia University, and was partially sup- 
ported by the U. S. Atomic Energy Commission. 


to the first and of the cross section of a 
sample to be examined. Due to the fact that 
the neutron spectrum of the Brookhaven 
Reactor has its peak somewhere around 0.07 
eV (about 1A), it is extremely difficult to get 
the fairly good monochromatic neutron beam 
of the energy of about 0.025eV (1.8A) with 
crystals like NaCl and LiF which have high 
reflectivities of the second order component, 
the energy of which falls near the peak of 
the pile spectrum. The use of crystals such 
as germanium and silicon which have a di- 
amond cubic structure solved this problem as 
the second order reflection from (111) plane 
of those crystals is theoretically forbidden so 
that they could be used within some range 
below the peak of the Maxwellian distribution 
of neutrons from a reactor. 

The use of a Ge crystal as a neutron mono- 
chrometer below 1A was mentioned by Mc- 
Reynold», but no determination of higher 
orders, which were expected to be a great 
portion of the diffracted beam in this wave 
length region, was performed. He also men- 
tioned that the second order @22) reflection 
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was less than 1% of the (111), using the 
spectrometer of Hasting and Corlise. 

The determination of higher orders by filter 
method was briefly described, for example, 
by Sturm?. To determine the amount of 
higher orders with reasonable accuracy, a 
transmission type method similar to the filter 
method (we call this a pair-transmission 
method) was employed in this experiment, 
using a set of pairs of neutron absorbing 
material sheets. This method has an advan- 
tage over the filter method when the amount 
of the contamination is very small and the 
transmission values of the samples are hard- 
ly accurately determined at energies con- 
cerned with monoenergetic neutrons of those 
energies. At 1.8A, in the present experiment, 
a pair of pyrex glass plates was used, and 
transmissions were measured both for a pair 
of plates together and for each plate sepa- 
rately. Transmission values for monoenerge- 
tic neutrons were calculated by an analytical 
method (Appendix 2). 

The reflection from a forbidden plane was 
discussed by Renninger®) in connection with 
X-rays and reproduced by James‘). He deter- 
mined a structure factor of the (222) plane of 
the diamond, which is theoretically zero, using 
a number of diamonds of varying degrees of 
perfection and finding a very considerable 
variation in intensity. In the case of neutron 
diffraction, following his way of discussion, 
the limits between which the structure factor 
may lie will be widened due to the secondary 
extinction. But, at least, in analogy with X- 
ray diffraction, there must be some amount 
of the second order contamination from Ge 
crystals due to the imperfection of the cry- 
stals. In the present experiment this was 
determined by a newly devised double crystal 
method, using the second crystal as an ana- 
lyser. The third order contamination was 
also determined in the same manner, and 
was compared with the values theoretically 
predicted. 


§2. Theorétical Estimation of the Ratios 
of Higher Order Intensities to the First 
(Higher Order Contaminations) 


Relative counting ratios of higher order 
components to the first order of Bragg-reflect- 
ed neutron beams are governed by the reflec- 
tivities of each order reflection, by the neutron 
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spectrum from a pile and by the variation of 
counting efficiencies of particular neutron 
counters used. 

Reflectivities of a crystal depend upon a 
number of factors such as; 

1) The scattering and absorption cross sec- 
tions of the constituent atoms:--:-- attenuation 
factor and crystal structure factor. 

2) The magnitude of the thermal agitation 
of these atoms:---- Debye-Waller factor. 

3) Crystalographic factors; interplanar dis- 
tance, crystal thickness, mosaic spread, cry- 
stal structure factor, etc. 

Since the cross section of the germanium 
crystal used for this experiment is of an un- 
symmetric oval shape and its (111) planes are 
neither perpendicular nor parallel to its sur- 
faces*, the way of diffraction is neither re- 
flection nor transmission type and the reflec- 
tion of the neutrons is not symmetrical. 
Therefore, the calculation of reflectivities both 
for transmission and for reflection types on 
the ideal condition, symmetrical, is carried 
out and the mean values are employed for 
comparison with the experiment. 

The complete expression of reflectivities of 
crystals is described as; 

R(@)=exp (—2M)- #4) (2) 
where exp(—2M/) is the Debye-Waller factor 
and 3’(@) is the reflectivity of a crystal lattice. 

The Debye-Waller temperature correction 
factor was discussed and justified by several 
authors®). It is expressed as exp(—2M) where 
M is given by 


6h? a NO |h l G ) G )| 
== ay ; -- C aie 
us mkO (ae! | 4 6) @ ih 


(3) 


with 
cae 

a@=|" a 
Here, @ is the Debye temperature of the 
crystal, h and k are Planck’s and Boltzmann’s 
constants, respectively, 7 is the nuclear mass, 
d is the grating space, m is the order num- 
ber, and T is the temperature of the crystal 
in degrees Kelvin. The Debye temperatures 
of Ge, Si, and NaCl crystals were taken to 
be 390°K, 660°K, and 320°K®, respectively. 
The function Q(z) is given by Debye and re- 
produced in Blake’s paper”. The Debye- 
Waller factors for Ge, Si and NaCl thus calcu- 


Oi. (4) 


* See Fig. 1. 
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culated are given in Table I. 

Expression of the reflectivity of a crystal 
lattice, (0), have been derived by Goldberger 
and Seitz®), and Bacon and Lowde”. The re- 
sults of Bacon and Lowde, which are the 
modification to neutrons, of the expression 
developed for X-rays by Zachariasen’®, are 
the most readily adaptable for computation 
purposes and the estimation calculated here 
was based upon their results. The. reflec- 
tivity, 2’(0), is given, according to Bacon and 
Lowde, as the integrated reflection for an 
ideally imperfect crystal” in the form of inte- 
grals over the diffraction curves; 

Reflection method: 
R(0)= I a: -dA 
»(lta)+V/1+2a -coth[AV/1+2a ] 


(5) 


Transmission method: 
a=" SCAG ERs Peer rane 


where 
A= to/7o 
a=(Q/) W=(Q/[1/nV 2x ]- exp (—4?/27?) 
Q=(A3N?2/sin 20) F? 
with 
yw: true absorption coefficient 
to: thickness of the crystal 
yo: direction cosine of the incident beam 
with respect to the inward normal 
to the plane 


N: reciprocal of the unit cell volume 
F: structure factor, which is given as 


S V ocon/4zx -exp [27i(kx/a 


atoms 
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mosaic block angular distribution 
function, defined so that W(4)-d4 is 
the fraction of mosaic blocks having 
their normals between the angles 4 
and 4+d4 to the normal to the cry- 
stal. W/(4) is usually taken to be 
gaussian and is written as above with 
the standard deviation 7. 
4%: mosaic spread 

The expression for the reflectivity for the 
simplest case, i.e. symmetrical transmission, 
was derived by Holm!” from equation (6) and 


W: 


was also used for our computation. His re- 
sult is 
, se (7 tan?@)F_ 
WOA=VYn/2 -ve i 4 ARAL i (Tre le 
where 
en SA: tbN2F? 
V 27 n3 ; 
(8) 


Te et Son een 
To é To 


These general treatments of reflectivities have 
their most valuable applicability, according to 
Bacon and Lowde, when the crystal is medium 
in thickness and absorption, i.e. 


A ged Q 1 Q 
2 eas 50° 
(9) 
where reflectivities can be approximated as 
parabolas, const x Q'/, over the most part of 
the range. Beyond these limits, the reflec- 
tivity is simply expressed as Q/2 for thin 
or absorbing crystals and is a streadily and 
slowly increasing function of Q for thick or 
non-absorbing crystals. Most of the crystals 


and oti 


+ky/b+1z/c)] in practical use are medium in this respect. 
Table I. Calculation of higher order contaminations. 
Crystal i Jt Cx 10= 8) SEOs) relative ® relative J thickness 
(Plane)| ” e : ee : oe al fe | 
| | trans. | refl. | trans. refl. trans. | refl. trans. refl. (om) 
Ge 1 0.985 | 1.62 2.50 1.58 2.46 100 100 100 100 
ia) 8 0.870 | 0.145] 0.262] 0.126 | 0.228 8.0 OES 2.3 2.6 0.5 
4 0.782 | 0.124] 0.218 | 0.097 | 0.170 6.1 6.9 0.50 0.60 
Si 1 0.984 | 1.16 2.04 1.14 2.00 100 100 100 100 
bi 3 0.863 | 0.064} 0.131 | 0.055] 0.113 4.8 Der, 174 1.6 1.0 
4 0.770 | 0.054 | 0.116} 0.042] 0.090 Oot 4.5 0.32 0.38 
NaCl 0.976 | 0.964] 1.39 0.941} 1.31 100 100 100 100 ; 
2 0.907 | 0.348 | 0.464] 0.316| 0.421 33.6 S2-lig|peoO.O 47.7 D327, 
(200) 3 
0.803 | 0.116 } 0.233 0.093 0.187 9.9 14.3 229 4.1 


Table II. 
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Crystal constants. 


Ge 


Si NaCl 


1.45 x 10-3 radian 


7 O° (25 min.) 


1.45x 10-3 radian 


1.164 x 10-3 radian 
(=5 min.) 


(=4 min.) 


lattice const. 5.6575 x 10-8 cm 


(5.43059+5)x10-8cm | (5.63874+2) x 10-8 cm 


3.2664 1 


Si loayste) It 


din *2.81937 y 
N?2 3.0497 x 1043 cm—6 3.89868 e 108 em-6 3.1111 x 1043 cm-6 
Bragg angle for 1.79818A § —-15°58.62/ 16°39.84" 18°35.78) 
* refers to doo 
%’(@)/n as a function of (Q/7)(to/ro) for differ- §3. Experimental Determination of Higher 


ent values of zfo/yo and (1/7)(Q/#) is given in 
Bacon and Lowde®. Examples, thus calcu- 
lated for Ge, Si and NaCl crystals are listed 
in Table I. From these, it is clearly seen 
that the third order reflectivity of Ge and Si 
crystals is of the same order of magnitude 
as the fourth, while the third order reflectivity 
of NaCl crystals is much less than the second. 
They also show that the second order reflec- 
tivity of NaCl crystals is much less than the 
second. Crystal constants used for the com- 
putation are also given in Table II. 
Pile spectrum and counter efficiency 

Now the pile spectrum is taken into account 
in order to get the relative intensities of each 
order to the first. The equation to be used 
for the determination of the relative intensi- 
ties is: 
_ [(@:) nth order 
~ I(6:) 1st order 
el en) Tha), or (As) 
~ T*(O1) *RAr) 1 HR*(An) 
where ”%(Am) represents a reflectivity of mth 
order reflection and of neutrons of wavelength 
Am, and asterisks denote the quantities related 
with a NaCl crystal mentioned below. The 
derivation of the equation is discussed in Ap- 
pendix 1. The pile spectrum used in this 
estimation is the one previously measured’ 
with a NaCl crystal. The result of theoretical 
estimation thus obtained about relative in- 
tensities is listed in the last column of Table 
I, which again shows the inferiority of NaCl 
crystals in this wave-length region. 


4a=AB)h/1—4B° 


Cn 


(10) 


with 


Order Contaminations by Pair-Trans- 
mission Method 


(i) Principle of the method 

Assume in the reflected beam there exists 
a of the lowest high order contamination, @ 
being the ratio of the intensities of the lowest 
high order to the total, with counter efficiency 
included. Orders higher than the lowest con- 
tamination (3rd order in the case of a germa- 
nium crystal) are assumed to be zero. A set 
of pairs of samples of suitable thickness, a 
pair of pyrex glass plates and a pair of cad- 
mium sheets in this experiment, was used 
and transmissions for a pair of samples to- 
gether and for each sample separately were 


taken. Then a@ is calculated by the equation: 
eves 
2 
with 
B T12—T1T2 (11) 


~GTs—1T1) (2Ts—2T)) ’ 
when the lowest high order is the third. Here, 
experimentally measured transmission 
of two samples together 
T1,T2: experimentally measured transmissions 
of each sample separately 
iTn: analytically calculated transmission of 
ith sample for mth order neutrons 
The derivation of this equation is discussed 
in Appendix 1 and the analytical calculation 
of transmissions of pyrex glass plates, in Ap- 


pendix 2. 
The error associated is; 


T12. 


hs A(tiz—tite)_ |? | 
48=8,/| Ti2—TiTe [3 


(12) 


Sa Coa : 


i23—1il1 273—211 
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By dividing the experimental values and the 
calculated into two independent groups in this 
way, errors associated with this kind of meas- 
urement were reduced to the minimum. By 
filter method, on the other hand, it is impos- 
sible to determine a with good accuracy due 
to the unballance between the errors of trans- 
mission values calculated, 7, and those ex- 
perimentally measured, tT. 


(ii) Experimental arrangement and results 
The Columbia crystal spectrometer located 
at Brookhaven National Laboratory was used 
with a germanium crystal kindly supplied by 
the Bell Telephone Laboratories. The descrip- 
tion of a high resolution neutron crystal elec- 
trometer of the similar kind is given by many 
authors". The schematic description of the 
experimental arrangement is shown in Fig. 1. 
Details of samples used at various energies 


Slow neutron beam 


ROCA Sere 
enna aaeorss aeaes 


reactor face 


Shielding 


Automatic 
sample changer 
Samples 


——Slit #2 


BF3 counter and _ shielding 


Spctrometer arm 


Fig. 1. Schematic description of the experiment 
of pair-transmission method. 


Table III. Samples used for the order determina- 
tion by pair-transmission method. 


Samples Thickness Length | Width 
P.G. Plate # 800 |(.9650+5.1)mm |~100mm |~38mm 
# 900 |(.9510+5.5) y 1 
#1000 |(.9859+5.4) y Y 
Cd sheet # 1 |(.508 +36) ” 1 
# 2 |(.0953+425) ~50 ~25 
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are given in Table III. The fractions of the 


third order thus determined between 1.8A and | 
The | 


1A are graphically shown in Fig. 2. 
main source of the errors was the one from 
the accuracy of transmission values of sam- 
ples and the careful attention was paid to 
measure transmissions as accurately as pos- 
sible. 


with its center line in a vertical plane and at 
45 degrees with respect to the neutron beam. 


As shown in Fig. 2, @ is minimum around © 


0.07 eV, peak of the pile spectrum, and in- 
creases with decreasing energy. 


e{ | JU 
8 sp 
: NI 

S4 4 
2 

Bs ul 
8 

8 2 LU 

i 
Lf atl 


O 
0.0! O.I 


0.05 
Energy (eV) 
Fig. 2. 3rd order contamination (determined by 

pair-transmission method). 
__ I(@) 3rd order 
I(@) total 


§4. Experimental Determination of Higher 
Order Contaminations by Double Cry- 


stal Method 


(1) Principle of the method 

The quantity we can define directly from 
measurements described in the last chapter 
is the intensity ratio of the lowest high order 
to the total with the counter efficiency in- 
cluded and is on the assumption that the 
contribution from all the higher orders higher 
than the lowest is zero or act as if they were 
from the lowest high order. Also though 
theoretically prohibited, the second order from 
the germanium crystal was not experimentally 
proved to be zero. By double crystal method, 
however, in principle, we can define, sepa- 
rately, each of the ratios of the higher orders 
to the first, and thus we can define or set 
the limit of second, third, —, order contami- 
nations, respectively. 


The counter used was a l/v, Nancy | 
Wood, enriched BF; counter and was used | 


1960) 


In order to determine the ratio of the nth 
order to the first, the spectrometer arm was 
set at angles 20. and 20, according to the 
condition shown in Appendix 1 and the count- 


ing ratios both for reflected and for through 


systems were taken simultaneously at angles 
20a and 20,, respectively. The second crystal 


on the arm is to analyze the beam reflected 
by the first crystal, and was set at the fixed 
angle 20, so as always to reflect selectively 


the uth order neutrons of the interested wave- 
length. 


Then from Appendix 1, we finally get, 
as [(@y) nth order ‘= I(@,) reflected 
[(@v) (st order I(@,) through 

_ AGa) through = _Ti*(Ax) 

(0a) reflected T:*(An) 

where 7;*(41) and T;*(An) are the transmis- 

sions through the second crystal of “the 

through beam” of neutrons having first order 
wavelengths of 4: and 4, respectively. 


(13) 


(ii) Experimental arrangement and results 
As the second crystal to analyse the beam 
reflected by the first crystal, a silicon single 
crystal of symmetric reflection type with its 
(111) plane parallel to its surfaces was used. 
This crystal was loaned through the courtesy 
of Dr. Sid Abrahams of Bell Tel. Laborato- 
ries, and was mounted on a conventional 
X-ray goniometer, which was fixed to the 
spectrometer arm. The counter used to meas- 
ure the neutron intensity reflected by the 


Slow neutron beam 


Shielding 


Slit “1 
Goniometer and 

Fine movement -device 
with a micrometer 


REFLECTED SYSTEM 

BF3 counter and 

Counter ballance shielding 
Ply-wood board 


BFs counter and 


silt *2 shlelding 


Spectrometer arm 


Fig. 3. Schematic description of the experiment 
of double-crystal method. 
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second crystal, was the same that was used 
for the contamination determination by the 
pair-transmission method and was set with 
its center line perpendicular to the reflected 
beam. The counter was shielded by Cd and 
paraphin and placed on a ply-wood board 
which was fixed to the spectrometer arm. 
The schematic description of the experiment 
is shown in Fig. 3. The counting ratios of 
both reflected and through beams were meas- 
ured at the same time, and the relative trans- 
missions were calculated from the through 
beam counting ratios and from the pile spec- 
trum measured with the same crystal. The 
results of the measurements both for second 
and third order determinations were sum- 
marized in Table IV. 


Table IV. Summary of the results at 1.8A. 


Methods | sn & (with NW 
counter) 
fees a a | Okie bontertene 
*Calculation | nb ; | toe 
Double X’tal | (2n@) oes Winworn 


* Calculated values are the mean values be- 
tween transmission and reflection types with the 
mosaic spread of 5min. and with the thickness of 
0.5 cm. 

** (2nd)max is included in the error. 

+ Here, a and ¢3 are related by the equation 

= I(9) 3rd order aa 


= = : 15 
°~ 1(@) lst order 1—a oo 


The backgrounds were taken by twisting 
the first crystal, instead of the second, by 
about two degrees, since the goniometer on 
which the second crystal was mounted was 
not elaborately made enough to repeat taking 
the background with reasonable reproducibility 
of the peak counting rate. The net counting 
ratio of the reflected system for the measure- 
ment of the second order contamination was 
about five per cent of the background. 

This second order contamination is to be 
included in the error associated with the de- 
termination of the third order contamination, 
as explained later. 


§5. Discussion 
The results at 1.84 are summarized and 
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listed in Table IV for discussion. 

The agreement between the value deter- 
mined by double crystal method and the one 
calculated is excellent. 

The difference between the two values of 
€3, third order contamination, obtained with 
NW counter by pair-transmission and by 
double crystal methods seems great but the 
value of €3 determined by the former method 
is the one converted from the value of @ 
which includes the contributions from all the 
higher orders higher than the 3rd order and 
this fact would make the value of €; deter- 
mined by the transmission method much big- 
ger than the value determined by the double 
crystal method. This can be easily seen, for 
example, by the following analysis: 

Let a», denote a intensity fraction of mth 
order, then from the similar discussion as in 
Appendix 1 and neglecting the product terms 
of a», it follows: 


Tia T ToD Ankit Tn—1 Ti) Tn—2Th) , 
n=3, 4, Speke) 
Since 
(1Ts—1T1)(2Ts—2T1)< (1 Ts—1 Ti) (2 Ts 2 Th) 
<a 
small values of a; and a; and so forth would 


form a great portion of the contribution to 
(t1z—Ti:T2). For instance, 


a3=0.025 
a,=0.006 
as=0.003 
a,=0.002 


(15) 


will yield the same value of (tiz—rT1-T2), aS @3 
of 0.047 does when, in the latter, only the 
3rd order is assumed to exist in reflected 
beams. This will prove the validity of the 
way of determining higher order contamina- 
tion by the double crystal method and also 
checked the accuracy of the measurement 
which was done by the _ pair-transmission 
method. With an appropriate choice of the 
second crystal it is thus possible to determine 
or estimate by the double crystal method the 
fractions of higher order reflections separately 
with reasonable accuracy together with the 
pair-transmission method. In most cases in 
this wavelength region, where cross sections 
do not vary so rapidly, it may be appropriate 
to take (0.0475) as a fraction of third order 
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to the total with counter efficiency included 


on condition that there are only first and third | 


order reflections. 

The second order reflection, or the maxi- 
mum limit of the second order as discussed 
in the following, is 0.2% against the first at 
1.84, where we expect the maximum fraction 
of the second order neutrons, i.e. neutrons of 


the wavelength of 0.9A, which falls near the | 


peak of the pile spectrum. Since a part of, 
or the most of the net count was due to the 


incoherent scattering and as, because of the | 


statistical accuracy and others, we could not 
distinguish clearly between those coherently 
and incoherently scattered neutrons, this value 
is to be regarded as the maximum limit of 
the second order reflection at 1.8A. This, 
also, is to be included in the error associated 
with the determination of the third order 
contamination. 

The limit of the applicability of this double 
crystal method to the determination of indi- 
vidual higher orders is due to the fact that 
the Bragg angle becomes so small as the order 
number increases that it gets impossible to 
place a shielded counter of the reflected sys- 
tem without interfering the though beam. 

Besides below the maximum of the pile 
spectrum, this Ge crystal seems excellent also 
in eV range from the point of view of in- 
tensity and higher-order contamination as con- 
firmed by experiments which are not discussed 
here. 

Thus the germanium crystal was shown to 
be much superior to crystals such as sodium 
chrolide in intensity and order contamination. 
The only drawback of the former is that the 
half maximum width of its rocking curve is, 
for instance, about 5 min. and this seems the 
only disadvantage of the germanium crystal 
for programs such as automatic arm advance 
and so forth. To increase the mosaic spread 
is desirable from this point of view. This 
may increase the forbidden second order re- 
flection but at the same time increase the 
first order reflectivity and decrease the frac- 
tion of 3rd, 4th, 5th, --- order reflections. 

The variation of order contaminations and 
also of intensity with thickness, basing upon 
the theory of Bacon and Lowde, calculated 
for germanium and silicon crystals in the 
same manner as done in Table I is also shown 
in Figs. 4 and 5. The result for NaCl crystal 


) 


1960) 


listed in Table I is also illustrated in the same 
figure for comparison. The mosaic spread 
of Ge and Si was arbitrarily but reasonably 
chosen to be 5min. (1.454x10-° radian), and 
that of NaCl, 4 min. (1.164x10-* radian). 
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Fig. 4. Variation of reflectivity of first order. 
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Fig. 5. Variation of relative reflectivity of higher 
orders. 


Whether transmission type or reflection type 
is employed depends on the type and the 
purpose of experiments, but if we use the 
transmission type we may say, in conclusion, 
that a germanium crystal of the thickness of 
about 0.25cm and a silicon crystal of the 
thickness of about lcm have roughly the 
same reflectivity and the same higher order 
contamination of about five per cent third 
order (in relative to the first) for the same 
mosaic spread. In both cases the increase of 
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the mosaic spread is desired. Down beyond 
these thicknesses their reflectivities are ex- 
pected to drop down very rapidly. 

The experiments with symmetric diffrac- 
tions are hoped to be done to compare their 
results directly with the values theoretically 
calculated. 

The result of the present experiment shows 
the possibility of the accurate measurements 
of cross sections exactly at 1.8A (0.0253 eV) 
with neutron crystal spectrometers, which has 
been impractical due to the higher order con- 
tamination associated with commonly used 
crystals. With some large single crystals as 
filter, which would shift the peak of the pile 
spectrum, or by a double crystal method, 
using an appropriate combination of crystals, 
it should be possible to extend the useful 
range of the spectrometers to longer wave- 
length region down beyond 1.8A to 4A.* 


§6. Conclusion 


Assuming that there are only first and third 
order reflections from the (111) plane of a 
germanium crystal, the third order contami- 
nation was accurately determined between 
1A and 1.8A by the pair-transmission method 
and was cross-checked by the double crystal 
method, resulting with (4.70.5)% third order 
contamination at 1.8A with counter efficiency 
included. The intensity ratio of third to first 
order neutrons, /3//,, at thermal energy with 
a 1/v, BF: counter was determined experi- 
mentally by the double crystal method using 
a second silicon crystal analyser to be 0.023 
+0.002. This agrees very well with the value 


* After Wajima’s departure from Brookhaven a 
quartz filter composed of six 2-inch single crystals 
was used to further reduce order contamination, 
as suggested by Brockhouse at Calk River. 

At thermal energy, the order contamination 
measured in the filtered beam is I3/h=3.7+0.7~x 
10-4 and In/I;<2:1x 10-4 to be compared with the 
values 3.2+0.3x10-4 and 1.8x10-4, respectively, 
computed from the known transmission of the 
quartz filter’. 

Further, with an improved neutron velocity 
selector!®, the germanium was shown to be used 
down to 3.5A, beyond which the crystal is replaced 
by a mica crystal down to 12A. Thus, the useful 
range of the neutron crystal spectrometer was ex- 
tended continuously from 1A to 12A, with suitable 
crystals and filters, with the higher order contami- 
nation of less than 0.5 per cent!?). 


638 


theoretically predicted. 

The second order reflection, which is theo- 
retically prohibited, was also determined to 
be less than 0.2% by the double crystal 
method. 

The experiment indicates the successful use 
of a germanium crystal in A region as a 
neutron monochrometer and also confirms the 
ways of determining higher order contami- 
nations. 
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Appendix 1. 
Define: 

1(@): Counting ratio detected by a counter 
&(A): Efficiency of the counter 
™R(A): Reflectivity of the crystal 
"R(A): Resolution function of the spectro- 

meter 
oad): Intensity density: Intensity per unit 


wave-length from a pile 
m: refers to uth order. 


Then, 
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Equations used for Higher Order Contamination Measurements 


“S 
oo 
& 


ee 


x 
SS) See wen 
Fig. 6. 


KO)=SN Ban) -*Ras)- En) MRO Ao) 


Now the function Sa(An)-"9t(An)-E(an) is a slowly varying function of 2 at &» and the equation 


can be rewritten 


K0)= >: 3A(An)"8An) En) -AAn(O:) 


where 42,(6:) is a half maximum width of the resolution function for nth order at angle @:. 


Therefore, 


Cy Ow) mth order 
I(@:) 1st order 


waar) S 1R(Ar) *E(A1) -AA1(A1) 


If the pile spectrum is measured reviously as; (* refers to the quantities related to this 


previous measurement) 


I*(On) _ 3n(An) 9 R*(An)- * (An) Aan(On) 


I*(01) 
Then, 


[(6:) mth order 


salar) 2 1R*(A1) : E*(A1) *421(01) 


T*(On)-*RAn)- R*(Ar) An) -E*(A1) -4dn(O1) 


[(:) Ist order — I*(01)-*¥(A1)-4R*(An) E01) -E*(An)- dAn(On) 


) 
Aa 
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If the same counter is used for both measurements, and assuming 


ARn(O1) __ 
Adn(On) em, 
we get 


¢, AO) _nth order _ I*(0n)-”9(dn)-"R*(A) 
“~~ 1(@:) Ist order I*(8:)-"R(A:) | R*(An) 
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Consider now that there are only first and third orders in the beam reflected by a crystal. 


Denote the counting ratio of the third order intensity to the total, a. Then, €n=(a/(1— 


With the notation; 


Ti2: experimentally measured transmission of two samples together 
T1,T2: @xperimentally measured transmissions of each sample separately 
iIn: analytically calculated transmission of 7th sample for mth order neutrons 


we can express, (See Fig. 7) 
m=11:1+GTs—ili)a 


T2=211+@T3—2Tia 
Tieili-2TitG7T3-2T3s—1Ti- 2a 


Ist 2nd 
sample sample 
a be ro) Didiea ge 
aa oe AG 
Ist order: !-a}2 +-(I-a@) iT ah & Ist crystal 2nd crystal ae sg 
Total Atcough 
\ system 
‘1 3rd orders 7 ails als oo lente 
Les fle Fig. 8 
Therefore 
Ti2—T1'T2 =A(1—@)(1 T3—-1 T1)(2 T3—2 T1) , 
and 
eal) te 
2 
with 
T12—T1T2 


B=" TT) (2T3—27T1) ; 


Next is considered the double crystal method. 


a)) 


In order to determine the rations of higher orders to the first, the spectrometer arm was 
set at angles 20. and 20, according to the conditions shown in App. Table I and the counting 
ratios both for through and reflected systems were taken simultaneously at angles 20. and 
20,; respectively. The second crystal on the arm is to analyze the beam reflected by the 


App. Table I. Conditions of crystal angle setting for double crystal method. 


The free order wavelength ie 
Conditions Crystals selectively reflected by the X’tal Bragg ang 
StacEyStaliguere me “streuel Angas Oa 
condition a | Dnaacny Stal aaniaae ——** 7 On, (fixed) 
Stecry stale 7 Tieh Ay cccee 0 
condition: b | Daa rystal MY oe. Rpeere On (fixed) 
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first crystal, and was set at the fixed angle 20, so as always to reflect selectively the mth 
order neutrons of the interested wavelength. 


Then from conditions ‘a’ and ‘bd’ we get 


1G.) through __Sa(an)-*RAn) 
I(y) reflected = Sa(dn)- (An) 


Ti*(An) R Ex(An) ‘Atan(Ba) 


and 
(Gv) reflected _ _Sa(An)-"(An) | 
(0) through —- Salar): (As) 


Tr*(An) 1 R*(An) t Ex(An)*ArAn(o) 
Ti*(A1) Ex(A1) *4cds (Bo) 


where intensities of through systems were approximated as those of the first order, r and f¢ 
mean reflected and through systems, respectively, * refers to the second crystal, and T de- 
notes transmission. Now from these two equations, 


br T(6») nth order cs Sa(An)-?RAn) + Er(An) -Acdn(Go) 
is I(O») Ist order Sa(Ar) RA) Ec(Ar) Aci (Go) 


I(O.) reflected J(@.) through T;*(A1) 


Cn 


~ 1(6,) through “J(@.) reflected © T:*(An) ’ 


where we assumed 


AAn(Ga) : Atan(Oo) aoe 


ECO 


Appendix 2. Principle of the Analytical 
Calculation of Transmissions of 
Pyrex Glass Plates 

The procedure is to 


i) calculate (mo/G) from an analytical 
consideration 

ii) measure experimentally the density 
and thickness of samples and then 
determine G as the multiplication of 


those two. 

iii) from i) and ii), determine “no” and 
transmission, which is equal _ to 
exp (—70) 


m: number of atoms per cm? 
o: microscopic total cross-section 
G: weight of the sample per cm? 


Define, 


f= , fractional weight of 7th atoms 
and we get 


a 


= aa feos _ fii 
no= > moi=nA >; zi =GM > Fis 
Therefore 
fioi 
G= —— 
no/ No > ef 


In order to calculate the summation, we 


divided it into two groups, i.e., the summa- 
tion of absorption cross-section terms and that 
of scattering cross-section terms. In the lat- 
ter the liquid effect was assumed to vary in 
the same way for each constituent element 
as for SiQ:.!*) 

Now, using the result of chemical analysis 
of pyrex glass plates and the cross-section 
data!® , 

no/G=(0.90996=+ .00301)a 


+ (0.11776 .00289) K0.0108 
with 
OBaps = (420.4+.3)A+5 (A in A) 
fs=0.1250-+.0004* 
Fsi=0.8082+ .0005 
where fg and fs are % weight of SiO. and 
B:O3, respectively and 
dsio,(A) 
dsio, at 1.8A © 


The densities of plates were measured by 
buoyancy method. They were found to be 
the same within experimental error, and as- 


K=K@)= 


* The more precise measurement of transmis- 
sion at 4.6A shows that the boron content of each 
plate is the same within experimental error and, 
assuming fg is common in all the plates, fg is 
0.12865 + 0,0002. 
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assuming the density is the same for all the 
plates, it was determined to be 2.2309--0.0002. 

In order to measure thicknesses of the 
plates, we devided the 1 inch x 1/4 inch central 
area of each plate into eight regions, for each 
of which one measuring point was taken. 
Thicknesses were measured with a constant 
contact pressure type micrometer to the ac- 
curary of 10-° inch. 
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Observations have been done of electron bombardments of the C;He, 
CH,O and CH;OH molecular jets in vacuum. The free radical CH*(B 2>°-) 
always shows a normal distribution of angular momentum. This experi- 
mental result is entirely different from the previous reports on the free 


radical OH*(2°+) splitting from H,O or H,O:. 


For instance, the distri- 


bution curve for CH* from C,H, shows its maximum near K=7, while 
that for OH* from H,O, near K=20. This marked differences is dis- 
cussed, and a statistical interpretation is also given of the angular 
momentum distribution for CH* separating from C,H. 


Introduction 


sale 

Several papers have so far been devoted in 
succession to studies of the rotational energy 
distribution amongst the OH* radicals split 
by electron impact from their parent mole- 


cules. In Part I»-), it has been shown that 
the angular momentum distribution for OH* 
from HO exhibits a double maximum; the 
first or thermal maximum near A=5, and the 
second or abnormal one near K=17. In Part 
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II®, the angular momentum distribution for 
OH* from H:O: has been found to be further 
abnormal in appearance and to have a single 
maximum near AK=20. In Part III, it has 
been seen that the OH* radical split from 
alcohols does not show any abnormal rotation, 
and the angular momentum distribution is 
quite similar to the Maxwell-Boltzmann distri- 
bution with a maximum near K=7. In Part 
IV®, a theoretical interpretation has been 
proposed of the angular momentum distribu- 
tion of OH* from H:O2 on the basis of the 
statistical theory and the predissociation of 
OH* 

In the present paper, to answer further 
questions about the rotational motion of the 
CH* radical separating from simple organic 
molecules, spectro-photometric measurements 
have been carried out of the rotational lines 
emitted by CH* split by electron impact from 
C:H2, CHO and CH;OH. 


§2. Experimental 


Tank acetylene gas was used in the usual 
way to produce the molecular jet of CoH» in 
vacuum. Similarly, the jet of CH.O was ob- 


CH* from CH30H 


CH* from CpHe 


CH” from CH20 


NSITY OF ROTATIONAL LINE — ARBITRARY UNITS 


=} 
c 
T 


INT 


Fig. 1. The rotational intensity distributions for 
CH* split by electron-impact from CH3;0H, C,H, 
and CH,0O. 
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tained by heating paraformaldehyde. The 
details of the experimental apparatus and 
procedure are all the same as described in 
the previous papers” .*). 

In Fig. 1 are presented the rotational inten- 
sity distributions for the 2 3872 CH band emit- 
ted by CH* split from CH;OH, C2H: and 
CH:0, where the electronic state of CH* is 
B’*>.-. They are all normal and similar to 
the Maxwell-Boltzmann distribution for 2500°K. 
When compared with Fig. 3 in Part III*, this 
experimental result tells us that the angular 
momentum distributions for CH* from simple 
organic molecules and those for OH* from al- 
cohols are all more or less alike; they have 
their maxima near K=7. It should be men- 
tioned here that the effective rotational tem- 
peratures for OH* from H:0O and H:2O:, as 
shown in the previous papers! ~”, correspond 
to 14000 and 20100°K, respectively. 

There may be several reasons why the 
CH* radical does not accept any appreciable 
energy of rotation in the dissociation pro- 
cesses of their parent molecules. For one 
thing, just before dissociation sets in, each 
of the parent molecules may not have enough 
excess potential energy to enhance the rota- 
tion of the free radical. For another, as 
discussed in the case of OH* from alcohols®’, 
multiple fragmentation of the parent molecule 
may prevent the free radical from getting a 
lot of energy of rotation, because the excess 
potential energy, even if it is sufficient, should 
be distributed to a variety of degrees of 
freedom. 

In addition, there are indications that the 
molecular structure of the parent molecule 
may have a bearing on the angular momentum 
distribution shown by the free radical. For 
instance, the geometrical structure of C.H> 
is a symmetric and linear form in contrast 
to a compact and bent one of H.Q:. The 
marked difference between the angular mo- 
mentum distribution for CH* from C.H2 and 
that for OH* from HO. will be dealt with 
in the following section. 

Looking at the emission spectra shown in 
Fig. 2, a few comments may be made as fol- 
lows. When C:H: is subjected to the action 
of high-energy electrons (500 eV), the hydrogen 
Balmer lines come out as intensively as the 
CH bands do. This is in sharp contrast to 
the fact that the splitting of H.O. by electron- 


impact is not accompanied with the emission 
spectra of these atomic lines, as shown in 
Part 11. 

Referring to CHO, in addition to the atomic 
lines of H, the CO+ comet-tail bands are also 
strongly observed. According to the mass- 
spectrometric study made for some organic 
compounds by A. Langer”, there were ob- 
served, among the products of dissociation 
due to electron impact, fragments whose 
origin could not be accounted for by simple 
assumption of splitting established classical 
valence-bond lines of the compound, as is 
usually done in most cases of molecular de- 
composition. The occurrence of these re- 
arrangement fragment radicals has been 
shown to be associated with the primary 
process of dissociation caused by the imping- 
ing electron, and further attributed to the 
intramolecular migration of hydrogens. In 
the case of such a simple molecule as CH:0O, 
however, any indication could not be recog- 
nized of the emission band spectrum of OH 
near 3064 A. 

By the way, in Fig. 3 is presented an ex- 
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Fig. 2. The emission spectra from electron bom- 
bardments of molecular jets; from top to bot- 
tom, CH30H, C,H, and CH,O. 
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Fig. 3. The electron-impact and flame spectra for some 


alcohols, 
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ample to show how different the emission 
spectra obtained by our experimental method 
are from those of other light sources. The 
electron-impact spectra for some alcohols con- 
sist of the emissions from the free radicals, 
CH, OH and H, which can be expected by 
simple bond fission along classical valence 
lines, while the flame spectra do not contain 
the hydrogen Balmer series at all. Another 
example has already been presented in Part 
III;» the electron-impact and discharge spectra 
for some alcohols being compared with each 
other. 


§ 3. 


It is known that a linear symmetric form 
is given for the geometrical structure of the 
C:H, molecule in the ground state. The 
valence electrons between the two carbons 
form a triple bond composed by a o-bond 
and two z-bonds. The far ultraviolet ab- 
sorption spectra of C:H2 studied by W. C. 
Price® has revealed that excitation of one of 
these valence electrons leads in general to 
the stable molecule in one of the excited 
levels designated as mp>) and mpl, and fur- 
ther that strong predissociation of the lowest 
one of these excited levels causes the mole- 
cule to dissociate into normal CH radicals. 
Accordingly, the strong emission spectra of 
CH and H as shown in Fig. 2 must be due 
to some more violent excitation as, for in- 
stance, 


Discussion 


C.H.+e—> CH*+H*+C+e. 


In such a molecular dissociation, 
each of the free radicals, CH*, C 
and H*, may have an angular mo- 
mentum around the center of mass 
of the whole system, and besides 
for the CH* radical, the lighter 
particle H is circling the heavier 
one C. There is no reason why 
any of these angular momenta can 
be neglected, since the geometrical 
structure of C:H2 is not a compact 
form, but a linearly extended one. 
What is more, the two H atoms 
at the opposite ends of the C2H: 


impact 


Electron- 
impact 


Blectron- 
impact 


have a chance to make any sufficient 
interaction with each other through- 
out the course of dissociation. Still, 
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the law of angular momentum conservation 
should be taken into consideration, in order 
to obtain a statistical distribution function for 
the rotational energy of CH*. 

A statistical interpretation for the angular 
momentum distribution of OH* split from 
H.O: has already been proposed in Part IV, 
where the law of angular momentum con- 
servation is taken into consideration®. How- 
ever, the theoretical method proposed is rea- 
sonably applicable only to such a symmetric 
fragmentation as the splitting of H:O2 into 
two hydroxyl radicals. On the other hand, 
the C:H2 molecule makes an asymmetric and 
multiple fragmentation. Any attempt to 
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introduce the law of angular momentum con- 
servation into a statistical theory for such a 
complicated process should be preceded by 
some fundamental studies on theoretical 
methods for more general use, as indicated 
by R. H. Milburn concerning the statistical 
theory of multiple meson production". 


At the present stage, without going further | 


into discussion of the details of the dissocia- 
tion process, we shall here simplify the cal- 
culation by considering only energy and linear 
momentum conservation. Then we have the 
phase volume for the range of rotational 
energy of CH* extending from 0 to € as 
follows, 


¥ (6) =h-" jt \\jend (fa (\\ d0d¢; | abode. 


x | BS (pei? + Py? + pei®)/2mi— (por? + por2/sin? ayi2A | 


3 (Sp \u [6—(po:? + por?/sin? 61)/2A] , 


where the subindices 1, 2 and 3 refer to CH*, C and H*, respectively, and where £ is the 
excess potential energy possessed by the excited parent molecule. According to the Franck- 
Condon principle, EF is nearly constant, since it is the vertical distance between the asymp- — 
totic plane of an upper repulsive surface of potential energy and the point reached after the | 
quantum jump from the ground state, as shown in Fig. 7 in Part II”. 

The discontinuous functions have the Fourier representations 


a0) =n)" di exp (idx) , 
and 


(A> 078 


-o-t4 


Une er ee i Cea a 


Then we have 


i op orig lag ai d0.d¢s || dbosdbes 


x \" ida exp {ial B-, , (Dai? + Pui? + paa?)/2mi— (por + por*/sin® a2 |} 
<\\\" dmexp (in m)\ - 
woe t=1 —o-id 


daa” exp {ia[E—( por? + por?/sin? 6:)/2A]} . 


By changing the order of integration, we have 


DIPS Berl d6.d¢, ie adexp cea" an 


co—t4 i 3 
x | faa exp ea) | HI ped pod M ba) od P) 
The momentum integrations are all of the type 
|" dx exp (—iax*?+ibx)=const.a-/2 exp (2b?/4a) , 


and we have 
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ie pa=| dpzxi EXP (— tA pei?/2mit+ipvepst)=const.A-!/2 exp (imitte?/22) . 


Similarly we have 


I pyi)=const.2-!/? exp (tmipty?/22) , 
I pat) =const.a-/? exp (inmip1,?/24) , 
I( pe1)=const.(A+a)-/? , 


and 


JI( fox) =const.(A+a)—/ sin 6, . 


After integration over 4, we have 


Y (€)= const. | 


where the integral with respect to the spatial] 
coordinates and angles is independent of & 
and therefore put into the constant. Integra- 
tion over @ can be done by the method of 
residues, and we have 
Y (€)=const.[E*—(L—€&)*] , 
or 
ETN ie = const (E—6)de ; 
d& 
By substituting BK(K+1) and B(2K+1) for 
€ and dé, respectively, we have 
N(kK)=const.2K+1[E—-BkK(K+1))} , 
for the number of CH* radicals in the rota- 
tional state with the quantum number K. 
Then the intensity of a rotational line is 
written as 
iz —CPeENK), 
where C is nearly constant and (2K+1)Px is 
the intensity factor whose theoretical expres- 


10 15 20 
0) 3 K 


Fig. 4. The theoretical distribution of rotational 
intensity Ix against rotational quantum number 


K. The numeral attached to each curve means ~ 


the excess potential energy F in eV. 
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sion has already been presented elsewhere. 
‘In Fig. 4, Ix is plotted against K in cases 
of several different values of E. As com- 
pared with Fig. 1, Fig. 4 tells us that the 
value of E for C:H. may be estimated as 
0.4eV. The same argument as above may 
be valid also when the parent molecule CH:O 
splits into pieces as is seen from Fig. 2, that 
is 
CH.0+e—>CH*+H*+O+e. 

One of the authors wishes to express his 
sincere thanks to Professor K. Husimi for his 
kind advice in regard to the theoretical inter- 
pretation of the experimental results. This 
work was supported in part by the Scientific 
Research Fund of the Ministry of Education. 
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The microwave spectrum of cis-1,2-dichloroethylene was observed in 


the frequency range between 20 and 25 kMc/sec. 


The determined mole- 


cular parameters, doci=1.724 A and ZCCCl=121°33’ on the assumption 
of doc=1.32 A, dow=1.07 A and /CCH=120°, show good agreements 
with the parameters of vinylidene chloride, which was studied previously 
in this laboratory. The quadrupole hyperfine coupling constants were 
found to be eQqaa=2Mc/sec, eQqo»= — 22 Mc/sec and eQqce=20 Mc/sec. 


$1. Introduction 

The carbon chlorine bond length in mole- 
cules has been studied by some authors” .”) 
in relation to the bond characters and the 
electronic structures around the bonding 
atoms. A number of chlorine substituted 
ethylene molecules have been examined by 
electron diffraction method and infrared and 
microwave spectroscopy. The results are 
listed in Table I. The bond lengths have 
been obtained on some assumptions of mole- 
cular parameters, in most cases dcc, dcy and 
ZCCH, for lack of independent data to deter- 


Molecule ~ 


mine the molecular geometry. Assumed C-C 
distances are grouped into two sets, one is 
about 1.38 A and the other about 1.32A. 
Consequently the calculated C—Cl distance is 
about 1.72 A in the latter case and about 
1.67 A in the former case. By measuring 
and analyzing the rotational spectrum of cis- 
1,2-dichloroethylene, CHCI=CHCl, the deter- 
mination of the most plausible values of dcci 
and dcc and other structural constants of this 
molecule was tried. The quadrupole hyper- 
fine structure and its relation to C-Cl bond 
were also discussed. 


Table I. C-C and C-Cl bond lengths of various chlorine substituted ethylene molecules. 


Ref. and date 


deci Method 
1.67A e.d. (7) —-1935 
1.73 A e.d. (7) 1935 
1.69A e.d. (4) and (7) 1935 
1.72 A e.d. (5) 1952 
1.69A m.s. (6) 1956 
1.727 A m.s. (1) 1957 


dcc 

CHCI-CHCl 1.38 A (assumed) 
CCICI-CCIC1 1.38 A (assumed) 
CCICI-CHH 1.38 A (assumed) 
CCICI=-CCICI1 1.30A 
CHCI-CHH 1.38 A (assumed) 
CCICI-CHH 1.32 A (assumed) 

e.d.: electron diffraction 

m.s.: microwave spectroscopy 


§2. Experiment 


The structure of cis-1,2-dichloroethylene 
molecule is planar with a two-fold symmetry 
axis. The principal axes of this molecule 
are shown in Fig. 1. The structure of. this 
molecule was already determined by Brock- 
way” by electron diffraction method as deci 
=1.67 A, dcc=1.38A (assumed) and “CCCI 
=123°30’. The permanent dipole moment of 


sics, Faculty of Engineering, University of Tokyo, 
Tokyo, Japan. 
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the b-axis, thus only 0b-type transitions are 
detectable. The sample is the colorless liquid 
and boils at 60°C. Some of the lines were 
observed at dry-ice temperature with higher 
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resolution. Because it is a strong solvent, 
greaseless stopcocks and joints made of metal 
were used and the Stark electrode was sup- 
ported by teflon plates. The sample, con- 
taining 60% cis-1,2-dichloroethylene, was ob- 
tained from the Asahi Dow Chemical Company 
by courtesy of Dr. Y. Tsunoda. The com- 
mercially available sample was also used to 
discriminate the absorption lines due to im- 
purity molecules. An ordinary Stark modula- 
tion spectrometer with sine-wave modulation 
at 100 kc/sec superposed on a dc voltage was 
used. Square-wave modulation at 6kc/sec 
was also used in order to observe the hyper- 
fine structure in higher resolution. The ab- 
sorption cell was three meters long with teflon 
seals. A klystron 2K33 and a crystal tripler 
driven by a klystron 2K26 were used as the 
microwave source. About eighty lines were 
measured in the frequency range between 20 
and 25kMc/sec. Fifteen lines were assigned, 
while unassigned lines were considered as 
transitions of larger J values, lines of vibra- 
tionally excited states or lines due to im- 
purity molecules. The assigned lines are 
listed in Table II. The quadrupole hyperfine 
structure of this molecule was so complicated 
that each line was observed as a broad line 
with unresolved hyperfine structure. Thus 
we could not assign the J values of rotational 
states from their Stark behaviors. Some of 


J=4 AJ=AF=0 


J=|| MJ=AF=O0 


Fig. 2. Calculated patterns of quadrupole hyper- 
fine transitions. 


Microwave Spectrum of cis-C2H2Cl, 
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Table II. Assigned lines. 

rie a Int. Assignment ne is Note 
21161.6 MW —§ 8i7<-8yg* 21161.7 multiplet 
21399.2 WW  64<645 21399.0 
21485.3 MS 927<9j18 21482.0 
21772.3 WW = 817<7on* iia 
22049.0 W 593<-D44 22047.2 doublet 
soing ) «MW. 10se<l0i*  22183.8 doublet 
22183.1 Z 
22501.8 MS — 1log<1138 22501.4 
22507.3 MS = 10.8<10;9 22504.3 
22833 .4 M 4n9<—Ay3 22834.4 
soarn'g «6©MS ~~ Gys<Sus* (2870.5 triplet 
23236.9 MS 817706 23237.5 triplet 
23620.5 W 11o9<11, 10* 23619.5 triplet 
24137 .0 W 
24140.1 M = I ag<11,,39 24141.5 triplet 
24143 .2 W 
24943.3 WW  918<9o9 24943 .5 


* lines of CHCI35=CHCI7 


(Mc /sec) 


Cale, O73 O87 


Fig. 3. Observed (zero-field) line shape of 11.9<— 
111,10 line. 


6 x 104 volte 
E? (x10% volt? “ma 
Fig. 4. Observed Stark behavior of 1129<111,10 
line, showing quadrupole triplet. 


the lines were observed as triplets, which 
are expected from the calculation of the 
weighted means of hyperfine components as 
shown in Fig. 2. Observed line shape of 
J=lle-1l:,10 transition is shown in Fig. 3. 
The accuracy of frequency measurement was 
essentially limited by the broad line width, 
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and the errors in measured frequencies were 
estimated as -£0.5Mc/sec for the stronger 
lines and +1 Mc/sec for the weaker lines. 


§3. Analysis 


For the assignment of the spectral lines, 
we adopted the method of « vs (A—C)/2 
diagram®. The values of (A—C)/2 and « 
were determined from several strong lines 
which belong to Q-branch transitions.. Using 
a relation 1/C=1/A+1/B, we obtained the 
approximate values of A, B and C, which 
are sufficiently accurate to assign R-branch 
transitions. From all of the assigned lines 
rotational constants and asymmetry para- 
meter were recalculated. Using the calculated 
structural parameters of CHC]**=CHCl** mole- 
cule, we assigned the lines of the isotopic 
molecule CHCI**=CHCI*?.. The rotational con- 
stants of the isotopic molecule were calculated 
from the observed frequencies and are listed 
in Table III, as well as the values of its 


Table Ill. Rotational constants and moments of 
inertia of cis-1,2-dichloroethylene. 


CHCI5-CHC135 CHCI35-CHC17 


(A-+C)/2(Mc/sec) 6521.4 6455.1 
(A—C)/2(Mc/sec) 4329.3 4319.6 

K —0.87197 —0.87782 

A (Mc/sec) 10850.8 10774.7 

B (Mc/sec) 2746.4 2663.3 

C (Mc/sec) 2192.1 PND 

Iq (amuA?) 46.59 46.92  46.87* 
Iy (aumA?) 184.07 189.82 189.08* 
I, (amuA?) 230.62 236.73 235.95* 
4 (amuA?) 


0.05 


0.01 


A=I,~—(In-+ Ip) 
* moments of inertia of CHCLB°-CHCL7 calcu- 


lated from the structural parameters of CHCI3 
-CHC1, 


moments of inertia. The uncertainties of the 
moments of inertia due to the errors of +0.5 
Mc/sec in the observed frequencies are ++0.002 
amu A?’ for J, and +0.02amu A2 for Ih and 
Ic. The quantum defect is also of the same 
order of magnitude. The structural para- 
meters were calculated within the accuracy 
of 10-*. The error due to the uncertainties 
of assumed constants must appear in addi- 
tion. Two parameters were determined as- 


suming the values of three parameters as 
shown in Table IV. 
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Table IV. Structural parameters of 
CHCI35=CHCI*. 


Peat dcc dou ZCCH 
assumed valu 132A 1.07A 120° 
deci ECE 
1 
calculated values 1.72, A 121°33/ 


§ 4. Discussion 

Because hydrogen is a light atom, the as- 
sumptions of the values of dcu and <CCH 
do not appreciably affect the calculation of 
dcc1. The assumption of the value of dcc, 
however, gives an influence on the value of 
dcc: to some extent. The values of dcc and 
dcci obtained by electron diffraction method 
and infrared’) and microwave spectroscopy, 
have given considerably different values. 
Pauling?) assumed the value of dcc as 1.38 A 
in electron diffraction study on tetrachloro- 
ethylene. On the other hand, Karle and 
Karle» obtained the value as 1.30 A for the 
same molecule. Recently, the value of dcc 
have been determined for ethylene as follows: 
Coulson” obtained the value of 1.34A from 
the Raman spectra of ethylene and deutero- 
ethylene molecules; Allen and Plyler’? ob- 
tained 1.337 A from infrared spectrum; Bartell 
and Bonham™ obtained 1.334 A by electron 
diffraction. In the case of chlorine substituted 
ethylenes as 1,2-dichloroethylene, vinylidene 
chloride and vinyl chloride, two parameters 
dcc and dcc; can not be determined independ- 
ently. If we take the value of dcc as 1.32 
~1.34 A, the values of dcc: for those chlorine 


Table V. Assumed values of dcc and calculated 
values of dcci in various chlorine substituted 
ethylene molecules. 


doc : 

(assumed) | 138A 134A 1.32A 1.304 
CHCI1-CHC1 Ie BALLIN USA A778) AN 
CCICIECGHT | ileGin ZX 
CHC1=CHH IGOR ela 


substituted ethylenes are found to be approxi- 
mately the same, in agreement with the dis- 
cussion of Sekino and Nishikawa! as shown 
in Table V. 

Since the carbon atom in sp? hybridized 
State is more electronegative than in s%, 
the ionic character of carbon chlorine bond 
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in sp* state is smaller than that in sp® state. 
The C-Cl bond in 1,2-dichloroethylene mole- 
cule, however, may be more ionic than that 
in 1,1-dichloroethylene molecule. Because in 
the former molecule each carbon atom is 
bound to only one chlorine atom, which is 
more electronegative, while in the latter, it 
is bound to two chlorine atoms. According 
to Pauling’s formula!?) and Schomaker and 
Stevenson’s formula!), for the ordinary per- 
centage of double bond character and rather 
large percentage of ionic character of the 
bond, the calculated C-Cl bond length is com- 
pared with the experimental result in Table 
VI. On the assumption of the larger value 


Table VI. Calculated and experimental values of 
dcci in chlorine substituted ethylene molecules. 


double bond ionic 
character character @oc(calc.) deci (exp.) 
15% 2 
10% & eA 1.71~1.72A 
20% 


ital JAN 


of dcc, the value of dcc; becomes so small 
that it requires unreasonably large amount 
of s-hybridization of chlorine atom. 


§5. The Analysis of Quadrupole Hyperfine 
Structure 


Since dichloroethylene molecule contains 
two nuclei with spin 3/2, the quadrupole hy- 
perfine structure of the molecule is compli- 
cated. The theory was already worked out 
by Robinson and Cornwell’. According to 
their theory there appear more than sixteen 
hyperfine components in a few megacycles 
region. These components could not be re- 
solved by the usual absorption type spectro- 
meter. The calculated relative intensities of 
these components are shown in Fig. 2 for 
J=11 and J=4 of Q-branch lines. In the 
high J cases of Q-branch transitions, for ex- 
ample 1ls.<111,10 transition, the quadrupole 
hyperfine components are found in three 
groups and can be observed as a triplet. On 
the other hand in low J cases, as in 422413 
transition, the hyperfine components are not 
grouped in such a way. Only the hyperfine 
structure of 1l29—1li,10 line was observed as 
a resolved triplet. Moreover, two weak satel- 
lites were observed in both sides of the center 
line as shown in Fig. 3 under high resolution 
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at dry-ice temperature. The Stark effects of 
these hyperfine components were measured. 
The quadrupole coupling constants along 
the principal inertia axes were obtained as 
CQOgia=2 Me/sec, eQquy= —22 Mc/sec and eQqee 
=20Mc/sec. These values are transformed 
into the direction of principal axes of g tensor. 
The bond direction may be somewhat different 
from one of the principal axes of the g tensor, 
because the electron cloud of each chlorine 
atom is attracted by two carbon atoms which 
are positively ionized. The principal axes 
of the g tensor x, y and z are so chosen that 
Z axis is perpendicular to the molecular plane 
and the x axis lies nearest to the CCl bond. 
Assuming the angle between x axis and the 
C-C bond as 125°, we obtained the values of 
eQQzz2= — 46 Mc/sec and 7 =(eQqez—eQqyy)eQdaz 
=0.13. On the other hand, the quadrupole 
coupling constants in molecules can be esti- 
mated assuming the appropriate ionic and 
double bond characters of the bond and s- 
characters of the bonding electron orbitals. 
The coupling constant eQqzz with which the 
direct comparison of the experimental value 
of eQdce is possible without any assumption 
of the direction of the principal axis of q- 
tensor, is calculated from the value of eQqsio 
of the chlorine atom by the following formula, 
CQgze=[1/2(1—s)(1—a—8) 
—1/2(1+s)1+8aleQqaio , 
where s is the s-character of f. bonding 
orbital of the chlorine atom, @ the double 
bond character of the bond, @ the ionic char- 
acter of the bond, and € the correction factor 
due to the ionization of the chlorine atom". 
Assuming the usually adopted values, s=0.15, 
a=0.15 and B=0.15, we get eQg2=23.7 
Mc/sec. However, as the bond is more ionic 
than other types of molecules as stated above, 
rather large value of @=0.2 is adopted, and 
we obtain eQqz=19.5Mc/sec and eQgbona 
=—48Mc/sec. These calculated values show 
a fairly good agreement with our experimental 
result. 
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Theory of Solutions of Chain Molecules 
By Hiroshi OKAMOTO 
The Electrical Communication Laboratory, 
Nippon Telegraph and Telephone Public Corporation, 
Kichijoji, Musashino, Tokyo, Japan 
(Received November 36, 1959) 
Using the first order Bethe’s approximation, a theory of solution of 
chain molecules is developped. Though it is a well-known fact that the 
first order Bethe’s approximation and the method of the quasi-chemical 
equilibrium coincide with each other for the case of lattice gas or solu- 
tions of short chain, this coincidence is found to be not always true for 
solutions of long chain molecules. The obtained results have the favor- 
able characteristics which the experimental facts require. 
§1. Introduction point give almost twice larger values® than 


Many years have past since the pioneering 
work of Flory’s’ quasi-crystalline model of 
chain polymer solution developed. Miller? , 
Orr®, Guggenheim’ and other investigators® 
also studied the similar problem and succeeded 
to explain the general features of chain poly- 
mer solutions. 

In spite of the general success of these 
theories, there are many departures from the 
experimental results in detailed points. For 
example, these are the problems of the com- 
plicated concentration dependency of the mix- 
ing energy” or that the experimental values 
of the concentration at the critical mixing 


those the theories predict. The concentration 
dependencies of the interaction parameter” or 
else’ were somewhat artificially assumed to 
explain these problems. But such methods 
seem to be undesirable. 

In the following, we wlil discuss such prob- 
lems from the point of view considering the 
detail configurations of the polymer chains and 
show the obtained results have the favorable 
characteristics which the experimental facts 
require. Though it is a well-known fact that 
the first order Bethe’s approximation and the 
quasi-chemical equilibrium coincide with each 
other in the case of lattice gas or that of the 
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solution of short chain molecules. This coin- 
cidence is found to be not always true for 
long chain molecules. 


§2. The First Order Bethe’s Approximation 


We consider a lattice space of which coordi- 
nation number is z. The system consists of 
Na, @ type chain molecules and meg, 8 type 
solvent molecules. The @ type chain mole- 
cule consists of elements which occupy 
continuous lattice sites, the @ type solvent 
molecule is a point molecule occupying one 
site. The first neighbour pairs of two ele- 
ments (a~a), (8~f) and (a~§) contribute 
the potential energies of €e0, Egg and ag res- 
pectively. 

The first order Bethe’s approximation con- 
siders in detail all the possible configurations 


Oo 
re) ‘@) 
ray a2 
(a,l) form (a,2) form 
re) 
aA” oO 
a,3 e€2da,2 
(a,3) form (a,2) form 
@) O 
eda Sd& 
& 
000 
O 
dp 


Fig. 1. The various forms of a chain and a point 
(solvent) molecules on the z+1 sites (the local 
system) and their weight factors. 
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that can be illustrated on a set of z+1 sites 
consisting of a central one and its first coordi- 
nation shell, provided that the first shell sites 
are not themselves closest neighbours. These 
z+1 sites is called as local system hereafter. 
The outer part of the local system affects the 
detailed configurations on the local system in 
the following way. (Fig. 1) 

When a chain takes a configuration in which 
three consecutive elements of the chain oc- 
cupy the central site and the two of the first 
shell sites, whereas the other elements of the 
chain never assume the first shell sites, the 
outer part weights the configuration by a fac- 
tor Ae 1: 

When the chain takes a configuration in 
which it passes through the central site and 
one element of the same chain (other than 
the two elements consecutive to the one on the 
central site) occupies one of the first shell 
sites, the weight is a2. 

When the chain takes a configuration in 
which the chain passes through the central 
and also occupies /—1 sites out of the z—2 
first shell sites, the weight is 2s,., and par- 
ticularly if the end elements of the chain 
occupy the central site in the above case, the 
weight is €Aa,1. 

When the chain occupies one or two of the 
first shell sites, (never assuming the central 
site) the weights are €As and 04.” respectively. 

For simplicity, we do not consider the con- 
figurations in which more than three of the 
first shell sites are occupied (the central is not). 

When a solvent molecule occupies any one 
of the z+1 sites, the weight is Zz. 

Two functions A and B are defined by 


A=EroXaatApras , 
B=€haXapt Agree 5 
where, 
Xaw=exXp[—Eaa/kT | , 
Xag—exp[—EFap/kT] . 
The local partition function G is written as 
follows. 


xea=exp[—Ege/kT] , 


G= > Gove Ger. (2.1) 
T 


where, 
Gat 


“(3)e3 (Posse 


z—l ) (ore ta, Az! -, (2,2) 


+ zhao py (( ry 
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Gaeia(5 )da ei trite +26 sda - (s)) 


Ge=As = (( : ) (ore Sen)’ Be . (2.4) 


The symbol such as (eee means the 


number of ways to select any 7 site pairs 
from z—/—1 sites. 
(I) If we assume that 

ve 4 | al ey 

= 
this is the case that a chain never passes 
through the local system more than once. 

Orr’s work®) corresponds to this case. Ac- 

cording to his results, the average number of 
(a~B) contacts, zX is given by 


> 2anane 2 
ag qenatne 1+’ > 
2da=nz—2n+2, (2.6) 

2w 
#=1+4E0—B( exp| 2, | at (2.7) 
= dane ' (2.8) 

danatne 

2W =2Eap—(Eaat Ege) : (2.9) 


This is the well-known case that first order 
Bethe’ S approximation leads the same formula 
for X as that given by the quasi-chemical 


equilibrium. 
(I) Next we assume that 
Acta tei 
C= 0), 


The procedure of the first order Bethe’s 
approximation is to make the probability of 
the occupation of the central site and a first 
shell site by ana and 8 molecule respectively 
equal to the probability of occupation in the 
reverse manner. This equivalence is expres- 
sed in a formal way by the relation 

0Ge oe 1 
ema de 

We consider that in the Hie SAS state, 
the relative probability of the occurrence of 
the configuration that an a molecule takes an 
(a, 1) form is described by /p(J), 


Ga,1/Gai=p(l) . (2.11) 

The probability function p(/) depends on the 
state of the whole system such as the con- 
centration, the temperature and may be con- 

sidered to have a close relation with the 
equilibrium extension of the chain molecule. 


(2.10) 
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Further, the ratio of the probability of the 
occupation of the central site by the end ele- 
ments to that of the other elements is repre- 
sented by q(/), given by 

Zeivhe,vAe 


‘ ) Ie Phases. t 
2 


After applying Eqs. (2.2), (2.3) and (2.4) to 
Eq. (2.10), we use the relations (2.11) and (2.42) 
Then, 


ZEhaAgXagD? 
= (5 )anstotan A > : OFTEN: I—1) 


1+q(J) 
+(z—DgD} . (2.13) 
The equilibrium properties of the whole 
system are also given by 
Va SS Ga,t 
UB = Ge : 
where va and vg are the volume concentra- 
tions of a and 8 molecules respectively. 
We use the the abbreviation that 


3 PO 1-1) +(e—DgD 


(2.12) 


(2.14) 


; 1+q(@) 
qa = . 
—> PO) 
Te 
az 2n -+2—p 
- is ? (2.15) 
e= x 0-1) py Qi, 
go == os 
© Qu 


Where Q;: is the probability that when the 
jth element of a chain passes through the 
central site, /—1 elements of the same chain, 
other than the two elements consecutive to 
the one on the central, also occupy the first 
shell sites. 

X must equal to 


XAG /Oxap 


nNa+Np 22G Cals, 
Eqs. (2.18) (2.14) (2.15) and (2.16) give 
> Qu Nang 2 
da’ Na + Ng 1+,’ : ele 
g/=1442(1— £(exp | S13 (2.18) 
kT 
ae dai Na 
Gu Natne * ae 


of the chain molecule. So, it is seen from 
zqa may be considered to be the effective 
number of possible contacting first neighbours 
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Eq. (2.17) that in the case II, the first order 
Bethe’s method and the quasi-chemical equili- 
brium are equivalent in some senses. But it 
is important that ga’ should be determined so 
as to minimize the free energy of the whole 
system and qa’ is never constant but depends 
on the concentration or the temperature of 
the system. 
(III) The most general case is 
AgtoeOn be 
O20 

The relations (2.10), (2.11), (2.14) and (2.16) 

should also hold in this case but instead of 
| Eq. (2.12) we must use the following, 


ZetAe.t Ny ie, )) (OLa? Xen)” Az—r 


(3) (i) Jowaararcen 
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In addition to these relations, the next is 
necessary. 


(2.20) 


This relation means that a proportionality 
exists between the number of the chains which 
occupy one first shell site only and that of 
the chains which occupying two first shell 
sites only. Obviously R has a close relation 
with the equilibrium dimension of the chain, 
if the chain is more spreaded, R becomes 
larger and if the chain is more contracted, R 
becomes smaller. FR, as well as p, should be 
determined so as to minimize the free energy 
of the whole system. 

Making use of the Eqs. (2.10) (2.11) (2.12’) 
and (2.14), Eq. (2.16) gives the expression for 


(2.21) 


CAYO es 
Rar +3", 

da" Na (2re/z)ne}ng ae ’ 

da’’ Na+ Qe'neg 1 Ayeng/z + ee Ada’ Nang (e2¥/kr —1) 

Qa’ Nate’ ne (qa’’ Nate’ ng)” 
or —_ (2relz)met els? : 2 — z 5 
da’ Na+ qe’ ne fae 2 (erwrtr—1) + y/ 14M Ratle_— (grein) 
Gu’ Nat ge’ Ne (qa’’Na+Qe ne)” 
/ 2 tf 2 w 

ge? mqe 2H gym gar, 


where 7a and 7g mean the number of chains which occupy two of the first shell sites when 
a or 8 molecule occupies the central site respectively, 


1 
———————— ‘a wD(L 
= 20 > re,.p(l) 


Toa 


= ; ew Gee ')) 7 (Oda? Xan)” At 


Ta,t= 


? 


Ga, 


DS 2o(( : VG! Lea Big 
a= if > 


Ge 


To obtain rz and 7g, we must make use of the relation (2.20). Unfortunately, this proce- 
dure is very complicated and it seems to be difficult to obtain the results in a closed form. 
For example, for two dimensional hexagonal lattice, if the chain is sufficiently long so that, 


La 
n 
we obtain 
ow) 
£4 1—p/n i 1—p/n Veet 
Paap R12 
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We will not consider the problem further in this case, but it is noteworthy that in the 
case III the equivalence of the first order Bethe’s approxination and the quasi-chemical equili- 


brium is no longer correct. ; ; ! 
In the following we confine ourselves in the case II, because the formulas obtained in this 


case are relatively simple and yet seem to retain the characteristics we intend. 


§3. The Thermodynamical Quantities 
The partition function of the whole system, 2, is written as follows. 


G52: 20) . (3.1) 


2(0), which is the partition function of fixed o, can be written as usual. 


(0) =2xexp| FEM] S w(rn, a, 0X) (3.2) 
2o=Ca"e Fe"s exp Feapeecce nsfos| | ; (3.3) 
a, te X (p) a=) 4 (3.4) 

0 


where, C2 and €g are the kinetic energy terms and >) #(X) is the number of configurations 
x 
under constant p. X(o) is the statistical mean of X for the constant 0, | 
Zz X(p)=— po log 0) ; 
Ow 
We can generally follow the Orr’s method to derive the terms X and > o(X). Orr had 
x 


used z(z—1)”-* for the number of configurations of the isolated chain. This factor is replaced 
by f(e) in our case. f(0) is the total number of configurations which the isolated chain of 
constant oe takes. 


The free energy of the whole system F=—kTlog2 can be well approximated by the 
maximum (0) in Eq. (3.1), 


F=—kT log Qo) . 
The following formula of F is the formal extension of the Orr’s formula in our case. 


B’—1+2E’ p’ +1—2£’ 
ee tN a ek ee 
EG. ea 
N n(n—1) n 2 1 ee ee: 
ie ‘s 
_ n f N— Qa’ a awe log F(ojaiz—-l) n (eae) 


(n tN are vw) log (eee REE log va +n(1—va) log (ve) ; (5) 


Port 


| na log 


F must satisfy the relation, 


or 


a / = - 
FT, log B £25 iN Neel u ) log * + ve| oe = u | 
a 0 


2 E (Biel) a2 nz 


— (eee n 
Set l es a) 0 me 
ng Ge Pe eae - | (3.6) 


1960) 


Theory of Solutions of Chain Molecules 


655 
0 is determined from the above equation. 
The mixing energy 4H is 
n= Za Nate ‘ 2w 
Qa hat+Ng 1+8 : ol) 
The mixing entropy 4S is derived from 
TAS=4H—AF.. (3.8) 
The chemical potentials of a and 8 components are 
0 
ie (oaalaittin, oat eon yee 
Na Pite 0 JON Oo PsN 
J FUE Zz B’—14+ 2 Zz (n—1)qu’ 
Ba=—Fat+ Eaa +— ga’ log ———-3— — de - 
ay Ee eee ae el 7 lox (5-)nf + Ege aaa? 
_ (n—1)ga" n 
N—Qe log Geass im) + log ee 
iJ a Zz py le" we n—Qe' 
a plie= — Cats Sent = | —7 7,7 8 ( 1- 
Be thd MORI aD ear tee «(1 a ve) 
+log (1—va) . (3.10) 


The critical mixing point is determined by the following simultaneous equations. 


O? ha 
Ove 


The results are very complicated but if the chain is sufficiently long, it is found that the 
critical concentration is proportional to 1/7/% and p(v) may be well approximated in its 


expanded from in vq. 


0(Va)=0o+ pide . 


The approximate solutions of the critical point are 


i 


z (3.11) 


eal VE {z—2—(p0/n) }{z—1—2(0/n)} + 1.5(01/nz) ) 


2w 1 2D 
to & ‘a me Z—2—(0/n) +7eee z—2—(po/n) | {z—2—(o0o/n)}?n 


§4. The Derivation of f(p) 

We now consider that the partition function 
of the isolated chain is known as Q. The 
statistical weight factor e?”/*” in Q is replaced 
by 7 in our case. Consider that @ is expand- 
ed into the power series of 7, then, /(0) is 
the coefficient of 7°/?. If f(0)y°/? is sufficiently 


large for some value of 7, 
log f(p) Slog ore logy . (4.1) 


The mean value of 9 is 


z—1—(2p0/n) 1.5z01 (3.12) 
Pps (4.2) 
dy 


o in Eq. (4.1) may be approximated as @ in 
Eq. (4.2) 

0=0 (4.3) 
e or 7 is determined from Eq. (3.6) together 
with Eq. (4.1)~Eq. (4.3). Particularly, if the 
concentration of the chain molecules is suff- 
ciently dilute, Eq. (3.6) reduces to 


w d 
BE eS log fa 0s 
eT t do og f 


or 
yaerwler . 

This is a satisfactory result because in this 
case Q(y) reduces to the partition function of 
the isolated chain. 

In the following numerical calculations we 
derive Q(y) from the matrix method® which 
is the extension of the method in the one 
dimensional Ising model. 


$5. Discussions and Numerical Calculations 
(A) The mixing energy is expressed as 


AH=zXw . (5.1) 
For the case I (Orr and Guggenheim), X is 
given by Eq. (2.5). According to this equa- 
tion, the curve 4H versus &(1—&) is expected 
to be a single curve. Contrary to this expec- 
tation, the measured curve of the mixing 
energy of polymethylmethacrylate and _tri- 
chloroethylene against &(1—£) is found to be 
not a single but a closed curve®. (Fig. 2). 
This is explained by Eq. (2.17) in the case II. 
Because ge’ is not constant but changes its 
value as the concentration increases, the 
curve 4H versus &(1—€) is never a single but 
a closed curve. 


‘iS 
x 
lO 
, 
+ 
= 
= 
ee 
a 
S&S 
405 
é(I-€) 
Ol 0.2 
Fig. 2. Values of 4H/RT(qana+ng) plotted versus 


(1-8), z=6, for solution of polymethylmetha- 
crylate in trichloroethylene. Data from Staver- 
man and Dekking.© 


(B) The critical mixing point. For the 
case II, the critical point is given by Eq. (3.11) 
and Eq. (8.12). These formulas reduce to 
those of Guggenheim when m=p:=0. So, 
the case II predicts a larger value of vac 
than the case I. go and go: in the former case 
are given by 
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po=29(Hee® | (5.2) 
dn Py=0 


oa EA hae ok sa 


n| n—1 2a 2— (ool 1} 


NZ z 


(5.3) 
The followings are the numerical calcula- 
tions in some simplified case. 
(1) Two dimensional square lattice. 
In deriving Q(7), “ The fundamental confi- 
gurations” or “vectors” are taken as 


7 ib: 


Q is given by 

Q(y)=4” . 
Where 2 is the maximum eigen value of the 
following matrix, 


rom( 2). 


ga lt+V 1449 
2 


>’ 


Noha 
9.646,  *+=—0.091, 
n n 
2.67 
Ve,c=——T— , 
Vn 
Guggenheim’s formula gives. 
1.63 
Va,¢,¢ =—>= 
n 


Flory’s theory gives 
Vac pred Oy 
er ae 
(2) Three dimensional cubic lattice. 
“ The fundamental vectors” are taken as 
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SL USGS pelt a: 
awl Wal 
eisai let eansinet ile 
QU ED 
4a 3+V 9+ 12% 
2 ? 
Ne=1.28 5 
& 9391, “0.032, 
n 
Vec= L.o4 
Vn 
Guggenheim’s formula gives 
peter 1.34 
“0,46 —=— j=. 
Le ae 
Flory’s theory gives 
Vv f= > £ 
a,c, Vn . 
Whereas the experimental results®* show that 
2, 


So, our formulas (3.11) and (3.12) predict 
a better value for va,¢ than the previous. But 
the agreement is not yet satisfactory. 


(C) Discussions. 

The numerical calculations above show that 
there yet remain some differences between 
the theory and the experiments. The reason 
is partly that the number of “the funda- 
mental configurations” or “vectors” gy in 
calculating Q(7) is too small. For the calcula- 
tion in cubic lattice, only gs has an intrachain 
interaction. This means that the summation 
p= > (d—1) py Qi, the terms J>3 are all 


neglected. If all of these terms are included, 
o will be larger and it makes va,- larger. 
Even if o is correctly taken in, some unsatis- 
factory points will yet be remained. For 
example, the curve of 4H versus &(1—&) may 
not be expected to be such a large loop as 
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the experiments show. However, if we can 
construct the theory from the case III, further 
improvements can be expected. Unfortunately 
this seems to be very complicated. 

In addition to the above discussions, the 
concentration dependency of p will yield the 
valuable informations concerning the con- 
centration dependency of equilibrium extension 
of the molecular chain. 
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concentrations of partially acetylated polyvinyl 
alchols in water show that vac=(1.1/Y n )~(2.1/V’ n ) 
rather than vac=(2/)% 7). We will not worry about 
these results because of the possible abnormal 
interaction energy such as the hydrogen bonding in 
this system. 
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In 1957, O’Konski and Haltner investigated electric birefringence in 
dilute solutions of tobacco. mosaic virus (TMV) in alternating fields. 
The magnitude of the intrinsic Kerr constant, its frequency dependence 
and the transient behavior show that the orientation is produced by an 
induced polarization and that the permanent dipole coupling is negligible. 
They explained their experimental results by assuming that the transient 
birefringence follows the first-order rate law. 

It is the aim of this paper to calculate the electric birefringence in 
dilute solutions of TMV in alternating fields with the aid of the distri- 
bution functions. The theory is in agreement with the experimental 
results in that i) the phase retardation of the birefringence relative to 
the field is proportional to the frequency, ii) the maximum and minimum 
values of the steady-state birefringence are unity and zero at zero fre- 
quency and both values become asymptotically 1/2 with increasing fre- 
quency and iii) the magnitude of birefringence decreases rapidly when 


the frequency is increased beyond 30 kc/sec. 


$1. Introduction 


In 1875, Kerr found that various kinds of 
isotropic substances were birefringent in 
strong electric fields. Therefore, this phe- 
nomena of electric birefringence is called the 
“Kerr effect”. In this case the substance 
placed in the electric field behaves as a single 
crystal with its axis in the direction of the 
electric field. 

In the case of solids, such as glass, there 
is a possibility of birefringence due to the 
deformation caused by the electric field. 

Since the electric birefringence is observed 
in liquids such as carbon disulfide and also 
in gaseous media it is clear that in addition 
to the indirect effect there is a direct effect 
which has an influence on the optical pro- 
perties of a substance. 

When an electric field is suddenly applied 
or removed the mechanical deformation can- 
not take place without a time delay. Al- 
though Kerr effect shows such an effect, it is 
negligible as compared to that of the mecha- 
nical deformation. 

Now, if we denote the indices of refraction 
of plane polarized light waves with electric 
vectors parallel and perpendicular to the elec- 
tric field by 2 and m1, respectively, the dif- 
ference of optical path length between the 


two components after the light has passed 
through a distance 7 in a substance is given 
by 
N\\—N4: 
4=———, 
Ao 
where 4 is the wave length of light in vacuo. 
According to the experimental results 4 is 
proportional to the square of the electric field 
intensity E and the distance 7. The following 
experimental formula results: 
sl Eee, (2a 
B, the Kerr constant, is a material constant 
which depends on the temperature, the wave 
length, and the nature of the substance. 
The retardation 0, of the parallel component 
with respect to the perpendicular component 
is given in radians by 


(1) 


sao, 
0 


(3) 


§2. Electric Birefringence in TMV Solutions 


It is known that rod-like colloids such as 
vanadium pentoxide and plate-like colloids 
such as bentonite sol exhibit electric bire- 
fringence. Bawden and others" also found 
that TMV solutions are birefringent in an 
electric field. Further, Lauffer?) and others 
investigated on the electric birefringence of 


658 


t 


| 


1960) 


TMV, aucuba mosaic and latent mosaic virus. 
They used an alternating electric field of 60 
cycles with voltages ranging from zero to 
400 V, and the virus concentration 189. 
They found positive birefringenc “se 
of dilute solutions, whereas fe 
solutions, negative birefring- 
in the lower voltage and r 
was observed in the hi 
O’Konski and Zim 
birefringence of T” 
nating fields of - 
square pulses 
independent 
cluded th- 
dipole r 
Ber 
na 
iB 


for i. 

tric fier 

the electri 

the birefringe. y 
state caused by ne 
electric birefringenc. 


An=(An)oe 
where (47)o is the equilibri. -fringence 
and D is a constant related to .e rotational 
friction coefficient € of the particle. 
where & is the Boltzmann constant and T is 
absolute temperature. 

Benoit also made calculations for the case 
where a static field is applied after ¢=0. In 
this case the rather complicated expression 
for the birefringence is 


1 4n 2 1 
jae a (g1 8) 


15 
af Ss —ry Dt (am ar De 
x[er{P+@ 5. Pe ili Q)e | 


aes ee rer 


Pe Oe ool = I 
cee ae —— roDt x 
z Ge wil AVY) @ )e i 


where c is the concentration, m is the index 
of refraction in the absence of the electric 


(4) 


(6) 
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field and P, Q, m and r2 are defined as fol- 
lows 
fom al 
tig : 


_ v(g1—g2) 
hs rine 


P 2 
ay Diigo erriat 
yt i =), 


(7) 


Pine (8) 
§—E?{ —+— ; 
(+72) 
the volume of the particle, 
te moment and g: and 
Eqs. (4) and (6) are 
sumptions. 


=p. (9) 


e., the permanent dipole mo- 
, Eq. (6) reduces to 
An=(An)(1—e*”") (10) 


, weak electric fields. In his case the 
ap and the decay curve of the birefrin- 


.ce become symmetric as in Fig. 1. When 
ye 
O t 
Fig. 1. 
a=oo Eq. (6) becomes 
3 —2Dt 1 —6 Dt 
An=(An)o{ 1-3-6 sae ah 


O’Konski and Haltner®’»® studied the effects 
of field strength, TMV and electrolyte con- 
centrations and pH on the electric birefrin- 
gence of dilute TMV solutions employing 
pulsed sine waves. Measurements were made 
with reversing square pulse and exponentially 
decaying pulse fields. 

From the sign and magnitude of the in- 
trinsic Kerr constant, its frequency depend- 
ence and the transient behavior, they con- 
cluded that the orientation of TMV particles 
is not produced by a permanent dipole mo- 
ment, but by an induced polarization. They 
also found that the value of Kerr constant is 
about fifty times greater than that expected 
from electronic and atomic polarizations. 
These authors proposed that the large electric 
anisotropy arises because of the polarizability 
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of the ion atmosphere. They interpreted the 
experimental results in terms of models hav- 
ing conductive surface as a result of the rela- 
tively high local concentration of counterions 
at low ionic strength. 

O’Konski and Haltner explained their ex- 
perimental results on the electric birefringence 
of dilute TMV solutions in the case of alter- 
nating fields by assuming that the transient 
birefringence follows the same first-order rate 
law both for the build-up and decay of the 
electric fields. It is the purpose of this paper 
to calculate the electric birefringence for the 
alternating field without such assumptions. 


§3. Electric Birefringence in Solutions of 
Anisotropic Colloidal Particles 


Let us consider the fundamental equations 
of electric birefringence in a non-homogeneous 
system in which anisotropic colloidal particles 
are dispersed in an isotropic liquid”. We 
shall first make the following assumptions: 
(i) the concentration of the solution is so dilute 
that the interaction of the particles may be 
neglected; (ii) the particles are all identical 
(iil) the particle is very small compared to 
the wavelength of light; (iv) the particle is 
a rigid ellipsoid of rotation and the geometri- 
cal axes coincide with the optical and the 
electrical axes; (v) the permanent dipole mo- 
ment 4 is in the direction of axis of rotation; 
(vi) the particle has no charge; (vii) the sol- 
vent is isotropic; (viii) the influence of the 
ion atomosphere is negligible. 

The polarization P induced in the system 
by the electric vector of the incident light 
wave E is given by 


where P; is the polarization of the solvent, 


and +'p indicates the sum of the polarizations 
of all the particles in unit volume. There- 


fore, Xp represents the mean value of Sp 
with respect to the given orientation of the 
particles. Let the components of EF parallel 
and perpendicular to the axis of symmetry of 
the particle be denoted by FE: and F:, respec- 
tively; then the components f; and pz of p 
parallel and perpendicular, respectively, to the 
axis of symmetry of the particle are given by 


pi=veiks ’ | 
po=vg2k: , 
where v is the volume of the particle. 


(13) 


£iand 
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2 are dimensionless constants defined by the 1 
following equations 


o= Ny — Ni 
, An-+ ((mi2—mr?)/mi?)L1 ; (14) 
Ne — Ny" 
£2 


At + ((m22—mi?)/n1?) Le ‘ 

where m and mz are the indices of refraction 
parallel and perpendicular, 
the axis of symmetry of the particle, and m 
is the index of refraction of the solvent. Li 
and L2 are dimensionless constants defined by - 
the following equations 


L=<n(1—2¢) 
: (15) 
La, m1 ©) 5 


If we denote by 2a: and 2a: the length of the 
principal axes parallel and perpendicular, re- 
spectively, to the axis of symmetry of the 
particle, then e is the function of p (=a:/de) 
as follows 


sn ey rey ere ee 
C= pe) 2p 4 poi 


x log ote 1, p>l 
Aid ae wh 
+ OPT pe lee et 1], 
1 
pb’ =—>1.. 16 
p > (16) 


If p>1, the particle is a prolate spheroid; if 
p< the particle is termed an oblate spheroid 
whereas p=1 corresponds to a sphere. From 


respectively, to | 
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Eq. (16) it can be seen that e=0 depending 
on pl and the value of e is always in the 
region —l<e<3. 

Considering a fixed rectangular coordinate 
axes, X, Y, Z, assume that the electric vec- 
tor of the incident light EF is in the direction 
of the X axis. Then the X component of 
Eq. (17) is given by Eq. (18). 


wWE=E+4cnP , 
4nPxy=(nxx?—l1)Ex , 


(17) 
(18) 
mxx® is the XX component of the tensor 7’. 
From Eq. (12) Px is given by 
Pr=Pix+3px.. (19) 


If & is the axis of symmetry of the particle 
and 7 and € are the axes perpendicular to &, 
then px is given by 


px=ph: cos (EX )+pn cos (VX) 


+ pe cos (CX), (20) 
where 
pi=vgk: , 
bn=vgrEy , 
be=vgrks , 
and 
E,=E:=Ex cos (EX) , 
He= Peon ) , 
Eg=Ex cos (€X) . 
Thus we have 
pi=vgikx cos (EX), 
pn=v82Ex cos (7X) , (21) 


pe=vgrEx cos (CX) , 
Substituting Eqs. (21) into Eq. (20) one gets 
the final form of pr, 
px=vgikx cos*(EX ) 
+vg.Ex{1—cos*(EX )} 
The expressions for py and pz are obtained 
in a similar manner. Thus we have 
px=v{ 82+ (1—82) 
xcos? (EX)}Ex , 
py =0( g1—g2) cos (EX) 
xcos (EY )Ex , 
p2=v( gi—g) cos (EX) 
x cos (EZ) Ex. 
nxx? can be obtained from Eqs. (18) and (19), 


and the other components of 7’ are obtained 
in an analogous fashion as given in Eq. (21). 


(22) 
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nxx*=nl?+4rd 
X{ £2+(¥1—B2) cos*(EX)} , 
Nyy*=nl?+4rdh 
x { g2+(gi—g2) cosr(EY)} , 
Nez =nl?+4rd 
2+ (g1—g2) (EZ )} (23) 


Nxy?=ny x*=474(21—22) 

x cos (EX) cos (EY) , 
ny 2’ =Nay’=4rg( gi — £2) 

x cos (EY) cos (EZ) , 
Nex’ =Nx2"°=41$( 21-22) 

x cos (EZ) cos (EX) . 


@ is equal to Nv, where WN is the number 
of particles in unit volume of the solution. 
The bar over cos?(EX) represents the mean 
value of cos*(€X ) over all possible orientations 
of the particle. As seen from Eq. (23) n? is 
a symmetric tensor. If we take the principal 
axes x, y and z.and denote the principal in- 
dices of refraction by mz, my and nz, then 
Eq. (23) become: 


ne=nl?+4ro 

x { g2+(g1—g2) cos*(Ex)} , 
Ny=nl?+4rgd 

x { g2+ (g1—g2) cos*(Ey)} , 
nZ=nl?+4ro 

x { g2+(g1—g2) cos(Ez)} . 

When the electric fields is applied, the re- 
lationships cos*(Ex)=cos?(Ey) =cos?(Ez) does not 
hold and the solution becomes optically an- 
isotropic. The electric birefringence 4m for 
light traveling in the y direction is measured 
by (mz—mnz). When the concentration of the 


solution is very dilute ¢ is considerably small 
and Eq. (24) reduces to 


(24) 


4n=¢ Pg) {cos?(Ez)—cos(Ex)} . (25) 


In the absence of an electric field cos*(Ex) is 
equal to 1/3, and according to Eq. (24) the 
index of refraction is given by 


ni? =nl+ 4 fot 5 (e-2) res: 
As seen from Eq. (25) 4m consists \of two 
factors, (gi—@2), the “ optical anisotropic fac- 
tor” and {cos*(&z)—cos*(€x)}, the “ orientation 
factor ”. ae: 


§ 4. Distribution Function 


It is necessary for the calculation of the 
orientation factor to obtain the distribution 
function which determines the orientation of 
the particle. If we denote by fd the proba- 
bility that the axis of symmetry of the par- 
ticle is in the infinitesimal solid angle d2, then 
the distribution function f is a function of 
0, gv and ft, and satisfies the following differ- 
ential equation: 


Gs OF, i 
kT Ot sind 
ON) eros Meals 
oe es o( 0G kT I. ee 


where € is the coefficient of rotational fric- 
tion around the minor axes. MM is the couple 
due to the external electric field EH and con- 
sists of the moment (—E sin @) due to the 
permanent dipole and the moment of the in- 
duced dipole M’, that is 


M=—vzEsiné+M’ , (28) 


where 


M’=—p.E sin 6+ p:.E cos @ . (29) 


fis and pz are the component P, the dipole 
moment of the particle induced by the electric 
field &, and corresponding to Eq. (13) we have 


fi=vugak: ’ (30) 
pr=v8e2k2 ; 
Ze and ger are give by 
Za= a ; 
An + ((€:—&1)/&) Li 
eos (31) 
Bon 2—C1 


~ An+((&—E)/E)Le ’ 

where & is the dielectric constant of the sol- 
vent, €: and & are the dielectric constants 
parallel and perpendicular, respectively, to 


the axis of symmetry of the particle. Z; and 
Lz are the same as in Eq. (14). Substituting 
Eq. (30) into Eq. (29) we have 
M’=—v( 8e1—Ze2)E? sin 0 cos 0 . 
Thus, from Eq. (28) 
M=— xE sin 0—v( ge —ge2) 
x E* sin @cos 6. (32) 


Substituting Eq. (32) into Eq. (27) we have 
CPOF. a) 
kT Ot sind 00 


. Of | v(ge—er)E* 
< 7] = 
| sin of pe 
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x f sin 8 cos 0 


+4 f sind} | ‘ (33) 
If we put for simplicity, 
_HE 
fo Ea , 
( (34) 
= V( Ye1 — Lee E? 
q ee hE me. ’ 
Beh 35) 
neds 3 ( 
Eq. (33) becomes 
DK, et’ 
dt sin@ 00 
x( sino +pf sin’é 
+gf sin?@ cos @) . (36) 


If we put cos @=u, Eq. (36) can be rewritten 
as follows: 


OE Sey 

2c at =(1—2?) an 
Uu 

+ f{2pu+q(3u?—1)} . (37) 

To obtain the distribution function f/f, it is 


convenient that f is expanded into Legendre’s 
functions, Pn, that is 


tu, t= > a(t) Pau) 3 


Substituting Eq. (38) into Eq. (87) and making 
use of the following relations 
(1—w?) Pn’ (u) —2uPn’ (u) 
+n(n+1)Pr(u)=0, 
(1—w?) Pn’ (u) =nPn-i(u) 
—nuP,(u) , 
(2n+ 1)uPn(u)=(n+1) Prii(u) 
+nPn—-(U) , 


wi) p+ quo 
uU 


(38) 


(39) 


we get 
2t >) Gn’ (t)Pr(u) 
=> on'(b| —n(nt 1\P, 
 pUGED) 
PEs 


4 pat Din+2) oe 
2n+1 

(n+ Vm+2)(n+3) p 
(2n+1)2n+3) °°” 


+g, 


and integrating it from —1 to 1 with respect 
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4 n(n—1)(n—2) ipo 


4n?—] 
nWin—2) (n+1)(n+3) , 
4n?—1 ~~ On+1)2n+3) > [Ps]. 


(40) 
Multiplying both sides of Eq. (40) by Pmn(s) 


to u, we obtain 
2rom'(t)=— eo] m Cush 
_ m(m—2) 
+44 j 4m?—1. 
_ _(m+1)*(m+3) I 
(2m+1)(2m+3) 
m(m?—1) 
(2m—1)(2m—3) 
m(m+1)(m-+2) 


(2m+3)(2m+5) 
(m=0, lig 2s ei -) 


+ Qm—2G 


+ Pm+2q 


(41) 
since 


\ PONG) duo” nan 
* (42) 


S531 . nun=M . 


if we put m=0, 1 and 2 in Eq. (42) we have 


argo (t)=0 , (43) 


2t¢@1' (t) =2p¢0—20i( Led | p 


sales EY gs (44) 


5 35 
2t 2 (t) =2q G0 


a el 
+2p¢i— 2o4( 3-7 4)) 


4 pos a0 (45) 


21 


From Eq. (43) it is seen that go(¢) is a con- 


stant. This constant is equal to 1/4z, since 
the condition 


Raa 
must be satisfied. Thus, 


1 
=——— 46 
go(t) ie 2 ( ) 


§5. Mean Value of g» for a Static Field 
At equilibrium under a static field, the 
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distribution function f is independent of time. 
Therefore Eqs. (44) and (45) become 


toe de 2 2 
Ds 2o( 1+ q)——ber=0, 


15 


27 


where the terms gy; and g. are neglected. 
Eliminating gi from the above equations we 


obtain 
mone) 
{eee 
One. Ween ri5d 


Z q Y ; 
Step cim Onf yoees “s (a 
pe t2(s=7)(1462) 


For small values of p and qg, ¢2 becomes 
1 


+ 2p0,— 204( 3-74)=0 


P2= 


== 2 
Pe Dn? +q) 
or from Eq. (34) 
Ne: o\e Hen ) 
=a ee La | ne 


§6. 2 for an Alternating Field 
We assume that an alternating field is ap- 
plied from ¢=0: 
E=E)sin at . (t= 0) (48) 
Substituting Eq. (48) into Eq. (34) we have 
p=Esinat , (49) 
q=6E sin’at , 
where € and @ are defined, for simplicity, as 
follows: 
== ia Eo 
IR 
V( Gei— Lea) kT 
B= 2 
Substituting Eq. (49) into (44) and neglecting 
the terms of gs and ys we have 


é (50) 


(51) 


? 


2te’ ee sin wt 
2 


+20( 144 Be*-sin*ot) 


eae 
—E€ sin wt-g2=0, 
ee as (52) 


22’ _— pe: sin’at 
27 
—2€ sin wt: ¢1 
1 ( 3— = peysintot er =()). 


If € is small, gi and g2 can be written as 
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follows: 


Pi=G10 t+ GiE + G12E? ’ ) (53) 


C2=P20t+G2E+GP22E . 
Substituting Eq. (53) into Eq. (52) and putting 
the coefficient of €°, €, and €? equal to zero, 
we find: 


2te10 “5 210 (1) ’ (54) 
oe sin ot+2¢@u 
2m 
2 i 
see P20 SIN ot=0 ; (55) 
; 2 : 
2TH12 2 BG10 sintol +o) 
2, : 
mee go Sin wt =0 , (56) 
220 +6¢20=0 , (57) 
2721’ —2¢10 Sin wf +6¢21=0 , (58) 
2722" — ay Bsin’ot—2 sin ot -¢i1 
2n 
+2 (Sex 2 Bow sin*o?) ay) ye () 


From Eq. (54) 

Pio Ammar 
Since f is equal to 1/4z when ¢ is zero, go(0) 
is equal to 1/4z. Therefore, ¢:(0)=¢2(0)=0, 
¢10(0)=¢11(0)=¢12(0)=0. From these relation- 
ships A must be equal to zero, and we have 


(60) 
From Eq. (57) we get the following equation 
Gon=B eer . 

Since ¢20(0)=¢921(0)=¢22(0)=0, B vanishes and 

G2=0. (61) 
Substituting Eq. (61) into Eq. (55) we obtain 


Yr=0 ; 


re ee sin wt . 
27 


Thus the solution is 
i! il 
=Celt-- 
ee 4x 1+a?r? 
x (sin wt—art cos f) . 


Since ¢1:(0)=0, C is given by 


_. Lear 


An "Poe 
Therefore 


1 i 
Se —t/T 
sa Ag Vor ore 


+sin wt—ort cos of) . (62) 
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Substituting Eq. (60) into Eq. (58) we have | 
gu=Ee/", Since E=0 we have ¢2:(0)=0. 
Thus 

¢21(0)=0 6 (63) | 


Substituting Eq. (61) and Eq. (62) into Eq. (59), 
obeuy £6gt— B sin’at 
20 


Fade 
2x 1+a?c? 
xX sin wf+sin?at 


(wr e-t/7 


—ot cos wt:sin wt) . 
The solution is given by 
=£| “seer 
CR Roan SL acaaaEao 
>< (cos 2ot+ = ot:sin ot) | 


1 
(1+ ?t?)(1+ @?r?/4) 


—t/t 


A OT 
< (sin ae cos ot 


it 1 1 | 
— | — —————_ | 

aie 1+?t? i 1+4?r?/9 
x (cos 2ort+St sin jt) | | 


il OT 


~ 2dr (1+ ?r?) (1+ 4e°r?/9) 


x (sin 2ot— Swe cosl2wt) 

+ F e-8t/t E | 

For the special case ¢2r, the terms of | 

exp(—t/r) and exp(—3t/r) can be neglected | 

and the following approximate relationship 
holds: 

ic} i 

|| | Se ee ee | 

ste mei 1+4a%/9 | 


x (cos 2ot+ + ot sin}2ot )| 


1 i il | 
— ee | 
we 1+o?r? | 1+4*r?/9 | 
S< (cos 2ot+ Sor sin 2wt ) 


il OT | 
| 


~ 24re (1+ 0°?) (14+ 40?r?/9) 
x (sin 20-0 cos 2ot) . 


Now, introducing ¢ according to the following 
equation 


| 
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tang=——_ , (64) 


‘| then gs: can be rewritten as follows: 


‘one! 1 
= 24x ( OTT ee ) 
Ta 1 
24r (1+ 4w?r?/9)1/2 


1 1 
24x 1+?r? 


X cos (2at—¢) — 


1 
CE dew'e?/9)72 
+ at sin (2at—¢)] . 


[cos (2wt—¢) 


Also if 
tany=or , (65) 


then we have 
ee les 
ae — Q4n ( Bt Tom ) 


B 1 
240 (A+ ese) 

i 1 
2470 - (1+ w?r?)1/2 


x cos (2wt—¢) — 


1 
* + 40%e?/9)/2 
The second and third terms on the right-hand 
side of the above equation can be rearranged 
as follows: 


1 1 
en =s-( B+ aa) 


—C cos (2ot—¢g—y) . 


- cos (2at—g—7) . 


where C and ¢~ are given by 


1 1 
2— 2 
? (247)? (1+ w?r?/9) | 

u 1 
66 
ipa em ; Cy 

ot 
a ee), 


' By making use of Eqs. (53), (61) and (63) we 


obtain g2=€922, or from Eqs. (50) and (51) 
we have 


25 =sa[ w/kT 
BE. 242|.1+o?r? 
is v( Ler — 2) ae 1 
(out Q4r (1+ 4w?r?/9)1/? 
v?( Ler —£e2)” 2v( ger — £02)? 
(Rilp)z (kT 21+ wt?) 


(u[kT)" he cos (2at—y—/) . 


2 
1l+wo?’c? } 


(67) 
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If 


pata aeleT , v0 


and the following relation is obtained: 


g2 __1 U(¥e1—gee) 
Eo 24x kT 


- cos (2wt—¢) | : 
(68 } 


x] 1 : 
(1+ 4w?r2/9)1/2 


87. 

We have shown in section 3 that the bire- 
fringence 4v is given by Eq. (25). Now, we 
shall calculate the orientation factor 


cos?(Ez) —cos*(Ex) . 


Calculation of Electric Birefringence 


From the definition, cos*(Ez) is expressed, in 
terms of the distribution function /, as follows: 


cos*(&z) = [cost fd2 


or 


a 


— ee 2a 
cos? (Ez) =| | fcos’?@ sin 6 dé d¢ . 
030 
From Eq. (46) the expression (38) of the distri- 


bution function is generally given by 


tu, eget >, oa(t)Palw) , (u=cos 6). 


(69) 
Substituting this relation into the above equa- 
tion we have 
1 


cos?(&z) arte Dd gent) | GA du , 


or from 
(ae po(u) + “ 
and Eq. (41), 
cose) ates Gen (70) 
=) 15 


Similarly cos?(Ex) can be calculated, namely 
cos*(Ex) = [{sinva cos?¢+sin 0 dé dg . 


Substituting Eq. (69) into this relation we have 


cost(EN) => am (71) 
From Eqs. (70) and (71) 
G0s'(ED) cost) erp (72) 


) 
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Consequently it is found that the orientation 
factor is determined only by g2. Substituting 
Eq. (72) into the equation of birefringence 
Eq. (25) we obtain 


(PELE Ee 3 (73) 
on 


Thus the retardation 6 is expressed, according 

to Eq. (3), as follows: 
oe lon’ a 
5Ao 


(21-82) G2 . (74) 


§8. Electric Birefringence for Alternating 
Fields 
The retardation 0 for the alternating fields 
E=E, sin wt is obtained by substituting Eq. 
(67) into Eq. (74). If we put for simplicity 


(ulkT)? U( Sei — Kea) 
ee Laas ss kT } 
aes v?( Ser — Ler)? 20( er — Eee) 75 
m=] (kT)? RT = 
(u/kT)? eee 
l+o*t? 1+a@*c? : 
Then we have 
beat-an Ss (£1 — £2) E?L 


M il 
| if L Ga 4a%4/ir2 cos (2wt—y—) ] ; 
(76) 
Thus 0 consists of two terms: one is inde- 
pendent of time and the other changes perio- 
dically with time. Let 6.) be the mean value 
of 6 over one period or over a time interval 
sufficiently large compared to one _ period. 
The second term on the right-hand side of 
Eq. (76) vanishes and we have 
_ 20 1p 
el Reg 
By making use of 6o, Eq. (76) is rewritten 
as follows: 


a=0] 1 


Now, if one denotes the maximum and mini- 
mum values of 6 by ds it follows that 


du =0) 1s: 


(g1—g2) EPL . (77) 


M 1 
L (1+4e@*r?/9)1/2 


xX COs Got—o—9) | Z 


(78) 


M 1 
L +4e aaa ‘ot: mus 


The phase difference ds for a static field E 
can also be calculated. If one substitutes Eq. 
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(47) into Eq. (74) 


bs=AE?, (80) 
Veg ‘Pe 
=T5 an ooo 

Lt 2 V( Le1— Lez) ] 81 
ee i, gap wt leat 


By making use of the above relation do is | 
given by 


(82) 


ead AE)? 1 a 
eee re ee 
where 
ee is t ) (83) 
V( Le1— Ler) lo it B 


for simplicity. Then, from (79) dx is rewrit- 
ten as follows: 


ee 
AE 2 1+@ tor" 
bes , At2a/+o%r)+a/(1+o? c?))1/2 
1+a/(1+?r?) 


1 
x (Lt dow/y A : (84) 


Now, if a=0, the above equation becomes: 


Ou 1 1 
eo Beste | : (85) 
If we write t instead of t/3 in Eq. (85), it is 
in agreement with the equation obtained by 
O’Konski and Haltner. 

One can also calculate the retardation of 
the electric birefringence (g+q) relative to 
the electric field. By making use of Eqs. (64) 
and (66) and from the relationship B=1/a, 


2+5a+2*r? 
6(1+a@)+(3—2a@)2w?r? ° 
This is the relationship between the retarda- 
tion and the frequency. 
For the special case a=0, Eq. (86) becomes 
tan (e+ 9) == 
If we write ct instead of t/3 the above equa- 
tion is in agreement with the equation ob- 
tained by O’Konski and Haltner. 


tan (9+ ~)=2ar (86) 


(87) 


§9. Comparison with Experiment 


O’Konski and Haltner made investigations 
of electric birefringence in dilute solutions of 
TMV in alternating fields. One may now 
compare their results with the above theory. 
i) The relationship between phase angle and 
frequency. 


tan (hb +W) 


1960) 


The circles in Fig. 3 show the experimental 
relationship between phase angle and frequen- 
cy as found by O’Konski and Haltner. The 
concentration of TMV is 0.50 g/l and pH is 
7.0. The three curves represent Eq. (86). 
The curves 1, 2 and 3 correspond to a=0, 
0.1 and 1.0, respectively. The value of rt is 
taken as 1.5x10-*sec, which is three times 
greater than the value 0.5x10-*sec taken 
by O’Konski and Haltner. The theoretical 
curves do not show much difference for values 
of a between zero and unity. 

ii) The relationship between extreme values 
of Ow and frequency. 

Fig. 4 shows the experimental values of dx 


8 


1OOOmaat 
(c/sec) 


500 


Fig. 3. Phase angle vs. frequency. 


1,0 © Maximum 


e Minimum 


10000 


aS 
1000 f 
(c/sec) 


O 
30 100 


Fig. 4. Maximum and minimum values of dx VS. 
frequency. 
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obtained by O’Konski and Haltner. The con- 
centration of TMV is 0.50 g/l and pH is 7.0. 
The curves show the calculated values from 
Eq. (84). The curves 1, 2 and 3 correspond 
to a=0, 0.01 and 0.1, respectively. The maxi- 
mum and minimum values decrease with the 
increasing @ and both curves tend to deviate 
from symmetry. However, they are almost 
symmetric for values of @ less than 0.1, and 
there is little difference between the curves 
for a=0 and a=0.1. 

If it is assumed that the permanent dipole 
moment 4 is zero, a@ becomes zero, but as 
seen in the case of i) and ii) the theoretical 
curves are in agreement with experimental 
values even when @ is assumed to be 0.01 or 
0.1. Therefore, one cannot draw the conclu- 
sion that @ is zero. 


Ol l 10 


100 1000 10000 f 
(KC/sec) 


Fig. 5. Birefringence vs. frequency. 


iii) The relationship between the mean value 
Oo and frequency. 

Fig. 5 shows the experimental values ob- 
tained by O’Konski and Haltner. « is the 
conductivity of the solution and the concen- 
tration of TMV is 0.50 g/l and pH is 7.0. The 
solid curve shows the calculated values from 
Eq. (82). The values of @ and ct are chosen 
so that the theoretical values, that is a=1000 
and t=0.5x10-®sec. This value of @ is quite 
large compared with the value in the case of 
i) and ii). In this case the frequency reaches 
10,000 kc while in the cases of i) and ii) the 
frequencies dot exceed 1kc and 10 kc, respec- 
tively. Further it may be considered that 
the electrical anisotropy factor, (ge1—ez), de- 
creases with the increase of frequency. Thus, 
it is quite reasonable that @ takes large value 
in this case. 

iv) Birefringence in a rapidly reversed elec- 
tric field. 

O’Konski and Haltner decided that the 
permanent dipole moment does not contribute 
to the electrical orientation of TMV by means 
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of reversing square pulse experiment. Fig. 6 
shows the behavior of electric birefringence 
when the electric field is rapidly reversed. 
Now, if one considers, as in Fig. 7 that 
there is a duration 4t, in which the electric 
field is zero between the negative and positive 
square wave field, then the birefringence will 


E 


et 


Fig. 6a. Electric field strength of the reversing 
square pulse vs. time. 


Fig. 6b. Birefringence vs. time. 


Fig. 7a. Electric field strength of the reversing 
square pulse vs. time. 
Fig. 7b. Birefringence vs. time. 


be a superposition of a decay curve and a 

build-up curve. Consequently it may be pos- 

sible that the birefringence does not change 

when 4? tends to zero. 

v) The value of an intrinsic Kerr constant. 
One may write the birefringence 4n for a 
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static field EF as follows: 
An=KnE? . (88) 
Then, K. is almost independent of the wave 


length 24. If the concentration is denoted by 
c, the quantity 
[K]=lim K/c (89) 
c>0 
is called intrinsic Kerr constant. From Eqs. 


(80) and (81) the following equation is easily 
obtained 


We 
= Ie — 92)(1 ‘ 
5 ET 81 SN Ses &e2)(1+a@) 
When a@ is zero, the above equation reduces 
to 


[K] (90) 


[K]=<2 (gig g—ge) 
O’Konski and Haltner calculated the value 
of [K] from Eq. (91) and found that the ex- 
perimental value is fifty times greater than 
the calculated one. However, it may be pos- 
sible to explain this discrepancy, if one con- 
siders the effect of the surface polarization. 
In this case g: and ge will be replaced by 
gitrg’ and gautrge’, respectively, where 7 
is the ratio of the surface area to the volume 
of the particle. Thus, it is expected that the 
intrinsic Kerr constant increases. 


(91) 
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Notes on the Theory of Meissner Effect* 
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The gauge invariance of B.C.S. explanation of the Meissner effect is 
guaranteed by the inclusion of the collective excitations, as shown by 
Anderson and Yosida. In this case, however, the current, which can be 
neglected in B.C.S. calculation, might become to make a finite contri- 
bution te the Meissner effect. It is shown that this is actually the case 
in a system of normal electrons with Coulomb interactions. The situ- 
ation in superconductors does not seem to differ essentially from that 
of normal electrons with this respect. This conclusion means that the 
gauge invariant theory of the Meissner effect cannot be said to be com- 
plete unless this difficulty is solved. 

Moreover, the canonical transformation leading to the B.C.S. model 
adds some terms to the current operator. The magnitude of these 
terms is estimated, and is shown to make a numerically small but finite 


contribution to the Meissner effect also. 


$1. Introduction 


Since Bardeen, Cooper and Schrieffer” suc- 
ceeded to explain the Meissner effect in the 
superconductor, many authors discussed the 
problem of its gauge invariance. Anderson? 
and Yosida*®) pointed out that the longitudinal 
collective excitation in the superconductor 
guaranteed the gauge invariance of the Meis- 
sner effect and this excitation was nothing but 
the plasma excitation. This fact can be con- 
sidered as follows: 

The problem of gauge invariance is equi- 
valent to examine whether the equation of 
continuity 


LH, opl=p-i(p) (1.1) 


holds or not. Here, o(p) and j(p) are the 
Fourier components of density and current 
operators, respectively, and H is the Hamil- 
tonian of the system. It is essential for the 
problem of the gauge invariance that H is 
not the starting Hamiltonian but the “reduced” 
or “model” Hamiltonian of which eigen 


functions can be calculated rigorously. 


The fact that the calculation of B.C.S. is 
not gauge invariant can be easily shown by 
taking the Bogoliubov’s!) Hamiltonian for 
which the B.C.S. functions are exact eigen- 
functions, 


Hy= > Ex Q¢oOl—0 + 4x1) (1.2) 


where 
O40 =UnAyt —VpA= ky ; 
Api =Uzad_-ky +0,0kt ‘ (183) 
Ep=(GF Fee), 


and &, is the kinetic energy of an electron 
measured from the Fermi surface, and & is 
the energy gap. Substituting Eq. (1.3) into 
Eq. (1.2), and using the relation, 


(1.4) 


Hy becomes 


Ho= >. €,Gksdns—&o py (ak1@7%)+@-Kyan1)=K+V’. 
k.s 


In [H, 0(p)], LK, e(p)] is nothing but hje-p-j(p), but [V’, o(p)] remains finite yu the limit 
of p—o in contrast with [A, o(p)| which vanishes in this limit so that Ve can not be 
neglected in [Mo, o(p)]. Thus, we can say that the calculation of B.C.S. is not gauge 


invariant. 


* Parts of the paper are based on a thesis submitted by Dr. Asami in partial fulfillment of the 
requirements for a D. S. degree in Physics, Tokyo University of Education, 1959, 
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Anderson’s assertion that the inclusion of the collective excitations guarantee the gauge 
invariance can be checked very easily. The inclusion of the collective excitation means that 
the “model” Hamiltonian to be used in Eq. (1.1) is of the form taken by Yosida”, 


A= Wolk) Bp* (k)Bp(k) + 2 a {Ap(k, k’)Bpt(k)Bp(k’) 
+5 Bulk, K’)[Bpt(k)B* p(k’) + Be k)B-o(R DIF (1.5) 


where 


Bpt(k)=Qk+po@in 


and (1.6) 
Bp(k) = Ay: Ae+po 
are treated as Bose operators 

[Bp(k), Bp*(k’)|=Op,p’x,x’ 5 (1.7) 


and Wp=E,+Ex+p and Ap(k, k’), Bp(k, k’) are given in Yosida’s paper. 
o(p) and j(p) can be written in terms of a+, @ as 


0(p)= Dy (UpVetp + UEUK+P) (Qi +p + p+ pio) 


+ (UjUk+-p— VV E+) (A e+ poAgo t+ A iAk+pr) 5 (1.8a) 


spo Ap Lae 
J(p)= S58. 2 (« i >?) (Un+pUk—UK+pUur)(& + po@ kt — Ant pio) 


eh 1 
te nis py (A <i 5?) (Ux+puk+ VetpUR) (A+ pod’no —a kiQetpi) ’ (1.8b) 


which is expressed in terms of $8t, B as 


0( p)= eo Pp) + 61( p) 


; ; : (1.9) 
J( Pp) =Jo(P) +J1(p) 
where (0, jo are linear in 8+ or 8 and 01, j: are remaining terms, 
0o( Pp) = x (UpV +p + Vee+p)(Bp*(k) + B-p(k+p)) 
(1.10) 


j= 3: (k +5 )ltterpde—dnspits) Bp"(R)—B-nbk+p). 


Then it is straightfoward to show that the equation of continuity (1.1) holds for H%, I GeGleo) 
and (0, jo, Eq. (1.10), 


LA, op =2p-ilp) (1.11) 


in the limit of p— 0, irrespective whether the Coulomb interactions are taken into account 
or not. The proof will be given in the Appendix. Thus, the gauge invariance can be 
guaranteed by the inclusion of the collective excitation. 


Here the question arises whether j: can be neglected or not. In Wentzel’s formalism®, we 


can write down this question in a following way. In the presence of the magnetic field, 
the Hamiltonian and the current of the system can be written as 


FP=FE AEB SKK , (1.12) 
J(p)=i(p)+J4(p) , (1.13) 
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where % is given by Eq. (1.5), j(p) by Eq. (1.9) and FE4=—1/c2->\j(—p):Ap and ja(p) 
Sa Ap'Op-p’. We eleminate HY, with the transformation Ki, (FB, IG) 4+ 220: 
Then, Eqs. (1.12) and (1.13) become 


FOV=FOVA- SE" +- Fa + O(A®) , 


Jip) =J(p) +54 (p) +j4(p)+O(A®) , 
where 


Ja(p)=[I(p), Kal=[jo(p), Kalt+ [ii(p), Kal=Jjoa(p)+Jia(p) - (1.14) 


The perturbational Hamiltonian 4 is assumed to be so small that 9%’ may be neglect- 
ed. Then, we can take the expectation value of Ji(p) with the ground state of Q. The 
result is 


<Si(p)>0=<J4’(p)>0+ <ja(p)>0+ O(A*) =< joa(p)>0+<Sia(p)>0 +<j4(p)>o + O(A?) . 


The assertion of Anderson proved by Yosida and by the above argument is that <jo4(p)>o 
+<ja(p)>o becomes —ne?/mc-(du»—Ppupr/p?)Av(p) in the limit p— 0, giving the gauge invariant 
Meissner effect. The above question is the effect of <jia(p)>o. The inclusion of this term 
leads to the result not gauge invariant, of course, but it is necessary for the consistent 
theory to show the smallness of this term. It is the purpose of this note to investigate 
this question. Moreover, the canonical transformation leading to the Hamiltonian (1.12) leads 
to the additional current j,, the effect of which must be examined. We shall examine the 
effect of j: in §2, and j, in §3. The result is not as was expected; the effect of these cur- 
rent does not appear as small compared with jo, but make finite contributions to the Meis- 
sner effect. Thus, the problem of the gauge invariance must be considered not to be solved 
completely. 


§2. Estimation of Contribution from j; to Meissner Effect 

ji(p) is given by the second term of Eq. (1.8b) and vanishes when operated to the ground 
state of B.C.S. or Bogoliubov’s Hamiltonian (1.2), but does not vanish when operated to that 
of the Hamiltonian (1.5). No one investigated this current, however. The purpose of this 
section is to estimate the contribution of this current to the Meissner effect, and we want 
to show that this current is not small compared with jo, and can not be neglected. 

First, it is necessary to write down ji in terms of Bt and 8. This can be done by the 
technique which Dyson® used in the discussion of the interactions between spin waves. The 


result is 
Ji(p) = py (4 +P Justine +onvnie) ~ [B+p,(k—p1)Bp(k —p1) — B psp, (k) Bp (k +p}. (2.0) 


When Dyson’s technique is used, j:(p) contains terms of third power of Bt and B, which is 
neglected in this note. 

Next task is to get the matrix elements of j:(p) between the eigenstates of the Hamiltonian 
Sn, (1.5). To do so, it is necessary to express 8*, 8 and thus j:i(p) in terms of the normal 
coordinate of 94. While the normal coordinate of the collective excitation was already 
obtained by Yosida, those of the individual excitations are difficult to calculate. So, we 
want to investigate the case of normal electrons with Coulomb interactions. The situation 
of this latter case is quite similar to that in the superconductor. Moreover, in the limit of 
p—0, the coefficient of B+8 in (2.1) does not include the energy gap (u?+v?=1). We can 
expect, therefore, that the conclusion about ji(p) in the normal case does not change es- 


sentially in the superconductor. 
The normal electrons with Coulomb interactions were discussed by Gell-Mann, Brueckner 


and Sawada” and others. We take the Sawada’s Hamiltonian, 
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H = 3, op()Bp*(R) BR) +S dp {Bn*(h) Bo(k’) + (By *(k Blk + Br) B-P) MS 
where 


Are? 
” p?2 \ ) 


ki<k 
Bpt(k)=atspbet, Bek) =Onaurp ( joes ) ; (2.4) 


a, and b, are the operators for excited electrons outside the Fermi sphere (radius ko), and 
the holes inside, respectively. 

The current can be divided into jo and j: as in the discussion in §1, and the equation of 
continuity [H, oo]=h/e-p-jo(p) holds (the second term of (2.2) commutes with 0). <jos(p)>o 
defined in a similar way as in Eq. (1.14), is completely equal to the value corresponding to 
free electrons (no Coulomb interactions), as shown by Wentzel®. 

The current ji(p) is of the form 


jp = (k +50) E(B {k-PdBo(k—PK—P)—Fiyp (MBeRADY (2.5) 


which coincides with Eq. (2.1) in the limit of 0. The normal coordinates U* and U of 
H, (2.2), were obtained by Sawada, and the transformation matrix between 8+, B and Ut, U 
is written in a following way 


Berty> [eke UR) Gah Ke) U=ale) 13 


(2.6) 
Bo(k)= 31 [ep*(k’, k)Up(k’)—dp*(k’, k)U “p(k )] . 


In this summation we include the plasma mode which will be written as Up*+, Up and cp(0, k) 
and dp(0, k) etc. c and d are given as follows”: 
For individual modes: 


Ap 1 
1—Ap(k’) wp(k’) — wp(k) —ia 


Av 1 
1 —Ap*(k’) wp(k’) + wp(k) 


cpel(k, k’)=0x,%4 


(2.7) 


dp(k, k’)= 


where 


Mib=n St : : 
PUP ON) cas a ie me eHRAT pe 


a is a positive number which is taken as arbitrarily small. For plasma mode: 


SR Res 
2Qy— p(k) 


1 
2 y+ wp(k) 


ce(0, k)= Np 
(2.9) 
dp(0, k) =Np 


where 


Nx 7 { 1 all z= 
3 \(Qy — wp(k))®  (Qp+ wp(k))? }=a (2.10) 


and 2, is the plasma frequency which satisfies the following dispersion relation, 


i 1 
A G 22 at 
Pa eae cake . (20h) 
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In all the above equations, - means a sum over k with the restriction |k|<ko, |k+p|>ko. 
Of course, the Hamiltonian H. (2.2), is diagonalized by these Ut, U, 


H=~ [& wp(k) Upt (k) Up(k) + 2»U n+ Uy] + const. 
Now, let us compute <ji4(p)>o in the limit of 0. This quantity can be written as 


Cjialp)>o = % Olis(p)IsXsli(—p)-Apl0> 


—<Ol(—P): Apls><slji(p) 10>] - 


ZEN) 
B; =e \ 
The cross terms of jo and j; vanish, because j: is quadratic in U+ and U, while Jo is linear, 
so that it is sufficient to evaluate matrix elements of ji(p) and to sum over s in the limit 
of p- 0. 

Using Eq. (2.6), the matrix elements of j:(p) can be calculated as 


oe (4 +5) SS cow (k’, Wdp Xk’, k+p) 
m k 2 VR P| 


—Cpip(k’, k—pi)dp*(k’’, k—p:)|Up+p, (Kk) Up (k’)|0> . (2.13) 
We shall evaluate the above expression in three cases, separately. 


(a) k’,k’=0: |s> is the state in which two plasmons are excited. In this case the 
coefficient of Up+p,U=p,|0> in the right hand side of Eq. (2.13) becomes 


eh C 1 1 1 1 1 
= == Faecal Of: 
m Netra ry es ( se 2 ?) eae Lp, + Op (k) Lp, —op,(k) 2p+p, t+ op+p,(k) 


1 1 ik il 1 | 
itt uh 
( sk 2 ?) roe — Op+p(k) 2p, +op,(k+p) 2p,—op (KkK+p) 2p+p, + op+p,(k) 


This expression vanishes in the limit of D—0, so that the contribution to Eq. (2.12) also 
vanishes (the energy denominator does not vanish). Se 

(b) k’40, k’’=0: |s> is the state in which one plasmon and one individual excitation are 
excited. The coefficient of Up+p,(k’)-U“p,|0> in Eq. (2.13) becomes 


eh 1 1 gece ) 1 
— —4( k’ —_————_—. — ( k’+—p )N>»,- ; 
m al pei 3?) ge + op, (k’) ( ie he 2p, + op (k +p) 


~ 2 B((seor boing oh ay -(kd9) Secaeaneap) 
iy As [ k+pit+ 2 p SOW SERENE oP Dy Dy, + wp, (k+p) 


jen. 1 


1 —Ap+p,(k’) Op+p,(k’) a Wp+p,(k) 12 


1 1 : \w : ) 
see ((« +pi +52) eee wp, (k) (4 a D, DP e 2p, —Op(k +p) 


Ap+P, 1 te 
i pe —Ap+p,(k’) Op+p,(k’) + wp+p,(k) 


Since this has no singularity at p=0, we can put p=O in this expression, which becomes 


<a ee ( 1 1 | 
Qy, + wp, (k’) 1—dpik’) k Qp + wp,(k) o p(k’) — wp, (k) -1a 


eh 


-2 Nn 


= 1 i I 
2p, . wp,(k) wp, (k’) ae wp,(k) 


3 ain J A 
oo - PI oO ond) 1—Ap,(k’) 
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where we used the relations (2.8) and (2.11). 

The corresponding energy denominator in Eq. (2.12) remains finite even if p=0, so that 
the contribution to Eq. (2.12) from this term never vanishes. 

(c) k’, k’’#0: In this case the calculation is similar to that in case (b). The coefficient of 
Wee Usp 10> in Eq. (2.13) becomes in the limit of p—0, 


eh 2 Ap, ( 1 ine i! ) 
= t vere! 
m~ p(k’) +op(k") \ 1—4p,(k’) 1 — 4p, (hk) 


which is finite also. 

Moreover, the various contributions to Eq. (2.12) are all positive and any cancellation 
never occurs. The above calculation is in the case of the normal electrons. In this case, 
the contribution of jo just cancels out the London current leaving the terms quadratic of p 
(Landau diamagnetism) as was shown by Wentzel®). The fact, that the contribution of ji: 
does not vanish in the limit of 0 (Meissner effect ?), only means that the Hamiltonian 
(2.2) is not appropriate for the starting Hamiltonian to calculate the current, and that to 
take into account of j:, another consistent approximation must be used. 

In the superconductor, the contribution of jo essentially differs from that of normal 
electrons, but there is no reason to expect that the above conclusion is essentially changed, 
because in the above calculation, the energy gap does not make any essential role. In fact, 
the similar conclusion is reached if we use the Bohm-Pines treatment in the case of super- 
conductor. Thus, it is not valid that the current j: is ignored at all even in the super- 
conductor. 


§3. Estimation of the Contribution from j, 


To find the explicit form of jy, it is necessary to find the canonical transformation which 
lead to the energy gap model, Eq. (1.2), of B.C.S.. Since neither the Coulomb interaction 
between electrons nor the renormalization technique is important in this problem, we follow 
the simplest treatment of Bogoliubov‘’. Thus, the starting Hamiltonian is taken as 


H= > Ends Ans +>) wabqtbg+ > Lalisk+qs(bq* + b-q) 4 


Introducing the a@ particle defined by Eq. (1.3), this Hamiltonian can be written as 
HS U+H+M+A2+ Hs ’ 


where U is a constant term, Ho is the self-energies of a particles and phonons, Hi and Hz 
the electron-phonon interactions of the forms atat(b++0) and ata(b++), respectively, and 
Hs is the “dangerous” term containing aja and ayiayo. The perturbational canonical 
transformation which eliminated Hi and H2 is given by K=exp (Si+S:), where [Ho, Si]t+Ai 
=0, [Ho, S2]+H2=0. The explicit expression of S: and S: are given by, 


Sis 2 (Aik, kh, q)b-a+Bilk, k’, q)ba)ajoai—c.c. (3.2a) 
cag Ak, k’, q\(aiocty'ob~a—argaryibg) —C.c. , (3.2b) 
where we write 
Ai(k, ke q) |=— Mk, k’) 5 

Bilk, k’, q) aE 5 k,k’+q 

; (3) 
Ailk, k’, ¢)= oe ae ee 
2 q) Wis TE Ok, k’+q 


and 
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Mk, kK) =unvye ony 5 
Lik, k) =uyuy—vyvw . ny, 


Un, Up are determined from the condition that the “dangerous” terms ata in the transform- 
ed Hamiltonian should vanish, and is given by Eq. (1.4) in the B.C.S. approximation. The 
diagonal part of the transformed Hamiltonian is the Bogoliubov Hamiltonian, Eq. (1 2) 

The transformation K adds some terms to the current operator, che 


joes, Si Se] +Uld, SOE acc a eae 


where j is given by Eq. (1.8b), and Si, S: by Eqs. (3.2a, b). Since we want to calculate 
the expectation value of the current in the ground state, the only necessary term is such 
that <Oljo or jol|0> does not vanish. Such a term can be divided into three terms, 


7 1 iy Che als 7 
Jo'(p)= os = (A+ 5) Mk, k+p) 

‘[Aik, k+p, p)—Bilk, k+p, p)\(b-p—bpt) (3.5a) 
jop= 3 | (k+ Seek, k+pAilk-+p, k’+p, k-K) 


7 1 / tie Uf 
—(k Sra (ki, K +p) Aik, K’, kk’) | 
= 


4 (pe Appr ips — by Ap Ay +po) (3.5b) 


4 hh 
io(p)=—— > | (& +50) Mk, k+p)Adk+p, k-+p, kK) 


2 (hae Mw, kK +p) Ak, K’, kk) | 
(On tk? AKoXh +p1 — Opp’ pry! +po) (3.5c) 
where LL’ and M’ are defined as 


Litk, k’)=uz,uy+vnvy , 
Mk, k)=upvy—vrury - 


(3.6) 


Here, we neglect the double commutator, since theseZterms do not contribute anything in 
the limit of p—>0. The contributions from the currents (3.5a-c) to expectation value of 
current can be written in a form like Eq. (2.12). Now, in the limit of p—0, the contribu- 
tions from jy', jg3 vanish because M’(k, k+p)—0. In the case of jy’, the energy denomina- 
tor appearing in Eq. (2.12) tends to zero, but the numerator, tends to zero more rapidly. 
Thus, the only term we need is j,’.. The contribution of this current can be calculated 


and the result is given by, in the limit of p— 0, 


2 2 2 eB 
(22 wht Suv Milk, kas © py. (3.7) 
2m cB “y kg (E,+Ext+qg tq)” (FE, + Ex+g+ q) 


If we use the B.C.S. approximation in which we put &,+&, or E,+Ey <q in the energy 
denominator, Eq. (3.7) becomes 
Galen Sy # Mxk, k+@ Alp), (3.7/) 
2m] cB? vy ka wq* 


using the relation gq =g(0q/22)'/2, In Eq. (3.7’), the characteristic term for superconductors, 
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which vanishes in the limit of the energy gap &)— 0 is the term containing u,UxU,+qVk+q i 
M*(k, k+q). The order to magnitude of this term is given by 


ne* 1 -1/92.N (0) 4 (3.8) 
mc ZNO) (P) . 


This is numerically very small for weak interactions, but the higher order terms may con- 
tain terms like the above current. The summation of all these terms may contribute a 
finite quantity to the Meissner effect. 


§ 4. Conclusion and Discussions 

The B.C.S. explanation of the Meissner effect give excellent agreements with experiments. 
The problem of its gauge invariance seems to be solved by the inclusion of collective ex- 
citations. In this note, however, some doubts are thrown on this viewpoint. The inclusion 
of collective excitations make the negligible part j: of the current in the B.C.S. calculation 
not negligible. It might be possible that a more accurate “ model” Hamiltonian, which has 
no such difficulties, exists and the Yosida’s Hamiltonian, (1.5), is the first approximation of 
this more accurate one. Even when this is the case, it is still necessary to prove that such 
a Hamiltonian exists. 

In the case of normal electrons, a finite diamagnetic susceptibility may be obtained even 
taking into account of the above current, if appropriate diagrams of interactions are taken 
into account!”. It is hoped that this procedure is formulated in Hamiltonian formalism, 
since then following the Wentzel’s treatment®) the gauge invariant Meissner effect can be 
obtained in an analogous way as in the normal electrons. 

The discussion in §3 is not concerned with the problem of gauge invariance. We cal- 
culated only the transverse part of the current, but the result, that the current j, makes a 
numerically small but finite contribution to the Meissner effect, may have some effects on 
the calculation of the penetration depth. 

The authors wish to express their sincere thanks to Professor M. Toda for his encourage- 
ment and helpful discussions. 


Appendix. Proof of Eq. (1.11) 
Using Eqs. (1.5) and (1.10), [H%, o(p)] can be calculated and the result is 
[2%, oo p)|= > { Wek) M(k, k+p) +X Mk’, k’+p)(Aplk, k’)—Bplk, k’+p))} 
-(Bp*(k)—B-p(k+p)) . (A.1) 


Ay and By are given in the paper of Yosida®) 


Arlde = 5] oR RU, B+ J+ py Rp) Jk, OLED, Rp) 
+5 meh, kt p+, R+p) |MU, hep, +p), (A.2a) 
Bille, =] oR +p) 7- I, e+ + Jk, Kp) |Mae, ke, Kp) 


1 
= | «»)-F Uk, kp) + J, K—p)) [Mae k-+p)M(Q’,k’—p), — (A.2b) 


where 


Lik, k)=unuw—v,vw , 
A.3 
Mk, k) =ujvy +o, : ae ) 
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It can immediately seen that in Eq. (A.1) the second terms of (A.2a, b) cancel out each 
other, and the direct Coulomb interactions v(p) does not enter the equation of continuity, 
and thus does not affect the gauge invariance. 

Now, we calculate the quantity in the curled bracket in Eq. (A.1), and we obtain 


(uv’ +u'v) Wolk) + (uw +00’) S Vik, Kk’) (2Uy/Vn+ Ug’ pUK’ +p — Un’ +pUK'—p) 
1 : 
= oe (uv’—u'v) a Vk, k)(Vir+p—Vi +p) , (A.4) 


where we write u,=U, Ugip =w’ etc. and 


Vik, k)= ow re : Ca ak sien ’+p)) ; (A.5) 


If we expand Eq. (A.4) in power series of p, it is easily seen that the third term is of the 
order of or higher than p*?. The constant terms of the first and second terms cancel out 
each other (the summation over k’ in the second term is nothing but the energy gap). The 
term of the order of f?-in these terms become 


&o Sf Wee 2 
Sees ——(k, F A.6 
Ee (Extp— Ex) OE, ( es ( ») ) (A.6) 
if the B.C.S. approximation, V(k, k’) ~ const. is used. 

On the other hand h/e-p-jo(p) can be written as 


dort sani ing se ¢ +50 \lu'e —uv’)(Bp*(k)—B-o(k-+p)) 
e Mk D 
= Cup —Ex)(w’v—u0")(Bo(k)—B-v(k+p)) (A.7) 


Because u/v—uv’ =6o/2E,: (Ex+p—E,), (A.7) coincides with (A.1). 
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Breakdown of Argon at Low Pressure in 
a Longitudinal Magnetic Field 
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We measured the breakdown probability at a low pressure in argon 
over the range from 0 to 1,500 gauss of the magnetic field parallel to 
the electric field. With the overvoltage fixed at 16.5%, the number of 
times of breakdown was counted for the applied square pulses with an 


electronic counter. 


Thus we found that the breakdown probability in- 


creased with magnetic field intensity. We calculated the breakdown pro- 
bability on the assumption that breakdown was caused by multi-avalanche, 
and the secondary mechanism was due to the drift of resonance radiation 
in the diffusion process as Kachikas and Fisher had suggested. A fairly 
good agreement between theory and experiment was attained and the 
drift velocity of resonance radiation was about 9.5x10°cm.sec~! in our 


calculation. 


$1. Introduction 


So far as we are aware, only a few re- 
markable results of experiments on the gas 
breakdown in a magnetic field have been re- 
ported. We examined into the effect of the 
magnetic field parallel to the electric field in 
a uniform gap upon the low pressure gas 
breakdown caused by d.c. pulse. It might 
be expected that such a magnetic field has no 
effect on the breakdown, but it really has. 

In our experiment, the effect of magnetic 
field upon the gas breakdown was observed 
by measuring the breakdown probability. The 
breakdown probability, i.e., the probability 
that the breakdown occurs in a given time 
interval, is considered to be a function of the 
formative time lag alone, when all the experi- 
mental conditions are kept unvaried excepting 
the magnetic field intensity”. So we will first 
have a theoretical consideration on the effect 
of the longitudinal magnetic field upon the 
formative time lag. The time lag in the ab- 
sence of magnetic field has been discussed by 
many authors”):® ; of their theories, most well- 
known is Fletcher’s”, in which the formative 
time lag of a single avalanche in the air of 
atomospheric pressure is discussed. We have 
so modified his method as to fit the multi- 
avalanche in a longitudinal magnetic field, 
thereby having succeeded in explaining the 
results of our experiment. 


§2. Theory 
Firstly we calculate the formative time lag 


ty for argon with small pd, the pressure times 
the gap distance, in a longitudinal magnetic 
field under a moderate overvoltage. It is not 
sufficient to rely only on a-and y-mechanisms 
to examine into the present case of breakdown, 
because they are hardly influenced by the 
longitudinal magnetic field. So we are led 
to take into account the electron diffusion, 
which is conspicuously influenced by the lon- 
gitudinal magnetic field. So far, many authors 
have discussed about the build-up mechanism 
of electric discharges®).”. Of them, Bartho- 
lomeyczyk took into account the diffusion 
corresponding to the edge-effect, though the 
build-up of electric discharge takes place all 
over the gap. We apply, however, Fletcher’s 
theory because of its special fitness for our 
case. Fletcher’s theory is concerned with the 
atomospheric pressure, and hence it deals only 
with a single avalanche, but in our case the 
multi-avalanche must be considered because 
of small pé. 

Another difficulty in our case is in under- 
standing the secondary mechanism of electric 
breakdown in argon. It is known from many 
authors”! that the electron emission me- 
chanism from the cathode in the breakdown 
of argon, which is called the y-mechanism, 
generally arises from the bombardment of the 
cathode by ions, metastable atoms, and pho- 
tons. In 1951, J. P. Molnar discussed in detail 
of these mechanism™. Thereafter in 1953, 
G. A. Kachikas and L. H. Fisher concluded”, 
from the study of formative time lags of uni- 
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form field breakdown in argon, that diffusion 
of resonance radiation played an important 
role in the breakdown of argon and its average 
transit time was about ten times that of the 
electron. Following their suggestion, we con- 
sidered only the effect of photons in the cal- 
culation of the breakdown probability with 
magnetic field. 

Then the breakdown is considered to take 
place in the following process: primary elect- 
ron leaving the cathode produces an avalanche 
while proceeding to the anode with the velo- 
city v, but for low pd a single avalanche 
is unable to create a space charge field high 
enough to cause breakdown. Therefore the 
photons produced just before the anode drift 
back to the cathode by diffusion mechan- 
ism of resonance radiation with the velocity 
V, of which the magnitude will be determined 
from our theory and experimental data. At 
the anode they liberate the electrons initiating 
the secondary avalanche. Thereafter the same 
process is repeated till the space charge field 
high enough to cause breakdown is attained. 
In this way one ionization cycle ¢;, after the 
notation of Druyvestyn and Penning’, is 
given by 

”) 


0 
Be Sana ’ 


(iy 


where t. and tp are respectively the transit 
times of electrons and photons across the gap 


spacing 0. 


Then we consider the multiplification factor 
M which is the numcer of electrons liberated 
at the cathode due to one electron which has 
started from the cathode before one ionization 
cycle ¢;. This factor for argon is very com- 
plicated. However, as mentioned above, here 
we consider only the effect of photons. For 
the multiplification factor by photons we adopt 


the following form given by Hasebe and 


Yamamoto! : 
M=rrhifelexp(ad)—1} , (2) 


where 7» is the number of electrons released 
at the cathode per photon and a is the number 
of electron-ion pairs generated per electron 
per cm of path in a direction perpendicular 
to the electrode surfaces and is called Town- 
send’s first coefficient. The factor fi is the 
number of photons per ion formed in the gas 
and is explicitly given by the following ex- 
pression for argon with reference to Molner’s 
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experimental data!®.18) ; 


Fi: =0.1875 exp(144.5 p/E) , (3) 


where £ is the electric field intensity in volts 
per cm, and f is the pressure in mm Hg. 
The factor fz is the probability that an ava- 
lanche goes on in the track of the foregoing 
avalanche; and, in the absence of the magnetic 
field, it is given by (7/d)?, where r is the 
avalanche radius just before the anode). 
This is obtained under the assumption that 
photons travel uniformly in all directions from 
the tip of the avalanche just before the anode, 
and the avalanche is in the form of sphere. 
In our case, however, we must consider the 
effect of longitudinal magnetic field upon the 
form of avalanche and the process of diffusion 
of resonance radiation. In such a field, which 
will be discussed later, the avalanche is not 
spherical but in the form of prolate spheroid 
with the major axis parallel to the magnetic 
field. From this point of view, /2 is supposed 
to be smaller than in the absence of magnetic 
field. We know, however, little about the 
mechanism of resonance radiation and still 
less we have the knowledge of the effect of 
longitudinal magnetic field upon the process 
of diffusion of resonance radiation. So we 
approximately assume that the factor fo is 
independent of longitudinal magnetic field and 
is expressed by the same form as that in the 
absence of magnetic field. Now, 7 is given 
by (6Dt-) where D and te are respectively the 
coefficient of diffusion and the transit time of 
electrons”, so the factor fz becomes 


fr=(r/6)?=6De-/0?=6D/vd =3a/26 , (4) 


where v is the drift velocity of electrons and 
a=4D/v is the characteristic length which is 
almost independent of the applied electric field 
intensity E°. 

In terms of the multiplification factor M 
given above, the number WN of electrons, which 
one electron leaving the cathode at t=0 pro- 
duces at the time gti, is expressed after Druy- 
vestyn and Penning!” by 

N=(Mi'—1)iM—)) , 
which is transformed for M1 into 
q={in N(M—1)/In M}—1. (6) 

Then we calculate the critical avalanche size 

N.. We take cylindrical coordinate with the 


origin at the cathode and z-axis in the direc- 
tion to the anode. The diffusion coefficient Dy 


(5) 
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in the direction perpendicular to the magnetic 
field is calculated to be!” .'” 


Dn=D is (14-25 )=DIA+e) 


where D is the usual diffusion coefficient in 
the z-direction, »=eH/cm the cyclotron fre- 
quency and y- the electron collision frequency 
and @,/ve is denoted by k. Then the rate of 
growth of electrons and that of positive ions 
are obtained from the following equations: 


G7) 


On- saying D iG On- “ a) 
ot ”~—t—~—<C HRN Or? 
On- On- 
=) » 8 
BE gl) ei cS) 
(Ome. Yt . 


From these we obtain the following exact 
solutions, 


2 —_ Z 
n-=(deDd-~*Vexp] — STEN +(z—vt) +avt| 


4Dt 
t 

n=ao| ACL 
0 


(9) 
Since the equation (9) for k=0, that is in the 
absence of the magnetic field, was discussed 
in detail in Fletcher’s paper*), we only apply 
its results to our case. From Eq. (Q) the 
electron avalanche is supposed to be in the 
form of prolate spheroid with the major axis 
along the magnetic field and the center at Zo 
=vt, leaving the positive ions in a cone-shaped 
volume behind it as shown in Fig. 1. For 
convenience’ sake, we consider the effective 
avalanche radius 7p. From the electron dis- 
tribution obtained above, it can be calculated 


Fig. 1. Electron avalanche in the longitudinal 
magnetic field. 
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as follows: 


Yp= \ i \ (7?-+2'*)n-2ardrdz’ 


0 


/\ i \ n_-2nrdrdz 
—oo J0 


—{(3+k2)/3(1 + #2)? }1/2(6 D8) /2= AY (6 Dt) 


— oo 


(10) | 


where z’ denotes the moving coordinate with — 


the center at z=vt, and ¢ is the time mea- 


sured from the instance at which the primary .- 


electron leaves the cathode; and it is noticed 
that the time ¢ should be put into gre where 
te is the transit time of electrons across the 
gap and q is given by (6), because the ava- 
lanche is produced while the electrons go for- 
ward to the anode but not while the resonance 
radiations drift back to the anode. (6Dt)'/? is 
the avalanche radius in the absence of the 


a(t) 


Fig. 2. Electron avalanche radius with and with. 
out magnetic field. 71: without magnetic field; 
12: with magnetic field. 
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Fig. 3. Ratio of the effective avalanche radius 
with magnetic field to the normal one without 
it, Al/2, as a function of the magnetic field 
intensity H. 
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magnetic field. We find from Eq. (10) that the 
avalanche radius in the longitudinal magnetic 
field decreases with its intensity increaing, as 
shown in Fig. 2 and Fig. 3; in other words 
the electron density increases with the mag- 
netic field intensity. 

It is expected that the space charge field 
becomes active after some increase of the 
densities of electrons and ions by ionization, 
and the distributions of them become different 
from the experssions (9). In that state the 
drift velocity of electrons mainly depends on 
the diffusion, and the diffusion velocities v, 
and v, along z- and r-axes are respectively 
represented by the following expressions, 


Nh DSNOne * 2 
$0) Nn. Oz Ot’ 
8 | (11) 
a Jy (Ds UNO wer 
Me eee on UNOe 


where z’ and ¢ have the same meaning as 
those above mentioned. On averaging out, 
by the same way as Eq. (10), the resultant 
velocity obtained from the above results, the 
drift velocity v: of electrons at the time t:, 
when the space charge first becomes import- 
ant, is calculated as 


(12) 
where the suffix ¢, following the Fletcher’s 
notation, denotes the values at the time ?;. 
From (1) and (6), this time is expressed by 


Ut =Pp1/2ts a 


tr=Qite 


13 
= {in NAM=—D/In M—1}, oe 


where N; is the number of electrons at the 
time f;. If we assume, after Fletcher®:”, a 
general relation v~(£)'/? between the electric 
field E and the drift velocity v of electrons 
due to it, the relation between the space 
charge field intensity E: corresponding to N; 
and the applied field E can be expressed from 
(12) and (13): 

Sand In M 
Bie eign in NA(M—l)=in 


Another relation between E; and N; can be 
calculated as follows. Following Fletcher’s 
discussion of (9) when H=0, we can assume 
that the positive ions are distributed in a 
sphere of the same radius 7p: as the electrons, 
and the distance between the centers of ions 
and electron spheres is l/a. The maximum 
Coulomb field intensity for rn:>1/a@ can be 


(14) 
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approximately calculated from the above dis- 
tributions by aid of (6) as follows: 


CNG 2lnM ae 
4n&> a 3 Aad[In N.(M—1)—In M] 
(15) 
where e is the charge of electron and & the 
dielectric constant of free space (in rational 
m.k.s. units). By eliminating &; from (14) 
and (15), N; becomes: 


SONY Os 2q2 
nees007 Ba! FE 


3 In NidM@—1) 1/2 
| Aad nM 1] ; 
Furthermore, by using the relations (6), (13), 
(14) and the relation v~(£)!/2 mentioned pre- 
viously, we obtain the space charge field Es 
at the time ?¢s larger than ¢; (for the time fs 
Fletcher assumes that the field is proportional 
to the number NV of electrons and inversely 
proportional to the square of the avalanche 
size ¥ns, where the suffix s denotes the value 
at the time fs): 


eS N\/2 
Es=-~ 
64g *() 


tan! N1/2(M—1)!/2 
in /|1—- RRS Bia |. (17) 
For a large value of N, the second term of 
the denominater in the above equation can be 
approximated to zero. Thus (17) can be put 

into the following mae 

N\/2 
Es = eee E ) InM. 
(i, 
The critical avalanche size Ne is determined 
by setting E=£; in the above equation, that 
is, 


1D 


(16) 


(18) 


1256 0? 

Wea okenntange oe 
By putting N; from (16) into (19), we can 
calculate the value of the critical avalanche 
size Ne corresponding to the applied electric 
field E and magnetic field H. Further by 
introducing this Ne into (6), we can obtain ge 
corresponding to Ne. Thus the formative time 
lag ty can be determined from the following 


expression: 


ty=Qels , (20) 

where ft; is the ionization cycle given by (1). 
Now, according to Wilson and Newman”>!®, 
for the given statistical time lag 7s and the 
formative time lag ty, the probability P that 
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the breakdown would occur by the time ¢ 
after a certain overvoltage has been applied, 
is given by the following expression, 
hee hs 
jBe=l exp(1 Tr, ‘i 
or, by introducing the relation (20) into this 
equation, we obtain 
t—Geti 
P=1—exp (1 T, ) P 

In our experiment, which will be described 
in the next section, the probabilty P was 
measured by counting the number of times 
of breakdown really occurring for a train of 
square pulses with a definite pulse width. The 
pulse width may be considered to correspond 
to the time ¢ in (21). If all the experimental 
conditions excepting the magnetic field inten- 
sity H are kept constant, we can consider f; 
and Ts; in (21) to be constant, so the proba- 
bility P might be considered to change only 
through ge corresponding to the magnetic field 
intensity. 


(21) 


§ 3. Experimental Procedure and Results 


The electrodes used in our experiment are 
of copper 2.1cm in diameter. Their faces 
were polished with finest emery paper and 
then cleaned with benzene petroleum. The 
sparking gap length d is about 2.5mm. The 
discharge tube was evacuated to about 10-° 
mm Hg and then filled with argon labelled 
““pure’’ but its purity was not affirmed in 
our laboratory. The pressure of argon was 
20.5mm Hg and was kept constant throughout 
the experiment. Furthermore, the tube was 


DC. Pulse 
eee Discharge 
Generato Tube 


Electronic 
Counter | 


Counter 


Fig, 4. Block diagram of experimental apparatus. 
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set in a solenoidal coil, whose maximum mag- | 


netic field intensity was 1,500 gauss. 


First, we measured the threshold breakdown | 


voltage Vs with and without the longitudinal 
magnetic field, and we found that the values 
were the same 285 volts in both cases. On 
the basis of the breakdown criterion y»e*®=1°, 


this fact shows that the Townsend’s First | 
Coefficient a as well as Second Coefficient y» 


is independent of the magnetic field intensity. 

The block diagram of the apparatus used in 
the experiment is shown in Fig. 4. 
to cause breakdown in the gap, we applied 
square pulses, whose rise time was of the 
order 10-2 sec, pulse height 332 volts (that 
is, the overvoltage 4=16.5%), repetition fre- 
quency 1.13sec"! and pulse width 20 usec. 
These values were kept constant throughout 
the experiment. The electrodes were irra- 
diated with y-ray from Ra-B. 

To measure the breakdown probability P, 
we counted the number of the breakdowns 
occurring during a definite time interval; on 
the other hand the total number of the square 
pulses mr applied during that time interval 


3 —s 4 I 
Argon: p=20,7mmHg 
4=16.5 % 
P(%) t= 0.34 sec 


%&= 1.1 x10'Sec! 


Theoretical curve 


0) 500 __H (gauss) |000 


Fig. 5. Breakdown probability as a function of 
longitudinal magnetic field intensity H (gauss). 
©: experimental values. 


was calculated from the repetition frequency. 
Then the breakdown probability P is expressed 
by the expression P=n/nr. Experimental re- 
sults obtained by us are plotted by open cir- 
cles in Fig. 5. From this figure we find that 
the breakdown probability increases with the 
magnetic field intensity H. 
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4. Discussion 


The constants used for our calculation are 
given in the following. 


(1) rp»: From the measured threshold voltage 
Vs=285 volts, Es/p is 55 volts cm-!. mmHg~. 
The value of a for this Es/p is 16.35cm-! 
from the data by Druyvestyn and Penning!” . 
From this value and the breakdown criterion 
rre*=1, rp is calculated to be 1.68x10-2. 
This is a reasonable value in comparison with 
Kruithoff’s'®. And, generally speaking, 7» 
does not vary very much over a wide range 
of overvoltage’®, thus we used 7,=1.68x1072 
in our calculation for overvoltage 4=16.5%. 

(2) fi: From the Molner’s relation (3), fi 
=1.785 is obtained in our case for E/p=64 
volts cm-!. mmHg~!. 

(3) a@and f2: From the relation D/v=0.25/p 
for argon’, a@(=4D/v) is 5x10-2cm. Accor- 
dingly, by using this value, f2=0.3 is obtained 
from (6). 

(4) M: By putting the above values of 7p, 
fi and f2 into Eq. (4), the multiplification 
factor M for the breakdown voltage V=332 
volts (accordingly the overvoltage 4=16.5% 
becomes 1.58. 

There are still two more unknown factors 
necessary to calculate the probability P as a 
function of H; one is the collision frequency 
of electrons ve in (7), and the other the time 
t; in (1). To obtain a good agreement between 
theory and experiment, we had to adopt v- 
=1.110!*sec-1 and t:=0.34 sec. A solid 
curve in Fig. 5 shows the result calculated by 
using the above values and the theory men- 
tioned in the preceeding section. Fig. 6 shows 
the formative time lag ty and the critical 
avalanche size Ne corresponding to the above 
result. As shown in this figure, the formative 
time lag for H=0 is about 19sec. On the 
other hand, a corresponding value obtained by 
extrapolating experimental results by Kachikas 
and Fisher’? is about 16ysec. Agreement 
between them might be said to be fairly good. 

Furthermore, we can evaluate the drift ve- 
locity V of resonance radiation of argon by 
using the value f;=0.34 wsec. The calculation 
gives about 9.5x10'cm.sec"! to it. This 
value is a little smaller than the drift velocity 
of electrons v=3.66 x 10° cm. sec7! 2” but larger 
than that of ions (At) 1.=5x10‘ cm. sec~! for 
E/p=64 volts cm-!?.mmHg"'?”. This result 
accords with the qualitative statement by 
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Kachikas and Fisher from their experi- 
ments that the drift velocity of resonance 
radiation is smaller than that of electron but 
larger than that of ion. 

Thus we have theoretically explained the 
breakdown probability as a function of the 
longitudinal magnetic field and succeded in 
inferring an approximate value of the drift 
velocity of resonance radiation by diffusion 
process. 


Argon: p=20,7mmHg 


O 

: 4= 16.5% a 
t,= 0.34usec § 
%= 1,1xlO'Sec' | 


t,-H curve 8x10" 
i8 a 
® 6 
4 | 
17, 
No-H curve +2 
16 gy 
2 
15 [ore ty sa balls 
O 500 Higauss) 1000 
Fig. 6. Formative time lag ty; and critical 


avalanche size N, versus the magnetic field 
intensity H. 
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Relaxation between ion and electron temperatures, 7, and 7», of dilute 
fully ionized gases in a magnetic field has been treated by force-correla- 
tion method. The rate R of the relaxation, defined by 

d(T2,- T;)/dt= —(T,- TDR ’ 


increases with increasing magnetic field from 


R=R° In (tp/ts) 


to R=RIn (ty/ts)-+3(In wot p)?] 


in which 


for wstp<l 


for wetp>l, 


R°=(M1-+ N2)(8me2/3m1)(2nk T2/m2)/2(Ze2/kT 2) « 
Here mi, Ze and m; are the mass, charge and number density of the ion 
respectively; mz, ~—e, and ny are those of the electron; t» is the period 
of plasma oscillation and ¢s is the mean time of passage through a sphere 
of strong interaction, ts~(me/kT»2)'/2Ze2/kT2; w: is the electron gyration 


frequency. 


Introduction 


§1. 


The ion-electron relaxation of a fully ionized 
gas in a magnetic field has been treated in 
Part I by an elementary method under the 
restriction that field is extremely strong. In 
part II the phenomenon will be treated more 
systematically without this restriction. The 
result obtained in Part I is included in the 


present part as a special case. Since the mass 
ratio of an ion to an electron is far from 
unity, energy transfer between ion and elec- 
tron is much smaller than that between elec- 
trons. Hence the ion temperature 7, and 
the electron temperature T) are often differ- 
ent even when the velocity distribution are 
both uniform and Maxwellian. The rate R 


1960) 


of this relaxation is defined by 


ZT, Tete TR (1) 


with time f. 

The aim of this paper is to discuss the 
rate of relaxation in a fully ionized gas in 
a magenetic field. Both the gas and the 
magnetic field are assumed to be uniform in 
space. The gas is supposed to comprise one 
type of positive ion and electrons. The par- 
ticle mass, particle charge and number den- 
sity of the ion will be denoted by m,, Ze and 
m, respectively; those of electrons by m, —e 
and m2 (Zm,=m2, Z*<m,/m:). We consider the 
case where the mean ion velocity is much 
smaller than the mean electron velocity: 

(T,/my)2 X(T2/mz)2 : (1.2) 

The long-range many-body interaction char- 
acteristic of the coulomb potential 7-' can be 
eliminated by use of a shielded interparticle 
potential, say r-'exp(—«,y7r). Although the 
shielding constant «,, effective to the ion- 
electron relaxation can not be determined 
exactly, it is of the order of /p~', lp being 
the Debye’s characteristic length. At high 
temperatures or low densities, i.e. for weak 
interactions, the rate of relaxation does not 
sensitively depend on the constant k.. We 
confine ourselves to this case. 


§2. Formulation in Terms of the Force Cor- 
relation 
The particle velocities of the ion and the 
electron will be denoted by ce, and ¢;, respec- 
tively, with |¢,|=c, and |¢,|=c. Since the 
average value of 1c,’/3 is kT,, the time rate 
of change of kT, is given by the average 
value of the time rate of change of myc,"/3: 


xT .= Fm Z<le+de; ?—¢,? > av P 
k being the Boltzmann constant, or 
Ce ee ye Cele depide, Say. 51) 


dt 3. dt 
Here 4e, indicates the increment in ion velocity 
due to the interaction with surrounding elec- 
trons in the time interval 4t; 4¢ must be much 
larger than the time characteristic of fluctua- 
tion of the interaction, yet much smaller than 
the relaxation time R-'. < Dav means the 
average with respect to the ion velocity and 
the interaction with surrounding electrons. 
When the ion temperature 7, is much smal- 
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ler than the electron temperature 7», the 
average value of ¢,-4e, can be neglected in 
comparison with the average value of | de, |’; 
hence 

d Else 


ng es 
twa. Eee 


The relation (2.2) can be generalized to 


aay ime us for GPK li (222) 


SET = Smt Caen Bot 
which holds for 7, satisfying (1.2). A proof, 
which was given in Part I, is the following. 
Since m,>m, the quantity | de; |? averaged 
with respect to the interaction with surround- 
ing electrons is independent of ¢,; but 4e, so 
averaged depends linearly upon c;. Hence, 
for constant T:, <| de; |>>sy is independent 
of 7:1, and <e,-de,>sv is proportional to 7. 
Taking account of the fact that <(2c,+4e,)- 
Ac,>av vanishes for 7,=7T>, we obtain 

2¢¢1°4e,>= —(T,/T2)| Ae, |? Dav» 
by virtue of which (2.3) follows from (2.1). 
(Here we have neglected, under our assump- 
tion, the dependence of the shielding constant 
on the ion temperature.) 

By use of the relationship 


(2.3) 


DT SZ0 , 
dt 


the rate of relaxation R defined by (1.1) is 
calculated to 


Leegie/ ad 
= a oT 28 


The increment in ion velocity during 4t is 
given by 


(tm) (2.4) 


1 (4 ~ 
4c,=~-| Fc) dz, 
™ Jo 


where F(c) is the force acting on the ion at 


time t. Hence 
1 At Cs4t ~ be 
| de, r= F(t): F(e\dedt' 
My Jo Jo 
1 


4tf4t—t ~ Be, 
sail | | Fc). Fic+-bdtde . 
My .0 J-ct 


Since 4t is much larger than the continuance 
of the force correlation, we have 


Fei de, Pavel” FO) FD rardt. 28) 
At Wie Neco 


The force acting on an ion is the sum of 
contributions from all the surrounding elec- 
trons 


FQ)=DuF ( , 
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F’ indicating the force due to 7th electron. 
Since the long-range many-body interaction 
has been eliminated by use of a shielded 
interparticle potential, the force due to an 
electron is independent of force due to other 
electrons, namely 


(FO) F)>av= (DF (0) Ff) as 5 
the cross terms vanishing. We have therefore 


\- Fo F()>adt= \\ 70) -F(t)f.de,drdt , 


(2.6) 
in which F(Z) is force due to an electron 
at time ¢ and f, is the velocitydistribution 
function for electrons, 


m, \3!? MoCo? 
= 774| = ——+= |, 2. 
fr tal seat) exp( Fre BP) 
Here rand c¢, are the position and the velocity 
at time 0 which the electron should have in 
the absence of the interaction. 
Thus we obtain, from (2.4), (2.5) and (2.6) 


Rees som [FO FO fedeadrdt (2.8) 
BET 


which is our basic relation. 


§ 3. Correspondence with the Kinetic Theory 


The aim of this section is to transform, in 
the absence of magnetic field, into a form 
which is familiar in the kinetic theory of 
gases. 

Taking the coordinate-origin at the position 
of the ion and taking z-axis in the direction 
of the initial velocity ce, of an encountering 
electron, let us introduce the cylindrical co- 
ordinate (b, ¢, z) for which 


dr=bdbd¢dz (0Sb, 0S¢<22, —w<z<0o) 


b being the impact parameter. Thus 
27m,+N, 1 
DS a : 
3 kT on, ralKD F(t)dtdzbdbfrdez . 


Ga) 
Now, since —F(t) is the force acting on the 
encountering electron, we have 


\@ F(t)dt 


~ wy 
=2M2Co sli ; 


# being the angle of diffraction of the electron 
orbit. Further 


i‘ ie F(0): F(dt dz=c, 


2 F(t)dt | ; 


=2mz2*¢2*(1— cos 8) . 


Hence 
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ee (47)? 21+M2 mz" rape cos 0)c.°f2bd bdcy : 
3 RT2m2 Mm: Jo So 
(3.2) 


The expression (3.2) can also be derived 
directly from (2.4). The increment in ion © 
velocity 4e, is sum of contributions from all 
the surrounding electrons. When these con- 
tributions are not correlated with each other, 
we have 


FX desl?>a0=2n (1 0c; \?c2 fobd bdez : 


in weich 6c, is the increment due to one 
electron. The velocity increment of the elec- 
tron is —(m,/m,)6ce,, whose absolute value is 
equal to 2c sin (6/2); thus we obtain (3.2). 

It is to be noted that the kinetic formula 
(3.2) follows from the Boltzmann equation” 
without using the basic relation (2.4). 

For the effective interparticle potential 


(3.3) 


between an ion and an electron, the integral 
in (3.2) has been calculated by Kihara” and 


Ze’r— exp (—# 127) 


Liboff®. By use of it we have 
R=R ln 8kT,/4Ze*k12) (3.4) 
with 
8 mM» (2rkT>\4/ Ze? \? 
Re 2B ys, sil (etl dee | 65 
pomtmee( M2 ) kT, ( 


Here an irrational number close to 3/4 has 
been replaced by 3/4 in the argument of the 
logarithm. 

The expression (3.4) is exact as a weak- 
interaction asymptote for RT,/Ze*«,.>>1 so far 
as the effective potential (3.3) is assumed. 
When the plasma is so hot and dilute that 
In (kT,/Ze*«:2) is much larger than unity, the 
formula (3.4) is approximated by 


=e In (RT2Is (Ze, 


in which Jp is the Debye length. 

In order to obtain the limiting expression 
(3.6), it is sufficient to make integration of 
(3.1) or (3.2) over the domain of ‘“‘weak interac- 
tion without correlation’? Ze?/kT,<b<Ip only. 


The teers [[ro-rw Gia anitheedone a 


becomes 


(3.6) 


2 [e b b sg 
hak (Ore) (Preratpe” ame 


and, after integration with respect to e, (3.1) 
is reduced to 
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ze2|r,, 0 ; 
which is equal to (3.6). 

In the present article this kind of approxima- 
tion will be used throughout. 


§ 4, 


Returning to (2.8) let us discuss the rate 
of relaxation in a magnetic field. We assume 
that the mean electron gyration radius 7, is 
larger (but not necessarily much larger) than 
the limit of weak interaction Ze?/kT,. For 
our purpose it is sufficient to make integra- 
tion of (2.8) over the domain of ‘‘weak interac- 
tion without correlation’. This domain is 
characterized, this time, by 

tsS|t|Stp , 
where fp is the period of plasma oscillation, 
and ¢s is the mean time of passage through 
a sphere of strong interaction, namely 
t~( ee im( oa 
+s Oe ; a0 he es ae 

Thus, when coordinate origin is taken at 
the position of the ion, F(0) is simply equal 
to Ze’r/|r|®. As for F(t), it is given by 
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_7 2 rtst, C2) 
ol eeaeameen. Gerri 
where s(t, ce.) is the increment in the position 
vector during the time ¢ when the electron 
velocity is c, at t=0: 


5(0, ¢2)=0, je a4 


dt 
First, the relation 


| Rap is Ag 
ir lr sl? | s| 
will be proved. The volume integral in the 


left-hand side of (4.2), 


(4.2) 


r 1 
. a. 
er ngage 


can be transformed into an integral 


ren 


AVETaRTaT 
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over three spherical surfaces, — a small sphere 
at r=0 and a small sphere at r=—s and a 
large sphere with the center near the origin; 
n is the normal on the surfaces from the 
domain of original volume integral. The 
integration over the first small spherical 
surface gives the right-hand side of (4.2), 
those over the other two vanishing. 

Denoting by c, cos @ and c, sin @ the parallel 
and perpendicular components of the electron 
velocity with respect to the magnetic field, 
and by w, the gyration frequency of the 
electron, we have 


| s(t, c:) |=c.[2(sin 8/w2)?(1—cos w,t)-+# cos?6]2 
and 


(4.3) 


fate =2n4{ ae pe a 


1 
es C2 )| 2rkT, Y val 


where 
= ak 
ee agar age V=aot , (4.4) 


Thus, (2.8) is calculated to be, with R° defined 


by (3.5), 
@, I 

R=R! In (tlt) ] a Y nes (4.5) 
0 Ww y 


the second term in the bracket being an 
increasing function of .tp. The first term 
In (tp/ts) give the same result as (3.6). 

When the magnetic field is very strong, 
(4.5) approaches 

R=R[In(¢,/ts)+4(1n wotp)?] for wtp >1, (4.6) 
or as a limit R=R°4(In w.t,»)? which agrees 
with a result obtained in Part I. 

In conclusion, the rate of relaxation increases 
with increasing magnetic field from 

R=R In (t,/ts) for wotpsl (4.7) 

to (4.6). Here wt» is equal to the ratio of 
the Debye shielding length to the electron 
gyration radius. 
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This paper deals with the axially symmetric stagnation-point flow of 
an incompressible, viscous and electrically conducting fluid in the presence 
of a transverse magnetic field with small magnetic Reynolds numbers. 
The velocity distribution modified by the magnetic field is calculated for 
several values of N (=SRm, S: the pressure number, Rm: the magnetic 
Reynolds number). The shear stress on the wall is expressed in terms 
of b and ¢//(0), where b is a characteristic parameter of the asymptotic 
inviscid flow and ¢//(0) is the non-dimensional velocity gradient on the 
wall. 

The flow of this type may be considered as a simple model of the 
circumstance in the neighbourhood of the nose of a body of revolution 
moving through an ionized atmosphere at hypersonic speed. In this 
context, it may be convenient to use Bush’s results for estimating 6. The 
ratio of the shear stresses with and without the magnetic field thus calcu- 
lated is shown graphically as a function of N. It is found that the 
shear stress at the wall is considerably reduced by the hydromagnetic 


interactions. 


$1. Introduction 


Recently, Neuringer and Mcllroy'» and 
Rossow” investigated the two-dimensional 
stagnation-point flow of an incompressible, 
viscous and electrically conducting fluid under 
a transverse magnetic field in connection with 
the problem of hypersonic flow past a blunt- 
nosed body. On the other hand, Bush” 
studied a magnetohydrodynamic-hypersonic 
flow of an incompressible, inviscid and elec- 
trically conducting fluid impining upon a 
spherical body in the presence of a magnetic 
field of dipole type. He extended Lighthill’s 
method», which had been proposed for solv- 
ing the problem of a dissociating gas, to the 
magnetohydrodynamical case. He assumed 
the form of the shock wave as spherical and 
found that a spherical body surface concentric 
with the shock wave is possible under a 
certain critical value of a magnetic parameter 
(Q.=4.2 in his definition). 

In this paper, we attempt to solve the 
axially symmetric stagnation-point flow of an 
incompressible, viscous and electrically con- 
ducting fluid in the presence of a transverse 
uniform magnetic field with small magnetic 
Reynolds numbers. The velocity field is com- 
pletely determined if the asymptotic field far 
from the wall is specified, and the shear 


stress on the wall is given in terms of the 
‘intensity’ of the asymptotic field, being 
characterized by the parameter Db. 

An interesting application of this result to 
the problem of hypersonic flow past a blunt- 
nosed body of revolution may be made in re- 
lation to Bush’s work. Looking at the 
situation of Bush’s field described above in 
the neighbourhood of the stagnation point, 
we may find that the spherical wall is 
approximately plane and the magnetic field is 
essentially uniform and perpendicular to this 
plane wall. If we take this field as the 
asymptotic field of the present problem, we 
can obtain, as the result of the calculation, 


Fig. 1. Sketch of the field, 
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the information about the fine structure of 
the flow field in the vicinity of the wall, and, 
in particular, we shall be able to calculate 
the change in the shear stress due to the 
presence of the magnetic field. 

It is well known that, in the limit of small 
magnetic Reynolds numbers, we can neglect 
the induced magnetic field in comparison 
with the applied field, that is, the applied 
magnetic field is essentially undisturbed by 
the induced electric current. This approxima- 
tion makes the mathematical analysis con- 
siderably simple, and moreover, it is quite 
realistic in the practical problems of astro- 
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nautics. Therefore, we are concerned exclu- 
sively with this limit throughout the present 
work. 


§2. Analysis 


Fundamental equations for the velocity u 
and the intensity of the magnetic field H are 
derived from the equations of motion and 
Maxwell’s equations. They may be written 
in the non-dimensional form as_ follows, 
using cylindrical polar coordinate system 
(v7, ¢, 2) with the z-axis taken along the axis 
of symmetry: 


ue +0 Et =e 4 es (vw te )+SRubHtcHl,— tell), 
ue tule <P oe SRmll(uzHyr—urHz), 
div u=— fw r)+ Bee =() 
oe oT RnltteEl;—UrH2), ae 
div H=— Zvi) + Th 0, 
with Vi= a 3 : 2 ats f, 


where the field quantities are made non- 

dimensional with reference to the character- 

istic length L,*, velocity U,*t and 

R.=U,*L,*/v: the Reynolds number, 

Rn Hop Uo*Lo™: the magnetic Reynolds number, 

S= pHy* /oU y *" = the pressure number, 

Ay*s(the ny of the applied magnetic 

field, 

vy: the coefficient of kinematic viscosity of 
the fluid, 

o: the conductivity of the fluid, 

yw: the permeability of the fluid, 

o: the density of the fluid. 

The rationalized M.K.S. system of unit 1s 

used throughout this paper. 

The electric field has already been set to 
be zero in deriving the above equations, since 
it is easily shown that the electric field E is 
identically zero in this axially symmetric 
In fact, since curl H has the g-compo- 
Similarly, ux H has 


Case. 
nent. alone, .j-=j.=0: 
+ Here and hereafter star is used to denote 


dimensional quantities. 


a component in the g-direction only. Hence, 
the combination of Ohm’s law and the relation 
j=curl H gives E,=E.=0. Furthermore, curl 
E=0 implies that 0E,/0z=0 and 0(rE,)/or=0, 
and from the assumption of axisymmetry of 
the field follows 0F,/0¢=0. Thus, only pos- 
sible solution for Ey is (const)/r. Requesting 
the regularlity of Ey, over the whole space, 
we arrive at the conclusion that £ is identi- 
cally zero. 

Now, we assume uw, H and p in the follow- 
ing form: 


Ur=r0'(z), Uz=—20(2), 
H,=r?"@), ~~ Hz=—2¥@), (2.2) 
p=Po —pi(z)—p.z)r*, 


so that the conditions divu=0 and div H=0 
in (2.1) are automatically satisfied. Here, the 
prime denotes differentiation with respect to 
z, and p, denotes the non-dimensional stagna- 
tion point pressure. The system of equations 
(2.1) then reduces to the following set of 
ordinary differential equations : 
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O—ASRall(O'U — 08), (2.3) 


é 


0” —200" =2p.+ 


Z 
400' = p,'———-0"" ; 


é@ 


(2.4) 


po! =2SRn¥'(O'¥ —Ov") , (2.5) 

CU =2Rl(O'V —OL") . (2.6) 

Next, we must consider the boundary con- 

ditions for Eqs. (2.3)~(2.6). Weassume that 

the asymptotic field of the flow, at large 
distances from the wall, takes the form 


Uli uz*=—2b2* , (7S) 


where b(=U,*/L,*) is the characteristic para- 
meter representing the ‘intensity’ of the 
asymptotic flow field. This is the simplest 
universal form of the inviscid stagnation- 
point flow satisfying both continuity and 
symmetry conditions. Then, the boundary 
conditions for the velocity field may be writ- 
ten as 

0(0)=0'(0)=0 and @'(co)> 1, (2.8) 
the former of which implies that the velocity 
components vanish on the wall and the latter 
requires that the flow tends to the assumed 
potential flow at large distances from the 
wall. 

If the wall is an electrical insulator and 
has the same permeability as the fluid, the 
magnetic field must be continuous to the 
applied uniform magnetic field at the wall. 
Then, we have following boundary conditions 
for the magnetic field: 


¥(0)=——> and ¥'(0)=0. (2.9) 
Our problem is thus to find the solution @, 
Y,p, and p, of Eqs. (2.3)~(2.6) which satisfy 
the boundary conditions (2.8) and (2.9). 

We assume here that Rm is very small 
compared with unity but SRn(=N) is of order 
of unity in order to take the hydromagnetic 
interaction into consideration. We may call 
this approximation ‘the magnetic Stokes 
approximation’ in view of its analogy with 
the Stokes approximation in ordinary hydro- 
dynamics. This approximation makes mathe- 
matical analysis considerably simple, for in 


+ When R,, is small but not infinitesimal and when 
z is large, each of @’y and OW’ is of O(z). But 
(O'Y —OW') is finite and tends to zero as goo. 
Hence, Eq. (2.10) is a good approximation of Eq. 
(2.6) for all values of z when Ry» is sufficiently 
small. 
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this limit the magnetic field is solved in- 
dependently from the flow field. Moreover 
the assumption of small Rm is quite realistic 
in most practical problems of astronautics 
to which the results of the present paper may 
readily be applied. Using this approximation, 
Eq. (2.6) is reduced to 

ea ie (2.10) 
Integrating this equation with respect to z 
and remembering the boundary conditions 
(2.9), we have 


1 
v=, 

Z 
which implies that the magnetic field is uni- 
form, to the magnetic Stokes approximation, 
throughout the whole region. Eq. (2.5) is 


then reduced to p,/=0, and hence 


(2.11) 


2 A(=const): (aly 
Eq. (2.3) then becomes 
0" 200" =2A+ .- _No', (2.13) 


and Eq. (2.4) is used for determining p, when 
@ is known. 

By virture of the second condition of (2.8), 
the constant A is found to be (1+WN)/2. 
Thus, we arrive at the following equation 
for @: 


pl 
—NO' , 
R 


e 


subject to the boundary conditions (2.8). 


0” —200" =1+ N+ (2.14) 


§3. Solution of Eq. (2.14) 
We introduce here the following variables 


y and ¢ in place of z and @ respectively: 
ORZ=6. (3.1) 


Eq. (2.14) and the boundary conditions (2.8) 
then become 


6” —26¢"'=1+N+¢’—N¢’ ; 


zRe=y, 


(G22) 
and 


$(0)=$'(0)=0, (co) 1, (3.3) 


where and hereafter primes denote differentia- 
tions with respect to the new variable We 

First, we solve Eq. (3.2) in two separate 
regions of the flow field, one being the region 
near the wall and the other far from the 
wall, and then we connect these two solu- 
tions at some suitable point between these 
two regions. 
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(i) Inner solution (the solution for small y) 
In the vicinity of the wall, we express the 
solution in the form 


o= any" (3.4) 


Substituting (3.4) into Eq. (3.2) and equating 
coefficients of the same powers of y, we ob- 
tain a’s as follows: 


Q0r 
En | 


a: to be determined , 


ay=——(1+N) 


1 
et NT S345) 
a Ne» (3.5) 


oe 
as=—FNA+N), 


ap SE 2 
ag= 360 oT oN TN a2 , 


and all of a’s except a, are to be determined 
if a is specified by the analytical continua- 
tion with outer solution. 

(ii) Outer solution (the asymptotic solution 


for large y) 


For large values of y, we look for the solu- 
tion of the form 
p=ytxuy); (3.6) 


PN=I+ 


wpe Abee | oA ji patie AP -v'dyl +B, 
wy)=y BV un) yW(34+2y") e a+ 2 


y=yt oA 


where A’s and B’s are constants of integra- 
tion. 
(iii). Matching of the solutions 

In order to complete the solution over the 
whole region, we have to join the above two 
solutions analytically at some appropriate 
intermediate point, say Yo, between the two 
regions. Noting that Eq. (3.2) is of the third 
order, we may easily see that the analytical 
continuation of the solution is carried out by 
making the functional value, the first and 
the second-order derivatives of the solution 


continuous at the point Jo. 
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where x% represents the small perturbation 
from the potential solution. Substituting 
(3.6) into Eq. (3.2) and neglecting higher- 
order terms with respect to x, we obtain 


iO in (2 AN) y= 08 aie Gia 
with the boundary condition 
x'()0. (3.8) 


A solution of Eq. (3.7) satisfying the con- 
dition (3.8) is obtained, using Weber’s func- 
tion D,(z)t, as follows: 


1=| exp (—4y")D-cawnlV2 y)dy. (3.9) 
y 


When is a negative integer, D,(z) can be 
written in the following simple form: 


D_onsi)(Z)=eXp 2)" di" du,-+:- 


wy 
| 
UW 


m-1 


dumexp (—$Um’), (m+1=—n), 


but otherwise the expression of D,(z) is 
rather complicated and their numerical values 
are not given in any existing mathematical 
tables. In this paper, therefore, the numeri- 
cal computations are carried out only for the 
cases of N=0,2 and 4 (n=—2, —3 and —4). 

After some tedious but straightforward 
calculations, we obtain the following final 
expressions of the outer solutions for each 
value of N. 


for N=0- 


for N=2, (3.10) 


ay { 5-+2y")e* —G+ 12y*-+4y9|"ew*ay +B, for N=4, 
\ y 


We have calculated the inner solution up 
to the term of a,; for each value of N. It 
is observed that the region of good conver- 
gency of the outer solution becomes wider 
with increasing N, and the contrary situation 
is found for the inner solution. In practice, 
we have chosen, as a trial, y=1.5, 1.0 and 
0.8 for N=0, 2 and 4 respectively. Matching 
the above two solutions with each other, the 
unknown constants @, A’s and #’s are 
determined as follows: 

+ For the definition of D,(z), see, for example, 
Morse & Feshbach®. 
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For N=0: a,=0.660, Ay =—2.13 and By=—0.5541 , 
For N=2: a,.=0.967, A.=—2.24 and B,=—0.426 , 
3.12 and .=—-U.e0c. 


aa ES a 


Eq. (3.2) is thus completely solved and the 
solution is given by (3.4) and (3.10) together 
with the numerical values of (3.11). This is 
the exact solution of the axially symmetric 
stagnation-point flow of an incompressible, 
viscous and electrically conducting fluid with 
small magnetic Reynolds numbers, and the 
flow field is completely determined if the 
parameter 0 is specified. 

The non-dimensional velocity profiles ¢ and 
¢’ calculated from (3.4) and (38.10) are tabulat- 
ed in Table I and shown graphically in Fig. 2. 


Table I. Non-dimensional velocity profiles for 
various values of N. 


} v=o | NH | _N=4 
| vfe {wis jwfs fe 
| 0 0 0 0 0 0 0 
| 0.2 || 0.0251) 0.244!) 0.0349} 0.332} 0.0419} 0.392 
0.4 || 0.0949} 0.448]| 0.126 | 0.570] 0.147 | 0.645 
| 0.6 || 0.202 | 0.613] 0.258 | 0.736) 0.294 | 0.805 
| 0.8 | 0.338 | 0.742} 0.417 | 0.848} 0.465 | 0.903 
1.0 |} 0.496 | 0.837]| 0.595 | 0.921]! 0.649 | 0.952 
1.2 || 0.671 | 0.904|| 0.783 | 0.962! 0.842 | 0.979 
1.4 || 0.856 | 0.949]| 0.978 | 0.983] 1.04 | 0.991 
1.6 | 1.05 | 0.978i| 1.18 | 0.993] 1.24 | 0.997 
1.8 || 1.25 | 0.991] 1.37 | 0.997] 1.44 | 0.999 
2.0 || 1.45 | 0.996 1.57 | 0.999] 1.64 | 1.000 
2.2 |1 1.65 | 0.999] 1.77 | 1.000 
2.4 11.85 | 1.000 | 


Fig. 2. Non-dimensional velocity profiles versus y. 


$4. Shear Stress 
The shear stress, t, at the wall is given by 


t+ Values of a2, Ap and Bo for magnetic-free case 
were given by Homann” taking up to the term of 
dz; for the inner solution and choosing yo=1.8: 
d2=0.658619, Ap=—2.16492 and By=—0.557611. 
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On the other hand, the drag due to Maxwell’s 
stress is identically zero, since H;*(0)=0 at 
the wall which is assumed to be an electri- 
cal insulator. Thus, if b, the parameter re- 
presenting the intensity of the outer flow, is 
specified by any principle, the total stress is 
calculated from (4.1). 

Now we want to correlate the present 
problem with Bush’s case* in order to apply 
our result to the problem of hypersonic flow 
past a blunt-nosed body. Bush investigated 
the flow field of an inviscid fluid surrounded 
by the body surface and the detached shock 
wave preceding it. If we take this flow field 
as the outer flow of our problem, the present 
results will give informations about the fine 
structure of the flow in the ‘ boundary layer’ 
along the wall and thus the change of the 
shear stress with the intensity of the mag- 
netic field. In order that Bush’s solution 
for the inviscid fluid may be used as the 
outer flow of our case, the stand-off distance 
of the shock wave must be very large in 
comparison with the thickness of the bounda- 
ry layer, and this condition is usually satisfi- 
ed in most practical cases. Another difference 
between Bush’s case and the present one lies 
in that Bush carried through calculation for 
finite values of Rm, whereas we assumed here 
Rm to be infinitesimally small. This differ- 
ence, however, does not seem essential, be- 
cause it is concluded in Bush’s work that 
the circumstance does not change appreciably 
with Rn—especially for the range of the 
values of magnetic parameter considered in 
this paper—so far as the values of Rm of about 
0.2~1 are concerned't. The same trend was 
also pointed out by Rossow® in the case of 
plane hydromagnetic stagnation-point flow. 
Rossow showed that the ratio of the shear 
stresses with and without the magnetic field 
as calculated by using the magnetic Stokes 
approximation differs only by 0.25% from 


TT Rm defined by Bush is Ry»=cpe*U..*, where c* 
is the radius of the shock wave and U.* is the 
uniform speed upstream of the shock wave. 


(4.1) | 


ee a sss sss see 
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the exact value. Thus it may safely be 
assumed that the velocity field calculated by 
Bush for finite values of Rm(=0.2) may be 
used without modification for the outer field 
of the present case (Rn~0). 

Now, if we expand Bush’s stream function 
f*(R*) in the neighbourhood of the stagna- 
tion-point as 


ae ame iL 


R*—R,* \? 
Diana at oo (4.2) 
where /\*, f.*, ----are constants, the velocity 


components along the R*- and 6-directions are 
given by 

unt = SOE" pre) ~ ALE RAR), 

sind df*(R*) 
ie dR* 
respectively, where R* is the distance meas- 
ured from the centre of the spherical body, 
6 is the angle measured from the axis of 
symmetry in a meridian plane and R,* is the 
radius of the body. In the neighbourhood of 
the stagnation-point, R*—R,* and R,*? may 
be replaced by z* and r* of our problem re- 
spectively. Hence, the parameter 0 in (2.7) 
must be identical with —/f,*/R,**, which in 
turn is equal to the velocity gradient at the 
wall: [(1/R*)(@ue*/00)}voay= UVs/c* (see Eq. 
(4.16) of Reference 4), where Vs; is the non- 
dimensional parameter of the velocity gradi- 


(4.3) 


> nS reafeats *K 
ug = ~ Rw Dee 


ent at the wall defined by Vs=(—F'/R®)woay, F 


and R being the non-dimensional forms of /* 
and R* respectively. 

Similarly, the R*-component of Bush’s 
magnetic induction B;* on the body surface 
may be expressed as 

Br*=2aM(R,)/Ro’ , (4.4) 


where a@ is a constant parameter associated 


with the intensity of the magnetic induction 
and M(R) is the non-dimensional ‘ magnetic 
stream function’. On the other hand, the, 
6-component of the magnetic induction Be* is 
of higher order of 0 com pared with Br* in 
the vicinity of the stagna tion-point. Thus, in 
the region near the stagnation-point, Bush’s 
magnetic field reduces to a uniform field per- 


-pendicular to the wall. Our magnetic para- 


meter is defined as 


2 *2 
N= SRa= a ; (4.5) 


whereas Bush defined his magnetic parameter 
by 


oa? c* 

Q= patie? (4.6) 
where po. is the density of the fluid upstream 
of the shock wave. He also introduced the 
density ratio across the shock wave as 

e=ao/0 , (4.7) 
whose numerical value was taken 1/11 as a 
practical value for the hypersonic flight. 
Comparing (4.5) and (4.6) and remembering 
that b=U..*V;/c*¥ and pwH)*=2aM,/R.*, we 
have 

_ 4eM,? 

N= VR” ‘ (4.8) 
Using Eqs. (4.9), (4.15) and (4.17) of Bush’s 
paper,’ (4.8) becomes, putting e=1/11, 


NeN@=E5e-1 (4.9) 


where P (the non-dimensional parameter 
of the pressure-relief on the body), 4 (the 
non-dimensional stand-off distance) and Vs 
are all given as functions of Q in his paper. 


8 


N 


Fig. 3. N versus Q. 


TP De A=[(1— R)/R]voay 
(4.15): P=[11F?/R?—-4QF' M?/R*)poay 
(4. 17) : Ve=l a F' | R2\noay 
(see Reference 4) 
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The relation (4.9) is shown graphically in 
Fig. 3, from which it will be seen that N=0, 
2 and 4 correspond to Q=0, 1.03 and 1.43 
respectively. 

Now, from (4.1) the ratio of the shear 
stresses with and without the magnetic field 
is given by 


(4.10) 


Ef b \F #!"(0) 
tT \bo/ oo!'(0)’ 

where quantities with suffix o correspond 
to the non-magnetic case. In this expression, 
(b/b,)* represents the contribution from the 
modification of the asymptotic inviscid flow 
due to the magnetic field, and @//(0)/./’(0) 
that from the change in the non-dimensional 
velocity profile of the boundary layer. The 
latter is calculated from the results of §3, 
while the former is evaluated using Bush’s 


result. His result gives 
Db Ve 
—= 4.11 
GUVs Gil) 


as a function of Q (see Tables 1 and 2 in 
Reference 4), and this is shown graphically 
in Fig. 4. It is found from Figs. 3 and 4 
that b/b)=1, 0.599 and 0.496 for N=0, 2 and 
4 respectively. Thus, we can calculate the 
ratio of the shear stresses for the above values 
of N using (4.10). The graphically result is 
tabulated in Table II and shown in Fig. 5, 
together with those calculated using the as- 
sumption of Neuringer and Mcllroy? for 


1.0 


Pf 


Fig. 4. b/bo versus Q. 
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Table II. Shear stress ratios for various values 
of N, where ¢o//(0)=1.321. 


N | b/bo | (b/bo)?/2 16/"(0)/0'"(0)} = /z0 


calculated using Bush’s data 


ey) 
.632 


ENO 
So 


calculated from the assumption of Neuringer 
and McIlroy 


0.75 


0.5 


0 


0 2 N 4 


Fig. 5. Shear stress ratio z/ro versus N. 


Curve I: calculated using Bush’s data. 
Curve II: calculated from the assumption of 
Neuringer and Mcllroy. 
comparison. It may be seen from Fig. 5, 


that the reduction of the shear stress with 
increasing N is not very different from that 
due to Neuringer and Mcllroy’s assumption 
for small values of N. 


§5. Concluding Discussions 


A theoretical investigation of the axially 
symmetric stagnation-point flow of a conduct- 


meh eG ELS EN ia Ee = 

t Assumeing that the pressure distribution along 
the wall is unaffected by the presence of the 
magnetic field, Neuringer and Mcllroy) obtained 
b/bo=(1+N)-¥2.  Rossow3) also employed this 
assumption. This seems, however, somewhat 
arbitrary and unrealistic, since there is a clear 
evidence for the modification of the pressure relief 
on the body as just given by Bush”. 
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ing fluid in the presence of an external uniform 
magnetic field normal to the wall has been 
carried out for the case of small magnetic 
Reynolds numbers. The result has been 
applied to the flow near the nose of a body 
of revolution flying through an ionized atmo- 
sphere at hypersonic speed. 

The change of the shear stress at the wall 
by the hydromagnetic interaction has been 
calculated using the data of the inviscid flow 
obtained by Bush*?. It has been found that 
the shear stress decreases with increasing N. 

The physical mechanism of the hydromag- 
netic interaction may be considered as such 
as follows. On the wall, where the fluid is 
at rest, the induction current is zero. As we 
go away from the wall the radial velocity 
component increases, so that the induced 
electric current also increases. The resulting 
increase in Lorentz force counteracts the radial 
flow, and gives rise to the reduction in the 
radial velocity gradient near the edge of the 
boundary layer in steady state. This reduc- 
tion exceeds the counter effect of the increase 
in the velocity gradient of the boundary 
layer (see Table II or Fig. 2), thus resulting 
in the net decrease in the shear stress on 
the wall. This situation is just represented 
mathematically by the expression (4.10) of 
the shear stress ratio; as shown in Table II, 
the reduction of (b/b,)*/? exceeds the increase 
in $//(0)/¢./’(0). This mechanism is qualita- 
tively similar to that in the two-dimensional 
case discussed by Neuringer and Mcllroy”. 

It may also be expected that the heat- 
transfer is decreased by applying the magne- 
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tic field, though no explicit calculation has 
been attempted in this work. 

Our numerical calculation had to be re- 
Stricted to a few values of the magnetic 
parameter, N, owing to the lack of the com- 
plete table of Weber’s function D,(z). How- 
ever, the calculation may be easily extended 
to many other values of N and finite values 
of Rn, if the high-speed electronic computor 
would become available. 


Acknowledgement 


The writer wishes to express his cordial 
thanks to Prof. S. Tomotika for his continual 
encouragement. The writer’s thanks are also 
due. io. Prot. «Kamada... Dried ws Latsumi, 
Mr. H. Yosinobu and Mr. K. Gotoh for their 
helpful discussions and suggestions. During 
the course of this work the writer has been 
in receipt of a grant-in-aid for fundamental 
scientific research from the Ministry of 
Education. 


References 
1) J. L. Neuringer and W. McIlroy: J. Aero. Sci. 
25 (1958) 194. 
2) J. L. Neuringer and W. McIlroy: J. Aero. Sci. 


25 (1958) 332. 
3) V. J. Rossow: 
4) W. B. Bush: 


J. Aero. Sci. 25 (1958) 334. 

J. Aero. Sci. 25 (1958) 685. 

5) M. J. Lighthill: J. Fluid Mech. 2 (1957) 1. 

6) P. M. Morse and H. Feshbach: Methods of 
Theoretical Physics (McGraw-Hill, 1953) Part II, 
pp. 1403-1405. 

7) F. Homann: 
153 


Z. angew. Math. Mech. 16 (1936) 


Introduction 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 15, No. 4, APRIL, 1960 


Stokes Flow of an Electrically Conducting Fluid 
in a Uniform Magnetic Field 
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The flow of an incompressible, viscous, electrically conducting fluid 
past an obstacle in a uniform magnetic field is investigated using Stokes 
approximation. No particular configuration of the flow and the magnetic 
field is assumed, so that the result applies to the general three-dimensional 
problems. 

$$2 and 3 deal with the general theory. It is found that the neutrality 
of the electric charge density does not hold exactly, when the undisturbed 
magnetic field is not perpendicular to the vorticity vector. It is also found 
that the vorticity and the electric current density are confined in a para- 
boloidal region, thus making a ‘wake’ which extends in the direction of 
the undisturbed magnetic field. Distribution of the electric charge density 
also shows the same structure. 

In $4, the flow past a sphere is investigated as an example. The drag 
is obtained in a power series of the Hartmann number M. The component 
of the drag perpendicular to the undisturbed magnetic line of force is 
found to be larger than its parallel component. It is pointed out as an 
interesting feature of the three-dimensional cases that the velocity field 
includes components which express the two-dimensional irrotational flow. 


dimensional problem, where the magnetic field 


Recently the problem of the steady flow of 
an incompressible, viscous, electrically con- 
ducting fluid past an obstacle in the presence 
of a uniform magnetic field has become to 
attract wider attentions. For the two-dimen- 
sional and axisymmetric problems, use of the 
stream function and the magnetic stream 
function simplifies analysis considerably, and 
it is not difficult to carry out the mathematical 
analysis beyond the lowest approximation 
(Stokes approximation). In fact, several cases 
of this kind have been calculated using higher 
(Oseen) approximation (see Table 1). 

On the other hand, we have no such sim- 
plifying technique in the general three- 
dimensional problems and the mathematical 
analysis becomes necessarily complicated. In 
this paper an attempt is made to discuss the 
three-dimensional problems in general. 

In $$ 2 and 3, solutions for the velocity and 
magnetic fields are obtained for a body of 
arbitrary shape. The results obtained in- 
clude, of course, the two-dimensional and 
axisymmetric cases, but in these cases the 
general approach is not superior to the analysis 
by use of the stream function. One of the 
characteristic features of the general three- 


His not always perpendicular to the vorticity 
vector w, lies in the fact that the electric 
charge density is not exactly zero. In other 
words, the electrical neutrality does not 
strictly hold, although the charge density is 
so small that the field is essentially neutral. 
Along the direction of the undisturbed 
magnetic field there appears a ‘ wake ’-like 
region in which the vorticity and the current 
density have appreciable values. This situa- 
tion of the field has already been mentioned 
in the two-dimensional and axisymmetric 
cases. The distribution of the electric charge 
density has also a similar structure, that is, 
the charge is distributed in the ‘ wake’ only. 

In the two-dimensional and axisymmetric 
problems, the velocity field outside the wake 
is known to be almost uniform. But, it is 
found that this is not the case in the general 
three-dimensional field. 

In §4, the flow past a sphere is calculated 
as an example of the analysis in §§2 and 3. 
The velocity field has components which 
express a two-dimensional doublet field. The 
force acting on the sphere is obtained in the 
form of a power series of the Hartmann 
number M. The component of the resultant 
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Table J. Classification of the flows past a body in a uniform magnetic field. 


Directi f fl : : 
bach aren s rae | Degree of approximation Body 
a tly gt ey 
Stokes (Yosinobu and Kakutani)2) cylinder 
(Hx 1) 0.=0 
H-w=0 O Yosi 3) 
Be Gi ancional fell o hiiaiiestie| seen (Yosinobu) cylinder 
(H x U)0.#0 | Stokes (Yosinobu and Kakutani)» cylinder 
A-w+0t | discussed in Appendix I in this paper 
Stokes (Chester)D ne Soe Sea 
Axi-symmetric field H-w=0 
Oseen (Gotoh)? haphered iin 
Three-dimensional field | no restriction | Stokes (present paper) sphere 


t+ This case is discussed in the present paper. Prof. K. Tamada pointed out that an exact solution 
exists in this case, that is, H=const., J=0, E=uxH, and the electric charge density=v-(u x H), 
uand p being obtained from purely hydrodynamical equations. It should be noted that these solu- 
tions are independent of the parameters M and Ry. 


force perpendicular to the undisturbed mag- VEE. [o/(ov)]2 : the Hartmann number; 


netic line of force is found, as may be ex- aj] quantities being made non-dimensional 
pected, to be greater than its parallel com- with reference to 


ponent. U..: the magnitude of the (dimensional) 
undisturbed velocity, 
§2. Fundamental Equations and Stokes H.: the magnitude of the (dimensional) 
Approximation undisturbed magnetic field, 
The fundamental equations of magneto- a : the characteristic length scale of the 
hydrodynamics in the steady state are ex- body, 
pressed in non-dimensional form as follows: y : the coefficient of kinematic viscosity, 
Modified Navier-Stokes equation o : the electrical conductivity, 


; ep 2 2 ; o : the fluid density, 
ee, utile sir yw +: the magnetic permeability. 


Equation. or continuity, In the above quantities v,o,o and yw are 


V-u=0; (2) 
Maxwell equations 
V-H=0, (3) Z Fel. Of0n10 
VxH=KwJ , (4) 
WV OES y. (5) 
Vab=¢ ; (6) 
Ohm’s law 
J=E+uxH , ed) 
where 


the electric field, 

the magnetic field, 

the electric current density, 

the excess charge density, 

the fluid velocity, 

the pressure ; 

= aie the Reynolds number, 

Rin=4ncanU.: the magnetic Reynolds 
number, 


aes Sah 


Un(sina, 0, COS a) 


Bigeasls 
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assumed to be constant, and all electro-mag- 
netic quantities are measured in electro-mag- 
netic unit. The terms (eU../4zoac*)qu and 
(eU../4z0ac?)M*qE which should be included 
in the exact equations have been neglected, 
since they are of order of (1/c?) in comparison 
with other terms, where c is the velocity of 
light. 

Now we take cartesian coordinate system 
(x,y,z) with the origin at a point inside the 
body, the z-axis being parallel to the undis- 
turbed magnetic line of force and the x-axis 
in a plane containing both the z-axis and a 
straight line parallel to the undisturbed 
velocity. Then, at great distances from the 
body, we have asymptotically H~(0, 0, 1) and 
u~(sin a, 0, cos a), where a denotes the angle 
between the undisturbed velocity wu and 
magnetic field H (see Fig. 1). 

Eq. (5) shows that the electric field H may 
be expressed in terms of the potential, 0, say; 

E=—V0O. (8) 
The electric charge density qg is obtained, if 
necessary, from Eq. (6). 

Here we confine ourselves to slow motions 
at small values of the Reynolds number R 
and employ Stokes approximation to the 
velocity field. Neglecting the term containing 
R in Eq. (1) and eliminating J from this 
equation and Eq. (7), we obtain 


Vut M*(E+ux H)x H=Vp . (9) 


In many practical problems, 1/» is much larger 
than oy, so that small R gives small magnetic 
Reynolds number R», and we shall assume 
here this is the case. When the term con- 
taining Rm is neglected in Eq. (4) (this pro- 
cedure may be referred to as ‘Stokes ap- 
proximation’ with respect to Rm in view of 
its analogy with Stokes approximation for 
slow motions in ordinary hydrodynamics), we 
obtain the undisturbed solution 


H= (070, 1}, (10) 


provided both the fluid and the body are non- 
magnetic and their permeabilities are effec- 
tively equal to each other. Substituting this 
result into Eq. (9), we have the following 
scalar equations: 


ae ee (11) 
Auty+ (Fu, =a ’ (12) 
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=P 13 
Aus=— ; (13) 


where 4=07/0x?+0"/0y? +07/02’. 
Divergence of Eq. (4) gives the equation of 
continuity for the electric current density J: 


V-J=0. (14) 


Eliminating J from this equation and Ohm’s 
law (7), we have the following relationship 
between u, H and @: 


VO-HV xu)—Rnu-VO=0. (15) 


If, according to the magnetic Stokes approx- 
imation, we neglect the term containing Rm, 
this equation reduces to 


V’0—H(V x u)=0 .T (16) 


Eqs. (11)~(13) and (16), together with Eq. 
(2), furnish us with the sufficient equations 
for calculating the field quantities u, p and @. 

The electric field within the body is deter- 
mined by solving the potential equation : 


40)=0. (17) 


The electric charge density may be ex- 
pressed, using (16), as 


q=V:-E=—H(Vxu), (18) 


and its right-hand side does not generally 
vanish. In all cases so far investigated, the 
right-hand side of (18) vanished exactly 
thanks to the presence of some symmetry in 
the velocity and magnetic fields, and the 
electric neutrality of the field has been taken 
as a matter of course. In this general case, 
however, we have no reason to assume the 
right-hand side of Eq. (18) to vanish, and, in 
fact, the example described in § 4 will show 
that the electric charge really appears in the 
flow field past a sphere. As already mentioned, 
we have neglected the terms containing g in 
deriving Eqs. (1) and (7). It may be said, 
therefore, that we are treating the field as 
electrically ‘neutral’ in spite of the appear- 
ance of the charge density gq. 


§3. General Solutions and their Properties 


General solutions of Eqs. (2), (11)~(13) and 
(16) may be expressed in the following forms 


+ In the exact analysis the relation between u, 
H and E may be derived more easily by eliminat- 
ing J between Eqs. (4) and (7), but in the present 
approximation we cannot follow this procedure be- 
cause the term RipJ is neglected in Eq. (4). 


1960) 


a a 
Meo TPO lt elOO O14 fh,  (19) 
tty=-2-[ PO) 4 P@)|— 9 gmp 
5 ee fs (20) 
0 
We=[PO+ PO]—M[PO— PO) , (21) 
o= a 0 OO) @) (1) @ 
79g 0 OP I10P +9] fry, (22) 
p=MZ{PO-PO|—M[PO+ Po) : (23) 


where f) is an arbitrary constant and P®, 
P®, 0 and 0 are respectively the solutions 
of the following equations 


a a 
(4-My,\Pe=o, (4+M5-\Po=0, (24) 


a a 
(4-5 om=0, (4+.M5-\om=0. (25) 


Here we should note that the solutions P™, 
P®,@® and ®@® are not always regular 
functions of the coordinates, whereas we 
require the regularity for u,@ and p. 

If we employ the polar coordinate system 
(ry, 0, ¢) with the line 0=0 in the direction of 
the undisturbed magnetic field, the solutions 
of Eqs. (24) and (25) are generally expressed 
as: 


(geo = ae cos 49+ Az sin ) 
MA 


Ke) Cx cos Ag + Cra sin Ag 
x Patt) Kas (nr) sr (is Aa (26) 
I3(X ? y) 
Cas er cos 4g + Bx sin aa . 
02) 2xx\ Da cos Ag + Dna sin Ae 
x PaXp) FKowsplmr+(4 u(% V ) ) @) 
mr g(x, y) 


where Kn+:/2(mr) denotes the modified Bessel 
function, Pn (4) the associated Legendre 
function and g,’s are the solutions of the 
two-dimensional potential equation : 


eo 
ee + oy? ay 2 


and Ana, Bna, Cra, Dna, vARt, Bix Cx and Dar 
are arbitrary constants which will be deter- 
mined by the boundary conditions and m= M/2. 
If n=A, P,* are regular for all values of yz, 
but for n<A4 they have singularities at | 4|=1. 
Some of these singularities are cancelled out 
with each other, but the remaining singu- 
larities must be compensated with those of 
g(x, y(J=1, 2,3 and 4) at x=y=014|=D). It 
will be shown in Appendix II that g:=9.=0. 


(28) 
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Now that we have obtained the expressions 
of uw and @ in terms of P® and @@ Ne DN, 
the similar expressions for the current density 
J, the vorticity w(=Vxu) and the charge 
density q may be derived using (7) and (18): 


1 
f= —aal gps (9) —g@)— Mx POOLE, 
1 0 
eee) ep) oe) ae 
fy she Oo + Mp (P+ PO) | 
f= —9| Gx 0-9) MEO + @) |; 
Ml oz Oz eae 
(29) 
Bee aa ~(g0) 49) — My. (PHM Pe@) | 
0? P 
on 55; (0 +00) + M2(PO_P®) , (30) 
0.=2 (0 +0)— M2990) : 
02? Oz : 
g= ME —0%) —~& (9 4.90) (31) 
Oz (Fad : 


Since 9:,=9.=0 and g; and g, are independ- 
ent of z, all q’s do not appear in Eqs. (29), 
(30) and (31). For large values of r, we have 
asymptotically 


Fa Kuns elon) ~ (za oe mr 
and it follows that 


es oc g7 m7 —cos 8) — en 2mrsin2(6/2) ; 
(ole Caen ae 8 

oe) , 

these asymptotic behaviours of P™ and 0 
clearly show that the above quantities J,@ 
and g become vanishingly small for large r 
except for two regions bounded by the surfaces 
ry sin? 0=const and 7 sin? (z—@)=const. These 
regions take the shape of two paraboloids 
extending on both sides of the body in the 
direction of the undisturbed magnetic field, 
and may be referred to as the ‘ wake’ in view 
of its parallelism with the wake in ordinary 
hydrodynamics. 

These features of the distribusions of the 
vorticity and the current density are quite 
similar to those in the two-dimensional and 
axisymmetric cases. Unlike in these two 
cases, however, the flow outside the wake is 
not uniform in the present case, owing to the 
presence of two-dimensional solutions 7; and 
g, which do not vanish outside the wake like 
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other three-dimensional solutions. This 

situation will be illustrated in the next section. 
The solution of Eq. (17), which is regular 

within the body, is given as follows: 


Qo = [Goan sin Ag +G*, cos Ag]Pa(u)r” , (32) 


where G’s are arbitrary constants. 


§ 4. Flow past a Sphere 

Now we investigate, as an example, the 
flow past a sphere in a uniform magnetic 
field. Since the fundamental equations are 
linearized in our method of approximation, the 
general field may be constructed by the linear 
combination of two simpler fields, one in 
which the main stream is parallel to the 
uniform magnetic field and the other in which 
they are perpendicular to each other. The 
former case was already solved by Chester,” 
so that we need only to consider the latter. 

For convenience the characteristic velocity 
is taken, instead of U», as U=U./[1+/(m)], 
where f(m) is an unknown function which 
will be determined by the boundary conditions, 
and the radius of the sphere is taken as the 
characteristic length a. 

The boundary conditions for the velocity 
field are the same as those in ordinary 
hydrodynamics, namely, the velocity becomes 
uniform at great distances from the body and 
it must vanish on the surface of body: 


0, 
on the surface of body. 


u=(sina , (33) 
u=0 (34) 
The boundary conditions for the electro- 
magnetic field are that both the tangential 
component of the electric field and the normal 
component of the current density are con- 
tinuous at the solid boundary, and the electric 
field becomes uniform at infinity (there H= 


cos @) at infinity, 


const, so that J=0 and E=Hxu). Thus we 

have, as the boundary conditions, 

00 ; 00 O 

By =—sina, Geel at infinity, (35) 
(t-V)O=(E-V)O™ , on the (36) 
o7(n:-V)O=0,(n-V)O© , [sac Coe) 
ex(n-V)O—e,(n-V)O=—@G ,)of body, (38) 


where n and ¢ are unit vectors in the direc- 


[¢plr-1=[COS 9 ue+Sin — Uy|r-1 


=|a+/ sinacosg+VY1—2 (- 
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tions of the normal and tangent to the body 


surface respectively, ® denotes the electric | 


~ 


potential within the body, @ the surface 


density of the electric charge, e the dielectric | 
constant, and the subscripts f and b represent 


quantities associated with the fluid and the — 


body respectively. The last condition (38), 
which comes from V-E=q, is used only to 
calculate the distribution of the surface 


density of the electric charge in terms of © 


known data concerning the electric potential. 


The solutions in the present example are 


given by Eqs. (19)~(27). The boundary con- 
ditions at infinity requires that f) in those 
expressions must be taken as [1+/(m)] sina, 


and due to the symmetry of the sphere the © 


arbitrary constants with asterisk all vanish 
and others do so too, unless 4=1, so that 
their second suffices are omitted hereafter. 
Concerning the singular terms (71=0) we must 
replace 


l—-yw .: 
1 A eo) 
Aske, by ig i 
JE IER by By /ite hae 2 ; 
GoPix b¥ iA: oie +Cn/ tte in 9, 
D.P; by 2 oO bee in 0®, 


respectively and the two-dimensional solutions 
g. J=3, 4) are 

TC sin @ 
Coy = ee 
These terms represent the potential due to 
the two-dimensional doublet. In contrast 
with the contributions from other terms, this 
doublet potential does not vanish even outside 
the wake, thus giving rise to a field structure 
similar to the plane potential flow past a 
cylindrical body. This fact may not be 
entirely unexpected in view of the strong 
influence of the magnetic line of force, and 
this is in fact one of the interesting features 
of the general three-dimensional case. 

The arbitrary constants An, Bn, Cr, Dn and 
Gn are determined by imposing the boundary 
conditions (34), (36) and (37) on the solutions 
(19)~(22) and (32), and we have 


OI 


0 


LO \ Gea) 1 
ae + P®)4—=—— 


rV1—e 


5590+ o)| 


Pol 
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=. la +f) sin a 01,—Coe""Rymryi- 


+{Ao+(— DB} (Ry—mr RX +gmrk.Xis| 


= nt 1 
— 2 {An+(—1) Buh] Xena SEED mr Or nouRui—O1.na Rows} 
ae S{Cot(—I"Dy} Xin | COS @ ee () : (39) 
ae rel 
olrer—=|COS OP Uy —SIN C Unlined 


F : 1 
=[ Ce 7oie see ae 


9 (pw 4 per) vi-#(s es ZF 040) | 
(2 if _jr=t 


=~ S| (+ /)sinadu +(e +(—D" By} (Ro—mrR)Xi s+ pmrRXia| 


SF Cy} 20m" Rode —mrkR,{1 +(—D4] Xi 1 + gus |-em Rots} 


= S{Co(—I Do} Xena SD myr(D,, n- ape how 1 naires) 
Sr s (An+(—D"!Ba} Xi nk sin eP,'=0 , (40) 
=] nel 


[Wi —m S| (Ao+(D BRK. 


i E(Ant(-D"'B}] X cir cial a eae Ten wo Rnes} cos or Om 


on ret 2n ai rat 
(41) 


[9-9 ),..= = r(1+f)sinadut> Bee (= 1) 1 By 2G Ri 
Uj 
+CofemmrRorat ZU+(-D 1%} 


palo" nines} 


= 1 __ 1 \yl+n n+l ei G R 
— EHCo4(-0 Da} XenRnt gy EE Xincs pata 


-r6; | P= , (42) 
rot 


ES Sp ae > 


a r(1+f)sinadu—{Ao+(— 1)" Bo X11Ri 
Or oy Or i=idr 


+ Cah emmrRorrert GIL+(W 1X Rf 


n+1 
— SE{Co+ +(<D"Di} Kaka Dy, ceri nal On opens nesRasi} 


bal SrG,| sin gP;'=0, (43) 
OF r=1 
where 


Siem (wot gh )| for 4=0, 
mr 


Tox Mr) = 2 1 Te p | for yea | 
a ae Gina | for dats 
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B ips bomen ete for 4=0,, 
a dee —2e-™ Xor41,1—-M1F2a fOGeAzzL : 
ee 1 LOtaA— 
u={ for 441; 


Ral) =a Kees?) , 
and da, Xin and ,n are functions of the argument mr alone. It may easily be seen from 
(39)~(43) that 
B=Ayy Baal Ans 
=(=1/ "1G, , )+Gu=0, for-72l, 
and 
(4) sina dy—CoenRem rant 2Aol (Ro—mRi) Xana c+ gm RXenss 


n(n-+1) 


Ss Aa) 
221 Any Xareinkent on op | 


———“m(Dor+1, n— ee Ese Dor+1, reine} 


42>: CrXor+i,nltn=0 for 4=0 > (44) 
n=1 


(1+/) sin a/dyy+2Ao{(Ry—mRi)Xeres ct ZMRiXersc} 


+ Col 20"R dro —2mB( Kars. te Hanes) —e"ReBan} 


ps Co Kanes nin + (Dares n-Rn-—Oarsr naires)! 
2n-+1 
423 Ap ONT pee for A=0 > (45) 
n=1 
AaXen sit 3 An} Xennku goo ——— Xa, n— tae iT DAT ae. meiRre b= -0 Oe Ziel (46) 


Eliminating G, from (42) and (43), we have the following equations : 


| {2 aie per ra +f) sin a& by9—CoRomre™’r2.+(Ap—Co)Xorei iki 


et = S Ca( anes yo aM aes Qn a 


iat agro n— tRn— biased | MT kotimekues)} | =0 for A=0,7 (47) 


where the functions X;,, and ®,» are defined as the coefficients of the following expansionst 


om P,!()= Xion) P(e) 


t These functions may be obtained by the following recurrence formulae (see reference Oo): 


(n= 1)Xt,n=(2n—1)X'1,n-1- NX" 1. n-2 » AXz0o=0, Xii=di/m ; (1) 
Di.n=Vi.n-—Xi,n)/m , ny, OCU Sees Bes , 
b+-1 (ii) 
Lae = . 
wo=e, Vris a ste ito itd 5 


du(m)=(2L+1)9/ eos 


where In(m) is the modified Bessel function of order n, and primes represent differentiation with respect 
to m. 


Therj2(m) , (iii) 
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e”™"P, (=F Oralm)Pi'(p) « 
t=1 


Since it is difficult to solve in general the system of simultaneous equations (44)~(47), we 
consider the special case of small m. In such a case we obtain 


eo een Ns 
A= sy a(1+ >) sin @+O(m?) , 


2 >) 
Ay= mee 2(1+3m) sin a+O(m') , 
8) z 8 
An=O(m"") for n>1, (48) 


C= zy 2(14+4m) sin a+O(m’) , 
8Y xz 8 

Cr=O(m?"*") for #21, 
f(m)=O(m’) . 


The force F experienced by the body is composed of two parts: one due to the viscous 
stress exerted by the surrounding fluid on the body surface and the other Lorentz force. 
These forces are expressed as the integrals on the right-hand side of the following equation 


F=—ant.\| (pn+(nxa)}dS+aoU | Jx HAV , (49) 
Ss t ¥ 


where the first surface integral is taken over the surface of the body and the second volume 
integral within the body. The former due to the viscous stress is formally identical with 
that in ordinary hydrodynamics, while the latter due to Lorentz force may be reduced to 


\\\ 2x nav=(—{{| av \ bees av, 0) 50) 


using the relations J=E=—V0O™ and H=(0, 0, 1). 

If we substitute the solutions (32) and (19)~(27), together with (48), into Eq. (49), we obtain 
the components of the drag for the case in which the undisturbed velocity is perpendicular 
to the undisturbed magnetic field. Thus , 


erin af1+aaM-ou)} (51) 


Fj=F=0 fa 
From these results it will be seen that the conductivity of the sphere does not affect the 


drag up to the order of M. For the case in which the undisturbed velocity and magnetic 
field are parallel to each other, the following formulae for the drag were obtained by 


Chester? 
Fy: — i as 0 ’ (52) 


=M+0m")} 


F.=6rapvU. Cos a 1+ 8 


Combining the results (51) and (52) for the parallel and perpendicular cases together, we 
find that the forces acting on the sphere in the general case are given by 


Pi6rapsle. sti all +sgMt ou} 


F,=0, (93) 


F.=6zapvU.~ Cos af1+2m+oum} 
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It may be interesting to note that the con- 
tribution of the magnetic field to the com- 
ponent F. perpendicular to the magnetic field 
is, up to the order M, slightly larger than 
that to the parallel component F:. 
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Appendix I. Discussions on the 
Two-dimensional Problem 
We discuss briefly the two-dimensional 
problem, i.e., the flow past a cylinder in a 
uniform magnetic field parallel to its axis. 
Introducing the stream function ¢: 


ue Oo ue we 
a : Te 
Oy Ox ° 


we find from Eq. (16) that @ is expressed as: 
@=6+-* , 

where ¢* is the solution of the homogeneous 

equation 4g*=0. The boundary conditions 

at infinity (corresponding to (33) and (35)) may 

be written as 

@=-y 


y= ag be 


at infinity, 
and therefore 
d*=0 at infinity. -1) 
On the surface of the cylinder, the conditions 
for the electric field (86) and (37) requires that 
(€-VXO+ 0) =(E- V)O© , (I-2) 
ofn-V\Xo+d*)=0,(n-V)O@ . (3) 
On the other hand, the conditions for the 
velocity are 
(€-V)o= (n-V)o=0, 
so that the conditions (I-2) and (3) reduce 
respectively to 
(€-V) oF =(€- V)O@ , 
enn-V) =o, U- V)@©? > 
and these equations generally have no other 
solution than the trivial ones: 4*=0 and 
@™=0. From this follows that 0=4, giving 
the vanishing of the coefficients of M®? in 
Eqs. (11) and (12). This means that there is 
no interaction between the velocity and the 
electro-magnetic fields, and therefore the 


velocity field may be solved separately in the 
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same manner as for the non-conducting fluid. 
(Note that this fact holds generally without 
using Stokes approximation with respect to 
Rt It is well known in ordinary hydro- 
dynamics that Stokes equation V°¢=0 permits 
no such solution that satisfies boundary con- 
ditions at infinity, and in order to obtain such 
a solution we have to resort to Oseen approxi- 
mation (in which we neglect, in the equations 
of motion, the higher order terms of the 
deviations of the velocity from the undisturbed 
one, and not of the velocity itself). The same 
situation may be expected for the velocity 
field in the present problem, and we have to 


| 


| 


employ at least Oseen approximation in order | 


to obtain the solution for the velocity field. 
But we shall not proceed to detailed discussion 
of this case, since the typical velocity fields 
of this type have already been investigated 
by several authors. 


Appendix I]. Discussions on the 
Two-dimensional Solutions 
Regularity of the physical quantities uw: and 
p requires that each of the right-hand sides 
of the following expressions must also be 
regular : 


t= 2[PO+PO]-MIPO—PO], (11-1) 


1 


M 


Functions P® and P® as given by (26) and 
(27) may be rewritten as: 


SS =| {s Ane™ Pn F— 


=2 [po POA) M[POAPPe)< ov Ce2) 


Fao Kuesn+9.s}cos AQ 


+ \= A> nae Pa ner +93 sin iv | 


(II-3) 
Pea» = =| {z Bure “Pd Kasse gn boosay 


+{5B "PO Kunst 3 |sin ig | | 
(Ii-4) 
If we substitute these expressions in (II-1) 
and (II-2) and add them, we see that each of 
the following quantities must be regular, 
since sin 4g and cos 4g¢(4=1, 2, ---) are inde- 
pendent of each other, 


—— Eee eee 
+ Prof. K. Tamada pointed out that this is valid 


not only for small R,, (Stokes approximation) but 
also for any values of Ry. 


) 


) 


De oe 


1960) 


0 
Gat Anre™ Pade Kneis Moin ’ 


0z 
(II-5) 
(G-M)E AR e™ PA} _ Karin —MgX « 
0 V mr ie 
(II-6) 


Carrying out the differentiation, we obtain, 
for example, 


(= Anxe™Pn* 


Goer /2 
Oz i 


1 
V mr 
Cle > Aa Toe lon > 
n 


= II-7 
=y= ae: (II-7) 
where An,’s are certain constants and Fa 
the functions of y» alone. For large values 
of 7, we have 


a = Sera o(5-)| (IL-8 
Vanni jz ne 7 mr za ) 


so that the above quantities may be expressed 
as: 


x 1 
2m 


When yv-1, this quantity approaches to 


J ememe 3 AusFn| 14+0( oie (IL-9) 
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2 mr Mol n 


tA aS AnFuo| 1+0(—) | , (I-10) 


and when w——1, it becomes 
ne etm lim 3} AnF 1 Oe. ) 
2m po-l n Y A 


(I-11) 
These quantities cannot be equal for their 
different dependence on ¢, that is, the singular 
part of (II-7) cannot be even function of z, 
while g.’s, being independent of z, are even 
functions of z. Hence, the two terms in 
(II-5) must separately be regular: that is, 


Gir=O0- (II-12) 
Similar deduction also gives 
IR=IJ2X=IJH=O0. (II-13) 
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An Investigation of Psychrometer, II 
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Experiments have been carried out to determine precisely the psychro- 
meter constant A for dry and humid air in the temperature range of 
0~40°C. The results were compared with a theoretical formula derived 
by the present writer by the use of the analogy between the transfers 
of heat and mass by which A is represented to be proportional to 


(CppD/K)". 


than the theoretical value obtained by taking, as usual, n=0.3. 


Experimental values of A are found to be about 4% larger 


The 


deviation is minute, but better agreement can be obtained by adopting 


the value of 0.5 for n. 


Experiments have also been carried out to examine effects on A of 
various factors such as atmospheric pressure, size of a psychrometer, 
ventilation and conditions of supercooling or freezing of wet-bulbs, 
obtaining good agreement with the theory. 


$1. Introduction 

The so-called ‘ psychrometer constant’ is an 
important constant in the formula of psychro- 
meter, and efforts have been made by many 
investigators to determine its value both 
theoretically and experimentally. Since, how- 
ever, those experiments are likely to be ac- 
companied by various errors, the results are 
hardly reliable. So, it is quite necessary to 
determine the value of the constant by per- 
forming more accurate experiments. In a 
previous paper’ Kawata and the present 
writer have carried out experiments on ther- 
mocouple psychrometers and examined neces- 
sary conditions for exact psychrometry. Based 
upon these experiences, the writer has intend- 
ed, in the present work, to obtain experimen- 
tally the exact value of the psychrometer 
constant by eliminating or minimizing various 
errors occurring in the measurements and 
applying appropriate corrections to observed 
values. At the same time, he has tried to 
find theoretically the value of the constant 
by applying the theory of analogy between 
the transfers of heat and mass, using most 
reliable experimental data about the heat 
transfer. 


§2. Derivation of the Formula of 
Psychrometer 
The formula of psychrometer can be deriv- 


* The present experiments were performed when 
the writer was an Assistant Professor of Kyoto 
University at the Department of Applied Physics, 
Faculty of Engineering. 


ed by the use of thermal equilibrium of a 
wet-bulb, considering that the heat transfer- 
red to the wet-bulb from the surrounding 
air is equal to the latent heat lost by evapo- 
ration of water from the bulb. The heat 
transferred to the wet-bulb, Q, consists of 
three parts: namely, (1) the heat transferred 
by conduction and convection from the sur- 
rounding air, Qa; (2) the heat transferred by 
conduction through the stem of the wet-bulb 
thermometer, Q.; (3) the heat transferred by 
radiation from the surroundings, Q,. Since 
all these quantities may be considered to be 
proportional to the difference of dry- and 
wet-bulb temperatures, we have 


Q=QatQe+Qr=(Katket+ kr) (O—O'm) = ( 1 ) 


where @ and 6m are the temperatures of the 
dry- and wet-bulbs respectively, and Ka, ee and 
ky are constants. 

On the other hand, the heat lost by evapo- 
ration, Q’, may be put as 

Y=LW , (2) 

where L is the latent heat of vaporization 
of water and W is the quantity of evaporated 
water. Since, however, W will be proportion- 
al to the difference of the concentrations of 
water vapor at the wet surface and in the 
surrounding air, Eq. (2) may be written as 


W=r7(Cm—C) , (3) 
where Cm is the concentration of saturated 
water vapor corresponding to the temperature 


of the wet-bulb, c the concentration of water 
vapor in the air in question, and y a con- 
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stant. 
Equating Q and Q’, we have 


al Ka Ke Ky 
= Cor —( 1 ++ (0—O'm) 
C=C ZL =a eae Og) (4) 


The constants ka, #e,*, and y+ depend upon 
various conditions including the size and shape 
of the wet-bulb and the ventilation. How- 
ever, the ratio «./y is almost unaffected by 
such conditions and has an important theore- 
tical significance. It is very difficult to deter- 
mine this ratio completely theoretically, but 
it is possible to find it semi-empirically by 
the use of the theory of analogy between the 
transfers of heat and mass, as well as related 
experimental results on which comparatively 
advanced study has been made. 

Now, if we consider evaporation from unit 
area of the surface of a wet-bulb in unit 
time, «a will be the coefficient of heat trans- 
fer, the value of which has been obtained 
theoretically by Pohlhausen” in the case of 
a plate placed parallel to a uniform flow and 
by King® in the case of a circular cylinder. 
However, the writer has adopted an empirical 
formula’? worked out by McAdams for a cir- 
cular cylinder placed perpendicularly to a 
uniform flow, namely: 


Kad ea" ( Con i 
= 10.35+0.47( 204 eel VC bigs 
““ | + ( : i (5) 


where d is the diameter of the cylinder, K 
the thermal conductivity of the fluid (air), Cp 
the specific heat at constant pressure of the 
fluid, 7 the coefficient of viscosity of the 
fluid, v the fluid velocity and oe the density 
of the fluid. All quantities are measured in 
C.G.S. units. 

For various constants of the air, mean values 
at temperatures of the surface of a wet-bulb 
and of the surrounding air may be assumed. 

By the theory of analogy between the trans- 
fers of heat and mass, we have, in the case 
of evaporation, 

yard vod (Bye 6 
a = {0.35-+0.47( : ) Homecl ) 
where D is the coefficient of diffusion of 


water vapor and air. 
Combining (5) with (6) we have 


fa_ K (Con / a Kc)" 0 73 
? D\ Kee aD) aD 5 


where C,7/K is Prandtl number of the air and 
y/oD is Schmidt number between the air and 
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water vapor, and (4) may be written as: 


= Le <6? \"( an ie 
C= Cm —— = | —— — ++ — 
pint ( K bat pin =) 


X(O—O' m) . (8) 


So far we have considered the case of a 
circular cylinder placed perpendicularly to air 
stream. Since, however, it may be assumed 
that the exponent to C,0D/K in the above 
formula will not vary sensibly with the shape 
of a body immersed in air stream, ¢£a/y is 
taken to be a number expressed by physical 
constants only. Of these constants p, Cy, K 
and D will take approximately mean values — 
at temperatures of dry- and wet-bulbs, and L 
a value at the temperature of wet-bulb, and 
therefore they will alter more or less accord- 
ing to the degree of dependence upon tem- 
perature or atmospheric pressure. Th factors 
ke/Kka and k,/*. Change fairly widely subject 
to conditions of application, so that it is ne- 
cessary to estimate their magnitudes or to 
eliminate these quantities by adequate means 
in practical psychrometry. 

While the above psychrometer formula (8) 
is expressed with the concentration of water 
vapor, the vapor pressure is used in the usual 
formula as: 


p=Dm' — AP(O—O'm) , Goo 


where p is the water vapor pressure in ques- 
tion, pm the saturation water vapor pressure 
at 0’m, P the atmospheric pressure and A 
the so-called ‘psychrometer constant’. 
Therefore, the formula (8) will be rewrit- 
ten in a form analogous to (9), taking the 
vapor pressure in place of the concentration 
of vapor by the use of the relation: 
c=S Foo, Cw = SPX bo (10) 
where S is the specific weight of water va- 
por referred to air, oe the density of dry air 
at temperature @ and atomospheric pressure 
P, and fom the density of dry air at tempera- 
ture 6’m and atmospheric pressure P. 


Thus we obtain 
Z  enwes Lop?" 
pee= Pm Pom ‘cK D ( K 


x(1 +824 £2) (0-0) , May 


Ka Ka 


which may also be written as: 
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0.3 
7 Nec 5 (=) (hee 


paLS D \ els Ka 
O20 ane ( —1) bm ; 
0e 


Kr 
" 
Ka 


(12) 


while the constant A in (9) is represented by 


1 K CroeD “( Ke =) 
3 | it! Bac Sy ype 
Was a K ) ENE ici 
ane 


lt ler 
pe O—O'm \ 00 a 

The second term on the right-hand side of 
(13) is an additional term caused by the con- 
version. Owing to this additional term, there- 
fore, the psychrometer formula undergoes 
more complicated changes with conditions of 
temperatuse and humidity, when the vapor 
pressure is used. In the present experiments 
it was considered to be more convenient to 
represent A graphically against the air tem- 
perature, taking the relative humidity as a 
parameter, so that the writer has adopted the 
following formulae (12a) and (13a) which are 
numerically identical with (12) and (13) re- 


spectively : 
JP TK C,oD ai Ke = 
Se LN EES A DRe Se se 
Pom: LS al 4 ae Z Ka 


(13) 


P=pbm— 


x (0—6'm) + (a oe ‘\p (12a) 


and 


= 1 K( SoD, 4 He) 
LS = K ) (tet 


eycaei (1 ey 
G—O'm Pom J P : 
Since the second terms in these formulae dis- 
appear in the case of dry air, these formulae 
are very favourable to the present experi- 
ments where the complete dryness was taken 
as the standard state. 


(13a) 
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§3. Numerical Calculations by the 
Theoretical Formulae 


Numerical calculations were carried out by 
putting reliable values of the physical con- 
stants of air and water vapor into the for- 
mulae derived in the preceding paragraph. 
The annexed table shows these physical con- 
stants. The value of D was obtained by M. 
Trautz and W. Miiller from the experimental 
data of Winkelmann, and may be considered 
to be the most reliable. Since, however, ac- 
curate measurements of D are very difficult, 
there is a fear that the errors involved may 
be larger than those of other physical con- 
stants. It is given asa function of tempera- 
ture as”): 


p=(0.219-+0.001)( 2-)* 
=(0.219-+0.001)( + 
( ( = 


where JT means the absolute temperature. 
For K, measurements of which are difficult 

next to those of D, the value obtained by 

Weber for dry air has been adopted”, namely: 


K=5.68 x 10-*(1+-0.003658) . 


It is to be regretted that the writer was 
compelled to use the values of dry air for 0, 
Cy and K, and did not take the thermal dif- 
fusion into account. For the temperature 
upon which these quantities depend, the mean 
temperature of dry- and wet-bulbs was taken 
approximately. But, since it is necessary to 
know the wet-bulb temperature beforehand, 
it was calculated by Sprung’s formula. To 
get a more exact value it may be advisible 
to make successive approximations, but there 
will be no need to do so. In the course of 
derivation of the theoretical formula, terms 
of radiation and thermal conduction were not 
considered. 


Table. Physical constants of air and water-vapor adopted for the calculation of A. 
a we ee ee a ei we a ee 
+- 
Cp r D L 
temp °C + gr-cm-3 cal-gr-1-°C-1 | cal-cm-1!-sec-1-°C-1 cm?2-sec71 cal-gr-1 
—10 1.342 x 10-3 0.240 5.47 x 10-5 0.204 599.7 (679.4). 
0 1.293 " 5.68 0.219 595.1 (674.8) * 
10 AT ” 5.89 0.234 590.2 
20 1.205 1 6.10 0.250 585.2 
30 1.165 ” 6.31 0.265 579.6 
40 1.128 IY 6.51! 0.285 DiAG 


om 


Latent heat of sublimation of ice. 
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(a) Ratio of the coefficients of transfers of 
heat and mass 

Calculation of the ratio «a/7 by the formula 
(7) shows that, when the mean of dry- and 
wet-bulb temperatures lies in ordinary tem- 
perature range (say, 0~40°C), #a/ry will be 
approximately linear with the mean tempera- 
ture such that 


ka/7=2.73 x 10-*(1—2.73 x 10-0 x) . 


(b) Psychrometer constant A 
The psychrometer constant A is given by 


1 (eee 1 (3 
PomLS D K O—On Oem P’ 


(13b) 


Thus A changes with temperature and humi- 
dity, and if we take the dry-bulb temperature 
as abscissa and the relative humidity as a 
parameter, it is represented as shown in Fig. 
1, and also if we take the relative humidity 
as abscissa and the dry-bulb temperature as 
a parameter, A is represented as shown in 
Fig. 2. The latter representation is more 
convenient to represent A which is obtained 
for humid air in the experiments described 
later. 

As seen from these figures, the constant A 
takes a nearly constant value, 5.6x10~“, in 
dry or slightly humid conditions, uut, owing to 


(14) 


=. sae || 
Relative humidity O% 


20 30 40 50 
@ (C) 


Fig. 1. Relation between theoretical A and air 
temperature. 


Air temperature 


+4 
oe G=0°C 


2 0 20 40 60 80 100 


Relative humidity (%) 


Fig. 2. Relation between theoretical A and relative 
humidity. 
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the effect of the additional term due to the 
conversion, it decreases when humidity be- 
comes higher. Considering this point, it is 
advisable, for measurements to require high 
accuracy, to get humidity by, for example, 
Sprung’s formula, as a first approximation, 
and use the value of A corresponding to the 
humidity. 
(c) Value of A when the wet-bulb is frozen 
In the preceding case (b) a wet-bulb was 
covered with water. When the temperature 
of a wet-bulb is below 0°C, water may be 
supercooled or frozen, and the temperature 
of the bulb as well as the constant A will 
take different values according to the condi- 
tion in which the wet-bulb lies. Under the 
condition of such a low temperature and low 
humidity it is sufficient to take only the first 
term for A. Since the temperature of a wet- 
bulb is not different considerably in either case 
of freezing and supercooling, the difference 
of A may be ascribed to the difference of L 
in the two cases, if we take the temperature 
upon which the physical constants concerned 
depend to be equal in both cases. Therefore, 
the ratio of the values of A in the two cases 
will be 


A (freezing) 
A (supercooling) 
heat of vaporization of water 
-=(0.883, 
heat of sublimation of ice 


the respective value of A being 
A (supercooling)=5.60 x 10~*, and 
A (freezing) =f 950 10ee. 
when 0m is about —6°C. Thus, when a wet- 
bulb temperature is below 0°C, care should 
be taken to ascertain whether the bulb is 
frozen or supercooled before the formula is 
applied. 
(d) Influence of change of atmospheric 
pressure 
Since the factors appearing in the formula 
for A will be affected directly or indirectly 
by the atmospheric pressure, it is necessary 
to study to what degree the constant A is 
varied by the atmospheric pressure. When 
only the first term is taken into account, we 
have 
~ lh us eas CDN 
a ES) ID\. IE ir 
For many practical purposes we may assume 
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only the normal atmospheric pressure. Then, 
since S is constant and Cy, L and K are all 
very nearly independent of the pressure ac- 
cording to both theory and experiment, we 
have 


Ac(pDy*", 


so far as the pressure is concerned. However, 
it is known that D is inversely proportional 
to p so that the constant A may be consider- 
ed to be independent of the atmospheric pres- 
sure. 


§4. Apparatuses for Measuring A 


The apparatuses for measuring A include 
psychrometers, thermocouples and mercury- 
in-glass thermometers, a test chamber of con- 
stant temperature and humidity, electrical 
measuring instruments, etc. 


(a) Psychrometers and temperature 
measuring apparatuses 

Thermocouple psychrometers were adopted 
whose properties have been investigated in 
detail. They have several favorable points 
for the present purpose in comparison with 
mercury-in-glass thermometers, namely, (1) 
a test chamber needs only a small scale; (2) 
exact temperature measurements are possible; 
and especially (3) it is easy to exclude con- 
duction of heat through the stem and also 
the correction for radiation can be calculated 
easily. The thermocouple consisted of wires 
of chromel and constantan of 0.2mm. For 
the measurements of wet-bulb temperature, 
two junctions corresponding to dry- and wet- 
bulbs were connected differentially and butt- 
jointed with silver solder. One of the 
junctions was left bare and was taken as a 
dry-bulb, while the other junction taken as 
a wet-bulb was covered with a white cotten 
thread, washed in alcohol and in_ boiling 
water, and moistened with a small quantity 
of distilled water, about 8cm in length along 
thermocouple wires. Dry-bulb temperature 
was measured with another thermocouple and 
also with a mercury-in-glass thermometer 
graduated to 0.1°. Calibrations of the ther- 
mocouple thermometers and mercury-in-glass 
thermometers were performed with a mer- 
cury-in-glass thermometer tested at the Cent- 
ral Inspection Institute of Weights and 
Measures to an accuracy of -+0.03°C. The 
electromotive forces were measured with two 
precision type potentiometers of Yokogawa 
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Seisakusho and Shimazu Seisakusho combined 
with sensitive mirror galvanometers of R type 
B class and M type E class of Shimazu Sei- 
sakusho. Figs. 3 and 4 show two psychro- 
meters employed in the present experiments. 
The reason why two psychrometers were 
used is for ascertaining reproducibility of 
the measurements and also for convenience 
of periodical calibration. They were used al- 
ternately and equivalently, showing no diffe- 
rence in results. Fig. 5 shows a wet-junction 
covered with moistened cloth of cotton thread. 


: ‘ SOL Z fan iy. "J : : 

Ci 2 & 10 ie 2 

i Se Oe 
Fig. 3. Thermocouple psychrometer No. 1 used 


for determining A. 


Fig. 4. Thermocouple psychrometer No. 2 used 
for determining A. 


Fig. 5. Wet-junction covered with thread. 
(b) Apparatuses for testing psychrometers 
(i) Chamber of constant temperature and 
constant humidity 

A chamber of constant temperature and 
constant humidity was constructed in order 
to perform measurements under various tem- 
peratures and humidities. At first it was 
intended to keep a large water-filled bath at 
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any desired constant temperature by means 
of a sensitive thermostat. In effect, it was 
able to keep the temperature within +-0.01°C 
with regard to both locality and time by suf- 
ficient stirring of water and careful thermal 
insulation. A cubical chamber with side of 
30cm long was put in this water bath. The 
chamber was made of 4mm _ thick brass 
plates welded at each edge, its air-tightness 
having been examined by vacuum test. Many 
beakers filled with sulphuric acid of prescrib- 
ed concentration were put in the chamber and 
the air in it was stirred with a propeller. 
Again, the chamber was provided with a lid 
for taking the beakers in and out, and with 
pipes for inserting psychrometers, thermome- 
ters, anemometers, stirrers, etc. Special care 
was taken so that outside air or moisture 
might not enter the chamber through cre- 
vices. Since the interior of the chamber was 
connected to the outer atmosphere by a long 
capillary tube, the pressure there was kept 
equal to the atmospheric pressure. 
(ii) Apparatus for circulating dry ar 

The equipment described in (i) admits to 
perform experiments under any desired con- 
ditions of temperature and humidity, but it 
has a drawback that there is a fear that 
humidity may increase gradually. In order 
to ensure higher accuracy of measurements, 
therefore, a contrivance was made by which 
dry air was applied continuously upon a psy- 
chrometer. Fig. 6 shows a schematic diagram 
of the apparatus. 


Potentio < 1g 
-meter 


MT Tube for measurement 

GH Gas holder 

VP Vacuum pump 

AG? Air’ cooler 

R : Part to decrease turbulence of flow 
TC : Thermocouple 

MPC: Mg(ClO,)2 

GW : Glass wool 

AP : U-tube manometer 

A .: Part to decrease pressure drop 


Fig. 6. Schematic diagram of dry air circulating 
apparatus. 
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Air was circulated by a rotary vacuum 
pump. In the path of circulation a plentiful 
drying agent of Mg(ClO,), soaked into asbestos 
was filled, which is very excellent in various 
points including a large capacity of absorbing 
moisture and very low equilibrium vapor 
pressure. Air pressure in the chamber was 
estimated by measuring pressure difference 
from atmospheric pressure with a mercury 
manometer. Also, the correction for radia- 
tion was made by measuring wind velocity 
at the position of insertion of the psychro- 
meter. The temperature in the circulation 
tube was measured with a thermocouple, but, 
since the temperature would somewhat rise 
by the circulation of air, it was contrived to 
make the temperature as close to the room 
temperature as possible by inserting a heat 
exchanger in the way. 


§5. Outline of the Experiments 


In determining psychrometer constant A 
from indications of dry- and wet-bulb tem- 
peratures, it is necessary in principle to know 
correct temperature and humidity, and tech- 
nically to have large drop of wet-bulb tem- 
perature from dry-bulb temperature. For these 
requirements it is most advantageous to use 
perfectly dry air. Therefore, chief measure- 
ments have been performed in extremely dry 
state desiccated with very concentrated sul- 
phuric acid or Mg(ClO,)... By this procedure, 
the apparent psychrometer constant, Aapp, as 
given by 
__ bm 
P(0—6'm) 
was first obtained by direct measurement, 
and then, by making correction for radiation, 
the real constant which will be denoted by 
Aops was found. Before describing details of 
the experiments, the method of calculating 
the correction for radiation will be given. 

As mentioned before, in addition to the 
correction for radiation the correction must 
be made for the conduction of heat through 
the stem of a thermometer. Partial drying 
of a moistened cloth of a wet-bulb should also 
be considered. However, the effect of the 
former may be excluded by making adequately 
long wet-covering”, and it seems unnecessary 
to take account of the latter except in a spe- 
cial case as will be described later where 
freezing occurs. This may be said with suf- 


Aapp= 


712 


ficient confidence from the fact that wet-bulb 
temperature has remained very nearly con- 
stant with time in the case of circulating air. 
The correction term due to radiation, «r/Ka, 
may be obtained as follows. ‘a can be cal- 
culated asa function of the diameter of wet- 
bulb and the wind velocity by using Mc- 
Adams’ equation for circular cylinders. In 
the present case the diameter of the wet- 
bulb was about 1mm and the wind velocity 
varied in the range of 60~150 cm/sec. *, may 
be calculated from the exchange of radiant 
heat. In the case of a small wet-bulb placed 
in a large at space surrounded by a wall at 
the dry-bulb temperature. Thus the quantity 
of heat received in unit time by unit area of 
the surface of the wet-bulb is given by 
Qr=ewo( T*— Tm) = 4ews Tu'(O—Om') , (14) 
where o is Stefan-Boltzmann’s constant, be- 
ing 1.356107 (calcm-* sec"! deg) and ew 
the emissivity of the total hemi-spherical ra- 
diation of water, being 0.918”. 
In Fig. 7 the results of calculations for 
ky/ka are given. It will readily be seen that 
for dry air this ratio is represented approxi- 


mately by a linear function of dry-bulb tempe- 
rature. 


Air temperature (°C) 


Fig. 7. Relation between radiation correction 
factor and air temperature for dry air. 


In the following, details of the experiments 
will be described. 


(a) Measurements on dry air in the chamber 
of constant temperature 

A psychrometer with a wet-bulb moistened 
with sufficient quantity of water was insert- 
ed in the chamber through the upper intro- 
ducing pipe, and the difference of dry- and 
wet-bulb temperatures was measured with a 
potentiometer for a while. Dry-bulb tempera- 
ture was always observed by another thermo- 
couple and a potentiometer. An example of 
the results of measurements is shown in Fig. 
8. The temperature of water used to mois- 
ten the wet-bulb just before insertion into 
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the chamber was made as equal to the equili- 
brium temperature as possible, but the indi- 
cation of the temperature of the wet-bulb 
immediately after insertion appeared quite 
different according as it was lower or higher 
than the equilibrium temperature. Curve I 
in Fig. 8 corresponds to the case when the 
temperature of moistening water was lower 
than the equilibrium temperature, while curve 
II shows the opposite case. These variations 
with time seem, in early stages, to be due 
to the lag of indications of the psychrometer 
(mainly, of the wet-bulb) and the galvano- 
meter, and, after elapse of some durations, 
to be due to the rise of humidity by evapo- 
ration of water in the interior of the chamber. 


(6-@m'’) (°C) 


aes 
Oo 20 40 60 80 100 


Time (sec) 


\20 


Fig. 8. Change with time of wet-bulb temperature 
depression after insertion of the psychrometer. 
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Fig. 9. Experimental results showing Aops versus 
air temperature, observed in dry air chamber. 


By comparison of curves I and II it may be 
taken that the time lag is about 20 sec and 
that among other later changes steady devia- 
tion due to the lag of the galvanometer indi- 
cation is trifling. Extrapolation of such curves 
to the initial time may be assumed to give 
the correct difference of dry- and wet-bulb 
temperatures. In effect, judging from a 
rough calculation of the evaporation velocity, 
approximately linear extrapolation is consider- 
ed to give nearly correct values. A more 
adequate method of circulating dry air was 
devised, but comparison of the results of the 
two methods shows that the extrapolation 
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method gives sufficiently reliable results. Fig. 
9 shows the results of measurements. As was 
expected, the constant A takes a nearly con- 
stant value in the whole range of 0°~40°C 
of the dry-bulb temperature, the experiment- 


al value exceeding the theoretical one by only 
about 4%. 


(b) Measurements on dry air by the circula- 
tion method 
| In the present method the wet-bulb tem- 
| perature remained very nearly constant 
| during some interval from a time a little 
after insertion of the psychrometer to the 
| time at which the moistened cloth began to 
dry. Thus, it may be said that there is no 
fear of increasing humidity and partial dry- 
ing of moistened cloth. The results of mea- 
surements are shown in Fig. 10. It will be 
seen that the results are nearly equal to those 
in the former case (a), but slight difference 
is found in high temperature range, namely, 
Aops decreases gradually with the increase of 
temperature, the difference between the two 
cases being about 1.5% at @=33°C. Consider- 
ing the difficulty of extrapolation in the for- 
mer case (a), owing to rather rapid increase 
of humidity at high temperature, the results 
obtained in the present case may be regard- 
ed more reliable. 
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Fig. 10. Experimental results showing Aops versus 
air temperature, observed in dry air circulating 
apparatus. 


(c) Measurements on air of various tempera- 
tures and humidities in the chamber of 
constant temperature and humidity 

Relation between humidity and the concent- 
ration of sulphuric acid was found, referring 
to the data compiled by R.E. Wilson”. Dif- 
ferent relations between these quantities were 
given by seveval authors, and though the 
difference between them is only slight, yet 
it causes fairly large errors in the measure- 
ments connected with the minuteness of the 
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temperature depression of the wet-bulb. It 
is, therefore, not easy to get satisfactory 
quantitative conclusion by these measure- 
ments, but nearly expected results were ob- 
tained. Following the illustration of theore- 
tical calculation in Fig. 2, Fig. 11 shows 
the experimental results for Aops at various 
temperatures and humidities. Curves have 
been taken by taking the value of Aons, 5.85 
10%, for dry air as standard. It will be seen 
that though fairly large errors may occur, 
the observed constant, Avs, for any tempera- 
ture and humidity decreases at higher tempe- 
ratures and humidities in accordance with 
the theory. 


O 20 40 60 80 |I00 


Relative humidity 
(%) 
Fig. 11. Experimental results showing Aops at 


various temperatures and humidities. (@ at = 
20°C; @ at 30°C; x at 40°C) 


(d) Effect of pressure 

Experiments were carried out by adjusting 
the resistance in the circulation path, thus 
altering the pressure at the position of inser- 
tion of the psychrometer. The pressure was 
only lowered than the atmospheric pressure, 
but the results may be applied to the altera- 
tion of pressure in the region of nearly or- 
dinary atmospheric pressure. As an example, 
the result in the case of rather large change 
of pressure will be given, where the atmos- 
pheric pressure P=655mmHg (being about 
14% lower than the ordinary atmospheric 
pressure), the water vapor pressure D0) 
mmHg, the dry-bulb temperature 0=22.44°C, 
and the wet-bulb temperature B= DOI. 

The value of A corrected for radiation was 
found as: 
Aywgrs 3185 610541 


Since this value is equal to the measured 
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value in case of the ordinary atmospheric 
pressure, it may be concluded that the con- 
stant A is independent of pressure. 


(e) Effect of size and shape of wet-bulb 

A psychrometer of different size and shape 
from those used in the previous experiments 
was constructed and the psychrometer con- 
stant A was examined by the circulation 
method. As shown in Fig. 12, its dimension 
was similar to those of psychrometers of 
mercury-in-glass thermometers. The moisten- 
ed cloth was covered sufficiently long in or- 
der to exclude heat conducted through the 
stem. An example of the measurements is 
given below. 

In case when the atmospheric pressure P= 
749 mmHg, the water vapor pressure p=0 
mmHg, the air temperature 0 =9.97°C, and 
the wet-bulb temperature 0’/m™=0.37°C, the ap- 
parent psychrometer constant was obtained 
as: 

Pm _ = 
POT =6,80)< LOs*- 
and the ratio «,/ta was estimated to be 15~ 
20%. 

Thus, the value of the constant A as cor- 
rected for radiation becomes 


At—).o x Om ’ 


which is in good agreement with the value 
obtained by small psychrometers. This re- 
sult may be taken to give a basis for the 
inferrence that it is principally due to the 
effect of radiation that A seems to be diffe- 
rent for different psychrometers as well as 
under different conditions of use, and that 
the true value of A remains unaltered. 


Aapp = 


Fig. 12. Psychrometer with different geometry 
from those No. 1 and No. 2. 


(f£) Observations when wet-bulb temperature 
was below 0°C 

In this case, a wet-bulb may have been 

supercooled or frozen, giving different values 

for A. In order to find correct humidity, 
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therefore, correct judgement should be made _ 
whether the wet-bulb is supercooled or fro- | 
Thus, observations about these points © 


zen. 
will be described somewhat in detail. 

The condition of air within the limits of 
the experiments was that the humidity was 
zero and the lowest temperature was 0.05°C. 
At this lowest temperature the wet-bulb was 
cooled below —6°C, but the bulb was super- 


cooled in some cases and frozen in the other > 


cases, irrespective of whether there was 
ventilation or not. 
occurred somewhat more frequently under 
ventilation, but it cannot be said decisively 
because of meagre observations. It may be 
probable that possibility of freezing is fairly 
large under ventilation. In fact, there were 
cases in which supercooled water of the wet 
bulb in still air became frozen by the 
commencement of ventilation. The judge- 
ment whether the wet-bulb was frozen or 
not was easily made from the change of in- 
dication of the wet-bulb temperature after in 
sertion of the psychrometer into the chamber. 
An illustrative course will be given below. 
After insertion, the wet-bulb temperature 
decreased gradually and fell down below 0°C, 
approaching an equilibrium state, but, when 


freezing occurred, it rose suddenly to 0°C. | 


The temperature then remained at 0°C for 
some time-interval, being about 2.5min in 


still air and about 40sec in a wind of velo-— 


city of about 60 cm/sec respectively, and then 
fell gradually again and finally arrived at the 
equilibrium state, inspection after drawing- 
out of the psychrometer having indicated 
clearly freezing of the bulb. Fig. 13 gives 
examples of such observations showing the 
change with time of the difference of dry- 
and wet-bulb temperatures (galvanometer de- 
flection due to thermoelectromotive force be- 


(ventilation) 


Deflection of galvanometer (mm) 


180 
Time after insertion (sec) 


Fig. 13. Change of wet-bulb depression after 


insertion of. the psychrometer in dry air at 
OsGEXC,, 


Freezing seems to have 


to the chamber. 
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ing nearly proportional to the temperature 
difference). 

In this figure, two arrows in the upper part 
indicate the commencement of ventilation. 
Curve I shows the result in case when freez- 
ing began without stirring of air. In this 
case wet-bulb temperature fell down gradual- 
ly after completion of freezing. Curve II 
shows the case when the temperature arrived 
at equlibrium in the state of supercooling 
and remained supercooled, though wet-bulb 


temperature fell down by stirring of air. 


Lastly, curve III shows the result in case 
when freezing began at the instant of com- 
mencement of ventilation. 

Owing to the increase of humidity due to 
evaporation, wet-bulb temperature rose gra- 
dually when a psychrometer was inserted in- 
When wet-bulb was in the 


‘| state of supercooling its temperature change 


followed the same course in repeated experi- 


ments, while in the state of freezing it follow- 


ed various courses and a sweeping statement 
could not be made. In the case of freezing 
the speed of temperature rise is larger than 
in the case of supercooling, sometimes being 
fairly rapid. These phenomena may be ex- 


plained by the fact that the thickness of 


frozen layer is different at different parts 
and thinner parts are dried more rapidiy into 
which excess heat flows. In the case of 
supercooling, circulation of water will be 


facilitated by capillarity so that the whole 


surface of wet-bulb will be moistened per- 
vasively, thus causing no such phenomena. 
Some instances of the observations are shown 
in Fig. 14. 

Here, curves I and II show the cases of 
supercooling, while curves III, 1V and V illu- 
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Fig. 14. Change of wet-bulb depression after 
insertion of the psychrometer in dry air at 


0.05°C. 
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strate those of freezing. In the case of curve 
UI, a wet-bulb moistened with water was in- 
serted into the chamber and was frozen spon- 
taneously. Since, in this case, it took fairly 
long time before complete freezing, the in- 
crease of humidity was somewhat large. 
Thus, extrapolation to the time of insertion 
may give inaccurate results. In such a case, 
therefore, it will be recommended to insert 
a wet-bulb frozen beforehand with other 
cooling devices. Curves IV and V_ were 
obtained by this procedure. Curve V may 
probably be considered to be the case when 
partial drying mentioned before has occurred. 
Since, however, variation with time of wet- 
bulb temperature after insertion is nearly the 
same as those in the cases of curves III and 
IV, it seems highly probable that there was 
no partial drying. Thus, wet-bulb temperature 
corresponding to zero humidity at the time 
of freezing may be obtained by extrapolation. 

When wet-bulb temperature was somewhat 
high, the air temperature having been about 
0.9°~8°C, wet-bulb was always supercooled 
irrespective of stirring. But, when a wet- 
bulb was frozen beforehand, it remained still 
frozen after insertion. 

From these experiments it may be inferr- 
ed that in the case of a wet-bulb with simi- 
lar size to the present wet-bulb the probability 
of occurrence of nuclei for freezing is very 
small when wet-bulb temperature is higher 
than about —5°~—6°C. It seems that a wet- 
bulb will become easily frozen if a large 
water drop is produced on the bulb locally, 
depending on the quantity of applied water. 
But this inference has not been confirmed, as 
the wet-bulb was observed outside on rare 
occasions by taking out from the test cham- 
ber. Again, when repeated experiments were 
performed at dry-bulb temperature of appro- 
ximately 0°C, there occurred cases in which 
a wet-bulb became supercooled repeatedly 
and also cases in which it became frozen re- 
peatedly. Thus, it seems probable that if 
freezing has occurred once, nuclei for freez- 
ing would by produced easily after then, not- 
withstanding that distilled water was always 
used. The phenomena may be considered to 
depend upon dimensions of psychrometers 
and conditions of their use. With psychro- 
meters using mercury-in-glass thermometers, 
wet-bulb are of large dimensions and moisten- 
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ing water is plenty, hence causing high pro- 
bability of freezing. So, it is necessary to 
make sure of freezing when wet-bulb tempera- 
ture falls down below 0°C. 

Lastly, values of the constant A in the 
cases of supercooling and freezing will be 
compared in case when dry-bulb temperature 
0=0.05°C, wet-bulb temperature 0/m=—6.30°C 
(supercooling) and —6.55°C (freezing), and the 
atmospheric pressure P=755 mmHg. 

We have 

Aops=5.85 x 10-4 (supercooling) , 
Aops=5.11 x 10-* (freezing) , 
so that 


Aovs (freezing) 
Aovs (Supercooling) 


=0:376" 


This value is in satisfactorily good agreement 
with the theoretical value, 0.883, for the ratio 
of latent heats of vaporization of ice and 
water. 


(g) Ratio of coefficients of transfers of heat 
and mass, kalry 

Experimental values for the ratio &a/7, which 
has a theoretically important meaning, are 
shown in Fig. 15 as a function of the algeb- 
raic mean of dry- and wet-bulb temperatures. 
A full-line gives the theoretical curve, and 
white and black circles give respectively ob- 
served values obtained for dry air in the 
chamber and those obtained for dry air in 
the circulating apparatus. It will be seen 
that these two sets of values agree within 
experimental errors in low temperature range, 
but there are slight differences in high tem- 
perature range, the values denoted by black 
circles being more reliable. Although the 
experimental values are greater by about 4% 
and 2.5% in low and high temperature ranges 
than the theoretical values, yet the differences 
may be assumed insignificant by remember- 
ing complexity of the phenomena, and agree- 


Mean temperature (°C) 


Fig. 15. Experimental results showing relation 
between the ratio «a/y and mean temperature, 
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ment between the theory and experiments | 
may be considered to be fairly satisfactory. 


Further discussion will be added later in this 
connection. All the observed values were 
obtained with a wet-bulb of diameter of 1mm 
for dry air subject to ventilation, but nearly 
the same values were obtained in cases of a 
psychrometer with different size, of humidity 
other than 0%, or of still air, with somewhat 
larger errors. 


(h) Other results 

Further experiments 
ments in still air and in air subject to vari- 
ous conditions of ventilation were carried out, 
and comparison was also made with a dew- 
point hygrometer which detected photoelect- 
rically the change of quantity of reflected 
light caused by formation of dew on the sur: 
face. Only the results will be summarized 
here. 

The conclusion is that, in the case of still 
air and of air subject to various conditions 
of ventilation, the correction term for radia- 


tion seems to be of right order and the change — 
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including measure- 


of wet-bulb temperature with ventilation can | 


be accounted for quantitatively as due to the 
change of the effect of radiation. Next, it is 
found that correct determination of humidity 
by the dew-point hygrometry is very difficult, 
since the quantity of reflected light decreases 
gradually in fairly wide range of temperature 
and the true dew-point cannot be defined wi- 
thout using another standard hygrometry, so 
that psychrometry performed carefully pro- 
vides rather more accurate results for ordi- 
nary purposes. It seems that the dew-point 
hygrometry becomes powerful in the case of 
extremely low humidity. 


Discussion 


86. 


As shown in the preceding sections, results 
obtained in the present experiment are in 
fairly good agreement with the theory except 
slight differences in values of the psychro- 
meter constant A. The differences are about 
4% in low temperature range, but decrease 
with the increase of temperature, becoming 
2.5% at 6=33°C. These magnitudes may be 
considered to be small if complexity of the 
phenomena is taken into account, but are not 
within experimental errors which are esti- 
mated to be less than 1%. The differences 
may perhaps be attributed, to some extent, 
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to uncertainty of the values of various phy- 
sical constants appearing, but mostly to other 
reasons. 

Here we consider about the formula for 
the transfer of heat adopted previously in 
which the exponent to Prandtl number has 
been taken as 0.3. If, however, we assume 
the exponent to be 0.5, the values of the con- 
stant A would become greater by about 3.7% 
than in the former case, approaching the ex- 
perimental values in low temperature range, 
though it would become slightly larger than 
the observed ones in high temperature range, 
namely, by about 1.2% at 0=33°C. The ten- 
dency of decreasing of A at high tempera- 
tures may be attributed to the effect of 
thermal diffusion which was not considered 
previously. Such an effect is negligibly small 
at low temperatures but increases with the 
increase of temperature. If we take this 
circumstance into account, the value of A 
should decrease theoretically by about 0.8% 
at 0=33°C for dry air and therefore the net 
differences would become less than 1% 
throughout the whole temperature range in 
the present experiment. Thus the experimen- 
tal values are represented nearly completely 
by the formula when we take the exponent 
as 0.5. 

The results of the present experiment 
which has dealt with only air and water va- 
por system are not sufficient for determining 
definitely the value of the exponent, but they 
seem to suggest that it is highly probable 
to give the value of 0.5 for the exponent in- 
stead of 0.3 as usually taken. Another basis 
of adopting the value of 0.5 is given by L. 
V. King’s theory on the transfer of heat for 
a circular cylinder immersed in a perfect 
fluid®, which is represented by the formula: 

(ki, a Naor (<2) Gale 

koe +[ we IG ‘ 
and is proved to be in satisfactorily good 
agreement with experiments. 


§7. Summary and Conclusion 

The results of the present experiment car- 
ried out for determining the psychrometer 
constant by means thermocouple psychrome- 
ters may be summarised as follows. 

(1) It is principally due to radiation from 
surroundings and conduction of heat through 
the stem that indication of a psychrometer, 
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and accordingly the so-called ‘ psychrometer 
constant’ A varies with the size and shape 
of a wet-bulb and also with ventilation even 
under fixed temperatures and humidities, and 
the true psychrometer constant is hardly in- 
fluenced by such factors. 

(2) The constant A is expressed as a func- 
tion of temperature and humidity, and takes 
a nearly constant value almost irrespective 
of temperature for dry air at ordinary tem- 
peratures. But it decreases at higher tempera- 
tures and humidities owing to the additional 
term of the conversion calculation. 

The theoretical value of A for dry air in 
the temperature range of 0°~40°C is about 
5.6 x 10-*, while its experimental value is found 
as 5.8x10*~5.9x10-', decreasing slightly 
with the increase of temperature. A slight 
discrepancy of about 4% or so between these 
two values may be considered as insignificant 
owing to the nature of available data and the 
difficulty of experiments. It is also confirmed 
that the behavior of A at higher tempera- 
tures and humidities is similar to that pre- 
dicted by the theory. 

(3) A takes different values according as 
a wet-bulb is frozen or supercooled, and the 
ratio of the corresponding two values seems 
to be equal to the ratio of the latent heats 
of vaporisation in the two cases, as again 
expected from the theory. 

(4) It seems that A is not affected by the 
atmospheric pressure. 

(5) The ratio of coefficients of transfers 
of heat and mass, «a/7, is expressed approxi- 
mately by a linear function of the algebraic 
mean of dry- and wet-bulb temperatures. In 
a certain range of temperatures, it is inde- 
pendent of humidity, ventilation, size and 
shape of a wet-bulb, condition of freezing or 
supercooling, but it varies as inversely pro- 
portionally to the pressure. Comparison with 
values for «a/y obtained experimentally shows 
that fairly good agreement is found between 
the theoretical and experimental values, the 
latter being greater by only about 4% or less. 

(6) The above comparisons are made on the 
basis of McAdams’ formula for heat transfer, 
in which the exponent to Prandtl number is 
taken as 0.3. But, if we assume the exponent 
to be 0.5 and take the effect of thermal dif- 
fusion into account, the agreement between 
the theoretical and experimental results would 
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become nearly complete. This suggests that 
the value of 0.5 should be adopted as the 
exponent in place of 0.3. 

If we use the psychrometer constant thus 
determined and exclude or minimize various 
errors, humidity can be measured sufficiently 
accurately, because a small difference in the 
values of the psychrometer constant will give 
rise to only small effect upon the inquired 
wet-bulb temperature, and the accuracy of 
psychrometry depends exclusively upon the 
accuracy of temperature measurement. 
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The transverse and longitudinal wave measurement on polystyrene and 
polymethyl methacrylate was carried out at frequencies of 0.5, 1, and 
2.25 Mc, in the temperature range 20°C to 190°C. For the transverse 
wave measurement, a modified rotating plate method was used. An 
energy-dissipating process associated with volume deformation was found 


in these polymers. 


The activation energy associated with shear deforma- 


tion is somewhat different from that associated with volume deformation, 
so that the molecular mechanism involved in the two types of deforma- 


tion may be different. 


Introduction 


$1. 


In recent years an energy-dissipating pro- 
cess associated with volume deformation for 
high polymers has been studied by several 
workers.” The results obtained on this subject 
are rather contradictory. One of the experi- 
mental difficulty which has been preventing 
one from reaching conclusion is the shear 
wave measurement on elastomers in which 
shear waves are highly attenuated. Since 
the samples must be mechanically jointed to 


transmission block when the solid transmis- 
sion path is used, in order to generate the 
transverse wave into the samples, many er- 
rors can be introduced at the interfacial joints 
with the samples. For examples, it is not 
possible to ensure perfect uniformity in joint- 
ing. 

For this reason, a modified rotating plate 
method in which transmission medium is 
liquid was used for the transverse wave 
measurement, 
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It is the purpose of this work to present 
the results of the transverse and longitudinal 
wave measurement on polystyrene and _ po- 
lymethyl methacrylate as a function of tem- 
perature and frequency. 

As usually known, for the propagation of 
longitudinal and transverse waves in a vis- 
coelastic medium, if steady-state sinusoidal 
time dependence of stress and strain is 
achieved, the complex bulk modulus will be 
written as K*=K,+iK,=K,+iw€ and the 
complex shear modulus G* = G,+ iG, = ion, 
where € is the dynamic bulk viscosity, 7 the 
dynamic shear viscosity and w the radian 
frequency. If the longitudinal-wave modulus 
is written as M*=M,+iM,=K*+4/3G*, the 
relations among the velocity, the attenuation 
and the modulus at a given radian frequency 
# can be shown as follows: 


Cs (1) 


evi(1 | 


24) 2\2 
=) 
w 


M.=K,+4/3G.=——,,, (4) 
ayvvi 
er 
() 

where v: represents the velocity of longitudinal 
waves, uv; the velocity of transverse waves, 
a, the attenuation of longitudinal waves in 
nepers/cm, a; the attenuation of transverse 
waves in nepers/cm. 

Therefore from the measured value of w, 
V1, ay, and ar, Gy, G2, K, and K, can be 
obtained. The results reported in this paper 
were obtained from measurements at 0.5 Mc, 
1 Mc and 2.55 Mc and in the temperature range 
AC to 190°C: 


§2. Experimental method 

The schematic diagram of the apparatus 
for the longitudinal and transverse wave 
measurement is shown in Fig. 1. The syn- 


chroscope triggers the pulse generator of radio 
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frequency at a constant time interval. The 
oscillations are fed to the transmitting crystal, 
which generates the pulsed ultrasonic wave 
traveling into the liquid. This wave is picked 
up by the receiving crystal and the resultant 
signal is amplified and fed into the syn- 
chroscope. When a sample is in the path 
of the beam, the wave pattern on the syn- 
chroscope screen changes in amplitude and 


Pulse High freq. : 

generator pulse generator 

Sweep 
circuit 


crysia 
Rec, crystal 
Attenuator 
Synchroscope Wide band 
amplifier 


Fig. 1. Schematic diagram of apparatus for measur- 
ing longitudinal and transverse wave propagation 
constants. 


Fig. 2. Measurement of transverse wave velocities. 


the attenuation of longitudinal wave in the 
sample can be obtained. When the sample 
thickness is changed by rotation, interference 
patterns result due to reflections at the inter- 
faces. From the measurement of total reflec- 
tion angle @:, the velocity of longitudinal 
wave can be obtained from the relationship 
v1=c/sin 91, where c is the velocity in the 
liquid. In this work silicone oil was used as 
transmission medium and the velocity in it 
was measured by pulse method. 

The velocity of transverse wave can be 
obtained by the modified rotating plate method. 
That is, the sample is put at such an angle 
that the longitudinal waves are totally re 
flected. Then the sample is rotated from ); 
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to @,, as shown in Fig. 2, the wave pattern 
on the synchroscope screen shifts in position, 
if there is a difference between the velocity 
in the liquid and that in the samples. When 


d(cOS ¢:—COS ¢;) 
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the time shift 4¢ is measured by time marker 
of synchroscope, the velocity of transverse 
wave in the sample is obtained from the 
relations: 


oe (5) 
' At COS GY; COS G2+(d/e){COS % COS (Yi1— 91)— COS Y; COS (Y2—O2)} 
Cu SIG: 2 SIDO, (6) 
v SiINg, Sing: 
Table I. Influence of thickness upon transverse wave velocities for a series of 
polymethyl methacrylate sheets. 
dcm aja y m/s dcm dja v m/s dcm d/a v m/s 
Os5 Mee 12997 7.4 1337 1Mc 0.981 Cee 1337 2.25Mc 0.413 6.9 1358 
y 1.051 Bo) 1331 ” 0.500 Sal, 1327 y 0.201 Sao 1347 
" 0.695 DAS 1335 Y 0.375 2.8 1300 y 0.104 a7 1306 
y 0.491 Is 1288 a 0.117 0.9 1286 y 
y 0.287 1.0 1269 y ” 
where @, and 9, represent the incident angle, sion. 


gy, and g, the angle of refraction, d sample 
thickness and 4t the time shift observed by 
rotation of the sample from @, to @,. At 
first the value of v; is appropriately assumed. 
Then v; is calculated from the relations (5) 
and (6) by a successive approximation. 

Measured values for the transverse wave 
velocity in polystyrene and polymethyl me- 
thacrylate were checked with those reported 
in the previous work® to better than 0.5 
percent. 

Relations (6) are derived for an infinitely 
thick sample and are not strictly valid for 
thin material. In Table I the observed 
transverse wave velocities are tabulated for 
a series of polymethyl methacrylate sam- 
ples of decreasing thickness. It will be noted 
that variations in the velocities as a result 
of sample thickness disappear for thickness 
of 34 (A=wavelength), or greater. 

The measurement of transverse wave ve- 
locity were accurate to within 0.5 percent in 
thick sample and to 10 percent in thin sample. 

When the transverse wave is so highly at- 
tenuated at higher temperature, the velocity 
of longitudinal wave vw, can not be obtained 
from total reflecting angle @;. The value of 
vi was measured by the modified rotating 
plate method. In this case, when the sample 
is rotated from 9, (=0) to @, the relations 
(5) and (6) become to be more simple expres- 


The sample is put at such an angle 9, that 
the longitudinal waves are totally reflected. 
Then the sample thickness is changed from 


d' to d’'. The absorption of transverse wave 
L; is obtained from the relations: 
A el ‘ith 
1S say: a COS Yt ( 7 ) 
. Vt 5 
sin g;=— sin 9, (8) 
G 


where A,’ db/em represents the ratio of the 
sound transmitted with the sample in the path 
to the sound transmitted with the sample 
removed, d’ sample thickness. 

Measured value for L; satisfactorily coinci- 
des with the one measured by the pulse 
method. 

Polystyrene was moulded from pellets and 
polymethyl methacrylate prepared by Mitsu- 
bisi Rayon Company. All samples used were 
annealed in the silicone oil and cut from one 
large block in order to reduce variations 
between samples. These samples were 0.05 
to 4cm in thickness. The rate of heating 
was kept almost constant 15 deg/hr. 


§3. Results 


The temperature dependence of longitudinal 
and transverse wave velocities in polystyrene 
and polymethyl methacrylate are shown in 
Fig. 3. At high temperature plastic flow takes 


ye 


20 


m/sec 


Velacity in 


2.8—_x 10% 


2.6 
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place in polystyrene. So the dashed portions 
of the curves indicate regions where the data 
were unsatisfactory. An increase in velocities 
with increasing frequency is noted even in 
the glassy region, showing much more disper- 
sion in the transition region. 

The curves of longitudinal wave absorption 
versus temperature in polystyrene and _ po- 
lymethyl methacrylate exhibit peaks in this 
temperature region as shown in Fig. 4 and 5. 

The transverse wave absorption in polys- 
tyrene and polymethyl methacrylate are shown 
in Fig. 6 and 7. 
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Fig. 3. Longitudinal and transverse wave velocity versus 
temperature for polystyrene and polymethyl methacrylate. 
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temperature. 

The transition temperature of polystyrene 

is about 85°C and that of polymethyl metha- 

crylate 89°C by the measurement of linear 
thermal expansion as reported by the previous 
work.” 

As shown in Fig. 8, break points between 
the real part of the bulk and shear modulus 
versus temperature curve in polystyrene are 
observed at about the transition temperature 
85°C. As shown in Fig. 5 and 7, the absorp- 
tions of longitudinal and transverse waves in 
polystyrene begin to increase near the transi- 
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§4, The Real Part of the Modulus 


In Fig. 8, the real part of the shear and 
bulk modulus of polystyrene as well as po- 
lymethyl methacrylate, caluclated from the 
smoothed experimental results according to 
the relation (1) and (3), are plotted against 
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Fig. 5. Attenuation of longitudinal waves 


per cm for polymethyl methacrylate at 
all frequency. 
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tion temperature. 

We understand that the relaxation of the 
shear modulus as well as the bulk modulus 
occurrs near the transition temperature in 
polystyrene. 

As shown in Fig. 8, the break point of the 
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Fig. 6. Attenuation of transverse waves per cm 
for polystyrene at all frequency. 
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real part of the shear modulus in polymethyl 
methacrylate is observed and the absorption 
of the transverse waves begin to increase 
near the transition temperature. Therefore 
the relaxation of the shear modulus occur 
the transition temperature 89°C in polymethyl 
methacrylate. The break point of the real 
part of the bulk modulus have been hardly 
observed near the transition temperature but 
at about 120°C. Though the imaginary part 
of the modulus begins to increase at about 
89°C, the relaxation of the bulk modulus 
markedly occurs near 120°C in polymethyl 
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Fig. 8. Real part of the shear and bulk modulus 
versus temperature for polystyrene and poly- 
methyl methacrylate. 
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methacrylate. 

This difference between the temperature 
dependences of the both modulus affects con- 
siderably the variation with temperature of 
the Poisson’s ratio. The real part of Pois- 
son’s ratio o is given by 


ae 3 2G, 
S OKIE, 


The ratio in polystyrene and polymethyl 
methacrylate at frequency of 1 Mc are plotted 
against temperature as shown in Fig. 9. 

The ratio in polystyrene is a monotonically 
increasing function of temperature in the 
transition region. The ratio in polymethyl 
methacrylate increases with increasing tem- 
perature in the transition region at first and 
decreases towards a minimum. Then the 
ratio increases towards the maximum value 
of 0.5. 
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Fig. 10. Imaginary part of the shear and bulk 
modulus versus temperature for polystyrene. 
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the shear and bulk modulus of polystyrene 
and polymethyl methacrylate, calculated from 
the relation (2) and (4), are shown plotted 
against temperature. 

An accuracy in attenuation measurement is 
not great enough to permit precise conclusion 
as to the relations between the shear and 
volume deformation mechanisms, but it does 
permit some statements about orders of ma- 
gnitude. 
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modulus versus temperature for polymethyl 
methacrylate. 


It was not possible to make any measure- 
ments for the shear wave in the region shown 
by the dashed line because the shear wave 
was highly attenuated in samples. Since the 
longitudinal waves were measured throughout 
the temperature range covered, and since the 
imaginary part of the shear modulus is very 
small in comparison with that of the longi- 
tudinal wave modulus at sufficiently high 
temperature, the imaginary part of the bulk 
modulus may be shown by the dotted portion. 
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For polystyrene and polymethyl methacryl- 
ate the imaginary part of the shear modulus 
G, is somewhat smaller than that of the bulk 
modulus K,. A considerable portion of the 
energy losses of the longitudinal wave in 
these polymers is due to a bulk viscosity. 

There can be no doubt that the temperature 
at the peak in K, is different from that in G2. 

From reciprocal temperature at the peak 
versus frequency the activation energies can 
be obtained. For polystyrene, the activation 
energies Q; associated with volume deforma- 
tion is about 106 Kcal/mol and that Qe as- 
sociated with shear deformation is about 62 
Kcal/mol. 

The value of Q¢ for polymethyl metha- 
crylate is obtained about 58 K cal/mol. But 
the value of Qx cannot be obtained, because 
the temperature at the peak in KA, is some- 
where in the range of 130°C to 160°C at 
frequency of 0.5Mc. This may be an error 
attributable to taking differences between 
nearly equal quantities. 

An extended frequency plot based on the 
reduced variable technique of Ferry and 
others*? (after making a small correction to 
the modulus by multiplying the data at tem- 
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shear and bulk modulus for polystyrene reduced 
to) 125°C; 
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perature IT by a factor 7,/T) are shown in 
Fig. 12. The shifted curves of Gi, Ki, G:, 
and K, for polystyrene at a reference tem- 
perature of 125°C are shown in Fig. 12. 

The shifting factor a, and the activation 
energy versus temperature of G, for poly- 
styrene are shown in Fig. 13. When the log 
a, factors for bulk modulus are plotted against 
1/T, a straight line is obtained in the region 
120°C to 145°C. The slope of this line is 
about 80 K cal/mol. Though it is apparent 
that activation energy associated with both 
deformations rise steeply with decreasing 
temperature as the glass transition tempera- 
ture is approached, it requires further inves- 
tigation to obtain the value of activation 
energy. 

These values of activation energies are 
almost the same to the value obtained from 
reciprocal temperature at the peak versus 
frequency. For polystyrene the activation 
energies associated with shear deformation 
obtained in this work are comparable to the 
value measured by Ferry at low frequencies.*? 
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versus temperature for polystyrene and _ poly- 
methyl methacrylate. 


If the reduced variable technique of Ferry 
is applied to polymetyl methacrylate, frequen- 
cy shift a; versus temperature curve of Ky 
is irregular as shown in Fig. 13. 

As shown in Fig. 8 the real part of the 
modulus for polymethyl methacrylate in the 
glassy region as well as in the transition 
region are more temperature dependent than 
that of polystyrene. 
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As shown in Fig. 10 and 11 the imaginary 
part of the modulus for polymethyl methacryl- 
ate is much larger than that for polystyrene 
in the glassy region. These may imply that 
the molecular movements of side chains like 
the ester linkage contribute to the deforma- 
tion mechanism even in the glassy region. 
As previously mentioned, the shifting factor 
ad, versus temperature curve for A, in po- 
lymethyl methacrylate shows a irregular form. 
This may also be understood from the molecu- 
lar movements of side chains. Further con- 
clusion for polymethyl methacrylate will 
probably have to await an experiment at 
wider frequencies. 

For polystyrene, as shown in Fig. 12, G, 
increases more steeply with increasing fre- 
quency than K,. The peak in K, is somewhere 
in the range of logy=3 to 4 and that in G, 
occures at about 4.8. As already mentioned 
above activation energy for G; is somewhat 
smaller than that for K, at the temperature 
of 120°C to 140°C. 

The final conclusions to be drawn from 
these measurements are that an energy-dis- 
sipating process associated with volume defor- 
mation is found in these polymers. The 
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activation energies associated with shear de- 
formation is different from that associated 
with volume deformation and the former is 
somewhat smaller than the latter at the tem- 
perature of 120°C to 140°C, so that the mo- 
lecular mechanism in the two types of defor- 
mation may be different. 

The author wishes to express his sincere 
thanks to Prof. Y. Ikeda and Prof. T. Soeya 
for their encouragements and discussions. 
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Measurement of Piezoelectric Constants 
of a CdS Crystal 


By Toshio TANAKA and Shoji TANAKA 


Department of Applied Physics, University 
of Tokyo, Tokyo 
(Received January 16, 1960) 


The crystal structure of wurtzite type CdS 
belongs to space group Cj, which should show 
piezoelectric effects. H. Gobrecht and A. Bart- 
schat) have found that CdS crystal actually show 
piezoelectric effects. The value of piezoelectric 
constants, however, has not been reported yet. 
Let the fundamental piezoelectric equations be 


P=e:-S, , ‘ as 

P=d-T, (direct effect) (2) 
and 

T=e-E ; ( 3 ) 

S=d-E, (converse effect) aS 


where P is the polarization vector, s is the strain 
vector, T is the stress vector, E is the electric 
field and e and d are the piezoelectric stress and 
strain coefficient tensors respectively. In wurtzite 
lattice, e and d have three independent components 
and can be expressed as 
000 0 15 0 
e=|0 0 0 e;,0 0 
€3; €31 €33 0 0 0 
and 
0 0 0 0 d,; 0 
a= 0 0 O dy; 0 =O]. (CS) 
\d3; ds; d33 0 0 0 
We measured d3,; and d33 using the relative 
method adopted by E. Fukada23), The sample is 
clamped together with an x-cut quartz plate and a 
rochelle salt pick up. First, an alternating voltage 
is applied to the electrodes on the quartz, which 
produces the piezoelectric strain. The strain is 
transformed to an electric signal by means of the 
rochelle salt pick up. The amplitude of the 
electrical signal is then read on a cathode ray 
oscilloscope. Next, the amplitude of the electrical 
signal from the rochelle salt pick up is read, the 
alternating voltage being applied to the sample. 
Since the ratio of the amplitudes is equal to that 
of the strains of two materials, we obtain the 
strain of CdS sample using the value d;,=6.9x 


10-8c.g.s. of quartz. The results are shown in Fig, 
ie 


With the help of Eq. (4), we find from Fig. 1. that 
| ds3 |=7.7 x 10-8 c.g.s. 
and 
| ds:|=4.6 x 10-8c.g.s. 
Unfortunately, we could not determine the value 
of di; because of the shape of the sample. How- 
ever, it is possible to estimate it from the theore- 
tical relation») 
€15 = €31 
and so 
dy5=(d31Cy1-+ d33C31)/Cag 
The sign of the d’s was not determined from the 
experiment. However, it is quite natural to assume 
that d33; has a different sign from d3;. ; 
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electric field (volt/cm) 


Fig. 1. (1) The strain parallel to the c-axis (S53) 
when an electric field was applied parallel to 
the c-axis. (2) The strain perpendicular to the 
c-axis (S,) when an electric field was applied 
parallel to the c-axis. (3) The strain of x-cut 
quartz. 


The authors wish to express their heartly thanks 
to Prof., Y. Suge for his encouragements and to Dr. 
E. Fukada of Kobayashi Institute of Physical 
Research for supplying the rochelle salt pick up 
and to Dr. T. Masumi of Institute of Physical and 
Chemical Research for supplying the CdS crystal. 
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Electrical Conductivity of a-Fe.0;* 


By Tanehiro NAKAU 


Department of Physics, Faculty of Science, 
Kyoto University, Kyoto 


(Received January 27, 1960) 


A measurement of electrical conductivity has 
been performed on natural single crystal samples 
of a-Fe,Q; containing impurities such as Ca, Mg 
and Sn. Data on polycrystalline samples of pure 
a-Fe,0; and a-Fe,O3 containing Ti were reported 
and discussed by Morin!2). Our experiment was 
carried out to examine any anisotropy and any 
anomaly of conductivity expected to be caused 
respectively by the trigonal symmetry and by the 
change of the electronic spin arrangement at the 
transition temperature?.4.5.6), The experiment 
showed a certain anisotropy in both the value of 
conductivity and the slope of the curve of logarithm 
of conductivity versus reciprocal temperature and 
also an anomaly near the transition temperature. 

The sample No. 1 consisted of a-Fe,O3 containing 
5.4 atomic percent Mg and 2.4 atomic percent Ca 
and the sample No. 2 of a-Fe,O3 containing 3.3 
atomic percent Mg and 1.0 atomic percent Sn. They 
were shaped in rectangular parallelepipeds and 
their magnetic transition temperature was privately 
informed by N. Kawai to be —20°C. 

The measurement was carried out in the [0001] 


and [1010] directions referred to the hexagonal axes 
by the two-contact method using Ag vapor deposited 
electrodes. The field strength was below 0.4 V/cm 


in the [1010] direction of each sample, below 1.2 
V/cm in the [0001] direction of No. 1 and below 
1,600 V/cm in that of No. 2, with the applied voltage 
not exceeding 80 volts. The results are shown in 
Figs. 1 and 2, from which the following characters 
can be recognized. 

(1) The slopes of the curves of logarithm of 
conductivity versus reciprocal temperature are quite 
different for the two different crystallographical 
directions in No. 2, whereas they are almost equal 
in No. 1. In both cases, the slope of the curve 
does not seem to change below and above the 
transition temperature. 


(2) In the [1010] direction of each sample, the 
curve steps up at the transition temperature with 
temperature increase, but on the contrary, the 
curve in the [0001] direction steps down at this 
temperature, although the curve in the [0001] 
direction of No. 2 has been roughly plotted below 
the transition temperature. 

It should be noted that each specimen has low 


* Read in part before the annual meeting of the 
Physical Society of Japan, Oct. 11, 1959: 
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conductivity in spite of the presence of much 
impurity. The fact that neither the step up nor 
the step down was observed in the data of Morin) 
may probably be due to the circumstance that his 
samples are polycrystalline. 

The author wishes to express his sincere 
thanks to Professor I. Takahashi for his interest 
and guidance throughout this work. His thanks 
are also due to Professor T. Matsubara for valuable 
discussions and to Dr. N. Kawai for his help in 
preparing the samples and to Mr. C. Okazaki of 
Matsushita Elec. Ind. Co. for his chemical analysis. 
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On the Proton Chemical Shift 
in Deuterium Substituted p-Xylene 
and Toluene 


By Hazime KUSUMOTO 


The Institute of Scientific and Industrial 
Research, Osaka University, Sakai 


Junkichi ITOH 
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Kozo HIROTA and Tomiko UEDA 


Department of Chemistry, Osaka 
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Deuterium substitution for some of the protons 
forming a perfect pairing was found!) an useful 
method in the field of high resolution n.m.r. work 
to investigate the indirect spin-spin coupling?) bet- 
ween these protons. Jp observed in such sub- 
stituted compounds enables us to estimate Jun’ 
immediately in consideration that the coupling 
constants are proportional to the products of the 
magnetogyric ratios of proton and deuteron and 
a factor depending only on the electronic structure, 
which is practically unaffected by the deuteration. 
However, it was noticed recently2),®, besides this 
“isotope effect’’, that the protons in the CH,D 
group of a-deuterotoluene are 0.015ppm more 
shielded than those in the CH; group of deuterium- 
free toluene. We also found a similar phenomenon 
on deuterium substituted p-xylene as mentioned 
elsewhere*). 

One of the two prepared samples, (I), seemed to 
contain deuterium-free p-xylene, a-deuterated p- 
xylene, CH:CgH,CH.D, and a, a/-dideutrated one, 
CH;DC,;H,CH,D. The other sample, (II), was a 
statistical mixture of a, a/-dideuterated p-xylene, 
CHD,C,H,CH3_;D;, where 7=0, 1, 2, 3, and the above 
mentioned p-xylene deuterated. The proton high 
resolution spectrum was observed with a Varian 


(A) (B) (C) 
The proton high resolution magnetic re- 
sonance spectra at 40 Mc/sec of the ‘‘ methyl ’’ 
groups of (A) deuterated p-xylene (I), (B) deu- 
terated p-xylene (II), and (C) a-deuterated to- 


(2 © 


Fig. 1. 


luene, respectively. Each arrow indicates 2 cps. 
The magnetic field increases from left to right, 


(Vol. 15, 


4300B high resolution 40Mc/sec spectrometer. 
Typical traces of the ‘‘ methyl’”’ groups of samples 
are shown in Fig. l. 

An asymmetrical triplet, the central peak of 
which is more intense than the outer peaks, was 
observed obviously in (1). A 1:1:1 triplet equally 
spaced is expected for the CH,D group, corres- 
ponding to the three spin states of the deuteron 
(I=1). Therefore, the spectrum obtained suggests 
that the singlet of the CH; group is superposed on 
it and the true triplet is shifted slightly to higher 
field from the singlet of the CH; group. This fact 
is clearer in a result about CH,D group of a-deu- 
terated toluene, (III), containing 29% of deuterium- 
free toluene. Its spectrum could be decomposed 
into a singlet and a triplet as shown in Fig. 1. 
Rough estimation of the chemical shift of the pro- 
tons in the CH,D was about 0.6 cps to higher field 
from the protons in the CH; group. This result 
is in good agreement with Tiers’ data®). 

An asymmetrical quintet was observed in (II). 
The intensity ratio and spacing of each component 
deviate considerably from the expected proton 
spectrum, equal spacing and intensity ratio of 
1:2:3:2:1, for the proton in the CHD, group. This 
fact indicates that the spectrum consists of a singlet, 
a triplet, and a quintet slightly shifting each other, 
It is noteworthy that the fifth small peak to higher 
field is clearly resolved but the first one at lower 
field is almost superimposed on the second one. 
The third peak has the strongest intensity. If 
there would be no chemical shift between the CH,D 
protons and the CHD, one, the two outer component 
may be resolved identically, because Jyp was found 
about 2.4cps and the shift was only 0.6cps on the 
CH2D protons of a-deuterated toluene. However, 
if the CHD, proton would be further shifted by 
the same value, (~0.6 cps), to higher field from the 
CH;D protons, this asymmetrical line shape could 
be reproduced with appropriate weighting. 

The valence bond theory®) and the angular depen- 
dence of isotope effect®) do not interpret such shifts. 
Our results, however, suggest that CHD, proton 
is more shielded than the CH.D protons. Unfor- 
tunately the results at present did not give us an 
exact value of chemical shift between the CH,D 
protons and the CHD, proton. Further studies on 
a-mono- and -dideuterated toluene are now in pro- 
gress. 
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Cold-emitting Cathode Materials 


By Yoshihiko MIZUSHIMA, Yoshitaka IGARASHI 
and Tetsuji IMAI 
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Telegraph and Telephone Public Corporation 
Musashino-shi, Tokyo, Japan 


(Received February 16, 1960) 


Since the discovery of cold cathode using MgOU 
we have tested MgO and various other materials 
for the possibility of cold emission. The oxides 
were tested in powdered form or smoke if availa- 


Table I. 
materials are indicated with bold line. 
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ble, or by thermal decomposition of suitable com- 
pounds. Purities were of commercially high grade. 
If there existed various forms of the same oxide, 
tests were carried out. on the forms stable in a 
vacuum. 

It was found out that, when they showed a 
tendency to a field-dependent secondary emission, 
then after suitable treatment they became mostly 
cold-emitting. This property were found to depend 
strongly on the preparation of cathode. 

The result for powdered metal oxides on platinum 
substrates are shown in Table I. As is seen there, 
useful oxides belong to the II, III and IV-famillies. 
The oxides concerned have high specific resistivity 
and high secondary emission factor (0), so far as 
are known. The powders have relatively high 
melting points, stable in vacuum at high tempera- 
ture and their appearance are all white. These 
facts indicate that the oxide itself must be a good 
insulator, having a wide energy-band gap. It does 
not seem likely that there exist any other -com- 
mon physical properties, for instance such as crys- 
tallographic structures. Corresponding luminescent 
colours very widely. 

Some sulfides and carbides (CdS, SiC etc) were 


Metals corresponding to tested oxides are written in heavy letter, of which cold-emitting 
Light line means field-dependent secondary emission, but 
very rarely cold-emitting at room temperature. 
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It was also found References 


also’ tested, with no success. 
that some luminescent materials, such as silicates 
and tungstates (CdWO,, ZnSiO; etc) proved to be 
cold-emitting, with their characteristic lumines- 
cence. 

The most powerful material so far is MgO, with 
maximum current density of about 100 mA/cm~? and 
with luminous efficiency of maximum 20%. 


1) A. M. Skellet, C. G. Firth and D. W. Mayer: 
Proc. Inst. Radio Engrs. 47 (1959) 1704. 

Dy is bomen, We Mizushima and Y. Igarashi: J. 
Phys. Soc. Japan 14 (1959) 979. 
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Tunneling Probability in Germanium 
p—n Junctions 


By Yoshitaka FURUKAWA 


The Electrical Communication Laboratory, 
Musashinoshi, Tokyo 


(Received February 29, 1960) 


L. Esaki!) showed that the tunneling current in 
narrow p—n junctions is given by 


Z\ (fA B)~ fA E)} 0A BOA Hd 


where Z is the tunneling probability, o-¢(#) is the 
state density of the conduction band, 0,(#) is the 
state density of the valence band. 

As the maximum tunneling currents, Imax, appear 
at nearly constant forward bias voltages, the va- 
riation of Imax/cm2 with carrier concentration in 
germanium is controlled predominantly by the 
change in Z. 

For step junctions, Z) is given by 


2m *1/2)g1/2 By 
exp{ — eect +1/p)/4} , 


though, as Keldysh») pointed out, this is only an 
approximate formula. Therefore, it may be ex- 
pected that log Imax/em? versus (1/n-++1/p)!/2 curve 
shows a straight line wity slope 
rem *U2h 1/2 By 
<= he : 

To examine this relation, Esaki diodes have been 
made by alloying indium balls (0.5% Ga-+99.5% In) 
onto the As- or Sb-doped germanium. The alloying 
has been carried out under the same condition 
throughout this work. 

Fig. 1 shows resistivity versus carrier concent- 
ration curves. The carrier concentration, n, has 
been determined by using the relation R=1/en and 
the factor) arising from the band structure has 
not been taken into account in this calculations. 


lo 
3 
~ 10° 
ce 
18 
IO 
10 10 
Resistivity (Ohm-cm) 
Bigcls 


Short Notes 


(Vol. 15, 


| 293°K 
’ 


Imax ( Arnp-cm?) 


%, 
e., 
Ge 


T 
40 45 5.0 


200 2 3 ot, ake 
(+++ (cm 2)x 10° 


Fig. 2. 


For the same electron densities, the mobilities in 
Sb doped germanium are larger than thoes in As 
doped germanium. Spectroscopic analysis shows 
that this differences are not due to the compensation 
effects. 

Fig. 2 shows log Imax/cm? versus (1/n-+1/p)'“2 cur- 
ves. The hole concentration in the p-side of the 
junctions has not been determined directly but 
assumed to be 102°cm~-3. As expected above, 
straight lines have been obtained and its slope is 
—2.72x1010 for Sb-doped germanium and —3.16 
x 101° for As-doped germanium. These values are 
nearly equal to theoretical one. From the simple 
theory, the slope is given by —3.2x10! using 
m*=00.8 m. 

As will be seen from Fig. 2, Imsx/em? depends 
on the specific donor impurities. It cannot be ex- 
pected from the simple hydrogen-like model that 
the electrical properties of germanium vary with 
the impurities. These phenomena may be explained 
qualitatively by the change of the state density or 
the change of the effective mass with the specific 
impurities, and related to the fact) that only the 
diode made of Sb-doped germanium exhibits wiggle 
in its current-voltage curve at 4°K, 

The author thanks Dr. T. Niimi heartily for the 
encouragement in the course of this work. He is 
also indebted to Messrs Y. Kanai, T. Takahashi 
and T. Shimozaki for their interest in the present 
investigation. 
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180° Domain Wall Motions in 
BaTiO; Crystal 


By Kazuo HUSIMI 


Electrical Communication Laboratory 
Musashino City, Tokyo 


(Received February 16, 1960) 


180° domain wall motion in BaTiO; crystal under 
a low field has been observed by R. C. Miller), 
and this arouses us an interest on the domain wall 
motion of BaTiO; crystal in high field switching. 

Fig. 1 shows a photograph of the domain growth 
obtained by repeating KCl etching four times after 
application of a low field for about one minute 
each time. The velocity of domain wall motion is 
large along [100] direction as reported by R. C. 
Miller. 


Rigel Domain growths under a low field. 


Fig. 3. Domain growths under a high field. 


is applied after the domain growth by the pulse 
field of the same field strength but opposite pola- 
rity for four times. Many shrinked domains are 
nearly circular. 

From these experiments, we conclude that in the 
case of high field application up to about 5 kv/cm, 
the polarization reversal is also performed by side- 
wise domain wall motion as in the case of low 
field switching, though many nucleuses of new 
antiparallel domain appear. 
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In Fig. 2 is shown domain shrinks obtained by 
etching two times, the first after a domain growth 
by application of a negative low field for about 
one minute, and the second after a shrinkage of 
the growth domain by application of the field with 
same strength but positive polarity for about five 
seconds. Domain shrinkage begins from the corners 
of the square, so the domain patterns become 
octangle, and then square with sharp 90° edges. 
Their diagonal direction are along [110] axes. 

Fig. 3 shows a high field domain growth obtained 
by application of negative 5kv/cm, 0.3 wsec pulse 
field for four times on the crystal which has pre- 
viously grown a low field etch figure. Differing 
from the low field case, it is shown in this figure 
that the square domains have sharp 90° edges and 
their diagonal axes lie along [110] direction. 

The domain shrinkage at high field is also shown 
in Fig. 4. In this case, the high single pulse field 


Riese: Domain shrinks under a low field. 


Fie 4. Domain shrinks under a high field. 


~ Change of diagonal axes of the etch patterns 

from [100] to [110] by increase of applied field 

has also been observed by R. C. Miller®. 
Theoretical treatment of these observations is 

also in progress by T. Nakamura?) on the kine- 

matic wave theory. 
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The Dislocation Etch Pits of CdS Crystals 


By Jiro NISHIMURA 


Faculty of Art and Literature, Iwate University 
Morioka, Japan 


(Received February 9, 1960) 


The distribution of the etch pits on the (0001) 
plane of a CdS single crystal reveals interesting 
tendencies differing with the growing conditions of 
the crystal, when etched with thiourea-HCl solution 
at 60°C for 5 min.2), Photo. (1) shows the (0001) 
etch figure of the crystal prepared by sublimation 
and recrystalization at 930°C for 48 hours in H,S. 


The subgrain boundaries run along <1010> direc- 
tion in almost whole region of the etched surface 
except near the intersections of the subboundaries. 
For brevity we designate them as type (1) bounda- 
ries. Photo. (2) shows that of the crystals prepared 
at 1050°C for 72 hours in H,S. In this case there 
appear, instead of type (1) boundaries, the arrays 
of pits running along <1210> directions, which we 
designate as type (2) boundaries. When the crys- 
tals grow at 950°~1000°C for 72 hours, both types 
of boundaries are observed, which is shown in 


(0001) Plane * 


oat 
Type (1) Boundary 


Fig. 1. 


(Vol. 15, 


Photo. (3). With the etch figure presented in Pho- 
to (4), these boundaries are confirmed to be the 
arrays of edge dislocations: If o/ and g;/7 denote 
the number of pits per unit length of type (1) and 
the ith of type (2) boundaries respectively, as 
depicted in Fig. (1), the following relations hold 
among these 9’s. 


pF=1.7 ptt =V 317 , 


0177 =02!! -+ 0377 . 


(T) 
(2) 

These equations agree with what the theory of 
the low-angle symmetric boundary predicts, if we 
assume that type (1) and type (2) boundaries are 
the arrays of the edge dislocations with Burgers 
vector a<1210> and slip plane {1010}, and with 
Burgers vector »/3a<1010> and slip plane {1210} 
respectively. (Here a denotes the magnitude of the 
lattice vector to the direction [1210] and, therefore, 
VY 3a is equal to the magnitude of lattice vector 
to [1010]). 

Hence we are led to the following conclusions: 
The subgrain boudaries which run along <1010> 
direction on {0001} surfaces are sets of parallel 
edge dislocations with Burgers vector a<1210> and 
slip plane {1010}. 
are formed in more or less stressed crystals. 


This type of dislocation walls 
An- 
other type of dislocation walls is formed in the 
crystal which is heated at high temperature for 


prolonged duration. The walls of this type are 


the ones with Burgers vector 3a <1010> and 


slip plane {1210}. It is presumed that the imper- 
fections which have aligned themselves to be edge 
dislocations of type (1) alter their arrangement to 
form the dislocation walls of type (2) after the 
prolonged heat-treatment in HS. It is believed that 
the dislocation walls play an important role in the 
activation of the crystals). Details will be pre- 
sented later. 

The author wishes to acknowledge with thanks 
the instructive discussions with Prof. M. Yamamo- 
to of Research Institute for Iron, Steel and other 
Metals, Tohoku University. He also wishes to 
express thanks to Prof. T. Hibi and Prof. Y. Ta- 
nabe of Research Institute of Scientific Measure- 
ments, Tohoku University, for kind encouragement 
and to Mr. H. Fujisaki and Mr. T. Matsumura of 
Tohnoku University for the helpful discussions. 
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Piezoresistivity in Semiconductive 
Barium Titanates 


By Osamu SABURI 


Technical Laboratory, Murata Manufacturing 
Co., Ltd. Nagaoka-cho, Kyoto, Japan. 


(Received January 6, 1960) 


Remarkable temperature dependency of the pie- 
zoresistivity was observed in the system of semi- 
conductive (Ba. Sr)TiO3 doped with cerium, which 
has an anomalous positive temperature character- 
istic of the resistivity). 

Specimens were prepared in the form of a bar, 
whose dimensions were 2mm, 2mm and 10-16mm 
in width, thickness and in length respectively, 
having different compositions in the (Ba. Sr)TiO; 
system and doped with 0.1 mole % of Ce. A set 
of In-Hg electrode of 2mm square was put either 
on the end surfaces, or at the centers of the two 
opposite rectangular sides. The resistivity change 
was measured by a resistance bridge between the 
electrodes, while a mechanical pressure was applied. 

The resistivity changes at the pressure of 360 
kgr/cm? are shown in Fig. 1 and 2, as the longi- 
tudinal and transversal piezoresistivity, respectively. 
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Fig. 1. Temperature dependency of longitudinal 
piezoresistivity of different materials in the 


(Ba-Sr)TiOg system. 
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(Actually, at the temperature far below or above 
the Curie point, the resistivity changes linearly 
with the pressure, while in the neighborhood of 
the Curie point it follows the relation: 4R/R=ap” 
(where 1<6<2)). 

The piezoresistivity, whichever longitudinal or 
transversal, is small at the temperature far below 
the Curie point, and shows the negative peak in 
the neighborhood of the Curie point, which depends 
upon the Sr content. Above the Curie point, the 
piezoresistivity decreases rapidly, changes sign and 
tends to a positive value asymptotically. The 
negative peak of the piezoresistivity which occurs 
at the Curie point becomes higher with decreasing 
content of Sr, and reaches —0.135%/kgr/cm? (1.38 
x 10-9 cm2/dyne) in BaTiO. 

For each composition of the body, the temper- 
ature-piezoresistivity curve is very similar to the 
curve of temperature vs. temperature coefficient of 
resistivity. For the transversal piezoresistivity, 
the ratio of the piezoresistivity at the Curie point 
and at 360 kgr/cm? vs. the temperature coefficient 
of the resistivity at the said point, remains almost 
constant, that is, 

4R/R-P=k-AR/R-4t or 4t=k-P, 
where the constant k is equal to about —1.3x1073 
°C/kgr/cm?2. For the pressure of 360 kgr/cm?, the 
above relation gives the temperature decreasing of 
0.47°C. According to the study of H. Jaffe et al.» 
for the BaTiO; ceramics, the effect of pressure 
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Fig. 2. Temperature dependency of transversal 
piezoresistivity of different materials in the 
(Ba-Sr)TiOg system. 


734 


upon the shift of the Curie point is expressed by 
the equation: 

T= T)+3.31 x 10-6P2 (T in °C, P in kgr/cm?) . 

Provided P is 360 kgr/cm?2 in the above equation, 
the rising of the Curie point is 0.43°C, which is 
approximately equal to the value of temperature 
decreasing obtained above. 

The above behaviors would lead us to suppose 
that, when the pressure is applied, the resistivity 
decreases at the Curie point with the following 
mechanism. The steep positive temperature charac- 
teristic of the resistivity occurs in relation to 
the Curie point, and the rising of the Curie point 
caused by the pressure effects upon the resistivity- 
temperature characteristic of the resistivity, caus- 
ing the shift of resistivity-temperature curve 
towards higher temperature. 

The piezoresistivity in semiconductive barium 
titanates observed by Sauer et al.») with the hy- 
drostatic pressure at room temperature might be 
regarded as corresponding to the values at room 
temperature of our results, and the considerable 
difference between the values of Sauer et al. and 
ours may be supposed to be caused by the difference 
of the method of applying mechanical pressure; 
hydrostatic in Sauers study, uniaxial in ours. 

The writer wishes to express his sincere gratitude 
to Dr. K. Abe, Professor Emeritus of Kyoto Uni- 
versity and Dr. T. Tanaka, Professor of Kyoto 
University, for their valuable guidance. 
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Magnetic Susceptibility of 
CoBr: -6H:0* 


By M. GARBER 
Physics Dept., Michigan State University, 
EH. Lansing, Michigan 
(Received February 4, 1960) 


Forstat and Spence!) recently reported N.M.R. 
and specific heat data showing an antiferromagnetic 
transition in CoCr;-6H,O at Ty=3.08°K. This 
note gives some recent results of static susceptibi- 
lity measurements in the liquid helium region. 


* Supported by Office of Ordnance Research, 
U. S. Army. 
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103 X emv/gm. 


Tea 
Fig. 1. Magnetic susceptibility of CoBr2.-6H,0 be- 
low 4.2°K. Inset shows the various crystal- 


lographic and magnetic axes in a plane normal 
to the b-axis. 


These were made on single crystals by the Faraday 
method, using a Sucksmith balance calibrated 
against iron ammonium sulphate. The monoclinic 
crystals of CoBr,-6H,O are isomorphous with those 
of CoCl,;-6H,O and are described in Groth». Fig. 
1 inset shows the disposition of the c, @ and « 
axes in a plane perpendicular to the b-axis. Spe- 
cimens with well developed faces were selected 
and oriented by means of light reflection from 
freshly cleaved c-planes. 

The results are shown for the external field 
oriented along the three principal axes. Two of 
these coincide with the crystal 6 and ¢ axes and 
the third, a’, is mutually perpendicular to these 
two and lies about 32° from the a-axis. The c- 
axis is the preferred spin alignment direction as 
it is also in some other cases (CoCl,-6H,02), 
MnCl,-4H,0#, MnBr2-4H,0”). It was determined 
by plotting susceptibility vs. angle in the a—-c plane 
at various temperatures above and below the Néel 
point. 

The knee in the y-parallel curve occurs at about 
3.2°K, or slightly higher than the transition tem- 
perature observed by N.M.R. and specific heats. 
This general feature has been noted a number of 
times previously. The measurements were made 
at 1500 0e., so that the above temperature corre- 
sponds nearly to the zero field case. 
field was observed up to 5000 oe. 

The susceptibilities at 80°K were determined 
also, the values being yq=0.026 x 10-8/gm, yo =0.128 
x10-8/gm, ye=0.118x10-3/gm. The flat region 
which extends above the Néel temperature agrees 
with the large specific heat tail (38% of 4S occurs 
above 3.2°K)). 

The author wishes to thank Dr. R. D. Spence 
and Dr. J. M. Daniels (U.B.C.) for their advice. 
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Some Experiments on Plasma 
Alfvén Waves 


By Shigeo NAGAO and Teruyuki SATO 


Engineering Faculty, Tohoku 
University 


(Received February 16, 1960) 


We have attempted, independently of Allen et 
al), to generate transverse hydromagnetic waves 
(Alfvén waves) in a plasma in a linear glass tube, 
and to measure the phase velocity and attenuation 
of the waves in ionized air at rather weak mag- 
netic fields. The present note reports some results 
of the preliminary experiments with a future view 
to resonating such a wave in magnetic mirrors. 
The discharge tube used is 60cm long with a 30 
cm diameter. At each end of this cylindrical tube, 
there is a ring electrode 12.5cm in diameter with 
a 1.5cm bore and a coaxial ball electrode 3cm in 
diameter. One couple of these ball-ring electrodes 
is used to generate waves and another couple to 
detect them transmitted along the magnetic field 
in a plasma. The tube is pre-ionized by the dis- 
charge of a condenser bank (475 V, 7x 104 »F) be- 
tween these two couples at both ends. This cur- 
rent flows in the central cylindrical region of the 
tube with a diameter a little larger than that of 
the ring electrode and reaches a maximum value 
of 10kA in 600 usec, when the magnetic field pro- 
duced by the other condenser discharge also be- 
comes maximum. Then, in order to generate 
Alfvén waves the third condenser (10kV, 0.5 nF) 
is discharged between a ball and a ring electrode at 
one end. This current oscillates a few times at 
the frequency 170K.C. with a maximum value of 
3kA. 

When waves arrived at the other end, the radial 
drop of electric potential between a ball and a ring 
electrode which are short-circuited outside the dis- 
charge tube was measured by a Rogowsky coil 
and displayed on an oscilloscope. Traces of the 
oscilloscope triggered by the current generating 
the waves give time lags and amplitudes of the 
transmitted waves. Dependencies of the velocity 
and amplitude upon the magnetic field B,, gas 
pressure p and pre-ionization current Ip; are given 
in Fig. 1. Though the wave frequency is not so 
small compared to the ion cyclotron frequency, 
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these dependencies show rather good agreements 
with theory, especially at large magnetic fields 
and small gas pressures. The attenuation of waves 
were estimated approximately by the ratio of the 
potential between a ball and a ring electrode at 
both ends. The magnetic field and pressure de- 
pendency of the wave attenuation seems to be 
reasonable. 
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upon B, (axial magnetic field), p (gas pressure) 
and Jy; (pre-ionization current). 


Because of the imperfect ionization and finite 
conductivity of the gas, the wave nature was af- 
fected to some extent by the magnitude of the 


pre-ionization currents. 
It was also remarked that the frequency of waves 
differs several per cent at both ends. 
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A Gamma Ray in Ti* Decay 


By Chikai ISHir and Kasuke TAKAHASHIT 


Department of Physics, Tohoku University 
Sendar 


(Received January 6, 1960) 


No gamma ray has been reported so far in the 
decay of Ti. On the other hand Sc‘ has been 
known to have rather many lowlying excited states 
whose energy values have been found from the in- 
elastic scattering of protons). Among these states, 
there can be some states to which some positron 
branchings of order of a percent or so may occur 
since the decaying energy is enough. Such a bran- 
ching will be detected by the observation of gamma 
rays in Tits, If one finds such a gamma ray, it 
will give a further information on the properties 
of (f7/2)” configurations, on which considerable in- 
terest has been taken lately. 

Very pure (five nine) metalic titanium was acti- 
vated by the 25-Mev bremsstrahlung from a betatron 
in the internal target?) for producing the Ti‘ ac- 
tivity (T,/.=3.1 hr) from the reaction Ti*6(7, n)Ti*. 
In order to investigate the gamma rays from Ti‘, 
the gamma rays in coincidence with one of the 
0.51-Mev gamma rays created by the positron 
annihilations were looked for using a fast-slow 
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Fig. 1. Coincidence spectrum of the gamma rays 


from Tit’. The main contribution to the broad 
peak may come from the backscattering of the 
annihilation radiations. 


+ Now at Department of Physics, Tokyo Univer- 
sity, Bunkyoku, Tokyo. 
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coincidence circuit (2T=80 mpsec). 


| 
| 


} 


Two Nal(Tl) | 


crystals of the same size (13/’x14/’) were used at | 


the right angle each other. 
sample was placed at about 4cm from the face of 
each crystal. 


The irradiated titanium | 


Such a geometry was selected so | 


that the photopeaks of the positron pair may not — 


be counted in coincidence. This was essential for 
detecting gamma rays below~0.5 Mev in the pre- 
sence of strong positrons. Here, the use of very 


small samples bombarded in the internal target 


was advantageous since the scattered annihilation 
radiation coming into one crystal in coincidence 
with the 0.51-Mev peak in another crystal could 
be minimized. The gamma ray pulses from the 
detector were connected to a 100 channel pulse 
height analyser through the gate of the fast-slow 
coincidence circuit. The 1.277-Mev gamma ray 
following the positron decay of Na22 was used for 
the intensity calibration. 

In addition to known gamma rays from nuclides 
produced from photoreaction on titanium isotopes 
with this energy a weak gamma ray of 0.38 Mev 
decaying with a half life of ~3hr was found (Fig. 
1). This gamma ray is assigned to the transition 
from the first excited state of Sc4 at 0.377 Mev. 
The intensity of this gamma ray was found to be 
approximately 0.3 percent of the total decay. This 
is considered to be due to a positron plus K-capture 
branching to the 0.377-Mev state and the log ft 
value for the transition between the ground state 
of Tit> and the 0.377-Mev state of Sc‘ is then 
calculated to be 6.2 

A very weak gamma ray of 0.541 Mev may exist, 
but its relative intensity was less than 0.1 percent. 
Accordingly, the log ft value is estimated to be 
6.5 or larger. 

It is well established that the ground state of 
Sc#5 has 7/2—. On the other hand the first excited 
state at 0.377 Mev has only been reported by Wind- 
ham et al.) and nothing more has been known. 


Solehy 


Fig. 2. Proposed decay scheme of Tits, 
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Since the configuration of the first excited state 
of almost all the nuclei which have the 7/2— ground 
State is 5/2—%), the 0.377-Mev state of Sc45 is ex- 
pected to be 5/2—. The ground state of Tit is 
reasonably predicted as 7/2— from the experimental 
log ft values obtained above. This assignment is 
confirmed by the fact that the transitions to the 
0.54-Mev and the higher levels of Sc45 are very 
weak and hardly detectable. The above predicted 
decay scheme is shown in Fig. 2. 
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Fig. 3. Systematics of log ft values for nuclei 
with ( f7/2)” configurations. 


The log ft values for the beta decay of the 7/2— 
(parent)>7/2— (daughter) and of the 7/2— (parent) 
—5/2— (daughter) are plotted in Fig. 3 for the 
odd-A nuclei with (f7/2)” configurations®). In the 
Fig. 3, the values for the transitions of V4?’>Ti*’ 
and Mn5!->Cr5!, are omitted because of their in- 
definite spin values. The double circle in the figure 
is that of the Tit5-+Sc4* (the 0.377-Mev level). 
The log ft values increase systematically with the 
shell filling and after the half filling it shows sys- 
tematic decrease for both types of transition of the 
7/2——7/2— and the 7/2——5/2—. Although the 
systematics is very poor, the present prediction for 
spins and parities of Tits and Sc* is consistent 
with these systematics. 

The authors wish to thank Professor H. Morinaga 
for suggesting the problem and for helpful discus- 
sions. 
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To obtain the energy distribution of gamma rays 
from a widely spread source, it is necessary to 
know the dependencies of the detection efficiencies 
on the incident direction of gamma rays. We cal- 
culated the variations of the total detection efficien- 
cies for various incident directions of parallel 
gamma rays, and obtained the efficiencies at the 
peak of the response for monoenergetic gamma rays 
(intrinsic peak efficiencies) using the calculated 
values of total detection efficiencies and peak-to- 
total ratio measured experimentally. 

The calculations are based on the assumption 
that the probability of interaction of photon with 
the crystal is proportional to (l—exp[-— ,(£)l)), 
where ,»(#) is the total absorption cross section 
for the incident photon of the energy # and 1 is 
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Fig. 2. Angular dependencies of total detection 
efficiencies for NalI(T1) crystals. 
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the length traveled through the crystal. Also, the 
crystal was considered to consist of thin rectangular 
slices as shown in Fig. 1, and its efficiency was 
weighted by the number of photon received by the 
each slice normalizing total incident photon as unit, 
and then the efficiencies were integrated over the 
whole region of the crystal. The formula for the 
total detection efficiency e7(H,¢@) obtained by the 
above mentioned method was applied to three 
sodium-iodide crystals of different size: 1/’ (dia- 
meter) x 1’’ (height), 1.5’’x1/’.. The efficiencies were 
computed with a Bendix Computer, every 15° bet- 
ween 0° and 90° and over the energy range from 
0.1 Mev to 2Mev. Values of the total absorption 
cross section were used from the table compiled by 
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K. Siegbahn!). The estimated error in calculations 
is less than 2% for all energy range. The result 
of the calculations are shown in Fig. 2. From the 
spectra of Cs-137 and Zn-65 obtained experimen- 
tally, we confirmed that the peak-to-total ratios 
of these crystals remained almost constant for 
incident direction of gamma rays. Therefore, it is 
considered that the variation of the peak-efficiency 
for incident direction of gamma ray is nearly 
equivalent to variation of the total detection ef- 
ficiencies for these crystal sizes. 
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Large Deformation 
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The Reactions Lip, n)Be’, B"(p, n)C" and Al’(p, n)Si?’ 


at 8 to 14 MeV 


By Kazuo HISATAKE,** Yoshihide ISHIZAKI,* Akira Isoya,* 


Teruo NAKAMURA,*** Yoshihiro NAKANO,**** Bunsaburo 
SAHEKI,***** Yoshio SagI* and Kazunori YuAsa***** 


Institute for Nuclear Study, University of Tokyo, 
Tanashi-machi, Tokyo 


(Received November 6, 1959) 


The (p, ) reactions for lithium, boron and aluminium targets were 
studied by using two kinds of proton-recoil, fast-neutron spectrometers. 
One is an addition type originated by Calvert, Jaffe and Maslin, the 
other is a type with hydrogen gas radiator. 

The angular distributions of Li%(p, m)Be? neutrons corresponding to 
the ground and the 0.43 MeV excited states doubles at 8.1 to 14.1 MeV 
of proton energies and corresponding to the 4.65 MeV excited state of 
Be? at 14.1 MeV of proton energy were obtained. Using the activation 
method, the excitation curve of this reaction was observed with 15 MeV 
proton beam. 

The angular distributions of neutrons from the reaction B'(p, n)C 
(the ground state) at 8.1 to 14.1 MeV and from the reactions Al?"(p, n)Si2” 
(the ground and the excited states) at 14.1 MeV of proton energy were 
also observed. 

The theory of Austern, Butler and McManus does not agree with the 
obtained results in the case of the reaction B4(p, 7)C1, but agrees with 
that in the reaction Al2%(p, n)Si2’. It was observed that, for the reac- 
tion B'(p, n)C, the isotropic parts of the angular distributions of 
neutrons became larger as the incident proton energies decreased and, 
in the cases of the reactions of Li"(p, n)Be? and B'(p, n)Cl, the angu- 
lar distributions of neutrons showed large variations for the different 


proton energies. 


§1. Introduction 

The experimental data about (pf, ) reac- 
tions are less than those about the other 
reactions because of the technical difficulties 
of neutron detection. Only a few works have 
been carried out to obtain the angular dis- 
tributions of neutrons from (pf, m) reactions. 
On the other hand, Austern, Butler and Mc- 
Manus” introduced an interesting theory with 
regard to the angular distribution of protons 
from (n, p) reactions. Since the (p, ™) reac- 
tion is a reverse process to the above men- 
tioned reaction, their theory can be applicable 
to this reaction. 

Batchelor and Marrison”’ studied the angular 
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** Tokyo Institute of Technology. 
*k Univ. of Kyoto. 
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distribution of the Li’(f, ~)Be’ neutrons at 
2.5 to 2.9MeV with a fast neutron spectro- 
meter. They measured the angular distribu- 
tions of the two neutron groups correspond- 
ing to the ground and the first excited states 
of Be’ respectively. However, observations 
were performed at only four angles of neu- 
tron emission. Recently Krasichov, Linev, 
Ribakov and Sidorov® obtained the angular 
distributions of the neutrons from the Li® 
and Li’(p, ~) reactions at 9.6 MeV by means 
of a time-of-flight method and observed that 
the total cross section of the Li%(p, )Be® 
reaction was only 5% of that of the Li’(p, 7) 
reaction. Kalinin, Oglobin and Petrov* 
obtained the excitation curves of the Li'(p, 
n)Be’ and B"(p, m)C!! reactions by a stack 
foil method at 12.2 MeV. 

Ajzenberg-Selove, Johnson and Rubin® studi- 
ed the neutrons from the B'(p, 2)C!! reaction 
at 7MeV with emulsion. They obtained the 
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neutron energy spectra at four different 
angles. 

Adelson® observed the neutron energy 
spectra from the Al?"(p, m)Si?” reaction at 
three different angles for 31.5MeV of in- 
cident proton energy, with a bubble chamber. 
However, because of the poor resolution each 
level coud not be separated. 

The purpose of the present work is to ob- 
tain the angular distributions of the neutrons 
from the Li’(p, 2)Be’, B"(p, 2)Ct! and Al?"(p, 
n)Si2? reactions for various incident proton 
energies from 8.1 to 14.1MeV. The energy 
dependencies of the angular distributions were 
obtained and the theory of Austern, Butler 
and McManus was compared with our experi- 
mental results. In the case of the angular 
distribution of the Al?"(p, )Si?’ neutrons, the 
experiment was done only at 14.1 MeV. 
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§2. Fast Neutron Spectrometers 


For fast neutron detection, two different 
types of spectrometers were successively us- 
ed. The one is an addition type as shown in 
Fig. 1, which has been originated by J. M. 
Calvert, A. A. Jaffe and E. E. Maslin.” In 
this spectrometer two scintillators are mount- 
ed on the axis of the incident neutron beam 
so that the recoil protons produced in the 
first scintillator, which is an anthracene 
crystal, complete their ranges in the second, 
which is of sodium iodide. The anthracene 
crystal used was a disk of 16mm in diame- 
ter and 2mm inthickness. The arrangement 
of the spectrometer is such that only those 
recoil protons leaving the anthracene crystal 
with a small angle to the direction of incident 
neutrons be accepted by the second crystal. 
The recoil protons getting almost all of the 
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used with the fast neutron spectrometer of addition 
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incident neutrons produce simaltaneous pulses 
at both crystals and these pulses be suitably 
amplified separately and be added with the 
appropriate gain ratio. 

The block diagram shown in Fig. 2 illust- 
rates the electronic functions. The propor- 
tional counter, which is used for triple coin- 
_ cidence connection with two scintillators. 
' serves to identify the recoil protons and to 
eliminate the background caused by the in- 
tense flux of 7-rays and undue neutrons. 
The counter has a field tube of the type des- 
cribed by Jhonson and Trail®) and also has 
separators of thin alminium foil at both sides, 
which isolate the counter from the light origi- 
nating in the scintillators. Since the anthra- 
cene crystal can be as thick as the range of 
the recoil protons from the neutron groups 
being studied, the present spectrometer should 
_have higher efficiency for neutron detection 
than the neutron spectrometers with thin 
radiators, without too much reduction of 
energy resolution. Actually, the efficiency of 
this type for 10MeV neutrons is about six 
times larger than that of the gas radiator 
type as is mentioned next, and the energy 
resolution is 5 to 7 percents. 

In spite of the above mentioned excellence 
_in this type, it needs trial-and-error adjust- 
ment, which takes time, to determine the 
appropriate adding ratio. Moreover, small 
drifts in electronics, mostly in the part of 
_photomultipliers, caused serious loss in energy 
resolution and measurement could not be 
continued for a long time, (for ten minutes 
in some case), without any readjustment. 

Then, most measurements were performed 
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by the following spectrometer of the second 
type except for the aluminium and lithium 
reaction at 14.1 MeV. 

The second type is a kind of the proton 
recoil fast neutron spectrometer with gas 
radiator. The construction was reported by 
one of the authors”. Hydrogen gas is used 
as a radiator, because the largest numbers of 
hydrogen atoms can be contained there for 
the constant stopping power of protons. The 
hydrogen gas of 6kg/cm? in pressure was 
filled in a steel cylinder of 5cm in length 
and of 2cm in diameter with a hemispherical 
cap. 

Three proportional counters, which were 
connected in coincidence with the scintillator 
of sodium iodide crystal, were set between 
the radiator and the scintillator. It was 
found that the use of multiple proportional 
counter was very useful to eliminate the 
background pulses. 

The sodium iodide crystal was mounted at 
some distance apart from the photomultiplier 
to avoid the effect of the non-uniform sensi- 
tivity of the photocathode. The defining 
aperture of the scintillator cavity was either 
16 or 13mm in diameter. The distance 
between the radiator and the scintillator was 
deviced to be variable from 7cm to 10cm. 

The total energy resolution was estimated 
to be about 3%. The obtained value in the 
best condition was of the same order, but in 
many cases this condition was hard to be 
obtained, probably on account of drift of the 
photomultiplier gain. 

The efficiency of this spectrometer was 
estimated to be 1.34x10-° for 10MeV 
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neutrons, where the defining aperture of the 
scintillator cavity was 16mm in diameter and 
the distance between the radiator and the 
scintillator was 82mm. The absorption of 
neutrons in the matters which construct the 
walls of the target chamber and of the 
hydrogen gas container was corrected by as- 
suming that the absorption coefficient obtain- 
ed from the total cross section of neutrons 
in those materials. 


§3. Experimental Arrangements 


The present work has been performed by 
using the 160cm variable energy cyclotron at 
the Institute for Nuclear Study, Univ. of 
Tokyo. 

The arrangement of experimental equip- 
ments is shown in Fig. 3. The proton beam 
is suitably focussed on the target by means 
of the quadrupole magnets and is defined by 
the graphite slit at some distance from the 
target. The target chamber is made of a 
thin walled steel pipe and is protected against 
undue neutrons and y-rays by heavy shields 
of paraffin and concrete blocks. A long pipe, 
2 meters in length, which is isolated electri- 
cally follows the target chamber and has a 
graphite stopper to the beam at the end and 
also has many graphite rings inside it to pro- 
tect the inner surface of the pipe against 
direct bombardment by protons. scattered 
from the target. This long pipe also plays 
the role of the beam current monitor. 

The spectrometer can be rotated around 
the target from 8° to 140° to the beam direc- 
tion with a variable distance from the target. 

As a neutron monitor, a BF; proportional 
counter is placed at the 90° to beam direc- 
tion. In order to increase the efficiency for 
high energy neutrons, its front surface is 
covered with a thick layer of paraffin and a 
cadmium plate. 

The beam current was 0.3 to 1.54 amp., 
and the beam spot on the target is 2 to 8mm 
in width and 15mm in hight. The back- 
ground at the neutron spectrometer was 
negligibly small. 

Several targets were prepared as follows: 
40 microns alminium foil was used for alumi- 
nium target. For lithium target, natural 
lithium metal was thinned down by a roller 
with oil into about 100 microns in thickness 
and after washing by naphta solvent it was 


taken in the target chamber as soon as pos- | 
sible. 
boron powder mixed with lacqer was stretch- 
ed on thin maylor foils. 
of boron 
analysis. 


For the boron experiment, natural 


The exact quantity 


was determined by chemical 


§4. Results 
Li’(p, n)Be’ Reaction 


Firstly, considerable effort was made to 


separate the two neutron groups correspond- 
ing to the ground and the first excited states 

of Be’. | 
not able to be obtained because of the too 

small energy difference (430 KeV) for the re- 
solution of our spectrometer. 
cases, the separated feature of the doublet 
were obviously obtained as shown in Fig. 4. 


However, complete separation was 


But in some 


Ist Be’ gnd 


60 id: 


Li? (p.n) Be” 
Ep = 14.1 MeV 
8 Lap= 30° 


Number of counts 


60 70 


Pulse height (Volts) 
Fig. 4. Neutron energy spectrum of the 


Li7(p, n) Be? reaction at 30° of lab. angle for 
proton energy of 14.1 MeV. 
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Fig. 5. Rough estimation with regard to angular 
distribution of Li”(p, n)Be? neutrons correspond- 
ing to the ground and the first excited states 
of Be? at 9.2 MeV. 
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From those results, the two neutron groups 
of the doublet seem to have comparable in- 
tensity over the whole energy region inves- 
tigated in this work. A rough estimation of 
the relative intensity at 9.2 MeV is shown in 
Fig. 5. 

Fig. 6 shows an example of neutron energy 
spectrum from the Li’(p, )Be’ reaction. The 
background due to neutrons from the parts 
other than the taget seems to be negligible. 
The contributions from the Li®(p, )Be® reac- 
tion may be negligible, because of its low 
natural abundance (7.4%) and yield, which 
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Fig. 6. Energy spectrum of neutrons from the 
Li(p, n)Be’ reaction at 60° of lab. angle for 
proton energy of 14.1 MeV. 
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Fig. 7. Angular distributions of the Li”(p, )Be? 
combined neutron groups corresponding to the 
ground and the first excited states of Be? at 
8.1 to 14.1 MeV of proton energies, 
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has been observed*) to be only 5% of the 
other. 

The angular distributions of the combined 
neutron groups (corresponding to the ground 
and the first excited states) from the reac- 
tion Li’(p, m)Be’ at the various proton ener- 
gies are shown in Fig. 7. It is found that 
the feature of the angular distribution varies 
greatly as the incident proton energy varies. 
However, since two neutron groups were not 
completely separated and they showed dif- 
ferent angular distributions as shown in Fig. 
5, the comparison with the theory has not 
been done. 
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Fig. 8. Angular distribution of neutrons from 
the reaction Li(p, n)Be™* (4.65 MeV _ excited 
state at 14.1 MeV. 


The angular distribution of neutrons cor- 
responding to the second excited state (4.65 
MeV state) of Be’ was also observed at 14.1 
MeV of proton energy as shown in Fig. 8. 

Moreover, the total cross section of the 
Li(p, )Be’ reaction as a function of incident 
proton energy has been investigated. The 
Be? nucleus decays to the ground and the 
0.477 MeV excited states of the Li’ nucleus 
by electron capture with the half life of 53 
days and the branching ratio to the excited 
state is about 10%. In the present experi- 
ment, the 477KeV ;-rays accompanying to 
decay of the excited state was measured to 
obtain the total cross section. 

Firstly, several lithium foils were bombard- 
ed by proton beam of different energies one 
by one. The activity of each foil was 
measured by sodium iodide crystal with 
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dimensions of 1/(diameter)x1’, 1 1/2” 
(diameter) x 1’” and 5’’(diameter) x 4”. On the 
other hand, the stack foil method was also 
used. In this case, the activities were 
measured by a “well type” sodium iodide 
scintillator. 
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Fig. 9. Excitation curves of the Li”(p, n)Be™ re- 
action. Arrows show the levels of the com- 
pound nucleus Be® observed by Kalinin et al. 


The results are shown in Fig. 9. In this 
figure, the results obtained by Kalinin, Oglo- 
bin and Petrov*’, using the stack foil method, 
are also represented by the dashed curve. 
All the absolute values of the total cross sec- 
tions are normalized to the value obtained 
by our single foil method. The values obtain- 
ed by Kalinin et al. are about 50% larger 
than ours. Except for this point, those show 
good agreement with each other and the 
levels of the compound nucleus Be® observed 
by Kalinin. et al. were also confirmed. In 
this figure, some new broad resonances seem- 
ed to be found in the energy region higher 
than that of Kalinin et al. 


B"(p, n)C'! Reaction 


The angular distributions of neutrons from 
the B'(p, 2)C!! reaction at various proton 
energies were studied. Fig. 10 shows an 
energy spectrum of neutrons for the proton 
energy of 14.1 Mev. and Fig. 11 shows the 
angular distributions of the neutrons corres- 
ponding to the ground state of C1! at various 
proton energies. In order to compare with 
the theory introduced by Austern, Butler and 
McManus, analysis of the experimental 
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results was done. 
Their equation is given as: 
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Fig. 10. Neutron energy spectrum of the B'(p, 
m)C"l reaction at 21° of lab. angle for proton 
energy of 14.1 MeV. 
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Fig. 11. Angular distributions of neutrons from 


the B'(p, n)C (ground state) reaction at 8.1 
to 14.1 MeV of proton energies. The dashed 
curves represent the calculations following to 
the theory of Austern, Butler and McManus 
and the dash- and dotted curves represent the 
calculations withfonly 7) term. 
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where, Cini» is Clebsh-Gordan coefficient. In 
the present case, the form becomes as 
follows: 


a(0)o0--{jo"(ER) + 2)4(RR)} 


The isotropic parts of the angular distribu- 
tions were subtracted from the experimental 
values and compare with the theory, as was 
done by Evance and French! in their analy- 
sis of the (d, p) reaction. The results cal- 
culated are represented with the dashed 
curves in Fig. 11. The agreement between 
the experimental results and the calculations 
is not good. If the second term in the cal- 
culation, the 72 term, is neglected, the dash- 
and dotted curves are obtained. It is noticed 
that, the dash- and dotted curves, which con- 
tain only jo term, rather agree with the ex- 
perimental curves. 


AL(p, n)Si?’ Reaction 
The angular distribution of neutrons from 
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Fig. 12. Angular distribution of neutrons from 
the Al(p, n)Si2? (ground state) reaction at 
14.1 MeV of proton energy. The dashed curve 
represents the calculation following to the 
theory of Austern, Butler and McManus. 
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the Al?’(p, 2)Si?? reaction was also investigat- 
ed only at 14.1MeV. Because of the weak- 
ness of neutron intensity, the results contain 
large errors. The angular distribution of 
neutrons corresponding to the ground state of 
Si?” is shown in Fig. 12. The absolute cross 
section of this reaction could not be exactly 
estimated, but it is sure that this cross sec- 
tion is an order of tenth of that of the 
B'(p, n)C!! reaction. 

Applying the equation of Austern, Bulter 
and McManus in this case, the differential 
cross section is represented as follows: 


f one TP 
Be yee asa are 


The dashed curve in this figure shows the 
calculation. The agreement of the experi- 
mental results with the calculated ones are 
very good. 
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Fig. 13. Angular distribution of neutrons from 


the Alp, n)Si2?* reaction at 14.1MeV of 


proton energy. 


Fig. 13 shows the angular distribution of 
neutrons corresponding to the excited states 
(probably the first and the second excited 
states). 


§5. Discussions 

Comparing the obtained results with the 
theory of Austern, Butler and McManus, it 
is found that the angular distributions of 
neutrons from the B'*(p, 2)C' reaction do 
not show very good agreement with the 
theory, but on the other hand, the angular 
distributions of the neutrons of the Al’"(p, 
n)Si2? reaction agree comparatively well. 
While, one of the authors®) has shown that 
disagreement between the experimental 
results and the theory is larger in the case 
of the Be%(p, ”)B® reaction. Although the 
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separation of the two neutron groups is not 
complete, the disagreement in the Li(p, ”)Be’ 
reaction seems to be clear. From these fact 
it may be concluded that the assumption of 
the above mentioned theory cannot be appli- 
cable to such lighter nuclei. 

The angular distributions of neutrons from 
the B'(p, 2)C" reaction show that the irotro- 
pic parts become larger as the incident pro- 
ton energy decreases. It is probably consider- 
ed that in the lower energy region, the for- 
mation of a compound nucleus is more pre- 
ferable than the direct process. 

It is of interest that the angular distribu- 
tions of the neutrons from the Li’(p, 2)Be’ 
and B"(p, n)C!! reactions show large 
variations for the different incident proton 
energies, while that from the Be°(p, )B° 
reaction varies comparativity slowly as the 
proton energy varies as reported by one of 
the authors.” 

The results obtained by the activation 
method, show that the total cross section of 
the Li%(p, m)Be’ reaction has a broad re- 
sonance at 12.4 MeV of proton energy, while 
the angular distribution of neutrons has also 
similar feature at the proton energies near to 
the above, say, 12MeV. Both the results are 
consistent with each other. 

The disagreement of the absolute cross 
section of the Li‘(p, 2)Be’ reaction between 
the results observed by Kalinin et al. and the 
present work can not be explained. The 
error of our results are estimated to be less 
than 20%. It should be noticed that, both 
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the total cross sections of the Li’(p, 2)Be’ 
reaction obtained by Kalinin et al. and us are 
not very exact, since the other processes, 
such that Be’ decays also to He® and Het, 
may compete with the observed process 
especially in the high energy region not be- 
ing measured by the activation method. 
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Protons from the p+d Breakup Reaction at Proton Energies 
of 14 MeV and 10 MeV 
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The energy spectra of the protons from the p+d breakup reaction as 
a function of angle were measured for the incident proton energies of 13.9 
MeV and ;10.1 MeV, using a particle selecting counter telescope consist- 
ing of a three- or five- layer proportional counter for the energy loss 
measurement and of an Nal scintillation counter for the energy measure- 
ment. Each of the observed energy spectra shows a rather steep rise at 
the maximum energy followed by a slight shoulder at large angles at 
the incident proton energy of 14 MeV, while the energy spectra at small 


angles do not show such shoulder. 


For both energies, each of the spectra 


has a maximum in its low energy side. 


Introduction 


§1. 

The breakup of deuterons by nucleons is 
of interest since it represents the simplest 
nuclear reactions and it may give some in- 
formations on the nucleon-nucleon interaction. 

This process has been examined theoreti- 
cally by Bransden and Burhop”, and by Frank 
and Gamme!l?). Recently Heckrotte and Mac- 
Gregor®) evaluated the effect attributed to the 
final state interaction of the two protons for 
the breakup neutron spectrum from the p+d 
reaction, which was neglected in the calcula- 
tions of Frank and Gammel, and explained 
the neutron spectrum from the p+d reaction 
measured by Nakada and co-workers* which 
showed a peak at the upper end of its energy 
spectrum. There were some experimental 
works on the neutron spectrum from the p+d 
reaction»). But experimental informations on 
the protons from the p+d reaction are rather 
scanty”. 

This paper reports the measurements of 
the spectrum of breakup protons when deu- 
terium is bombarded with protons of energies 
of 13.9MeV and 10.1 MeV. 


§2. Experimental Arrangements and Pro- 
cedures 


A. General considerations 
The experimental arrangements were al- 
most the same as those described in detail 


previously®”. 


a Department of Physics, Faculty of Science, 
University of Kyoto 


The external proton beam of the INSJ 160 
cm variable energy cyclotron was brought to 
the scattering chamber of 100cm diameter 
through a pair of magnetic quadrupole lenses, 
a sector type magnetic lens, a pair of colli- 
mating apertures and several antiscattering 
apertures. At the center of the scattering 
chamber, a 15cm diameter gas target chamber 
with a 25 micron thick mylar window, which 
was 1.6cm high and extended to 290° of arc 
was located. On the turntable, a particle 
selecting counter telescope was placed to de- 
tect breakup protons. 

The beam current collected on a Faraday 
cup was integrated by a 100 percent feedback 
type beam current intergrator. And the 
energy of the incident beam was determined 
by the measurement of the proton range in 
aluminium, and was monitored with the signal 
from the proton resonance type magnetic flux 
meter installed in the above mentioned sector 
type focusing magnet. 

The deuterium gas of 99% purity for target 
was obtained by the electrolysis from heavy 
water and by passing through a heated pal- 
ladium tube. 


B. The measurement of the whole energy 
distribution 

For the measurement of the whole energy 
distribution of scattered particles, a three- or 
five- layer proportional counter was used only 
as a counter telescope to remove the back- 
ground counts in the Nal scintillation counter 
due to neutrons and gamma rays, 
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The detector system and the block diagram 
of the counting electronics are shown in Fig. 
1 and Fig. 2. A typical one of the pulse 
height distributions in the Nal counter is 
shown in Fig. 3. 

C. Removal of recoil deuterons 

In some part of the pulse height distribu- 
tions measured as described in B, breakup 
protons were masked by the recoil deuterons 
due to the p—d elastic scattering. To esti- 
mate the breakup proton component in this 
part, the following methods were applied. 
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Fig. 1. Detector system consisting of a five-layer 


proportional counter and an Nal scintillation 
counter. 
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Fig. 2. Block diagram of the counting electronics. 
Dotted line indicates the case of the dividing 
method. 
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i) The three-layer proportional counter 
Because of the mass dependence of the 
energy loss of charged particles in matter, it 
is possible to discriminate charged particles 
by their masses, if their energies and energy 
losses in matter are measured simultaneously 
with a sufficient accuracy. But to measure 
the energy loss, a counter of small stopping 
power is desirable in order that the energy 
measurement may not involve a large correc- 
tion for the energy loss incurred in the energy 
loss measurement. And as shown by Lan- 
dau®), when charged particles traverse a thin 
lamina of matter, the frequency distribution 
of energy loss is a so-called Landau distribu- 
tion with a broad full width and a pronounced 
high energy tail. There are a few attempts 
to obtain an accurate estimate of the mean 
energy loss of heavy charged particles using 
a device which has a small stopping power. 
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Fig. 3. Pulse height distribution 
counter. 


in the Nal 


The methods using a multi-layer proportional 
counter, which were developed by Alikhanov 
et al.®, seem promising. But in our case, 
the smallest pulse selecting method developed 
by Igo and Eisberg’” was used for its sim- 
plicity. This method takes advantage of the 
steep rise of the low energy side of the Lan- 
dau distribution to obtain an accurate estimate 
of the mean energy loss. 

. In this method the particles traverse N 
identical layers of the proportional counter 
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and the smallest of the N output pulses from 
these layers is considered as the mean energy 
loss. 

In earlier stage we used a three-layer pro- 
portional counter for the energy loss measure- 
ment similar to that of Igo and Eisberg with 
gas pressure of 30cmHg. The pulses from 
each layer were amplified by a preamplifier 
and a linear amplifier, and were fed to the 
smallest pulse selecting circuit which selected 
the smallest of the three pulses and passed 
it on. The resolution of this equipment which 
is seen from Fig. 4, was far more excellent 
than a single counter of the same total gas 
thickness, but was not sufficient to separate 
deuterons completely from protons whose 
pulse height in the Nal counter are equal to 
those of deuterons, and the energy spectrum 
of break-up protons covered with the recoil 
deuteron pulses could not be revealed all at 
once by means of anticoincidence with the 
proportional counter pulses corresponding to 
deuterons. 


1000-2 3.9mey Deulerons 
Aco, = 30° 


Ome Sime male 

Pulse Height 

Fig. 4. Distribution of the smallest of the three- 
layer proportional counter pulses, coincident 
with the Nal pulses shown by the shaded area 


in Fig. 3. 


We could not use the proportional counter 
at higher pressure, because it was undesirable 
to give a large disturbance to the pulse height 
distribution in the NaI counter. Then the 
following method was adopted to estimate the 
part of the breakup proton spectrum covered 
with deuteron pulses. 

ii) The dividing method 

The above-mentioned part of pulse height 
distribution in NaI counter was divided into 
several sections. 

The pulses belonging to each section which 
were selected by a single channel pulse height 
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analyzer, gated the 20 channel pulse height 
analyzer which analyzed the output pulses 
from the smallest pulse selecting circuit of 
the three-layer proportional counter. From 
each of the pulse height distribution curves 
thus obtained, the yield of breakup proton 
component belonging to each divided section 
was obtained and the Nal counter pulse height 
distribution of breakup protons covered with 
the recoil deuteron pulses was estimated. 
The circuit diagram is shown in Fig. 2 by 
the dotted line. This method was used at 
the incident proton energy of 14 MeV. 
ili) The anticoincidence method 

In the pulse height distribution of the three- 
layer proportional counter, the Landau tail 
of small amount still remained. By some 
statistical calculations about the method of 
selecting the smallest of the pulses which 
have the Landau’s frequency distribution, the 
usefulness of a five-layer proportional counter 
became clear. Then in later stage, we used 
a five-layer proportional counter which had 
nearly equal thickness with the three-layer 
proportional counter for the energy loss meas- 
urement. Using this counter, we succeeded in 
separating protons almost perfectly from deu- 
terons in the region covered with deuteron 
pulses. The result is shown in Fig. 5. 
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Fig. 5. Distribution of the smallest of the five- 
layer proportional counter pulses, coincident 
with the Nal pulses shown by the shaded area 
in Fig. 3. 


Then we used the anticoincidence method 
to remove the deuteron pulses. The pulse 
height distribution in the Nal counter in 
anticoincidence with the output pulses from 
the smallest pulse selecting circuit, which were 
corresponding to the energy loss pulses of 
deuterons, were measured by the 20 channel 
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pulse height analyzers. The circuit diagram 
in this case was the same as in the case of 
the measurement of the whole energy distri- 
bution except that the 20 channel pulse height 
analyzers were gated by anticoincidence with 
the output pulses of the single channel pulse 
height analyzer instead of coincidence. 

This method was used at angles of 10°, 20°, 
30° and 40° at the proton energy of 10 MeV. 
And it was also used at 30° at the proton 
energy of 14 MeV in order to check the re- 
sults of the dividing method described above. 
iv) The absorber method 

We used at the proton energy of 14 MeV 
also a method of shifting the position of deu- 
teron pulses against proton pulses in the pulse 
height distribution in the NaI counter by in- 
troducing aluminium absorber of 75, 100 4, 
200 #, or 250 u, properly in front of the counter 
telescope. This method was not accurate 
enough to deduce the energy distribution of 
breakup protons because it required a large 
correction to the results for the particle loss 
due to the multiple scattering in the absorber 
foils. But this method was useful in finding 
a general tendency of the shape of the part 
of the breakup proton spectrum, which other- 
wise was covered with the deuteron pulses and 
to check the results of the other procedures. 


$3. Results and Discussion 


After subtracting background counting and 
the elastic proton tail which have been dis- 
cussed in the previous paper, the observed 
pulse height distribution at each angle at both 
incident proton energies was converted to the 
energy spectrum. The pulse height-energy 
conversion curves were completed by means 
of the pulse heights of protons, the energies 
of which were known by the kinematics, such 
as elastically scattered protons and protons 
scattered by a small amount of hydrogen gas 
contained in the target gas. In our detector the 
system, the cut-off energy for protons was 2.46 
MeV and 2.25 MeV in the cases of the three- 
and five- layer proportional counters, respec- 
tively. Then, the energy distribution curves 
were corrected for the particle loss due to the 
multiple scattering in the front window and 
the gas of the proportional counter according 
to the method of Snyder and Scott!®. This 
correction was not large for energies larger 
than 5.5 MeV, but it’exceeded 10% for energies 
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smaller than 5MeV. The energy spectra as 
functions of angle and the angular distribution 
derived in this way are shown in Figs. 6, 7 
and 8, smooth lines being drawn through the 
experimental points. The errors indicated are 
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Fig. 6. Energy spectra of protons from p-td 
breakup reaction at proton energy of 13.9 MeV. 


100 


Protons > 3,5MeV 


e: 13.9 MeV 
°: 10.1 MeV 


Oo (mb/sterad.) 


O 30 


60 


90 
Gian, 


Fig. 7. Angular distributions of protons from 
p+d breakup reaction at proton energies of 
13.9 MeV and 10.1 MeV. 
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due to counting statistics and uncertainties in 
the corrections of particle loss due to the 
multiple scattering. 

The error due to the uncertainty in the 
deuteron subtraction for the parts under the 
recoil deuteron peak was also considered. 
But the greater part of errors was due to 
uncertainties in the corrections of particle 
loss. We have not yet compared the present 
results with the theoretical predictions. The 
characteristics of our results are as follows: 
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Fig. 8. Energy spectra of protons from p-+d 


breakup reaction at proton energy of 10.1 MeV. 


Each of the breakup proton spectra at large 
angles shows a rather steep rise at the maxi- 
mum energy followed by the slight shoulder 
for incident protons of 14MeV, while the 
energy distributions at small angles do not 
show such shoulder. At both energies each 
of the distributions has a maximum in its 
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low energy side. We are preparing now a 
more accurate experiment at the same energy 
region. 
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Measurements of the Polarization in Proton-Helium 


Elastic Scattering 
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The polarization of protons elastically scattered by helium was meas- 
ured by the double scattering method. Incident proton or alpha-particle 
beam was obtained from the INSJ 160cm variable energy cyclotron. 
Three interdependent measurements, in which the polarization product 
was equal to P,P2, P2P3 or P3P,;, were made. The following results 
were obtained: 


P,(6.2 MeV, 130.0°)=0.92+0.11 
P,(11.5 MeV, 61.1°)= —0.45+0.06 
P3(9.1 MeV, 61.1°)=—0.45+0.06 , 


where angles and energies are those in the center-of-mass system. Ex- 
perimental values of the polarization agreed well to the values calculated 
by using phase shifts, which were obtained from the analysis of the 
angular distribution of the scattering cross sections. 


Introduction 


$1. 

Many experiments on the angular distri- 
bution of the elastic scattering of protons by 
helium have been performed and analysed in 
terms of phase shifts’. A few sets of phase 
shifts are found which are consistent with 
the observed differential cross sections. The 
polarization measurement may serve for the 
decision between them, because these sets of 
phase shifts give the different polarizations” . 

The fact that the virtual ground state and 
the first excited state of Li’ form the inverted 
doublet of P32 and P12 was first established 
by the measurement of the polarization made 
by Heusinkveld and Freier®) at the proton 
energy of about 3MeV. In almost the same 
energy region, Scott? has made recently a 
more accurate measurement. Juveland and 
Jentschke» made a measurement at 5.32 MeV. 
The angular distribution of the polarization 
was taken at 10 MeV by Rosen and Brolley®. 


Brockman” reported some results near 15 
MeV. 
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The purpose of the present work is the ex- 
tension of the experimental data of the polari- 
zation between 7 and 15MeV. And it isa 
complement of the measurement of differential 
cross sections, which we have made recently®. 


§2. Experimental Method 


External proton or alpha-particle beam from 
the INSJ 160cm variable energy cyclotron 
was led to the double scattering chamber 
shown in Fig. 1. From the left-right ratio R 
of the scattered intensity in the second scat- 
tering, the polarization product P:P; was calcu- 
lated from the following relation: 
R-1 
R+1 ’ a) 
where P; and P; are the polarizations pro- 
duced in the unpolarized beam scattering at 
energies and angles Ei, @:, and Ej, 0;, in the 
center of mass system, respectively. The 
sign convention for the polarization was that 
the positive direction is that of KineXkse, 
where kine and kse are the incident and scat- 
tered wave vectors, respectively. 

We made three interdependent measure- 
ments in which the polarization product P:P; 
was equal to P:iP2, P2P3, or PsP:, as has been 
done by Scott). The results of these meas- 
urements can be analysed in terms of three 
equations in three unknowns. The absolute 


Pi( Ei, 0) P(E, 05) = 
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Fig. 1. Double scattering chamber. 


Front beam collimating slit is not shown. 


cup 
The distance 


between front and rear beam collimating slits was 121 cm. 


Table I. Experimental conditions. 
Scatterin Distance bet i 
T g ista etween Particles and 
AES! angle scattering centers Detector their energy*** 
H, 5 atom. or 25), Ome LG as Alpieipartcles x 
= past Polyethylene CsK(T1 30.7+0.3 MeV 
foil 8.35mg/cem? 25.0°+1.0° OR, Bo ie 
° ° RCA 6342 
Po** H : 50.0°+10.5 Protons 
2 eadeatos set tl 14.4+0.2 MeV 
Po* 28 : 0° 7° Protons 
2 He atm HOP sk Ase act ny 14.4+0.1 MeV 
P3** He 2.8 atm. 50.0°+10.5° RCA 6342 Protons 
— 8.1° 11.4+0.1 MeV 
* ° ° Ilford Protons 
Ps He 4.9 atm. KO.UPae 2st Saactaa CD 11.4+0.1 MeV 
Py*| He 4.9 atm. 117.0°-+10.8° Se Protons 
aod eS a 7.9+0.2 MeV 


* Polarization produced in the first scattering, when the unpolarized beam is used. 


value of the individual polarization may then 
be calculated from the following relations: 


|P:|=(|Pi Pe] -|PsP1l/|P2Ps|)!/? , 

|P2|=(|PiP2|-|P2Ps|/|PsP1l)!”? , | (2) 
| Ps| =(|P2Ps|+|PsP1l/|P1P2|)'”? . 

Two sets of signs of the individual polariza- 

tion are available from Eq. (1) and Eq. (2). 

But, if the sign of a polarization is known, 


Polarization produced in the second scattering, when the unpolarized beam is used. 
Energy in the laboratory system at the scattering center. 


then the signs of another two polarizations 
can be determined from Eq. (1). 


§ 3. Procedures 


Our variable energy cyclotron is available 
for the beams of 7.5~15MeV protons and 
30~42 MeV alpha-particles. Using both of 
alpha-hydrogen and proton-helium scattering, 
we selected the energies and angles, in the 
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center of mass system, of three polarizations, 
which are P,:(6.2 MeV, 130.0°), P2(11.5 MeV, 
61.1°) and P:(99.1 MeVe6l.17). Ties experi 
mental conditions in the laboratory system 
are summarized in Table I. 

The second scattering chamber is an ana- 
lyzer of the polarization produced in the first 


scattering. Its details are shown in Fig. 2. 
=) 
Interchamber 
collimator 


Collimation vane’ 


Al foil } 
A 
y 


aes \7 
Aft 


CsI (TI) 


Ni foll 


wl / Photomultiplier 
y) 
LV py 


Fig. 2. Analyzer. 


Collimation vanes set at an angle of 50° or 
117° defined the scattering angle, the target 
thickness and the solid angle. The scintilla- 
tion crystals were thallium-activated cesium 
iodide of 2cmx10cm and 0.15 cm thick, which 
was composed of four sheets in arow. Such 
a geometry increased the counting rate, as 
pointed out by Sorokin and Taranov, and by 
Brockman”. However, it resulted in a poor 
resolution of the pulse height spectrum, about 
50 percent. Before setting up the analyzer, 
we investigated the character of the detectors 
by moving the collimated polonium alpha 
source along the surface of scintillation crys- 
tals. We found that the main cause of the 
poor resolution is the difference in pulse 
heights, which originate from the scintilla- 
tions produced at different positions in the 
crystal. 

The gas pressure of the order of 5 atmo- 
spheres was sustained by Lucite plates, which 
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were 
tubes. 
away the hydrogenous substances from the 
scintillation crystals in order to reduce the 
background produced by neutrons. In spite 
of such a consideration and shieldings at the 
outside of the chamber, the background due 


in contact with the photomultiplier | 
The special regard was paid to keep — 


to gamma rays and neutrons was too much | 


to separate the lower side of the pulse height 
spectrum of scattered protons from the rise 


of background pulses, in the early stage of — 


the experiment. Then, we searched the 
sources of background radiations. They were 
1-mil nickel foils traversed by the incident 
beam, which were placed at the entrance and 
the exit of the first scattering chamber. By 
lengthening the interchamber pipe and insert- 
ing shielding blocks in the inside of the 
chamber, the improvement was _ achieved. 
More improvement was resulted, when we 
removed the exit nickel foil and filled the 
pipe after the first chamber with gas. The 
incident beam lost almost of its energy in 
the gas before hitting an another foil. In the 
case of alpha-hydrogen scattering, the poly- 
ethylene foil was used successfully as the 
target in the first chamber. 

Examples of the pulse height spectrum are 
shown in Figs. 3 and 4. Fig. 3 shows the 
pulse height spectrum of protons, which 
entered the second chamber from the first 
chamber. It was detected by a CsI(T1) scintil- 


Pi Pe 
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Counts 


- SS 
Oo 4 .8 l2 16 


20 
Pulse height (Volts) 


24 28 


Fig. 3. Pulse height spectrum of recoil protons 
in the measurement of P,P, which entered the 
second chamber from the first chamber. 
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lator, after passing through the’second cham- 
ber. Its full width at half maximum was 5 
percent. Fig. 4 shows the pulse height spec- 
trum of doubly scattered protons. The back- 
ground spectrum is also shown. The back- 
ground spectrum was taken by evacuating 
the second chamber or covering scintillation 
crystals with shutters thick enough to stop 
scattered protons. 


ae 


RR 
Target : He 
“Over” run, 
Left counter 


200 


Counts 


f@) 4 8 l2 16 
Pulse height (Volts) 


Fig. 4. Pulse height spectrum of doubly scat- 
tered protons in the measurement of P,P. 
Pulse height spectrum of background is also 
shown. 


In the measurement of P;P:, we tried at 
first to detect doubly scattered protons with 
thinner CsI(Tl) crystals, 0.03 cm thick, to 
suppress the background. But we could not 
separate the proton spectrum from the back- 
ground. Then, we used Ilford C-2 100 micron 
plates of 1 inchx3 inch, which were placed 
immediately after the collimation vanes with 
a glancing angle of 20°. Two plates were 
used one upon another on each side. The 
under plates recorded only the tracks of 
protons knocked out by background neutrons. 

The scanned area was 3.8cmx1.5cm of 
each plate. The criteria adopted were that 
the track must (a) enter the surface of the 
emulsion, (b) have an azimuthal angle within 
the limit defined by collimation vanes and (c) 
not dip into the unshrunk emulsion at an 
angle greater than 31°. Especially, the care 
was taken about the direction of the particle, 
the change of ionization density along the 
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track. The background plates were scanned 
with the same criteria. Fig. 5 shows an ex- 
ample of the range spectrum on an upper 
plate. The range of the peak corresponds 
well to the mean energy of doubly scattered 
protons and the width is explained by the 
energy variation due to the spread of the 
scattering angle. 


30 
20 
0) 
= 
6) 
S 
= 
a 
— 
° 
o 
Ske 
'S 
=) 
Zz 
50 60 70 80 90 100 ie 120 |30 
paehidbe erect > 
Projected range (Microns) 
Fig. 5. Projected range spectrum of the tracks 


in an upper plate in the measurement of P3P,. 


Though the geometry in the second cham- 
ber including the interchamber collimator was 
set with great care, misalignment might be 
still remained. Moreover, the right and left 
detector systems were not strictly equal. All 
these caused the asymmetry due to instru- 
mentation. We repeated all runs with the 
second chamber rotated through 180° about 
its own axis and averaged the results of the 
up and over runs to cancel the above-men- 
tioned asymmetry. 


§ 4. Results and Discussions 


The results of the polarization products are 
indicated in Table II. The left-right ratios 
are also shown. The estimated errors are 
due to the counting statistics and the back- 
ground subtraction. Corrections described in 
the following have already been applied to 
the left-right ratios. 
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Table II. Left-right ratios and polarization 
products. 
Polarization 
R Average R product 
_ P,P, UP 2-14+0.20 9 4940.18 0.4140.03 
over 2.70+0.22 
P,P, UP 1-7440.25 1 514014 0.2040.04 
over 1.31+0.17 
P,P, UP 9.4240.06 9 4940.05 —0.41+0.04 


over 0.42+0.06 


The scattering cross section in the first 
scattering falls off with increasing angle. 
This causes the nonuniform illumination of 
helium in the second scattering by protons 
from the first chamber. The correction for 
the left-right ratio due to this effect was 
calculated. The results were 0.7 percent in 
the case of P:P:; and 0.2 percent, negligible, 
in the other two cases. 

Further, we must consider the fact that the 
scattering cross section and the polarization 
change with angle, because the spread of the 
scattering angle in the second scattering was 
large. The measured left or right intensity 
was proportional to the quantity 


[oO xP.PO}GO) dO, 


where G(Q) is the geometrical factor deter- 
mined from the geometry of collimation vanes. 
We calculated the correction for the left-right 
ratio, in order to normalize to the value ob- 
tained if P;(@) is constant and equals to the 
one for the mean scattering angle. The values 
of cross sections and polarizations in the 
necessary angular range were estimated from 
phase shifts obtained so far®)»®. Fig. 6 shows 
the calculated angular distribution of the 
polarization. Above 10MeV, the values of 
phase shifts have not yet been determined 
completely, especially being obscure about D- 
wave phase shifts. Then, we used only S- 
and P-wave phase shifts above 10 MeV. Cor- 
rections amounted to 3.9 percent in the meas- 
urement of P;P:, 0.5 percent in that of P:P; 
and negligible, the order of magnitude of 0.1 
percent, in that of P2P3. 

Using the values of the polarization products 
shown in Table II, the individual polarizations 
were calculated. The results are: 


Pi(6.2 MeV, 130.0°)=0.92+0.11 
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P,(11.5 MeV, 61.0°)=—0.45£0.06 
P;(9.1 MeV, 61.1°)=—0.45+0.06 , 


where angles and energies are those in the 
center of mass system. In Fig. 6, these ex- 
perimental values in the laboratory system 
are also shown. The agreement with the 
calculated values is satisfactory. Both of dif- 
ferential cross sections and polarizations were 
fitted, even up to 15 MeV, with phase shifts 
which imply the inverted doublet for the 
ground and first excited state of Li’. 
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Fig. 6. Calculated angular distribution of the 
polarization. Angles and energies are those in 
the laboratory system. Phase shifts used in 
the calculation are: 


(a) do=—59°26’ , dy~=52°32’,,  dy+=111°30',, 
Og—= — 2°38’ , O2*=-17', 

(dD) 0o= = 78°42 F015 —49 54 O92 ae 

(c) do=—70° 0’, O1-=52°48’ , 6y*=102°187. 


The values of the polarization calculated 
by Brockman”, and by Gammel and Thaler! 
agree with the results of the present work 
within the experimental error. Those calcu- 
lated by Lasinio and Monetti!”, and by Brad- 
ner and Isbell’? differ slightly from the pre- 
sent experimental values. 
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Elastic and Inelastic Scattering of Protons from N, 
Ne, Mg, Si, S and A in the Energy Range 
from 7.6 MeV to 14.2 MeV 
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Ken Kixucui****, Shinsaku KoBAYASHI*****, 
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The angular distributions of protons scattered elastically and inelasti- 
cally by N, Ne, Mg, Si, S and A nuclei have been studied at several 
values of proton energy from 7.6 to 14.2MeV. The distribution shapes 
for elastic scattering show generally diffraction patterns at Hy» >10 MeV. 
While the yields of inelastic scattering corresponding to the second 
excited state of N!4 are appreciable at higher energies, the yields for 
the first excited state with T=1 are markedly low. The inelastic scat- 
terings for the first excited states of Ne?0, Mg4 and Si® are found to 
change their distribution shapes appreciably with proton energy. The 
excitation functions of the reaction for Si28 were also studied. The 
results show prominent resonance features. These results seem to sup- 
port that the formation of compound nucleus plays an appreciable role 
in the inelastic scattering from these light nuclei, especially at the 
lower energy. The distribution shapes of the inelastic scattering from 
S82 are fairly insensitive to energy change. Further, the inelastic scat- 
tering of protons from A*? shows quite a different feature from those 


mentioned above. 


The angular distribution shapes and their energy 


dependences resemble much those obtained for medium weight even-even 


nuclei. 


§1. Introduction 


In this paper the experimental studies for 
the scattering of medium energy protons 
from light nuclei are described. Protons of 
energies from 7.6 MeV to 14.2 MeV were pro- 
duced by the I.N.S. (Tokyo) Cyclotron. The 
target elements studied were nitrogen, neon, 
magnesium, silicon, sulphur and argon. 

Some of the present authors (Osaka group) 
studied the scatterings of protons by these 
nuclei in the lower energy region near 5 


* Department of Physics, Osaka University, 
Osaka. Now at Physics Department, Tokyo Insti- 
tute of Technology, Meguro-ku, Tokyo. 

** Department of Physics, Osaka University, 

Osaka. 

*«* Department of Physics, Kyushu University, 
Fukuoka. 

*eK ~~ Institute for Nuclear Study, Tokyo. 
at Minnesota University. 
week Institute for Nuclear Study, Tokyo. 
wee Department of Physics, Yokohama National 
University, Yokohama. 


Now 


MeV”-*. They found many resonance fea- 
tures in the inelastic scattering for these 
nuclei and also some rapid changes with 
energy in the elastic scattering angular dis- 
tributions. It was also shown that both the 
angular distribution shapes and the absolute 
values of the cross sections are able to be 
interpreted on the basis of the compound 
nucleus theory?)-*. 

Some of the present authors (I.N.S. group) 
studied the scatterings of protons by medium 
weight even-even nuclei; Ti, Cr, Fe and Ni*, 
at 14.1MeV. They found for all these nuclei 
the elastic scattering angular distributions 
of diffraction pattern type and the inelastic 
scattering angular distributions expected from 
the direct process theory. These features 
have been confirmed recently in another ex- 
periment carried out by all of the present 
authors’. Thus it was the purpose of the 
present work to find what kind of feature is 
observed for the elestic and inelastic scat- 
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tering of protons by light nuclei in the same 
energy region. For this purpose a study of 
the angular distributions for nuclei mentioned 
above was carried out by changing the ener- 


gies of incident protons from 7.6 MeV to 14.2 
MeV. 


§2. Apparatus 


The energy of the proton beam was varied 
by adjusting the cyclotron and the focusing 
magnet. Details of the apparatus, especially 
of scattering chamber, beam collector, scintil- 
lation detectors and electronics were nearly 
the same as that described in the previous 
papers®’.® and are not repeated here. 

Gas targets were employed for nitrogen, 
neon, sulphur (H2S) and argon. They were 
filled in a gas container which was made 
from a brass cylinder of 90mm in diameter 
and had a window of wide angular opening 
covered with aluminium foil of 20 in thick- 
ness. The magnesium target of 2.0 mg/cm? 
in thickness was prepared by evapolation. A 
thin fused silica foil of 1.62 mg/cm? was used 
for silicon experiment. In the cases of gas 
target, a pair of slits of rectangular shape 
was placed just before the detector on the 
turn table. They define the effective thick- 
ness of the targets in an usual manner. 


§3. Experimental Procedures 


The energies of the proton beam were 
measured by the absorption method described 
in our previous paper®). The accuracy seems 
to be about 1.0% in absolute value*. On the 
other hand, the energy spread of the incident 
beam would be about of same order. 

As the first excited states of nuclei of the 
most abundant isotopes of our target element 
are situated fairly apart from the ground 
states, the inelastic scattering groups corre- 
sponding to these excited states are well dis- 
tinguished in the pulse height spectrum. Some 
typical examples are shown in Figs. l(a) to 
1(h) for various conditions. As is seen in 
these figures, the proton groups corresponding 
to the higher excited states were also ob- 
served simultaneously. 

The cyclotron was operated as continuously 


“03 In the case of H,S, the energies of the proton 
beam were not measured, but were determined by 
the cyclotron parameters. Therefore the accuracy 
seems to be a little worse in absolute value. 
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as possible for some ten hours a run. A 
series of sets of measurements for the angular 
distributions were performed for six targets 
mentioned already at several values of proton 
energy. The absolute values of these incident 
energies were measured in every case. The 
scattering angles studied ranged from 20° to 
165° in laboratory system with a step of 5° 
OGieom 

Excitation functions for the reaction Si?°(p, 
p’)si?®* (Q=—1.78MeV) at the laboratory 
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Fig. 1(a)(b). Proton spectra from N#4(p, p’)N14*. 
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Fig. 1(c)(d). Proton spectra from Ne(p, p’)Ne*. 
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angles of 45° and 90° were observed with 50 
keV step in the ranges from 8.30 MeV to 9.25 
MeV and from 11.4 MeV to 12.1 MeV respec- 
tively. 

The accuracies of the differential cross sec- 
tions obtained in these measurements would 
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Fig. 1(h). Proton spectrum from A(p, p’)A*. 

be about 5% in relative values except at 
small angles. The accuracy of the absolute 
value may be good for the gas targets (within 
5%) except at the lowest proton energies, 
and not so good for the foils targets (within 


20%). 


§ 4. Results 


The results for the angular distributions 
of the elastic scattering from the nuclei above 
mentioned except silicon are shown in Fig. 2 
to Fig. 6. Owing to the presence of oxygen 
in the SiO, target, the angular distributions 
of the elastic scattering from silicon are not 
included here. 

It is recognized that at higher proton ener- 
gies the angular distributions show diffraction 
patterns as in the cases of medium weight 
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Fig. 2. Angular distributions of elastic scattering 
on Nitrogen. 
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elements®. At lower energies, however, the 
diffraction features are not so evident. 

The results for the angular distributions of 
the inelastic scattering corresponding to the 
first and second excited states of N"* and of 
that corresponding to the first excited states 
of Ne®?, Mg*4, Si28, S?2 and A‘ are shown in 
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Fig. 7 to Fig. 13. In Fig. 14 the total cross 
sections of these reactions are plotted against 
the incident energy. Some results given in 
the published articles which will be cited later 
are also included in Fig. 14 for comparison. 
While the proton group of the reaction 
N'*(p, pN'“* with Q=—2.31 MeV was ob- 
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served in the whole region of proton energies 
it was hard to detect the group of the reac- 
tion with Q@=—3.95 MeV in the lower energy 
region due to the large gamma-ray back- 
ground. In the region of the higher proton 
energies, however, the intensity of the 2.31 
MeV group became very weak. These fea- 
tures are shown partly in Fig. l(a) and (b). 
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As is seen in Fig. 9, the angular distribu- 
tions of the reaction Ne?(p, p’)Ne* (Q= 
—1.63 MeV) change their shapes remarkably 
with the energy of incident protonst. The 

+ Further investigations for the elastic and the 
inelastic scattering from Ne and Mg together with 
those from C and O have been done recently by 


some of us. The results will be published in the 
near future. 
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result at E»=9.5 MeV resembles that by Fre- 
emantle et al.” except the features in back- 
ward scattering. 

Our results for the inelastic scatterings to 
the first excited state of Mg*t are shown in 
Fig. 10t. Distribution shapes are somewhat 
different from those obtained previously by 
other authors®-! but the absolute values 
seem to be consistent with them. 
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Fig. 9. Angular distributions of inelastic scatter- 
ing (1st excited state) on Neon. 


As is seen in Fig. 11, the angular distribu- 
tions of the reaction Si®(p, p)Si?® (Q=—1.78 
MeV) change also rapidly with proton energy. 
This feature was pointed out previously by 
Greenless et al.!? in the energy region from 
7.97 to 9.45MeV. The variations found in 
our results are, however, more prominent 
than that in their work. Further, our result 
of the angular distribution at 7.64 MeV does 
not resemble those obtained by them at nei- 
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bouring energies. As the energy equivalence 40 

of our target thickness is about 80 keV in this 

energy region, some energy dependent features simtp.p) Sir" 

appeared if they are existent. rae st 
Similar disagreements with the published . ‘E5-8-78MeV 

data are found in the high energy region / 74> (Ep=ll.OMeV 

investigated in this work. Conzett studied -\ be ge ee 

the angular distribution of the present reac- 30 ip 


tion at 12MeV"». His result, however, re- 
sembles neither of our results at 11.3 nor at 
14.2 MeV. The changes of the angular distri- 
bution with energy are thus expected. 
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Fig. 10. Angular distributions of inelastic scatter- 
ing (lst excited state) on Magnesium. 
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Fig. 12. It is worth while to note that the 
absolute values of the differential cross sec- 
tions for the P-P scatterings due to hydrogen 
contained in the gas target are found to agree 
well with the experimental values published 
in literature. Fig. 1(g) show the relative 
intensities of this group and other group due 
to the scattering from sulphur. The angular 
distributions change their shapes with proton 
energies. It must be further pointed out in | 
Fig. 14 that the reaction cross sections seem 
to be smaller than those obtained for the ast yg age ee 
lighter nuclei at nearly the same energies. Bean 

The results for the reaction A‘(p, p’)A** Fig. 12. Angular distributions of inelastic scatter- 
(Q=—1.46 MeV) are shown in Fig. 13. The ing (1st excited state) on Sulpher. 
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feature mentioned above in the case of sul- 
phur concerning the absolute values of the 
reaction cross sections seems to be more 
evidently in this case. And the variation of 
the angular distributions seems to be mode- 
rate compared with the case of the lighter 
nuclei. Similar distribution shapes and cross 
section values were obtained previously by 
Eisberg and Hintz!?) at the proton energies 
of 8.5, 9.0 and 9.8 MeV. 
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Fig. 13. Angular distributions of inelastic scatter- 
ing (1st excited state) on Argon. 


Although the distribution shape studied by 
Freemantle et al.”) at 9.51 MeV is somewhat 
different from that obtained by the present 
authors at 9.36 MeV and from that by Eisberg 
and Hintz at 9.8 MeV, the differences among 
them are confined to the region of small 
scattering angles. The study of this reaction 
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at the lower energy of 5.5MeV made by 
Osaka Group*® revealed further an angular 
distribution which is similar to those obtained 
in this experiment at 7.77 and 9.36 MeV. 
From these data we may conclude that the 
inelastic scatterings of protons A‘°(p, p’)A*™* 
(Q=—1.46 MeV) have smaller cross sections 
than those for the first excited states of the 
lighter even-even nuclei, and the change of 
the distribution shapes with proton energy is 
less remarkable. 

In order to confirm the rapid changes of 
the inelastic scattering with proton energies 
found in the case of Ne?®, Mg*t and Si’*, we 
studied the excitation function of the reaction 
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Fig. 15. Excitation curve of inelastic scattering (lst excited state) on Silicon. 
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Si°(p, p’)Si®®* (Q=—1.78 MeV) at the labora- 
tory scattering angles of 45° and 90° in the 
regions of energies from 8.3 to 9.25 MeV and 
from 11.4 to 12.1MeV with an energy step 
of 50keV. The results are shown in Fig. 15. 
As can be seen evidently from these curves, 
the energy dependence of the reaction is 
remarkable at the lower energy region but 
fairly smooth at the higher energy region. 
We found a prominent anomaly at 8.78 MeV 
with a half width of about 100keV. The 
differential cross sections o(45°) and o(90°) at 
12.0 MeV are found to be consistent with that 
obtained by Conzett!. 


§5. Discussion 


A. Elastic scattering 

Generally speaking, the angular distribu- 
tions of elastic scattering shown in Fig. 2 to 
Fig. 6 show the so-called diffraction patterns 
especially in the higher energy region. The 
distribution shape for argon at 14.1 MeV re- 
sembles well that for titanium at the same 
energy in our previous paper®, which reports 
the results for medium weight nuclei. How- 
ever, the variations of differential cross sec- 
tions of neon with energy near 10.6 MeV 
make one expect the probable existence of 
an anomaly. Inthe lower energy region, the 
angular distribution shapes obtained in this 
work do not show so marked diffraction pat- 
tern as in the higher energy region. Also, 
we cannot find such a simple proportionality 
of the angle of the first scattering minimum 
Omin to A-'/? as has been seen in the case of 
medium weight nuclei above 10 MeV®. 


B. Inelastic scattering 

The angular distributions of inelastic scat- 
tering studied in this work show variant fea- 
tures depending probably on the natures of 
the target nuclei. 

N'4(p, p))N4*, Q=—2.31 and —3.95 MeV 

Bair et al.!» observed the resonance in- 
elastic scattering to the first excited state of 
nitrogen (Q=—2.31 MeV) in the energy range 
of En<5 MeV, but the Osaka group'® did not 
observe the yield of this reaction at E»=5.6 
MeV. Bockelman et al.!” found that the yield 
of this process is 5% of that for the elastic 
scattering and is about one half of that for 
the inelastic scattering to the second excited 
state (Q=—3.95MeV) at E,=6.98 MeV, Mab 
=90°. This fact was discussed by them in 
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comparison with the inelastic scattering of 
deuterons, where the yield to the first excited 
state is less than 0.5% of that to the elastic 
scattering at the same incident energy and 
at the same angle (isotopic spin selection 
rule). Freemantle et al.”) showed, however, 
that the yield for the first excited state was 
less than 1/6 of that for the second excited 
state at Ep=9.51MeV. They also showed 
that the angular distribution of the inelastic 
scattering to the second state was nearly 
symmetric about 90°. 


Table I. The total cross sections of the 
inelastic scattering from nitrogen (mb). 


=O Mev) 
ea —2,31 ~3.95 
Ey (MeV) St 
eile 24.0 = 
8.52 8.0 = 
10.5 OE 57.8 
14.1 3.4 22.9 


Our results are shown in Table I, which 
confirm the fact that the yields to the first 
excited state are very small over the wide 
range of the incident energy, in comparison 
with those to the higher excited states and 
with those to the first excited states of the 
other even-even nuclei studied in this work. 
The small yield of this reaction lead us to 
some consideration about the reaction mecha- 
nism. Owing to the odd-odd charactor of 
this nucleus, the (p, nm) channel opens at the 
lower energy (Q=—5.93 MeV) than the neigh- 
bouring even-even nuclei. So we are likely 
to attribute the small yields to” this charactor 
of the target nucleus. As shown in Fig. 1, 
however, the yields of some groups to the 
higher excited states are not so small. If 
the direct process is assumed, for the reaction, 
this fact might be caused by the difference 
between the natures of the ground state and 
of the first excited state or by the reason 
which was suggested by Levinson and Bar- 
nergee®). Sano, suggested us that the non- 
flipping nature of the spin angular momentum 
may lead to such a forbidden transition. 

Inelastic Scattering from even-even Nuclei. 

The spins and parities of the ground states 
of nuclei, Ne2*, Mg’, Si?*, S** and A*® are all 
0(+), and those of the first excited states of 
these nuclei which are relevant to the present 
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results are all 2(+)!”. Our results for the 
angular distributions of protons in the 0(+)— 
2(+) transitions which have been obtained 
for the medium weight nuclei in the same 
energy region have revealed the distribution 
patterns expected by the direct process 
theory®-”. As is shown in the following, 
the present results for above light even-even 
nuclei show variant features characteristic to 
each nucleus. 

Ne?°( p, p’)Ne2**, Q=—1.63 MeV 

Butler showed that the angular distribution 
of this reaction obtained by Freemantle et al. 
at 9.51 MeV” can be reproduced by the direct 
process theory employing the Born approxi- 
mation”. At lower energies, Osaka group 
obtained very similar distribution patterns 
accompanying with resonance phenomena” -?). 
Our present results of this reactions show 
the marked energy dependency of the distri- 
bution shapes. The distribution shapes ob- 
tained at 7.75 and 10.6MeV are quite dif- 
ferent from that at 9.41 MeV which is similar 
to the result by Freemantle et al. This fea- 
ture can not be understood easily on the basis 
of the simple direct theory, because the re- 
sults of this theory are usually expected not 
to be so sensitive to the energy change. 

Thus the reaction in this energy region 
seems to proceed appreciably through an 
energy dependent process such as compound 
nucleus formation. As is seen in Fig. 14, 
the large total cross section of 330 mb at 7.75 
MeV makes one expect an anomaly near this 
energy, because Osaka group have obtained 
that the total cross section at 5.25 MeV reso- 
nance is 320mb and ‘the off-resonance cross 
section at 5.50 MeV is 150 mb”. 

Contrary to the low values of the cross 
sections found in the case of N'*(p, p’)N*4*, 
the total cross sections obtained for neon are 
generally quite large. The magnitudes are 
of the same order as those of the total cross 
sections of the reaction C!2( p, p’)C2*(Q=—4.43 
MeV) studied by Conzett! and Peelle2!), 
which are 246 to 200mb in the region of 
Fp—12.0' to lb Mev: 

It is seen in Fig. 14 that the total cross 
section of this reaction decreases gradually 
with increasing proton energy near 13~14 
MeV, and reduces to 156 mb at E»>=14 MeV. 
This reduction of the total cross section is 
related, however, to the increase of the yields 
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of other reactions corresponding to the higher 
excited states of the target nucleus. 

As shown in Fig. 1(d) for Ep=14.2 MeV, 
those groups of the inelastically scattered 
protons which leave the nuclei in the higher 
excited states are well observed. We could 
study unambiguously the angular distributions 
of the groups corresponding up to the fourth 
excited statet. The total cross sections thus 
obtained are 49.9 mb, 20.6 mb and 62.0 mb for 
the second (Q=—4.25 MeV), third (Q=—5.2 
MeV), and fourth (Q=—6.0MeV) excited 
states of Ne? respectively. Therefore the 
total reaction cross section is greater than at 
least 290mb, which is about two times that 
for the first excited state. It is worthwhile 
to note that this total reaction cross section 
amounts to more than 60% of the nuclear 
geometrical cross section zR?=470mb with 
R=1.42 x 10-#2A'/3 cm. 

Mg*4(p, D’)Mg**, Q=—1.38 MeV 

This reaction has been studied already by 
many authors in the same energy region as 
that of the present work®.!. Although the 
angular distribution shapes obtained by these 
authers change rather remarkably with proton 
energy, one can point out the typical distri- 
bution shapes which are most frequently 
found among them. This typical shape is of 
the type of the ones which are shown by 
Greenless and Souch at E,=9.62 MeV, by 
Fischer at 9.94 MeV, and by present authors 
at 13.9 MeV. 


The magnitudes of the total cross sections 
of this reaction seem to be of the same order 
as those of the reaction to the first excited 
state of Ne?°. 


As shown in Fig. l(e), proton groups cor- 
responding up to the eighth excited states of 
Mg™ reported in the literature!” are observed 
well at Ey=14.1MeV. The total reaction 
cross section estimated from these yields is 
more than 42 mb/sterad. at @ja»=90°, about 
four times that for the first excited state re- 
action. Thus it is expected that the total 
reaction cross section would amount to an 


order of zR?, if the yield at @j,4,—90° roughly 


+ The results which were obtained in the pre- 
sent experiments for the angular distributions of 
the inelastically scattered protons exciting the 
higher states of Ne2° and other nuclei will be re- 
ported elsewhere. 
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represents the average differential cross sec- 
tion. 

Si*(p, p’)Si?**, Q=—1.78 MeV 

In the energy region of the present work, 
this reaction were studied by Greenlees et 
at.” at five values of energy from 7.97 to 
9.45MeV and also by Conzett at 12.0 MeV. 
The angular distributions obtained in the pre- 
sent work are different from each other and 
none of them has similarity with the results 
obtained by above authors. This fact shows 
that the angular distributions of the present 
reaction change remarkably with the energy. 
The excitation functions obtained at @j,,—45° 
and 90° which are shown in Fig. 15(a) reveal 
this feature apparently. Here, it must be 
noted that the anomaly found at E,»=8.78 MeV 
in Fig. 15(a) is also realized in the figure of 
the angular distribution reported by Greenless 
et al. as the variation of o(@¢m.245°) with 
energy. Thus, as for the present reaction, 
in this energy region at least, the results 
obtained seem to support that the formation 
on the compound nucleus contributes effec- 
tively to the reaction. 

During the course of writing the present 
paper, some of the present authors have 
studied the angular distributions at the ano- 
maly point of 8.78 MeV and have obtained 
the distribution shape which is similar to that 
obtained by Greenless et al. at 8.96 MeV up 
to the backward scattering angle of 130°. 
The total cross section at this value of energy 
is 270mb. These are included in Figs. 11 
and 14. 

The total cross section at 7.64MeV is 316 
mb and is larger than those at neibouring 
energies which are about 230 mb at 7.97 MeV, 
and about 210 mb at 8.55 MeV estimated from 
the data by Greenless et al. Existence of an 
anomaly is expected near this value of energy, 
say, 7.64 MeV. 

As is seen in Fig. 1(f), proton groups cor- 
responding to the higher excited state of Si’* 
reported in the literature’? are observed well 
at E»=14.2MeV. Among these groups, pro- 
tons which arise from the reaction O'(), 
p/)O'"*(Q=—6.06, —6.14, —6.91 and —7.12 
MeV) are surely contained. Yet, the net 
yield for the total reactions by Si** is several 
times that for the first excited state of Si**. 
The total reaction cross section would there- 
fore amount to the order of zk’. 
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S*(p, p)S**, Q=—2.14 MeV. 

As has been described in § 4, the results 
obtained for this reaction in the present work 
reveal that the scattering features change 
itself gradually from this target nucleus to the 
heavier nuclei A‘® and Ti. Namely the dis- 
tribution shape in the lower energy region is 
rather flat and is almost symmetric about 
Acm.=90°. The shape seems also to change 
remarkably with energy up to 11 MeV, say. 
Above this energy, the change of the shape 
with energy would become smooth. Then at 
14 MeV, the distribution shapes take the typi- 
cal form which is seen in Figs. 12 and 13. 
The magnitudes of the total cross sections of 
this reaction shown in Fig. 15 seem generally 
to be smaller than those of the lighter nuclei 
(Ne”?, Mg* and Si?’) and to be nearly equal 
to those of medium weight nuclei. As is 
shown in Fig. 1(g), proton groups correspond- 
ing to the higher excited states of S* re- 
ported in the literature? are also observed 
at Ey=14MeV. The total reaction cross sec- 
tion would therefore amount to several times 
that for the first state reaction; 57 mb. 

A*(p, p)A*, Q=—1.46 MeV. 

The results for this reaction obtained in 
the present work and the previously published 
works®).'® seem to reveal the following fea- 
tures. First, the angular distribution shapes 
do dot change their principal patterns re- 
markably with proton energy. Secondly, the 
total cross sections of the reaction are ex- 
tremely low compared with those obtained 
for the lighter even-even nuclei. 

Both features which have been pointed out 
in the case of the target nucles S** are now 
recognized in the wide region of energy. 
Osaka group found, for example, at H»=5.5 
MeV an angular distribution shape of this 
reaction similar to those at 7.77 and 9.31 MeV 
of the present work. The total cross section 
was 45 mb at 5.5 MeV. 

As is seen in Fig. 1(h), proton groups cor- 
responding to the higher excited state of A‘ 
reported in the literature are observed at Ep- 
=14.1MeV. The total cross section to the 
first excited state is 32.5mb. This value is, 
however, evidently smaller than those for the 
lighter nuclei; Ne?°, Mg**, Si’®. 

The features revealed above for A*® seem 
to be inherited by the succeeding even-even 
nuclei of medium weight such at titanium, 
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chromium, etc. 

Thus it seems that A‘ behaves, in the 
scattering of protons of medium energy, as 
the border-line nucleus between the light and 
the medium weight nuclei. 

The even-even nuclei lighter than S** which 
have been studied in the present work are 
all of na-type (Z=N=A/2=even), but A* 
has four excess neutrons. Moreover the sepa- 
ration energies of a proton in the compound 
nuclei composed of the former nuclei and a 
proton are small, being 2.29MeV (Al*>) to 
2.72 MeV (P®’), but the separation energy of 
a proton from K*! is 7.8 MeV. Owing to the 
same reason, the Q values of the (p, m) re- 
actions are markedly different between both 
groups of nuclei. These differences in the 
natures of the target nuclei and in the condi- 
tions of the compound nuclei might be the 
reason for the marked differences in the scat- 
tering fertures of the light even-even nuclei 
and of A‘. 


C. Summary 

We summarize the results of the present 
experiment as follows. 

i) The elastic scattering of protons by 
light nuclei shows generally the diffraction 
patterns in the region Ey>10MeV, but it 
changes with energy and with atomic number. 
The inelastic scattering of protons by light 
nuclei shows, on the other hand, angular dis- 
tributions of variant features. 

ii) The intensity of inelastic scattering 
from N'* (Q=—2.31 MeV and —3.95 MeV) is 
weak compared with those from other light 
even-even nuclei. This fact, especially in the 
case of Q@=—2.3 MeV, seems to be a matter 
of significance. 

ili) Ep<10MeV say, we find remarkable 
variations of the angular distribution shapes 
with energy for Ne’, Mg, Si?®, and for S 
to some extent. Anomalies of resonance na- 
ture are expected at some values of energy 
for these nuclei. The existence of an anomaly 
with energy width of about 100 keV has been 
cenfirmed for Si®(p, p/)Si?®, Q=—1.78 MeV, 
at 8.78MeV. The total cross sections of the 
reaction to the first excited states are large 
for these nuclei and for this energy region. 

iv) In the higher energy region, E»>12 
MeV, the total cross sections to the first ex- 
cited states for even-even nuclei mentioned 
above decrease gradually with increasing 
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energy. The angular distribution shapes also 
seem to tend to some typical pattern charac- 
teristic to the nuclei. The typical shapes for 
Ne’ and Mg” resemble each other. This is, 
however, not of the shape which is expected 
from the simple direct process theory using 
the Born approximation. The shapes for Si’ 
and S%2 resemble each other and do not differ 
greatly from that of A‘. Finally the shape 
for A‘° is similar to those for titanium and 
other medium weight nuclei, being the shape 
expected from the direct process theory with 
the Born approximation. 

v) The inelastic scattering of protons from 
A*, Q=—1.46 MeV, differs much from those 
for the lighter even-even nuclei over all the 
range of energy studied. This target nucleus 
seems to play a role of the border-line nucleus 
between the light and the medium weight 
nuclei in the scattering of protons. This 
features might have been caused by the dif- 
ferences of the structures of target nuclei 
with respect to the excess neutrons. 

vi) The decreases mentioned in iv) of the 
total cross sections of the reactions leaving 
the nuclei in their first excited states are 
compensated with the gradual increases of 
the reaction cross sections corresponding to 
the higher excited states. The total reaction 
cross sections at Ey =14 MeV amount to nearly 
the values of zR*, geometrical cross section 
of the nucleus, in the case of Ne®®?, Mg’ and 
Si, These target nuclei are, therefore, 
nearly black for the impinging protons at this 
value of energy. 
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A formula for the Helmholtz free energy of a one-component fluid, 
classical or quantum, is obtained in terms of the radial distribution 
function, by attaching a coupling contant to the pair interaction poten- 


tial. 


Compatibility of the formula is discussed in connection with the 


formula derived in paper II, leading to the condition to be satisfied by 


the radial distribution function. 


It is shown that the condition for com- 


patibility is equivalent in a classical fluid to the one discussed in paper 
I. The present formula is applied to deal with the hyper-netted chain 
approximation and the condition for compatibility is shown to be satisfied 


in this case. 


The formula is generalized to a multicomponent fluid and 


also to the case of a grand canonical ensemble. 


Introduction 


S1. 

In a classical fluid its pressure p and internal 
energy E can be calculated if the radial distri- 
bution function is known. (The radial distri- 
bution function will be hereafter abbreviated 
as the r.d.f.) Then the Helmholtz free energy 
A of the fluid is to be obtained in principle 
by integrating the equation 

A Dp E 

—)=—- aD , 
a( ) Pav—= 
where TJ and V denote the absolute tempera- 


ture and the volume respectively. In order 
that the right-hand side of the above equa- 
tion is integrable, the pressure and internal 
energy must satisfy the relation 


7(r)~av (a) 

OL \ Bi BsOVAnT 2} * 
It is needless to say that the relation (1) is 
satisfied by the values of p and & which are 
calculated by the use of the exact r.d.f. It 


is, however, not always the case for some 
approximate r.d.f.’s. Even if the relation (1) 


(1) 
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is not satisfied, we can calculate the free 
energy by integrating either p/T with respect 
to V or E/T? with respect to T. In such a 
case we obtain two different forms of the 
free energy. Therefore it can be said that 
the relation (1) is the condition to derive the 
free energy in a consistent way. 

In paper I? we examined such consistency 
of several approximate r.d.f.’s which were 
known up to that time. It was found that the 
original form of Green’s linear theory is the 
only one which satisfies the relation (1). In 
paper II”, changing a standpoint, we showed 
that the r.d.f. can be derived from the ex- 
pression for the free energy if the latter is 
known as a functional of the pair interaction 
potential. We proved also that the relation 
(1) is satisfied by and E which are based 
upon thus derived r.d.f. 

Recently remarkable progress has been made 
in the theory of classical fluids by collecting 
particular terms from the virial expansion of 
the free energy or the r.d.f.»- Collecting 
particular terms is usually done more easily 
in the virial expansion of the r.d.f. than in 
that of the free energy. Such examples will 
be found in references 4) and 5). Therefore 
the method is desirable, by which the free 
energy can be calculated from the expression 
of the r.d.f. 

To integrate p/T or E/T? is an example of 
such a method. However, that cannot be 
used in a quantum fluid, since the pressure 
and internal energy are not expressed in 
terms of the r.d.f. alone in the quantum fluid. 
The purpose of the present paper is to derive 
a formula by which the free energy is calcu- 
lated from the known form of the r.d.f. in 
both the classical and quantum fluids and to 


Un=75| : a lar dr» a SA) al OMS 
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investigate the condition of consistency cor- 
responding to the relation (1). 


§2. Derivation of the Formula 

Let us consider a classical fluid which is 
composed of N identical particles interacting 
with interaction potential U. The Helmholtz 
free energy is of the form: 


A=-—hkT logQ 
il Q2amkT \2%/2 
ai ( he ) A (2) 
z =| aot \ar drz: : -drn e U/kr A 
V 
where k, h and m have usual meanings. Now 


we consider a fictitious fluid in which the 
interaction potential is given by €U. The 
free energy, configurational partition function 
and so on in such a fluid will be denoted by 
A(&), Z(&) and so on respectively. The quanti- 
ties in the fluid with €=0 or in the fluid of 
free particles will be denoted by subscript 
letter 0. The parts of the quantities which 
are increased by the presence of the interac- 
tion will be denoted by subscript letter 1. 
(Such parts will be hereafter called the inter- 
action parts.) For example A(&) is written 
in the form 


A(®)=A0r+ Ax) . Gu) 
From the definition the interaction part of 
the free energy can be written as 
f ~-¢d@A® 
Ai(&) = Se 
&) (‘ae ee 
Using expression (2) in which U is replaced 
EU, we obtain readily 
é 
A(e)=| deUYe , (4) 
0 


where 


We assume that U is the sum of the pair interaction potentials, that is, 


U=> S P(Tij) . 
i>j 


Then Eq. (4) is reduced to 


A=NE ae larain e(r =), 


(6) 


(7) 


where o is the number density N/V. g(r; &) is the r.d.f. of the fluid in which the pair 


interaction potential is given by &¢, namely 
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g (Imre; = M1) AI (dry = dry evr 
02 Z(E) 2 3 rye . ( 8 ) 


Formula (7) is the one which we are looking for. Although the above derivation has 
been made in the classical fluid, formula (7) holds also in a quantum fluid. That can 
be readily verified by the use of the fact that Eq. (4) remains valid in the quantum fluid if 


<U > is defined by means of the density matrix in place of (5). Needless to say, the r.d.f 
is defined in this case by ? het! 


\ ili N ON 
ee —rG re aS Tr ; pps O(r—ri)0(r’ — 15) e~ Hott) /kr | | ™ 
Q(&=Tr e~ “0téa /er ; | 


where A is the Hamiltonian of free particles. 
In the classical fluid the interaction part of the internal energy is 


Ex(€)=ECU De . (9) 


Therefore Eq. (4) is rewritten as 
ah 
Ae) =\"-F Be (10) 


Since, as is seen from (5), Ei(&)/kT depends on £ and T only as EU/kT, Eq. (10) and hence 
Eq. (7) are equivalent to deriving the free energy by integrating the internal energy with 
respect to J. In the quantum fluid Eqs. (9) and (10) are not valid. There is nothing for it 
but to calculate E.(&) by the use of the thermodynamical relation 


Boe eek (11) 


It should be noted that g(r; &) appearing in (7) is different from the r.d.f. appearing in 
Kirkwood’s integral equation®. The latter is the r.d.f. of the fluid in which the pair inter- 
action potentials between a specified particle and the other particles are given by &¢@ and 
the other pair interaction potentials remain ¢. On the contrary, all the pair interaction 
potentials are &¢ in our case. 


§3. Investigation of Compatibility 


If we know the r.d.f., we can calculate the free energy by means of formula (7). On the 
other hand, as has been shown in paper II”), the r.d.f. can be derived from the free energy. 
In order that formula (7) is used in a compatible way, we must obtain the r.d.f. identical to 
that used at first in the right-hand side of (7) if we derive the r.d.f. conversely from the 
free energy given by (7). The condition for that will be found in the present section. It 
will be also shown that if the condition is satisfied in a classical fluid, the values of p and 
E calculated by means of the r.d.f. satisfy relation (as 

As shown in paper II”, we have the following relation between the r.d.f. and the free 


energy: 


gi)=— = Seb : (12) 


(6/6¢),-operation is a kind of functional derivative which is defined as follows. The pair 
interaction potential ¢ is varied by 4¢ in a quantity F[d(7)], being functional Os dQ. The 
corresponding first order variation, with respect to 4%, of F is denoted by f [4¢(7’)], which 
is a linear functional of 4¢ by definition. Then (OF /6¢), is defined by 
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(Se) = sler—r1. 
When the pair interaction potential is &¢, (12) is written as 
~ 2 1/<dAi(&) ) (12’) 
aaa AES ge ME 


where we have used A,(&) instead of A(&), since Ao is independent of the interaction. | 
Our purpose is to seek the condition for the compatibility of Eqs. (12’) and (7). Substitu- | 
tion of (7) into the right-hand side of (12’) leads to 


gr; =e | aalar| (OO) nor Zn | 


==, anlar| arr gs tor) eels 


This can be written as 


Eg(r; =|" dr ae, n+l" dy\ dr ee 


Differentiating this equation with respect to €, we obtain finally 


ee é) =| ar dlr’ i ég(r'; al (13) 


That is the necessary condition of being compatible of (12’) and (7). It is easy to prove 
that Eq. (13) is also the sufficient condition. Therefore we may say that Eq. (13) is the 
condition which we are seeking. 

Though the condition (13) of compatibility can be applied to both classical and quantum 
fluids, we shall here consider classical fluids. When the r.d.f. satisfies (13), the values of p 
and EF calculated by the use of this r.d.f. satisfy the relation (1). That will be proved in 
the following. The interaction parts of p and E are expressed respectively as” 


piQ=—E | are r 280. eer; & a4) 
and 
E@=N-+| dr EG(r) gtr: 8). (15) 


We are to prove that the relation 


0_/( pil€) 0 (E®é 
ik Dh )= me I ) a 
is satisfied by pi(€) and E:(&) which are given by (14) and (15) respectively. 
Following the definition of (4/0¢),-operation, we write as 


0g 
« — 2)) = Gig OT =T"))\s (17) 


By definition G[7’; 0(r—r’’)] is a linear functional of O(r—r’’). We assume that the r.d-f. is 
dependent on T and V only as the form shown explicitly in the following: 


; EG(Lx)  EG(Lx”’) 
g(r; é) =2| bE © ER le 


(18) 


where V=L’, r=Lx, r’’=Lx” and &$(Lx”)/kT is written to show that g is a functional 
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St it. This assumption will not lose us the generality of our proof, since such a form of 
the r.d.f. is in general expected from a dimension consideration. 
From (14) and (18) we obtain readily 


0 ( pi) Pie) 70 Oo a 
ar ip es (i + apa | arer: aGraeeyr (19) 


Remembering the way of defining the functional G (see below Eq. (12)), we obtain, with the 
aid of (15), (17) and (18), 


OEE) 0 
AV 3V on © 
N? Th, 7 + 4 fe / / 77 as 
=e |e El oe) &('; 6) +67 IG| r 7x eA 
ne. 744 / 7 g(r’) i. id ‘gee // 0b(r’’) 
ar 6 aretr or’ gr ’ E)+d(r Ir Oy ae or” |} 
=— pe+-EI ar\ dr’Edb(y’)r- 00) Glr’; d(r—r’)] 
em a ee Leb pp, O91) (Og (7's &) 
= pig)+-E| dr | dre ory Flees i 
After all we obtain 
Of Pi@)\ 20, P0E) 0? DORON 7 Al OLS) 
eral T? )= T? tape | oer on [arows( 56 le ee. 


Therefore if g(r; &) satisfies Eq. (13), the right-hand sides of (19) and (20) are equal to each 
other and hence relation (16) has been proved. 


§4. Example 

As an application of (7) we shall deal with the hyper-netted chain approximation proposed 
by Morita). It has been shown in reference 4) that the r.d.f. in this approximation can be 
found by means of comparatively simple consideration. When the r.d.f. is written in the 
form 


or) | 

= th 21 
gr”) exp| BO) snr) |, (21) 
the function h(r) in the hyper-netted chain approximation is the solution of a set of two 


equations: 
oF *(k) 


ae ea 1. 22 
HOT ah) (22) 
and 
F(n=[07) +1] 2 -1-h(y) (23) 
where 
A Oe A (24) 


In Eq. (22) H(k) is the Fourier transform of hir), that is 


H®)=\ dr h(r)e-t* 


25 
cand hence (25) 


» H(k) eikr ; 
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and F(k) is the Fourier transform OF FG)? 

When the pair interaction potential is &¢, the functions g(7), h(r), F(R) and so on will be 
denoted by g(r; ©), h(r; &), Fv; &) and so on respectively, as before. Relations similar to 
(21)-(25) hold among these functions depending on &. By the use of the relations similar to 


(21) and (24), we obtain 


b(r)g(r; E)=—kT an é) Crete (26) 


Differentiation of the equation similar to (23) with respect to € gives us the relation 


Obr; E) Rr; pee ON : as : : as Que ° Ofrre) 
Te pte a SCE AT eS antes LRG ne) ee (27) 
Furthermore we obtain, with the aid of the equation similar to (22), 

Reo ees pe {lB — OF; B))+0F (bs &) + Forres 6} (28) 


Using (26), (27) and (28), we obtain, after a straightforward calculation, 


[arsoeer p=eT Z| —\arser; E) 


iL 


1 | | 
AyD [oe oF (es B+ 0F & &) 


1 e 
+R 2+ He &) ie 


For convenience of the later calculation the first term on the right-hand side is rewritten by 
the use of the equations similar to (23) and (24). Then the above expression is written as 


larson ars p=kT Ze] — lar} exp] — FOO) Hy; Bp) |-3- ae p| 


& jog oF (k; £))+0F (R; €) 


+ ER; 8+ Hes prt | (29) 


When Eq. (29) is substituted into formula (7), the interaction part of the free energy in the 
hyper-netted chain approximation is obtained as follows: 


A, j 
NET =— | ar| exp( - 2 +h(r) ie 1— nor | 
yrs : 
+o Py oe oF) + oP H+ LO +HwY |, (30) 


where we have used the fact that h>H=f=F=0 at E=0. This expression is just the one 
which has been used by Morita to demonstrate the variational principle of the free energy 
in the hyper-hetted chain approximation. 

The r.d.f. in the hyper-netted chain approximation satisfies relation (13). That is directly 
verified as follows. From the definition of (6/6¢),-operation we have the relation 


| (Z| dr’ or’) g(r’; ©) = g(r + [ar ocry( 2D) | (31) 


On the other hand, if use is made of Eq. (29), we obtain 


i 
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i. {ar wre") =k F_| —frex Seas OO) ne; 5) 
—\ar-{ exp( 88+ me's 8) 1h’: BF" eo, | 


ied 1 OF (k; &) 
+e WELT Taprm p TE tOR B+ 0G Beppe eol dh 
Both the coefficients of (dh(7’; &)/d¢), and (6F(k; &)/0¢), in the above expression are identically 


zero by the use of (23) and (22). Therefore the right-hand side of the above expression is 
written as 


a E exp/ et gr 2s, p) | rea [Eg(r; &)] 


eee 


Equating this expression to the right-hand side of (31), we obtain the relation (13), that is to 
say, the relation (13) has been proved in the hyper-netted chain approximation. The follow- 
ing fact also shows that the relation (13) holds in this approximation. By the use of relation 
(12) we can derive the r.d.f. from (30). The result is 


1 2/<6A: d(7) 
= hir 
ee ned emerge 
The right-hand side is just the r.d.f. in the hyper-netted chain approximation. This fact 
has been pointed out by Morita). 


§5. Generalization of the Formula 

We have so far considered the one-component fluid alone. Formula (7) can be generalized 
in quite a straightforward way to a multicomponent fluid. In the o-component fluid there 
exists the formula 


NG aa ae| dr 3 3: papeben(r) gael £) (32) 


where pa (os) denotes the number density of a (8)-species, and ¢ag(r) and gae(7; &) denote the 
pair interaction potential and the r.d.f. between @-species and §-species, respectively. 
Finally we shall derive the formula in a grand canonical ensemble. For brevity we shall 
again consider the one-component fluid. If use is made of the formalism of the second 
quantization, the pressure, being supposed to be a function of 7, V and 4, is given by 
kT as 
= V log & (33) 


B=Tr JY e- Zot VU /kr , 


Hp is the Hamiltonian of free particles. The interaction potential U is written in terms of 
the quantized wave functions as 


U= = | [ax dx E+ (x)U +(x) b(r—1’ POE (x) ; (34) 


~ where we have denoted the spatial and spin coordinates together by x or x’, 


In a similar way as in §2 we obtain 


ape) _ 1 


= sal ARE U2 Cx (Ho+&0) (kT } 
Ee a OV EO 
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If we define the pair distribution function p(r; &) by 


aie paeeyauaiee 
PO =F ae 


the formula corresponding to (7) in the grand 
canonical ensemble is written in the form”: 
& i. ape) 
=| d&—-—2s+ 
pile) 5 


= -F(' dE dr o(7) 0; E). (36) 


Needless to say, the pair distribution func- 
tion is related with the r.d.f. by 

eo (r=0' g(r), (37) 

where po is to be supposed as the average 

number density over the grand canonical 

ensemble. It should be noted that o is a 

function of &€ if the pair interaction potential 

is given by &¢, namely 
o(7; Ey=orE)g(r; €) . (37’) 
A part of this work was supported by the 


Scientific Research Expenditure of the Ministry 
of Education. 


iN Tr {lax AX + (401) P+ (x2) O(r— i +12) V (%2)V (H1) A” or imotian/ 


(35) 
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Expansion formulas for density matrices are derived with the use of 


the calculus of ordered exponentials. 
sions for virial coefficients are explicitly obtained. 


Using the formulas the expres- 
The expression of 


the third virial coefficient is calculated to obtain its expansion formula 
in terms of f28/M. The expansion formulas for density matrices can 
be used to derive a new formula of multiple scattering, which involves 


Luttinger and Kohn’s formula as a special case. 
for the normalized density matrix is also given. 


The expansion formula 
Expansion formulas 


which are to the applied to irreversible processes and relaxation phe- 


nomena are also given. 


Introduction 


§1. 


In classical statistical mechanics, as is well 
known, the virial expansion theory is com- 
pletely formulated by Mayer’) and others, 
and the 2nd, 3rd and 4th virial coefficients 
have been calculated by many authors for 
some types of potential, e.g., Lennard-Jone’s 
type, well type, and some core models. Their 
numerical values and comparison with ex- 
perimental data are seen in the textbook 
by Hirshfelder, Curtiss and Bird”) and in 
In quantum statistical 
mechanics, the 2nd virial coefficient has been 
calculated but the 3rd virial coefficient is 
known only at high temperature. These 


’ numerical results are also found in the afore- 


mentioned literatures. 

In quantum statistical mechanics, the virial 
expansion theory has been introduced first by 
Kahn and Uhlenbeck. In Section 2 the ex- 
pansion theorem of the density matrix is 
derived as an extension of Mayer’s theory to 
quantum statistical mechanics. In Section 3 
the formula of the 3rd as well as the 2nd 
virial coefficient is given. It is further 
shown that the expansion formula in power 
series of #?8/M is found by the modified 
method of Goldberger and Adams“, and the 
2nd term of this series agrees with the result 
of Kihara, Mizuno and Shizume. In Appen- 
dix B higher virial coefficients are also 
derived. 

When a perturbing potential consists of 
two body forces, Watson attempted to calcu- 
late the virial coefficients by use of the multi- 


ple scattering formula®’, but he succeeded in 
finding only the 2nd virial coefficient. This 
indicates that the usual formula for multiple 
scattering is useful only to treat double col- 
lisions. In Section 4 we shall give a new 
formula for multiple scattering which is classi- 
fied by multiple collisions, i.e., double col- 
lisions, triple collisions,...etc., when the in- 
teraction potential consists of many body 
forces. In the particular case when the 
potential consists of one body forces, our 
formula agrees with Luttinger adn Kohn’s.® 
In Section 5, by use of this formula, the ex- 
pansion formula of normalized density matrix 
is given, and it is shown that the normali- 
zation factor should be chosen carefully. In 
Section 6 we shall show the formulas which 
are applied to irreversible processes and relax- 
ation phenomena. 


§2. Expansion Theorem for Density Matrix 


In the usual perturbation scheme in quantum 
mechanics the motion of a perturbed system 
whose Hamiltonian V with respect to an un- 
perturbed system with Hamiltonian A is ex- 
pressed by the interaction representation, i.e., 

V(s)=exp (sHo) V exp (—sHo) . (2.1) 
Therefore the correct expansion formula of 
the density matrix is obtained by expanding 
the interaction representation V(s) in the same 
way as in classical statistical mechanics. The 
following expansion theorem for density ma- 
trix satisfies this requirement. 

Theorem If the expansion formula for the 
operator exp(—fV) is represented by a series 
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of exponential operators, the expansion of exp(—f(Ho+V)) is obtained by adding Hy into 
every exponential and replacing 1 by exp(—#Hpo) in the expansion formula of exp (—BV), 
For an example of this theorem, we shall derive the following usual formula as an exten- 
sion of Mayer’s expansion formula in classical statistical mechanics. 
Formula If V is divided arbitrarily into some parts, i.e., — Va, then 


exp (—B(Ho+ V))=exp (—BHo) + & {exp (— Bo + Va))—exp (—BHo)} 
+ Zo texp (— Bot Vac Va))—exp (— BH + Va)) | 
—exp (—B(Ao+ Ve))+exp(—BHo)}+--> . (2.2) 
This is easily seen by use of the formula 


exp (—B(H. + V))=exp (—BAb) expi( — " asV(3)) 5 (253) 


where V(s) is the interaction representation of the potential V and is defined by Eq. (2.1). — 
If we introduce the symbol ( )+ which denotes chronological ordering, the ordered exponen- 


tial becomes 
exp: ie \. dsV(s))= (exp G ZI) ds Vals))) (2.4) 


and the operator in the parenthesis ( )+ may be treated like c-number; 


(exe(— Z|" asvel9)) =C1 A +fa), 2.5) 


where 


fu=exp as \. ds Vals))—1 . 


The above equation can be expanded in the same manner as that Mayer used in classical 
statistical mechanics: 


exp: (— \ dsVis))=(1+ Sfot > fafet Di fafefyt->+)s 
‘ i ics a <B<Y 
sata (fa)++ 2 Safs)++ au fateh + a: (2.6) 


This is the expansion of V(s) and satisfies the above mentioned requirement. If we put 
Eq. (2.6) into Eq. (2.3) using Eqs. (2.5) and (2.4) and return the ordered exponential to 
usual exponential, then we get the following terms from the series in Eq. (2.6). 

The lst term: 


exp (—BHo)1=exp (—BAM). 
The 2nd term: 


exp (—BHb) > (Ja)+= 2 exp (— BH) exps(—[ dsV(s))— 1) 
0 
=e (exp (—8(Ab+ Va))—exp (—BH)) . 
The 3rd term: 


exp (— BH) © (Safa)s= Sex (—BH)(exps (| ds(Vals) + Va(s)) 


—eXpy (-{’ ds Vals) exp (~{" ds Vals))-+ 1) 
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= 2 {exp (~B(Ho+ Vat Ve))—exp (—B(Ho+ Va)) 


—exp (—B8(Ho+ Ve))+exp (—BHo))} . OX 
etc. 
Each of the terms in the above equation is appearing in the right side of Eq. (2.2). 
From this example it is easily seen that the above theorem holds. 


§3. Virial Expansion 

We shall now consider the virial expansion for an imperfect gas consisting of N identical 
molecules which have kinetic energy He) = 2 (h?/2M )yi-yi and which interact mutually 
with the following interaction potential V, 


va Vet ee, Veet, (3.1) 


where V {> is the two body force between the 7-th and the j-th molecules, V%, is the three 


body force between the i-th, the j-th and the k-th molecules,...etc. If we put Eq. (3.1) into 
Eq. (2.2) and rearrange it in such a way that the lst term contains no interacting parts, the 
2nd two-particle interactions, and so on. The series is thus arranged by the number of two 
particle interactions, and by the number of three particle interactions and mixed order of the 
two and three particle interaction, and so on. We obtain 


exp (—B(Hv+ V)) 
=H A(h)+ > AG) AMH)+ SD AAR) TT AMD)E- 
h=1 t<Jj ht, Jj 4,5,K,U 


G<I)AR(K<L) he 
+ es A’) Gk) W AC@+ aera 
ee (3.2) 
where 
A™(h) =exp(—BKa)=0(A) , 
AMG) =p%G)—o Me™ s) , 
A (ijk) =0® (ijk) 0 (0 (jk) —0 (J)0 Gk) —0' (R)o (17) +20 De (F)oM(R), ete. 
ej) =exp(—B(Kit+Kj+Vi3)) , 
o®(igk) =exp (—B(Kit Ky + Ket+ Vint VP+VGEt Viv) , ete. G27 


A(ij) denotes the double collision between the i-th and the j-th molecules, and A® (ijk) 
denotes the triple collision between the 7-th, the j-th and the k-th molecules, and so on. An- 
other proof of the above theorem is easily seen by use of the theorem in the previous 


section. 
As is well known, the free energy F is given by the relation 


exp (—@F)=Tr {exp(—B(Hot+ V))Omw }/N! , (3.3) 


where 4,.” denotes the permanent or determinant of N 0-functions according to Einstein- 
Bose or Fermi-Dirac statistics, 1.e., 


sa O(X1 —X1 ) So Pid OMG O(X1— Xv ) (3.4) 
os O(xw—Xw’) veers d(xw—Xxe’) | + 
> : CN) 
and Tr is such a symbol that after operating exp (—B(Ho+ V)) on the function dju’, the 
parameters x1’, ---, Xw’ are identified with the variables x, ---, xw, respectively, and the multi- 
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ple integration with respect to x:,---, xw is performed. Hereafter the symbol Tr is used in © 
this way and the double signature is such that the upper signature is the case of Einstein- 
Bose statistics and the lower signature is the case of Fermi-Dirac statistics. 

The function 6% is expanded in the same manner as the expansion of Eq. (G22) aires 


IN’ 
0) = lid (a+— >» 6) (47) Tl d6®(h)+ Ss 0) (77)0 > (Rl) af 0 (h)+ vee 
h=1 t<Jj hei, J G<P)AKK1) ht, 5,h,0 
+ 3) 0@ CR). Ss CPC) --: 
tS I< h>et, j,k 

ey (3.5) 
where 

OD(h) =0(Xn—Xn’) 

82 (ij) =d(xi—X5")O(x5— XV’) 

6°) (7) =0(xi— Xj’ 0 (5 — Xx’) O (XK — Hi’) + 0 (Hi — Kx") OK — Xj) O(Xj—Xi) etc. 3:59 
The above relation is easily seen from the definition of d$1? and its derivation is shown in 
Appendix A. 


Now if we put Eqs. (3.2) and (3.5) into Eq. (3.3) and rearrange it in the same way as Eq. 
(3.2), we obtain 


WN aay 2 
exp (—BF)= sb SE f14 Noha me; 1, WR; 2) WA, 15 2) 
LYPNMA? “(N= DONO! . 
ae (( a ae = a: a ee, kD 


+W (2; 2a Wl, 1; 2))*-+--: 
(N—1).N—2) 
een 


3 
a (W® (3; 1,1, D+3W (3; 2, D+ W(3; 3)+3W (2, 1; 3) 
+6W® (2, 1; 1, 2)+W(1, 1, 1; 3))+-:-- 


ean ae 


where 
d=N/2 , vo=(h?B/27M 3”? , 

W@(2; 1,1) =TrA®d2j6Pd)or@), 
W®)(2;, 2) = Tr AM(12)0®@ (12), 
Wey?) te Tr AeA Oe Oa 
W®(3;.1,1, DS TRA 2pee De 2 eas 
W382.) =TrA@d2soeiz eee). (3.6’) 
W333) =Tr A®(123)d8@ (123) , 
W®(2,1; 3) =Tra@adQAreoedizsy- 
W®(2, 1; 1, 2=Tr A®(12)A™(3)d™ (1)d@ (23) , 
W®(1, 1,1; 3)=Tr A™ (DA (2)A(3)d (123) , ete. 


and 2 is the volume of the imperfect gas. The numerical factor of each term is obtained 
by calculating the number of clusters W which are composed of operators A and operands 
0. If the number N and the volume 2 tend to infinity under the condition that d is kept 
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constant, Eq. (3.6) becomes the asymptotic formula, 


exp (— 8F)=exp (—Nlog (dvo)— NaB — atc - ) (3.7) 
2 
B= — 55 Tr {0 (12)0¢(12)—p (1)o(2)8 (1) (@)}, 
C=4Bt— 22-2 Tr {01 (123)99)(123)— 91 (1)0 QpM(HIMLBMQIE)}, (3.8) 


where 


§2(12) = 8 (1) (2)-+8 (12) 


092123) = 8 (Ld (2) (3) (6 ® (12)8 © (3) +8 (23)8 (1) +8 (13)8 (2)) +6 (123). (3.8) 


In the above equation B and C are the 2nd and 3rd virial coefficient, respectively, because 
p= —OF/02. B is identical to the usual formula which appears in textbooks of statistical 
mechanics. If we do not spare any effort, the higher orders of virial coefficients are similar- 
ly obtained, but we can easily guess them. This is seen in Appendix B. 

We shall now give the expansion formulas for the 2nd and 3rd virial coefficients in terms 
of a?=h'8/M. These derivations are easily obtained by the calculas of the ordered exponen- 
tial” and are applicable to the higher orders of virial coefficients. The mathematics is 
mentioned in Appendix C. 


B=Bea+Bia?+Brat+--- , 
C=Cat+Cia’+Crat+---, (3.9) 


If the potential is the function of relative co-ordinate x or y, the coefficients of the above 
equation are determined as 


Be =F |e PED) Bie alee e0(KUU), 
e= males er | (KU(LU)) +5 (KU(KUU))— > a (Kuu}t , ee (3.10) 


where the potential U and operators K and L are such that 


where % and %8 are arbitrary functions. In the case of the 3rd virial coefficient we can 


similarly express them as 


1 — 
Cri =—4B?, —22Be1 — 5 |\axaute (sya 1) ‘ 


C68. Bi—298. + Sg \\eedue eu(KUU) , 


C,=4(2B:Bo + B2)-20Br+ one : yi \araue er | (KULU)) 


ey 8 (Ku(KUU)—35-(KUU) es (3.12) 


where x and y are relative co-odinates and U, K, and L are defined by 
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U =V@~)+V° M+ VO way apes 
(KBW)=2B- 2+ PB PyW +08 ‘VyB+VvB- 72%) , 


(LB) =a-V2B+Vu-VoB4V0 2 Ve - (3.13) 


The integrands in Eq. (3.12) are similar to those of Eq. (3.10). If the potential U, Laplacian | 
L, and the kinetic energy tensor operator K are appropriately defined, these analogies © 
will exist for the higher order virial coefficients and give us their expressions. Ci; in the © 
above equation agrees with the result of Kihara, Mizuno and Shizume which was obtained 
by solving the Bloch equation. 


§ 4. New Formulas for Multiple Scattering 


If we make the Laplace transformation of the expansions of the density matrices, the 
formulas of multiple scattering are obtained. By making the Laplace transformation of Eq. 
(2.2) we obtain 


1 ‘ 1 i 1 1 
— | Ta ie Ta 
BAG > nese eee 2s BH * E- 
1 1 
a raid 4.1 
ups patie Sep tab) 


where 


iL 
ie Va i dhs 
( 3 E— Ho ) : 


i 7 
Te= =(Vat Vee ii, FY e); Tap=Tap—Ta—Te , 


, 1 , , , , , 
T epy=(Vat Ve ar v(1 =F BOF, sie Tosy= T apy— Lap— Tl py Dye Pos Te+ Ws, , 
ete: (4.2) 


The above formula agrees with that of Luttinger and Kohn. 


If we make the Laplace transformation of Eq. (3.2) we obtain a new formula for multiple 
scattering: 


ae 1 ae a 
E—-Gh+V) EH + EE He? 


See A el 
ee Ms oe “yy Mi D rmere 


1 
te Seek E—-H) 


1 
“ esohet ae E—H) yea E—H) ae * 


+ eieiveveleneate (4.3) 
where 
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Vee VE ES VEE, 
t<Jj i<j<k 


ty = va : ) 
aj is == Ean, ure AV 


~~ £10 


1 i 
Mi =te (1+ =F it) 
F 0 if , 
Vise =(VE4VELEVE 4VO (i Se - ); 
tik jae pe tik 
Vije=Visn—tes— te — ba 4 WC 
Wiser =(ViP + VGe+ VP+ VP TV 4VP+VRAVR + oid VG+ VER) 
1 +———_w,;, ) 
x( ie a ig: 
Wijkt =Wijn1—M fi — i Z—Ma Ma —Vige—Vjxi—Veu—Vuj , etc. (4.4) 


In the above equations fi; represents a double collision, vij, a triple collision, Wijxy a Quartet 
collision, and Mi} two double collisions. In these formulas Eq. (4.1) requires only V=3) Va 


and Eq. (4.3) requires only V= = vos Viet --, being independent of the physical 
t<Jj t<G< 
meaning of the V. or the V$}---. Tharetore when we apply these formulas to practical 


_ examples we need not restrict their application to collision problems. 


§5. Normalization of the Density Matrix 


In quantum statistical mechanics the expansion formula for the normalized density matrix 
is also important. In this section we shall discuss the expansion formula for the normalized 
density matrix. As is mentioned in Sections 2 and 3 the non-normalized density matrix 9 is 
expanded in such a way that 


p=0 +3 ba + Si daat---. (5.1) 

_If we take the trace of the above equation, we obtain 
exp (—BFO I+ S I + 3 ee (5.2) 

i yhere FO, Ie, [23, --» are defined by the relations 
| exp (—pF)—Tr op, ip" =exp(spl™) Trp, , (5.3) 


I2=exp (GF) Tr 0% , °° 


Using Eq. (5.2) the normalized density matrix exp (BF )o becomes 


if _ 
ad (0) : ’ 5.4) 
exp (BF )p=exp (BF FF Zea Si ( 


We shall now discuss how to expand the denominator in Eq. (5.4). If the density matrix 
exp (—BEo+ & Vat Zz Veet .--)) is expanded in the same way as we have mentioned in 
Section 2, Eq. (5.1) becomes 

exp (—B(Ho+ & Va? + > Vicon) 
=exp (—BHo)+ > {exp (—B(Ho+ Va'” ))—exp (— BAn)} 
ee {exp (—B(Ho+ Va'? + Va + Va) —exp (—B(Ho + Va) 


—exp (—B(Ho+ Va"? )) +exp (—BAo)} 
(5.5) 
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If we take the Laplace transformation of the above equation, we obtain a multiple scatter- 
ing formula which is more general than Eqs. (4.1) and (4.3): 


1 1 +3 1 i) 
E-(#b+V) E-Ho J iif Chava E—Ho 


1 iL 
2 =k ee E—(Ho + Va") 


1 wee 
~ E—(Ho +V_e)  E—Ho 
ae Bae, § (5.6) 


where V=> Va + >, Voateo: 
a a< 


As a particular case of the above theorem, the following relation is derived. 


1 1 ) 
; = == Jl 
14+) [a + Se ie prez oO) 
a@ a< 
1 il 1 
5 pa 1 Ocim: 5.7 
+ 3 Cagateaar eae 5 ey ith”! As Seite 


If we put Eqs. (5.1) and (5.7) into Eq. (5.4) and rearrange it in the same manner as Egs. 
(5.1) and (5.7) are expanded, we obtain 


exp (BP) Sexp (BF) pO exp (GE \ pa Tp OE hs) nee (5.8) 
which is our result. The formula obtained by the perturbation method is as follows. 
exp (BF )p=exp (BF Jo spy exp (8) Ge Ia pO) = (5.9) 


Eq. (5.9) is usually used, but is not correct unless 1S/J,"---. Therefore the normalization 
of the density matrix should be chosen carefully. 


§6. Formulas Applied to Irreversible Processes and Relaxation Phenomena 


When we discuss irreversible processes and relaxation phenomena, we meet with the cal- 
culation of the following type, 


exp Gxt + Vv) M exp (-4,h + v) 
or 
1 t Z ih, 
exp- G14 Vis) \M@ e€Xp+ Geral V(s) ) ; (6.1) 
In this section we shall show some formulas for the above operators expanded in the same 


way as was done in the previous sections. From the proof of the theorem in Section 2 we 
can see that the following relation holds: 


Sn. = : \ ds V(s) Jee exp. Ga ids Vals))— i} 
+S exp. Cake Vals) + Vals) —exps Gk Vals)) 
aes (|. Vols))+ i} | 
Hane (6.2) 
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) where Vs)= a Vals) . 
If we put Eq. (6.2) into Eq. (6.1), we obtain 
exp-(4 : ap ds V(s) \Me) exp: (— ; 7\,% vs) ) 
=Mi)+ = {exp- (),48 Vals)\Mt) exp.(—\'as Vals)) — MOl+-. 6.3) 
: In order to shorten the expression we introduce the following notation, 


exp (Fa +V) \u =p (—F- e+ V) exp (Zum ze vy\m 


exp- (\,4 Vis) )M@) exp. (-;|.4 Vis) exp. G\.e vis)" )M() 6.4) 
Eq. (6.3) then becomes 
wo (far) (so (fra) 
gow (Eran -ao (fev) 


nee 


Lies (i \,4 Vals)*)+ th. . -) Mw) (6.5) 


By comparing Eq. (6.4) with Eq. (6.2) we can see that the expansion of exp- ( r \\as vis)*) 
0 
is of the same form as exp- es |. dsVis)). Similar circumstances hold for exp (it/h-(H+ V)*) 


| and we can easily verify the following formulas which are particular cases of the theorem 


given in Appendix B. 
Theorem. I V=>SVP+ DS VEX+---, then 
B<J t<j<k 
it it 
exp( 5-H = v))\m exp (—$(Ho + v)) 
=exp (5 Ho) exp(—Fth) + >) jexp (5+ Vs) \m exp(— (Hot V3) ) 
h h is h 
—exp dal (—5-%)} tere, (6.6) 
h h 
mf V= = Va? + > V+---, then 
Bae (Fun ss V))Mexp (—j i +V)) 
=exp (5-Ho)M exp ( -+ Hh) a 4 (Fm Va%))M exp( — 2m ct Va") 
—exp (fu) exp(—4 Ha) + +: (6.7) 


plications we sometimes meet the Laplace transformation of Eq. (6.1) which 


| In practical ap 
is given by the relation, 
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M(s)=s\ a xn ee (Ft 8 v)\M exp( Eh 8 v)) 


Ont 


LL = ee eer 6.8) 
ae E—(Ho+V)—ihs/2 E-(Ho+ V)+1hs/2 


If every term in Eqs. (6.6) and (6.7) is Laplace transformed by use of Eq. (6.8), the expansion 
theorems of the Laplace transformed formula are obtained. 

We shall now give an example of the application of the formulas which have been men- 
tioned in this section. The line shape /(w) of the pressure broadening in a system consisting 
of one radiating atom and N perturbing atoms is given by the expression,” 


Ko=5| EP Goaey, 
O(c)=Tr 0|M|? exp_ (ea, ds exp- (=,|,4 Visi) )U) eXp+ )u@) exp+ Grate Ms) , 
(6.9) 
where 


U(s)= Xi { Volrjot vj0s)— Velr 0+ 0308) } = U(rjo+V50s) , 


Vis)= = Viris t+ viss) + Vor jo+vV50S) . (6.10) 
i<j 


The summation in Eq. (6.10) runs over all perturbers, and rj and rij are the relative co- 
ordinates between the j-th perturber and the radiating atom and between the 7-th and the 
j-th perturbers, respectively. vj and vi; are their relative velocity. Vy is the interaction 
potential between a perturber and the ground state of the radiating atom, Ve the inter- 
action potential between a perturber and the radiating atom in the excited state and V’ the 


interaction potential between two perturbers. Using Eq. (6.6) the integrand of 51 ds in 
0 
Eq. (6.9) becomes 


on-(fninire(—$ fe) 
— {exp iS (Ho+ Velen) Urn) exp (-F (Ho+ Vo(rn))t 
+ 3 fexp(G Hot Vou) + Volo) + Valen) (Olra)+ Uerw) 
x exp (-> (Ho-+ V(ris) + Va‘ (00) + Votr))) 
—exp (Hot Volrw)) Uru) exp(—2 H+ Velro))) 
exp (Fce+ Volrw)) U(r») exp (- © (H+ Velen) bee 6.11) 


The lst term represents the effect of collision between one perturber and the radiating 
atom, and the 2nd term represents the effect of collisions between two perturbers and the 
radiating atom, which originates from V’ being non-zero; namely, this is an effect of the 
curving of the path of one perturber by the others and may be an important correction at 
high density. 


§7. Concluding Remarks and Acknowledgements 


The formulas which are derived in this paper are important in quantum statistical mecha- 
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nics, and are useful when we discuss the scattering problems and the kinetic theory of dis- 
| sipative systems in terms of the expansion of the concentration. T hese are mathematically 
correct but correct results are not derived unless they are correctly applied. 

‘| In most cases which appear in physics, the correction terms at high density should be 
) zero when the constituent elements are separated to infinity. For instance double collision 
| should be zero in the interaction representation when colliding particles are infinitely separate. 
Indeed this requirment is satisfied when the interaction potential V® of the two particles 
vanishes at infinite separation. In the case of this type of potential, if the formulas (3.2), 
(4.3) and (6.6) are applied, correct results are obtained, but in Eqs. (2.2) and (4.2) the higher 
terms of the expansion do not always vanish when constituent elements are separated to in- 
| finite distance. For example, consider the 3rd term of the expansion of Eq. (2.2), 


{exp (— (Ho + Vat Ve))—exp (—8(Ho+ Va))—exp (—8(Ho+ Ve))-+exp (—BH)} . 


| This vanishes only if Ve and Ve are simultaneously zero and is not always zero even if a 
| B are infinite distant. Similar circumstances exist in Eqs. (5.5), (5.6) and (6.7). Therefore 
} when we use these formulas physical consideration should be taken carefully. Other appli- 
' cations of these formula will be postponed in subsequent papers. 

The author wishes to express his sincere thanks to Professor R. Kubo of the University 
of Tokyo who has had the kindness to lead the author. The present study was partially 
financed by the Scientific Research Fund of the Ministry of Education. 


(n) 


Appendix A. Expansion Formula for 69, 


The expansion formular for 6$}?, Eq. (3.5) is derived by Ursell’s theorem which is as 
follows 


On (16 (1), 662 (12) =d  (1)8 (2) +64. (12) , 
bY (123) = 6 (1)d™ (2)8 (3) +6 (1) ds. (23) +0 (2)d4 ® (13) +6 (3) dz © (12) +64, (123) , 


82(12---N)= I 6 (h) + S82) s(t... (A.1) 
h=1 id, jt, 


Remembering that 


69) (1) = 8x11’) , O° (12) = 0 (x1 — x1") 0 (2 — Xo") O(K1 —X2’)O(X2—4X1’) , 
O(x1—x1)  O(x1—-X2’) (x1 —X3") 
Ogu (123)= | d(x2—x1’) 8(x2—2") O(K2—xs’) | » et. , (A.2) 


O(xs—X1’) O(xs—X2") O(X3s—Xs") | 
and solving Eq. (A.1) for 6:(12), --- and 6: (12-- -N) we obtain 
62 (12)=+0(12), 62 (123)=0 (123), 6. (1234)=+6 (1234), etc., (A.3) 


where 6(12) and 6(123) are defined by Eq. (3.57) and 


8 (1234) = 0 (01 —X2") 0 (X12 —%3") 0 (Xs —x4/)8(34—21/) + 0(201 — 2’) O (2 — 4") O (C4 — 5) 0X8 —X1’) 
+ 0(x1—X3")6(X3—X2")O(X2 —x4/)O(x4— 1’) + O(H1 — 3") O (Hg — 4’) O(X4 —X2’)0(X2—X1’) 
+8 (x01 —X4/) 0 (4 — X02’) O(X2 — 3") O(c —x1/) +8 (201 — x4’) 0 (x04 — 2”) B (203 —X 2") O(X2 —X1’) 
= SY Pd(xi—xi’)0(x1—x/)O(x05—xx' )O(xe— 1’) - (A.4) 


6 terms 
The general term db (12---n) is (E)@-P OM (12-- -m) where 6”(12-+-m) consists of (n—1)! 
terms. Each of them is such a product of ” 6-functions that, if each of these d-functions 


6(xi—xy) corresponds to a stick having the i-th bolt at one terminal and the j-th nut at the 
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other terminal, and the bolt and nut which have the same numbering are fastened, then a 
ring is made of m sticks. 
Appendix B. Higher Order Virial Coefficients 


If we put Eqs. (3.2) and (3.5) into Eq. (3.3) and rearrange it in the same way as Eau o-o), 
we obtain 


= Tr e-B\HotV) SU) —e-BF 
og Saale si ot (2) 0 Tr Be (i7)B (RD) + - 
~ N! at j 2? is i iy ap is i @) ee 
S (B.1) 
1 At. = jk) + ee ee 4 i 


where the functions indicated by B are determined by the combinations of operators A and 
operands 6. If the culster integrals bz, bs, bi,--- are defined by 


Ape. eae 
b= Fg BOW), bs= RCL be aa 


Meh ae paws Tr BRD ayer. eee (B.2) 
n!2 


then Eq. (B.1) becomes the similar expression as Mayer’s classical expression. Therefore 
Mayer’s mathematics is applied to this case and the virial coefficients are given as follows: 


B=—b:, C=4B?—2b;: ,, D=1Z2BC—12B*—3bi,..etc., (B.3) 


where D is the 4th virial coefficient. In order to calculate virial coefficients we must obtain 
expressions for the functions B in Eq. (B.1). This is easily done by the following theorem: 

Theorem If there exist the two series F'\”) and G™) which are expanded in the same 
way as Eq. (8.2) i.e., 


FOS USO) + SFO) UW fOM+ SD FOGFORD) WM fO)+- 
h=1 <7 het, J h*¥t,5,Kk,U 


<IR(RKD) 
+ 3 JGR) Wf Oh) wae, 
i<j<k heir j,k 


% 


G™=I1g%(h)+ Sega) 0 g(r) (2) (77) o (2) (1) Hare 
hel ‘ i<j (7) hei, 5 Si ee ng (ee A+ 


+ py g (ijk) iit gH - erie ne (B.5) 


t<I<K Rt, IK 


and if the product F'G™ of these series is rearranged in the same manner as the above 
expansion, 1.€., 


FOG = 1 Pw(h)+ > Pe GH PO@)+ 3 PeG)PMR) MW Pant: 
hai, j N#t,5,k,U 


i<j (4<jeK<1) 
+ >, PS (ik) 1 P®(h)+ A (B.6) 
then the functions P are determined by the relations 
FOMEMD=P), — F2G)GE)=POOP({)+ PG) , 
FS G7R)G® (kR)J=P ()P™ (7)P(R)+ PY @OP® (GR)+P (7)P® (tk) +P“ (R)P@ (7) +P (ak) , 
etc. (B.7) 


This is easily seen from the facts that the f’s, g’s and P’s are defined by Ursell’s theorem. 


hl 
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| If Eq. (B.7) is solved for functions P, and then F, G and P are replaced by Pq, 6 and B 
| respectively, we obtain : 


BOD=0OEE) , — BO) =p 4) BLQG)— 0 Do (Nd (4)B(j) , 
B® GjR) = ijk)Oquijk)—_ Po Ao (JRO HO (Gh) 
3 terms 
+2p Gp (jo (RB GO (JB (R) , 


BY (jk) =0 GjRDOLGjR)—  D P 0) (é)0® GRIDS“ (1)02(jRl) 


4 terms 


—_ 2 Pp (jo (k1)O quis) Oe (Rl) 


3 terms 


6 terms 


+2 py Po (Z)0' (F)p® (RIA™ (4) 8 (7) dP (RI) — 6 Il 0» (hyd (h) . (B.8) 
h=t,5,k,1 


| The above formulas are easily derived with the aid of the analogy to Eq. (3.2’) which is 
well known formula. 

| (Using Eqs. (B.2), (B.3) and (B.8) the virial coefficients are calculated. The 2nd and 3rd 
| virial coefficients B, C which are obtained by this method agree with Eq. (3.8) and the 4th 
| virial coefficient D is given by 


| 


D =12BC—12B'—182°C—180"B+909B"— 22" Tr (0 (1234) 8°? (1234) — I p(h) 5 (h) 
f h=1 
(B.9) 


These formulas of B, C and D are useful to calculate the numerical values of those virial 
coefficients. They are important particularly to get the values at low temperatures. From 


Eq. (B.8) we can see the fact that if the numerical values of the 2nd, the 3rd,--- and the 
n-th virial coefficients are known, then the (7+1)-th virial coefficient is obtained by calculat- 
ing numerically only the following expression, 


n+1 
dee (eae. --ntlyog?(12-- ‘n+1)— If 6 (h) a) ‘ (B.10) 
v=1 


On the basis of this fact we shall discuss in Appendix C the expansion formula for the 
virial coefficient at high temperature. 


Appendix C. Expansion Formula in Terms of %°8/M 


We shall expand Eq. (3.8) in a power series of #?8/M by the calculus of the ordered ex- 
ponential. We shall introduce the following new variables instead of the co-ordinates ri of 


¢ the z-th molecule. 


Mone tm=okh, m—r—x, re—-m—y. (CAD) 
The Laplacian with respect to the new variables becomes 


Pe Sheth pOdunGad die lage? ait isto! IosiieyrOs tenif oj. 2 
Fae Fos Dk biotin ab OR Oltun OnucOx okt OusOUix> g0taiOU 


fll. OBC Teoh : (C.2) 


If the 6-functions are expressed by Fourier integrals and the integration with respect to R 


is performed, then Eq. (3.8) becomes as follows; 
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C=4B?—22B+ : Qe 


vo? 39/2 
~ 3 (2n)8 


+2exp (¢X:-(x+y)+ 1Y-x)) exp ‘S B( get U(x, v))) exp (i(X-x+Y-y)),  (C.3) | 


|ax\ay || axduvexp EE ey AC TS 


where | 
| 
Ue, W=V + VO Wt VO(xe—w)+ Vw, y). | 
The terms +3 exp (—iX-(x+y)+iY-y)+2 exp (iX-(x+y)+7iY-x) in the above equation come . 
from the symmetry of Eq. (3.4) and their contribution is negligibly small at high tempera- — 
tures. Therefore we shall omit them. In Eq. (C.3) the transformation of exp(@X-x+7Y-y) 
is easily performed and the integrand in Eq. (C.3) becomes 


exp(— ar ("+ Y?+X- Y)) exp (Fel Aue y) +E eo) : (C.4) 
where 
D=(2X+ Y)-Vet(X4+2Y)-Vy . 
In the above equation if the factor exp (h?8/M-iD) is separated to the right by use of the 


calculus of ordered exponentials, and new variables X¥ and Y are introduced for Y Bh?/M 
X and YBh?/M Y, respectively, then Eq. (C.3) becomes 


ji 
C24B!- 20pse giz eee = | exedy dX \dY exp (—(X?+ ¥?+X-Y)) 
3 3 (On) 

il 

x exp:(| Kent inten 3) (C.5) 
0 

where 
@=h?s/M , 


U(x, , s)=Ue+il—sa@X+¥), y+il—a@¥+x)=S A= Nowy, yy. 
n=0 nN: 


uf 
If we further separate the factor exp, ( = a| dsU(x, y, ) to the left, the ordered exponen- 
0 


tial in Eq. (C.5) becomes as follows: 
exp: ({ asa —BUe, v,)) 
0 
1 
= exp ie Al asx, y, ) exp (\ 4 \@L —2pa°K |" ds'Ux, U5) 
J0 0 


+ Bar( |" ds’U, y, sds” Ue, y, #))-aa'(z [ay Ue, ws \t) Cs) 
0 


where K and L are operators which are defined by Ea: (3.13). 
Eq. (C.6) is most convenient to obtain the expansion formula in h?B/M, since if the order- 
ed exponential is expanded, th ies j i i i ; 
p p : power series in @ is obtained. As it contains the para- 
meter a, the factor exp (—al ds U(x, y, )) ought to 
9 
series of a. This calculation is, however, 
powers of D which become zero when the 
(C.5). In these calculations we must pay 


be also expanded in the power 


not so cumbersome, because we can neglect odd 
integration of X and Y are performed in Eq. 
attension to the fact that the first two terms in 
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| the ordered exponential and ® are operators which operate on the whole factors situated 
to the right of their operators when the exponentials are formally expanded. By the above 
Eq. (C.6) becomes as follows: 


exp (—BU(x, D|s +a £@U)— F@ uy) zi a\( — 5 @U)+ 2 (DUYDUV) 


B B 


EES \2/@e _ 8! F, 
Tg PU OU) + uy) 


»f Be egies ) 
+a ( re me (LU) ) 
4 3 2 B sor 28? 
+a ( 5 (LOU) —-E (LLU) (KU Do (K(®@U\(DU)) 
B B 2 2 2 
+ (L(KUU)) + (KULU)) +2 (LU)! Es = @U\LQU)) © @U)LU) 
—2 (KUKUU)) —F (LU (KOU) +3 @UYKUQU) + 2 UY KUU) 


Bs 2 pt hpi ei 
+2 @uyu)+ Exuu)— Zu) (KUU) )+---| . (C1) 


If we replace the ordered exponential in Eq. (C. 5) by Eq. (C. 7) and partially integrate by 
|x and y, Eq. (C. 7) becomes simpler, that is, 


exp (—BU(x, v)| 3 +a2B? (POs (Kk uv) 


4 el 3 wuld toesie et cise Ms ye 
ue Pe ge a UY Ue 


Be # ayy es 2_ 2 yy 
— 5p KU(KUU)) +355 ®UNKUQU))+ 75 (KUUY— (OU) (KUU)} 


=. (C.8) 


Eqs. (C.7) and (C.8) are derived in the case of the 3rd virial coefficient. These relations 
are also used to get the expansion of the 2nd virial coefficient, because at high temperature 


the 2nd virial coefficient is given by the relation 


/ 
B an [ax\axexp (—X?*) exp (@V«-Px—BV (x) +2aiX -Px)1 


1 
i 2 (27)3/? 
I dot 1 “a 
——2— [dx|axexp (— X?) exp+ (| ds(ayx-Y»—BV (x +i(1—s)2aX))1 > CY 
2 2AGny 0 
| In the case of the 2nd virial coefficient if the operators ®, K, L and potential U are defin- 
; ed by the relations, 


D=2X-Px , K=Px-Vx , L=Px-Vx , Ui WGs) . (C.10) 


instead of the relations which are used in the case of the 3rd virial coefficient, 


1 
D=(2K+ Y)-Pxt(2¥+X)-Vv, K=Px-VxtVoVut— Vx VotVu Va) ‘ 
L=fx-Vxt+Vu-VotVx'Vu ; U=V®(x) + V@(y)+ V(x—y)+ V(x, y), (C.11) 


then there are the same circumstances as in the case of the 3rd virial coefficient, and Eqs. 


(C.7) and (C.8) hold. 
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Now if we perform the integration with respect to X or X and Y, we obtain similar re- 


lations for both the 2nd and 3rd virial coefficients. 


| 
| 


2 : 33/ 
= a Sy VP ye 
Gays [AX ex (— X*)=1= On walGas exp (— ) 
o/s |axexp (— XYDVDW= AK VY) = =z || exaV exp (- 5 es eer a sito 
(2n)¥? cor 
awe a dX exp (—X*)DVBiDBDV; DV, 
=4{(KBiB:)(K BB.) + (KBiB.)(K BB) + (KBB) KBBs)} 
: . 
4 any | dXd¥ exp (—X*—Y?—X-Y)DBiDU.DBsDB, , etc. (C.12) 
(272)8/2 


Using Eq. (C.12), the integrations of Eqs. (C.5) and (C.9) become 


—7 [exp (BU) 1 ~aie Lacuu) + 2 (-Kuuy —Sxucxuuy+ Evy) +--+} 


120 
(C.13) 


where 1=2, and the variables of integration are dx for the 2nd virial coefficient. For the 
3rd virial coefficient, ~=3, and the variables of integration are dxdy. K, L, and U are de- 
fined by Eqs. (C.10) and (C.11). In order to obtain the expansion formulas for the higher 
order virial coefficients at high temperatures the Eq. (C.13) may be used, if D, K, L and 
U are appropriately defined. From the definition of Eqs. (C.10) and: (C.11) it is easily seen 
how to define them. Eqs. (3.10) and (3.12) are easily derived from Eq. (C.13). 
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The properties of the coercive field of BaTiO; single crystal were in- 
vestigated theoretically by using the previous result on the domain wall 


motion. 


The dependences of the coercive field on applied field, crystal 


thickness and temperature were discussed. Further a study on the shape 
of hysteresis loop was made and it was concluded that the particular 
shapes of the hysteresis loop such as the double hysteresis loop will be 
caused by the effects of internal stresses. 


Introduction 


aT 


For ferromagnetic substances the “ coercive 
field” which is given from the figure of the 
hysteresis loop (Fig. 1) by measuring the 


length AB is generally identified with the 
threshold field at which almost all domain 
walls can begin to move. For ferroelectric 
substances, on the contrary, the threshold 
field is fairly lower than the coercive field as 
experienced for most crystals. For the BaTiOs 
single crystal, for example, the threshold field 
is within a few hundreds volts/em at room 
temperatures"), while the corresponding coer- 
cive field is several hundreds volts/em or 
higher for 60cps alternating field”. Thus, 


Bigs: 


for ferroelectric substances the coercive field 
is not determined by the threshold field but 
will be determined by the characteristics of 
the movement of domain wall in applying the 
outer field. 

Then how can the coercive field be repre- 
sented in terms of the movement of domain 
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walls ? And how can the hysteresis loop be 
related with the movement of domain walls ? 

The answers to these questions were given 
here for the simplest case i. e. for the BaTiO; 
single crystal which has only 180° domains, 
using the result in the previous paper®. The 
dependences of the coercive field on applied 
field, crystal thickness and temperature were 
examined. Furthermore, the effects of imper- 
fections on the hysteresis loop were discussed 
qualitatively, and it was concluded that the 
loop may become double if the crystal is 
heavily stressed. This conclusion will be 
useful in interpreting the various features of 
the damage of crystals such as rochelle salt’ 
and triglycine sulfate?) caused by y-ray ir- 
radiation. 


§ 2. 
To obtain the theoretical expression of the 


Theoretical Expression Coercive Field 


Fig. 2. The arrows indicate the growth process 
of the original spike-shaped domains. 
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“coercive field”, let us assume that the growth 
of the 180° domain is mainly caused by the 
forward growth of the domain, i. e., the 
growth in the direction of applied field (Fig. 
2). This assumption is based on the direct 
observation of the forward growth by Merz”. 
If it is assumed further that the switching 
time of the domain is determined mainly by 
the velocity of the forward growth, the “ coer- 
cive field” can be determined as follows: now 
let us call the velocity of the forward growth 
of the domain v-'t. Assuming that all domains 
have nearly the same magnitude and play 
similarly in applying the outer field, the fol- 
lowing relations can be obtained: 


bs Be 
a=\ vedt =|' Ve - 


where do is the thickness of the crystal, ts is 
the switching time and E; is the coercive 
field. E is related with ¢ by a certain 
functional relation. For the sinusoidal wave 
E=E,)sinwt where E> is the amplitude of 
applied field and » is the frequency multiplied 


Gk , es) 


by 2z. Then using the relation 
dE ee Le 
Ge ev ee eo (E=Eay C2) 
(1) becomes 
By dE 
Dba fees aa, 
at fF °° 1—(E/ Eo? ie 


From this relation the coercive field can be 
calculated, if the dependence of ve on E is 
known. 


§3. Quantitative Examination of Coercive 
Field 


According to the result in the previous 
paper®, the forward growth of 180° domain 
in the BaTiOs single crystal is caused by the 
successive random movement of the various 
parts of the front wall and by the rearrange- 
ment of these local walls due to the effects of 
depolarizing field which rules out the shapes 


t Recently by Miller and Savage®) the sidewise 
growth of 180° domain has been observed. For 
such case the present treatment can be also applied 
with a slight modification of the notation i.e. by 
replacing ve and dy in Eq. (1) by v, and dg, where 
Vn is the velocity of the 180° wall normal to the 
surface and dq is the breadth of the domain. 

tt The meaning of the velocity v, will be dis- 
cussed later. 
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of the front wall that increase the depolarizing 
energy. Therefore the displacement of the 
front wall will actually be different at every 
part of the front wall owing to the effects of 
depolarizing field. Let us assume, however, 
as a rough approximation that every part of 
the front wall of a domain moves by an equal 


distance per unit time in the direction of | 


| 


applied field. Then the time taken by the © 


front wall to move by a unit spacing can be 
written as 


At (4) 


where p* is the probability per unit time with 
which the local wall having a certain front 
areattt can shift by a unit spacing and 7 is 
the number of the transitions that take place 
until the whole front wall has just shifted by 
a unit spacing. From the result in the pre- 
vious paper’), the number 7 is given as 
So 


ms*u ” 


fells, 
meee 


(5) 


where So is a certain area of the front wall 
of a domain which which will be shifted with- 
out the effects of depolarizing fieldtttt, s*z is 
the front area of the local wall and m is the 
number of the local walls which can move 
simultaneously. The velocity of the domain 
become then 

u mu*s*p* 
ie eee 
Using the relation s*up*=(d)/2Ps)i*.., in the 
previous paper®, this is rewritten as 


Ve= (6) 


OPS, local ? 


where 7*.,, is the current caused by the move- 
ment of the local wall. Substituting (6’) into 
(3) gives 


By mudo . dE 
droEyo=\7? Mido je GE 
ee \ 2P»So °°! /1—(E] Eo)? 


Except at very high frequencies, the observed 
coercive field is lower than the critical field 


E’ which has been defined and determined in 
the previous paper®). Then, using the relation 


( 6”) 


c 


GO) 


tit The magnitude of the front area is determined 
under the condition that the current induced by 
the movement of the local wall is maximum. 

tt If the effects of depolarizing field is neglected 
at all, So equals the whole area of the front wall 
of the domain, 


| 
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jx 4 P20? ow ( FwO*V 
local aoo* ac kb ao (EX<E’) ( 8 ) 


in the previous paper®’, (7) becomes 


B 


c 2vu2meo os 
dao \e ee Gworu 
baa! \ SV 1—(E/ELY exp ( pee sel : 


Coy 
which is rewritten as 


o*SodoEow _ (2, Owd*U 


1 
Qmvutow Jo V1—(E]Eo? exp ( ein )tE oy) 


| where o* is the activation energy for the local wall to move by a unit lattice spacing in the 
ae of applied field, ow is the 180° wall energy, v is the thermal frequency of Ti ion 
| and zw is the unit lattice spacing. Thus the fundamental e i 
: at j quation to calculate t i 

field in various conditions is obtained. aoe (es 
Now, using the data in the previous paper®), let us calculate the magnitude of the coercive 
field and examine the dependences of the coercive field on amplitude and frequency of applied 
| field, crystal thickness and temperature. Using the date that 


So 


my 


oon cmiisec “and o*=1:6jesu’ (at? 23°C) 


and putting o»=1.40esu, RT=4x10-'* esu and w~=4x10cm, (9’) becomes 


Ee exp—(28.6/E) 
quan, 1 Sie mpi 


4A~5 x 10° Eowdo = 


Assuming that E.=10‘ volts/em, w=2z x60 2000 
and d=5x10-?cm, the coercive field is cal- 
culated to be 


Ec=1500~1600 volts/cm 


This value is a few times higher than Merz’s 
experimental value”. This difference, how- 
“ever, may not be So significant because the 
magnitude of the observed coercive field is 
fairly different for different crystals’. 

The dependence of the coercive field on 
amplitude is shown in Fig. 3 and the depend- 
ences of the coercive field on frequency and 
crystal thickness are shown in Fig. 4. It will 


be seen from Fig. 4 that log w or log d) changes 


)} nearly linearly with 1/E. except for very hig 1000 5000 10000 


frequencies. : E>  (volts/em) 
The dependence of the coercive field on 


temperature can not be determined precisely 
because the temperature dependences of a few 
quantities in (9’) are not known. However 
the rough estimation of the dependence can 
be obtained from the following consideration. 

Since the dependence is mainly determined 


° 
re) 
fe) 


Ec (volts/cm) 


Fig. 3. Coercive field versus amplitude of applied 
field. 


by the exponential term in (9), neglecting 
the temperature dependences of the other 
terms, the dependence becomes 
Sea yg Se eee CHORE 

+ The coercive field is reported by Wieder” to coc rTP. : (11) 
be about a few thousand volts/cm at room temper- nis 


atures. According to Kinase and Takahashi®, ow is¥ 
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nearly proportional to P;’. Then assuming 
that o* is proportional to Ps”, (11) reduces to 


af P. M+1 
Ev. " 


(12) 


Ri 


This result indicates that the coercive field 
for the BaTiO; crystal decreases abruptly with 
the decrease of the spontaneous polarization. 
5x10" 

om 
do 


Ww 
or E 210° volts/em 
O- | OF 
2000 (volts /crn) 
1000 
5x10* 
500 cm 
200 
100 
5x10” 
50 cm 
20 
10 
6 5xI0" 
O 0.2 08 1.90 om 


OAT OO ae 
\/Ec X10 volts 
Fig. 4. Reciprocal of coercive field versus applied 

frequency and crystal thickness. 


§ 4. 


Effects of Internal Stresses on Hyster- 
esis Loop 


In the present section let us consider the 
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effects of internal stresses on the hysteresis 
loop. In this connection let us consider how 
the stresses influence the stability of domains. 
Suppose at first there are no internal stresses 
in the crystal. Since in the experimental 
condition that the outer field is applied by a 
constant-voltage source, the polarizing charges 
on the surfaces which are caused by the 
movement of domains are always compensated 
by the charges on the electrodes, the effects 
of depolarizing field can entirely neglected. 
Then the state of the crystal which is fully 
polarized in one direction will be most stable, 
because by the appearance of domain walls 
the free energy of the crystal is increased 
by the energies of the boundaries. On the 
contrary, if a certain internal stresses exist 
in the crystal, the state with a certain domain 
configuration may become most stable, because 
the internal stresses will be relaxed by the 
appearance of domains. Therefore, for such 
crystals the original state with a certain do- 
main configuration may be restored when the 
applied field has been removed. Thus the 
internal stresses will act on the domin walls 
as a sort of restoring force. 

To introduce these effects into calculation, 
let us assume that, by the existence of the 
internal stresses, the wall energy at the po- 
sition (X, Y, Z) is modified by U(X, Y, Z) per 
cm’, where the coordinate Z is parallel to the 
applied field. Then, as done in the previous 
paper®), the change of free energy of the local 
wall in the intermediate state 4F™” and in 
the final state 4F" can be written respectively 
as 


* 
AF™ = —EPAV+ <4 V (13) 
U 
and 
AFF = —2EPAV +ow4S+(U(X, Y, Z+u)—U(X, Y, Z))4V 
> aU 
=—2EPAV + owdS + 5-u-dU (14) 


where 4V and 4S are the increase of volume and surface of the initial domain respectively. 
The increase of U in the intermediate state is neglected here, because it will be generally 
much smaller than o*/uw. The transition probability of the local wall by unit lattice spacing 
in the direction of applied field becomes then 


=e (s*(EP.— es 0U o*s*u 


ok —' > — ee 
p aT 2 AZ u) aw) exD ET 


(16) 


where 
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This relation can be simplified when 2A<BC, i.e. EXE’t, to 
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and then the maximum local current become, as in the previous paper, 
"“y 4 Ss. ° w w 7 
eo en 0 
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from which the hysteresis loop can be obtained by the process similar to the previous. one. 
For the present case, however, the treatment is in general rather complicated because the 
local current is generally different at every position of the front wall and so the simple 
relations (4) and (5) can not be applied. Since, further, the generalization of the previous 
treatment will not be useful in discussing the qualitative features of the hysteresis loop, 
the discussion will be confined to the case that the gradient 0U/O0Z is a function of Z only, 
which can be treated without the generalization. With the help of (6’), the velocity of the 
domain is then written as 


_ 2yutowm OwO*U 


C—O a : (19) 
Soa ( ( eee 4f ou | ) 
Since the change of the crystal polarization within a short time can be written as 
Nga Vet _ Ve dE: dt (20) 


Ps do do dE 


if all domains move similarly with the velocity v-'t, the change of polarization with the change 
of applied field is given, using (2) and (20), by 


dP _ 2vutowmPs oe fh AVON dnd a (21) 
dE Svo*doEwwy1—(E/Ev) eat kT ( EP, Re ) 


+ When VAS B Cai.e Le Hi) the transition probability becomes 
Qvu (2k T 1 0Uv ) F 
/ ie ee zt) om od | 
As stated in the previous section, this relation is useful only when the frequency of applied field is 


very high. 
+t A better modification can be obtained by assuming that the velocity ve may be different for each 
domain. (20) is then modified to 
dP Si dt 
——— v ee ae 
Ps > 7 ah Gh 

where ve? and S; are the velocity and front area of i-th domain respectively and S is the area of the 
electrode. Then the hysteresis loop can be determined from the relation 


dP Ps ; 
A: 77 BT. \2 8 Sy - 
di ~ doRyoSV1—(B/B? ~™ 


From this relation the whole shape of the 
hysteresis loop can be determined if the de- 
pendence of U on Z is known. 

Some of the calculated hysteresis loops are 
shown schematically in Fig. 5 and Fig. 6. 
The relation between the energy U versus Z 
for each hysteresis loop is shown on the left 
side of each loop. It will be seen from these 
figures that the sharper the gradient, 0U/0Z, 
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Fig. 5. Deformation of hysteresis loops by internal 
stresses. 


becomes, the more the hysteresis loop is de- 
formed. This fact is also immediately seen 
from (21). That is, if QU/OZ is positive and 
the applied field E is lower than (OU/0Z)u/2P,, 
(EP;—(1/2)(0U/0Z)u) becomes negative. Then 
the domain walls can not move in the direction 
of applied field and they will be clamped at 
a certain stable position until the applied field 
reaches the critical field (QU/0Z)u/2Ps. Thus 
it will be easily understood that the hysteresis 
loop becomes double when the crystal is 
heavily stressed. 


$5. Discussion 


1) Through the direct observation of do- 
mains by polarizing microscope, it has been 
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recognized that the rochelle salt crystal nearly 
recovers the original domain pattern when 
the applield is removed. 
ascertained by the optical measurement® 
which can detect the resultant movement of 
all domains. According to the above con- 
clusion the recovery is not caused by the 
polarizing charges, but by the internal stresses 
in the crystal. These internal stresses will 
act on the crystal as a sort of restoring force 
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Fig. 6. Deformation of hysteresis loops by internal 
stresses. Z) and Z, indicate the coordinates of 
the crystal surface normal to c-axis. 


Fig. 7. 


This fact is also 
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to deform the shape of the hysteresis loop, 
as discussed in the previous section. In fact, 
the deformation of the hysteresis loop is fre- 
quently seen, especially when the crystal has 
been left for a long time without applying 
any field, indicating that, by the gradual 
reorientation of imperfections, a certain do- 
main configuration becomes more stable. One 
example is shown in Fig. 7. 

2) Recently it has been reported by Chy- 
noweth® that the hysteresis loop of triglycine 
sulfate is heavily deformed by y-ray irradia- 
tion, as observed for rochelle salt*. According 
to his result, the hysteresis loop is little 
deformed, even if the crystal is irradiated 
heavily by y-ray, so long as an alternating 
field is being applied. However, once the 
field is removed and it is applied again a few 
minutes later, the hysteresis loop becomes 
heavily deformed. This phenomenon seems 
to be somewhat strange but can be explained 
satisfactorily by considering the effects of 
internal stresses as follows: imperfections 
such as interstitial atoms and vacancies will 
be created by the y-ray in every part of the 
crystal. They will be in activated and non- 
equilibrium states and so tend to move through 
the crystal lattice and gather at the domain 
boundaries or the portions with internal stress, 
decreasing the total free energy. However, 
if the crystal has no internal strains and the 
alternating field is being applied, such a clus- 
tering can not occur because the imperfections 
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can not follow the fairly rapid movement of 
domain walls, and no deformation of the 
hysteresis loop will be expected. Once the 
field has been removed, the domain walls cease 
to move and the imperfections will gather to 
the walls. The clusters of the imperfections 
thus formed will act on the walls as a sort 
of restoring force. Thus, when the field is 
applied again, the deformation of the hyster- 
esis loop will be observed. Through this ex- 
planation it will be suggested that the mobility 
and lifetime of the imperfections may be 
determind by observing the change of hyster- 
esis loops under the different condition of 
irradiation under applied field. 

Finally the author wishes to express his 
appreciation to Dr. T. Nakamura for his 
helpful disussions. 
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Conduction by the movement of an extra electron which is tightly 
bound to an ion in an ionic lattice is discussed. We assume that the 
wave function of the electron is localized closely around an ion and the 
motion of the electron is so slow that lattice polarization is induced 
around the electron. Further, we assume that the potential in the lat- 
tice deviates slightly from a perfectly periodic arrangement owing to 
the existence of many impurity-ions. In these circumstances the cur- 
rent is connected with a hopping motion of the electron from ion to 
ion rather than with a translational motion of the electron in a nearly 
perfect lattice. In §2 we discuss the self-trapped state of a positive 
hole in a polar lattice with a fluctuating potential. In §3 we develop 
a theory of the transition of the hole from ion to ion by using the non- 
adiabatic approximation, and further in § 4 we discuss the same problem 
by the adiabatic approximation. In the last section we compare the 
theory with experiments. The electrical conduction through d-electrons 
in the crystals such as Li,Ni,;--O, LaMnO3-++SrMnO3, magnetite and 
CoFe,0, is regarded as good examples to which the Heitler-London con- 


duction mechanism is applicable. 


We also discuss the impurity conduc- 


tion in germanium from a similar point of view. 


$1. Introduction 

In the previous paper”, which will be re- 
ferred to as I, we discussed some character- 
istics of the current observed in NiO and 
LaMnO; crystals. In these crystals the 
mobility of electrons is quite small as com- 
pared with that in usual semiconductors. 
Moreover, the temperature dependence of 
the mobility is also complicated according to 
a total amount of impurity-ions which con- 
trols the conductivity. In some specimens 
the mobility is nearly constant, and in others 
it increases with increasing temperature. In 
these cases the conduction mechanism may 
not be explained by the usual band theory. 
A formal application of the band theory to 
these cases leads to rather unreasonable 
results, for example, the mean free path of 
electrons being much smaller than the lattice 
constant. Therefore, we thought it worth 
while to approach the problem from the op- 
posite direction. We have developed a 
theory of the electrical conductivity on the 
basis of the Heitler-London approach and ap- 
plied it to interpret the observed current in 
NiO and LaMnOs;. Although the theory is 


oversimplified in some respects, it gives a 
qualitative explanation of the main features 
of the current. In the previous treatment, 
however, we introduced a model rather in- 
tuitively, and we did not investigate the 
foundation of the theory. The purpose of 
the present paper is to discuss the foundation 
of the H-L approach to the conductivity and 
make clear the condition under which this 
approach is applicable. Another purpose of 
the present paper is to illustrate some exam- 
ples to which the present model seems to be 
applicable. 

The problem why the nickel oxide crystal 
is an insulator is one of the fundamental, 
but difficult problems in solid state physics. 
A qualitative explanation has been given by 
Mott”. Let us imagine an assembly of N 
positive ions making a regular lattice and N 
electrons. When the lattice spacing is suf- 
ficiently small, the ground state of this sys- 
tem is well represented by a simple energy 
band picture. The WN electrons fill a lower 
half of the state in the energy band and this 
system will be a good conductor. Since the 
correlation effect between electrons with anti- 
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parallel spin is not considered in the simple 
band picture, the system contains too many 
numbers of negative ions. This situation is 
unfavorable for the cohesive energy of the 
system. However, by forming a band the 
system can reduce its kinetic energy, so that 
this gain is able to compensate a large part 
of the energy loss mentioned before when 
the band width is sufficiently wide. On the 
other hand, when the lattice spacing is large, 
the energy loss caused by the negative ions 
cannot be balanced by the energy gain due 


| to the formation of an energy band. There- 


aren eer 


large. 


-ed at a Ni** ion. 


fore, it is supposed that the H-L picture is 
more favorable when the lattice spacing is 
If we compute the energy of the 
system by the both approximations as a 
function of the lattice spacing, we may have 
a rough idea about the applicable range of 
each approximation. We must, however, 
notice that the both approximations may be 
useful only in their ideal or nearly ideal 
cases, but too crude to discuss the nature of 
the crystal in the intermediate region. At 
any rate, we may say that the simple band 
picture has a limit of its applicability, and 
the NiO crystal seems to be outside of the 
limit. Since the Bloch approach to the elec- 
trical conductivity is intimately connected 
with the band picture, the failure of the 
band approach in the cohesive energy sug- 
gests inadequacy of the Bloch picture of the 
conductivity. 

The pure NiO crystal is a good insulator, 
but it becomes a semiconductor when some 
of the Nit+ ions are replaced by Lit ions. 
This replacement introduces the Ni** ions in 
the lattice to preserve the electrical neutrali- 
ty of the crystal as a whole. We may inter- 
pret this Ni*+ ion as a positive hole captur- 
The holes of Nit+ ions 
are not, however, bound to definite positions 


' in the lattice, but may wander through the 


crystal by jumping from ion to ion. This 
possibility of random wandering gives rise 
to electrical conduction. A theory of this 
type, the H-L approach, seems to be suit- 
able to interpret the very small mobility ob- 
served in NiO and other crystals. A serious 
objection might arise to this approach. Why 
does a hole in NiO behave like a slowly 
moving self-trapped hole, but not like a 
usual polaron? Since the crystal has a perio- 
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dic structure, the effective potential to the 
hole is also periodic and consequently the 
ground state of a hole should be represe- 
nted by a running wave solution of the 
Schrédinger equation. 

In Appendix J, however, we show that we 
can imagine a self-trapped state for a hole 
when the wave function of the hole is well 
localized around an ion and the polarization 
of a lattice is sufficiently large, because 
the energy of the self-trapped state is lower 
than the usual polaron state. However, 
one may argue that one can still construct 
a crystal wave function of the Bloch type by 
superposing the wave function of the hole 
self-trapped at a certain lattice point, if the 
crystal has a perfect periodicity. In a real 
crystal, especially in a NiOLi,O alloy which 
we consider, this periodic condition is by no 
means realized. If the state of the system 
is represented by an energy band of a con- 
siderable width, a small fluctuation from the 
periodic potential is regarded as a_ small 
perturbation, but for a translational motion 
of a heavy hole accompanied by a large polari- 
zation a small deviation from the periodic 
potential has a decisive influence and we can 
no more describe the motion of the hole as 
a propagation of wave in a periodic lattice.* 

In general, we may classify conduction 
mechanism into three cases according to the 
strength of electron-lattice interaction. (a) 
When the effective mass of electrons is small 
and the electron-lattice interaction is  suf- 
ficiently weak, the state of the electron is 
described by a set of the wave number vec- 
tors k. Then, the electron-lattice interaction 
causes transitions between these states with 


* Even when we disregard the fluctuation of 
the periodic potential, it is not necessarily true 
that the motion of the hole should be described 
by a wave motion. The translational motion of 
the hole is possible through two alternative ways, 
one through the propagating motion of a wave 
and the other through the transition from one ion 
to another with emission and absorption of phonons. 
If the wave function is localized tightly around an 
ion and the polarization induced around the hole 
is large, the latter process becomes predominant 
because of a very heavy effective mass of the hole. 
In the paper I, we treated such an ideal case with- 
out considering the fluctuation of the periodic po- 
tential. We think, however, that the assumption 
of the present paper is more plausible. 
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k and k’ respectively. This transition is re- 
garded as a Markoff process, so that the 
statistical behaviour of the electrons is well 
represented by the Bloch equation. (b) When 
the effective mass of the electrons is con- 
siderably large or the electron-lattice interac- 
tion is strong as in the case of conduction 
electrons in alkali halide crystals at room 
temperature, we can no longer treat the in- 
teraction as a small perturbation. Then, we 
do not know what state can be regarded as 
a well defined stationary state, and conse- 
quently we cannot find a suitable Markoff 
process. (c) However, if the effective mass 
of the electrons becomes large enough and 
the interaction with the lattice is also very 
strong, the approach from the opposite direc- 
tion may have a meaning, and then the pro- 
blem is again manageable. In this case, the 
state which is localized around an ion may 
be regarded approximately as a stationary 
state and the effect of other ions is regarded 
as a perturbation. The electron makes a 
transition from ion to ion by the perturbation 
with a certain probability. This transition of 
the electron is accompanied with emission 
and absorption of many phonons. In the 
forth-coming paper one of the authors of the 
present paper (K) will discuss the nature of 
this transition in detail. The result is that 
this transition is a Markoff process and 
statistical behaviour of the electrons is re- 
presented by the diffusion equation. Follow- 
ing the method developed by Van Hove® we 
prove that such a wandering motion of the 
electron obeys a law 


dPr(t) 
dt 


where P,(t) is the probability that an electron 
is situated at the ion m at the time ¢, and 
W(n, n’) is the probability of the transition 
of the electron from the ion »’ to the ion n. 

Next, we discuss briefly the condition 
under which the H-L approach is permissi- 
ble. The first condition is that the localized 
state is possible on the energy consideration. 
The second condition is that the life time of 
the localized state should be sufficiently long 
as compared with a period of the lattice vib- 
ration, because it takes a time of the order 
of the lattice vibration to induce lattice 


polarization around the hole. Therefore, the 
condition is: 


= 2 (Wn, 0) Pat)— Wn’, n)Prlt)) , 
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yv>wW. 


According to the Einstein relation we can de- 
termine the mobility from the transition pro- 
bability W: 

p=(e@/kT)W, 


where a is the distance between nearest 
neighbour ions. Inserting the values T=300 
°K; @=4x107 cmypcandy, W102 secy 
have: 


pe ~ 0.6 cm?/volt sec. 


Next, let us investigate a condition for the 
Bloch theory of the conductivity. We seta 
condition for it: 


h/band with<r. 


If we estimate the band width by %?k,?/2m, 
where ko is nearly equal to z/a we have: 


2 
w=—ct> S BE cm2/volt sec. 
m 1 ip 


This condition gives the lower bound of the 
mobility for the usual Bloch theory. Thus, 
we may roughly determine the border-line of 
the two alternative approach. When the 
mobility is much larger than one cm?/volt 
sec, the usual Bloch theory is applicable, 
while the H-L approach may be better when 
the mobility is much smaller than one cm?/ 
volt sec. If the mobility is near the border- 
line as in the case of a polaron in some 
ionic crystals above room temperature (10> 
u>0.1), neither approaches seem to be ac- 
curate enough. 

As mentioned in the paper I we expect 
that the temperature dependence of the 
mobility shows special characteristics in the 
H-L picture. In the usual Bloch picture the 
mobility should decrease with increasing 
temperature. In some compounds, however, 
the mobility is observed to increase with in- 
creasing temperature. This fact is another 
important character which suggests a neces- 
sity of the H-L approach which is developed 
in the present paper. Hitherto we have men- 
tioned the current in polar crystals from the 
standpoint of the H-L picture. However, 
this picture is also applicable to non-polar 
crystals, if some conditions are fulfilled in 
them. We shall show that the impurity con- 
duction in germaninum is a typical example 
of this picture when the concentration of 
impurity atoms is very small. 


we | 
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Finally we mention about applications of 
theory to real crystals. We believe that 
the theory is applicable to the conduction 
phenomena observed in some compound 
which have a transition element as a consti- 
tuent, although many of experimental facts 
are not necessarily conclusive at the present 
stage of development. We may count NiO, 
MnO, Fe20;, V2Os, TizO; and LaMnO; as ex- 
amples of such materials, and the magnetite 
may be another example. However, it is a 
rather difficult task to draw a quantitative 
conclusion from a simplified theory. Even 
in the Bloch theory we have a few examples 
which can be treated quantitatively, because 
we have no reliable knowledge about the 
band structure, the interaction constant and 
so on. The situation is much worse both 
experimentally and theoretically in the com- 
pounds which we want to study, so that the 
discussion remains inevitably ambiguous, but 
_to stress that the problem is a 
yf the principle whether the usual 
ry is valid or the H-L approach is 
better for the cases mentioned previously. 
For that purpose the qualitative discussions 
are sometimes quite useful, and we hope 
that the present paper will give some contri- 
butions to this problem. 


§2. A Tightly Bound Electron in a Polar 
Lattice 


In the H-L approach to the conductivity 


- the most important quantity is the transition 


probability from one localized state to an 
adjacent localized state with nearly the same 
energy, because the spatial motion of electron 
is fully described by this quantity. In order 
to evaluate the transition probability it is 
convenient to consider two cases separately: 
(1) the transition takes place in a manner 
that the adiabatic approximation is allowable, 
and (2) it is not allowable. We shall discuss 
the non-adiabatic case in sections 2 and 3, 
and the adiabatic case in section 4. 

Let us imagine an electron (or a positive 
hole) in a lattice. We denote the lattice 


sites as Ry. The Hamiltonian of the system 
is written as 


Fee Or ee RVG. e Xr)+ 
2m 
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where p?/2m is the kinetic energy of the 
electron, m is the electron mass, 7 is the 


position vector of the electron, Xe is a posi- 
tion vector of the m-th ion which is not ne- 


cessarily equal to Rn, U.(7) is the total poten- 
tial of the lattice for the electron: 


N = 
ily a es & U(r—Xn)+ AUP) ; 23) 
Here UG=X a) is a potential due to the ion 
n. If the lattice were perfect, the total po- 
tential of the lattice would be given by the 


sum YS UG—Xa): In fact, the potential 
exserting on the electron is not perfectly 
periodic, but fluctuates slightly ion by ion, 
because the lattice contains a fair number of 
impurity ions and excess electrons. This 
situation is taken into account by the term 
AU(?) in (2). Further, V(Xi, ---, Xw) is the 
interaction energy between the N ions and 
Ky is the kinetic energy of the m-th ion. 
Then, the motion of the system is represent- 
ed by 


HOG; Xi, +++, Xu) =ib Swe; Xi, +++, Rey. 
(3) 


In general, it is very difficult to solve the 
equation (3), but we are able to find an ap- 
proximate property of the solution of (3) 
under some special assumptions. 

Let us imagine that an electron is tightly 
bound to a certain ion which will be referr- 
ed to as the ion 1. If the life time of that 
state is long enough as compared with the 
period of the lattice vibration, then the 
electric polarization—more generally lattice 
distortion—is induced around the electron and 
contributes to stabilize that configuration. In 
order to describe this situation we consider 
the following part of the previous Hamilto- 
nian: 

Pp x ass 
HY =+— +eU(7—X1) 
2m 
+e 5 [U@—Xn)-UP-Ry)| 
nel 
(4) 


+L VXy, «-, Xv)-+edU):. 


If Nolte is not large, the third term makes 
a nearly constant potential in the vicinity of 


the position yey because it is a static poten- 
tial due to the electric poles at the ions 
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other than the ion 1. Moreover, 4U(7) is 
also regarded as a slowly varying potential 
as compared with the potential U(r—%X1). 
Under the assumption that the potential U(r 


ee is fairly large and the wave function 


of the electron is well localized around et 
we may expect that these additional poten- 
tials cause only a small change to the origi- 
nal wave function of the ion 1, and the wave 
function of the electron depends slightly 
upon Der Since the eigenvalues of H isa 
function of ee we introduce a set of the co- 
ordinates of the ions (Xo'”), (= = yo AGH XD, 
---), which represents the energy-minimum 
configuration of the lattice when the electron 
is localized around the ion1l. Thus the wave 
function of the Hamiltonian (H+ 3) Kn) is 
approximately given by a product of the 


electronic wave function b(7r—R:) and the 
lattice wave function corresponding to the 
oscillating motion around the minimum con- 
figuration (Xo). If we expand the eigen- 
value of H“ with respect to (X¥n—X®) up to 
quadratic terms, the motion of the lattice is 
represented by a set of simple harmonic os- 
cillations. Since the variables (Sead, X2) are 
not the normal coordinates of the motion, we 
must introduce a set of the normal coordina- 
tes. Here we do not investigate them in 
detail, but only denote them as Q,“. Then 
the wave function of the system is given by* 


Vn=h(7F—Rnm) at Dn, w (Qn ne) , (9 ) 


when the electron is localized around the ion 


m. Here ¢(7—Rm) is the ground state eigen- 
function of the Hamiltoniant 


2 ee 
HP=—! 4 euG—R,) 
2m 


te > UG—X&)—UP—R,)|+e4U 


(6) 


* Here we restrict the discussion to polar cry- 
stals, but the extention of the present formalism 
to non-polar crystals is quite easy. 

+ In the paper I we discussed the problem by 
the continuum model. It is a rather trivial task 
to demonstrate a relation between the two appro- 
ximation. 
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and On,wa(Qni™) is the wave function of the 
n-th harmonic oscillator in the state NGA 


Since the electron is able to situate at any | 


one of the ions in the lattice, the electron 
can jump from one lattice point to the other 
with a certain probability by the aid of the 


perturbation 4H= = U(F—Rn). 


the electron must emit or absorb a number | 


of phonons, because the potential energy 
(Pm|AU|~m) is not exactly the same before 
and after the transition. 
we shall discuss the transition probability. 


§3. Transition Probability (non-adiabatic 
case) 


The transition probability for transfer of 


the hole from the Rm ion to the Peet ion by 
the perturbation 4H has been evaluated in 
the paper I, but with the special assumptions. 
In that treatment we disregarded the fluctua- 
tion of the crystal potential from the perfect 
periodicity. Then, there exists some extent 
of coherency between the wave function of 
the hole at different lattice points, so that 
the hole can make a translational motion as 
a propagating wave, although the velocity of 
the motion of this kind is quite small as com- 
pared with that of the hopping motion of 
the hole accompanied with emission and ab- 
sorption of many phonons when the hole is 
tightly bound to the ion by a deep potential 
and a large polarization. In the present paper 
we take the fluctuation of the potential into 
account. The magnitude of the fluctuation 
is assumed to be larger than the width of 
the energy level of the hole. Then the 
transition of the hole must be accompanied 
with emission and absorption of many 
phonons and there is no possibility of the 
motion as a propagating wave. Since there 
are many degrees of freedom in the phonon 
system, the motion of the hole through such 
process may be regarded as a Markoff 
process. 

The transition probability which we want 
to obtain is written as 


Qn |M/ 
h 6E 


x SDL day lOn, wy) |On,wym+1)>F? . 
nr wk: 


WA4E)= 


(7) 


In this case | 


In the next section | 


0) 
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Here, M is the transition matrix element of 4H*: 
M= [OP Rnd HPO Reus) (8) 


and pw,’ is the weight of the oscillator ” in a state Nn’, 


Pun =€XP (—Nn’han/k T)/> exp (—Nrh@n/kT) , (9) 


where JN,” is a quantum number of the harmonic oscillator ». The summation is taken 
over all values of Nn’ and N,’’ which satisfy the condition 
bE < 6E 


5 = (10) 


where 4E means the difference of the potential energy between the atomic cells before and 
after the transition: | 


AE=AU(Rmit)—AU(Rn) . : (11) 


Since the direction of the 3N-dimensional vector (Xo\™+! —Xo\™) does not generally coinside 
with the direction of any normal mode of the harmonic oscillation about (Xo), the com- 
plex change of phonon states takes place at the transition. In general, it is quite difficult 
to compute the transition probability from (7), because we have no knowledge about the 
frequency spectrum of phonons and the vector (Xo'"*+»—X0™).. However, in some cases, we 
are able to derive more simple approximate formulas of the transition probability from (7). 
First, we assume that @:,=wo=constant, and then Eq. (7) is easily reduced to the following 
simple expression: * 


WdE)== |MPF(4E) (12) 
~ and 
LAE) = EE exp {—S(2No +1) }Ip(2SY No(No+1)) exp ( = BO) AE — phan) , (13) 
’ where 
Ty(Z) =|, exp {ipx+ zcosx}dx , (p=integer) (14) 
JO 
No=1/[exp (havo/kT )—1] (15) 


and the quantity S is a parameter which gives the intensity of the electron-lattice interac- 
tion and defined as 


S= if {Em (Xm) — E™(Xo™)} : (16) 
hoo 


Here E™(X)™) is the eigenvalue of the Hamiltonian H'™ when the lattice takes the con- 
figuration (Xo™) and E™(Xo™+») is the similar quantity with the lattice configuration 
(Xo™+»), By using the continuum model we gave a more explicit expression of S in the 


paper I. : : ee 
When we take into account the frequency dispersion of the optical variation, the problem 


is difficult to solve accurately. However, if the dispersion of the frequency is small, we 


* Here we understand trat the integral sign contains the summation over the pe beara 
So long as we disregard the spin-orbit coupling, the perturbation 4H does not contain p 
operator, so that the transition will take place only between the same spin states. 
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are able to derive an approximate formula in the following way. Let us denote the fre- | 
quency by: @n=@0.+4@n, then we expect that A, /w: is small. The formula which we are— 
to evaluate is:*” 


co 


dt exp (4Et)/2xh 


mLapvar 
w=22\M | 
1 Re 
x exp i SS, = Qi Oa oD | coth (Sa) sin (@;t) 


= poor (56) cos (ost) |} , 


where £j=ha,j/kT. Here we introduce an approximation that we replace a quantity A(@)j) 
by A(@o) whenever possible. Following O’Rourke® we introduce a set of new variables: 


x=@t—do, sin gds=isinh (8;/2) and cos ¢;=cosh (8;/2) . 


Then, we have: 


S al! mil hwo 
F(AE)= XX exp{—S(2No+1)}o(2SV No(Mo +1)) eXP (ser ) fol AE— phew) ; (17) 
pH=-0 
where 
yee ee 1 (22@+) (AE B 
f (A E— pho) =[In(2S/ No(No £1)! ake exp E ( oe Jets esch ey 
x {cos « al > cos (Hx + but b0— 4) 
SNS Wo @ 
; I . (4a; 4o;, , ay, a 
+ sin x 3N = sin (SPe+ x dot do — $3 f Bie 


When 4; tends to zero, the function f,(4E—phawo) tends to the é-function 8(4E—phav). 
When 4a; are finite, the functions f»(4E—phq@) are finite in a certain energy interval, be- 
cause ¢@o and ¢; are pure imaginary quantities. However, we do not need to have a de- 
tailed knowledge about the functions fp. For the present purpose it is sufficient to assume 
that /, is finite only in a narrow region around the energy pha and satisfies the condition: 


\" fr(4E—phav)d(4E)~1 . 
By using a series expansion of the function T(z): 
I2SV NoNo+1))= > {NoNo+ DS? [C1 


we see that the maximum term appears at the xo-th term: x0o~SY No(No+1). The physical 
process which corresponds to each term in the series is that the hole jumps to the final 
state with absorption of x phonons and emission of the same number of phonons. Thus, 
the final state can approximately cover the energy interval of hAw8SY N(No+1). On 
the other hand, the function J,(z) corresponds to the electron-transfer process in which the 
total number of phonons changes by p. If the processes are well classified according to the 
number p, the formula of the transition probability may consist of a series of terms which 
are classified by p. Then, the formula like (17) with suitable function fn may be regarded 
as a useful approximate formula. For our present purpose the necessary quantity is not 


the function W(4E), but the average value of W(4E) with respect to the probability of the 
final state p(4E): 
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Ww =|" o(4E)W(AE)d(4E). (18) 


The ‘function e(4E) must satisfy the condition 
n 
pd )d4E =1-* , (19) 


where 7 is the number of the holes which participate the conduction. Unfortunately, we 
have no reliable knowledge about p(4E), so we must adopt case by case somewhat arbitrary 
assumptions. If we assume that the variation of p(4E) as a function of 4E is rather slow, 


then we may disregard the variation of p(4E) over the width of fy. Under this assumption 
W is reduced to: 


wae IMI? exp {—S@No+1)} 3 exp (—phaw/2kT) 
x In(2SY No(No+1))e( pha) . (20) 


This equation may be useful, when p(4F) is slow varying and average value of the fluctu- 
ation of the potential is large. 

Further, if the condition kT>hw. and 2S\//N,(N. +1)>1 are satisfied, the following: ap- 
proximations are permissible: 


pAE)~p(4E+ hav) 
and 
alii | oyna 2 ae 
oe ae 82 aie (21) ’ 


which shows that J,(z) depends weakly upon p. By using the following average procedure 


1 [(p+1/2)hoo 
I,(z) exp (— phao/2RT )e( pho) ~ ng 1/2) hwo 


Fan d(4E) LAB hwy ™ exp (—4E/2kT )p(4E) , 


we have an approximate formula: 


w= W(4E)p(4E)d(4E) , (22) 

where W(4E) is defined by 
W(4E)= = IM |? = exp {—SQNotDLy mips, (2SV No(No+1)) exp (—4E/2kT) , (23) 

@o 


and it corresponds to the average of W(4E) in the energy interval hao. We see that Eq. 
(23) is identical with Eq. (45) in the previous paper I in the limit of 4E=0. Next, in the 
case of kRTSfa@o, W(4E) in (23) is further reduced to 


x 2x |M? {_( Shao )/ e} (24) 
Wa saat aa 


For a further reduction, the explicit knowledge of p(4E) is necessary. If we assume that 


plde)= p(0)( $2) /[.—exp (—AEIRT)] 


then we have: 


W=xkTp(0)W(0) . (25) 
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Or, if we assume that most of the final states are in the energy interval —kRT<S4E SRT, 


’ 


then we have 
W~ W(0). (26) 


By assuming the spatial uniformity of the fluctuation of the potential, we have an expres- 
sion of the mobility: 


p=e@W/kT . (27) 


§4. Transition Probability (Adiabatic Case) 
Here we start from the following Hamiltonian H.(X) 


Aa X)=H— di Kn (28) 


where H has been defined by (1). In order to investigate the properties of Hu it is con- 
venient to discuss the relation between H. and H™ mentioned in the previous sections. 
The eigenvalue of the latter, which we denote as E™(X)* is a function of the lattice con- 
figuration (X) and has its minimum value at the configuration (Xo). Its eigenstate is 
denoted as gm(r; X), where (X) is regarded as a parameter. Then, the function E’™(X) 
draws a energy surface in the 3N-dimensional space, and a set of the Hamiltonians (H'(X), 
---, H(X)) corresponds to a set of the N energy surfaces F(X) and the N eigenstates 
dir; X). We illustrate this situation schematically in Fig. 1. Now, let us proceed to the 
Hamiltonian H,. We expand the eigenstates of H, with the eigenstates of the Hamiltonian 
AH™(X): 


Vult; X)=Talu, m; X)bm(r; X), (29) 
where the coefficients a(y, m; X) and the eigenvalues eu(X) are determined by: 
ap, n; X){Ha)m, n; X)—Sim, n; X)euw(X)}=en(X)a(p, m; X). (30) 


Energy 
Energy 


ay yi nn 2 Nhe no silva x 
Fig. 1 Fig. 2. 
Here 
Hum, m; X)=E™(X) , (31) 
Alm, n; X)=(m(7; X)|4A lr; X)) (m#=n) (32) 
and 
Sim, n; X)=(bm(F; X)\bn7; X))—Sm,n (33) 


Here we assume that the intensity of the electron-lattice interaction is sufficiently strong 
and the overlap between dm and ¢», is quite small. Then, it may be plausible to assume 
that the lowest energy surface and the corresponding wave function are approximated by: 


* For the sake of simplicity we denote a set of coordinates 


(Xy, +++, an by (X) and (xe tee, a) by (X90) . 
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e( X) = EM YX) 
and 


For; X) & dnl; X) ’ 


when the configuration (X) is close to (Xo). On the other hand, if the two energy sur- 
faces E™(X) and E’+(X) intersect,—this situation is realized when (X) is near 4(Xo™ 
+Xo'"*))—, they repel each other owing to the perturbation 4H. Thus, we may illustrate 
the energy surfaces e(X) schematically in Fig. 2. 

First, let us discuss the problem by the classical picture, because the classical treatment 
is familiar in the case of the adiabatic transition. In this picture the motion of the system 
is represented by that of a representative point in the 3N dimensional space whose poten- 
tial is schematically illustrated in Fig. 2. If the hills between the basins about (Xo™) are 
higher than kT, the representative point oscillates many times about (Xo) and jumps 
occasionally to one of the nearest basins, say (Xo’"*”), over the hills. Since the motion of 
the hole follows adiabatically to the motion of the ions, we need only to consider the 
transition probability of the ionic configuration from (Xo™) to (Xo"+”) in order to investigate 
the transition probability of the hole from the m-th ion to the (m+1)-th ion. The jumping 
frequency may be given. by 


W=v exp (—en/kT ) (34) 


where vo is the average frequency of the representative point along the direction of (Xo™+» 
—X)'™), and will be the order of the frequency of the lattice vibration and e, is the height 
of the hill measured from the bottom of the m-th basin. The value of e, is approximately 
estimated by 


Shao AE 


eens (35) 


Era = 

In the quantum mechanical treatment the unperturbed Hamiltonian is H™(X)+ 3) Kn and 

the perturbation which causes the transition will be (e0(X)—H™(X)). Then, the matrix 
element of the transition is given by: 


x D> (I On,2,,(m) le(X)— A(X) IT On, (m+1)) « (36) 
aes DN, tas n n 


Since it is rather difficult task to evaluate this matrix element, we make a simplified ap- 
proximation: 


(+++ |eo(X)—H™(X)|---) > MUI Dn,w (mm) 11 Dn wa(m+l)) , (37) 


where M is an average value of (&(X)—H™(X)). By this approximation the transition 
probability W takes the same form as in the case of the non-adiabatic approximation. The 
only difference is the physical meaning of the matrix element M. 

The wave function ¥o(r; X) changes abruptly its character from dm-type Of Pmyi-type at 
the middle region between Xo” and Xo™*. If the matrix element H.(m, m+1; X) is 
quite small, the motion of the electron cannot follow such a sharp change. In this case the 
adiabatic approximation is not permissible. As is well known, the rough criterion for the 
adiabatic process says that, if M>wwo, the process is regarded as adiabatic. Here M is de- 
fined by (8): M=H.(m, m+1; X). 


§5. Comparison of Theory with Experi- how this approach is useful, but we suppose 
that the H-L approach seems to be adequate 


in the following examples. 


ments 


The Heitler-London approach we have de- 
veloped is an idealization of complicated real (A) NiO” ‘ 
situations. At present it is not quite certain The NiO crystal may be a typical example 
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to which the H-L theory of the conductivity 
is applicable. The conductivity of specimens 
(Li,Ni:-2O) is observed over a wide range of 
Li-concentration (x). This material is a semi- 
conductor and both the absolute value and 
the temperature dependence of the conducti- 
vity depend sensitively upon x. In the range 
of x from 0.1 to 0.01 the conductivity at 
room temperature is roughly propotional to 
x, and outside of the above mentioned region 
the conductivity decreases more rapidly than 
linear with decreasing concentration. The 
activation energy dF, which is defined by a 
coexp(—dE/kT), is of the order of 0.lev 
when x is about 0.1, but it amounts to about 
1.0ev when the specimen becomes sufficient- 
ly pure. We may interpret this concentration 
dependence in the following way. When the 
density of holes, or that of Lit ions, is high, 
a hole which is at one of the nearest neigh- 
bours of a Lit ion can transfer directly to 
another position which is again one of the 
nearest neighbours of another Li+ ion with 
nearly the same energy. In this case we can 
not distinguish between bound and free holes, 
because every hole contributes almost equally 
to the current. This is the reason why the 
conductivity is roughly proportional to the 
Li-concentration. On the other hand, when 
the concentration of Lit ions becomes smal- 
ler, the number of possible paths via nearest 
neighbours decreases, so that the conductivi- 
ty decreases more rapidly than linear. Fur- 
ther, when the density of the Ni’* ions is 
quite small, the most of the holes are bound 
to the vicinity of Lit ions or Ni+*+ vacancies, 
so that it needs energy of the other of lev 
to activate a hole to nearly free states. In 
this case the number of movable holes is 
given by a similar formula as that in usual 
semiconductors. 

According to Morin’s experiment a speci- 
men which is represented by Lio iNio oO has 
the following value of the mobility: about 
Os sat 3002K.72 <105% ati s00°Kieand Wx 10-2 
at 1000°K. Here the unit of the mobility is 
cm?/volt sec. Since the Néel temperature of 
NiO is about 500°K and the characteristic 
temperature of the longitudinal optical vib- 
rations @=ha/K is about 880°K, we may 
use Eq. (26) and Eq. (27) to estimate the 
transition probability W from the observed 
mobility at 1000°K. The estimated value of 
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W is: W~4x 10 sec-?. On the other hand, 
the frequency of the longitudinal mode of 
vibration is estimated as: »o~1.8+10" sec. 
Therefore, we see that the condition »>W 
is satisfied in NiO even at high temperature. 
Since Eq. (24) contains two parameters S and 
M, we obtain from experiments only a rela- 
tion between them. The result of the analy- 
sis is shown in Table I. We find that the 


Table I. 
S M ho 
0.14 
5 : 0.20 
a 0.27 i 
10 (0.41 ae 


value of M/h@o is always smaller than unity 
in a reasonable range of S, so that the non- 
adiabatic approximation may be applicable to 
NiO. Next, let us study the temperature 
dependence of the mobility. Here the situa- 
tion is rather complicated because of the fol- 
lowing reasons. (1)* Since the NiO crystal 
is an antiferromagnetic substance, we expect 
that the transition probability W depends 
upon spin order of the lattice through the 
matrix element M, and (2) We have no 
knowledge about p(4E). However, these are 
not serious at high temperature. After some 
calculations we find from (24) that the tem- 
perature dependence of the observed mobility 
above room temperature is approximately re- 
produced by the assumption: S=10. This 
value of S may be regarded as an upper 
limit, because we have disregarded other 
factors which contribute to the temperature 
change of the mobility. In fact, the spin- 
dependence of M might reduce the value of 
S. Therefore, even when we take into ac- 
count the approximate nature of the analysis, 
it may be safe to say that the value of the 
matrix element M is of the order of (0.1- 
0.4) Aa. On the other hand, the theoretical 
value of the mobility at 100°K which is 


* Morin’s experiment shows no trace of the 
change of the mobility at the Néel temperature, 
while Yamaka has observed that the conductivity- 
temperature curve shows a knick at the Néel 
temperature. 
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estimated from (24) with the assumption S= 
10 is about one hundred times larger than 
the observed value. This discrepancy may 
come from the two reasons: (1) the effect of 
the antiparallel spin arrangement, or (2) the 
effect of p(4E). Unfortunately the theory 
developed here is too crude to treat the 
problem in detail. 


(B) LaMnO; 


Zener® has proposed a fascinating idea of 
the double exchange interaction by which 
ferromagnetism and conductivity of (LaMnO; 
+SrMnOs) are correlated intimately. How- 
ever, later development of theories and ex- 
periments” reveals that the magnetic and 
electrical properties of LaMnO; are not so 
simple as supposed to be at the first stage of 
the research. Some of the objections to 
Zener’s original idea are: (1) Anderson and 
Hasegawa® show that the _ susceptibility- 
temperature characteristic which is expected 
from the double exchange mechanism does 
not agree with observations. (2) We know 
that the double exchange mechanism is not 
indispensable to understand the ferromagne- 
tic interation in (LaMnO;+SrMnO;). Other 
mechanisms of superexchange interaction” 
can also explain why the interaction ina 
chain Mn*+t—O--—Mn‘+ works ferromagne- 
tically. (3) Zener’s explanation of the electri- 
cal conduction in (LaMnO;+SrMnOs) is not 
necessarily unique. According to him the 
electron transfer is not accompanied with a 
phonon process. We, however, have propos- 
ed in the paper I that another transfer 
mechanism which is accompanied with phonons 
can also give a qualitative explanation of the 
observation. Although Zener’s original idea 
is brilliant, we should not take it too literal- 
ly. 

First, we want to investigate a state of a 
hole in LaMnO;. Let us consider a Mn‘* ion 
and a Mn?+ ion which are situated at the z- 
direction separated by an O-- ion. We de- 
note such a configuration as the z-configura- 
tion and choose this direction as a z-axis. 
Hitherto, we have considered that hole which 
is localized around an ion. This assumption 
may be reasonable for the hole in NiO, but 
not necessarily good for the hole in LaMnOs, 
because the interaction between the 3d 
electrons of adjacent ions through the inter- 
mediate O-- ion is not very small in LaMnOs. 
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Therefore, it may be a better approximation 
to suppose that the wave function of the hole 
in a z-configuration is represented by a linear 
combination of a y-orbit of the A ion and 
that of the B ion: 
¥ sn=abatbge Gb), 

where #4 and ~z are the wave function of 
3dy-electron in the ions A and B with the 
Same spin state. The wave functions $4, ¢z 
and Y4s correspond to dm, dm: and Yo in 
§ 4, respectively. Here, we do not postulate 
from the beginning that a?=)?=3} as Zener 
did, but we shall determine them from the 
energy consideration. We assume that the 
wave function $4 and ¢s are determined by 
the wave equations: 


\- r+ UA) | ba; Xx) 
=EO(X) bP; X) 
\- Fo ret UnlF) bal? x) 


=EP(X)pa(F; X) 
where Uu(7) and Us2z(7%) are the crystal po- 
tentials around the ions A and B. Since 
they are somewhat different owing to the 
term 4U(7) mentioned in the previous sec- 
tion, the energies EK“ and E™® are not 
always equal. Moreover, the state of polari- 
zation around the hole depends upon the 
wave function of the hole itself,* so that we 
expect that the energy of the system depends 
upon @ and b. However, we note that, 
whatever the exact value of b may be, the 
total energy of the system in the z-configu- 
ration becomes lower owing to this type of 
mutual interaction, if the spin orientation of 
the both ions is the same. Therefore, we 
find that this type of the interaction is fer- 
romagnetic, and we can estimate the upper 
limit of 6 from the knowledge of the Neel 
temperature, if we assume tentatively that 
the ferromagnetic interaction in LaMnO; 
comes solely from this origin. 

A simple computation shows that the 
energy gain due to the spreading of the 
wave function and the probability amplitude 
of the spreading are given by: 


6) E“=— M(B —E“) +1], 

7 The polarization energy becomes largest 
when a@2=1 and b=0, if the wave functions ¢4 
and #, are well localized around each nucleus. 
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and 
b=—M/[(E®—E)+]] . 

Here M is the transition matrix element de- 
fined by (8) and J comes from the change of 
the polarization energy and its magnitude is 
the order of Sha. We shall estimate the 
order of the magnitude of J’ and 6b in the 
following way. As to M we expect that it 
is larger than that in NiO, because we treat 
here the transition of the dy-electron in con- 
trast with the de-electron in NiO. Therefore, 
we assume ten tatively that M~0.05eV. The 
specimen (La)o.7(Sr)o.sMnOs; has the Curie tem- 
perature at 370°K, so that the magnitude of 
Jen estimated from the well-known relation 


ee JsBSEWSM0 we Ca6a > 


is of 6xX10-ev. If we put jez equal to J’, 
then the value of 0b is estimated as about 
0.1. Although the method of estimation is 
very crude,* we see that the value of 0? is 
much smaller than a?, and small amount of 
the modification of the original atomic func- 
tion is sufficient to interpret the observed 
ferromagnetic coupling in LaMnQ;.** 

Next, let us investigate mechanism of the 
conduction by using the adiabatic approxima- 
tion. Since the states (afatbdsz) and (bd 
+adzx) correspond to different configuration 
of the lattice, we can imagine a transfer 
between these configurations. The matrix 
element concerning this transfer is not M, 
but M defined by (37). We note that this 
process has nothing to do with ferromagne- 
tism and the ferromagnetic interaction is 
concerned with the nature of the electronic 
wave function (adit+ddz), but not with the 
state of the lattice configuration. The tran- 
sition of the hole mentioned before however, 
does not contribute to the observable current 
as long as the density of the Sr++ ions is 
very small and the motion of the hole is con- 


* We believe that there exist other types of 
ferromagnetic interaction in LaMnOs, so that the 
above estimated value of 6 may be larger than the 
real value. 

** In this type of the ferromagnetic interaction 
the state with parallel spin configuration is always 
lower than that with antiparallel spin configuration 
so that there is no difficulty concerning the inter- 
pretation of the observed susceptibility. This dif- 
ficulty was pointed out by Anderson and Hasega- 
wa®) as a falt of the double exchange mechanism. 
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fined to the very vicinity of the separated 
Sr++ ions. In this case some amount of the 
activation energy is necessary to liberate the 
holes from the potential valley, so that the 
conductivity is expected to be semiconductor- 
like. When the density of the Sr++ ions be- 
comes as large as 0.2~0.4, the situation se- 
ems to be similar to the case of Nii-zLicO 
with x~0.1. According to the experiment 
the conductivity increases by a large amount 
between the concentration of the Sr++ ions 
0.1 and 0.2. In this region of concentration 
the temperature dependence of the conducti- 
vity shows a remarkable change from semi- 
conductor-like to metallic with increasing 
concentration. Next, let us analize the 
observed current in the specimen (La)o.7(Sr)o.s 
MnO;. It shows the metallic conductivity 
and its mobility is estimated as 0.2 cm?/volt 
sec at room temperature. As mentioned 
previously the matrix element M is expected 
to be larger than fi@o, so that the adiabatic 
approximation seems to be better for this 
case. If we take S=3 in (23) so as to give 
a metallic temperature dependence of the 
conductivity, the value of the perturbation 
matrix M is found to be nearly equal to fab. 
Therefore, the order of magnitude of the 
parameters seems to be reasonable. 

(C) Magnetite™” 

Magnetite may be another example whose 
current is interpreted by the H-L concept of 
the conductivity. According to experiments 
the conductivity of magnetite is nearly con- 
stant at high temperature and its magnitude 
is about 200 (ohm-cm)-!. Since both types of 
iron ions, Fe*+ and Fe?+, distribute at random 
on its sixteen sites, we expect that the num- 
ber of the conduction electrons is equal to 
the number of the Fe?+ ions. If so, we see 
that the mobility of the conduction electron 
is much smaller than one cm?2/volt sec even 
at high temperature. We suppose that the 
conduction mechanism in magnetite at high 
temperature is similar to that of (LaMnO;+ 
SrMnOs;) when the concentration of the Sr++ 
ions is sufficiently large. A situation is more 
complicated below the critial temperature. 
The ions Fe*+ and Fe?+ make a more or less 
ordered arrangement, so that there is the 
potential difference between the positions 
which are mainly occupied by Fe?+ ions and 
those by Fe’ ions. In the wandering mo- 
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tion of the electrons, the electrons must 
climb up and down the potential hills. The 
total rate of the wandering motion may be 
determined by the climbing-up process, be- 
cause it takes a much shorter time for 
electrons to go down the hill. The simple 
theory developed in the previous sections is 
insufficient to treat this complicated pheno- 
menon in detail, but we shall discuss it 
qualitatively by the aid of the formula (20). 
We expect that the distribution of p(4E) dis- 
places towards a larger value of p below the 
transition temperature owing to the increas- 
ed potential difference. Then, the transition 
probability W becomes much smaller, because 
it contains the functions exp (—ph@o/2kT) 
and J,(x). The slope of log (conductivity) vs 
1/T curve is also determined by the distribu- 
tion of these functions in (20). Therefore, 
we see easily that the mobility becomes 
smaller when the slope of log (conductivity) 
vs 1/T curve is steeper. This general ten- 
dency seems to be recognized by observa- 
tions. 

(D) CoFe20: 

Recently Jonker!” investigated the semi- 
conducting properties of a series of mixed 
crystals Cos-zFe,O. in the range of x from 
1.90 to 2.10. The CoFeO. crystal has the 
inverse spinel structure. One-half of the 
trivalent iron ions are on tetragonal sites, 
while the rest of them and the divalent co- 
balt ions are on octahedral sites. When x is 
larger than 2, the excess iron ions are re- 
garded as divalent. On the contrary, when 
x is less than 2, the excess cobalt ions are 
regarded as trivalent. It is a very interest- 
ing point of Jonker’s experiment that we can 
controll the valency of the ions without in- 
troducing impurity ions. Thus, we may as- 
sume that the number of electrons contribut- 
ing to the conductivity is equal to the num- 
ber of the divalent iron ions. The situation 
is similar in the case of holes. According to 
Jonker the mobility of electrons (or holes) is 
quite small as compared with one cm?/volt 
sec, and it increases exponentially with in- 
creasing temperature. He assumes that the 
mobility is given by: 


2 
w= = yiexp (—gi/kT) 


(i=1 for electrons and 7=2 for holes). Here 
a is the distance between neighbour octahed- 
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ral sites, q is the activation energy and » is 
the lattice frequency active in the jumping 
process. In the range of x from 1.90 to 2.10 
these constants are determined as follows: 
4: =0.7—1.3 10-* cm?/volt sec, su/2=10! at 
room temperature, g:=0.205—0.175 eV* and 
»1=6.5 x 10” sec-t, 

Let us investigate the reason why the 
mobility is very small in this crystal. If we 
compare the behaviour of the electron cur- 
rent in CoFe:O, with that in magnetite, we 
see easily that the nature of the current in 
CoFe:O, is quite similar to that in magnetite 
below the transition temperature. Therefore, 
we suppose that the conduction mechanism 
CoFe20. is similar to that in magnetite at 
low temperature. There may be rather 
large fluctuations of the potential in the 
CoFe:O, lattice, so that the motion of the 
electrons is much reduced by the potential 
fluctuations and it becomes highly tempera- 
ture dependent.** 

(E) Impurity Conduction 

As is well known, the impurity conduction 
in semiconductors will be band-type at high 
concentration of the impurity atoms, while it 
is H-L type at low concentration.'!” In the 
latter case the characteristic features are: (1) 
The correction effect between electrons is so 
important that the conduction is only pos- 
sible with some degree of compensation. (2) 
The transfer integral M between different 
impurity atoms is pretty small as compared 
with the amount of the potential fluctuation. 
Then, the diffusion of electrons is possible 
only when the condition of the energy con- 
servation is satisfied through cooperation of 


* The temperature dependence of the current 
comes from two factors, that is, the potential fluc- 
tuation and the electron-lattice interaction. In (20) 
they are given by exp(—phwo/2kT) and Ip(x) 
xexp {—S(2No-+1)}, respectively. The observed 
activation energy of about 0.2eV is too large to 
ascribe it to the electron-lattice interaction. 

*k Since the density of electrons is large, we 
cannot divide the excess electrons into two groups; 
electrons which are bound to the excess ions and 
activated nearly free electrons. However, the con- 
centration is still a little too small to smooth out 
the potential fluctuation. In this respect, the situ- 
ation in CoFe,O, is similar to that in La,—2Srz 
MnO; when « is slightly smaller than 0.1. Ac- 
cording to the experiments the behaviours of the 
current in both cases are similar. 


816 


phonon processes. In contrast with the pre- 
ceding examples, the electron-lattice interac- 
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probability becomes large with increasing in- | 


tensity of the interaction. 


tion is rather weak, so that one phonon 
process is dominant, especially in germanium. 
Since the energy conservation is satisfied by 
the aid of the phonon process, the transition 


dure as mentioned in the preceding sections. 
We describe details of the derivation in Ap- 
pendix II and mention only a result here: 


41 CIMP 
Ox h moc (4E)? 


Vqo , (38) 


WAE)=A} N(qo) 


N(qo) sell 


where C is the interaction constant between electrons and longitudinal acoustic phonons, ™o 
is the mass per unit cell, V is the volume of the unit cell, c is the sound velocity, N(qo) 
and q are defined as: 


N(qo)= 1 /[exp (|4E|/kT)—1] , (39) 


and 


hcq=|4E| . (40) 


If we adopt the Hydrogen-like wave function for the impurity state, the expression (38) is 
reduced to 


A &|M?4E 


W(4E)=16 A(ic] RY 


[exp (4E/kT)—1]", (41) 


where R is the Bohr radius of the impurity state, € is the difference between the optical 
and thermal ionization energies of the impurity state due to the electron-lattice interaction: 


2 
pei gee 


ieee Rice 


(42) 


Finally, A is a factor which corresponds to exp(—S(2No+1)) in the cases of the polar 
crystal, and it is a somewhat complicated function of temperature. When T is zero, it is 
given by: 


sa a 
32 (hc/R)) © 


Aes | (43) 


By the analysis of experiments the values of these constants are estimated as: C~7.5 ev 
and R~50 A in germanium; C~40ev and R~25A in silicon. Then, we have: &~0.09R 
and fc/R~8k in germanium, and €~17k and fic/R~25k in silicon, respectively. For the 
purpose of a detailed comparison with experiments we assume: 


(4) =(0)( a A [1—exp\(—AE|kT)] 
and then we have: 


Ww =|" WE) o(4E) d(4b) = 22 A EOORT NMA! 
ea 3 hhic/R)® 


(44) 
and 


o=nep=ned WRT . (45) 


Here u is the number of carriers which participate the impurity conduction, d is the average 
distance between nearest neighbour impurity atoms, and M(d) is the value of the matrix M 
in that distance. As to the number » the situation is rather complicated. When the densi- 
ty of the impurity atoms is very small, the number of movable carriers is limited by Nmin 


The transition | 
probability is obtained by the similar proce- — 


——————— 
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(the number of the minority atoms). Moreover, the greater part of these carriers are trapp- 
ed in the vicinity of the charged minorities, because the observation is carried out at very 
low temperature. In this case it may be allowed to divide the carriers into two parts; con- 
ductive carriers and bound carriers. The conductive carriers wander through the lattice 
surmounting the fluctuation of the potential. Then, we assume: 


n=Nmin exp (—q/kT) (46) 
although this assumption is not quite convincing. 

Now, let us study the matrix element M(d) as a function of d. By using the observed 
data of the conductivity in germanium specimens with various contents of impurity, and 
Eq. (44)~Egq. (46), we obtain a set of values of M(d)V¥ p(0); and plot them in a graph.* 
Here we assume that d is given by 


= 1/3 + ; 

d (3/42¢-Nmmai) > WNimaj |} Md) Vo(OV7k 

=the number of the majority atoms), 
and we take T=2.5°K and €=0.09k. As to in 
A we may take it as unity, because (hc/R) Ss 
be AN 
is always much larger than €. On the other jo'- i eA ates 
hand, we expect that the following theoretical 4 ~< 
formula concerning M(d) is not far from SS 
truth: xe 
M(d) = 1 je ave ete he e-l?-Bg l/Rgr 1" ne 

zk® le Re aN 
= 200 (1 ra) exp -*) es 
; Ik ( Ray ~ 
ue 10° > zs 

where R, and Fz are the position vectors of 2 2G 
the impurity atoms A and B. Thus, we adopt ; (eae: 
a functional form ; 3 d a 3a Sa 

M(d)=(const.)k(1+d/R’) exp (—d/R’) Fig. 3. A relation between the transfer integral 
as an empirical formula, and determine the OEE AGREE Cam RCE IDE Gee LN ae 
value of R’ so as to give a best fit to observed M(d)ve0)/k: a quantity proportional to the 
values M(d)V p(0)- Then, the best fit is ob- Pdnsten incor Ae ee 


d: an average distance between the nearest 
neighbour impurities. 


O: n-Ge; x: p-Ge. 


tained by R’~43A (Fig. 3). This value is 
compared with the value R~50A which is 
derived by using the Hydrogen model and 
another set of experimental values.* Although we have introduced many crude approxi- 
mations, the result is still reasonable enough to justify the H-L approach to the impurity 
conduction. 


Appendix I. 


In this appendix we show that the usual polaron theory is inadequate for describing the 
state of a hole in Nit+ ions in the NiO crystal, and the hole is probably self-trapped by a 
single Nit+ ion for sufficiently long time as compared with a period of the optical lattice 
vibration. Let us consider an extra positive hole in an otherwise perfect lattice consisting 
of ions with a closed shell structure. We describe the Hamiltonian of the system as: 


ees 


Ss = = N 
Di, + U(r7—Xn) + VM +++ Xw)+ 2 Kn : (A-16) 
Mm n n= 


* As to q we use the observed values. 
*«* Further, if we want to fit the value of (const.) with the theoretical value 200, we need to take 
0(0)~(20k)-1, but we cannot put much confidence to this result, because we have introduced an 


ambigurous assumption (46). 
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The meaning of the terms is given in the section 2. Let us imagine that a hole is bound | 
to a certain ion, say the ion m, then polarization is induced around the ion so as to make | 
the total energy minimum. We have denoted this minimum configuration as (Xo). First, 
we consider the motion of the hole in the configuration (%o™). Then, the wave equation 
is given by: 
ce +eUG— Rn) +e & UG-X9)\$=Eo 
2m naem J 


This equation is rewritten as: 


ees 1 JUG Rn) tes on Ue ak | 
2m nam 


={E-e * URn— Xe ? 
where 


eS URn—-X&) =e S URn—Rn)+ D P(Rn— XK?) (A-17) 
nam nm nam 

is the potential energy of the hole at the center of the ion m, and it consists of the 

electrostatic potential energy in the normal lattice and the potential energy due to the 

polarization of the medium. Next, we consider the expectation value of (A-16): 


Cine os HeUG= Rie SUG URn— X91 > 
2m maem 
+e 3 U(Rm—XSP)>+<V(Xo™)> + Ke > [UG—Xn)—UP—- XS) 
+¢ py [Kn+ Vi.X)— V/Xo™)]> . (A-18) 


The problem is to determine the equilibrium positions of the ions together with the electro- 
nic state of the hole. In general, this problem is rather complicated. However, if the wave 
function of the hole is well localized within a small volume as compared with the lattice 
distance, we may easily compute the induced dipoles in the lattice through replacing the 
continuum distribution of the extra charge by a point charge e at the center of the ion m. 
In fact, the wave function of the electron overlaps some extent with the wave function of 
nearest neighbour ions, so that we must take into account exchange interaction and overlap 
interaction together with the electrostatic interaction. However, our approach corresponds 
to the crystalline field approximation which is usually adopted in the theory of magnetism. 
Under this approximation the expectation value of the first term in (A-18) is Eo, that is, 
the ground state energy of the hole in a free nickel ion, the interpretation of the second 
term is given by (A-17) and the expectation value of V(X0'™) plus the second terms is equal 


to the sum of the Madelung energy of the lattice and —1/2 > PiRe Xo), because the 
Tm=M 

lattice is in equilibrium at (X.'™). Further, we assume that the expectation value of the 

fourth term is negligibly small. In treating the last term we assume that the deviation X 

— XX) is quite small and the motion of the ions is approximately represented by a set of 

the harmonic vibrations with a suitable set of normal coordinates. Then, the expectation 

value of the last term is given by: > hon. In order to estimate the polarization energy we 


adopt the Mott-Littleton approximation. Then, the potential energy due to the polarization 
around a point charge e is given by: 


ve =e [6.3346M2+10.1977M,] 


, 


where a is the nearest neighbour distance, and Mi; and M2 are given by: 


1960) Heitler-London Approach to Electrical Conductivity 819 


Mi= (2/4) ( tes + pa)/[2pataitay] , 


1 
vane 
M2 = (2/47) = ert bolleba ta +a] . 


Here a1, a, 24 and K are the polarizability of the O-- ion, of the Nit*+ ion, the dipole 
moment due to the ion displacement (2Zed) and the static dielectric constant of the NiO 
crystal. On the other hand, if we consider only the polarization due to the deformation of 
the ion cores, the potential energy is given by: 


Ve= a [6.3346./2’ +10.1977My’] 
where J’ and M2’ are defined by: 
My’ =(2/4n)(1— rag i) CEM 
(e 
My =(2/4m)(1— rae / ia... 
Ky 


respectively. Here Ko is the optical] dielectric constant. After a simple calculation we ob- 
tain the values: M:=0.1040, M:=0.0416, M’=0.0594 and M.’=0.0033.* Since we disregard 
the potential energy due to the electronic polarization, the potential energy which we want 
to have is evaluated from the following equation 


P=V— Vo 
and its numerical value is —4.7 ev. Therefore, the total energy of the system is: 
Evot=Ev+(electrostatic energy in the normal lattice)+3P; @P=—2.4ev) . 


On the other hand, if we assume that the positive hole behaves like a polaron, then the 
energy of the ground state is estimated from the Landau-Pekar approximation. The 
result is: 


Eto.=Eo+(electrostatic energy in the norma) lattice)+E(0)+2£pou(m*) . 


Here ELyo.(m*) is defined as: 


* 
Baa(m*)=—(<7)a® es han i 


e om iL = 
Ree inen (axe 27d) 
SOY a, (= K 


where m is the electron mass and m* is the effective mass of the hole, respectively. Final- 
ly, E(0) is the energy of the band edge measured from the energy E)+(electrostatic energy 
in the normal lattice). This term means energy gain due to band formation. Although no 
reliable computation of the band structure of NiO has been published, it is almost certain 
that the band width of the each 3d band is smaller than 1.0eV and £(0) is much smaller 
than 1.0eV. Since the energy Eyo:(m*) is much smaller than 1.0eV except for a case of ex- 
tremely heavy mass of the hole, we see that a self-trapped state may be realized in the 


NiO lattice. 
Appendix II. 
We shall derive a formula of the transition probability of the impurity conduction. We 


& K=12, Ky=5.4 and fwo=0.0076 eV. 
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take the Hamiltonian of the system as follows: 


Ht tHe coast SVG eae (A-33) 


where Her is a sum of the kinetic energy of an electron and the potential energy of the 
periodic lattice, Hp, is the Hamiltonian of the phonon system, Hin: is that of the electron- 


phonon interaction, in which only the longitudinal acoustic phonons are considered, V(r—Rm) 


is the potential of the m-th impurity atom located at Rm and 4U(7) is the fluctuation of 
the potential mentioned in §2. The Hamiltonians Hp, and Hint take the usual expressions: 


Hyn=Mo X, Wg? (Gadg* + qa) (A-34) 
q 
and 
— [Ve 2 
Aint= Q 3 (has \q|\(a@o* exp (—iq-7)—aq exp (¢q-7)) , (A-35) 


where g is the wave number vector of phonon, 2 is the total volume of the system and 
finally a’s satisfy the condition: 


: h 
QqQq’* — Aa’*dg= ——— 0 a’ 
2MoWq 


Following the procedures mentioned in §2, we consider the Hamiltonian H™ which is de- 
fined as: 


H™ = Hat Hyn+ Hin t+ VG—Rm) +4UC) - (A-36) 
Since the effect of Hin: is sufficiently small as compared with the binding energy of the 
electron in the impurity atom, and 4U(7) is a slowly varying potential, the eigenfunction 
Ym of H™ may be approximately given by: 
Omr=PF—Rm) UW OR, , (A-37) 
qd 
where ((7—Rm) is the eigenfunction of Ha+V(7—Rm) and Ov, is that of 
meen auti* + ayaa) + y/-F VA *ilal 


x [ye Rm)(a¢* exp (—ig-F) — aa exp (6G-7) (F—Rm)de . (A-38) 


If b(F—Rm) is the Hydrogen-like wave function with a radius R, the second term of (A-38) 
is reduced to 


(idee he. 16 ¢ aw ae ee: 
Va a lal Oy gepae Cr OXP (— 14 Rm) — aa exp (1G-Rm)) . (A-39) 


The residual part of the Hamiltonian, 4H=H—H™ causes the transition between the states 
m and m’. The transition probability is calculated by Eq. (7). In the present case, how- 
ever, the electron-lattice interaction is weak, so that one phonon process is dominant. The 
results are given by Eq. (38) through Eq. (42). In the derivation we have neglected the 
terms containing cos (q(Rm—Rm’)), because G(Rm—Rm’) is in general large. Moreover, we 


have neglected the quantity {qox(the effective radius of $(7—Rn))}* as compared with 
unity. 
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Anomalous Growth of MoO, Crystals 
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The growth of molybdenum trioxide crystals from the vapour phase 
in air and in oxygen gas was studied optically, and an extraordinary 
growth mechanism was found. The vapour impinging upon a surface 
did not crystallize directly, but instead it passed through a liquid state 
before crystallization. The liquid consists of MoO; and MoO’, the latter 
being a new phase probably related to the polymerization of MoO; vapour 
or the liquid structure of MoO;. The lattice parameters of MoOs3’ were 
estimated from the X-ray data. The origination and stability of the 
liquid phase were discussed briefly, and it was ascertained that this 
crystallization mechanism accelerates remarkably the growth rate of the 
crystal. Also the anisotropy of surface migration of the vapour mole- 
cules adsorbed on the crystal surface was analysed. The migration 
velocity of adsorbed molecules is about 1.5 times larger in the ¢-direction 
than in the a-direction of MoO; crystal, and hence the morphology of 
closed loop steps was accounted for. 


Part I 


§1. Introduction 

Molybdenum trioxide has been studied by 
many investigators” 2) by use of the electron 
microscope and electron diffraction methods. 
In vacuum, both the change in quality and 
the reduction occur during long irradiation 
of electron. Many of them, however, have 
treated mainly the reducing process, but scar- 


cely the growing process. Therefore, the 
present author has observed optically the 
growing process of crystals in air or in oxygen 
gas. 

It was found that there appeared singular 
and paired growth spirals of opposite signs on 
the crystal surfaces when the source tempera- 
ture was elevated to 900°C”. 

Besides an ordinary growing process, an 
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extraordinary mechanism was found. Namely, 
many spots having diameters of 0.5~5y4 
moved on the crystal surfaces, which later 
on formed layers of the same breadth as their 
diameters and the height of 0.0l~l¥y, or in 
some case they moved onto the growth ends 
of needle crystals, forming new needles. The 
observed lower limit of 0.5 4 of the diameter 
was restricted by the resolving power of the 
optical microscope. 

In the present paper will be reported the 
reason why such a phenomenon takes place, 
since this process plays an important role in 
the acceleration of crystal growth, through 
the increase of thickness of the layer as well 
as in the formation of new crystals. 

It was confirmed that the spots were in 
liquid state in the growing condition, namely, 
they were droplets. At room temperature 
they solidified and gave bright spots under 
the crossed nicols, and showed very rapid 
smelting by dilute alkali solution as compared 
with Mo0Os. 


§2. Preparation of Crystals 


Molybdenum trioxide is usually prepared by 
thermal decomposition of ammonium molyb- 
date’, the oxidation of metallic molybdenum”? 
or commercially by roasting molybdenum sul- 
fide in air. By these methods, however, the 
production of large single crystals is difficult. 
In the present work, therefore, the sublima- 
tion method from pure MoO; powder (99.98% 
in air was used in order to avoid the inter- 
mixing of impurities, and thus single crystals 
of lcm wide, 2cm long and 0.1mm thick 
were obtained. 

MoO; has an orthorhombic structure (b>a 
>c) and the growing velocity is largest in 
the direction of the c-axis and smallest along 
the b-axis, so that the crystal is elongated in 
the [001] direction and the film surface is 
parallel to the (010) plane. There are many 
wide and irregular layers on the surface and 
the growth of these layers starts usually from 
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Thermocouple 


Fig. 1, The construction of temperature-gradient 
electric furnace. 
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the edges or corners of crystals as in the 
case of WO,°). 

The higher the source temperature was 
elevated, the more the step heights increased, 
if the growth temperature was held constant. 

As shown in Fig. 1, purified MoO; powder 
was settled in a silica tube and was heated 
by a temperature-gradient electric furnace. 
The flux velocity of vapour in the tube could 
be controlled arbitrarily by a leak-cock, and 
the temperatures of the sample as well as at 
the growing position were measured by plati- 
num-platinum rhodium thermocouple which 
was movable freely in the tube. The crystals 
were grown up at low temperature parts of 
the tube, and it was ascertained by X-ray 
diffraction that they were MoOs. 


§3. Observation of Droplet Growth* 


By direct observation of the growing cry- 
stals with an optical microscope, it was ob- 
served that droplets were moving on the 
crystal surface, afterwards forming layers as 
shown in Photo. 1 (a), or forming new crystals 
as seen in (b). Needle crystals were formed 
in the same manner, too. The melting point 
of the droplets is considerably lower than 
that of MoO; crystal. They were first formed 
at the layer steps or border parts of the cry- 
stals and then travelled along them, but on 
a wide surface they travelled along the direc- 
tion of the c-axis more preferably than along 
that of the a-axis. 

The velocity of movement of the droplets 
is very much influenced by several factors 
such as the size of the droplets, the step 
height of layer left behind them, the growing 
temperature and the quantity of vapour sup- 
plied. The shape of layer is of echelon type, 
because the ordinary layer formation to the 
step side occurs simultaneously together with 
the droplet layer formation. Thus, the ratio 
of the growing velocities of both types of 
layer formation could be estimated on the 
photographs. It was found that the growing 
velocity due to droplets are usually from 1.5 
to 10 times faster than that of the ordinary 
layer formation. The fact will be discussed 
later. 


Sometimes droplets disappeared when they 


* For brevity “Droplet Growth” will be ab- 


ridged as “D.G.” in the following unless otherwise 
mentioned. 
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have arrived, from behind, at the step of the 
forward-moving layer. And often, apart from 
the growth ends they individually moved on 
a surface very rapidly, and when they were 
originated on the side plane (100) of a crystal, 
they repeated rapid going- and_ returning- 
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Photo. 1. (a) Origination of droplets from the 
step side and layer formation on the (010) plane 


of MoO. 
(b) Formation of new needle-shape crystals. Colo- of closed loop step 


ration of this part is due to interference. graph. 


Photo. 2. Schematic illustration of the formation 
by a droplet, and its photo- 
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motions, as fast as 200 times per minute, 
perhaps due to an inhomogeneous tension be- 
tween solid and liquid. In these cases, how- 
ever, it is not clear whether a very thin 
layer of molecular order was formed in the 
junction between two phases or not. 

By a beautiful combination of the above- 
mentioned D.G. mechanism and ordinary layer 
formation, a building-up of closed loop steps 
was observed (Photo. 2). 

Let a rectangle in the figure be a flat sur- 
face bounded by steps or borders in the cry- 
stal. Then a droplet which appeared at a 
corner travels along to a step or border (a) 
and turns successibly at every corners (b)~ 
(d), and is finally enclosed by its own new 
layer (e). After it is enclosed perfectly (f), 
it jumps up onto the new surface according 
to the crystallization in the part of a hole 
where the droplet has been enclosed, and 
simultaneously the ordinary layer formation 
starts around the droplet which acts as a 
nucleus for the formation of a closed loop 
steps (g). In a little while the droplet jumps 
up onto the closed loop step and forms the 
next loop step as before (h). And this pro- 
cess is repeated many times (i) forming a 
multiple loop step. The appearance of the 
closed loop steps is resemble to that formed 
by Frank’s screw dislocation mechanism for 
crystal growth, but the higher step height is 
possible by this process, without being ac- 
companied by a cluster of dislocations. 


Nn 
° 
ie} 


Vapour Source Temperature. (°C) 


600 7 
Growth Temperature, eer? gee 


Fig.2. Growthdiagram. ©: Crystals were grown 
in case of slow cooling of MoO; vapour; O: 
Crystals were grown in case of rapid cooling 
of MoO; vapour; -+: Droplets were recog- 
nized; —: Droplets were not recognized; xX: 
Crystals were not grown within 15 min in case 
of slow cooling; x: Crystals were not grown 
within 15 min in case of rapid cooling. 
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A spiral growth may be also possible by 
another combination of the D.G. mechanism 
and ordinary layer growth. But it has not 
yet been observed so far. 


Experimental Results 


§ 4. 

In order to find out conditions for the ori- 
gination of droplets, the growth diagram as 
shown in Fig. 2 was drawn for two kinds of 
the cooling speed. Curves A and B show the 
boundaries of crystal growth regions in the 
cases of slow and rapid coolings of the vapour 
respectively. It is characteristic that drop- 


Photo. 3. Smoke of MoO; vapour cooled at mode- 
rate speed. 


Photo. 4. Smoke of MoQ; vapour cooled more 
rapidly than in the case of Photo 3. 
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lets were created when the vapour was cooled 
rapidly, but not slowly. Non-coincidence of 
the two curves A and B is partly due to the 
acceleration of crystal growth by D.G. 
Photo. 3 shows smoke made by cooling the 
MoO; vapour which causes D.G. at the posi- 
tion of crystal growth, down to room tem- 
perature. There appear small spheres besides 
the MoOs crystals, and when the vapour was 
cooled more rapidly, the proportion of spheres 
increased, as shown in Photo 4. They were 
recognized even if the source temperature 
was held below the melting point of MoOQs. 


Table I. Observed spacings of MoO,’ (first row) 
and calculated values as a monoclinic: @=4.550 
A, b=7.148 A, c=9.113 A, B=121.11° (second 
row) and as a hexagonal: @=8.996 A, c=14.296 
A (third row). 


Monoclinic Hexagonal 
d (obs.)| I(obs.) | d (calc.) (hkl) | d(calc.) (hk-1) 
31893) (VS 3.895 100 3.895 | 20-0 
3.565;5| VS 3.574 020 | 3.574] 00-4 
3.42 S 3.420 110 3.420 | 20-2 
210: see WW 22713 111 2.685 | 10-5 
2263s S 2.635 022 | 2.635! 20.4 
2231 Vw 2.291 123% WW 223059) 2055 
2.14; M 2.138 11s | 9231454) (2202 
2.03, | W 2.034 13022034 (A22-3 
1.935 | VW 1.945 200 1.946 | 40-0 
1.87; | VW 1.871 223 | 1.878 | 40-2 
1.787 M 1.787 | 040 1.787 | 00-8 
Diets M ItTA2 024 1.710 | 40-4 
1.625 M 1.629 142 | 1.624] 20-8 
1.559 | VW 1.557 225 | 1.550 | 50-1 
1.49, M 1.495 304 | 1.491 | 33-1 
1.A3; Ww 1.430 | 025 1.430 | 33-3 
1.393 Ww 1.397 142 1.398 | 21-8 
1.34, Ww 1.342 150 1.342 | 20-10 
12275 Ww 1.275 203 1.275 | 43-1 
12235 Ww 1232 115 1.232 | 41-8 
1.194 Ww 1.194 251 | 1.193 | 42-7 
1.14, Ww 1.142 | 036 1.140 | 60-6 
1.09, Ww 1.093 251 1.097 | 61-5 


Before solidification they had been in liquid 
state. By X-ray analysis of the powder cor- 
responding to Photo. 3 and 4 it was found 
that there were two substances, MoO; and a 
new compound® with spacings tabulated in 
the first row of Table I. 
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J. Berkowitz et al.” found the polymeriza- 
tion of the vapour phase and proposed a 
molecular model for Mo:Q)* which occupies 
the major part in gaseous species. If the 
vapour molecules were so constructed, the 
coordination number of oxygen around the 
Mo atom would be 4 and the O-Mo-O angle 
would be nearly equal to 27/3, whereas in 
MoO; crystal they are 6 and z/2 respectively. 
If it happens in the present case, the mole- 
cules in the crystallization from the vapour 
must suffer some rearrangement and some 
special circumstance can be expected. 

By determining lattice parameters by Ito’s 
method® it was analysed that the new com- 
pound belongs to monoclinic system: a@=4.550 
AGIOS NASTA. eS SuA\, OS 12181 oa Gecond 
row in Table I). But this system is very 
close to hexagonal system. Thus, recalcula- 
tions were carried out arranging the para- 
meters as a hexagonal system, obtaining a= 
8.996 A, c=14.296 A (third row in Table I). 
In the present stage, it is impossible to de- 
cide which of these two is correct, since a 
single crystal has not yet been prepared. 

The new compound changed into MoOs per- 
fectly at 500°C within 5 minutes in vacuum 
of 10-*mmHg, and since it is known that 
this atmosphere acts reductive on the molyb- 
denum oxides” and that there is no higher 
oxide than MoO:, this new compound is stoi- 
chiometrically the same as MoQs, or meta- 
stable phase of MoOs, which is named tem- 
porarily as MoOs’. 

From the experimental results mentioned 
above, it can be supposed that the droplet 
consists of two molecular species, one having 
the same type of bonding as that of normal 
liquid (MoO;) and the other having another 
type of bonding (MoO:’), which will be called 
respectively solid type and gas type mole- 


* The annexed figure is the configuration for 
Mo;0, proposed by J. Berkowitz, W. G. Inghram 
and W. A. Chupka. The double-bonded oxygen 
atoms are above and below the plane of the ring, 
and the Mo-Mo distance is nearly equal to that in 
the solid MoO. 
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cules. The mixing occur so as to lower the 
free energy of a droplet. The solid type 
molecules can crystallize in the lattice sites 
but the gas type molecules must transform 
to the solid type molecules before crystalliza- 
tion. When the vapour condenses onto the 
droplet surface (Fig. 3), gas type molecules 
are abundant near the surface and the state 
is in a lower melting point owing to the in- 
crease of mixing entropy, and since the trans- 
formation of gas type to solid type molecules 
occurs in the interior, the crystallization oc- 
curs in the solid-liquid interface and thus the 
dynamic balance is maintained with the 
vapour supplied. The dropets originate from 
thermal and density fluctuation of adsorbed 
molecules, and are metastable. An interpre- 
tation of the constancy of the droplet size in 
D.G. will be given in Appendix. 


7) a 
Mo Os 


Fig. 3. The profile of D.G. 


Moreover, the X-ray data obtained by 
microbeam method supported this conclusion, 
that is, the pattern showing the spacings 
characteristic to MoQO,;’, MoO; and some 
others were obtained. 


$5. Discussions 


I. Examination of other possible causes of 
D.G. 


As to the reason why, in the case of cry- 
stal growth from the vapour phase in general, 
the vapour passes through a liquin state be- 
fore crystallization, several causes can be 
supposed. The possibility of these causes 
will be briefly examined on the basis of our 
observed results. 

As a droplet freezes and melts at fairly 
low temperature below the melting point, 
there should be some reason of the lowering 
of the melting point in the droplet itself. 
Following few causes were examined. 

a) Impurity: The lowering by an impurity 
was calculated to be 40~45°C for X=1 per 
cent, where X is the specific molar concen- 
tration of the solute. But in the sample used 
in the present experiment X was far smaller. 
The inclusion of an impurity cannot explain 
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the lowering of over 200°C, if any (see Fig. 
Py. 
b) Size effect: When the crystal size is 
very small, the lowering of premelting tem- 
perature can be expected'”. The lowering 
is an order of 1°C for the radius of ly. 
Thus the size effect is entirely negligible. 

c) Lower oxides: At high temperature, in 
low pressure of oxygen, MoO; is apt to be 
reduced to lower oxides by a little chemical 
or physical stimulation” .”.®. If these lower 
oxides are mixed with MoOs, the large lower- 
ing of the melting point may be expected. 
In the present experiment, special cares were 
taken to avoid inclusion of any impurity and 
the reduction of the sample. The silica boat 
and the furnace were preheated at 850°C for 
3 hours, and the sample was recrystallized 
three times, and clean oxygen gas was passed 
through. 

Although inert gas, argon, of 1 atmosphere, 
including hydrogen of 10-?, 2x10-! and 2mm 
Hg was used, any increase in the number of 
droplets was not observed, though the mor- 
phological shape of crystals was much influ- 
enced. 


II. Remark on the origination of droplets 


The stability of liquid curvature is deter- 
mined by the supersaturation ratio. Let r 
be the minimum critical radius of liquid 
sphere, with which vapour with the super- 
saturation ratio a can be in equilibrium state 
at a temperature 7. Then droplets with 
larger diameters than 7. grow, whereas those 
with smaller diameters evaporate out. The 
relation between 7. and @ is given by 


(1) 


where Vz; is the liquid volume per mole. 
This formula gives a~1 for 7e=0.lyu. In 
the present experiment, the minimum value 
of @ is about 5, so that the minimum critical 
radius is far smaller than the radii of the 
droplets. Thus the stability condition for the 
formula (1) is safely satisfied. 

III. Closed loop steps 


The closed loop steps shown in Photo 2 
were formed in considerably high supersatura- 
tion. It is impossible to predict whether they 
can be formed or not in a low supersatura- 
tion. But, when the dislocation mechanism 
is not concerned in a step formation as the 
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present case, a step height is not restricted 
by the dislocation energy, and we can except, 
even in a low supersaturation, a step with 
considerable height according to the situation. 


Part II 


$6. Acceleration of Growth of Layers and 
Needle Crystals 


It was mentioned in the previous section 
that the speed of layer formation by D.G. 
was 1.5~10 times as large as the speed of 
ordinary layer formation, but under usual 
growth condition it was observed most fre- 
quently that the former was about 6 times 
as large as the latter. It is assumed that all 
the molecules within distances (i.e. the so- 
called mean displacements) 4; (¢=a and c) 
along the a@ and c directions of adsorbed 
- molecules contribute to the layer growth, and 
that molecules impinged directly upon the 
droplet with spherical surface of radius 7 
make also contribution to the layer growth 
(Fig. 4). Under usual condition the super- 
saturation ratio is of order of 10~10?, so 
that the evaporation from both the solid and 
liquid parts can be safely neglected from 
view-point of mass supply. 


Fig. 4. Acceleration of layer formation by D.G. 
Ie/Le and 1q/La, are the acceleration ratios. while 
4, and da, are mean displacements along ¢ and 
a directions of adsorbed molecules respectively. 


If, in the ordinary layer growth, we assume 
that 4:<r as inferred from the growth velo- 
city and the vapour pressure, the mass rate 
of impingement, Wi, of vapour molecules to 
the step side per unit length and per unit 
time is given by the formula: 


m 1/2 
— Mm D 
Wi act WP 5 (2) 


Anomalous Growth of MoO; Crystals 827 


where h is the step height, P the vapour 
pressure in the vicinity of the crystal and m 
the mass of the vapour molecule. Since, 
however, W; is also equal to the mass incre- 
ment of the layer, we can write 


Wi=hosL; (j=c and a) (30) 


where L; is the speed of ordinary layer for- 
mation. Thus, from these two equations we 


get 
Les a m Ni (4) 
h 0s \ 2xkT f 


On the other hand, the mass rate in D.G. 
wi can be written as: 


wi=[Ginr? +fila(r+da)(r+2c)—xr*}] 


1/2 
aCe etthh< GIS? (5) 


where the first term in the square brackets 
is the contribution from the spherical surface 
which is an intermediate shape between a 
hemisphere and a circular disc, while the 
second term is that from the surface migra- 
tion, which is approximated by the area en- 
closed between an ellipse with major- and 
minor-radii (7 +24.), (y+4-) along a and c direc- 
tions and a circle of radius 7. fi is a cor- 
rection factor for overlapped portion in this 
approximation. Wecan assure that the mass 
ratio of crystallization is equal to wi, because 
a volume of the droplet is invariable in D.G. 
process. As in the case of Wi, we may also 
write 


wi=2rhosli , (6) 


where J; is the speed of layer formation by 
D.G. to be expected from the mass rate wi 
in Eq. (5). Solving (5) and (6) we have 


x Orr+fi{(Aatrcr +A ire} P( m ‘is 
Fg rhos WnkT 


li 


(7) 
Thus, combining (4) and (7) we obtain the 
acceleration ratios as: 


le 1a Ber? +fe{(Aatde)r+Aado} 


Le 2 r(2ha +h) (8) 
Ihr us Oar? + fat (athe) +Aadre} 
Ten 2 r(2dc+h) ' 


These ratios are independent of the vapour 
pressure, and the temperature is contained in 
2; implicitly and has only small effect, in ac- 
cordance with the results of observation. 
The values of these acceleration ratios can 
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Table II. Observed and calculated values of various quantities. 

Fit enn [4 Gin p)) delta | dolla. | Delle | Lele 
suttis YL L es 7) | (in yw) > a | Gule ) dele, (Gales) |) (eales) (obs.) 
eres! 7 TSualiee Org nd. owes | 0.92 | 0.144 | 

= : att ay? lee OL Toe 1.40 
a | 5.76 0,140.02} 1.2 | 0.88 || 0.095 | 
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be obtained from Photo. 1 (a)* by measuring 
the angles of echelon type steps. @: and h 
can be measured by an interference micro- 
scope, and 7 is independent of the direction 
of movement, as confirmed by microscope 
and cinefilms in many cases. Also, fi’s were 
estimated geometrically and determined self- 
consistently. Thus, using the values of these 
quantities, the values of Aa, Ac, Ic/la and Le/La 
can be calculated from (4), (7) and (8). The 
results are tabulated in Table II, where are 
also given observed numerical values of vari- 
ous quantities at growth temperature 700°C. 

As will be seen from the table, the mean 
displacement along the c-axis is larger than 
that along the a-axis, in accordance with the 
major growth direction. The speed of D.G. 
does not vary with the directions, which 
coincides with observations. The observed 
value of L/L: is the mean of the ratio of 
major to minor radii in the loop steps in 
Photo 2, which was grown up at the almost 
same temperature as that in Photo. 1 (a). 
The slight discrepancy between the observed 
and calculated values of L./La may be due 
to the difference in the step heights. 


Appendix 
The constancy of the volume and the stabi- 
lity against the density fluctuation of the 
vapour supplied in D.G. process can be ex- 
plained as follows. 
The volume V and the surface area S of 
a droplet are given respectively by 


m (2—cos y—cos? ¢) 
3 (1+cos ¢g) sin ¢ 


Vics Vs+ Veg= 


2r 
Sy 
1+cos ¢ 


2 
’ 


where Vs and Vy are the volume occupied 
by the solid and gas type molecules respec- 


x It could be assured that there was no ac- 
cidental change of growth condition before and 
after the turning of droplet, because the other 
parts of the crystal did not show any hetero- 
geneity, 


tively, g and ry are the contact angle and the 
radius of the liquid part respectively. Thus, 
the time-dependence of V, can be represented 
by the formula: 


dVo = Pro. F 2rApue r—EVy 
dt V 2amkT V 2xnmkT ‘ 
E>0, (a) 
where vy is the molecular volume. On the 


right-hand side of this equation the first term 
represents the supply of gas type molecules 
from vapour phase onto the droplet surface 
and the second term gives the supply of 
similar molecules by surface migration, while 
the last term gives the volume of the gas 
type molecules transformed to solid type ones. 
2 has the meaning of averaged mean dis- 
placement which is insensitive to the change 
of growth conditions and € is a certain posi- 
tive constant. 


Free Energy 


Solid Type. Po Gas. T ype. 


Fig. 1’. 
The mixing rate should not differ so much 


from the minimum value ¢o (Fig. 1’). Hence, 
we may write 


Vol(Vs+ Va)=¢o . 
From (a) and (b) we get 


BED a 
oe 8 gee 
a Dae 1-@ /\/ 48402 
.  — oa 
( al V6 titi ) 


(b) 
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where 


et 6 sin g Tn 
Ego(2—cos y—cos? vy) VW2nmkT’ 

f= 6Asing+cosg) | pig 
Ego(2—cos y—cos? gv) VV 2nmkT 

C being a constant of integration. 

Eq. (c) shows that the radius of a droplet 
always converges to a finite value 7. as time 
increases and it is stable against the density 
fluctuation of vapour pressure which is con- 
tained in the factors @ and 8, that is, 


od NO a 
meee Cot /e+> sre. 


< avy denoting the time-average. 

It should be pointed out that we can also 
get the same result by treating a differential 
equation for determining Vs instead of the 
differential equation (a) for Vy. 
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The change in electron mobility in indium antimonide at low electric 
field is measured by the bridge method at 77, 201 and 297°K. At 77°K 
the electron mobility decreases with increasing electric field in rather 
pure indium antimonide, but increases in impure one. At 201 and 298°K 
the change in electron mobility is too small to be detected. The effect 
of transverse magnetic field upon the change in electron mobility is also 
measured. In a transverse magnetic field, the electron mobility in in- 
dium antimonide increases with increasing electric field at 77°K, while 
it decreases at 201°K. At 297°K, the change in electron mobility in 
a transverse magnetic field is also too small to be measured. 

To explain the experimental results mentioned above, some consider- 
ations are made on the scattering mechanism of conduction electron in 
indium antimonide. Then it is concluded that polar scattering is the 
most important in indium antimonide in the temperature range from 
77°K to about 300°K, and also that the impurity scattering plays an 
important role in our samples at 77°K and acoustic scattering does some 


contributions at 201°K. 


$1. Introduction 


When an electric field is applied to a 
conductor, the distribution function for the 
conducting carrier deviates from the value 
corresponding to the thermal equilibrium state. 
In a high electric field the deviation will be 
fairly large, and the conducting carrier is 
called to be “ hot ”, and the Ohm’s law ceases 
to be valid because the mobility of conducting 
carrier varies with electric field. Even in 
a week electric field, the deviation from the 
thermal equilibrium state occurs, so a small 
change in the mobility of conducting carrier 
also occurs. 

The change in electron mobility in ger- 
manium at low electric field has been mea- 
sured by a few investigators, and their results 
are refered in Gunn’s report. His report 
also contains the theoretical consideration upon 
the change in electron mobility with electric 
field. In the case of germanium, however, 
the experimental data do not agree with the 
theoretical value based upon simple assump- 
tions. Recently Yamashita”) calculated the 
change in electron mobility in germanium at 
low electric field, and he showed that, if the 
optical scattering, as well as acoustic scatter- 
ing, is taken into account, the agreement 
between the experimental data and the theo- 


retical value is fairly good. 

As is well known, the electron mobility in 
indium antimonide is quite large. Hence it 
may be expected that the change in electron 
mobility in this material will be measurable 
at low electric field. In this paper some ex- 
perimental results on the change in electron 
mobility in indium antimonide are reported, 
and then, to explain the experimental data, 
some considerations are made upon the scat- 
tering mechanism of conduction electron. 


§ 2. 


2.1 Measuring apparatus 

To measure the small change in electron 
mobility in indium antimonide at low electric 
field, we used the bridge method as Gunn” did 
already in the measurement on germanium. 
Fig. 1 shows the schematic representation of 
the measuring circuit. To avoid the heating 
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<— Pulse transformer 
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generator 
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Variable resistor 


Fig. 1. Schematic representation of measuring 
circuit. 
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effect, pulsed electric field of the width of 
2 usec and the repetition rate of about several 
ten per sec was applied to the bridge circuit. 
As the variable resistor shown in Fig. 1, 
a dial resistor usable up to 5 Mc/s and 0.1 ohm 
stop was used. As the null indicator a syncro- 
scope was used. By these arrangements the 
relative change in the resistivity of sample 
was measured within the accuracy of 0.1 per 
cent. 

At low electric field, the number of con- 
duction electron will not vary with applied 
field, so the change in resistivity of the sample 
may be attributed to the change in electron 


mobility. Therefore the following relation is 


See eee nemeeeeneesan 


valid at low electric field; 0/o.=o/u, where 


Table I. Some electrical 
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the subscript 0 means the value at vanishingly 
small electric field. By this relation the 
change in electron mobility in electric field 
was determined from the resistivity change 
which was measured by the bridge circuit 
shown in Fig. 1. 


2.2 Preparation of the samples 

All of the samples used in this experiment 
were cut from the same crystals which were 
used already in the experiment of breakdown 
at high electric field, and the details of the 
method of preparating the samples were 
described in that report®). In Table I some 
electrical properties of our samples used in 
this experiment are summarized. 


properties of our samples. 


pample edunenrelte Uniformity Resistivity (9) Hall s eyiiha Hall fe: Eten aoa 

SID: ny a pet eee SDL Be in cm3/coul. in cm2/V.sec in no./c.c. 

l 17.5 l { HAS | aS e2 —1.58 x 10 2.09 x 105 3.95 x 1014 
ZOUK VAL 10m —5.8 x108 1.4 x105 1.1 x10 

THEA os es VaR OM Vise —5.05 x 108 2.18 x 105 1.23 x 1015 

5 i ne 2.9 x10=2 =—3.2 x10 a 05 2.0 x1015 
WIPER ISSEY —1.80 x 108 9.22 x 104 3.46 x 1015 

: Ge here 1.88 x 10-2 —1.63 x 108 8.68 x 104 3.82 x 1015 


§3. Experimental Results 


3.1 The change in electron mobility at various 
temperatures 

The changes in electron mobility in indium 
antimonide at low electric field were measured 
at 77, 201 and 297°K. The experimental 
results at 77°K are shown in Fig. 2. In this 
figure we can see that the change in electron 
mobility at low electric field may be expressed 
by the following relation; #w=o(1+fE’). The 
values of 8 for our samples are also shown 
in Fig. 2. At 201 and 297°K, the change in 
electron mobility of our samples was also 
measured, but it was too small to be detected; 
te. p00. 
3.2 The change in electron mobility in a trans- 

verse magnetic field 

The change in electron mobility at low 
electric field was also measured in a transverse 
magnetic field at 77, 201 and 297°K. The 
results obtained at 77°K and in a transverse 
magnetic field of 660 gauss are shown in 
Fig. 3. From Figs. 2 and 3, we may find 
that the value of @ varies when a transverse 


magnetic field is applied. In Fig. 4 the values 
of @ for our samples at 77°K are shown as 


1.05 


Tee) = 
(i 
° 
& 
x B in crr?/V? 
iN -18x lO? 
& O95+ 4 -7.7x 10° 
= +40xI0* 
ae 500 1000 


— E* (Veni?) 
Fig. 2. The change in electron mobility in indium 
antimonide at 77°K. 
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functions of the magnetic field strength. In 
this figure we can see that, when the magnetic 


B incm?/y? 
+1.5X 1075 
+ No.3 +22x 107% 
- No5 +29x1074 


oO No! 


O 500 
—> E (Vv%cm?2) 


1000 


Fig. 3. The change in electron mobility in indium 
antimonide at 77°K and in a transverse magnetic 
field of 660 gauss. 
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Fig. 4. The values of 8 as functions of the 


transverse magnetic field at 77°K. 
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Fig. 5. The values of 8 as functions of the 
transverse magnetic field at 201°K. 
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field increases the values of 8 for all samples} 
become positive and reach some saturation) 
values. In Fig. 5, the values of @ for our’ 
samples at 201°K are shown as functions of’ 
the magnetic field strength. As is shown in): 
this figure, the values of 8 have the negative: 
sign at this temperature, and the absolute 
values of B increase with increasing magnetic | 
field strength. At 297°K the values of 8 were} 
too small to be detected even in a magnetic: 
field strength of about 6 kilo gauss. 


§4. Discussion 


As has already been discussed in Gunn’s. 
report’, the value of 8 depend on the scatter- 
ing mechanism of conduction electrons. So, 
to explain our experimental results, it is. 
necessary to know what scattering mechanisn: 
is dominant in indium antimonide. A few 
years ago, Ehrenreich’) calculated the tem 
perature dependence of electron mobility in 
indium antimonide in the temperature range 
from 200°K to 700°K, and he found that 
lattice scattering by polar mode with e*=0.18e | 

10” 
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Fig. 6. Electron mobility versus temperature 
curves for various scattering mechanism in 
indium antimonide. (After Ehrenreich) 
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‘could explain the experimental data quite 
‘well, which was taken from the work done 
‘by Hrostowski et al. In Fig. 6 Ehrenreich’s 
itheoretical result is shown, and in Fig. 7 the 


‘| electron mobility of the samples of Hrostowski 
fet al and of ours are both shown. 
we can see that, 
electron mobility of our samples differs from 


In Fig. 7 
below about 200°K the 


“lof the low purity of our samples, but above 


200°K the agreement between our data and 
that of Hrostowski et al is good. 
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10 
Fig. 7. Electron mobility versus temperature 
curves for various samples of indium antimo- 


nide. 


Now we shall begin our discussions by ex- 


_ plaining the experimental values of 8 which 


have been measured at 77°K and without 
magnetic field. As we can see in Fig. 2, the 
values of 8 for samples No. 1 and 3 have 
negative sign but that for sample No. 5 has 
positive sign; i. e., the value of @ for impure 
sample is positive. As the value of # for 
a sample in which impurity scattering is pre- 
dominant has positive sign, the experimental 
results mentioned above are quite reasonable. 
Then let us consider our results more quanti- 
tatively. If the lattice scattering of acoustic 
mode is primarily important in indium anti- 
monide at 77°K, then the value of 8 for a 
pure sample will be expressed by the following 
relation”; P=—3yz,2/16c? where jz, is the 
electron mobility in a pure sample at vanish- 
ingly small electric field, and c is the sound 
velocity. As is well known, fz, must be very 
large in indium antimonide, so # will become 
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also quite large (probably 0.1—1 cm?/V2), In 
an impure sample the absolute value of 8 
will decrease because of the coexistence of 
the impurity scattering. Gunn’s calculation 
shows, however, that the order of magnitude 
of the value of @ in an impure sample does 
not differ greatly from the value of  corres- 
ponding to the pure one. As are shown in 
Fig. 2, the experimental values of 8 for our 
samples is of the order of 10-*—10-* cm?/V2, 
hence we may conclude that lattice scattering 
of acoustic mode is not predominant in indium 
antimonide at 77°K. 

Then we shall consider that the lattice 
scattering of optical mode is predominant in 
indium antimonide at 77°K. Recently Strat- 
ton® calculated the value of P and the break- 
down voltage for a polar semiconductor, and 
he applied his results to indium antimonide. 
His results are summarized as follows; If 
the electron density in indium antimonide 
exceeds the value 1x10" (at 100°K) or 3x 10'3 
(at 200°K), the interelectronic collision would 
play an important role in the determination 
of distribution function, and then @ for a pure 
indium antimonide at lattice temperature 7) 
would have the value as shown in Fig. 8. 


B for indium antimonide in cm*/V? 
1o-® 


1074 10° \o-? 


antimonide 


4 
> 


8 8 for indium 
Ax 


negative 


3 
x 


102 103 


al6/)=6 FE 

Fig. 8. The value of @ versus lattice temperature 
Ty) curve for a polar semiconductor when the 
interelectronic collision predominates (After 
Stratton). For indiun antimonide 96=290°K and 
F)=340 V/cm. 


In this theoretical curve we can find that the 
value of 8 for a pure indium antimonide at 
77°K will become about —1x10-*cm?/V?. As 
there is no calculation for the semiconductor 
in which both polar scattering and impurity 
scattering coexist, we can not determine 
exactly what value 8 should have in impure 
indium antimonide. However, by analogy 
with the case for the semiconductor in which 
both the acoustic scattering and impurity 
scattering coexist, we may believe that the 
value of 8 for an impure indium antimonide 
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would be approximately the order of magni- 
tude of 10-‘cm?/V?._ As this order of magni- 
tude is the same as that of the experimental 
data, it seems most likely that polar scattering 
is most predominant in indium antimonide 
aya SG 

From Stratton’s results shown in Fig. 8 
we can find also that theoretical values of 8 
for indium antimonide at 201 and 297°K are 
approximately —2x10-§ and +2%x10-* cm?/V? 
respectively. These values are too small to 
be detected by our measuring apparatus, while 
the measured values of 8 at 201 and 297°K 
are approximately zero. Thus our experi- 
mental results on the change in electron 
mobility in indium antimonide at low electric 
field are consistent with Stratton’s theoretical 
results. Hence we may conclude that, at 
least in the temperature range between 77°K 
and 297°K, the polar scattering is the most 
important scattering mechanism for conduc- 
tion electron in indium antimonide. 

Next, let us consider the effect of transverse 
magnetic field upon the value of 8. As is 
written in Gunn’s report, the value of 
depends on the scattering mechanism of con- 
duction electron in the sample. For instance, 
in impure semiconductors the value of P is 
determined by the mobility ratio z,/ur, (=a), 
where yz, is the low field mobility determined 
by lattice scattering only and yr, is the low 
field mobility determined by impurity scatter- 
ing only. As is shown in Figs. 4 and 5, the 
values of 8 in our samples depend on the 
strength of the transverse magnetic field, 
hence it may be reasonable to consider that 
the value of a depends on the magnetic field. 
To calculate the value of @ in a transverse 
magnetic field, the mobility ratio is an incon- 
venient quantity; hence, instead of it, the 
resistivity ratio may be adopted as a useful 
representation for a in a magnetic field; i. e. 
A= [4719/1415 =r,/0z,, Where or, is the low field 
resistivity determined by impurity scattering 
only, and 0z, is the low field resistivity deter- 
mined lattice scattering only. In a magnetic 
field or, and pz, increase due to the magneto- 
resistance effect, but the increment in Di aeals 
larger than that in o;,”. Hence, @ increases, 
i. e. the impurity scattering becomes pre- 
dominant with increasing magnetic field, so 
the value of 8 tends to positive value in rather 
pure samples (No. 1 and 3), and in the impure 
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sample (No. 5) the value of @ tends to the | 


small value. Thus our experimental results 


| 


shown in Fig. 4 are well explained by as-_ 


suming that both impurity scattering and 


lattice scattering coexist in our sample at 


CS 
At 201°K impurity scattering will become 


very weak and other scattering mechanism, ~ 
for instance, electron-hole scattering will be- | 


come important (See Fig. 6). In the case of 
electron-hole scattering, however, the energy 


dependence of collision time would be similar ~ 


to the case of impurity scattering, so the value 
of 8 should become positive in a transverse 
magnetic field. This prediction contradicts 
to the experimental results shown in Fig. 5. 
Hence, to explain our experimental results of 
indium antimonide at 201°K, another scatter- 
ing mechanism, i. e. acoustic mode scattering 
must be considered. In the case of the 
coexistence of polar scattering and acoustic 
scattering, a should be replaced by another 
form, i. €. @=6a,/Op), where a, is the low 
field resistivity determined by acoustic scatter- 
ing only and ?», is the low field resistivity 
determined by polar scattering only. Ina 
magnetic field the increment in ou, is larger 
than ?»,”, hence acoustic scattering become 
predominant and 8 becomes a larger negative 
value. This prediction is consistent with our 
experimental results which are shown in Fig. 
5. Hence we may believe that the acoustic 
scattering, instead of electron-hole scattering, 


plays some role in indium antimonide at 
POUR 


§5. Conclusion and Acknowledgement 


The changes in electron mobility in indium 
antimondie were measured by bridge method 
at 77, 201 and 297°K, and it was found that 
the changes in electron mobility at low electric 
field are well expressed by the theoretical 
formula; “=0(1+B8E?). At 77°K the values 
of 8 were positive in an impure indium anti- 
monide but negative in two purer samples. 
At 201 and 297°K the values of 8 were too 
small to be detected. It was found also that 
the values of 8 changed by appling a trans- 
verse magnetic field. In a transverse magnetic 
field, the values of 8 of all samples became 
positive at 77°K, but negative at 201°K, and 
there were no changes at 297°K. 

To explain the experimental results men- 


| 1960) 


“| samples. 


,| tioned above, some scattering mechanisms of 


electrons in indium antimonide were con- 
sidered, and following conclusions were reach- 


! ed; (A) Lattice scattering by polar mode is 
‘| most important in indium antimonide. 


(B) 
At 77°K impurity scattering coexists in our 
(C) At 201°K acoustic scattering 
rather than electron-hole scattering is im- 


“} portant. 


The author wishes to express his thanks to 
Dr. T. Niimi for his kind guidances and to 
Messrs. R. Nii and N. Watanabe for their 
valuable helps. 
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Experimental results on the visible light emission and microplasma 


phenomena in silicon p—mn junction are described. 


It has been found 


that the microplasma spot in the p—m junction can be located by scan- 


ning small chopped light spot on the junction surface. 


Combining this 


method of location of the microplasma spot and the observation by 


microscope, 


it is concluded that the light emitting spot does not neces- 


sarily coincide with the microplasma spot. 
Possibility of the effect of impurities on the light-emitting phenomena 
is discussed briefly in connection with our recent experimental result on 


the visible light emission from germanium p—mn junction. 


A simple 


model of p—m junction is proposed for the understanding of microplasma 


phenomenon. 


§1. Introduction 

It has already been observed that visible 
light is emitted from reverse-biased p—n 
junction in silicon”, which has been attributed 
to the recombination and intra-band transition 
of energetic carriers in the space charge 
layer. Chynoweth, et al.” have found out 
that the pattern of the light-emitting small 
spots corresponds to that of dislocation etch 


pits. 
It is also found that sharp current pulses 


of constant height appear in reverse-biased 
silicon p—m junction». The height, width, 
and repetition rate of the pulses are depend- 
ent on the bias voltage. The pulses disappear 
as the reverse bias voltage is increased, but 
the second pulse appears as the voltage is 
further increased. Since this phenomenon has 
been analyzed in analogy with the gas dis- 
charge, which is famous as the Townsend 
process, it has been named “ microplasma ”. 
Rose?) pointed out that it is natural to cor- 
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relate the light-emitting spots with the micro- 
plasma spots. 

The points of interest and questions con- 
cerning these phenomena may be summarized 
as follows: 

(1) The spectral intensity of the emitted 
light extends far beyond the wave length 
which corresponds to the energy gap of sili- 
con). 

(2) Visible light emission phenomena have 
not been reported on germanium p—n junc- 
tion until recent report of the authors”. 

(3) Does the light-emitting spot really coin- 
cide with the microplasma spot ? 

(4) In what way are the avalanche and 
Zener effects playing significant role in these 
phenomena ? 

In our preliminary experiments, microplasma 
and visible light emission were observed on 
metal-silicon contact formed by applying Ag 
paste”. Remarkable jump was found in re- 
verse current-voltage characteristic where 
light-emitting spot appeared on the periphery 
of the Ag paste electrode. As will be men- 
tioned in the later section, hysteresis effect 
was found in the case of metal-silicon con- 
tact. Therefore, with proper load resistance, 
triggering action could be performed by il- 
lumination. 

Most part of this article is, however, de- 
voted to the description of the experiments 
on the diffused silicon junction, since the 
measurements are far more reproducible for 


A sample 


sie 


Hsp] 


(a) 


Fig. 2. Schematic representation of measuring circuits. 
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the diffused junction than the Ag paste elec- 
trode. | 

Observation of the light emission phe-_ 
nomena, microplasma pulses, and location of 
the microplasma spot by chopped light spot, 
are mentioned, and brief discussion is given | 
in the last section on the correlation between 
the microplasma and light emission. 


§2. Experimental Procedures 


2.1 Preparation of samples 

Eagle-Picher silicon was pulled in <111> di- © 
rection doped with antimony. The single 
crystal was then sliced in (111) plane about 
1mm in thickness. Diffusion of boron was 
then performed in the furnace as shown in | 
Fig. 1. The thickness of the diffused p-type 
layer ranged from 1 to 1.5 microns, since 
thick layer would prevent the observation of 
light emitting spots in the junction. After 
each diffusion, thickness of the layer was 
checked by oblique-polishing and _ staining 
techniques. 


diffusant 


inert gas (2 Panaeacatarenenae 
ee 


BERLIOS 


Fig. 1. Experimental apparatus used for per- 
forming diffusion. 


photomultiplier 
shield box 


t ni X-Y recorder 


| agin (a) 


recorder 
source 


(b) 


(a) for measurements of current-voltage 


characteristic and microplasma pulses. (b) for measurement of light output 
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Fig. 4. Photograph of light emitting spots in 
silicon diffused junction. 


(b) 


Fig. 7. Light emitting spots corresponding to 
scratch on the surface. 


Fig. 10. Light emitting spots appearing like the 
milky way. 


(b) 


Fig. 5. Example of bright white spots in silicon 
junction. (a) is the photograph of the junction 
area, and (b) is the photograph of the light 
emitting spots. 


Fig. 11. Photograph of microplasma pulses ob- 
served on synchroscope. 
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Fig. 12. Photograph of a microplasma pulse. (10 
microsec/div.) 


(a) 


(b) 


(c) 


(d) 


Fig. 18. Patterns observed on synchroscope when 
chopped light spot is scanned on the junction 
plane. 
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Fig. 26. 
microplasma pulses. 


Apparent carrier multiplication with 


Small area, about 1-2 mm in diameter, was 
protected by wax and the sample was then 
subjected to etching. 

2.2 Measuring apparata 

The sample is mounted on a micromanipu- 
lator and metal point contact is pressed on 
the p-type layer. Light emitting spots are 
observed by microscope, and current-voltage 
characteristic is traced on x—y recorder as 
shown in Fig. 2(a). Microplasma pulses are 
observed on Iwasaki No. 5301 synchroscope. 
Measurement of the light output is performed 
as shown in Fig. 2(b) using Toshiba No. 7306 


\} 1960) 


{ photomultiplier tube and high sensitivity re- 
| corder. Since remarkable creeping is found 
jin the current and light output in the case 
| of Ag paste electrode, the recorder is specially 
{ designed to have small time constant. 

In Fig. 3, experimental arrangement for the 
i observation of the carrier multiplication and 
| for the location of microplasma spots is shown 
| schematically. 


«—specimen 


Fig. 3. Experimental arrangement for observing 
carrier multiplication and also for locating the 
microplasma spots. 


§3. Experimental Results 


| 3.1 Observation of the light emitting spots 
_ Light emitting spots appear as the reverse 
bias voltage is increased. Typical example is 
shown in Fig. 4. Though the color is not 
shown in the figure, white or yellowish white 
- spots appear on the periphery of the junction, 
while yellow or reddy spots are observed in 
the junction area through the diffused p-type 
layer. This may be attributed to the absorp- 
tion of light of shorter wave length by the 
silicon layer above the junction. It must be 
noted here, however, that in some cases very 
bright white spots can be observed in the 
junction area as shown in Fig. 5(b). Accord- 
ing to the viewpoint of light absorption 
mentioned above, these bright spots must be 
attributed to the fact that the light emitting 
spots are located quite near from the surface 
of the p-type layer. However, apparent im- 
perfections which might cause misformation 
of the diffused layer (as shown in Fig. 6) 
could not be found on the surface by micro- 
scope. 

In some cases, correlation between the light 
emitting spots and the flaw on the surface 
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could be clearly observed. Typical example 
is shown in Fig. 7. In this case, light emit- 
ting spots appear in a line (Fig. 7(b)), which 
correspond to a scratch caused by grinding 
before the diffusion (Fig. 7(a)) observed by 
microscope. 

It is noticed that, in contradiction to the 
experimental results of Chynoweth, et al.”, 
one-to-one correspondence between the disloca- 
tion etch pit and light emitting spot could 
not be necessarily found. The surface of the 
silicon wafer was etched®) and dislocation 
etch pits were revealed at first. Diffusion 
was then performed on this surface and the 
small area p—mn junction was prepared by 
mask-etching. As is shown in Fig. 8, most 
of the light emitting spots appear on the flat 
surface and very few are found in the etch 
pits. 


diffused 
p-layer 
(a) (b) 


Fig. 6. Examples of misformation of diffused 
layer. 


etch pits 


\ 


A 
Siar ai 


QO 


ya 


O 
light spots 


Fig. 8. Sketch of the observation of silicon sur- 
face by microscope. 


A crystal containing boundary plane was 
cut into slices and the specimen was prepared 
as shown in Fig. 9. In this case, no special 
appearance of light emitting spots could be 
found along the grain boundary. 
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Fig. 10 shows an interesting result of the current, surface leakage current, and self- 

observation of the spots. As is seen in the multiplicative current. 
photograph, small reddy spots appear like the 3.2 Microplasma pulses | 
milky-way in the sample. Two bands of spots | When the reverse bias is increased to cer-— 
are running nearly in parallel. The width of tain critical voltage, sharp current pulses of | 
a band is approximately 50 microns. constant height and nearly constant width > 
appear as shown in Fig. 11. The shape of — 


grain boundary 


| 
current | 


p-diffused layer 


pp (b) 
10 


Fig. 9. Preparation of specimen from a crystal microsec. 
containing grain boundary. 


voltage is 
increased 


Fig. 13. Voltage dependence of the shape of 

In the specimen whose p-type layer is 0.75 pulse. 
micron in thickness, it has been observed that 
the small reddy spots appear only in the 
region of approximately 50 microns in di- O | | | (g) 
ameter centered at the metal point contact 
on the p-type layer. This region migrated 
as the metal point was drawn on the surface. 
This phenomenon may be attributed to the O 
lateral voltage drop in the p-type layer. 

Temperature dependence of the light emit- 
ting properties of diffused —m junctions was e) 
observed qualitatively. The temperature was 
lowered down to liquid oxygen temperature. 
The backward current-voltage characteristic | 
and the appearance of light spots were scar- 
cely modified by the temperature change. In O at YH 
the experiment performed in the room air, (d) 
frost was formed on the surface as the sam- 
ple was cooled and it was melted into water 
drops when the temperature was raised again. o ILL LUT. (c) 
The light emitting spots could be observed in 
a similar pattern on the surface through the 
frost and water drops. The color of the spots 
was not changed in this treatment. These ex- Oc dae shgedt — svcliet (b) 
perimental results on the dependence of the 
light emitting properties of junction are con- 
sistent with the results of Chynoweth, et al.®. 
The insensitive temperature dependence of O (a) 
the backward current is not so surprising 
since the backward current observed in this —-> time 
voltage range is not the simple saturation Fig. 14. Schematic representation of the appear- 
current but the “voltage dependent ” current ance and disappearance of microplasma pulses 
which may consist of recombination-generation according to the voltage variation. 


current 
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‘).a pulse in shown in Fig. 12, which depends 
on the condition of the measuring circuits. 
The height, width and repetition rate of the 
pulses are dependent on the bias voltage. 
i’ Typical example is illustrated schematically 
‘fin Fig. 13. Above three are all increased at 
first with increasing bias voltage, but the 
height is soon saturated and repetition rate 
is decreased. Schematic representation of 
this phenomenon is given in Fig. 14. As the 
voltage is increased ((a) to (g)), microplasma 
pulses appear ((b)), the repetition rate in- 
creases ((c), (d)), and finally, individual pulses 
can not be separated because of high repeti- 
tion, which results in apparent negative cur- 
rent pulses ((e)). Microplasma pulses disap- 
pear for the bias voltage slightly above this 
condition. However, if the voltage is further 
increased, next plasma pulses appear at cer- 
tain voltage ((g)) and the similar situations 
to (b)-(f) repeats again. 


current 


—>. time 


Fig. 15. Complex form microplasma pulses. 


In some cases, microplasma pulses of the 
form shown in Fig. 15 are observed. In this 
case, the pulses are not the simple “ON ”- 
“OFF” form, but they reveal two different 
SON Zestates). 

In general, pulse height ranges between 30 
and 300 microamp., and the pulse width for 
~ lower voltage conditions ((b)-(d) in Fig. 14) 
ranges between 1 and 10 microsec.. It is 
noted here that, in the case of Ag-paste elec- 
trode experiment, pulse width is much higher, 
i.e., 50 to 500 microamp., and also that the 
pulse shows initial decay and fluctuation 
(noise). 

3.3 Current-voltage characteristic and the 

microplasma pulses 

As already mentioned previously'”, strong 
hysteresis effect is observed in current-voltage 
characteristic of Ag-paste electrode on silicon 
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surface, corresponding to the occurrence of 
microplpsma pulses and light emission. (Fig. 
16(a)) As is shown in the figure, micro- 
plasma pulses appear near the voltage V2 and 
the current jumps to high conduction state 
at V2. The current does not decrease to 
point A at V2 for decreasing voltage, but it 
jumps to low conduction state at voltage V1. 
Light spot can be observed to appear on the 
periphery of the Ag paste electrode when 
the current jumps to high conduction state 
at voltage V2. 


current 


: Ag paste electrode 


A microglasma “ON” 
light spot appears 


voltage 


I diffused p-—-n 
junction 


light spot 


SNe <—microplasma “ON” 


V 


(b) 


Fig. 16. Current-voltage characteristics of (a) Ag- 
paste electrode and (b) diffused p—m junction. 


current 


bias voltage 
volts 


Fig. 17. Current-voltage characteristic and the 
occurrence of pulses. 
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In the case of diffused p—m junction re- 
ported here, however, the situation is quite 
different. As is shown in Fig. 16 (b), current- 
voltage characteristic does not reveal hyster- 
esis loop. Moreover, apparent coincidence 
between the light emission and microplasma 
pulses can not be clearly observed, which will 
be mentioned in 3.6 in more detail. 

In general, it can be concluded that the 
microplasma pulses appear at voltages above 
the value where the current starts to grow 
up. Therefore, it may be natural to expect 
the correspondence between the “ rising-up ” 
current component and the microplasma phe- 
nomenon. 

Successive occurrence and fading-out of 
pulses are shown in current-voltage character- 
istic in Fig. 17. The curve has been re-traced 
from x—y recorder. In the figure, 1, 2 and 
3 show the situations, 

1....positive pulses are observed, 

2....negative pulses are observed, 

3....pulses have faded out, 
respectively. 


3.4 Location of the microplasma spots 

It has been found that the microplasma 
spots could be located in the junction by using 
the experimental arrangement shown in Fig. 
2(a). A small light spot chopped at 225cps 
is scanned on the junction surface by the 
micromanipulator on which the specimen is 
mounted. 

Microplasma pulses appear when the reverse 
bias is increased up to certain voltage as 
shown in Fig. 11. When the chopped light 
spot comes in the vicinity of the microplasma 
spot, the pattern on the synchroscope becomes 
to that shown in Fig. 18(a). As is seen in 
the figure, not only the photocurrent appears 
in the “OFF” and “ON” states, but also the 
modulation occurs in the density of the micro- 
plasma pulses. As the chopped light spot 
comes nearer, probability of the state to stay 
at “ON” condition is increased in the illumi- 
nated period, and finally it becomes to unity 
as shown in Fig. 18(c). When the chopped 
light spot passes through the microplasma 
spot, the pattern becomes to that shown in 
(d). Watching the pattern on the synchro- 
scope, therefore, one can determine the posi- 
tion of the microplasma spot on the surface 
of the specimen. 

Mapping of the microplasma spots on a 
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specimen hos been performed by this method | 


of observation. In this sample, occurrence 
of microplasma has been observed five times 
as shown in Fig. 19 and Fig. 20. It is noticed 
that the microplasma No. 1 and No. 2 can 
not be separated by this method. The same 
is true for No. 4 and No. 5. Since the di- 
ameter of the chopped light spot is approxi- 
mately 70 microns, it can not necessarily be 


current 


Vi \VAV3 V4 Vs 


voltage 

V 

Fig. 19. Current-voltage characteristic of a speci- 
men. Microplasma pulses occur five times in 
this specimen. 


Fig. 20. Located position of microplasma spots 
in the specimen. 


concluded that these pairs of microplasma 
spots are identical points, respectively. How- 
ever, it may well be considered that No. 1 
and No. 2, or No. 4 and No. 5 are closely 
correlated as has already been noticed by 
Champlin’ , 
3.5 Measurement of the light output 

Total light output from the junction has 
been measured by the experimental arrange- 
ments shown in Fig. 2(b) using photomulti- 


‘} 1960) 


| plier tube. In the case of Ag-paste electrode 
; experiments, remarkable creeping phenomenon 
‘j has been found both in the current J and the 
: light output J» as shown in Fig. 21. Although 
j the variation of J and J» appears nearly in 
parallel, the efficiency of light output (i.p., 
I,/I) is gradually reduced for prolonged 
measurement. 

In the case of diffused p—n junction, how- 
ever, the measurement can be performed with 
much higher reproducibility. The typical re- 


current 
I 


Ag-paste electrode 


light output min 
Ip 
t =—— =r Las 
. _ time 
min. 
Fig. 21. Creeping effect in the current J and 


light output J, observed in the case of Ag- 
paste electrode on silicon. 
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Fig. 22. Relation of light output J» and the junc- 
tion current J for diffused p—m junction. 
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Sult is shown in Fig. 22. in which experi- 
mental points taken with increasing and de- 
creasing voltage are showing fair agreement. 
In Fig. 23, junction current J and the light 
output J» (i.e., the photomultiplier current) 
are shown as functions of reverse voltage. 
It may be concluded that the light emission 
phenomenon is accompanied with the onset 
of the pre-breakdown current. It is seen in 
Fig. 22 that the curve does not come to the 
origin for zero junction current. This can 
be attributed to the noise (or the dark cur- 
rent) in the photomultiplier. 


current 
Photomultiplier’ 
t current 
Ip 
(arb, scale) 


460 


mA 


isl 


430 


30 40 50 
bias voltage 
voits 
Fig. 23. Junction current J and light output J» 
as functions of bias voltage. 


3.6 Microplasma pulses and the light emission 
As previously. mentioned, in the case of 
Ag-paste electrode experiments, it has been 
observed that the appearance of the micro- 
plasma pulses and the light emitting spots 
are closely correlated. These two phenomena 
appear at the jump in the current-voltage 
characteristic as shown in Fig. 16 (a). 

It may be quite natural to expect also for 
the case of diffused f—m junction that the 
light emitting spot will appear just at the re- 
verse voltage where the microplasma pulses 
occur. 

Our first experiment to detect this possibility 
has been performed as follows. The occur- 
rence of microplasma is counted with increas- 
ing bias voltage, watching the pattern on the 
synchroscope as shown in Fig. 14. For ex- 
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ample, occurrence of microplasma is counted 
five times with increasing voltage up to 43 
volts. The surface of the junction is next 
inspected with microscope to count the light 
emitting spots. It has turned out that only 
one light emitting spot is found in the case 
of above mentioned specimen. In most cases, 
very poor correlation can be found between 
the count of microplasma and light spots. 

In the above experiment, the discrepancy 
might be attributed to the possibility that the 
light is absorbed in the surface layer. There- 
fore, the next experiment has been devised. 

The reverse bias voltage is increased until 
at least one light emitting spot is observed 
clearly on the surface. Then, fixing the volt- 
age, small chopped light spot is moved to 
coincided to the light emitting spot under the 
the microscope. If really this light emitting 
spot is the microplasma spot itself, the pat- 
tern just like that shown in Fig. 18(c) must 
be observed on synchroscope provided that 
the bias voltage is slightly decreased from 
the fixed value. Contrary to this expectation, 
the characteristic pattern cannot be observed 
at the light emitting spot. It has also been 
confirmed that the pattern is observed when 
the chopped light is located at somewhere in 
the “dark” region on the junction surface. 


light output 
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Fig. 24. Speculation of the relation between the 
current pulse and light output. 


Another experiment has been devised from 
different point of view. As is shown in Fig. 
24, our first speculation is that individual 
current pulse corresponds to the pulsive light 
output. In the observation of light output 
by naked eye through microscope or by dc 
ammeter in the photomultiplier circuit, it may 
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be considered that the pulsive light output is 
averaged with the time constants of these 
systems. 

A double beam synchroscope has been used 
to pick up the microplasma pulses and the 
light output pulses simultaneously. Unfortu- 
nately, no pulse signal could be observed in 
the light output. Therefore, the signals were 
fed into x- and y-axes, respectively, only for 
detecting the correlation between them. The 
pattern on the synchroscope will be like that 
shown in Fig. 25(b) if any degree of corre- 
lation exists between these two signals. 


y i 


(a) (b) 


Fig. 25. If two signals are partially correlated, 
the pattern will become as shown in (b). 


No correlation could be found between 
microplasma pulses and light output signal in 
our experiment. Although this result may 
partly be attributed to the lack of sensitivity 
of photomultiplier system to detect the light 
output from single light spot, but it may 
well be considered to be an independent evi- 
dence for the previously mentioned experi- 
mental results. 


$4. Discussion 


4.1 Carrier multiplication 

The effect of carrier multiplication in the 
voltage range where the microplasma_phe- 
nomenon is observed must be re-considered 
on the basis of bistable switching action of 
the microplasma spot. It has been noticed 
that the carrier multiplication is not remark- 
ably changed at those voltages, whereas the 
“apparent ” multiplication takes its maximum 
through the occurrence of microplasma pulses. 
A typical result is shown in Fig. 26 and the 
schematic representation is given in Fig. 27. 
The light is chopped at 225cps and the cur- 
rent is observed on Iwasaki No. 5301 synchro- 
scope. Fixing the chopped light spot on the 
microplasma spot as mentioned in 3.4, bias 


; Same. 
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voltage is gradually increased. 
As shown in Fig. 27 (a), for the bias volt- 


.| age lower than the value for the occurrence 


of microplasma pulses, normal photocurrent 
| %» 1S observed. Therefore, the current 


Zao +7 p ’ 


(1) 


‘| flows in the period of illumination, where 
‘| dao is the dark current. 


As the voltage is 
.| increased, however, microplasma pulses  be- 
/ come to appear both in the dark and illumi- 
| nated periods. The pulse rate is much higher 
| in the illuminated condition than in the dark, 
| whereas the pulse height hm is almost the 
| Hence, for the further increase in bias 
| voltage, it becomes to the situation as shown 
in (c) and (d) of the figure, where the current 


aot+rythm , (2) 
flows under illumination, the dark current 


being kept at za. In this case, “ apparent ” 
photocurrent is (7»+hm) which differs im from 


dark current 


SOS ae a 
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Fig. 27. Schematic representation of Fig. 26. 
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the usually defined photocurrent 7p. 

When the bias voltage is further increased, 
both the pulse width and pulse rates are so 
increased that the current stays at the level 


laothm , (3) 


in the dark. (It is noticed that, strictly speak- 
ing, Am in Eq. (3) is different from that in 
A t 
Cr aitiplication Probability that 
the spot is“ON” 
Ma Pon 
fo) 
Vo reverse voltage 


volts 
onset of 
microplasma pulses 


Fig. 28. Apparent multiplication M, and Poy as 
functions of bias voltage. 


Eq. (2). However, since hm’s are 
greater than or at least compa- 
rable to 7p, the dependence of 
hm on the bias voltage may be 
neglected in this discussion.) 
Hence, the photocurrent is re- 
duced again as shown in Fig. 27 
(e). 

As mentioned above, apparent 
carrier multiplication and the 
microplasma pulse are closely 
correlated. If we define Pon as 
the probability of the micro- 
plasma spot to be in the state 
“ON ”, apparent carrier multipli- 
cation M. and Pon are schema- 
tically shown as functions of bias 
voltage in Fig. 28. Ma. starts to 
increase at the voltage where the 
onset of microplasma pulses is 
observed, and it takes maximum 
at the voltage where Pon takes 
the value 3. As the voltage is 
further increased, Pon reaches 
to unity and M. is reduced 
again to certain value. 

It has been expected before 
the experiment that carrier multi- 
plication would take high value 
after the microplasma spot was 
switched on (i.e., Pon becomes 
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to unity), but as is seen in Figs. 26 and 27, 
this has been found not to be the case. The 
decrease of M, for higher bias voltage (Fig. 
28) may partly be attributed to the reduction 
of the impedance which results in the reduc- 
tion of photocurrent signal, but this cannot be 
the essential factor, since the junction im- 
pedance as a whole is not so changed by 
the occurrence of the microplasma pulses, and 
moreover, the similar feature as shown in 
Fig. 28 can be observed for the microplasma 
which successively appear with increasing bias 
voltage. 


4.2 Visible light emission and microplasma 
pulses 

As previously touched in 3.6, correlation 
between the visible light emission and micro- 
plasma phenomena must be suspected. We 
have, in fact, expected that visible light is 
emitted continually after the microplasma 
switching spot is turned on. However, this 
expectation seems now to be denied by the 
considerations on the basis of experimental 
results as follows. ; 


apparent 
multiplication 


bias voltage 


Fig. 29. Dependence of multiplication M, and 
light output J, on bias voltage. 


(a) By the experimental result of Chy- 
noweth, et al., it has been estimated that the 
light is emitted by the transition of high 
energy electrons and holes which are accele- 
rated by the electric field in the space charge 
region. As shown in Fig. 29, however, we 
have observed that the multiplication shows 
local maxima with increasing bias voltage, 
whereas averaged light output is increased 
monotonically. If light emission is really ac- 
companied with high energy carriers in micro- 
plasma, it should be expected that M. is not 
decreased again in Fig. 28. 

(b) As mentioned in 3.6, microplasma pulses 
can not be found at light emitting spot. 


M. KIKUCHI and K. TACHIKAWA 


Moreover, visible light emission can not neces- — 


sarily be observed at microplasma spot. 

(c) Although it might be attributed to the 
lack of sensitivity of photomultiplier tube, 
unsuccess of detecting correlation between 
microplasma pulses and light output (men- 
tioned in 3.6) may well serve as an evidence 
for the lack of correlation itself. 


4.3 Mechanism underlying the light emission | 


As pointed out by Chynoweth, et al.‘”, one 


of the most characteristic features of the . 


light emitting phenomenon is the spectral 
distribution of emitted light. It has been 
reported that the spectrum of the light ex- 
tended far beyond the wavelength correspond- 
ing to the band gap of silicon (i.e., 1.2 eV). 
From this experimental result, it has been 
concluded that photons of energy substantially 
less than the gap width are being emitted in 
the breakdown mechanism. 

To accound for this it seemed most likely 
that radiative intraband transitions by ener- 
getic electrons and holes are occurring. 

There remains some doubt, however, in 
adopting this physical picture, since we have 
experimental results as mentioned below. 

The visible light emission phenomenon has 
been reported by several authors, but all are 
about silicon p—m junctions and none has 
been reported on germanium. If the inter- 
and intraband transitions of energetic elec- 
trons and holes are the main processes for 
the light emission, it should well be expected 
that the similar phenomenon can be observed 
also in germanium p—~ junctions. Of course, 
this may be a speculation since we have little 
information about the transition probability 
functions and the distribution functions for 
both electrons and holes in germanium, but 
the lack of information itself cannot depriciate 
the speculation. 

We have tried to account for the difference 
between silicon and germanium in finding 
light emission phenomenon on the basis of 
the difference in extrinsic properties, i.e., the 
content of oxygen. In the crystals pulled by 
usual technique, much higher density of oxy- 
gen can be found in silicon than in germa- 
nium since quartz crucible is inevitablly used 
in the case of silicon. 

If oxygen impurity plays some essential 
role in the light emission, the phenomenon 
may be expected to occur in germanium p-n 
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junction containing high density of oxygen. 
Recently, we have succeeded in observing 
light spots on germanium diffused p—n junc- 
tion). Germanium crystal used in this ex- 
periment was pulled from the melt had been 


' previously heated up to 1400°C in quartz 


crucible. This success in observing the visible 
light emission from germanium p—n junction 
provides an evidence for the effect of oxygen 
impurity on the light emission phenomenon. 

The precise mechanism of the action of 
impurity atoms is not well understood at 
present, but it may be considered from two 
different points of view, i.e., 

(a) for supplying initial energenic carriers, 

(b) for the emission of photons. 

As for the case (a), it may be imagined 
that some kinds of deep: levels provided by 
oxygen atoms help Zeener effect. In this 
case, high energy electrons can be supplied 
much easier for the same electric field in- 
tensity. It may also be imagined that the 
impact ionization of deep-lying levels supplies 
carriers to cause the electron avalanche. 

As for the case (b), it may be considered 
that inter- and intra-band transition of ener- 
getic carriers are caused by the interaction 
between high energy electrons of holes and 
oxygen impurities. 

The effect of impurity atoms such as oxy- 
gen on the light emission may be speculated 
from another point of view. It is clearly 
observed that light emission is correlated 
with the backward leakage current in p—n 
junction. The non-saturation current com- 
ponent in the brckward characteristic of p—n 
junction has been correlated with deep-lying 
levels in the space charge region’. 
other hand, effect of oxygen atoms on the 
lifetime of minority carriers and backward 
leakage current are reported by several 
authors. Especially, it is quite natural to 
believe the correlation between the “traps” !” 
and- oxygen impurities from our present 
knowledge on the crystal pulling technique 
and the behavior of oxygen in silicon crystals. 

Although we have not succeeded in observ- 
ing one-to-one correspondence between the 
light emitting spot and dislocation etch pit, 
light spots could be found along the scratch 
line on the junction surface. It seems likely 
that the precipitation of oxygen atoms on the 
dislocation by Cottrel atmosphere can not be 
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neglected. 
4.4 Switching action of microplasma spot 


As is shown in Fig. 28, after the micro- 
plasma spot is turned on, no appreciable car- 
rier multiplication is observed. In other 
words, local electric field in the microplasma 
spot is reduced in “ON” condition to low 
value which is insufficient to cause carrier 
multiplication. This feature reminds us of 
the characteristics of semiconductor switches 
such as of p—n—p—n structure. In those 
kinds of devices, triggering to “ON” condi- 
tion is performed through the occurrence of 
avalanche breakdown in the middle junction, 
but when the turning-on is finished, the mid- 
dle junction is biased slightly in forward and 
no avalanche effect is maintained. 


metal electrode 


p-diffused 
layer 


A 


n-type bulk 


Fig. 30. A proposed model for microplIrsma spot. 


microplasma spot. 


Structure of 


Fig. 31. 


From the analogy to the p—u—p—un swiches, 
a model as shown in Fig. 30 may be pro- 
posed. If a small spot A acts as a hole emit- 
ting source, the small part of the junction 
may be considered as a structure shown in 
Fig. 31, which corresponds to p—n—p—m 
switch (m stands for metal electrode). Since 
the electron emitting efficiency of metal elec- 
trode is very low, switching action of this 
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part is essentially determined by the hole 
emission from the source A. Apparent switch- 
ing action is expected to be poor because of 
this structure and the ohmic spreading resist- 
ance. 

The physical nature of the emitting source 
A is not known at present, but several models 
are speculated. For instance, a cluster of 
oxygen impurities, or some kind of crystal 
imperfections may affect the local electro- 
static potential to make such kind of hole 
emitting source. 

From this model, it may be concluded that 
the light emission will not be observed at this 
spot, but on the contrary it may be expected 
that no hole emitting source such as shown 
in Fig. 30 will be found at the light emitting 
spot. In the case of light emitting spot, some 
kind of imperfection is necessary in the junc- 
tion for the breakdown to occur, but hole 
emitting spot as shown in Fig. 30 must not 
exist near that imperfection since high elec- 
tric field intensity must be sustained for pro- 
viding high energy electrons and holes in the 
space charge region. 

Some additional information will be found 
about the above mentioned models in the near 
future since several experiments are now 
being devised. 


§ 5. Conclusion 


By virtue of the light scanning method, it 
has been found that the microplasma spot 
can be located on the diffused junction plane, 
and also that the light emitting spot does not 
necessarily coincide with the microplasma 
spot. 

It has been found possible that visible 
light emission phenomenon is essentially af- 
fected by the impurity atoms in the crystal, 
especially with oxygen impurities. 
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It is noticed that the apparent carrier mul- 
tiplication is reduced again after the micro- 
plasma spot is turned on, from which a model 
has been proposed taking small hole emitting 
region into account. 

In conclusion, it seems likely that the light 
emitting phenomenon and the microplasma 
phenomenon appear at different spots in a 
p—n junction with different underlying mecha- 
nisms. 
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The author found only one symmetry plane (1210) in the superlattice 
of the e-phase of Cu-Sb alloy, where an ideal distribution of 8Sb atoms») 
was assumed in the unit cell. This symmetry plane coincides with the 
plane of shear and is normal to the twinning plane (1011), of the twin 
which was predicted in a hexagonal lattice with the axial ratio, 0.7947, 
in a previous paper). Thus, the author assumed the (1011) twin in the 
é-phase, and discussed atom movements in the twinning. The possibility 
of detectable twins of this type seems so small that it may be 1/6 (or 
less) of the possibility for the {1012} twin in common h.c.p. metals. 

R. W. Cahn has confirmed that no twin can form in an ordered Fe;A1 
crystal. Based on this, the author assumed some geometrical requisitions 


for the twinning of superlattices. 


§1. Introduction 

In a previous paper’, the author predicted 
that, if any twin can form in a hexagonal 
lattice with the axial ratio c/a=0.795, the 
twinning indices will be Ki=(1011), Ke=(1011), 
m=[1012] and =[1012], and the plane of 
shear will be (1210). 

Now, it has been reported that the &-phase 
of Cu-Sb alloy has an approximately hexago- 
nal close-packed superlattice having the c/a 
=0.7947. Accordingly, the author will geo- 
metrically discuss the possibility of the forma- 
tion of the predicted twin in this alloy. 


§2. Atomic Arrangements in an Unit Cell 
of the &-phase of Cu-Sb Alloy 


Osawa and Shibata” have studied the &- 
phase of Cu-30.52%Sb alloy, and measured 
the lattice parameters that a:=10.836 A, ce= 
8.611. A and c:/a:=0.794;. Calculating from 
the specific gravity measured, they have also 
concluded that the unit cell contains 45 Cu 
atoms and 9Sb atoms. It was then concluded 
that (1) the €-phase has an unit cell quadrupl- 
ing of the a-axis and doubling of the c-axis 
of a simple hexagonal close-packed cell having 
the parameters a@=2.70% A, c=4.305s A and 
c/a=1.589. (it is called a component cell here- 
after); (2) if the €-phase lattice had an ideal 
hexagonal close-packing, the unit cell would 


* This paper was expressed at the 14th Congress 
of Associagao Brasileira de Metais, July 1959 at 
Belo Horizonte, Brazil. 


contain 64 atoms; on the contrary, the net 
number of atoms contained is only 54, and 
thus, the lattice is not an ideal hexagonal 
close-packed one but is very near to it. 

Recently, Boettcher and Thun®) have ob- 
served an well-defined X-ray diffraction line 
of superlattice of the €-phase, the interplanar 
spacing of which being 3.16A. And they 
have supposed an ideal distribution of 8Sb 
atoms in the superlattice cell. 

In Fig. 1, these Sb atoms are ordered in a 
set of (0222): planes, where the subscript “ & ” 
denotes the indices referred to the whole unit 
cell with the c-/a:=0.794;,. The superlattice 
apparently arises from the homopolar portion 
of the binding forces of Sb atoms, the distance 
between them being enlarged to 3.82 A. 

The superlattice cell certainly contains 
more than 8Sb atoms. They have then sup- 
posed that Sb atoms in excess may probably 
lie in the planes parallel to the basal plane 
either at heights c/2 and c, or at heights c/4 
and 3c/4. 

Moreover, the superlattice cell contains only 
54 atoms, which is considerably less than 64 
atoms for closest-packing. Thus, they have 
assumed that the vacant lattice sites involved 
may take an ordered arrangement in, for 
example, the (2022). planes, which lie alter- 
nately with the (1011); planes occupied by Sb 
atoms, as shown in Fig. 1. However, the 
correct positions of the vacancies remain still 
unknown. 
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$3. Atom Movements in Twinning 


We shall here consider the possibility of 
the predicted twin in the &-phase, as follows: 
K,=(01)-, Ke=(1011):, 71=[1012]. and y= 
[1012]e. 

Let us assume, for simplicity, an ideal dis- 
tribution of 8Sb atoms in the unit cell, as 
shown in Fig. 1. It is seen in this figure, 
that there is only one symmetry plane, (1210)., 
among the {1210}; family, regarding the ar- 
rangements of Sb atoms as well as Cu atoms. 
Thus, it can become the plane of shear of 
the above twin. 

Fig. 2 shows a projection of Sb atoms in 
the plane of shear, (1210):, and their move- 
ments indicated by arrows in the twinning. 
The movements of the Sb atoms are similar 
to those in the twinning of simple hexagonal 
close-packed lattices, e.g. Zr. 

In the ideal model above, it is assumed 
that both Cu and Sb atoms lie at correct 
hexagonal close-packed lattice sites, as pro- 
posed by Boettcher and Thun. It follows 
that the Cu atoms will move into their new 
twinned sites in the twinning, in the same 
manner as in Zr lattice, of which axial ratio, 


O and C=1/2 


Projection on basal plane 


An ideal distribution of 8Sb atoms in a superlattice cell of e-phase of Cu-Sb alloy. 


Trace of Ae= (1012),(101T), 


= MONI{TO12J, = CIOTII,CIO12I. 


Basal plane in twin 


Frace 3 
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Fig. 2. A projection of Sb atoms in the plane of 
shear (1210):, and their movements in twinning, 
in e-phase of Cu-Sb alloy. Light and heavy 
circles show respectively Sb atoms lying in, or 
above and below, the plane of shear represented 
by the plane of the paper. 


1.589;, is almost equal to that of the com- 
ponent cell of the &-phase. In Fig. 2, the 
twinning indices with no subscript are refer- 
red to this component cell. 

We shall next consider the arrangement of 
atoms at a twin boundary in the €&-phase. 
Thompson and Millard? have suggested an 
arrangement of atoms at the twin boundary, 
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(1012), in Cd. Fig. 3 shows this arrangement, 
which is obtained by the procedure that the 
two half-lattices are subjected to one or two 
minor readjustments of atomic sites near the 
common plane, (1012), in order to establish 
the symmetry of the twin boundary and to 
relieve the more obvious misfits. 

If the above arrangement of atoms were 
to be realized, the Sb atoms would come itito 
the same twin interface, as seen in Fig. 2; 
in consequence, the ordering and bonding of 
atoms would undergo any changes at the twin 
boundary. Can such local structural irregu- 
larities be tolerated in the twinning of some 
electron compounds, such as the &-phase of 
Cu-Sb alloy which is in ordered state through- 
out the whole range of temperature ? 


Fig. 3. An arrangement of atoms at a twinning 
plane in a hexagonal close-packed Cd lattice. 
A heavy line shows trace of the twinning plane 
(1012), and dashed lines traces of basal planes 
in the plane of shear (1210) represented by the 
plane of the paper. (After Thompson and Mil- 
lard*) 
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Fig. 4. Interchange mechanism and final arrange- 
ment of atoms in the twinning of multiple lat- 
tice consisting of the pairs of planes separated 
by narrow gap. A dotted line shows a hypothe- 
tical twin interface. (After Jaswon and Dove’) 


Jaswon and Dove® have suggested an alter- 
native arrangement of atoms at a twin bound- 
ary in multiple lattices, e.g. hexagonal close- 
packed lattice. Fig. 4 shows this arrange- 
ment, where the twin interface, as indicated 
by a dotted line, is the hypothetical plane of 
imagined mirror midway between the pair of 
planes Og and O, separated by narrow gap. 


Possible Twin in e-phase of Cu-Sb Alloy 
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After twinning, the planes 0, and 0, have 
moved toward compromise positions between 
matrix and twin, but the equilibrium stacking 
of these planes is largely maintained. Thus, 
the energy of twin boundary may be mainly 
ascribed to the misfits between the widely 
spaced neighbouring planes 0;, I, and Ou, lo, 
as suggested by them. 

The above arrangement of atoms at a twin 
boundary seems more realizable in the twin- 
ning of the &-phase than that shown in Fig. 
3, because the ordered state may almost be 
maintained at the twin boundary. 


$4. Discussions 


In the preceding section, the author sug- 
gested a possible mode of twin in the &-phase 
of Cu-Sb alloy, by assuming an ideal distri- 
bution of 8Sb atoms in the unit cell, as sug- 
gested by Boettcher and Thun’). 

As described in § 2, the actual unit cell can 
contain 9Sb atoms, and thus, minor adjust- 
ment must be carried out for the arrangement 
of atoms and their movements in the twin- 
ning. Moreover, the unit cell contains vacant 
lattice sites, although their correct positions 
remain still unknown. The author, then, did 
not considered the vacancies in the present 
paper. 

We shall next consider the possibility of 
detectable twins of this type. As described 
in §2, only the (1210): plane is a symmetry 
plane among three {1210}. planes. In addi- 
tion, only the (1011): plane can become a 
twinning plane, among the {1011}: planes 
normal to the plane of shear, (1210)e, as seen 
in Fig. 2. 

On the other hand, the {1012} twin can 
form in hexagonal metals with the axial ratios 
less than 7 3, only when strained in a direc- 
tion near to the c-axis, as pointed out by 
Schmid and Boas’?®. 

Considering the above restrictions, the sug- 
gested twin seems so difficult to detect that 
the possibility of formation may be 1/6 (or 
less) of the possibility for the {1012} twin in 
common hexagonal close-packed metals. 

Finally, we shall discuss the formation of 
twin in an ordered Fe;Al crystal. As this 
alloy has body-centred cubic structure, we 
shall here consider only the {112} twin. 

R. W. Cahn has confirmed that no twin 
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can form in this superlattice. The fact seems 
to suggest the geometrical condition which 
must be satisfied in the twinning of super- 
lattices, that is, the necessary symmetry of 
twin boundary is established for all kinds of 
component atoms. Fig. 5 shows that the 
above condition can not be established in this 
superlattice. 


Fig. 5. A projection of atoms in the (110) plane 
of an ordered Fe;Al crystal. Open and closed 
circles show Fe and Al atoms, respectively; a 
heavy line shows trace of the (112) plane. 


An alternative reason supposed is this: the 
ordering and bonding of atoms may undergo 
any changes at the twin boundary, and it is 
likely that such structural irregularities are 
untolerably large in the twinning of large 
shear. This supposition, however, must be 
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proved in an ordered FeAl! alloy, in the 
twinning of which the above symmetry re- 
quisition is established. 

On the contrary, the twin supposed in the 
&-phase of Cu-Sb alloy involves a small shear, 
0.172, which is comparable to that of the 


{1012} twin in Zr. It should be noted that 
the &-phase involves bonding of a partly 
homopolar nature, contrary to the superlat- 
tices of Fe-Al alloys. 
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The elastic deformation around a screw dislocation in a ferroelectric 
crystal, which has a spontaneous shear strain in ferroelectric state was 
solved using the relaxation method, taking into account the nonlinear 


stress-strain relationship of the ferroelectrics. 


The result turned out to 


contain a discontinuity corresponding to the domain boundary. This 
domain is plate-like in the absence of the external field but becomes 


wedge-shaped by application of a field. 


The relaxation process is 


analogous to the one used in solving ordinary Laplace equation but dif- 
fers in that the stress is put to zero when the strain is less than a 


certain magnitude. 
puter PC-1. 


Introduction 


§1. 


It is widely believed that an important 
mechanism of the polarization reversal of 
ferroelectric crystals is the nucleation of re- 
versed domains. One of the authors” pointed 
out that the mechanism of domain nucleations 


and of sticking of domain walls during wall 


motion is intimately related to crystal im- 
perfections. The type of imperfection to be 
considered is a dislocation line which would 
have been produced in the crystal during the 
crystallization process, and it was shown that 
a small cylindrical domain is anchored to 
each dislocation line, and could act as a 
nucleus of a reversed domain. It is known 
that, when heated above the Curie point and 
cooled down, ferroelectric crystals tend to 
assume domain patterns similar to those be- 
fore heating, and also that domain switching 
in a crystal starts at certain definite sites 
each time an electric field is applied. These 
phenomena will be reasonably understood if 


* The whole computation in this work was 
made by a digital computer PC-1, built under the 
direction of one of the authors and installed in the 
Department of Physics, University of Tokyo. 


The calculation took a few hours on a digital com- 


small cylindrical domains are held up by dis- 
locations. 

The present paper is an attempt to deter- 
mine theoretically the exact shape of the 
small domain held up by each dislocation 
line. The problem involves the solution of 
equation of elasticity assuming an idealized 
stress-strain relation of the ferroelectric cry- 
stal. This is done by a rather straightfor- 
ward manner by applying the relaxation tech- 
nique to the solution of a nonlinear partial 
differential equation. While the work is ex- 
ploratory and is done for a somewhat simpli- 
fied model, it may be extended to many 
similar situations involving the relation of 
nonlinear equations. 


§2. Mathematical Model 


For the calculation, let us consider a simpli- 
fied mathematical model, in which the crystal 
has stress-strain characteristic curves as shown 
ine bigs de 

Strain y. has a finite value -+y.‘ even when 
Y,is zero. This strain y.‘ is called spontane- 
ous deformation. For the nonvanishing values 
of Y.z the relation 
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yj eae (2.1) 


is satisfied. Relation between Z, and Z« is 
normal, i.é., 


sex Da (2.2) 
A relation 
Gr =Cr (2.3) 


is also satisfied. 

As far as the screw dislocation parallel to 
z-axis is concerned, the only nonvanisning 
component of displacement (u, v, w) is the z- 
component w. Hence it is not necessary to 
consider other stresses or strains than Yz, Zz, 
y alatel Ae: 


ye, 2x, 
+y2 
Ye 2x 
-ye 
a b 
Fig. 1. Stress-strain characteristic. 


The present model has been adopted bear- 
ing in mind the image of rochelle salt crystal, 
which differs from the present model only in 
the point that c?,#c%,. In a qulitative dis- 
cussion, however, the assumption c?, =c? will 
not give any important influence on the con- 
clusion. 


§3. Method of Calculation 


In the following discussions we only deal 
with a two-dimensional problem in x-y plane. 
The method is essentially identical with the 
ordinary relaxation method as applied to solu- 
tion of Laplace equations except that the 
equation to be solved is nonlinear. 

Since the stress-strain curve of our crystal 
is assumed to be as shown in Fig. 1, it is 
readily seen that in the region, where ly.| 
>, Yz—Yz characteristic is linear and the 
solution is identical with the case of ordinary 
elastic material. In other words, except in 
the region including ferroelectric domain wall, 
the present problem reduces to that of solv- 
ing a linear equation: 

Ow ew 
Ox? Oy? 


=0 (3.1) 
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under suitable boundary conditions.* 

On the other hand, for values of y- that — 
satisfies |y.|<y.', it is seen from Fig. l(a) that © 
stress Y: is zero. This is equivalent to as- 
suming that the regions on both sides of a | 
domain wall do not affect any interactive 
forces to each other. 


o——__—_—©0 ° ° ° 
nh 
h 
Oe : 
Wi,j+1 
i ee 
Wi-t,j Wi W i+t,j 
° ° Pi,j-t ° 
Wj,j-i 
° ° ° ° ° 


Fig. 2. Square lattice representing w-y plane. 


For calculation using a digital computer, 
the x-y plane of the crystal is represented 
by an assembly of lattice points Pi,; of square 
latice, of which lattice spacing is h (Fig. 2). 
It is to be noted that this lattice does not | 
correspond to the real crystal lattice. As ~ 
will be given in §6, the lattice spacing h 
considered here is much larger than actual 
atomic lattice spacing. | 

Let the amount of displacement of the 
point P:,; in z direction be denoted by wi,j, 
then the difference (wi,;—wi-1,;)/h represents 
the strain component zz and (wi,j—wi,j-1)/h 
represents the strain component yz at the 
respective points in the crystal. In the solu- 
tion of ordinary Laplacian equation (3.1), the 
actual equation to be solved is the system 
of linear algebraic equations: 


Awe, j=Wis1, gtWi-1,5 +e, j41+Wi,j-1 . (Gaz) 


Now it is necessary to distinguish whether 
the considered region includes a domain wall. 
In the lattice approximation, this amounts to 
distinguishing whether the domain wall sepa- 
rates the pair of lattice points (Pi,;, Pi,j-1). 
This distinction is actually made by observ- 
ing whether the inequality 


* Fundamental equation of elasticity for an 
ordinary elastic material, in which the only non- 
vanishing component of displacement (u, v, w) is 
the z-component w, is given by 


O2w 


X=-|4 X=-10 X=-5 
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X=O 


x=4 


/ 
\ \ Ae A’ hy \ A 
y 
——_ > W 
(a) 
x=-|4 x=|0 x=-5 
y 
preEe LE Hh 
(b) 
Fig. 3. (a) Displacement w;; as a function of y=jh, for various s=ih. (b) Similar figure to 


Fig. 3a for a crystal, which has a spontaneous strain y,S but has a normal stress-strain charac- 


teristic. 
|ws,j—Wi,j-11|< hy @s)) 
is satisfied. 

If, in the equation like (3.1) involving five 
neighboring points Pi,;, Pi-1,3, Pi+:,3, Psj-1, 
Pij41, neither of the pairs (P:i,5, Pijj-1) (Pe.s, 
Pi,j+1) is separated by the domain wall, the 
partial derivative 0?w/Oy® is replaced by finite 
difference: 


1 
Fa est —wijFhy28)—(Wi,j—Wi, 3-1 hy) 


=F (we, s+ We 5-1 200.3) (3.4) 
For 0?w/0x?, we obtain the expression: 
(ters s+ Wenn, s— 206.3) (3.5) 


which is identical to that for the ordinary 
Laplacian equation. From (3.4) and (3.5) we 
obtain the equation: 


Aws j=Wit1,5 + Wi-1,5 + Wi, pti t Wi, j-1 (3.6) 
which is identical to the ordinary equation 
(3.2). That is, except in the regions includ- 
ing the domain wall, the replacement of 
characteristic of Fig. 1(b) by that of Fig. 1(a) 
does not affect the equation. 

Let us next consider the case that the two 
points P:j-1 and Pi,; is separated by the 
domain wall, that is, the case that 

|we,j—Wi,j-1|< hye . 
Since in this case we assume that the two 
points P;,;-1 and P;,; do not interact with each 
other, it is most natural to drop the term 
Wi,j—Wi,;-1Fhy from (3.4), so that we obtain 
the equation 
3We,j=We41,ptWi-1,p+Wi,jr1Fhyed . 

For the convenience we rewrite (3.7) as 


(3.7) 


Aw: j=Wis1,j+Wi-1,j+Wi,juitwijFhye. (3.8) 
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It will be seen that the equations (3.8) is 
obtained by substituting (w:,j;Fhy.) for wi,)-1 
in equation (3.6). Similarly, for the case 
that the two points Pi,5,: and P:,; are sepa- 
rated by the domain wall, by substituting 
(wi,jFhys) for wij. in equation (3.6), we 
obtain the equation 

Awe, j=Wis1,5+Wi-1, s+ Wij t+Wijathyé . (3.9) 

Actually these equations are solved by the 
relaxation method by setting an initial trial 
solution for wi,; and using equations (3.6), 
(3.8) and (3.9) as iterative equation to im- 
prove the approximation to the solution. 
That is, we put 

AEP HWP FU stati. (3.6) 

dts? =w®, +P, +0}. hw Ehye! 

(3.87) 
doit P=WW, , +0, +0 +0 9_.sbhyet 
(3.97) 
where w{} represents the k-th approximation 
for the real solution w:,; of the equations 
(3.6), (3.8) and (3.9). 

Outside the region including the domain 
wall these equations are identical to the re- 
laxation equations for the usual Laplacian 
equation. In the region including the wall, 
the equations, (3.8’), (3.9%) differ from the 
usual one in two points. First, they contain 
in the right hand side the term w$*}, which 
is the former approximate value at the point 
P;,5 itself, and second, a constant term + y.4h 
is added. 

So far, it has not been established that our 
modified relaxation process based on (3.6’), 
(3.8’) and (3.9’) always converges to a stable 
solution of the equation (3.6), (3.8) and (3.9). 
This will be shown by the following con- 
sideration based on variational principle. The 
convergence of the ordinary relaxation pro- 
cess using the equation (3.6) results from the 
fact that the energy expression 

il 

Wa Re 


> (We, j— Wi, 5-1)? ++ (We, 5 — Wess, 5)? 


(3.10) 
always decreases in each step of the sub- 
stitution using (3.6’). The same argument 
applies to the present case if we use the 
modified energy expression: 


Waa, © (Ole s+ Hey wi-1.3)) 
(3.11) 


H. TAKAHASI, T. NAKAMURA and Y. ISHIBASHI 


(Vol. 15, | 


where @(£) is a function defined by: 


4(E—hys)? for E>hys4 
OE) = 0 for |El<hyé 
x(E+hy~)* for E<—hys. 


The equations (3.6), (3.8) and (3.9) are derived 
from (3.11) by putting OW/dwi;=0. If either 
of the conditions 

Wi,j—Wi,j-1 hye , Wi, jt41—Wi, 5 hyd 
or 

Wis —Wi, 5-1 hye , Wi,j41-Wi, 5 hy 
is satisfied, the expression involving these 
points is given by (3.4), which is the same 
as the ordinary expression, while if, for ex- 
ample, 

—hyS<wi,j—wij-1<hy 

the term (wi,j;—wi,j-1—hy) in (3.4) drops out 
and we obtain (3.8). 


§ 4. Equation under an Applied Field 


Ferroelectric crystals of the type of ro- 
chelle salt are “naturally ” piezoelectric, that 
is, piezoelectric even above Curie point, and it 
is interesting to study the behavior of the 
anchored domains in such crystals under an 
applied field. The effect of an applied field 
on the energy function O(&) is given by an 
additional term* +duEzh?E, so that 


ME—hys+duEwe for E>hys 
O(E)= diusEhWeé for |El<hys 
E+thySP?+dukEsh’e for Ex<—hys. 
(4.1) 


By substituting (4.1) in (8.11) and differ- 
entiating with respect to wi,;, we obtain the 
equation which are quite identical to (3.6), 
(3.8) and (3.9), the effect of the additional 
term +duE-h’—& being cancelled out in the 
resultant equation. It will be later shown 
that the effect of the field comes into play 
in the boundary condition. 


§5. Boundary Condition 


a) Boundary condition without applied field 
Since the actual computation is done for a 


* Considering the effect of the applied field, 
crystal is supposed to be electroded. In this case 
c®, and ¢”, would take place of cf and ¢%, in (2.1), 
(2.2) and (2.3), which would correspond to an iso- 
lated crystal. For the isolated crystal, term to be 


added will be bysPxhé. 


1960) 


| finite region, it is necessary to put some 


conditions on the boundary values. In the 
present calculation the following boundary 
conditions were used. 

(1) On the side XX’ (Fig. 4a), the displace- 
ments are given fixed values, namely: 

OX: w=b/2 

OX’: w=0 

where 6 denotes the amount of Burgers vec- 
tor, and O denotes the location of a screw 
dislocation. 

(2) The side YY’ is supposed to be “ free ”, 
that is, if Pijj+1 is a point just outside the 
boundary, wi,j+1 is replaced by (w:,;—y.'h) in 
the right side of the equation determining 
wi,j. The situation is similar to the condi- 
tion on the domain boundary. The sides 
XY and X’Y’ are also supposed to be free, 


on 


xX 


ve 


oO 


8 
7 
6 
5 Curve O 
4 Curve_I 
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vd 
| 
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Fig. 4. (a) Shape of domain anchored to a screw 
dislocation. 
Curve O: without applying field. 
Curve I, II, III in applying field, 
I: 4=0.09, Il: 4=0.143, UI: k=0.429, 
where 
(b) Shape of anchored domain, without field, for 
another region of calculation. 
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that is, wi1,; for the point just outside the 
boundary should be replaced by wi,; in the 
right side of the equation. 


b) Boundary condition under an applied field 
In order to take into account the effect of 
applied field on the boundary condition, we 
take the energy expression (4.1) as the basis. 
By putting this in (3.11) and omitting the 
term involving w:,j.: in (3.4), we obtain the 
equation for the boundary point Pi,; as 


<3 —Wi,5) +h(yS—disEzh) 


+ (wi-1,j— Wi, 9) + (Wit1,5—Wi, 9) =0 
or 
Awe, j=Wi,j-1 + Wisi, j + Wi-1,5 
+wijth(yS—dukzh) . 


§6. Result 


The following results have been obtained 
by using PC-1. The calculation took a rather 
long time, a few hours. The calculation was 
made using the spacing h in Fig. 2 equal to 
2.5x10-®cm. Note that this is far greater 
than the lattice constants of rochelle salt 
(a=11.93 A, b=14.30 A, c=6.17A according 
to Beevers-Hughes). 


a) Without field applied 

The result in Fig. 3a show the displace- 
ment wi; as a function of y=jh, for various 
x=ih. In the left part of the figure, cor- 
responding to negative values of x, the points 
lie essentially on straight lines of constant 
positive or negative slope, with a conspicuous 
break along a line parallel to the x-axis. 
Since the difference (wi,j—wi,j-1) satisfy 

|wi,j—Wi, 5-11 << hy 
in this part, the domain boundary is sup- 
posed to pass between the points Pi; and 
P;,j;-1. In this way we obtain the approxi- 
mate shape of the domain wall as shown in 
Fig. 4a. 

Perhaps one of the interesting features of 
our calculation is that the formation of a 
discontinuity corresponding to domain bound- 
aries resulted from “mechanical” solution 
of the nonlinear equation (3.6), (3.8) and (3.9). 
Note that the computer has not been “ taught” 
to find a solution having a discontinuity. 
Shape of the domain seems to be reasonable. 
Taking the constants for rochelle salt by put- 
ting b=6.17 A, y8=8 x10, width of the do- 
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main anchored to the dislocation is 0.244 
from the curve O in Fig. 4a. 

Theoretical consideration indicates that the 
asymptotic width of the domain anchored to 
a single screw dislocation in an infinitely 
large crystal must be 


uEey 

or 

which is 0.39 for rochelle salt. The dif- 
ference between this value and the value 
obtained from the curve O in Fig. 5a may 
be due to the finite size of the region over 
which the equation was solved. Our postu- 
late of the free boundary is equivalent to as- 
suming a periodic two-dimensional array of 
dislocations of positive and negative senses 
as shown in Fig. 5. This arrangement of 
dislocation would cause “image forces”, re- 
sulting in reduction of domain width. 


2d 


Fig. 5. Distribution of positive and negative dis- 
locations corresponding to the postulate of the 
“free” boundary. 


In order to confirm this view, calculation 
was made for another arrangement of dis- 
locations, that is, for another form of the 
region of calculation, as shown in Fig. 4b. 
The result gave a larger value of 0.26 y, 
showing a tendency as expected. 

b) With applied field 

Curves I, If and III of Fig. 4a show the 
result of calculation under the boundary con- 
dition described in §5 (b). It is seen that 
the width of the domain decreases with in- 
crease of the applied field, until it takes the 


form of a wedge as shown in curve III of 
Fig. 4a. 


§ 7. 


From the results of our calculation, which 
may be considered as a “numerical experi- 


Discussion 
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dislocation under varying external field. Sup-. 


pose that the crystal is in a very high field 
and is saturated in one direction. 
state, domain anchored to a screw dislocation 
will be as shown in Fig. 6a. If the field is 
reduced domain will grow in length and 


breadth (b and c), until its length becomes — 
Under the 


infinite when the field is zero. 
condition of zero field, states shown in c, d, 


d’ and e of Fig. 6 are all equally possible. - 


Hence, when the field is reversed and in- 
creased, the state c will change abruptly to 
e, perhaps through the intermediate state d 
or d’, and “white” 
through state f down to g. 


g 


Figs. 6. Process of growth and shrinking of the 
nucleus domain. 


It will be seen by comparison of a and b 
of Fig. 3 that the elastic energy of the dis- 
location is largely “relaxed” by the forma- 
tion of the domain. It is well known that a 
two-dimensional array of parallel screw dis- 
locations is not stable because of the elastic 
interactions. Relaxation of stresses due to 
the formation of domains would tend to in- 
crease the stability of screw dislocations in 
ferroelectric crystals. 


$8. Conclusion 


Shape of domain, anchored to a screw dis- 
location in ferroelectric crystal, which has a 
spontaneous shear strain y. in ferroelectric 
state, was calculated using a digital computer. 
The result turned out to be reasonable. 


In this | 


domain will shrink | 


| 1960) 


_ The calculation was made under the as- 
,Sumption that screw dislocations of positive 


‘| and negative senses are arranged in a lattice 


/as shown in Fig. 5. The width calculated 


| under this assumption is less than the width 
of domain in the case that only one disloca- 


tions exists in the infinitely large crystal, 
because of the interaction. 

The slope of lattice plane in the nucleus 
domain is essentially the same as the spon- 
taneous strain. 
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External applied field causes the deforma- 
tion and shrinking of the anchored domain. 

The calculation is tentative and the preci- 
sion is not quite satisfactory, but it has at 
least shown that solution of this sort of non- 
linear partial differential equation is feasible 
on an electronic digital computer. 
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The intensities of 111l-reflections of Al and Au are calculated by the 
method of power expansion of the scattering matrix given in the previ- 
ous paper [J. Phys. Soc. Japan 14 (1959) 1558], and of 333-reflections, 
by the use of Feynman expansion of the scattering matrix. The results 
are compared with those given by the two-wave approximation and by 
the kinematical theory. If we allow an error of 3% in the intensity, 
the critical thickness of the crystal for 40kV electrons below which the 
kinematical theory can safely be applied is 60 A and 15A for Al and for 
Au, respectively. For higher order reflections such as 333, the devi- 
ation of the intensity from those of the two-wave approximation and of 


the kinematical theory is considerable. 


It is pointed out that the methods 


of elimination of the dynamic effect have to be re-examined. 


$1. Introduction 


One of the most difficult problems in the 
structure analysis of crystals by means of 
electron diffraction lies in the elimination of 
the dynamic effect which may affect con- 
siderably the intensity of strong reflections. 
For eliminating this effect, Honjo and Kita- 
mura”.”) proposed a method to attain the 
kinematical intensity by extrapolating the 
measured intensities at various wave-lengths 
to the zero wave-length limit, and Nagakura® 
proposed a method making use of Wilson’s 
intensity statistics. In both of these methods, 
the intensity formula developed by Blackman* 


based upon the two-wave approximation was 
assumed. Recent examinations of the dy- 
namical theory, however, show that the 
systematic interactions play an important role 
in the intensity of reflections». Therefore, 
the theoretical basis of the above two methods 
should be re-examined taking account of the 
interactions among many reflected waves, 
especially of the systematic interactions. 
The author has presented, in a previous 
paper®’*, a general formulation of the dy- 


* In the following, Part I is referred to as I. 
Equations and sections in Part I are cited by add- 
ing I, such as (10-I) and Section 2-I, 
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namical theory, and has obtained the intensity 
formula which exactly holds in the Laue-case. 
In the present paper, the approximate calcu- 
lations taking account of the systematic inter- 
actions are given for the 111-reflections from 
Al and Au by the use of a power expansion 
of the component of the scattering matrix. 
As a marked effect of the systematic inter- 
actions is expected on higher order reflec- 
tions* of a strong reflection, the 333-reflec- 
tions of Al and Au are also calculated by the 
use of the Feynman expansion”, which is 
powerful in calculating the scattering matrix. 


§2. Effect of Weak Waves 


The expansion of the scattering matrix in 
power series of D/2k (D, the thickness of the 
crystal and k, the mean wave vector in crys- 
tal) given in I shows that the intensity tends 
to the kinematical value for small D/2k. 
However, the convergence of this series is 
bad when many number of reflected waves 
have to be taken into account, i.e. when the 
order of matrix M given by (10-I) is large. 
Accordingly, it is desirable not to take into 
account too many reflections in the practical 
calculation. In the following, we shall discuss 
how many reflections should be taken into 
account. 

According to the results given in I, the 
intensity of the hA-reflection for real vp is 
given by 


hh= *: Un'Un? EXP | ise) | 
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= 2 2, Uniltn sin ee 
where un’ is the amplitude of the h-wave be- 
longing to the z-th wave field and x‘/2k repre- 
sents the quantity which is equal to the 
normal component of the wave vector of the 
i-th wave field minus a certain constant, so 
that (x’—x’)/2k gives the difference in the 
normal components of the wave vectors of 
the 7-th and j-th wave fields. The number of 


(ta) |, (1) 


* The term “higher order reflection” indicates 
the higher order reflection of a non-vanishing re- 
flection, such as 222 or 333 of f.c.c. lattice. This 
should not be confused with the “high index re- 
flection”, e.g. 511 and 420 of f.c.c. lattice for 
which h?+-k?+/2 is large. 
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wave fields obtained by solving the funda- 
mental equation of the dynamical theory is | 
equal to the number of reflections considered 
in the fundamental equation or in the matrix 
M. We shall denote, in the following, the 
branches of the dispersion surface as g and 
g’ which lie in the vicinity of the section of 
the two spheres of radius k, having the reci- 
procal lattice points G and H—G as centres, 
respectively (Fig. 1). In this section, we 
shall deal with the intensity of h-reflection 
at the Bragg position. 
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field. 


Relation between amplitudes and wave 


(1) indicates that the intensity is given by 
the sum of trigonometric functions of D/2k. 
When we calculate the intensity in fairly 
large D/2k by the use of power expansion of 
D/2k, the number of terms to be taken into 
account is determined by the maximum value 
of |x'—x|. However, the higher terms are 
very complicated, necessitating difficult calcu- 
lations. 

Let us denote as J,’, the intensity of h- 
reflection given by the matrix M which is 
formed by taking account of reflections cor- 
responding to the reciprocal lattice points 
from G to H—G (Fig. 1). If the value 


Te Tok 

Th} 
is very small compared with unity for all 
D/2k, it is practical not to take into account 
of G and H—G, because this makes favourable 
the convergence of the power series on ac- 


(2) 


Table I. Values of v,/2 corrected by the temperature factor and used in 
the numerical calculation. 
h | 111 222 333 444 555 | B=2rfdin (A-!) 
Al | 0.214 0.0732 0.0360 0.0183 0.0089 2.690 
Au 0.770 0.362 0.190 0.0922 0.0585 0.670 
| a 4 
erefore we have Table II. Values of the amplitude of 111-reflec- 
5 tion wave at the Bragg position, belonging to 
Un? = pont = u pane" . (10) each wave field. 
2 Pa—-Un 
Similarly | uw a rr 
Vg—Un-a \* , 0.0084 0.0031 0.00016 -—0.00002 
ta = dlp = (=e) faao 
2\ potvn Au | 0.083 


1960) 


count of the smaller maximum value of 


‘I |x'—x/|, and at the same time, we can drop 


ripples of short periods due to large |x*—x| 


S 


(in the J, vs D/2k curve. 


For small D/2k, In? and In’-! are given by 


D you 
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but they are not equal to each other for large 


| D/2k. As it is tedious to compare directly 
| Ih’ with f,2-! for large D/2k, we may use 
| T’%, namely 


%=—2 Dd) uniur ain) | se Ge) 
t,559,0' 4k 

in place of Jn’, since m,%.% are small for large 

g so that we can neglect the terms including 

wn? in T,2. As each value of x'—x/ in L/% 

is almost equal to the corresponding value in 

T,2—,* the value 


bebe _ Al’ 

ge © Io 

may be used instead of (2). This value, 

however, may be of the same order of magni- 

tude for all range of D/2k. For estimation 

of 4I,’, it is necessary to get the approximate 

values of the amplitudes of waves of each 
wave field. 


(2°) 
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One of the fundamental equation of the 
dynamical theory may be written as 


(kel ot = V-ghg=0 (5) 


and 
Rh? —ke =—4 pg. 
For systematic interactions, py is given by 
po=2R0g +07 =— g(g—h)P , (6) 
where py is Anregungsfehler and B=2z/d,. 
For eigen vectors ¢ at the Bragg position, 
we have the following relationships, namely 
iI=i_1, di" = — bf . (Ce) 
Among the components of the normalized ¢’, 


the largest components are approximately 
given by 


(8) 


and other components may be very small 
compared with ¢%,% and #_,. The eigen value 
x7, corresponding to large g, is approximately 
given by 


1 
ba" = $n-0= 7 ’ 


i— Done 
Neglecting small terms in (5), we have 
—PaPo? +vgho9 + Va—-gPn-gtvagnr7=0 , 
since 


(9) 


Vg=V-¢. 
Substituting (7), (8) into (9), we obtain 


b fie vaha? + Va— gPn_- ge 1 of Vgt Vn-g 
P Pan Vv 2 pa-Vn 


Applying (10) and (10’) to the 111-reflections 
of Al and Au, and introducing the numerical 
values relating to the potential coefficient v’s 


* gt and up,* in J,2 are not strictly equal to 
those in [I,9~1, 


—0.055 0.003 —0.0005 


shown in Table I, we can obtain the values 
of u’s shown in Table II, where the subscript 
1 stands for (111). These results show that 
|un'| (ih, h’) are very small compared with 
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lan®-”’| (|eea®-”’| are approximately equal to 
1/2), so that we can use Jn” instead of In’ 
for large D/2k. Even if |ua'| @#h,h’) are 
small, however, we cannot say that (2’) is 
small. 

As the magnitude of (2’) may be of the 
same order for all D/2k, it is sufficient to 
evaluate (2’) for small D/2k. Using (3) and 
(4), we have for small D/2k 

Alhy=4 > | ratano( wy \ a0) 
19,9 4k 
ee Pe ere 
+ Un mae )@ by | 


ge) : 


oF dante = (11) 


The important terms in the summation of 
(11) are those for which 7=h, h’, and we may 
assume u,)”=—u),”” and x*—x”=2va for the 
first order reflection, therefore, we have 


2 
oer ‘es [2¢n”ttn9 (Va — pg)? + Un Un(Vn + po)? 


+unPund (Un— po)? + Un Un? (Unt do)? ] (11’) 
instead of (11). Putting (10), (10%) into (11’), 


we obtain 
DENG Vo—Vn-g \? Vatvn—g \? 

Ane=(>-\o ( g al ( g =i 

. 2k MPa Patvn Pa-Vn ; 
Taking as 

2 
h=(+-) Dis? 

we have 


ATn? Do Vg—Vp-g \? Vg +Vn-g \* 
S | ) aa) 
Th Vn Patvn Pa-Un 
In the case of the 111- and 333-reflections of 
Al and Au, the values of (12) are shown in 


Table III. Values for the 111-reflection show 
that we can not neglect the influence of the 


Table III. 
(a) Values of (12) for the 111-reflection. 


g=(222) g=(333) 
Al 0.10 0.008 
Au 0.15 0.04 


(b) Values of (12) for the 333-reflection. 


g=(444)_ 


4 g=(555) 
Al 0.10 0.008 
Au 0.23 


0.04 


292-reflection on the 111-reflection*. 
permit an error of 0.8% for Al, of 4% for. 
Au, we may neglect the contribution of the 
333-reflection. . 
four-wave approximation may be sufficient 
for calculating the 
reflection for Al and Au. 
333-reflection show that the effect of the 444-_ 
reflection can not be neglected, and the six- 
wave approximation is necessary in this case. 
However, 
sufficient for the first order reflection of high 
index, such as 511-, since the influence of the 
10,2,2-reflection on the 511-reflection of Au is 
about 2% (in this case, vs11/82=0.0267, v10,2,2/B* 
=0.0096 and B=2z/ds11=8.07 A-). 


§3. Critical Thickness of the First Order 


GF we | 
This result indicates that the 


intensities of the 111- 
Values for the 


the two-wave approximation is 


Reflection for the Kinematical Theory 


As mentioned above, we may get a fairly 


O 10 20 30 
tb 40 50 
Fig. 2. Intensity ratio to kinematical theory of 
111-reflections from (a) Al and (b) Au at Bragg 
position (in each case, k=100A-!). (1) two- 
wave approximation. (2) expansion of scatter- 
ing matrix. 


* The actual influence of the 222-reflection on 


the 11l-reflection is smaller than that estimated 


here, as we shall see in the next section (Fig. 2). 


result with that given by the two-wave ap- 
. proximation and by the kinematical theory.t 

For the sake of easy comparison with the 
intensity of the kinematical theory, we write 
_ the intensity formula as 


(13) 


Co 0.0505( D 
| A 2k 


th 


7 for Au 
! D 
\ =1—0.123( 

pane 


i) 0.0142 fara) ee 


Bt) 0.0459 (7 Br) +e. ; 
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exp (i DP v4 )=exp (A+B)= 


2k 


where 
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G(v, D/2k) are shown in Fig. 2 for each case. 

As we see from Fig. 2, the result above 
obtained deviates from that due to the two- 
wave approximation about 7% for Al and 10% 
for Au at D=40A. It is noteworthy that 
the intensity for Al for small D/2k is higher 
not only than that of the two-wave approxi- 
mation but than that of the kinematical 
theory. 


§ 4. 


It is not easy to calculate the intensity of 
the higher order reflection from relatively 
thick crystals, because, as mentioned in Sec- 
tion 2, we must consider many reciprocal 
lattice points. The complicated calculations 
of matrix can be, however, simplified to some 
extent by the use of the method of “ Feynman 
expansion ” 

When the matrix M is expressed as the 
sum of two matrixes Mo and M’, we have 


Feynman Expansion 


exp Al 1+ [le-tBer ds 


0 


+|\ eas CC Be SOS GS. ] ; (14) 
0J0 
D 
i——-M’=B. 15 
Ok oe 


« 3B) 
—M=A, 
ary 0 


If we can obtain the normalized eigen vectors Loo and eigen values x) corresponding to 
M., we can transform the matrix exp (sA) to diagonal matrix exp (sX), where X is a diogonal 
matrix with components Xu=i(D/2k)xo). Using a unitary matrix U with components Us: 


= 50), we have 


tJ 9, 


i.j,k g,l,m,n 


U- exp (sA)U=exp (sX) . (16) 
Therefore, we can obtain the h,0 component of (14) from (15) and (16) as follows 
Dp ; ad Dae 
| exp Grau )I, = P%c0)P 000) EXP (ar Xo) ) 
ee fea gel EXD GUD/2R)x..) x exp (i(D/2k)xZ)) 
+ BE toto tleMal a taal 
+ DD Pha Git Pte Prec Pid) Mg Minn 
exp ({(D/2k)x(o)) exp (i(D/2k)x Ay) 
| (Xf— Xtoy) (x6) =X§) (X%)— Xby) (Keo = Aras) 
(17) 


exp (i(D/2k) xi.) ] ‘ 


(%65,— Xo) (Xa Xaay) 


? 


T The intensity at the Bragg position for real vp, can also be obtained easily by solving directly the 
secular equation which is separable in this case. Througth this fact, we can easily verify the relations 


(7). 
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utilizing the relations 
exp (i=,™ )=uu- exp (A+B)UU- 
Lai Hirsvas xf 1 +|'e-eU-BU eX ds 
+ \ | * 6X U-IBU ee" BU e*"* ds’ ds ++ | U- 


0J0 


and 


. D t 
[U*BU}y= 32 Oh Po M gPicoy : 


git 


If, for an example illustrating the usefulness of the above expansion, 


Po ; 0 +++sVone***Vog eee 
b 0 Pen ad. nok (Oxo OyenceD? 
a, noes 0 v 
cae nd w=) Same 
0 po Vgo* Von 0 


we can easily verify that each term in (17) is reduced to (32-I), since x%,,=fo and ¢' .)=dig. 
In this section, we start from the two-wave approximation for a better approximation. 
Thus we put 


Po Vor ; Vog 
Uno Pn Dugas eve 
Me hate Ge nC Oot hs scot n.o 6 (18) 
0 ba Vgo Von 0 


ee ereeceeeoevee 


If we take into account only the systematic interactions and assume that v’s are real, Po at 
exact Bragg position for h-reflection can be expressed by (6). U and X corresponding to 
(18) are given by 


1 1 
ia Wn, 0 Vn 
ie a bed —Vn 0 
UE Riel 2. and X= o (19) 
0 Po 
0 1 


Substituting (19) into (17), the second term vanishes by the relations Pras Pony S00 Cor 


1, j#h,0) and M;,=0 (for g,/=h,0). The terms for which i=j in the bracket in the third 
terms of (17) are given by . 


; D exp ((D/2k) xy) exp (¢(D/2k) x4) exp (t(D/2k)x%,) 
2k (Xo ae XGoy) (Xo) ay Xoo)” (Xo) rh Xo)” 


and the terms for which i+j#k vanish. Therefore, (17) is given by 
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wan A, abl) Par #} 
| ex(i Ob m)| = 5 | x(t spe») exp (-é 5») | 
at 
+72 =| Gon gq +V¢? +0; 5) 
fi D__exp((D/2k)un) __exp (i(D/2k)un) exp (—7(D/2k) g(g—h)B?) 
2k (g(g—h)B+vn) (g(g—h)B?+0n) (g(g—h)B? + on? 
+ (2up—g¥g—Ve?—Vi-g) 
x fi D_exp(—UD/2k)vn) __ exp (—i(D/2k)vn) exp (—i(D/2k) g( g—h) 6") 
2k (g(g—h)B’—ue)  (g(g—h)B?—vn)? (2(g—h)B?—vn)? 
ee (20) 


The first term of (20) represents the result 
given by the two-wave approximation for the 
exact Bragg position, and the second term, 
the effect of double scattering in which elec- 
trons are scattered first from the 0- or h- 
direction to g-direction (g+#h,0) and then 
scattered back to the 0- or A-direction. Higher 
terms which are not written in (20) represent 
the effect of multiple scatterings except those 
between 0- and A-directions the effect of 


I333/ ie 
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Fig. 3. Intensity ratio to kinematical theory of 
333-reflection from (a) Al and (b) Au at Bragg 
position (in each case, k=100A~'). (1) two-wave 
approximation. (2) Feynman expansion of scat- 
tering matrix, taking up to second term. 


which is included in the first term. 

The intensities of the 333-reflections from 
Al and Au calculated by the first and second 
terms in (20) taking account of the reciprocal 


lattice points from (111) to (444) are shown 
ioe [Bike 8). 
§5. Integrated Intensity 

The calculation of the integrated intensity 
which is applicable to the crystal of a con- 
siderable thickness is quite complicated, es- 
pecially for higher order reflections of a 
strong reflection. For, the intensity of reflec- 
tion outside the Bragg position must be calcu- 
lated, for which the calculation of higher 
terms is necessary, in the expansion (20-I), 
and, in the Feynman expansion, the analytical 
integration with respect to incident direction 
is tedious. The other difficulty is that the 
number of reciprocal lattice point to be taken 
into account for the calculation outside the 
Bragg position is different from that needed 
for the Bragg position. 

To avoid these difficulties, we content our- 
selves with the calculation of the integrated 
intensity based upon (29-I). The results for 
the integrated intensity of the 111-reflections 
from Al and Au, taking account of the reflec- 


tions from 111 to 222, are as follows: 


Dy/ids 3 D vin e D )] 
Afi 3 OB Be | 143. 97 Of 
for Al 
and (21) 
= MES D Vins (Be D y] 
i 3. QR zal 1 OF eens 
for Au 


where D and k are expressed in A and in 
A-!, respectively. The values in the bracket 
of (21) «are shown in Fig. 4 by the solid 
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curves. The brocken lines are the values 
which would be expected if the higher terms 
were exactly taken into account. The lines 
for the two-wave approximation are the values 
obtained also by the use of (29-I) eliminated 
the terms of summation. 


] 
0.8 
0.6 D(A) 
[ee i 
0 20 30 40 
(a) 


O 10 20 30 40 
(b) 
Fig. 4. Integrated intensity ratio to kinematical 


theory of 1ll-reflection of (a) Al and (b) Au 
(k=100A-! and the values are obtain by the 
quadratic approximation, for each case). (1) 
two-wave approximation. (2) that given by (21), 
and the brocken lines are the values expected 
by the correction for higher terms. 


§6. Discussion 


Let us now discuss from the results obtained 
in the foregoing sections the critical thickness 
below which the kinematical theory can be 
safely applied, assuming k=100A-!. This 
critical thickness is different from what is 
obtained from the two-wave approximation, 
though the difference is not so large for the 
first order reflection. If we allow an error 
of 3% in the intensity, the critical thickness 
for 111-reflection of Au is 15 A (Fig. 2). For 
Al, the intensity is stronger than that given 
by the kinematical theory for small D/2k. 
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The relative deviation from the kinematical 
value increases with D/2k, reaches the maxi- 
mum of about 4% at 40 A, and then decreases 
to the value —3% at 60 A. So, 60A may be 
taken as the critical thickness for 111-reflec- 
tion of Al. If we allow for an error of 10% 
in the intensity, we have 22 A and 80A for 
Au and Al, respectively. These values are 
larger than the corresponding values obtained 
from the two-wave approximation. 

The intensities of 333-reflection for Al and 
Au deviate considerably from that of the 
two-wave approximation as seen in Fig. 3. 
In the case of Al, the ratio of the calculated 
intensity to that due to the kinematical theory 
decreases with increasing thickness. Such a 
tendency seems to be related to the fact that 
the gap of the disperision surface for the 
333-reflection, (*°’—x*), is very small com- 
pared with 2vs33 as is suggested by the value 
of the dynamic potential. For Au, the in- 
tensity is larger than that of the two-wave 
approximation. The first maximum arises 
from the interactions between w;3!/" and wus*:*” 
which are of appreciable magnitude. To ob- 
tain the higher accuracy, we have to take 
into account higher terms in expansion, es- 
pecially for Au, for which vin is large. 

Some practical methods as mentioned in 
Section 1 have been so far developed for ob- 
taining accurate values of wz, from the ex- 
perimentally observed intensities of reflec- 
tions. From above results, however, it is 
concluded that these methods cannot be free 
from a few percent error for the first order 
reflection except for high index reflections, 
so long as they are based on the two-wave 
approximation. Further, the deviation from 
the two-wave approximation is so large for 
the higher order reflections that the accurate 
value of ve may not be expected by these 
methods, though we did not calculate the 
integrated intensities of higher order reflec- 
tion. For the theoretical foundation of the 
elimination of the dynamic effect in the ob- 
served intensity, a more accurate study of 
the integrated intensity in wide range of 
thickness and wave length should be desired. 
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F19 magnetic resonance was observed on non-irradiated Teflon and 
irradiated one by deuterons. Irradiation caused considerable increase 
of line width and second moment above —75°C, where an abrupt nar- 
rowing of line width caused by the onset of the segmental motion of 
the molecules took place for both samples. This result suggests that 
there might exist in the irradiated Teflon some molecular structures 
disturbing the molecular motion, e.g., cross-linkings, double bonds, 
formation of ring etc. and/or increase of crystallinity by irradiation. A 
broad line component superimposed on a sharp absorption line observed 
in the original Teflon around —7°C faded out as a result of the irradi- 
ation. The energies and entropies of activation were computed from 
the line width data. The irradiation gave them the effects similar to 


those of curing in natural rubber. 


§1. Introduction 

Several authors”-*) have reported on the 
investigation of Teflon (polytetrafluoroethylene, 
P.T.F.E.) by the method of nuclear magnetic 
resonance (N.M.R.). The features of variations 
of line widths and second moments have been 
reported to be somewhat different depending 
on the samples examined. In some cases?):* 
absorption lines, which consisted of a sharp 
central peak and a broad weak line in some 
temperature region, were observed. From 
line shapes and 7; measurements by the pro- 

bad Read at: the Faculty Meeting on High Poly- 
mers of the Physical Society of Japan at Tokyo 
University of Science on April 1, 1959. 

*& Now at Hitachi Central Research Laboratory, 
Kokubunzi, Tokyo, Japan. 


gressive saturation method® they concluded 
that these two components of the absorption 
line are due to the amorphous phase and 
crystalline one in the polymer, respectively. 
However, the others?)-*) did not observe such 
peculiar line shapes in the temperature region 
where they might be expected to occur but 
observed merely bell-shaped resonance lines 
having long tails and inflection points, which 
had an abrupt motional narrowing region be- 
tween about —80°C and room temperature. 
The features in this temperature region seem 
likely to depend on the nature of the samples. 

Meanwhile it has been reported® that irradi- 
ation causes dissociation of Teflon molecules, 
(CoF.)n, and that consequently they become 
small fraction of pieces or powder, The 
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mechanism of dissociation is believed principal- 
ly to be that, in Teflon molecules, the strong 
C-F bonds are not broken but the rather weak 
C-C bonds are cut down by irradiation, and, 
in contrast with the case of polyethylene 
cross-linked by irradiation”, shorter molecules 
are produced. Such a change of the mo- 
lecular structures could be detected by the 
method of N.M.R. on F**® nuclei attached di- 
rectly on the carbon atoms of the molecular 
chains, since the spectrum is sensitive to the 
situation of the nuclei observed. Preliminary 
measurements®) were made on these effects 
at room temperature as reported elsewhere 
and observation has been carried out down 
to liquid nitrogen temperature as presented 
in this article. 


§2. Experimental Procedures 


The resonance was observed with usual 
autodyne oscillators and permanent magnets. 
These equipments have been described else- 
where® »1% , 

The sample were furnished very kindly by 
Professors K. Ono* and H. Abe* of the Insti- 
tute of Science and Technology, University 
of Tokyo. The original Teflon was com- 
mercial film, 50 in thickness. This film was 
irradiated by deuteron beams inside of the 
cyclotron. The beam current was 24“A. Since 
it was irradiated in vacuo, no effect of oxi- 
dation could be expected at bombardment. 
To make the effects of irradiation uniform 
the films were wound around a brass cylinder, 
which could be rotated from the outside of 
the beam passage, and were irradiated re- 
peatedly. After the irradiation the sample 
lost elasticity and became small pieces easily. 
The other four sheets were irradiated in the 
same way for 20sec., 1 min., 3min., and 10 
min., respectively. No examination was made 


for determining the radiation does and quantity 


of released gases about these experiments. 
However, the deuteron beam current and _ ir- 
radiation time in this experiment suggest, in 
comparison with the case of a similar experi- 
ment by the same cyclotron, that the radi- 
ation dose might be of the order of 10° rad 
or more for the powdered sample and of 107— 
10° rad for the other four specimens. 


* Now at The Institute for Solid State Physics, 
University of Tokyo, 
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§3. Experimental Results and Discussions 
3.1 Line width and line shape 


In the first place the line width and shape 
were observed at room temperature as briefly 
reported earlier. The original Teflon had 
very sharp absorption line with long tails. 
The max. and min. slope line width was about 
0.7 gauss. There was observed no remark- 
able broad component. While, on the irradi- 
ated Teflon a simple broad line, 4Hmsi, of 
which was 2.8 gauss, was observed. Changes 
on the line shape of four samples differing in 
irradiation time fell between those of the 
original Teflon and exhaustively irradiated 
sample. Although the line width change was 
not so remarkable, it could still be recognized 
how irradiation changed line shapes. The 
line width data at 25°C are summarized in 
Table I and some of the observed derivatives 
of absorption lines are reproduced in Fig. 1 
(a), "(b), (Cc) and’ (dr As’ can “be “seen” there, 


Table I. The line widths and second moments 
of Teflon and irradiated Teflons at 25°C. 


Oricinal Irradiated Teflon 


Teflon 


| mal 20sec. 1 min.|3 min. Tone 


ATrasy 0. ¢2auss)) W258 Sh OG OS929 ee aS 


AlHo2) NRO Causseen on4 aoe UL deo ae) || oC 


Note: 


The data in reference (8) were observed 
rN eal Cp 


rH 
| Gauss 


Fig. 1. Derivative curves of various samples of 
Teflon and irradiated ones at 25°C. 
(a) Original Teflon 
(b) Teflon irradiated exhaustively 
(c) Teflon irradiated for 1 min. 
(d) Teflon irradiated for 10 min, 
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the sharp central peak of the original sample 
became broad with increasing irradiation time 
and line shapes seem to approach that of the 
- exhaustively irradiated sample. Since the nar- 
row line width of the original Teflon at room 
temperature is due to the segmental motions 
of the molecules”-*, the broadened widths 
of the irradiated Teflon would suggest that 
the molecular motions in these compounds 
might be disturbed much more than those in 
the non-irradiated one. 

To make sure this point of view we ob- 
served temperature dependence of the line 
widths of the original and powdered Teflon 
in the temperature pange from —190°C to 
80°C, where line widths of both samples were 
almost level-off. Since the effects of irradi- 
ation for the other samples seemed to be 
small, we examined only two extreme cases. 


no 


3 
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Fig. 2. Line width variation with temperature 
for the original Teflon (open circles) and the 
irradiated one (filled circles). 


The whole features of variation of the line 
widths defined as separation of the max. and 
min. slope of absorption lines and second 
moments are shown in Fig. 2. Both samples 
might be in rigid state below —110°C, where 
line widths were about 9.9 gauss, which is 
quite consistent with the values reported on 
Teflon®). There was a gradual narrowing re- 
gion between —110°C and —75°C for both 
samples in common. The line width dropped 
from 9.9 gauss to 8.9 gauss. An abrupt nar- 
rowing took place at about —75°C, above 
which the difference between the original 
sample and the irradiated one was observed 
obviously. From —75°C to about 10°C line 
widths decreased to 3.1 gauss for the irradiated 
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sample and 0.8 gauss for the original one, 
respectively. These values still decreased 
very gradually with increasing temperature 
and reached to 0.5 gauss for the original 
Teflon and 2.8 gauss for the irradiated Teflon 
at s0nG 

The line shapes below —75°C were similar 
to those reported by other authors” -» and no 
peculiar structures were observed. A typical 
line shape below —100°C, where the both 
samples might be considered in rigid state, 
is shown in Fig. 3. The line shapes were 
almost identical for these two samples in this 
temperature region. 

Remarkable line shapes observed were those 
of the original Teflon in the temperature range 
between —15°C and 12°C. There existed a 
sharp line superimposed on a broad line, which 


Ho-H* (Gauss) 


Fig. 3. A typical derivative curve of the original 
Teflon at —196°C. 


Fig. 4. Derivative curves of the original Teflon 
and the irradiated one in the transition range. 
(a) Original Teflon at —7°C 
(b) Irradiated Teflon 

Solid curve at —14°C 
Dotted curve at —4°C 
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seemed to have the broad line width as ob- 
served in rigid state. Such line shapes were 
not observed on the irradiated sample, though 
they were accompanied by long tails. In Fig. 
4 typical line shapes somewhat smoothed are 
shown for both samples. More detailed dis- 
cussion will be given in the next section in 
connection with the data of second moments. 
General features of motional narrowing in 
high polymeric system depend upon their 
mobility. For example, the temperature re- 
gion of motional narrowing of rubber shifts 
from the range, —50~—20°C, for raw rubber 
to the range, 50-100°C, for hard rubber con- 
taining 31% of combined sulphur’. Mean- 
while, in silicone rubber'?’, such a tempera- 
ture region exists between —120°C and —90°C. 
Furthermore such micro-Brownian motion of 
the molecules narrows line width up to the 
order of 0.1 gauss or less. From these fea- 
tures it would be suggested that there might 
exist some structures which disturb the seg- 
mental motion of the molecules in the irradi- 
ated Teflon as discussed as follows. 
According to Charlesby®, the main effect 
of irradiation has been described such that 
irradiated Teflon, if irradiation is enough, 
decomposes to coarse powder. This decom- 
position is more eminent on block Teflon than 
on film one. At the same time weight losses 
and releasing of gases (particularly CF.) are 
observed in amount proportional to the surface 
area and the square of the radiation dose. 
Charlesby suggested that the decomposition 
might occur at C-C bonds mainly because 
C-F bond is stronger than C-C bond». On 
the other hand, several authors have reported 
paramagnetic resonance on the unpaired elec- 
trons of Teflons irradiated by X-rays!®.!? or 
deuterons'”, which were believed to be pro- 
duced at broken C-C bonds. The results and 
conclusions are summerized as follows; (1)! 
number of unpaired electrons produced are 
proportional to irradiation dose in the range 
of irradiation dose, about 107-10* rad but for 
the increased dose, density of unpaired elec- 
trons reached to the saturated value of 1.4x 
10” per c.c.; (2)! the free radicals produced 
were so stable that no change of line shapes 
and intensity of resonance absorption was ob- 
served after aging in the air for two months; 
(3)'® there was some possibility that broken 
chains might form a loop of some type; (4) 
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the primary effect of irradiation in vacuum 
is to remove an F atom without breaking the 
C-C chain. Furthermore the fact that CFs 
gas was released would suggest existence of 


free radicals of type -CF-CF:-. These free 
radicals have possibility to make structures 
as follows, -CF=CF.-, -CF-CF:-, 


_CR-CFy 

etc. These structure have not been certified 
yet. From the experimental results (1), it 
might be considered that, if radiation dose 
exceeds 10° rad, excessive population of free 
radicals would produce certain type of recom- 
bination of the free radicals as suggested 
above. If the free radicals distribute uniform- 
ly over the molecules, the saturated density 
of unpaired electrons gives distribution density 
of a free radical per about 900 monomers of 
Teflon. Therefore, if radiation dose is quite 
enough the supposed structure would reach 
considerable quantity. Unfortunately, since 
the radiation dose and released gases were 
not examined for this experiment, quantity 
of cross-linking, double bonds and loops could 
not be estimated*. 

We must also consider the effect of crystal- 
linity to line width broadening. It could not 
be negligible in some cases!2).18.19, Jt was 
reported that amorphous phase of isotactic 
polypropylene!” has line widths about four 
times those of atactic (amorphous) polypropy- 
lene around their transition temperature re- 
gions. Natural rubber quenched to low tem- 
perature after annealing!?) showed narrower 
line widths than those untreated. Crystalli- 
zation due to elongation also had effect to 
broaden line widths'®. Nishioka confirmed22) 
about y-irradiated Teflon by means of X-ray 
and density measurements, though rather 
qualitatively, that its crystallinity had tenden- 
cy to increase after high degree of irradiation, 
more than of 10‘ r. Line width and shape 
change by irradiation, then, could occur also 
in the case of irradiated Teflon by increasing 
of crystallinity. 


* In the case of natural rubber there are pro- 
duced 10 to 40 cross-linkings per a primary mole- 
cule in usual process of vulcanization. Then cross- 
linkage might be in the order of 10-2 per a mono- 
mer. The order of this cross-linkage made large 
effects on the N.M.R. spectrum in natural rubber!2), 
18), Refer tote. JuFlory: Principles of Polymer 
Chemistry (Cornel University Press, 1953) 459. 
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Another effect expected is oxidation after 
irradiation. Line width and shape of both 
N.M.R. and E.P.R.!» did not show any change 
even several months after irradiation. Then, 
such effects would occur just after irradiation. 
The effects has been studied by Gordy and 
his co-workers and they seem likely to be 


not so important to line width broadening in 
N.M.R. 


3.2 Second moments 

Extensive efforts” —- have been made to com- 
pare experimental second moments with theo- 
retical ones for the structural model of Teflon 
in rigid state. The exact theoretical values 
would be very hard to obtain for this polymer 
because of lack of knowledge on its compli- 
cated structure of inter- and intra-molecular 
arrangement and of coexistence of amorphous 
and crystalline phase in rigid state. The 
calculated results, however, suggested that 
the molecules might be in rigid state below 
—100°C giving second moment values about 
11 gauss?, which was in good agreement with 
the observed values. Our results also fell 
near to this value for both samples and would 
suggest that the irradiation may not give 
change to the principal arrangement of the 
monomer of molecule seriously. The whole 
features of second moments variation are 
shown in Fig. 5. 


Second Moment (Gauss?) 


he 23 
-100 O 100 
Temperature (°C) 


O 
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Fig. 5. Second moments variation with tempera- 
tures for the original Teflon (open circles) and 
the irradiated one (filled circles). 


Second moments had constant value, about 
10.6 gauss’, for both samples below —100°C. 
The original sample showed a behavior similar 


Eto that reported by Smith”. The values of 


second moment decreased from the value of 
10.5 gauss? at —190°C to 5.5 gauss* at 40°C. 
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These values are consistent with Smith’s data. 
There was observed almost constant second 
moment, about 5 gauss’, in the temperature 
range from —40°C to —7°C. A complex line 
shape was observed in and above this region. 
The second motional narrowing followed and 
finished with the final value of 1 gauss? above 
80°C. On the other hand, almost smooth vari- 
ation of second moment was obtained for the 
irradiated Teflon, though a slight hump seemed 
to exist on the curve for the corresponding 
temperature range. Above 50°C, second mo- 
ment attains the level-off value, 2.2 gauss?. 
As a whole, the irradiation gave pronounced 
effects to the temperature dependence of 
second moment. These are summarized as 
follows: 

(1) Increasing of the value of second mo- 
ment above the temperature where motional 
narrowing takes place. 

(2) Changing of the hump on the second 
moment curve of the original Teflon. 

About the complex line shope observed for 
the original Teflon, the method of Wilson- 
Pake” gave the degree of crystallinity of 
605%, which is lower than the value reported 
by them. Also contributions from the amor- 
phous and crystalline phase to second moment 
can be estimated from these absorption lines 
with appropriate weighting. The observed 
second moment may be given by the follow- 
ing relation, 

(4 Ae* obs. = (1 —%)(4 2?) sh. + 4(4 2" )pr. ( 1 ) 
where x is degree of crystallinity, (4A2”)sn. 
and,(4H2*)pr, stand for contribution of second 
moments from the sharp and broad lines, re- 
spectively. If the broad line corresponds to 
absorption by the crystalline part of the mole- 
cules, which would be almost in rigid state, 
(4Hp?)pr, may be in the order of magnitude 
of second moment observed below —110°C. 
From the experimental value at —17°C, x 
was obtained as about 0.6. The contribution, 
x(4 H2?)pr., then becomes about 6 gauss’, which 
is not reasonably compared with (4H2”)obs., 4.9 
gauss? at that temperature. Actually the 
second moment of the broad line can be com- 
puted on the decomposed component, which 
gives (4H2?)pr. about 7.2 gauss’. At other 
temperatures the contribution was computed 
as 7~8 gauss?. Differences were caused by 
weak intensity of the components. These 
values are lower than 10.5 gauss* in rigid 
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state. Since the value of second moment ob- 
tained from derivative curves deviate con- 
siderably depending on the cut off point of 
the tail, rather arbitrary decomposition of 
derivative curves near inflection points gives 
only rough estimation of the second moments 
of the sharp components. The estimated 
values of (4H22)sh. were 1~2 gauss’. The 
relation (1) also does not give exact values. 
However, the difference between (42?)sn. and 
(4Hs?)pr, was distinct and it may be suggested 
that in this temperature range about 60% of 
the molecules belongs to the crystalline phase 
but may not be in rigid state. Smith” did 
not observe clear broad components and ex- 
plained the hump of the second moment curve 
more quantitatively using the method gear 
model proposed by Andrew?!) for explaining 
the behavior of hydrocarbons. However, 
since in our measurements there were ob- 
served complex line shapes, which could be 
decomposed into two parts, it would seem 
inadequate to apply this model to explain the 
whole behavior of the molecules. As long as 
the exact intra- and inter-molecular second 
moments could not be calculated exactly, we 
may not be able to get exact explanation for 
these behaviors. In conclusion, our data of 
second moments might suggest existence of 
amorphous parts in motion and crystalline 
parts probably being in some kind of motion, 
for example, tortional oscillation around their 
molecular axes. 

On the other hand the irradiated sample 
showed no complex line shape over the whole 
temperature range. There still remained 
slight hump on the curve of temperature 
variation of second moment. This result led 
us to suppose that there still exists the crys- 
talline phase in the irradiated sample. 

If irradiation does not increase the degree 
of crystallinity, and if we assume that the 
second moment of crystalline phase is 7.6~ 
10.6 gauss? and the degree of crystallinity is 
60~40%, using the observed (4H22)obs, the 
relation (1) gives (4H2”)sn. as about 4~5 gauss’. 
Therefore it is reasonably suggested that the 
increasing of (4H2")ops. may be mainly due to 
broadening of the amorphous component. This 
increasing of the second moment of amorphous 
phase could be caused by cross-linking and 
other structure changes as mentioned before. 

If the crystalline phase could be increased 
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by irradiation’, the relation (1) allows maxi- | 
mum value of x as 0.7 for the obtained | 
(4Hb")obs., 6 gauss’, at —12°C assuming that | 
(4H22)sn. is not less than 2 gauss’. There- 
fore, if degradation of the molecules would | 
permit more vigorous motion of the segment 
in amorphous phase, x could have larger 
values up to about 0.8. However, since crys- 
tallization could disturb such motions in the © 
amorphous region, these assumptions may be 
unreasonable. 

These discrepancies make very difficult to 
get true mechanism of line width broadening. 
However, from the second moment data the 
most likely conclusion obtained might be that 
the amorphous phase cross-linked causes the 
increasing of second moment above the tran- 
sition temperature region. 


§4. Activation Energy and Entropy 

For the relaxation mechanism represented 
by a single correlation time rt.?*, variation of 
line widths and second moments make possible 
estimation of activation energies. Though | 
such a single correlation time could not ex- — 
press the complicated micro-Brownian motion 
of high polymeric systems exactly”), treat- 
ment might be done for the present purposes 
as a first approximation. 

In the previous section we considered that 
the second moment of the original Teflon and 
irradiated one would contain contributions 
from the two phases. Unfortunately we could 
not decompose some absorption lines into two 
phases and discussion could not be made on 
each phases. Therefore computation of acti- 
vation energies and entropies was considered 
about the amorphous phase only, assuming 
that the obtained line widths represent those 
of the amorphous phase and applying the 
B.P.P.’s theory”® , 


(4H)?=M?*+(R?—M?).-(2/z)-tan-*(dv/ye) (oD) 
where 4H is line width in gauss, R and M 
are line widths in rigid state and in motion, 
respectively. ve is a correlation frequency 
defined as te=(2zye)-! and dy stands for line 
width in frequency scale having relation 4H 
=(2z7/7)dv. 

According to the theory of rate process?” , 
a unit of motion in molecules might transfer 
from a stable position to another one with 
some possibility through unstable activated 
state. The possibility is given by 
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K’=(RT/h) exp (—4F*/RT) . (3) 
We may rewrite this formula for our system 
TE 2S 2n c= 
=(kT/2zh) exp (4S*/R) exp (—4H*/RT) , 
(3”) 
Eqs. (2) and (3’) give activation energies and 


entropies for the line width transition region. 
The results are shown in Table II. 


Table Il. Activation energies and entropies 
at —40°C. 
Sample | AH* (Kel/mol) | AS* (e.u.) 
Original Teflon 2a) | —19.7 
Irradiated Teflon 2.5 | —22.7 


Note: Temperature dependence of 4H* and 4S* 
were about +0.1 Kcal/mol and +0.2e.u., 
respectively, for both samples in the 


transition temperature range. 


Simplified treatment on correlation time can 
not, with these values, clarify the complicated 
relaxation mechanism of high polymeric sys- 
tem25).. 

However, it seemes to be significant to 
compare 4H* and 4S* computed from line 
width data on various hight polymers. Table 
Il shows that 4H* and 4S* have tendency 
to decrease with increasing of irradiation. 
This fact is interesting to compare the similar 
results on cured rubber!). 2% of combined 
sulphur was found to decrease the activation 
entropy from 24 e.u. for uncured rubber to 
20 e.u. and 20% of combined sulphur reduced 
AS* up to 0. Such structures as cross-linking 
reduce cooperative movement of the segments 
and result in decreasing of a activation ener- 
gies and entropies. The obtained large nega- 
tive value of entropy, —19.7 and —22.7 e.u., 
are significant. Such negative values of entro- 
pies would be expected for another “plastic” 
polymers, meanwhile, large positive value of 
entropy would represent segmental motions 
of “rubberlike” polymers which would be 
very “cooperative ” compared with “ plastic” 
polymers. This tendency would be vice versa. 
Swelled polyisobutylene*? also showed this 
tendency. That is, swelling increased acti- 
vation energies from 10.2Kcal/mol to 12.6 
Kcal/mol and activation entropies from 6 e.u. 
to 22.3 e.u. Swelling makes the movements 
of the segments easier and they would become 
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more cooperative. That is, the movement of 
a specified segment could reach to anothers 
far away from it. The structures like cross- 
linking, double bonds, loops etc. probably 
would stop transmission of such movement. 


§ 5. Conclusions 


Irradiation on Teflon makes the long mole- 
cules shorter and consequently its melt visco- 
sity decreases with increasing of irradiation 
dose”. It was reported that y-irradiation, 
about 3x10'r, made 1~2 degradation per a 
molecule of Teflon”. Furthermore, Nishi- 
oka?) observed the density of irradiated Teflon 
increased proportionally to logarithm of dose 
of more than 10°r and he, by means of X- 
ray measurements, confirmed qualitatively 
increasing of crystallinity of the irradiated 
Teflon. However, in our experiments, it was 
shown that “ structures” disturbing molecular 
motions gave larger effects on the N.M.R. 
spectra than the degradation. Some comments 
were made about the questions that the broad- 
ened line might be “narrowed” broad com- 
ponents produced as a result of degradation. 
However, these do not seem to be reasonable, 
considering that the narrow sharp line dis- 
appeared at all above the motional narrowing 
temperature. If the broad components based 
on the crystalline parts were narrowed by 
degradation, there should be observed two 
superimposed lines above the transition region 
of the irradiated Tefion. 

The phenomena presented here seem to be 
very complicated to describe exactly. Infrared 
spectroscopy and 7; measurements on Teflon 
irradiated under limited conditions would be 
desired for more precise conclusion. 

However, it may be concluded that in fact 
the degradation should occur by irradiation 
but some kinds of net work produced at the 
same time and increased crystallinity have 
more prominent effect on the N.M.R. spec- 
trum. Because the second moments in rigid 
state are almost the same for the two sam- 
ples, the density of such structures may not 
be so high, but have the effects so much as 
cross-linkages in weakly cured rubber. 
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The intramolecular light scattering function P() of the non-Gaussian 
chain is investigated. For small values of s=(4n/A) sin (6/2), where 2 is 
the wavelength of light in the solution, 6, the scattering angle, 1/P(@) 
is given by 1+(s?/3)<r¢@2>, and <rg2> the mean square radius of gyration 
from the center of mass can be calculated according to various theories. 
For sufficiently large values of s, 1/P(¢) is expanded in terms of 1/s? so 
as to obtain the asymptotic behavior of 1/P(@) vs. sin? (@/2) plot. Excluded 
volume and swelling effects on 1/P(@) are discussed in a general way. 
The asymptotic behavior for large s of the experimental results by 
Cantow-Schulz is analyzed according to the theory. 


Introduction 


Se 

As well known, the light scattering in the 
high polymer solution is a convenient and 
keen tool to investigate the molecular weight 
and the size of the solute polymer. The 
theory of light scattering in a very dilute 
and monodisperse polymer solution gives” »”) 


lim Ke/I(6)=1/MP (6) , ary 


where c and M are the weight concentration 
and the molecular weight of the polymer, K 
is the material constant including the factor 
1+cos? @ depending on the scattering angle 0 
(in the case of the natural incident light), 
J(@) the intensity of excess scattering, P(0) 
the intramolecular scattering function given 
by 


PO)= 


ASS [  Woleaertar (2) 
N? i=155t Jo 86—S7 

where N is the number of segments per 
molecule, W:;(7) the probability density of 
finding the jth segment at a position distant 
by 7 from the zth segment, 


§2. Initial Behavior of 1/P(@) 


iF Wijs(r)4nr2dr=1 , 
0 


and 
go sin es 
pa ee 
2 is the wavelength of light in the solution. 


For the Gaussian chain, we have)? 
N 


Sele yy 
u goo: 


(3) 


PO)==(e-*—1 +0) : (4) 


where 0b is the segment length. 

In most polymer solutions, however, the 
deviation from Eq. (4) is caused by the ex- 
cluded volume effect due to the interaction 
of chain segments themselves and the swelling 
effect due to the interaction between chain 
segments and solvent molecules, both of 
which are central subjects in the present-day 
theory of polymer solution.®* 

The purpose of the present study is to ex- 
amine the influence of non-Gaussian character 
of the polymer chain on the light scattering, 
and especially to clarify the asymptotic be- 
havior of 1/P(@) for large values of s. 


When s is suitably small, we can expand the factor sin sr appearing in the integrand of 


Eq. (2) and obtain 


1 =| 2 
PO) | N® “is 


where 


Cri~= i r? Win) 4ar°dr 
0 


Sy (is ni) Me hy =14 dre) + oe | 


(5) 


(6) 


is the mean square distance between the ith and the jth segments, and 
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1 
N2 


(re) = apy <rij?> da) 


is the mean square radius of gyration from the center of mass in the chain. Wall et al. 
have assumed” 

i= ON Hi agi ee (6a) 
substitution of which into Eq. (7) gives (Appendix I) 


b2 Nite 


ie (7a) 
(2+v)(3+y) 


(re p= 


If €=y, then Eq. (7a) is reduced to one already obtained by Peterlin® and Mizutani.” And 
if €=y=0, then this is no other than that of the Gaussian chain” 


<re*> = , (7b) 


It is worthy of remarking that Eq. (6a) has been used by Wall et al.*) to calculate 1/P(@) 
numerically by means of high speed digital computer, and by Ptitzyn” to obtain 1/P(@) 
analytically in terms of the incomplete Gamma function. 

On the other hand, after the newest theories given by Fixman® and Yamakawa-Kurata® 
we have 


» BN 
rata (14+ 1.2162—2.0772? + +++), (@e) 


provided the parameter zx N'/?(1—@/T) is small, where @ is the Flory temperature of the 
solution. 


Thus, the initial slope of 1/P(@) vs. s? plot experimentally obtained may bring about some 
information on <7¢?>, which is dependent on the non-Gaussian character of the chain. 


§3. Asymptotic Behavior of 1/P(@) 


If we assume the Gaussian distribution for Wi;(7) 
Wis(1) =B/2xriz?>)? exp (—377/2ris*>) , (8) 
despite which <7i;?> is given by Eq. (6a), then we have 
PO=Ha BZ ew (—Fer), (9) 
i<J 6 


so that for sufficiently large s we obtain (Appendix II) 


Lig Sa CAG ery an os Sree 
P(0) 2rd/1+v) Fas a, NOS 4 ; ay 
which is reduced to that of the Gaussian chain, when €=y—0: 
peal 
On the other hand, as the theory by Yamakawa-Kurata gives” 
Wir) = Wir) + Wir) +--+, (11) 


Wi3°(r)=(3/2nb*|i—j|)*/? exp (—372/262|i—j|) , (12) 
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Von x a (—k)-*{1 — (3/27cb?15)*/? exp (—3r2/2b245)} , 


nae 


viy= ( j-i Ue Una 1) OL JoRclaN 
(j-i)—(I—k) iP RIS] , 
¢—1)? 


: : : 12a) 
(= es ( 


G=)= 
ola ee if i<k<j<I<N, 


G-—)— = = if 0O<kSi<j<I<N, 


so for sufficiently large s a tedious calculation of Eq. (2) leads to (Appendix III) 


1 
PO 2 earls 284zN1/?4+ ---)+u(1+2.612zN1/2+.---)}. (10b) 
§4. Excluded Volume and Swelling Effect 


Unfortunately, the validity of Eq. (10b) is limited to small values of z, 7. e. near the Flory 
temperature, but the deviation of W(r): 


Wo) =e EE Wulr)= Wolr)+ Wir) (11a) 


from Wo(r): (Appendix IV) 


Oe el : y {10.513 ( an ) if 0.216( 37? \- ra 


N \2zxb? 20? 20? ) 
LOG 7<D- 


of 3_\%2/2Nb2\? 8° \(,_ 9 (2B) , 45 /2NB)? 
a aleet) ( 32 ) exp ( Tae 3( 372 )+ “al 372 jee | 


for 7>=N'705 (13a) 


Wilt) = 


for arbitrary values of z, is not yet clearly known.’” If we may assume this to be expressed 
in terms of the Laplace transform: 


Win= \" G(xde-"de , (14) 
where the normalizing condition requires 
\. Wirsnr'dr=0= Br\ CO) oy (15) 
We can find 
drat =F 1 Wer bnrtdr = = AG + 48m Ve CO) gy (16) 
and for large values of s (Appendix V) 
at A eae = (Nb) Wot + u]. a7) 


Of course, G(x) must depend on JN, so the deviation of Eq. (16) from Eq. (7b) can be ex- 
pected, similarly to Eq. (7a). 
Now suppose tentatively 
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Wi(r)=—{A+ Wo(0)} exp {—BU1+C)r}+ A exp (—Br) , (14a) 
where 
BAT as al 
x = | eee 13b 
W,(0)= We(0) = = ( mE) (13b) 
due to the volume exclusion. The condition (15) requires 
= ee 15a 
AS C(8+3C4+C?)’ Cs 
and the maximum value 
W.(0) 
= 1 
Wi) +0 4/0 (343C+C2) ( 8) 
appears at 
coe log (1+C) . (18a) 
In Fig. 1, Wo(v) and W,(r) are illustrated. 
Then Eq. (16) gives 
Nb’, W(0) (2+C) 
Se a 
rer" + Bs B43C+CQ1 10) (T6a) 
and W,’(0) appearing in Eq. (17) is equal to 
y 4+6C+4C?+C3 
Wi 0)= 
1(0) 3430402 WO)B . (19) 
Kco/I(@) i 
5,9xlO 
2.0 
UV) 
1.0 
I 
0.5 
Os 
oe 0.2 0.5 sin*(0/2) 
Fig. 1. Schematic graph of W(r) and Wir). Fig. 2. Log-log plot of Ke/I(8) vs. sin? (6/2) for 


the sample of M=5.9x108. (G): 2=3996A, (V): 


4=3187A and (UV): 2=2664A. 


Thus, the initial slope and the asymptotic intercept of 1/P(@) vs. sin? (6/2) plot are to pre- 
sent considerable knowledge of the excluded volume and swelling effect, 7. e. to determine 
parameters B and C. Or a more detailed theory on statistics of the non-Gaussian chain will 


be able to predict more about W,(r). 


$5. Comparison with the Experimental Result 


Till now, experimental difficulties and inaccuracies of the results make a precise compari- 
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son between the present theory and the experiments very hard. Nevertheless, Cantow- 
Schulz’? measured the light scattering of well-fractionated samples of polymethyl methacry- 
late in acetone solution and found in such an initial scattering region, as discussed in § 2, 


the root mean square end-to-end distance R of the polymer with the molecular weight M@ 
equal to 


R=0.303M°-*8 A, for 3x10°<M<8x 108 , (20) 


based on the Gaussian chain. 


But in the case of non-Gaussian chain these experimental results should give <7rq?> instead 
of R as 


<re?>=0.0153M1.16 Ae , (21) 


which is deviating from Eq. (7b). 

Unfortunately measured values of Kc/I(@) are unsuitable to determine » accurately by 
means of Eq. (10) in the asymptotic scattering region, as shown in Fig. 2, where Kce/I(@) vs. 
sin’ (6/2) for the sample of M=5.9x10° is plotted in log-log scale. 

So we must be content to assume 


E=y = 0516 (22) 
and 
b?/m1+* =0.104 A? , (23) 


where m is the molar weight per segment. 


Kc/1(@) x10® 


Ko/1(@) x 108 


M=5.9x10° 


o2 O04 7 O06 O08 “(sn'a/2)""" 
Fig. 3a. Ke/I(@) vs. (sin? 9/2)1/1-16 for M=5.9 x 108. Fig. 3b. Ke/I(@) vs. (sin? 6/2)'/1.16 for M=3.12 x 


106. 
Table I. Wavelengths used. Table II. Asymptotic behaviors. 
saa ACO (A) refractive index| in acetone M=5.9 x 106 M=3.12 x 108 
i t =e —— = ; 
= u saat co - a : slope x 10° b?/m!-6 (A2) slope x 108)b2/m!.16 (A2) 
5461 1.3665 3996 Jeg —— Ss : 
s 1 ieee 1.3674 3187 GBP ovo sOu0l | 0,72 | 0.095 
UV Bae ieee aa vee 44 | 0.103 1.20 0.109 
=e a UV | 1:72 | Oi 1.70 | 0.114 


Taking the intercepts as 0.074 10-® and 0.140 10° for M=5.9 x 10° shown in Fig. 3a and 
M=3.12X10* in Fig. 3b, respectively, we can find the asymptotic slopes with the aid of Eq. 
(7a), and calculate the values of b?/m'-’°, which are shown in Table II. The wavelength zk 
used is shown in Table I. The agreement of 6?/m'-° obtained from the asymptotic be- 


haviors with Eq. (23) is fairly good. 
Here we must deal with high molecular weight samples because the asymptotic behavior, 
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discussed in §3, is to be well expected for s*{v¢?>>1. Nevertheless, we must exclude the 
highest molecular weight sample of M=7.8x10° because of its anomalous behavior, the 


cause of which is unclear. 

In order to analyze the light scattering of unfractionated polymer, the effect of the poly- 
dispersity in the sample is discussed elsewhere. 

The improvement of experimental accuracies will permit us to examine the non-Gaussian 
character of the polymer chain in more detail. 


Appendix I. 


(ret =BN& Sat i (Al) 


i<j 
where the substitution of integration for summation gives 
1 x 1 
ret =on| dx | dy(x—y)+7=P Nt | dx(1—x)x'+» 
0 0 0 


=< b? Nit 
7 Quem we 


Appendix II. 


Substituting integration for summation in the equation 


P(@)= pea | 
(8) = exP|— 5 ae (A2) 
we have 
PO), 2\" dx(1— x) exp (— = pinata ) 
which can be written with the aid of substitution 
t=ax , a= _Be Ne (A3) 
6 ’ 
PO@)=-2— \ a ee aes) 8 Ny = na i 4 (4+ a 2 
l+yvJo ¢ ( a j l+v\a ltv a Bary , be 


This leads to 


Ubebbln, l+y T/l+y) A irees 
PO) FA/1+y) rae a0) 
Appendix III. 
sin 
PO =e ae \ ay We Okardr =— FE~ SEE Ia exp (— uit.) ete OAS) 


where 
HS Leb! 


and 


the le 
(j—-i)—(—k) 
on =4)? 
(j-2)—~ = 
or (/—k) 
TOE el (ese 
=) eb: 
ee aches 0) 
0) “dB. 


~~ 


Expanding the exponential in the right side member of 


So we find for large u 


( 


((1+18.2842N"+ s)+u(1+2.6122N 24+ +--)}. 


if 
if 
if 


1 


Uu 


OSk<ISI<JSN or OSi<j<k<ISN (Region A), 
OSi<k<ISjSN (Region B), 


OSkSi<ISjSN (Region C), 


OSt<kSj<ISN (Region D) , 
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OSkSi<j<l<N (Region E). 


These regions contribute to P:(@) as follows: 


1 


u? 


Appendix IV. 


Osa) | : 


N? tJ 


2H g—1)0" 


for r<b, we obtain in the aid of m=j—7 


2 


N 
Win=a Sif ; 
5.22 


N 


where Eq. (A6) and 


)—8.2242N*( oa 
Uu 


8) 


3/2 
exo { 


Bye 


ob 


1 


ioe FeSseil 


as 5.2242N"*( Hea a | o( : 
uU ue u? 
(ES) iw i= 5.2242N'*(—-) +0 (se) 
te u*® 
(Clee 10.4482NV""( sles 
Uu U 
(Dj es 10.4482N¥*(~") ay (es) é 
uU? u> 
(E) ~10.4482N"(—-) +0 (i) 
ue u® 
where 
suche <9%619 
nal Were aN 
and 
STON 
0 Zi 22x58 
are used. 


el 


U 


pee 
2(7—-1)0? 


Sha 


Bib) fl att ee 
=a) nel? 2b°n 


2 


7b? 


Vf 
3 i ‘{1-0.513 ( 


3r? 
20? 


2 


\+ 0.214( 


( 2b°n 
3r? 


20? 
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(12a) 


(A5) 


(A6) 


(10b) 


(A7) 


(13) 


| 
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a trl es © eg > | 
Sn ee (A8) 


are used’. 
On the other hand, using x=(j—i)/N and integrating by parts, we find for r>N'6 


3 3/201 1—x ys 37? 
Wary 27 Nb? ) \,2* gil? a ( 2Nb?x ) | 
wel 3 VO NY 8? \(, of 2NB\ , 45/ 2Nb Ves} 13a) 
= San) ( a ) exp ( a 3( ys Ne x a ee Soe a) 


Appendix V. 


P,(0) Nes Aepely \. G(xe-*dx (A9) 
0 


0 


can be calculated for large s as 


7 ze pt SAS B. 7 ee 4S Ae 
P,(0) =8r\ dxGlw apes 8 {a Wi m"ot-- b 
where 
W,(0)=— | daxG) W.’’(0)= -\"aexG() (A10) 


as used. Thus we can have 


ORE ane ae 


= a1 ener Wy1'(0) Leu ¥ | (17) 
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The Schulz-Zimm expression of the molecular weight distribution in a 
polymer sample is conveniently extended in terms of associated Laguerre 


polynomials. 


Applying the present expression, the authors investigate 


the influence of the molecular weight distribution especially on the osmotic 
pressure and on the intra- and intermolecular light scattering. The second 
virial coefficients in the osmotic pressure expression and in the inter- 
molecular light scattering function for the polydisperse polymer are ex- 


amined. 


$1. Introduction 

The molecular weight distribution in a 
polymer sample affects the physicochemical 
properties of the polymer.» Recently much 
improved accuracies of the measurements 
have made it possible to show the discrep- 
ancy in various average molecular weights 
obtained by various kinds of measurement, 
e.g. the number average molecular weight 
M, obtained from the osmotic pressure 


measurement differs from the weight average 


one M., from _the light scatterning, the Z 
average one M, from the sedimentation, or 


‘the viscosity average one M, from the in- 


trinsic viscosity for one and the same sam- 
ple. The discrepancy in them must give a 
key to a secret of the molecular weight dis- 
tribution in the sample. 

The influence of the molecular weight dis- 
tribution has been investigated for the me- 


' chanical relaxation by Fujita and Ninomiya”? 


-and for the diffusion constant by Daune ef 
ed)... > 


But for the osmotic pressure and the 
light scattering studies, it is necessary to in- 
vestigate this influence in more detail. 

Now, let the weight fraction of those poly- 
mer molecules with the molecular weight 
between M and M+dM in the sample be 
f(M)dM. f(M) is called the molecular weight 
distribution function of the sample and is 
usually unknown function unless any test 
measurement is made. In order to analyze 
the effect of the molecular weight distribu- 


tion, we have been accustomed to use the 
expression presented by Schulz»? and Zimm” 
for f(M): 


f(M)=AM*exp(—8M), (1.1) 


where z and 8 are adjustable parameters, A 
is the normalizing factor determined by the 
equation 


| fanam=1= ect Dee 
0 
where I'(z) is the Gamma function. Then, 


as f(M)dM/M is proportional to the number 
fraction, we obtain 


aera orl: Zz 
Ma= —f(M)dM =— Lo 
/ \ ufMyM=2 (1.8) 
and similarly 
Mu= ["Mpnam= 22 = 2 Mh 
0 B Zi 
M= | mea / | ” Mf(M)dM 
0 0 
aN a Sale zt+2 — 
==, 
Mon =\ Mefmnam /\ "my yam 
0 0 
243 224397 
B z 
etc.. (1.3’) 
Furthermore, when the molecular weight 


dependence of the intrinsic viscosity is given 
by [ylocM*, we have 
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=| |" mera " 


T(ztatl))¥* 1 eee 
PES!) 2) FED 
CR 
But, unfortunately Eq. (1.1) contains only 
two adjustable parameters, so that it is rare- 
ly consistent with the measured values of 
more than two quantities. Thus, the exten- 
sion of Eq. (1.1) to be compatible with any 
measured values is quite desirable. It is the 
purpose of the present article to find such a 
useful expression and to apply this to the 
analysis of osmotic pressure and light scat- 
tering measurements. 


1 
B 


§2. Expression of f/(M/) 

Previously the authors” suggested to utilize 
the Laguerre polynomials as the bases of 
orthogonal expansion of f(/). 

The natural extension of Eq. (1.1) seems 
to be 


f(M)=M? exp (—8M) > CnLn'(BM) z>0, 
(2.1) 

where 
oh OS rs eC 


is the associated Laguerre polynomial of the 
nth order.® 

Using the orthogonal 
Rez>-1 


relation:» when 


i ex? L(x) L® (x) =0 for m#n | 


=I(etn+1)/n! for m=n, 
(2.2) 
we have 


[-ranam=1= re pes) 


And using the relation (see Appendix I) 
LP w= 3 (3 Pe, 
k=0 k 


we can obtain 


ae 
Mn 
Mu=\" 


(2.2!) 


ace ~Fe S$ 
=| 5pfnam=22. ¥ o,, 


Mf(M)dm=LE+2) aC ae 


M.- Mo=\" M'f(MydM =" c,— 


2c, st C2), 
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Moa1-Me-My = |" mromam 


_Te@t4) 
B24 


(Co —3¢€,+3C2—Cs) , 


etc., (2.3) 
and also 


M,*= me #(M)dM 


_F@treaths Ss gee (@ 4 é 


peters 


(2.37) 


Any average molecular weight obtained’ 
from the measurement of any other quantity’ 
proportional to M*, e.g. sedimentation con- 
stant or diffusion constant, can be calculated 
similarly. So the more average values are. 
known, the better the shape of f(M/) can be 
determined by means of Eqs. (2.3), (2.3’) and 
(2.3). Thus we can find Eq. (2.1) very 
convenient for a practical use. 

§3. Influence on the Osmotic Pressure 

The osmotic pressure II in the monodisperse 
and dilute polymer solution can be expanded 
as 


Ni ie sry ate Miri . (3.1) 


where R is the gas constant, T the absolute 
temperature, c the weight concentration of 
the polymer. 

In the case of polydisperse polymer, we 
must replace the molecular weight M by M, 
and the second virial coefficient A, by 


[| 4am, M')f(M)f(MdMdM', (3.2) 


where A(M, M’) is the second virial coeffici- 
ent due to the interaction between the mole- 
cules with the molecular weight Mand M’. 
Recently the molecular weight dependence 
of A, has been reported by several au- 
thors.’°-'*) And the recalculation of AM, M’) 
in the case of M+#M’ according to the 
theories by Albrecht! and by Yamakawa 
and Kurata’ gives 
A(M, M’')= A,°[(1—1.0674{2(M2?2M'-! 
+M-'M'3/)4+5(M 1/24 M"/2) 
—2(M+ M')?M-'M'}+.---], (3.3) 
where 


, shi 1960) 


|is independent of M,N, is the Loschmidt 
/ number, m the molar weight per segment, 
or) the intersegment potential energy, and 


| 3/2 co 
| (ha) al fo [98 ore 
v -(% 3/2 4,0 
a oye Ny 
6 the segment length. Using Eqs. (2.1), (3.2) 
| and (3.3), we can obtain 


A,=A,°[1—2.134n{2(M*?/Mn)+5M? 


— (M+ MFI} + +), 
where 


(3.5) 


(3.2/) 


W=\" Mrf(M)dM=F EIT) So — (7 ) 


. i Be z+ye1 
‘| (3.6) 
| and (cf. Appendix II) 

I 


y 


(M+ M')??/MM' 


S = | MyM dM 


>» MM’ 
aren (2+ \r(2+1) 
ee eed A {eet Fee 
a 2 
a oz oe ete Tal 
8 nes aS ear Del Ve @ 
9 /32z+4 
"32 es Je i 
1 / 232-+34 
a i a Jeaest eb (3.7) 


Eq. (3.2) shows a complicated dependence of 
A, on the molecular weight distribution. 


Influence on the Intramolecular Light 
Scattering 
The intensity of excess scattering /(0) at 
the scattering angle @ is given in the very 
- dilute and monodisperse polymer solution by 
I(@)ccMcP(0)+0(c’) , (4.1) 
where P(@) is the intramolecular scattering 
function, which has been examined by one 
of the authors.'® 
In the case of polydisperse polymer, we 
must replace McP(@) in Eq. (4.1) as 


1(0)-e\ “Mf (M)Pu()dM + 0(c?) , 


§ 4. 


(4.1’) 


where Px(@) is the scattering function corre- 
sponding to the molecular weight M. 
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I) Initial Behavior of c/J(0) 
For small values of s=(4z/2) sin (6/2) 
2 
Pu(9)=1- rit + 084) (4.2) 


where 2 is the wavelength of light in the 
solution, <7*> the mean square radius of 
gyration from the center of mass, having 
the molecular weight M, given according 
to the assumption by Wall et al.'? by 

b? Mite 


i >= Bp yNe+oym cay 


Then Eq. (4.1’) 


, (4.3) 


e and v being constants. 
can be written as 

So Gad 
3(2+y)(3+yv)m't* 


1(0)-2¢ Mw +o(s') | toler) 


(4.4) 
which leads to 


lim Ke/I(@) 
tots}, 


Se 
(4.5) 


where K is the constant including the factor 


sb 
3(2-++v\(3+»)m'**M, 


1==cost (alt o=y—0~ then yHqnsG.5) sismne- 
duced to®? 
lim KelI(0)= a =r Fo M+ os) (4.5a) 


On the other hand, according to the theories 
by Fixman'® and by Yamakawa and Kurata’ 


ax OL fe ‘ 
{Tu npelabaienM, P2_2 077p°7M+::-), 


(4.3’) 
from which we find 
lim Ke/I(0) 
ieee 
Mw 
—2.077 pete --)+o(s*)}. (4.5) 


II) Asymptotic Behavior of c//(@) 


For sufficiently large values of s, accord- 
ing to the assumption by Wall ef al.'? we 
6m'té 


have'® 
: eal 
IN SVE 


1+e 1/l+v p 


and we find 


Py(0)= LI {Tey 
l 


(4.6) 
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I(B)ce 2 26 (SO TONAL +7) 
_ spe) pa) ; 
s°b? 
(4.7) 
which leads to 
; ¥ 1l+y 
lim ME ora + y)MOo-a/Gry 
TOil-+ SOIT (_s*bt ed 
Vranas + Sma) J 
(4.8) 
If e=vy=0, Eq. (4.9) is reduced to’ 
lim 1 Koll m5 +=) 48a) 


On the other hand, according to the theories 
by Fixman,'! Yamakawa and Kurata’ we 


have!® 
Ae Cm if. OM | 
ee w(0)=24 ( Saenz) es f 
& MM \ / sms» OH NS Vena 
522d les ea, coe 
(4.6’) 
Then we obtain 
lim Kel1(0)~ cab: -( 1413. 06. 
+5.224)p Sos 
m 
222 Wi 
+5 (142.6124 cs -)} (48) 
6m m 


8 5. 


Influence on the Intermolecular Light 
Scattering 


When the intermolecular scattering contri- 
bution is taken into account, we have for the 
monodisperse polymer???) 


I(@)oeMcP(0)—2A,c?P,(0)+o0(c?), (5.1) 


where P,(@) is the bimolecular scattering func- 
tion given by Albrecht?» as 


P(O)=Q(0)Pu(9) , 
Q(0)=1—-11.698*(7r?> nM? + (5.2) 


In the case of polydisperse polymer, we 
have Px(0)=1 and P,(0)=1, and for small 
values of 6 we find» 


I(o)ece\"Mf(M yam 


“201” | AM, M')Mf (M)M'f(M"\dMdM! 


TOC) 
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which is reduced to 
1 
T(o)=—4+2A,c++::, 
Kel (0) i oC 
where A; is given by 


A,= im 
(5.4) | 


instead of Eq. (3.2). 
and (5.4), we obtain 


A, = A,*{1—2.134n{2(M*?/Mw*) + 5(M7?/Mw) 
—(M+M'¥?/Mu?}+---], (5.4") 


where 


ary ||" are yunyM dma" 


2PE (z+ pr(2+ 


reas 


5 15 al 
x fa poner es (Serge 
at z+2 ) at z+1 ) 
a5 35 = C1C2 
8 \ 2z4+3 32\ 2243 


5 /( 2+3 
=I 22+3 eco 


The authors are indebted to Mr. R. Chajo 
for helpful discussions. 


Appendix I. 


Putting in the addition theorem of the as- 
sociated Laguerre polynomials :® 


LEONG +x )=S L(x )LP(), (AD 
k=0 
a=z+y, B=—(y+1), x,=x and x,=0, we have 


LY (x)= SENOS y- %.) 


where 


Hira Or loaieaa wade 


is used. 


Appendix II. 


Putting x+y=s and xy=t, and using Eq. 
(2.2), we have 
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(5.3) ) 


i aa i: A(M, MMMM {MaMa 


Using Eqs. (2.1), (3.3), 
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LO) Lo(y)=1 , 
f LO @)L:(y) + LO) L,(y)=2+2)—s , 
YT L,@)L,@(y)=(1+z?—(+2)s+t, 


Lox) LC 9) + LOU) LEA 9) = 2+ 2142) 2428+ (8-20), 


YP Lo(x) L(y) + Lge) Ly( 9) = Seales ie Grate) See SFE (ot 21) — A (9) —3st) ; 


J LPOLOW)t LOWLO(9)=@+2)(1+2— Et BO Ds 34 aye Tee dey, 
etc.. (A3) 
‘And we can find for arbitrary a>0 and p>-—1 
° ° co s7/4 B ae 
| ds dyes? =2\ e-*seds| ae Vix Pa@+2B+2)P(B+V (A4) 
0 0 0 0 Vs —4t DzBieA r(8+>) 
2 
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The NMR of Co% in CoO is calculated, taking into account the inter- 
action between the nuclear spin and the spin moment and residual orbital 
moment of the cobalt ion, beside the Fermi-type hyperfine interaction. The 
calculated frequency is 1028Mc. The interaction between the nuclear 
quadrupole moment, Q, and the electric field gradient at the nucleus splits 
this resonance line into seven equally spaced lines. For a assumed value 
of Q=0.5x10-%*cm-}, the line splitting is 6 Mc. The dependence of the 
frequency of the resonance lines on the direction of the applied field is 
also investigated. It is shown that by observing this dependence the angle 
of inclination of the spin axis to the tetragonal axis can be deduced. 
Further, theory of the indirect coupling between nuclear spins through 
hyperfine interaction and exchange interaction is developed, using the 
molecular field approximation. The line width arising from this indirect 
coupling is estimated to be 0.115 Mc, which is small compared with the 


line splitting. 


§1. Introduction 


Jaccarino” reported recently a direct ob- 
servation of the high frequency NMR of Co’? 
in single crystal of CoF;,, in the frequency 
range of 160-190Mc and in external field ex- 
tending to 10koe and at temperature 1.3° to 
4.2°K. This high frequency resonance was 
due to the intra-atomic hyperfine interaction 
between the nuclear magnetic moment of 
Co? and the unbalanced d-electrons on the 
Co’* ion. A similar resonance can be ex- 
pected for CoO and the present paper is con- 
cerned with the theoretical estimate of it. 

CoO is antiferromagnetic with a Néel point 
at 290°K. It has a NaCl type structure with 
slight contraction (~1%) below the Néel tem- 
perature, along one of the cubic principal 
axes relative to the other two. The spin 
arrangement determined by neutron diffrac- 
tion by Shull, Strauser and Wollan® and 
Roth® is such that the sheets of plus spins 
and minus spins alternate along one of the 
body diagonals. The axis of the spins de- 
viates from the tetragonal axis by about 10°, 
in the direction away from the trigonal axis 
of the spin arrangement.) 

This substance is particularly interesting 
since its Co ions have large residual orbital 
moments as studied theoretically in detail by 
Kanamori.» We expect the NMR of Co*® to 
occur in CoO at higher frequencies than in 
CoF;. In CoO, beside there being a hyper- 


fine interaction of the Fermi-type, which is 
predominant in CoF,, the residual orbita! 
moment of the Co** ion produces a strong 
internal magnetic field at its nucleus. There 
is also an interaction between the electric 
field gradient at the nucleus due to the non- 
spherical charge distribution of the d-elect- 
rons and the quadrupole moment of the 
nucleus, as in the case of CoF;, and this in- 
teraction gives rise to a splitting of the re- 
sonance line into seven lines. Since the elec- 
tronic distribution can be calculated using 
Kanamori’s theory and with the known radial 
function of the d-electron, the nuclear quad- 
rupole moment of Co*® can be deduced by 
observing these line separations. Application 
of a magnetic field will split the lines into 
two groups, corresponding to the two antifer- 
romagnetic sublattices, and this splitting will 
depend on the direction of the applied field. 
By observing them, it should be possible to 
deduce the angle of inclination of the spin 
axis relative to the tetragonal axis, although 
the existence of twin and magnetic domain 
structure will complicate the observation. 
In this paper, we first derive in §2 the 
effective Hamiltonian for the nuclear spin of 
Co*® in CoO and estimate its frequency, neg- 
lecting the small inclination of the spin axis 
to the tetragonal axis. Then the effect of 
this inclination on the NMR lines is estimated 
in §3. It turns out, however, that this effect 
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is small. In §4, the NMR with an applied 
magnetic field is studied and further the pos- 
sibility of determining the angle of inclina- 
tion is discussed. In §5, the theory of the 
line width is developed and it is shown that 
the estimated width is small enough to allow 
for the observation of the line splitting due 
to the nuclear quadrupole moment and the 
line shift due to an applied field. 

The line width of the NMR of an antifer- 
romagnet, developed by Nakamura® and 
Suhl”, arises from an indirect coupling be- 
tween the nuclear spins through the hyper- 
fine interaction and the exchange interaction 
between neighboring ions. They used the 
spin wave approximation, which cannot direct- 
ly be applied to the present case, since in 
| CoO the spin and orbital moments strongly 
' couple each other and the orbital moment 
| gives rise to a large anisotropy energy. A 
theory based on the molecular field approxi- 
mation seems to be more appropriate in such 


1 a Case. 


$2. Effective Hamiltonian for the Nuclear 
Spin 


The interaction between the Co*’ nucleus 
and the surrounding electrons consists of the 
interaction between the nuclear magnetic mo- 


| ment, J, and the magnetic field produced at 


the nucleus by the orbital and spin angular 
momenta of the electrons, the contact or 
Fermi interaction between J and the slightly 
unbalanced spins of the 3s and 2s electrons, 
and the interaction between the quadrupole 
moment, eQ, of the nucleus and the electric 
field gradient due to the electrons. It can be 
written” 


H=2r68y>) | ee 


3(re: Sere: L) | 


Vana 
& eer : r| 
jaa 30rn-D? ) 
a a= BaI-b lor ne 
=H,+ Hat+Hr+He, (2.1) 
where 


LT 
=27 05S 
KE VK 


an 3(re* Se )x: D) 


Ve 


Ha=2r 680 S| 
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Hy =278By DF otras ei 


ae I(I+1) 3(re DT)’ ) 
WOE ete re reo 


Here the sum S) extends over all the elec- 


trons of the ioner and s; stand for the or- 
bital and spin angular momentum of the k-th 
electron, respectively, 7; the distance of the 
k-th electron from the nucleus, 8 the Bohr 
magneton, By the nuclear magneton, y the 
nuclear gyromagnetic factor in units of e/2Mc, 
and J the nuclear spin angular momentum of 
magnitude 7/2. To obtain the effective Hamil- 
tonian for the nucleus, the interaction (2.1) 
has to be averaged with respect to the elec- 
tronic wave function of the ground state of 
the Co*™ion: 

The electronic state of the free Cot is 
(3d)'*F. In the cubic crystalline field of CoO, 
the orbital degeneracy of this state is par- 
tially lifted leaving the ground state triply 
degenerate. This ground state can be des- 
cribed in terms of the angular momentum 
operator J of magnitude one, the total angu- 
lar momentum ZL being replaced by —(3/2)l. 
This small 7 is coupled to the spin angular 
momentum, S, through the spin-orbit coupl- 
ing and they form the total angular momen- 
tum /+.8. The eigen-states of the ion are 
characterized by the eigen-values of (/+S)?= 
q(j+1), with j=1/2, 3/2, 5/2. However, there 
exists exchange interaction among the ions, 
and when this is taken into account in the 
approximation of the Weiss molecular field, 
those states which have different j but equal 
1,+S. couple each other, where z is the direc- 
tion of the Weiss field. With this idea, 
Kanamori” calculated the wave function on 
the ground state of Co** ion at absolute zero, 
taking into account the effect of the small 
tetragonal deformation of the crystal. In his 
calculation the direction of the spins was 
simply assumed to be along [001], i.e., the 
direction of the contraction. The Hamiltonian 
used by him is 

H=2):z,4S>S:4+-V1-S—cl? (2.2) 
and the ground state wave function was 
determined self-consistently as the lowest 
eigen-state of this Hamiltonian. In this ex- 
pression, /, (>0) is the exchange interaction 
constant between next-nearest neighboring 
ions, z, the number of next-nearest neighbors 


Ho= 
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(z,=6), and 4’=(—3/2)A, A being the usual 
spin-orbit coupling constant. The ground 
state wave function thus determined was of 
the form 


bg=RiGs/2,-1t+ kof 1/2,0+ksP-r1/2.1 ; 


where the first and second suffices of # re- 
present the values of S, and /., respectively, 
and k;, k, and k; are numerical factors which 
depend on the magnitude of j;, 2’ and the 
deformation coefficient c (=140cm~’). Using 
the values of 2/,z,=180cm™, 24’=270cm“ and 
c= 140cm-', k,, k, and k, were calculated to 
be 


(2.3) 


k,=0.909, k2= —0.385, k,=0.162. (2.4) 


Now, averaging the interaction (2.1) with 
respect to the wave function (2.3), the effec- 
tive Hamiltonian for the nuclear spin takes 
the form 


Hw =E,L-bpelt P) (238) 


where 


Hees Pees . 


k 
a ees 5 “> oe 


F being the contact interaction with the in- 
ner 3s and 2s electrons and k:, ka and ke 
constants which are proportional to the 
averages of Ai, Ha and He with respect to 


(2.6) 


dg. They are given by 
k= > (H-RX3—5r) , 
—_ 1 it 2 en 
ka= —— 64-8 tery i 7) 
x (ki — 2k — ki/3) Bes +137? 


Stages are NV Fh— 2h) | 


kg= S29 4127 IP ) 


x (Ri— 6k +3) , 

(257) 
where 7 reprdsents that amplitude of the ‘P 
wave function which is mixed by configura- 
tion interaction to the ground orbital triplet 
arising from ‘F (y=0.185 according to Kana- 
mori). Using ki, k, and ks given by (2.4), the 
numerical values of k:, ka and kg are calculated 
to be 
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hi=—1.131,: ka==0:043,7, ko=0.205, 1. 2.8)4| 
We will represent the term &)/. as 
&,L=—rbsvl{Mi+ Hat Ae) (2.9) 


and calculate the magnitudes of the effective 


fields Hi, Ha and Hy corresponding to ki, Ra | 


and F. Using <1/r?)}=5.2xa)*, which is ob- 
tained from the hyperfine structure observa- 
tion of the paramagnetic resonance”, we have 
T= E02 SAO Oe 
Ha=0:282,x10" 0€ « 
Hy can be described as'” 


Hr=—AS/rBy , 


where S is the average value of the electron 
spin angular momentum with respect to dy 
and, according to Kanamori, S=1.280. A is 
the hyperfine constant (usually represented 


as —Pr). According to Abragam, Horowitz 
and Pryce;? =Al/7—5.3x< 10; cm 10me the 
free Co*¥ion. So, 

Hp=2. 09107 oes (2.11) 


The total field acting on the cobalt nucleus 
is therefore 


y= Ha Hy =10.29X 10°68 


Next we estimate the quadrupole interaction 
constant y. Putting Q=nx10-"*cm', leav- 
ing # as yet unknown because the quadrupole 
moment of Co*® has not yet been determined, 
mM in units of field becomes 


= 6.6 x 10° oe . (2.13) 


The nuclear spin state of Co*® is split into 
eight states by the Hamiltonian (2.5), the 
level separations being unequal due to 
the quadrupole interacticn »/?. Therefore 
seven resonance lines should appear whose 
frequencies are distributed symmetrically 
about the central line with equal spacings. 
The frequency of the central line, », is de- 
termined by &. Using Eq. (2.12), we have 

vo =1028Mc . (2.14) 

The line separation, 4, is 27) and is propor- 

tional toQ@. Taking for instance n=0.5, i.e., 
Q=0.5x10-**cm='!, 4 is given by 

4=6Mc. (2.15) 

If the line width is narrow enough com- 
pared with 4 to allow for the observation, it 


should be possible to determine the value of 
@ except for its sign. 


(2.10) 


(2.12) % 


|| the ground state wave function. 
‘| [001] to be the z-axis. 
be denoted by 2’, and we take the y’-axis 


med by [110] and 2’; 


neglecting higher terms than a’. 
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§3. Effect of the Spin Axis Deviation from 
[001] on the NMR of Co*? 


The ground state wave function of Co?*, 


| given by (2.3), was calculated on the assump- 
“| tion that the spin is along one of the cubic 
‘taxes, [001], 
| of the crystal has taken place. 


along which a small contraction 
However, we 
know from the analysis») of the neutron 


| diffraction measurements that the spin orien- 
tation deviated from [001] by about 10° in the 
| direction away from the trigonal axis, [111], 
| of the spin arrangement. 


This spin inclina- 
tion will modify the wave function of the 


'ground state and so also the effective field 


acting on the nucleus. 

First we shall consider the modification of 
We take 
The spin direction will 


perpendicular to the z’-axis in the plane for- 
the x’/-axis iS perpendi- 
cular to the both. The angle between z’ and 
z is denoted by a. 

In calculating the ground state wave func- 
tion, we note that the unperturbed Hamil- 
tonian H, can be given by (2.2) and the un- 
perturbed ground state wave function by 
(2.3), provided that z is replaced by 2’ for 
the both. The perturbed Hamiltonian is then 


Te 


H' = —C Lely tly lat cl me 


=Hia+ Hie’ , 3.1) 


which is the difference between cl? and cli), 
The wave 
functions and the corresponding energies of 
the excited states of H, have been obtained 
by Tachiki'» and they are given in Appendix. 
With the perturbation method, the ground 
state wave function can be given as 


byp=Pot ager +arX(pP+H), (3.2) 


where ¢, is the unperturbed wave function 
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and second order perturbations of HT and 
3” from the first order perturbation of Hi. 

Now, averaging the interaction (2.1) with 
respect to ¢,, the effective Hamiltonian for 
the nucleus becomes 


Hy=€le+yl2 CL, 
tO Uely thy h)t+OPE+EL), (3.3) 


where & and y are different from & and 7 
by terms proportional to a? and new terms 
with factors €, €’ and €” has been introduced, 
and + corresponds to whether the spin axis 
deviation is away from or close to [111]. 
These coefficients are given by 


E=2rB Bn Te rlhther Qik P 


T= 3p a eat)» 

Geet stn . 

C= i: > ake 
zat 1) 

¢ oe me >a ae 


ki, Ri, Ray Ra, Ra, Ro and ky are proportional 
to the averages of Mi, Ha and Hg with re- 
spect to w,. Of these, the only non-negligible 
quantities are 


ki=0.127, k; =0.205, ko =0.055,4. (3.5) 


Regarding the € and €’ terms in (3.3) as 
perturbations, the energy levels of the nuclear 
spin (J=7/2) correct to second order can be 
calculated easily. The calculated frequencies 
of the seven resonance lines and also their 
line separations are given in Table I. The 
frequency of the central line is &+(1/2&)(¢? 
—60¢’). The seven lines are not equally 
spaced and they appear asymmetrically around 
the central line. However, the deviations 
from the equal spacing are very small, be- 


(3.4) 


and ~{”, f are obtained from the first order ing proportional to €’/E and so proportional 
Table I. The frequencies of the seven resonance lines of Co (J=7/2) 
and their line separation. 
mom—1 frequencies of the resonance lines line separations 
+7/20+5/2 E+-67 +(C2+36¢¢/ + 156¢/2)/2é 2n+(6C¢' £60¢//E 
+5/20+3/2 E+4y+((2+48¢¢/+- 36¢/2)/2& 2 +(6C¢/ £36¢/2)/E 
+3/20+41/2 E+2n-+(C2412¢¢/— 36¢/2)/2& Qn +(6CC/ + 12¢/)/é 
~— 60¢/2)/2E 


+1/2—1/2 ees 
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to a®; taking a=10°, the deviations are only 
10-° times the spacing. The part of € which 
is proportional to a gives a uniform shift 
of the seven lines. For a=10°, this shift is 


Ay=—9 3.6 
”~ 430 on 
where », is the frequency of the central line 
for a=0, given by (2.14). 


§4. The NMR of Co under Application of 
a Magnetic Field 


In this section we investigate the frequency 
change of the NMR of Co*® due to external 
magnetic field. 

The ground state of each Co ion is affected 
by the applied field and also by the molecu- 
lar field arising from the field-induced spin 
moments of the surrounding ions. To cal- 
culate the ground state wave function, we 
take the unperturbed Hamiltonian to be (2.2) 
with z replaced by 2’, and the perturbing 
Hamiltonian to be 


H'=BdH.- (9sS + 91) 


oe DY, [2 frzs(OKSh >>) + Aez2(OCSh ? 
MESa INT eke 

+EKSEPOISH? , (4.1) 
where we consider the ion on the + sublat- 
tice, and d<SSy, d<SE> represent the in- 
duced spin moments of the ions on the + 
and — sublattices, respectively; 2/iz, (= 
180cm-') and 2/,z. (=115cm"') are the con- 
stants of exchange interactions with the next- 
nearest neighbor spins and the nearest 


neighbor spins. The induced moments are 
determined self-consistently as follows!): 


(Sr =8¢SEY 
— 2B UsAn+N7n) 


ee) / 1p 
1+4 zat, Ele Dc acces 
(4.2) 
where 

IglSnla>? 
es aime 

Cal Sala><illalg> a 
De 5 (4.3) 


and gy and 7 represent the ground state, (2.2), 
and excited states (see Appendix); 9;=2.161, 
gi=—1.415, and 2Jz=2)i2z,+2),2.. The nu- 
merical values of a and 7» calculated by 
Tachiki are 
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az, =0.063,3 
Ay =ay =0.002,26 SS = 


pg ==0.06333 
—0.001,22 . 
Then, Eq. (4.1) can be written 

H! = 89 Hele + Ale + Hy'ly’) 


+ Bo sHe Se+9s Ha Se +93 HySy) , (4.4)| 


i i Ale rag gee 
g; == 1 ee 061 . (4.5) 


As the result of the perturbation, the ground 
state wave function takes the form 


bo= bot BHe (Ridsy2,—1 +R 1/2,0 +RsP-1/2.1) 
+ PHS Riisjz 0 ERP yee Re en 
+Rib—1/2,0+Rsb—s/2.1) 
—i BH y(Ridsye.0 +5 1/2,1 Ro 1/2,-1 
sth: aa heae pate 
+ (BHe (Ri Psj2,-1+ he Pr/2.0 
Bee seg De. (4.6) 
The effective Hamiltonian for the nucleus 
consists of the average of the interaction (2.1) 
with respect to (4.6) and the direct interac- 
tion between the nuclear spin and the ex- 
ternal field, —y6wA-I: 
Hy =[£)+&nbHe +E BAe) We 
+[n0+9n8He +x BH) Uz 
+ 31 Cu BHe le + 34 en BHa Te Tor 
+Iely)—rvBwH-I. 
Here & and y» are given by (2.6) and 


(4.7) 
E278 Bu 7 2k thea the) 
/ (Ri.atka.a+kr.n) 


nes”: 
eek ae Cae >2he, z 


n= 
a oe = he. 


ieee Series 


shia ee eK > ho. 


The constants ki, x, ka,z, kv,2, ko, are propor- 
tional to the averages of H; Ha, Hr, He with 
respect to #, and are evaluated to be 


(4.8) 
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Ri, w=4.68x 10° (A/em™), Ri,w=—5.62 x10 (em="), i’ w= —1.72 x 10-* (1/em-*) 


Rat Oot lOmane ? 
ko,a=—1.66x10-> 7 
kr,w=1.06X lO UA 


Table II. 


, Ra.w=0.193x10-2 7 
, ko,z=0.919x10-% x 
’ ke, w= 2.55 x 10-3 u 


893 
, ka,=—0.230x105 7 
, ko.2=0.188 x 10-2 r 
, kr.a=—0.498x10-° +. (4,9) 


The nuclear magnetic resonance frequencies of Co®! 


by application of a magnetic field. 


4 moem—1 frequencies 
+7/2045/2 §atOya+[{Cu— 7(Bw/8)}2+36{ Ca —7(Pw/B)} ey +1567, 62H 2/2 
+5/2643/2 fat4ynut+llCa—7(bw/8)P+24{ Ca —-7(Bw/B)}ex+ 36x2,]62?H 12/2 
+3/2 +1/2 fxt2nut+([{Ca—7(Bw/B)}?+12{ Ca —7(Bw/B)}ea— 36%7,)62H 2/2 
SP Ex +[{¢a—7(Bw/8)} — 600%,]62H 12/2 


Eg=to+ {8 —7(Bw/B)}GH +8 yA} 
Qu=N0+{7 7 —1(bw/8)}8 Hi +7767} 
H\; and H, represent the parallel and perpendicular components to the spin direction, z’, of the 


external magnetic field. 


In the above calculation, the Fermi-type 
| hyperfine interaction, Hr, was simply as- 
}sumed to be AS-J with the empirical value 
|, of A quoted in §2, and S was averaged re- 
spect to ¢. 

| The energy levels and frequencies of the 
| seven resonance lines calculated from (4.7) 
are shown in Table II. These resonance lines 
shift by the external field. The frequency 
shift of the central line is given by 


boy =(Eu—1 =) BH cos +n BH’ cos® ¢ 


1 Bw 2 2 Pay 3 eee 
saa r a 60en [6 He sin’), 
(4.10) 


where @ represents the angle between the 

spin direction and the external magnetic field. 
When ¢=0, this is 

Avy ||\)=—1BwH+EnBH+EneH’ . (4.11) 


~The first term, —78wH, represents the shift 
_ due to the direct action of the external field, 
-and the second and third terms are due to 
the induced orbital and the spin moments of 
the Co’+ ion. For H=10,0000e, they are 
—10.13Mc, +0.038,2Mc, and —0.003,4Mc, re- 
spectively, so that the latter two are very 


small. When ¢=7/2, the shift is 
2 
Ava L)=5e| (Ca 1°F) ~ 600 | (4.12) 


which is —0.065,5Mc for H=10,0000e. Ob- 
viously, the shift occurs in the opposite direc- 


tions for the two antiferromagnetic sublat- 
tices: 

If the line width is narrow compared with 
4dyv_z, we should be able to observe the fre- 
quency shift depending on the direction of 


90° 


=COMmEESO 
(101 


O 
LOO! 
—— direction of the applied field 


-90 
C110) 


Fig. 1. The frequency shift curves for H=10,000 
oe for four different domains having spin axes 


close to [001]. The field is rotated in the (110) 


plane. 
Curve (1) for the domain whose spin axis is 


between [001] and [111], curve (3) for the domain 
whose spin axis [001] and [111], curve (2) for 
the domain whose spin axis is between [001] 


and [111] or [111]. 
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applied field and thus in principle able to 
determine the spin direction relative to the 
tetragonal axis. However, if there are twin 
structures, many resonance lines will appear, 
which will complicate the analysis of the ex- 
perimental results. The usual crystal may 
have twelve kinds of crystallographic domain, 
with trigonal axis along [111], [111], [111] and 
[111] and tetragonal axis along [100], [010] and 
[001]. In each domain, the direction of the 
spin axes is unique, but it differs for dif- 
ferent domains. In Fig. 1., we show the 
frequency shift curves for four different do- 
mains having spin axes close to [001] when 
the field (=10,0000e) is applied in the (110) 
plane. These three curves are well separat- 
ed compared with the theoretical line width~ 
0.115Mc, which will be calculated in the next 
section. When the field is in the neighbor- 
hood of [001], the spin axes of the other 
eight domains are almost perpendicular to 
the applied field and so the shifts of the re- 
sonance line arising from them will be very 
small. 


§5. Line Width 


One of the origins of the line width is the 
spin-lattice relaxation time 7,. However, T, 
increases indefinitely with decreasing tem- 
perature, as was shown by Moriya!” and van 
Kranendonk and Bloom.'» For MnF, Shulman 
and Jaccarino’ found a T, of about 20sec 
at 4.2°K. We may therefore neglect the ef- 
fect of T, for CoO at low enough tempera- 
tures. 

The dominant origin of the line width can 
be the indirect coupling among nuclear spins 


ground state: 


excited state: 


If 7 and j are next-nearest neighbors, a part 
of the exchange interaction between them 
has already been taken into account by the 
molecular field to determine (5.1), so that we 
shall take 


His=2J,Si+ S3—<S5Siz—< SiS 52) (5.2) 
as perturbation. If 7 and j are next nearest 
neighbors, the exchange interaction between 
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as was shown by Nakamura” and Suhl” and 
in the case of MnF;. 
used the spin wave theory and assumed the 


In their theories they | 


two-sublattice model of + and — spins in> 
which the nearest neighbors of a spin of one 


sublattice belong to other sublattice and the > 


exchange interaction acts only between nearest 
neighbors. 
in applying to CoO. 


These points have to be modified — 


The spin arrangement of CoO is rhombo- | 


hedral and the rhombohedral unit cell con- 
tains a + spin and a — spin. 
lattice model is therefore applicable, but as 
shown by Kanamori,* the exchange interaction 
of one spin with the next-nearest neighbors 


The two-sub- © 


(2J,z,=180cm-') is comparable to that with | 


the nearest neighbors (2/,z,=115cm™'). Fur- 
thermore, the Coion has a residual orbita! 
angular momentum and this produces a very 
large anisotropy energy. These facts (par- 
ticularly the latter points) make it very dif- 
ficult to formulate the spin wave theory in 
an unambiguous way. 

Therefore, we shall here use the molecu- 
lar field approximation to calculate the line 
width. The polarization of the electron spin 
system in CoO due to a nuclear spin through 
hyperfine interaction may be localized in 
a small region around that nucleus since the 
anisotropy energy of each electron spin is 
comparable to the exchange energy. So we 
may expect that the molecular field approxi- 
mation is a good approximation. 


Consider an ion pair of and 7. The wave 


functions and energy eigenvalues of the > 


ground and excited states of each ion in the 
molecular field approximation are given by 
(2.3) and Appendix. For the pair of 7 and j 


we have 
’ Euv=2Ey 
Emu=Em+ Ex 
(m#k, m, k=0, 1, 2,--+DY) Oy 
them : nd 
Hij=2),8:-S; (5.3) 
should fully be taken as perturbation. As 


the total perturbing Hamiltonian, we take 
the sum of the hyperfine Hamiltonians of the 
7 and j ions and Hi;: 


A’ =Hi+ Wij+ Hj : (5.4) 
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The effective Hamiltonian of the indirect coupling between the nuclear spins of 7 and j 


! can be 


obtained by the third order perturbation. We obtain 


(4,5) m,k 


Hot Ses) Sy] SOME oA) LOD) NODAL IED IHL IO D> 


Cian = Foy) Exo — Ew) 


, OMI Hilm(t)><O DAs RCI) mM@R(J)| His|O@0j)>+c.¢. 
(Emo —Eoo)(Emu— Evo) 


4 <O(2)| Hi lma(e)><0( 9) A510 7)><mG)0( 7) Ai 10@)0(7)>+c.c. ] 
(Emo — Eo)? 


BSE eS | 


2 ay ne 2 (Eemo — Foo)? 


[<O(2)| Hi 10@)><O@)0(C 7) | Fi 02a 7)><m( J) | 10 7)> 


+<0@)|Hi|0@)><OCJ) Aa lm( 7) ><O@)m( J) Ai 510@)0(7)>] . 


iy Here O(2) and m(z) represent the ground and 
‘| excited states of the i-th ion and >} indicates 


‘| that the summation should be nken with 7 
d and 7 interchanged. After a calculation and 
neglecting the third and fourth order terms 
i of J; and J; which are small, this effective 


' Hamiltonian can be written in the form 


Hii! =a sled jot Bile I; (5.6) 


The second moment is given, using Van 
Vleck’s formula,’ by 


(ide)?).0e= SITY) Seal (5.7) 


Taking >) only over nearest neighbors and 
j 

next-nearest neighbors, this becomes 

(ide) Yo0= SIT 1) 12a n+ Gels nn) (6.8) 


where 
Qntnt= 32502 10a Je 


x (2 rBBx >) (1/em~™) 


(5.5) 


Coe le ou menx I 


x (2788x 7») (I/em-*) (5.9) 


which are evaluated to be 
Qn.n.=—2.390€, Annn.—=—9.100e 6.10) 
Therefore, 
V (#40) yav=57.6 0€ (5.11) 
If a Gaussian shape is assumed for the ab- 
sorption curve, the corresponding separation 
between the points of maximum slopes is 
57.6 2=115.20e or 0.115Mc. This is small 
compared with the quadrupolar splitting, 
6Mc (see (2.15)), and the line shift due to 
the applied field, 4yx (=10Mc, for 10,000 oe). 


The writer would like to express her sincere 
thanks to Professor T. Nagamiya for en- 
couragement and kind discussion. She is also 
indebted to Professor K. Yosida for valuable 
discussion and to Dr. M. Tachiki for commu- 
nication of numerical results prior to publi- 
cation. 


Appendix 


The Wave Functions and the Corresponding Energies of the Excited States of the 
Hamiltonian (2.2). 


OF =0.837¢4/2 -1—0.507p-1/2 9 +0.204~_3/5 sit 
Ys =0.467¢ 12,4 +0.468x_, /2 0 —0.750¢-2/2 7 
b,=0.285¢; /2 ; 1 +0.723¢-4/2,0 +0.629¢-s/2, 1 


$4=0.8175/2,0 —0.5779 1/21 
Ws =0.577 3/2, +0.817P1/2.1 


(5 =0.365)s/5 1 +0.543¢1/2 9 —0.756p-1/2,1 
Wy =0.2033/2,-1+0.746¢ 1/2 0 t0.634~-1/2,1 


AE, =402 cm“ 
4E,=981 
4E,=1535 
AB, =434 
4E;=1096 
Aki = 390 
Alig= 1229 


ds to #1; are unimportant in the present calculations. 
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A system of rod-like polyelectrolytes in a salt-free solvent is treated 
systematically. The force between two rods arranged parallel in their 
free volume is obtained, as a function of their charge density and the 
distance between them, by using the exact solution of the Poisson-Boltz- 
mann equation for this system and the general expression of force by 
Bell and Levine. Numerical examples are given under various conditions 
of charge and distance. At high charge, the force between charged rods 
is greatly depressed by counter ions around the rods even at the short 
mutual distance. Owing to the neutrality condition a force which we 
call the neutrality force appears between rods. This force makes stable 
the equidistant arrangement of many rods in the solution. Simpler models; 

plate, one rod, and pipe; are also treated and a general theory on the 
force in cylindrical coordinate systems is developed. As a result, the 
effect of counter ions on the force between charged particles is clearly 
understood. 


Sile 


In dilute solutions of rod-like particles such 


Introduction 15~20, the critical concentration becomes 


about 20% or more, which is considerably 


as tobacco occurs mosaic virus a phase sepa- 
ration occurs at very low ionic strength. An 
ordered phase where the particles are arranged 
parallel appears at concentration higher than 
a critical value. Several authors») con- 
cluded theoretically that this phase separation 
is mainly due to the excluded volume effect 
of very assymetric particles. According to 
these theories, however, for the solution of 
tobacco mosaic virus molecules of axial ratio 


higher than the experimental value (Ca. 2%). 
This discrepancy is due to the neglec- 
tion of the electrostatic interaction between 
the particles. Actually, the phase separation 
of tobacco mosaic virus is easily destroyed 
by addition of a small amount of salts” 
(10-*~10-° N). 

It is necessary, therefore, to estimate 
theoretically the magnitude of this electro- 
static interaction. The simple application of 


1960) 


the electric double layer theory brings the 
result of increasing the apparent thickness of 
rods and consequently can not explain the 
very low critical concentration observed in 
experiments. As another theoretical approach, 
the cylindrical free volume model per rod was 
applied to a solution of rod-like particles ar- 
ranged parallel, and concluded the possibility 
of phase separation. This theory,» however, 
seems to make some mistakes in the calcu- 
lation of free energy. For examining the 
validity of the free volume model per rod, 
it is desirable to analyse the interaction be- 
tween two rods. 

In this paper, we derive the force between 
two rods arranged parallel in their free 
volume by basing upon on exact solution 
of the Poisson-Boltzmann equation for this 
system.® The force is given as a function 
of the distance between rods and the charge 
density of rods, and the magnitude of the 
force is numerically calculated. The main 
results are (i) the great supression of the 
repulsive force between rods by counter ions 
distributed around the rods, and (ii) the ap- 
pearance of the neutrality force which makes 
stable the equidistant arrangement of many 
rods in solution. 

In addition to the system of two parallel 
rods, we examine the force in some simpler 
models, i.e., plate model and pipe model. 
Further, we give a general treatment of the 
force in various two-dimensional systems. 
(one rod, pipe, and two rods). By these 
discussions, we can understand the important 
effect of counter ions on the force between 
charged colloidal particles. Although we can 
not yet deal with a solution of rod-like 
particles in an arbitrary non-parallel arrange- 
ment, the present results show the remark- 
able character of the electrostatic interaction 
between charged rods and the stability of 
the equidistant arrangement of these rods. 


§2. Force on Charged Colloidal Particle 


The force between charged colloidal par- 
ticles can generally be obtained by differenti- 
ating the free energy of the system which 
is derived from the solution of the Poisson- 
Boltzmann equation by integration.” This 
derivation, however, becomes more and more 
difficult when the system becomes complicat- 
ed, and for our system of two rod-like 
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polyelectrolytes the analytical integration 
seems to be impossible. In this paper, 
therefore, the force is obtained from the 
electric field by the method of Bell and 
Levine» without calculating the free energy 
of the system. These authors derived the 
following general expression of the force 
exerting on a particle in dispersion medium 
of electrolytes. In our problem we assume, 
simplicity, that the particle is rigid and 
the dielectric constant D is constant every 
where. When a particle @ is by 6a, the 
expression for the free energy variation 
is written as 


OF= =| Xoads (Zaks) 
SB 
where 
—X={T—-T'—-(TI-I1) 0} : ns (Ze) 
T=(D/8x)[(2EE—E?U] . (C233) 


Here, superfix z denotes the particle interior, 
and ms is a unit normal vector of surface 
element ds drawn outwards from the dis- 
persion medium, # the electric field vector, 
T the electrostatic stress tensor, U the second- 
order unit tensor. The terms II indicates 
osmotic pressure by ions, which is approxi- 
mately written as 


I=kT > Ci (2.4) 
= 
where C; is the number density (number/c.c.) 
of ions of type z @=1, 2, ---, m). 

In some simple models, these expressions 
may be interpreted in the following way. 
As shown in Fig. 1, let a solution of one 


Fig. 1. Simple model interpretations. 


species of counter ion be devided into two 
cells, I, II, by a positively charged membrane 
fixed at x=a. Then, in equilibrium a pres- 
sure difference P appears at the membrane. 
Denoting the counter ion and the molecule 
of the medium by suffices 7 and h, the 
equilibrium conditions can be expressed by 
chemical potentials 4 as follows: 
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=e Et tee! In (1— Oca) + PcxyVa . 


(2.5) 
(2.6) 


=const. 
Mic2y=RT In o(x)—ed ce) + Pceyvi=Const. 


where Y2), Ecz), 0c), —@, Pcz), Va and vi stand 
for potential, electric field, counter ion mole 
fraction, counter ion charge, pressure, partial 
molal volume of molecule and ion respectively. 

In usual systems, the order estimation of 
values of various quantities gives p~10°, 
o~10-, va~vi~l0-**, and RT~ed~10-, and 
therefore the last term of (2.6) is negligible. 
Then, the equilibrium condition of the whole 
system can be described as 


Dye 
eee Oca) + Pc«yVn=const. (2a) 
kT In 02) —e%2)=Cconst. (2.8) 
Ae = sex (2.9) 
P=pyx)— pce) (2.10) 


where (2.9) is the Poisson equation, (2.10) 
pressure difference, and c¢cz) the number 
density of the counter ion. 

The procedure of solving these equations 
is this: first, the Poisson-Boltzmann equation 
is obtained from (2.8) and (2.9) as 

Ap=rreteo(kr (2.11) 
where constant « is the Debye-Hiickel para- 
meter determined by the normalization con- 
dition. When this Poisson-Boltzmann equation 
is exactly solved, by inserting the result to 
(2.7), we can easily derive the pressure fz). 


Combining with (2.10), the pressure difference 
P is obtained as 


P=|hTCy—2_E} | | 
82 ee it 


(RECs omen 


19) 
Sr ot 
(2.12) 
For an infinitely thin membrane, the potential 
is continuous at x=a, and Ciqay=Cicay. Then, 
we have 
{Figg —Eha) : 
When the electric field at the surface of 
the particle is perpendicular to the surface, 
(2.1) is reduced to (2.12) or (2.13), and there- 
fore the above simple thermodynamic inter- 
pretation is applicable. In general, however, 
nondiagonal components of the strees tensor 
T do not vanish, and the force must be 
calculated from (2.1). 


P= (2.13) 
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§3. Simple Models 


To understand intuitively the effect of the | 
counter ions on the force between poly- | 


electrolytes, we consider some simple models, 
namely parallel plates and coaxial pipes. 


(1) Parallel plate model 


Let two infinitely wide and thin plates | 


bearing Ne positive charges per unit area be 
arranged parallel in their neutrality zone 
(0<rsl) as shown in Fig. 2. 


Neutrality zone 


S) | 2 
G 
i acai bnohyg 
id ear 
ea i OC 
+ 


Fig. 2. Parallel plate model. 


remembered that in the salt-free systems, 
it is necessary to set a certain neutrality 
zone. The zeropoint of the electric potential 
is chosen at the circumference of the neutrali- 
ty zone through-out our calculation. 

Here, we consider the right half of the 
system. Let numbers of counter ions inside 
and outside the plate be G and M. Clearly 


N=G+M (3.1) 


and the Poisson-Boltzmann equation for this 
system becomes 


Des $ 
dr? mak (3.2) 
where 
_ ep 
o= RT (3.3) 
sagen $ “| 
See srr | dv\ . (3.4) 


This equation is solved under the boundary 
conditions 


bey =0 


eth cberel iors! 


(3.5) 
(3.6) 


and 


It must be — 
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1960) 


ee See 

Wilma DEF 3.7) 
i) ~ _taMe 2» 

dt Jean. DET ig 


where ¢’ and ¢° mean the potentials inside 
and outside. The result becomes 


(= — 2Incos yr+2 In y— In E ’ 
(O0<rsSa) (3.8) 
$¢,)= —2 In cos 6(/—7) , (asrsl) 
00, (3.9) 


The parameters 6 and y are determined by 
the following transcendental equations 
é tan d(/—a)=m 
y tan ya=9 
2nNe* 
m+ = 
a LT 


From (2.13), (3.3) and (3.7), the pressure be- 
comes 


(3.10) 


27e" 

i D 

This equation shows that the force originates 

in the difference between the numbers of 

counter ions in both sides. The point a 

where the force vanishes (free energy mini- 
mum) becomes 


N(M—G) . (3.11) 


QH=1/2 G12) 
independently of the net charge of the plate. 
This means that the equidistant arrangement 
of plates is most stable. The pressure is also 
expressed as 

P=RT{Co—Co} . (3.18) 

This result can be derived from the free 
energy variation by the displacement of the 
two circumferences where E=0 (r=0, /) in- 
stead of moving the plates. 
(2) Pipe model 

Here let us consider an uniformely charged 
pipe (Fig. 3). 

The pipe is infinitely long and thin and 


neutrality zone 


Fig. 3. Pipe model. 
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bears charge 2Ne per unit length. Putting 


Nato Lala, (3.14) 
the Poisson-Boltzmann equation becomes 
ape nde Set. 
SE oe ee ae pCa) 
dx? a ae (ahs yt 
2__ 872Ne? pean 
ut — SNe fe dv (3.15) 


This equation is solved under conditions 
similar to (3.5), (3.6) and (3.7), namely 


$2,,=0 (3.16) 
d 4 
(48), (etl) 20 aan 
db 4Ge?_ 
(* ie =tpp= tte 
(3.18) 
Ce WELL anlage 
dx DkT 
The results are 
$(2)= —2 In sinh [In «—coth™(1+-2)] 
—2In=—In = <x<1) 
‘peal ; a RONEE Oa Se 
(2) = —2 In sinh [an Lt In a 
21n = + In 6?—In , (l<x<L) 
122? =2(1—6?) 
(3.19) 


where 6 is determined by the transcendental 
equation 
6 In L=coth7'(H/6)—coth7!(1/d} (3.20) 
H=1-—22. 
When 2N is small, 0 is real, but with in- 
creasing 2N, 6 changes into imaginary, i.e. 


60-70 . (3.21) 
The pressure exerting on the pipe is 
D 
PS Sr ee Fiat 
mele 4e? N(M—G) =—( OF ) (3.22) 
2na Da O(xa")/ 1 


and it becomes zero at M=G. But in this case, 
the minimum point a@ where P=0 depends 
on the charge as 


Geel aes 


ee!) | (3.23) 
Gl (N-> co) a 
Equation (3.22) is transformed into 
-(#) eal (4y—-—8)} B24) 
Oa a 
ie PLETE = CaS (3.25) 
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where 


C=2N/x?? . (3.26) 


This means that the force is proportional to 
the difference between the mean density and 
the density at the circumference. 

The present results for the pipe model can 
readily be applied to the one-rod model by 
putting G equal to zero. These expressions 
will be compared with the result in the two 
rod-like polyelectrolytes in the following 
sections. 


$4. Interaction between Two Rods 


The problem of a single rod-like poly- 
electrolyte system was exactly treated by 
Fuoss, Lifson, and Katchalsky™; Alfrey, Berg 
and Morawetz'!; and by Imai and Oosawa’. 
The problem of the interaction between two 
rods, however, has not yet been solved, because 
in this system the Poisson-Boltzmann equa- 
tion becomes a non-linear partial differential 
equation. Fortunately, we have succeeded in 
solving this equation for the system of two 
parallel rods bearing uniform surface charge 
Ne per unit length,® and therefore, we can 
derive the force between these parallel rods. 
Derivation and analysis of the solution of the 
Poisson-Boltzmann equation will be presented 
in details by one of the authors (N.I.) in the 
other paper’. Here we write down only the 
final solution briefly. 


neutrality zone 


Fig. 4. Two rods. 


As shown in Fig. 4, two infinitely long 
rods (radius b) are arranged parallel at distance 
2a in their free volume of radius 7. When 
we put 


(Gv g=Loe and, Digs 8 (4.1) 


the Poisson-Boltzmann equation of the system 

is written as 
Oo 1 O¢ 
OR Ke 0% 


ane Od? 
1007 


= Kr qQ?er 2,0) 


(4.2) 
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and the boundary conditions as 
(surface charge density on each rod)=const. 
(4.3) 


$(L, 0)=0, § (x52) _do=0 ema 


The solution is written as 
—2 In [Bort kt — Foci ee FP 


= [1—?7|s1 (4.5) 
tz? In [Dort?-°2 Fy Ft — Cot? ?2 FF] , 
Bhs ale (4.6) 
where 
c=(1—1(1—#*), t=x%e, Pe=x%e , (4.7) 


Here, F,,2,3,4 signify hypergeometric func- 
tions 


F,=F(a, B, a+ 8+4, 1-4) 

F,=F(4—a, 4—8, 3—a—8, 1-1) 

F,=F(8, 4—a, B—a+1, 1/1—D) | 

F,=F(a, 4—8, a—8+1, 1/1—)d) 
and 


a=1/4—e¢/2—6/4 ) 
B=1/4—e/2+0/4.  f 
F* is obtained by changing ¢ in F into ?*. 
If L>1, the boundary condition (4.4) may 
be written as 


SiD=O2 (272) Gh 
Y x=L 


In this case 6 and e are determined by the 
following transcendental equations 


1+8 po5_ a—B'G—a)'(1—a (4+ BIB) 


(4.9) 


(4.10) 


1-0" *(8B—a)I(E—BT A-BAT E+ayr(a@) 
(4.11) 
1—v=ecoth {4In(4,/F,)—eIn2B} — (4.12) 
where 
_ Ne t Se. rae 
Y DeRosa’ ai, ae Ge) 
dae iets . (4.14) 


yee 
Constant v gives the charge density along 
the rod and y=1 corresponds to one electronic 
charge per 7A of rod in water at room 
temperature. According to our numerical 
calculations, (4.10) is approximately satisfied 
even for L=2 (see §5). 

Constants C,, D, are determined by (4.10), 
and FE, by analytical continuation by which 
the potentials (4.5) and (4.6) are exactly 
connected. If the charge is small, 6 and e¢ 
are both real. But with increasing charge, 


1960) 


first 0 alone changes into imaginary, and 
finally, both become imaginary. It must be 
noted here that the solution of the Poisson- 
Boltzmann equation of this system is the 
function of the ratios x, L and B. 

When the radius of the rods becomes in- 
finitely thin, the transcendental equation 
(4.12) becomes 


e=l—py (B-0) (4.15) 
and the result is reduced to the case described 
in the previous paper”. In this case, there 
is no solution for »y>1. This fact shows the 
counter ion condensation around rod-like poly- 
electrolytes and excess charges y—1 are com- 
pensated by counter ions on the rods. 

For simplicity, we assume thin rods for 
which 


BKl (4.16) 


and obtain the free energy variation 6, for 


the displacement of a rod. Let (g, w) be the 
polar coordinate from the center of the rod, 
then the osmotic term in (2.1) becomes 


OF \cosm) =S— fu Ue nsdads 


= r\c cos wdsda 
im | -O(B*)ba . 
UN. 


The term from the electric field inside the 
particle becomes O(B’). Therefore, these 
terms can be neglected when B-0. Then, 
transforming (2.1), we have for the free energy 


change 
alee Og Eoads— | B'ndads 
8x rt Ons Sy} 


(4.17) 


OF er) = 


(4.18) 


where 0/0ns denotes differentiation along the 
normal to s outward from the dispersion 
medium, s, integration around the particle, 
and E=—p#. For very thin rods, ¢ remains 
real untill » becomes almost unity. In.such 
a case, we can expand the hypergeometric 
functions in the potential (4.5) and neglect 
the higher order terms of B except the order 


of B®. Then we obtain 
Pen _D (AL) aa e*) — (1-8) +O(B*)}. 
0a Di @ 


(4.19) 


To compare with the pipe model, another 
rod is also displaced by da, and in the limit 
of 6-0, the result becomes 
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Caer 
Oa Oa 
=2 (FE) 09 a) 9y), Wal) 
(4.20) 
kT rl x. 4 o( Ne}? 
= A {C—Ciiy} a5 AD (4.21) 
where 
NA 
C= ae (4.22) 
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”) 
Fig. 5. Numerical results of ( -« zr | for a/l. 


a) 
Fig. 6. Numerical results of (-«2) for y. 


By these equations we can calculate the force 
at various values of charge and distance. 
Numerical results are shown in Figs. 5, and 
6, where a dimensionless quantity f is defined 


by 
F= Dieea): ae 
e 
First we see the relation between the force 
and the distance in Fig. 5. Independently of 
the charge, the zero point of the force or 


the minimum point of the free energy is 
found at 


(4.23) 
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Qala (4.24) 
At this point the densities of counter ions 
at r=0 and v=/ are almost the same, as 
shown in Fig. 7. This result indicates that 
the equidistant arrangement of rods in the 
solution is most stable. The stability of this 


arrangement can be estimated by the average 
fluctuation of distance defined by 


<(a—a)*/ao"> 


Te =0.5 


Fig. 7. Counter ion distributions around two 
rod-like infinitely thin polyelectrolytes for 
yv=1/2. Solid curves for g2=0 and broken curves 


for ¢@=n/2. 


This quantity is determined from the free 
energy required for the small displacement 
of rods from the equilibrium position qd. 
When only the linear fluctuation of distance 
along the line connecting two rods is allow- 
able, we obtain 


((a—a)/a")>= |) 


Considering rod-like particles of length h, F 
in this equation is given by .Y =Fh= 
A D(kT) ef. It is easily shown from (4.20) 
and (4.25) that 


(4.25) 


any 


(Gh) a, = a > (4.26) 
where 
nd sip. Oley 
tee 0a (2 Oa ) ey 


It is notable that this A, and therefore the 
average fluctuation percentage, is a function 
of charge v and h, and independent of a or 
the concentration of rods. The numerical 
value of A is readily obtained from curves 
in Fig. 6. For example, when yv=1, A&1.5; 
and when v=0.2, A=0.2. If we consider rod 
molecules of h=2x10->cm we have 


((a— a)? a0") = re for.y=1 


0102 Story —02 eee) 
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As a matter of course, we can find that the 
fluctuation is decreased with increase in the 
charge density and also decreased with in- 
crease in the size or the total charge number 
of rods. 

The corresponding case of pure Coulomb 
interaction is given by the fluctuation of a 
charged rod sandwitched between two parallel 
rods in a solution containing no counter ions. 
The averave fluctuation of the middle rod 
along the line connecting two fixed rods is 
expressed by a formula similar to (4.26) with 
A equal to 4y?. Therefore, for example, 


when v=1, the fluctuation of rods with 
counter ions is about twice as large as 
that of rod without counter ions. However, 


as compared with the case of no charge 
where <(a@—@)*/a@">=1/3, the electric interac- 
tion between rods with counter ions has still 
a considerably large effect of stabilizing the 
equidistant arrangement. 

Now attention must be paid to the relation 
between the force and the charge density. 
Although the force is strengthened with in- 
crease of the charge density, the situation is 
remarkably modified by the condensation of 
counter ions in the vicinity of rods. The 
ordinate of Fig. 6 may be regarded as a quanti- 
ty proportional to the square root of the ap- 
parent charge of rods; which is decreased 
with increasing distance between rods on ac- 
count of screening of the charge on rods by 
counter ions arround them. 

For an infinitely thin rod, it was shown” 
that the counter ion condensation phenomenon 
always begins to occur at charge v=1, and 
when charge »v exceeds unity, the further 
increase of charge does not bring about the 
increase of electric potential because the 
excess counter ions are condensed on the 
surface of rod. Therefore, in the system of 
two rods it is interesting to see what will 
happen if the two infinitely thin rods, each 
of which has charge »>1/2 come to contact 
and unit into one rod. From (4.11) it follows 
that when L tends to infinity, 


d=1-2) , W22ve. 
0 l>v21/2. st 
In such cases (4.20) can be written as 
of ay? 1/22v=0) 
— C—_= ae a 
Oa sas 9 12ve1/2) ° ie 


It is instructive to compare this result with 


e 


1960) 


the pure Coulomb repulsion between two 


:| infinitely thin rods with no counter ions. 


' 


} 
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This pure Coulomb repulsion is propor- 
tional to the square of charge 2v? as given 
by the broken curve in Fig. 6. For charge 
vy smaller than 1/2, the force between two 
rods closely approaching in the solution of 
counter ions coincides with the Coulomb re- 
pulsion; which means that in the limit of 
L-co no counter ions are fixed to the rods. 
For charge v larger than 1/2, however, even 
in the limit of Loo, the force between rods 
is considerably smaller than the Coulomb 
repulsion. Two rods come into contact, with 
some of the counter ions in their extreme 
vicinity. At v=1, the force between two 
rods with counter ions becomes just half of 
the Coulomb repulsion, and corresponds to 
the swelling force of single infinitely thin 
rod bearing charge v=1. On melting of two 
thin rods of charge v=1 into one rod (of 
charge v=2), the situation in the vicinity of 
the rods seems to be similar to infinitely 
thinning of single rod of charge v=1. 


§5. General Treatment of Cylindrical Co- 
ordinate Systems 

In a system of two rods let us divide the 

the total free energy into two parts, namely, 

FH=F.4+ Fin on) 

where F, is the electric free energy and Fin 


is the standard free energy of the non charged 
system which is given by the ideal mixing 


entropy of counter ions with the solvent, i.e., 


Ey=—2NkT In {x(?—25")} . (G2) 
As shown in the previous section, the electric 
potential is a function of ratios //a and DO/a, 
and consequently, we can find that the electric 
free energy is also a function of these ratios. 
Thus we write 

In =) ; 
a 


F.=F(In~ 

a 
Therefore we can relate the derivative 
(0F/Oa)1,» which gives the force between two 
rods to the derivatives (OF/01)1,, and (0F/0b)i,a 


in the following way. 
OF OF. ze OF. ) Sha) 
eae \ = a 0 In (1/a) a 0b 
(5.4) 


(rx Bin a 


(3) 


._2NI 
) POR 
(5.5) 
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Now, the swelling force of the neutrality 
zone (OF/OV) ,» is given by the osmotic pres- 
sure of counter ions at the circumference 


because there the electric field is negligible. 
That is to say, 


Or 
ai —=khVCa (5.6) 
or 
ORS WORT 
ae Cw. (6.7) 


Combining (5.7) with (5.4) and (5.5), it follows 
that 


OF 2RTV OF 
C=C tees 
(a — { Ghote ae 
where 
Ger 
ae (5.9) 


The second term of (5.8) can be calculated 
by the general expression of Bell and Levine 
(2.1), and when b/a<1, it is written as 


(5.10) 


where E; is the self energy of two rods, 
namely 


OE: __ (Ne) 
Lipo ale 


Thus we obtain the same result with (4.21). 
If the total free energy is differentiated by a, 
under the condition that the ratio b/a remains 
constant, the second term of (5.8) vanishes 
and the force between rods is given by the 
same expression as (3.25) of the pipe model. 

To problems of one rod or one pipe also, a 
similar treatment can be applied. In these 
cases the electric free energy is a function 
of the ratio //b alone, and we can arrive at 
the result 


Ry oR TV = 
{C—C, 
~(5F ale b Ooi 


where it is to be noted that the mean density 
C is always given by 


(5.11) 


(5.12) 


=(total charges on rod)/z/’ . 


Eq. (5.12) is the same as (3.25). The 
derivation of force (5.12) is applicable to a 
rigid rod as well as to a pipe; that is, the 
swelling force of a rod into which counter 
ions are not permeable is given by an ex- 
pression similar to that of a pipe. In a con- 
stant cylindrical volume of solvent, the 
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equilibrium radius of this rod is determined 
by the condition C=C, and it becomes smaller 
than the equilibrium radius of a pipe of the 
same density. 

Now, Eqs. (5.8) and (5.12) can be rearranged 
in the following way 


OF 2 , “i 5) OF 
ees = YEU WAC Catton | 
7 a (5.13) 
, / Ui 
O=2kTV'{C'— Cin} + ba, | 


where the prime refers to the one rod or pipe 
system. From this result some remarkable 
conclusions are obtained. 

When we consider rods of the same charge 
density, if 0 and b’ are both sufficiently small, 
we can put 


OF OF! 


= 5.14 
om 2b apr (9.14) 

If, moreover, we put 
Vi Vi2 VC; = 6.15) 


the expression of the force between two rods 
becomes 


a or ENC 
This means that the force between two rods 
is proportional to the difference between the 
counter ion concentration at the circum- 
ference of the free volume of two rods and 
that of the one rod system; where the free 
volume of the one rod system is chosen to 
be half of the two-rod system and the charge 
per rod is the same. The free energy mini- 
mum occurs at 


Cy=Cw - (5.17) 
It is readily expected that this condition is 
satisfied at a-=J/2, which was indeed con- 
firmed by numerical calculations. 
From (5.16), the average fiuctuation of 
distance of (4.25) can be rewritten as 


—o- 1 
fou Dn Voie ( | 
a / ay 


Cae (5.16) 


1 1 
= : 5.18 
24 au( AGI) See? 
0a ay 


where _{~=WNh is the total number of counter 
ions per rod. A relation comparable to this 
equation can be obtained from the usual one- 
rod model. In a solution of rod-like poly- 
electrolytes, if we employ the model of 
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cylindrical free volume V per rod, the con- | 
centration fluctuation or the free volume © 
fluctuation in this solution can be given by | 


ar ae FET) 
Kessel cit secre Sane 


OV? 
1 


+1 _eeOiCiO» 
Ly v( av ), 


considering that V is proportional to a’, this 
relation has a form equivalent to (5.18). 

For understanding the behavior of the force 
between two rods approaching closely, it is 
useful to transform (5.13) in the following 
way. 

When two rods, each of which has charge 
vy, approach closely, the concentration Cc) 
at the circumference of volume V can be 
approximated by C/,) at the circumference 
of free volume V’=V of one rod having 
charge 2v. Therefore, we have 


nue Of of! 

"Oa =0(55)= (arr) 
where the first term b(0f/0b) is given by —2v” 
when v<l and d/akl. The second term 


b'(0f'/0b’) which means the swelling force of 
one rod having charge 2y is given by 


(5.19) | 


(5.20) 


b' (Of '/0b')=4y—(1— 6°) (O20) 
where for very thin rod 
0=(1—2y) when 1/22v=0 
o=0 when v=1/2. | Seay 


From (5.20) and (5.22) we can derive (4.30). 
Thus when two rods come into contact, the 
force between them is given by the difference 
between the swelling force of a thin rod 
having charge 2» and that of two independent 
thin rods of charge v, as shown in Fig. 8. 
In developing the general theory of force 
in this section, the relation (5.6) played an 
important role. This relation is satisfied 
under the condition that the electric field 
vanishes at the circumference. For the 
system of two rods, the field is not always 
zero at the circumference. When counter 
ions are absent, the fluctuation of electric 
potential and electric field is estimated to be 


a max 


Ox o=G 


In our system with 


| bcz,6) |max~0.29 , ~2.66 (5.23), 


for v=1/2 and L=2. 
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counter ions, however, the fluctuation be- 
comes small Owing to the strong suppression 


of the potential by counter ions. For the 
above values of » and L we have 
trices 016,, Oe Be 20 co OA) 


Lo ¥ 


Fig. 8. Effects of counter-ion condensation on 
the swelling force of one rod and on the 
repulsion between two rods. , 

(1) For one rod with charge v=2. 

(2) For two rods with charge v=1. 

(Solid curves: with counter ions. Broken curves: 
without counter ions.) 


O.8 


In such a case, the error in the expression of 


force (4.21) or (5.8) caused by the approxi- 
mation (4.10) or (5.6) does not exceed 10 per- 
cent, because 
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on 


(5.25) 


In other words, the potential or the field 
around two rods rapidly becomes of circular 
symmetry and the settlement of the circular 
neutrality zone for the two rod system is 
reasonable as long as the rods do not ap- 
proach too closely to the outer circumference. 
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Formation of a Plasma by Low Energy Ion Injection 
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By Taro Dopo 


Hitachi Central Research Laboratory, Kokubunj1, Tokyo, Japan 
(Received January 6, 1960) 


A new method has been devised to produce a high temperature plasma 
by injecting an ion beam into a static magnetic mirror field. 

In this method, ions are injected along the axis of the D.C. magnetic 
field lines and are given energy through the oscillating electro-magnetic 
field of the cyclotron frequency. Therefore, the magnetic moments of 
ions are increased while it travels from one end of the mirror field to 
the other end. The injected ions are thus reflected at the opposite mirror 
end and some of them perform reciprocating motions between both ends. 
While an in-phase ion gets energy from the R.F. field, an out-of-phase 
ion is decelerated and escapes from the mirror ends. The probability of 
trapping an injected ion is about three-tenths to one-half, depending on 
the strength of the oscillating field. 

As the ion current becomes large, which is opposite phase to the ex- 
ternal R.F. current, the injected ions are no longer trapped. In our device, 


the ion density will be limited to about 10!2/cm?, 


§1. Introduction 


In producing a high temperature plasma, 
it is highly advantageous to adopt the method 
of injecting an ion beam from outside of the 
static magnetic field and confining ions within 
it, though this method is not so frequently 
adopted in actual experiments.”.*? Our ap- 
paratus is designed so that the ions injected 
from one end of the magnetic mirror along 
the magnetic axis may be trapped within the 
mirror field through gaining kinetic energy 
perpendicular to the axis from the external 
R. F. field. That is to say, the velocity of 
ions, which is initially inside the ‘‘loss cone®”’ 
of the magnetic mirror, gets out of the loss 
cone under the influence of the R. F. field, 


34 or 
WA 
loss Sas ae 


> Bo 


loss cone 
SS 


(a) a 
(b) 
Fig. 1. Schematic drawing of the injection and 
trapping of ions by cyclotron resonance. 

(a) 1:Static magnetic field lines. 2:R.F. coils. 
3:Ion source. 4:Orbit of an ion. 

(b) 1:Velocity vector of an injected ion. 2:Ve- 
locity component given by R.F. field. 
3:Resultant velocity vector of an ion after 
passing through R.F. field. 
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whose frequency is resonant with the ion 
gyration. 
Our device needs only a high intensity ion 


source, while in DCX” it is necessary to have | 


a special device to dissociate molecular ions 
efficiently in addition to a high intensity ac- 
celerator. 

If a uniform magnetic field is used, the ion 
energy continues to increase until the ions 
hit the walls of the container and are lost, 
so that the ion density will be insufficient to 
produce the ‘‘burn-out®”’ state. When a non- 
uniform magnetic field is used, an ion injected 
near the axis of magnetic field gains energy 
but a high energy ion, which passes through 
the region far from the axis, does not satisfy 
the resonance condition. The ion energy, 
therefore, will not exceed some value E,. 
The ion density will then get large and 
neutral atoms will be ‘‘burnt-out’’. 

In the beam injection method, the velocity 
distribution is like d-function rather than the 
Maxwell distribution. In the similar device 
using this method aiming at the D-D fusion 
reaction, the rate of fusion reaction <o;v) is 
greater for the 4é-function-like distribution 
than for the Maxwell distribution provided 
that the mean energy is greater than 100 keV. 
The cross section for ionization o; reaches the 
maximum near 200 keV. It is therefore desira- 
ble that the ion energy is more than 200 keV 


Sn nsinrnaie ious 
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so long as the thermonuclear fusion device 
using the beam injection method is concerned. 

Besides advantages common to the ion 
beam injection devices, our device has the 
advantage that fuel ions alone are supplied 
with energy and that the ion density of plasma 
is likely to be higher than the density of 
injected ions, because the ions produced by 


ionization also get energy. 


The apparent defect of our device, on the 
other hand, lies in that the ion current shows 
strong reaction to the external R. F. field. 
That is to say, when the ion density reaches 
10/cm*, the effect of shielding the external 
R. F. field becomes strong and the injected 
ions cease to be trapped any longer. This 
phenomenon will be discussed in Appendix II. 

After we had planned our device, we found 
that the apparatus ‘‘Albedo'”’’ is based on 
the same principle as ours. However, we 
were unable to find any detailed report on 
“Albedo’’ and the reason why this device 
had been abandoned. 


$2. Motion of an Ion in the R. F. Fieid 


In this section, the motion of an ion in the 
uniform magnetic field will be discussed. 

In the z-direction, there exist an uniform 
magnetic field and the axially symmetric R. 
F. field which is superimposed on the former. 
We shall analyse the motion of singie ion, 
moving with the constant velocity in the z- 
direction, since the collision between ions, 


_ whose density is small, is negligible. 


In the external field 


B=(0,0,B), B=B(1+esin at), 
A=(—y, x, 0)(B/2) ; (1) 
the equations of motion of an ion are 
E= Gs oasis (2) 
f=, 
woe=eB/mc=a(1+e sin of) (3) 


7 —rb?—wr0 =0 j \ 
(4) 


al 24 a oa\= 
< (16+ Four) 0. 

The gyration radius of the ion is supposed 
to be sufficiently small compared with the 
distance & between the central axis of the 
magnetic field and the guiding center of the 
ion orbit. Expanding € into a power series 
of «, we solve Eq. (2) by the perturbation 


method. 
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E=E, +E,(4+E&(t)+ sihens 
Es constant); 
&.: order of e? 


(5) 
&,: order of ec, 


see 
? 


The first order equation with regard to e is 


E+io€,=—ia£, cosot, a=eww/2. (6) 
The particular solution of this equation is 


tte -ilaéy/0)| exp Sy sd ora 


(75) 
In case of w= and ¢>1/o, the oscillating 
term can be neglected, and the above expres- 
sion becomes 


E,(e)=(a€ot/2) exp [—iwf] . (8)* 
Let J be the axial length of the R. F. field. 
Let the initial velocity of the ion perpendicular 
B, field be v and the velocity in z-direction 
be wz. When the phase difference between 
R. F. field and the gyratory motion of the 
ion at the entrance of the R. F. heating sec- 
tion is 8, the velocity v, of the ion when it 
reaches the other end of the mirror field can 
be represented as follows: 


v,=(a&,/2)(l/wz) exp[—iat] 
+v,exp|—ot|exp [zB] . (9) 
Andtheenergy of the ion after passing through 
the R. F. field is 
(m/2)| v1 |? =(n/2)[(aEo/2)° Uwe)” 
+ aE vo(l/wz) COS B+ 97] . (10) 
In this equation, the first term on the right 
hand side represents the energy gain E£, which 
an ion obtains on the average when it passes 
through the R. F. heating section. The con- 
dition under which the ion is reflected en the 
mirror field B, is 


we +| v1 ?—(Bi/Bo)| 01? S0. (11) 


* Jf we use a new variable 7, 
n=texp| (2)\ oede |, 
Eq. (2) becomes to Hill’s equation 
7+(we?/4)y=0 « 

From the first order solution of this equation by 
the standard method,!” we get ¢ as a linear combi- 
nation of 

1, [l—i exp (—wt)+(e/8) exp (twt)] exp (ewt/4) , 
and [1+7exp (~wwot)+(e/8) exp (iwt)] exp (ewt/4) . 
If we take the first order term of the power series 


expansion of exp (ewt/4), we get the same solution 
as expression (8). 
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The intensity « of the R. F. field needs to 
satisfy the following inequallity in order that 
the ion can be reflected from the mirror field 
B, even when the initial velocity and the R. 
F. field are in the most unfavorable phase 
relation (i.e. cos 8=—1 in equation (12)) 


w?<(M—1)[(a&,/2)U/wz)—v0}? , 
M=B;/Bo)=mirror ratio: OZ) 


§3. Experimental Aspects 


In this section we explain the outline of a 
preliminary experiment in progress to test 
the idea of trapping ions in the magnetic 
mirror field. 

(1) Apparatus 

The metal vessel (inner dia.: 20cm, length: 
600 cm) serves to shield the electromagnetic 
coupling between R. F. coils and coils for 
D. C. magnetic field. The vacuum chamber 
has an inner diameter of 10cm, a length of 
400 cm and is made of quartz glass. 

There is a uniform magnetic field with 
strength of 10* gauss over the length of 220 cm. 
The strength of magnetic mirrors on both 
sides of the uniform field is 2x10* gauss. 

Deuterium ions are produced through low 
voltage arc discharge. Ions are injected at 
400 eV. The lower the energy of injection, 
the more favorable in our apparatus. How- 
ever, the lower limit of energy at which ions 
may be extracted stably is about 400eV. The 
ion source of Caltron type is placed in the 
position of 2x10‘ gauss. The electron gun 
is placed at the mirror and opposite to the 
ion source. 

To satisfy the condition (12) and to trap 
injected ions in the magnetic bottle, the R. 
F. oscillator will need the power of about 
20 kW assuming the Q-value of the coil system 
to be 100. The necessary power of oscillator 
to trap ions in the mirror field will be pro- 
portional to the square of the injection energy. 

(2) Injection and escape of ions from mirror 

ends 

If power is supplied to the R. F. oscillator 
to such an extent that the inequality (12) may 
be satisfied, ions which have been injected 
from one end (X-end) of the mirror will all 
be reflected from the other end (Y-end). 

However, some of them reflected at Y-end 
may reenter the R. F. heating section out of 
phase and their magnetic moments decrease, 


then they escape from the X-end. If thep 
equality in the expression (12) is satisfied, 
one-third of injected ions are estimated to) 
escape from the X-end at the second reflection. . 
The mean energy of ions reflected at the: 
X-end is greater than that of ions of the: 
preceding reflection at the Y-end. Accord-- 
ingly, at the third reflection one- -ninth of them) 
will escape from the Y-end. In consequence? 
of repeated reflections about seven- -tenths of’ 
injected ions will escape from the magnetic: 

mirror field. A detailed calculation concern-* 
ing to the escape probability of an ion is given 
in Appendix I. 


(3) Energy and density of ions 

An ion, injected from the ion source, gains 
an enery £, on the average on its every’ 
passage through the heating section. There- 
fore, the radius of its gyratory motion will. 
gradually increase. When the radius fc of 
ionic orbit becomes about half of radius FR, 
of the container, the ionic orbit contacts the: 
walls of the container, and high energy ions; 
will be lost. The maximum energy Emax of 
an ion confined in the container is, therefore, 
determined by 


0c=CV 2mME max/CBo=R)/2 - (13)) 


As described in Appendix III, the guiding 
center of gyration drifts outside due to the: 
conservation law of generalized angular mo- 
mentum. 

The ion density 2: is determined as follows: 

ni=(C,/ V)oP , (14) 
where J, is the injected ion current, V is the 
plasma volume, t)=(Emax/E;)(1/w,) is the time 
in which the ion energy reaches Emax after 
being injected and P is the probability that 
ions are trapped. 

The charge exchange collision rate Ree= 
MiMFeeV and the ion-ion collision rate Reow= 
(1/2)n;?o-v are, in our apparatus, very small 
compared with the injection rate Rin=(I./V)P. 
Therefore, the ion density has nearly the 
Same value as that given by the Eq. (14). 

The energy spectrum of ions is obtained 
from the numerical solution of integral equa- 
tion and Monte Carlo method. The method 
of calulation is described in Appendix IV. 

Neutral atoms are removed by the charge 
exchange collision or ionization. However, 
the removal rate by these processes is, in 
our case, very small compared with the 


i), 1960) 


ihflowing rate Ryrow=(MmMS/4V), where wm is 
| the average velocity of neutral atoms and S 
iis the plasma surface area. Therefore, there 
| will be almost no decrease in the total number 
‘sof neutral atoms, i.e. a “‘burnt-out®”’ state 
th will not be realized in our apparatus. 

With regard to our apparatus, numerical 
values of the above parameters are as follows: 
tt Bo=10* gauss, 1,=200 mA=1.2 x10" ions/sec, 
| E,=400eV, P~1/2, Rx=5cm, V=1.6x 10‘ cm’, 
tS=6x10' cm’, m=7%x10/cm® (neutral gas 
pressure 10-’ mmHg); 

Emax=20 keV, mean energy™5keV (cf. Fig. 2), 
T 5 x 10 sec, ni=2 x 10'°/cm', eyed 
0-*cm’*, oe) —10-" cm?, o:<10-' cm’, v~ 
7X10’ cm/sec, Rin=3.8 x 10!*/sec cm’, Ree=4x 
ih 10"/seccm®, Reow=1.5x109/seccm?, Ryrow= 
8.5 x 10'*/sec cm’®. 

if Ree and Reo are computed for simplicity 
| on the assumption that all ions have the same 
energy SkeV. 


PIV) 
hs} 


joke) 


Oo | 23 4 5 6 7 B Q lO ViXxICcm/ec) 
O02 08 19 32 50 72 98 128 162 20E (kev) 


Fig. 2. Energy spectrum of ions computed by 
the numerical solution of integral equation. 


By ionizing residual neutral atoms, electrons 
can be supplied, so it may be almost unneces- 
sary to install an electron gun. In a large 
' apparatus in which high energy ions with an 
' energy of about 250 keV can be confined, as 
_ described in §4, o; increases; therefore, it is 
quite unnecessary to install an electron gun. 

The mean energy of electrons can be 
obtained by calculating how much energy the 
electrons, put into the ions having an energy 
spectrum as shown in Fig. 2, will gain until 
they are lost from the mirror field. Here in 
this paper, however, a more rough estimate 
was made. That is to say, the electrom tem- 
perature was obtained through the following 
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equation, which is valid for ions in case of 
the Maxwell distribution at 7;, 

dT. 82x pet mi 

Gn ee ETP M 
where m and M are electron and deuteron 
masses, respectively, 4=(the Debye shielding 
length)/(the distance of closest approach), and 
k is the Boltzman constant. If electrons are 
injected in the same number as that of ions, 
then the mean life of electrons is about 5x 107! 
sec, or the same as that of ions. When the 
mean energy of ions is 5 keV, that of electron 
will be 25eV. Even when electrons are sup- 
plied through ionization of residual neutral 
gases. . . accordingly, even if it is supposed 
that the mean life of electrons is very long 
(~1sec.)..., the electron energy will amount 
to only several hundred eV. 


§ 4. 

To avoid the defect of the preliminary ex- 
perimental apparatus, a device using a non- 
uniform static field is planned. 

In this device, ions will not be accelerated 
above an energy EF; (cf. Appendix III). The 
ion density is determined by the two follow- 
ing factors: 


14. (13) 


An Approach to Thermonuclear Plasma 


(1) The external R. F. field is shielded by 
ion currents. Therefore, the injected 
ions become hard to be trapped. 

(2) The trapped ions are lost as results of 


ion-ion collision and charge exchange 
collision. 

The process (1) peculiar to our device is 
an important factor determining the upper 
limit of the ion density. The ion current in 
plasma, with the opposite phase to the external 
R. F. current, weakens the externally induced 
field in plasma. As is shown in Appendix 
II, when the ion density grows up to the 
critical value wert the induced field-strength in 
plasma becomes about half of that in absence 
of ions. Therefore, the injected ions are 
unable to get sufficient energy to be reflected 
at the mirror end. 

Accordingly, the ion density in this device 
is limited to about meri. From Fig. 5 in 
Appendix IV, it may be regarded that the 
energy spectrum of ions concentrates near Ey. 

In this device, E; may be a few hundred 
keV. So the ionization rate becomes large 
and the removel rate Rrem=MoMeri(oe,+ o1)V 
of neutral atoms becomes greater than the 
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flowing rate Ryew. Therefore, fully ionized 
plasma state will be realized. 

An example for this device is: 

R,=25cm, V=1.4x10'cm*, S=1.5x10* Gm 
Mm =7 xX 10%/cm’, static field Hz= Ayt+ 
H,I(«r) sin xz, H,=10t gauss, H,=950 gauss, 
2n/«=35 cm; 

Ey = 250keV, mers ~10"%/em’, Reo = 1 X 
10'*/seccm’, Ree=1.4x10'%/seccm®, Rrem=3.3 
x10'4/seccm’, Ryow=2.5 x 10*/sec cm’. 

Reou, Ree and Rrem are computed assuming 
the ion energy to be 250kV.* To get the 
‘“‘burn-out’’, the injection current will need 
to be 100 mA when the trapping probability 
P is assumed to be 1/2. Neutral atoms will 
be ionized near the plasma surface, because 
the effective mean free path 4 of a neutral 
atom in the plasma is given by 


Air Vo/[Merit(Cex + 01)V] ’ 


and is about 3cm in our case. The ions, 
produced by ionization of neutral atoms, are 
larger in number than those injected from 
the ion source. 

The ions produced by ionization of neutral 
atoms have small w,. Hence, they are trapped 
in the mirror field even if the strength of 
the oscillating magnetic field is weak. There- 
fore, there is a possibility that the ion density 
will be greater than Merit. 

Dividing the electron density 10!/cm*(~Merit) 
by their supplying rate Rionization™Rrow**, we 
get 10-'sec as the order of the mean life of 
electrons remaining in the plasma region. 
Taking their mean life as 10-' sec and by use 
of eq. (15), we get 5keV as the mean energy 
of electrons. Since the collision time of 


* The charge exchange cross section decreases 
sharply with duteron energy above 70 keV. The 
mean time between charge exchange collisions in 
the range of 0.4 keV to 70 keV is 

(Novexv)-1~4m sec. 
On the other hand, the average time of injected 
ions getting energy upto 70 keV is 
(70 keV/400 eV)(J/w,) 


(=70cem; w,~ 


=~ 0.6m sec. 
2:10? cm/sec). 


it can be regarded that the energy of al- 


most all ions comes upto 250 keV (ge is far smaller 
than oez). 


Since, 


** Because oj >>dex, 
ionized. 


most neutral atoms are 
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electrons is very short***, some of electrons | i 
escape rapidly from the plasma region. 
Therefore, the plasma will be positively 
charged to the order of mean kinetic energy | 
of electrons and remianing electrons will be 
trapped by this electrical potential. 
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Appendix I. Escape Probability of Ions 
from the Mirror Ends 


As for the injection of ions from the ion 
source placed at an mirror end, there are two 
extreme cases, 1.e., one (Case I) in which ions 
are injected in parallel to the magnetic field 
B, and the other (Case II) in which ions are 
injected with their velocities in the direction 
of B, almost zero. In Case II, with a slight 
acceleration of ions their velocity vectors 
come outside the loss cone. With a very 
small power of the R. F. oscillator, therefore, 
half of the injected ions can be reflected at 
the other mirror end. However, in order to 
reflect all of ions having arbitrary phase 
relations with the oscillating magnetic field, 
it is necessary to have the oscillating magnetic 
field of the same order of magnitude as in 
Case I. 

The strength e of the oscillating magnetic 
field, which is necessary to reflect at the Y- 
end all ions injected with energy of (1/2)mu,?, 
can be determined by the following conditions 
according to the iat (12). 


Asal 
C Ile SES HE Tor 
ase 2S ai 


a=so'/2, wae 
(Asal. 19 
Case Il: a2 =Most=we-toe, 
w:=V(M—1l/M wm , 
The collision time of electrons with 5 keV is 
several miliseconds. 


eK 


J} Y-end, escaping from the X-end will 
| computed in case of M=2. 
\, the R. F. field will be selected so that the 


1960) 


Sy WO Tis A a a 
i 2 ¥ M-1 wm Vir V3 
aie i) ri] 
> acer 4 Oe o ae pe 
CA TS 2)) 


In case of M=2, ¢« satisfying (A. I. 1) and 
that satisfying (A. I. 2) have the same value. 

The probability of ions, reflected at the 
be 
The strength of 


equality of (12) is satisfied. 
Case I: All ions, reflected for the first 
time at the Y-end, enter the R. F. field with 


‘) the initial velocity v{¥=a, perpendicular to 
7 IBS. 
‘ gyratory motion of the ion and R. F. oscil- 


Let the phase difference between the 


lation be §,. The velocity v® of the ion 
perpendicular to B., when it reaches the X- 
end, can be expressed as follows from the 
equation (10): 


(2) 


vs” =uyV 2(1+c08 B;) . (A; 1.3) 


If v>u, the ion can be reflected. Hence, 
the ion whose phase difference is —(2/3)z< 
8, <(2/3)z can be reflected at the X-end. Since 
the phase difference is random between —z 
and z, the probability of an ion escaping from 
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the mirror end at the second reflection is 
one-third. 


The velocity v§ at the third reflection is 
V9 =V (0 F + u.? + 2uv cos B,. (A. I. 4) 
In order to satisfy v >, it is necessary that 
| Bz |<cos"(—v/2u))=8,'. Accordingly, the 
escape probability at the third reflection is 
derived by 
(x—B,')/x=B"'/x=[cos(v@/2u)|/z . 


As for v’?, its value depends on the phase 
difference 8,. Therefore, in order to obtain 
the escape probability, v’ should be averaged 
with respect to 8, 


pa 1 | 3 4 
eal cos-'(S)dB, 


T Jo 
“Ae (48s a V/ DEAE cos BDza na. Suh ene 
Ae aa vy 2 aB.=5-( 3 ) i 


The escape probability at the third reflection 
is 


(B''/x)(2/3)=1/9 . 
At the fourth reflection the escape probability 
is expressed as follows: 
yous dx 
7" \ [4—x? cos7!(x/2)]'/ 
‘ (ap ee cog tee th 2x cos oy" 10 
cos—1[(3—a22) /2a°] 2 


Table 1. Escape probability at each reflection in Case I computed by Monte Carlo method. 
(No. of tested: 3800) 
No. of | 1 2 3 4 5 6 7 8 9 10 1 
F reflection Mu 
No. of 1300 394 229 138 82 87 69 44 41 30 29 
escapes ‘ 
% 34 10 6 4 2 2 2 1 0.8 0.8 0.8 
‘No. of | 12 13 14 15 16 17 18 19 20 ath panned 
reflection 
No. of 26 16 18 18 18 17 15 8 13 9 | 1119 
escapes 
% 0.7 0.4 0.5 0.5 0.5 0.4 0.4 0.2 0.3 0.2 | 29% 


It is tedius and troublesome to compute 
analytically the escape probability at the 
further reflections. From the result computed 
through the Monte Carlo method,* it is ex- 
pected that about three-tenths of the injected 
ions will be trapped in the mirror field. 

On the every passage through the heating 
section, their energy perpendicular to B, in- 


* Computation in the Monte Carlo method is 
described in Appendix IV. 


creases on the average. Since the energy 
parallel to By is constant, the escape proba- 
bility decreases as the number of reflections 
increases. 

Case II: All ions are reflected at the first 
reflection. By the similar computation with 
Case I, the escape probability at the second 
reflection is 


1(* 2-+cos8 
7 \,(5+4 cos B)'” 


de=0.1. 
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It is rather troublesome to compute the 
escape probability at the third reflection, in 
this case. The total number of escapes after 
ten times of reflections will be less than 
four-tenths of the injected ions. 


Appendix II. Reaction of Ion Current 
to External Oscillating Field 


The electromagnetic field is shielded by an 
current flowing on the plasma surface. By 
this shielding effect, the intensity of the 
oscillating electric field in the interior of the 
plasma is inversely proportional to the ion 
density when the latter exceeds some limiting 
value. 

On the problems of the shielding effect, 
T. H. Stix! made an extensive discussion. 
However, concerning the beam injection we 
shall make a computation to clarify these 
problems. According to Stix, if the phase of 
oscillating electric field is changed periodically 
in the axial direction, then the shielding effect 
due to the ion current will be diminished on 
account of an electron current in the axial 
direction. Therefore, we shall make our 
calculation on the basis of this configuration. 

The mean velocity of ions is expressed as 
a function of the electromagnetic field, solv- 
ing the equation of their motion. Substitut- 
ing the ion current obtained from the mean 
velocity of ions for the current in Maxwell’s 
equation, we have a homogeneous equation 
in the electric field alone. Then we have the 
order of magnitude of the reaction to the 
external field. 

We neglect the electron inertia, so the 
electric field in the axial direction is assumed 
to be zero. The axial static field B) and the 
axial velocity wz of the ion are taken to be 
zero-order quantities, and the R. F. fields H 
and B and the transverse ion velocity u are 


assumed to be first-order quantities. Then 
the first-order equation of motion is 
Ou Oma 
att az =e [E-+ux B)+w-.x B). 
(A. II. 1) 


Rewriting this equation with the use of the 
following expressions 


Us=Uztity, Ey=Ez+iEy, etc. (A. Il. 2) 
we get 

Ous. OUu+. : Ze 5 

at ae Ws ay + iedte= Es +iBs| 


Dae (Vol. 15, 


Me=ZeBo/mc . (A. II. 3) 


If we eliminate B, from (A. II. 3) using the 
Maxwell equation and rewrite 


E,=[e+ exp (fot) +e_ exp (—iot)] sin kz , 

(A. II. 47} 

then solve the equation (A. II. 3) under the | 

initial condition of uw1=0 at t=0, we obtain 
U+=(iwe/wBy)[{C+e+ exp (zat) 

+C_e_ exp (—zot)}sin kz+71{D,e4 exp (zat) 

+ D_e_ exp (—iat)}cos kz] . (A. II. 5)a% 

If the axial velocity distribution function 


f(wz), corresponding to beam injection, is 
given as follows: 
haart § (Sate j 
fwd=a7a| OP | hal 
+exp imi lane ee (A. II. 6)* 
| aia 


the mean transverse velocity #4 for t>1/o is 
u+= —(i@e/@Bo)[Cre+ exp (za?) 
—C_e_exp (—iot)| sin kz , 
where 
CF= 144 P SP. PLAN, Ae , 
jPs.=(@c/ak) exp {—(sqz)’} 


x \e exp (EE , 


143 =(—iwelak)( 7/2) exp {—(sq2)"}, 
19+ >= (kw:-o— Wec)/ak ; 


(AMIE Y Ome 


(ALIS) 


(A. II. 9) 


294 =(—kw.Fo—a)/ak . 


Substituting the ion current J=(Ze/c)niits 
into the Maxwell equation,*** and after some 
calculations we have 


a% ldtoR Bok, Wrote Moa tens 
(aera) seca 
a) Aa) 2 2 2 
es es*4 (Gat - tH )e=0, 


(A. AT, 10) 

* The Maxwell distribution; can be obtained by 
setting up the following expressions: 
@=2kTi/m . 


** This expression is obtained by using the fol- 
lowing equations: 


lim [1 —exp (—tta)]/x=04(2)=Ala+ind(a) , 


w=0 ’ 


where Y means a principal value. 


*“* Tn the present case, the drift velocity e/By is 


about 105cm/sec, whereas #4~107 cm/sec. Hence, 
the electron current due to the drift motion can be 
neglected. 


1960) 


5 where 
k= — 2k? — o/c? +(4nmiZewe)C.*/cB , 
v= —2[k?—w?/c? + (4aniZewe)C_/cBy| 
= —2k*[1—o*/c?k*® +4nni(ZeC_/mck?] , 
A WT weld) 


“and e4* and C.* are complex conjugates to 
e, and C,, respectively. 

By use of cylindrical coordinates 
E,+1Eo=[e+' exp (twt)+e_' exp (—if)] sin kz , 
é+/ =e, exp (—20) ,. e_/=e_ exp (— 76) 

(AL IT. 12) 


and with the assumption that e:’ and e_’ are 
independent of 0, the equations (A. II. 10) give 


Leg ae ee ae 
= i r ee eae 7 fe Slee rte 
os! = (k"/p?)el* . CARS Te 4) 


So long as the ion density is not excessively 
large, we have 

[BC.*|<1, B=4xni(ZeyP/mc?k?. (A. II. 15) 
e/* is nearly equal to the amplitude of the 
vacuum field. Since {C_|>|C.|, we have 
|e_|<|e+]. This indicates that the circularly 
polarized electric field having the same polari- 
ty as the motion of ions is shielded by the 
ion current. When |»?|>|«?|(|8C_|>1), the 
electric field imparting energies to ions be- 
comes extremely weak. As a result, it will 
be unable to trap ions in the mirror field. 

The order of magnitude of ion density in 
which injected ions will not be trapped is 
determined by 


BC_~1. GA et'6) 


Since C_~(a./ak)\(V x /2), (A, II, 16) can be 
rearranged as follows: 


mck? (we Vn\~ Ata 
inok V%\" 1.5% 10" 
sy Gwe +) ZB A 
(A. It. 17) 


where A is a mass number and 2 is the axial 
wave length of R. F. coils. 

In the device described in § 4 (B, =10* gauss, 
wz=2x10' cm/sec, diameter of R. F. coil = 
diameter of vacuum chamber=50 cm), we have 
a~w, and A~diameter of R. F. coils. Hence, 

Nerit~10!2/cm? . (A. II. 18) 


For the ion satisfying the condition of 
cyclotron resonance we=o—kw:z, (Avee! Taay)) 
coincides the expression (8) in §2. In case 
of the cyclotron resonance, for t>1/o, C+—-0 
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and D.—-0, and 
C_=—adit/2 , 
Thus, we have 
U+=(1M-/0By)(We/2)e_-t exp [—i(wt—kz)] . 
(Aa Terao) 
Viewing in the coordinate system moving 
together with ions, we have z=w.t. So the 
ion moves with the gyratory frequency o— 
kwz=@e and (A, I, 5’) is exactly the same as 
(8) in §2. 
The input energy to ions per unit time is 


pa wet /2 e5 


Gfprrlinss, 2) ehitl wy. | (@oNuneale Vener 
a tegm |) = 5 mam { (2) B, ve oe. 
(Asellaioia 


Since the right hand side is proportional to 
| BC_||e_|?oc| BC_||1+8C_|-?, input energy to 
ions comes to a maximum when @C_~1. 

For |g|>1, as can be seen from equations 
(A. II. 8), (A. II. 9), and (A. II. 10), the phase 
difference between the ion current and the 
external oscillating field becomes z/2. In this 
case the cyclotron wave’ is excited. 


Appendix III. Method of Breaking the 
Resonance Condition when Ion 
Orbit becomes too Large 


As the energy of an ion increases, the 
guiding centre of its circular orbit drifts 
outwards. This can be seen from the follow- 
ing conservation law of generalized angular 
momentum (cf. eq. (4) in § 2): 

7(6+e/2)=constant. (A. III. 1) 


The fact that r=constant at 6=0 means 
that the length of tangent from the origin to 
the ion orbit is constant. 

Now the high energy ion with its guiding 
centre at large radial distance can be made 
to gain no energy from the R. F. field by 
changing the strengh of static field in the 
radial direction. 

The axially symmetric magnetic field pos- 
sessing the above mentioned property would 
satisfy the Maxwell equations V’H=0, 
div H=0, rot H=0, if it is represented as 


H,=H,+ H.\(«r) sin xz , ) 
H,=— H21,(er) cos £2 , 


* “This result can pelobtained from the follow- 


PO AD Le) 


ing equation: 
_ | 1—exp(—itx) 
lim | 
x 


toe J 


‘da=2nt | a(v)de 


914 


bo Jal SR he) SON Ee ee 

H,.= — H,'K,(«r) cos «z sh 
where I, and K, are zeroth-order modified 
Bessel functions, H, and #H,’ are constants 
determined by the boundary conditions at 
7r=R,, and R, is the radius of ‘coils of the 
static field. The frequency w of R. F. field 
is chosen as w=eH,/mce. 

Ions are injected at a radial distance 7, of 
the order of «7,~1. The constant HA is 
chosen so that the phase difference between 
the gyration of the injected ion and the R. F. 
field may increase by z while it traverses 
from z=0 to z=z/«.* When a high energy 
ion passes at a radial distance of about «7r,~2, 
the phase difference between the ion gyration 
and the R. F. field will increase by 2z while 
it traverses from z=0 to z=z/k«. (see Fig. 3 


(a)) 


(A. III. 3) 


Phase shifts 
Tr 


3% 


es (a) 


(b) 
Fig. 3. (a) Phase shifts and (b) energy gains at 
different radial distances. An ion passing 


through at rz gains no energy on the average. 


The gyration phase of the ion passing 
through 7, advances against the phase of the 
R. F. field by z between z=0 and z=z/«, and 
retards by z between z=z/e and z=2z/k. 
Therefore, the ion on the average gains energy 
from the R. F. field**. 


velocity wz. 

** There may be a case in which ions lose their 
energy depending on the phase relations between 
their gyration and the R.F. field. This is the same 
as in the case of uniform static field, 
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On the other hand, the ion passing through 
y, gains energy during its movement from 
z=0 to z=z/2« and loses same amount of 
energy during its movement from Z=T/Lk tO 
z=n/k. On the average, therefore, this ion 
does not receive energy from the R. F. field.** 
(See Fig. 3 (b)) 

The above statement is valid for the case 
in which the number of gyration of the ion 
in one wavelength of the periodic static field 
is larger then 1, 1.e. 


fel(27/«)/wz|>1 . 


As an example, parameters of the device 
described in §4 are as follows: 
H,=10' gauss, fce=7.6MC, 4’ =2n/e=35cem 
H,=950 gauss , wz=2%x10' cm/sec. 
Ions are injected at 7,=5.6cm, and their 
energy will no longer increase at 7,=12cm. 
In this condition, the gyration radius ge of 
ion is (c-=(7.2—7,")\?=10.6cm. The ion energy 
Ey corresponding to this gyration radius is 
270 keV. About 25cm will be sufficient for 
a radius of the vacuum chamber. 


Appendix IV. Energy Spectrum of Ions 


When an ion passes through the heating 
section, its velocity, shown in the equation 
(10), is 


vo? =v? +2v1v, cos B+0,7 , CAS) Vests 


where v,; and v, are respectively the velocities 
perpendicular to B, before and after the ion 
passes through the heating section and v, is 
the velocity of the ion, gained during its 
transit through the heating section. The 
phase difference @ takes arbitrary values from 
zero to z at the equal probability. The trans- 
port kernel f(v2, v:), which gives the probability 
that an ion with velocity v, becomes velocity 


v, after passing through the heating section, 
is 


F(V2, Vy )dv, = 1 dp— 1 Ved» 
by m viv, sin B 


= 2v,dv./nV (201.0; —02—v2—0 12) , 
(AL Vo 2) 


Let the number of ions, whose velocity is 
between ¥, and v,+dv2, be e(vz)dv2, then the 
integral equation determining o(v,) is 


U,V SU2>Ui—V1. 


*** In this case, ions do not gain energy irre- 
spective of the phase relations between the ion 
gyration and the R.F. field. 
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a(n) =|Flos, V:)0(U;)dv,+ O(v2—v), (A. IV. 3) 


where v is the velocity component perpendi- 
cular to By, of injected ions from the ion 
source. 

The boundary condition is determined in 
the following way. When the mirror ratio 
is 2, ions escape from the mirror ends in case 
v2<w;:. When the ion energy reaches Eymax= 
(1/2)mv?,,,. determined by the dimensions of 
the container and the strength of D. C. 
magnetic field, ions are lost after touching 
the walls of the container. Hence 


Hiv:,v,)=0 for v.<wWs and. 2>Vmax. (A. IV. 4) 


As an example, computations were carried 
out on the parameters: 


Wz=0.39 (OA & Vy = 0.48 v1 ’ 


These parameters correspond to the apparatus 
described in §3 and the ion injection method 
of Case II described in Appendix I.* The 
numerical sulution of these equations is 
shown in Fig. 2. 

The same problem may be treated through 
the Monte Carlo method as follows: with v, 
as a starting point, we make a random walk 
in a velocity space with a step v, using a 
table of random samples. Then we have the 
velocity spectrum from the traces of the 
random walk. 

When the point falls into the inside of a 
circle having a radius wz, we interprete the 
ion has escaped from the mirror ends. On 
the other hand, when the point gets outside 
of a circle with a radius dmx, the ion is 
regarded as having touched the walls of the 
container. The calculation was made on the 
following parameters: 


ee AOA ee. 


P(V) 
75 


50 
25 


2345 67 8 9 10° VY2xI0"cm/sec) 


Fig. 4. Velocity spectrum of ions in case of ex- 
cess acceleration. 


* Tf w~v,, vo~v_, are chosen, there can be ob- 
tained a solution responding to the injection method 
of Case I. 
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The result is shown in Fig. 4. 

When the energy of ions does not exceed 
E;s=(m/2)vy/* (similar to Appendix III), the 
computation will be made in the same manner 
as the above. In this case, when the point 
gets outside of a circle with a radius v;, the 
point is replaced on the circle and the random 
walk is continued. The result, using the same 
parameters as (A. IV. 6), is shown in Fig. 5. 


PV) 
1000 


500 


Te 3 4567 8 9 10 Vifexi0’cmsec) 


02 08 19 3250 72 98128 162 20 E (keV) 
Fig. 5. Velocity spectrum of ions in case of no 
excess acceleration. 


From this we may speculate energy spectrum 
of ions in the device as described in § 4. 

In the case of Appendix III, as the velocity 
approaches v;, the step v1 should approach 
zero continously. The computation in this 
case is complicated and is under way using 
an electronic digital computer. The energy 
spectrum is more concentrated around v; than 
Fig. 5, because v, is small near vy. The 
result of this calculation will be published 
elswhere. 
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The present report is concerned with an experimental investigation of 
the influence of free carriers on the optical absorption of SnOs, which is 
an almost perfect insulator in its stoichiometric composition but can be 
endowed with a semi-metallic conductivity when synthesized by the spray- 
ing method. In order to investigate the problem quantitatively, the in- 
trinsic absorption edges of non-conducting films of SnO:,, SnO, PbO, and 
TiO,, as well as that of the conducting tin oxide film (Nesa), were 
measured at room and liquid nitrogen temperatures. The systematic shift 
of the edge with the variation of the lattice constants of these oxides was 
confirmed experimentally with the exception of Nesa, in which case the 
edge was always found ca. 0.1 eV higher in energy than that of the non- 
conducting SnO, film. This latter phenomenon was interpreted as the 
filling-up effect of the bottom of the conduction band by the free carriers, 
in accordance with the theory of Fan et al presented for the case of InSb. 
With the aid of the other auxiliary electrical and thermal experiments 
performed, a tentative energy band scheme of the conducting tin oxide 


was proposed. 


§1. Introduction 


The transparent conductor is an interesting 
material because of its versatile utilities as 
well as its physical properties. In the 
previous paper, we have reported some results 
on the optical and electrical properties of 
‘‘Nesa’’, which is the best known example of 
the transparent conductor.» According to 
our results, it is essentially the polycrystal- 
line SnO,, and from the electrical properties 
it is concluded to be a semiconductor of 
n-type with the free carrier density of 


* This paper was submitted to the University 
of Tokyo in partial fulfilment of the requirements 
for the degree of Doctor of Science. 

** Present address: Electrical Communication 
Laboratory, Kichijoji, Tokyo. 


7x10"%~1.7x10'°cm-*. The impurity scatter- 
ing is mainly responsible for the electrical 
resistance and the free carrier density is 
independent of the temperature, indicating 
that the degeneracy is present. The trans- 
parency in the visible region of the spectrum 
is explained by the fact that the threshold 
of the absorption by the free carriers is ly- 
ing in the infrared region because of their 
density just described. These data were 
treated by the Drude-Kroning formula and 
the effective mass m* of the electron was 
found to be about 0.15m. In the present 
paper, we shall try to elucidate the natures 
of “‘Nesa’”’ comparing with the experimental 
results on the various oxides of IV group 
obtained by the same method of preparation 
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as “‘Nesa’’, and ‘‘Nesa doped with Sb’, and 
the study of transient behaviors from SnO to 


SnQ,. 
§ 2. Experimental Results: Optical 
Properties. 
1). Visible and ultra-violet region. 


Transmission and reflection measurements 
over the wavelenght region from 0.22 to 0.7 
were carried out by a small quartz spectrome- 
Transmissivity and reflectivity of non- 
conducting SnO,, ‘‘Nesa’’,* TiO;, PbO., and SnO 
are plotted against the wavelengths in Fig. 1. 
SnO film was obtained by the vacuum evapora- 
tion of the chemically prepared SnO powder. 
The Sample denoted as non-conductive SnO*,, 
distinguished from Nesa, was obtained from 
SnO film or Nesa by heating in the air until 


ter. 


Sample No. 
—-—— Nesa-15 


80 


60 


40 


Transmission ¢ Reflection (%) 


500 600 700 


——— 
Wavelength <my) 


Fig. 1. The spectral transmissions and reflections 
of several oxides of IV group. 


Refractive index 


\o50 200 400 500 600 


Wavelength (mz) 

Fig. 2. The refractive index plotted against the 
“wavelength. The measured values are shown 
by @ (Spectroscopic), x (TolanksKy’s method) 
and A (Abelé’s method), where the points shown 
by under bar represnt Nesa; the upper bar, 
SnO;, the rectangle, TiO,; the circle, PbOs. 
The dotted lines are drawn with the aid of 
values found in I.C.T.. 


* Here after, we will distinguish non-conductive 
SnO, and conductive SnO, by denoting the former 
simply as SnO; and the latter as Nesa. 


The Study of the Optical Properties of Conducting Tin Oxide Films 


917 


it became nonconductive. Refractive indices 
of those materials determined form the spec- 
tral reflectivity and transmissivity in the 
transparent region®? are shown in Fig. 2, 
with the values obtained by Abelé’s method”? 
where the dotted line is drawn with the aid 
of values found in I.C.T. The thickness of the 
of the film was estimated by Tolansky’s mul- 
tiple beam interferometric method.» It is 
clearly seen that refractive index of our 
sample is considerably smaller than those 
found in the table, probably due to the saml- 
ler density of our sample resulting from our 
method of preparation. If we assume that 
the Lorentz-Lorenz equation is valid for our 


Table I Tat 5100 of several materials 
yi = = 100 
NeSa Al {8 
SnO, 4~ 6 
TiO; 12a 
PbO: 


(2 
S 
ic 
iD 
no: 
o 
oO 
oO 
Cc 
1 
a 
5 
a 
at 
Photon energy (eV?! 
Fig. 3. Absorptions of Nesa, PbO., TiO, and 


SnO, at room temperature. 
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sample, the density N is proportional to 
(w?—1)/(n?+2). So, if we define the density 
reduction of the crystal by D, 

) n?—] 

| n?+2 


N-N, -(25 n2—1 


N W+2  n242 
where letters with suffix s refer to the sample 
and ones without suffix refer to the normal 
crystal, the values of D obtained by this 
formula are give in Table I. 

Optical properties of Nesa and SnO, in uhe 
visible region of the spectrum agree quite 
well as ovserved in Fig. 1 and Fig. 2, indicat- 
ing that the basic material of Nesa is SnO’ 
as reported previously. In the ultra-violt 


= 
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Table II. Absorption edge. 
Absorption Edge (eV) 
NeSa 3.82+0.030 
SnO2 3.7140.025 
TiO, 3.46+0.022 
PbO, 4.45+0.032 


region in which the intrinsic absorption oc- 
curs, however, there are some differences 
between the absorption behaviors of Nesa 
and SnO,. In hopes of elucidating the origin 
of these differences, we studied the natures 
of the corresponding fundamental absorption 
of some reference materials such as SnO, 


100) 
80 
& 
Lo; 
2 60 
€ 
é 
= 40 Nesa-sample 21 SnO,-sample 46 
20 
4 
O 
200 250 300 400 500 200 250 300 400 500 
Wavelength (mz) Wavelength (mp) 
(a) (b) 
100 
| 80 TiO. -sample 2 
38 
< \ J 
2 60 | PbO2-sample 7 
7) 
g 1 | 
: 
2 
- 40 
20 
+ 
ole Sa ae | | eae de tes 
200 250 300 400 500 200 250 SOOM SSOME4O© 500 
Wavelength (my ) Wavelength (mu ) 
(c) (d) 


Fig. 4. Temperature change of transmission. Full line; at -+30°C, Dotted line; at —145°C 
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PbO,, and TiO,. These results are summed 
up in Fig. 3 and Table II. 

The absorption edge of Nesa would be 
expected to have the intermediate position 
between SnO, and SnO, or at least there 
would be no reason to occur at higher energy 
than SnO, if we assume that Nesa is a semi- 
conductor of the Sn excess type made of 
SnO,. Nevertheless, it does occur always at 
higher energy by about 0.1 eV in our experi- 
mental results, so we have to look for an- 
other interpretation. We can explain this 
phenomenon dy the assumption that the bot- 
tom of the conduction dand is occupied to 
rather high energy states and the allowed 
transition from the valence band begins at 
correspondingly higher energy than the for- 
bidden energy gap. This interpretation is 
similar to the case of InSb which was investi- 
gated by Fan et al,® and will be discussed 
in detail in the later part of this paper. 

Since the temperature dependence of the 
absorption edge seems, to be of interest in 
regard to these aspects, the absorption curves 
of SnO,, PbO,, TiO., and Nesa at lower 
temperatures are shown in Fig. 4. Coeffi- 
cients for the shift of the absorption edge 
with the temperature, taken from _ these 
curves are given in the Table III. 


Table III. Temperature change 
of absorption edge. 


AEy/4T (eV/°K) 


NeSa —2.0x10-4+5 x10-5 
SnO, —2.0x10-4+4 x10-5 
PbO: —1.7x10-4 
TiO, = 5. 8x 10-5 


Though there are several different defini- 
tion of the absorption edge widely used by 
a number of authors, 9% !9.') it seems 
that none of them are definitely accepted. 
Therefore on determining the absorpion edge, 
as it is seen in Fig. 3 we have adopted the 
method of extrapolating the absorption curves 
drawn in the linear scale. We determined 
it by extending the linear portion of the ab- 
sorption curve which corresponds to the 
value of a between 5x10‘~2x10°cm™' and 
taking its intersection with the line a=0. 
The reasons for our preference were the 
practical convenience due to the linearity of 
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the absorption curves in this direct transition 
region and the consideration that the influ- 
ence of the indirect transition is rather to be 
eliminated for our present purpose and satura- 
tion does not occur in this region. 19):12).19.14), 
In Fig. 5, the position of the absorption 
edges for these materials (Table II) are plot- 
ted against the lattice parameter 3/@%c for 
the convenience to the analysis which will 
be given later. 


ast 


4.0- 


3.5 


Absorption edge (eV) 


30 
a0” Al, ide AS eeas 


Lattice parameter (Vac A) 


Fig. 5. The Shift of absorption edge as a func- 
tion of lattice constant. 


2) Infrared region 


We have reported in the previous article 
that differences observed in the infrared trans- 
missivity and reflectivity of Nesa and SnO, 
are attributed to the difference of the densi- 
ty of free electrons. Here, we have carried 
out another experiment on Nesa doped with 
1% Sb in order to confirm our interpretation. 
Fig. 6 showns the transmissivity and the 
reflectivity of SnO,, SnO, and Nesa (1% Sb) 


80; 
xe 
c 
&60r 
o 
zo) 
a 
&! 40 
c 
ae 
ie MOP 
20; 
2 
ie ee 
) 
O5LO7 I 2) sa4 Sf aglO 20 
Wavelength (2) 
Fig. 6a. Transmission and reflection curves of 


Nesa doped with Sb (1%). 
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Table IV. Electrical data of impurity doped Nesa at room temperature. 

tf Thickness 1g 
e cm? m* t (sec) vp (sec71) 

(oem) |(eutomb)| a0 

m 2.14x10-15| 2.13 x 10% 
SnSb-13 347 —0.011 0.203 0.30u 6.42 x10-16| 3.89 x1014 
0.10m 2.14 10-16] 6.73 x10 

™m 2.97 x10-35|] 3.02 x 104 

SnSb-7 944 —0.0055 0.0505 0.30m 8.91 x10-16| 1.74 «104 
0.10m 2.97 x 10-16} 9.54 x 1014 
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va (sec~}) 


7.45 x10! 


2.48 x 1014 


7.45 x 104 
5.36 x 108 
1.79 x 10% 


5.301014 


Table V. Calculated values of refractive index and extinction coefficient as functions 


of effective mass of conduction electron and light wavelength. (SnSb-—13) 
me=m m*=0.3m m*=0.1m 

Ap) nN k n k n k 
0.6 oA 0.0677 Weitoal 0.2377 
0.8 Wa 0.3775 
1.0 1.699 0.0353 1.56 0.266 1.708 0.5128 
25 WAS 0.6618 
iL 5) I ely 0.1232 Laa75) 0.7981 
2.0 1.318 0.3043 E53 O9sh 1.883 1.034 
0) Lolz 0.9661 1.80 1.45 2.108 1.417 
4.0 1.284 1.569 2.326 1.726 
6.0 1.778 2.358 al LG 2.229 
10.0 2265 3.289 3.376 2.998 
15.0 3.487 4.067 4.056 3.746 

in the infrared region. Refractive index of 

Nesa in the near infrared region in which Oe Sn0z 

we are now concerned is considered to be ma: 

controlled by the fundamental absorption = 80 seem 

and the absorption by the free electron. We i a 

calculated the refractive index m and the ex- § 60 2.5 Ma jomne 

tinction coefficient k from the optical data € 

just described and the electrical measurements e Fa 

shown in Table IV, utilizing the Drude-Kronig 

relation, *? where the effective mass m.* of 

the electron were taken as the parameter. The aU 

results are shown in Table V. In Fig. 7, 

the transmissivity and the reflectivity of Nesa oo Boiet aaeo a Gini 

——_ i 


(1%Sb) obtained from the values of 2 and k 
with the formulas for thin absorbing films! 
are plotted. We estimated from these results 
the value of the electronic effective mass of 
Nesa (1% Sb), to be 0.15m, nearly equal to 
Nesa without Sb impurity. 

In Fig. 6, we also illustrated the absorp- 
tion of powdered SnO, and SnO samples in 


Wavelength (1) 


Fig. 6b. Transmission of SnO, and SnO in the 
infrared region. 


the far infrared region which is measured 
by the courtesy of Prof. Yoshinaga of Osaka 
University. The two absorption curves show 
rather remarkable resemblance and absorp- 
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tion peaks presumably corresponding to lat- 
tice vibrations of SnO bonds are observed 
from 30 to 40 ~ in both materials. A closer 
examination reveals that SnO shows the more 
intense absorption and might be more ionic 
than SnO,. We shall not, however, discuss 
the point in greater detail, because our mea- 
surements were carried out in the room tem- 
perature and with powdered samples. 


fe) 
[e) 


nn oo 
{o)) 
(e) 


aS 
(Se) 


Transmission ¢ Reflection (%) 


i 
SRAM fel 20 
; Wavelength (jz) 
Fig. 7. The calculated transmission and reflec- 
tion curves of Nesa doped with Sb (1%). (cf. 
Fig. 6a). 


§3. Electrical Properties. 


The reaction by which Nesa is formed 
would be writted as; 

If this reaction is completely over, Nesa 
would be an insulator as well as SnO,. Two 
origins would be conceivale for the conductive 
behavior of Nesa. One of them is the deficiency 
of oxygen and another is the residual chlorine 
ion as the impurity left after the incomplete 
reaction. Each of these reaction is represen- 
ted by 

2SnCl,+4H,O0-—SnO,+Sn0+8HCI ft 

1/2H, f +1/20, f +1/2Cl, T +e 

In order to determine which is the dominant 
process for supplying free electrons, we have 
carried out the follwing experiments. 

First, the change of the electrical resistivi- 


ty was measured over a cycle of thermal 
treatment in the air, and the curve for Nesa 
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is shown in Fig. 8. It is suggested at a 
glance of Fig. 8 that the reversible change 


800 


600 400 300°K 


Nesa -No.19 


Resistivity (\Qcm) 


1/T °K a 


Fig. 8. Resistivity of Nesa as a function of 1/7. 


OQ, 


-_-_ -——a 


Resistivity (Qcm). 


xlO"3 


0.8 1.0 4 1.4 1.6 
——_ 
1/T°K 
Fig. 9. Resistivity change during heat treatment 
of SnO. The irreversible change would cor- 
respond to the transition process from SnO to 
SnO,. The abscissa is given in reciprocal 
temperature. The rate of temperature rise was 
ca. 100°C/hour. 
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under 250°C and the irreversible change above 
250°C take place. Fig. 9 illustrates the change 
of the resistivity during the heat treat 
ment in the air to transform the vacuum 
evaporaed SnO film into SnO,. The rate of 
temperature rise was ca. 100°C/hour. 

The decrease of resistivity with rising tem- 
perature observed in Part A of the curve may 
be interpreted as the two superposing proces- 
ses, one of which is the formation of donors 
by the initial oxidation of SnO, and the other 
is the increasing thermal excitation of elec- 
trons form the valence band. As the oxida- 
tion proceeds further, it appears that donors 
are no more formed but rather decrease 
gradually (Part B and C), and non-condudtive 
SnO, is formed at the final stage of oxidation 
(Part D), where only the thermal excitation 
of electrons across the energy gap is to 
be observed. The activation energy for 
these processes are estimated as 3.4-+0.06 
eV for SnO, (part D) and 12 eV for SnO 
(part A). Compared with this result for 
SnO,, the value determined optically is slight- 
ly (ca. 0.3 eV) larger. This would indicate 
that the conduction band minima and the 
valence band maxima do not occur at the 
same value of K. On the other hand, in Part 
A, the process is irreversible and the excita- 
tion energy optically determined is consider- 
ably smaller than the value from the thermal 
analysis. The latter depends greatly on the 
rate of termerature rise, because of the resisti- 
vity decrase of various degree in the process 
of oxidation. Therefore the apparent activa- 
tion energy obtained by the thermal analysis 
in this region cannot have the definite physi- 
cal meaning. It is apparent from the experi- 
ment that the part of its free electron is 
related to the oxygen deficiency, but we 
could get by no means the specimen showing 
as good conductivity as Nesa by the heat 
treatment. The best conductivity we have 
observed through this treatment is the order 
of 19-* ohm~* cm“ at the room temperature. 
Furthermore, oxidation of SnO required rath- 
er little time, i.e. 4 to5 hours, at compar- 
atively lower temperatures (ca. 500°c), for 
completing its reaction to from SnO, from 
SnO, whereas it took much longer time to 
make the insulating SnO, by oxidation of Nesa 
even at higher temperatures. Therefore, it 
seems to us that Nesa is not a simple oxide 
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semiconductor of the reduction type. 

Next, we have made an experiment in order 
to check another possibility, that is, the effect 
of the residual Cl impurity. We heated sam- 
ples of SnO, and SnO in the chlorine vapor. 
The electrical resistivity of SnO films treated 
in Cl, reduces to several hundred ohm cm in 
a few hours, but the films are easily wiped 
away. In the case of SnO,, the resistivity 
reduces to about several thousands ohm cm 
in two hours and the films can not be wiped, 
but they can also be wiped off after five or 
six hours when their resistivity decreases to 
several hundreds ohm cm. Up to the present, 
the thin film which exhibits as good conduc- 
tivity as Nesa could be made by no ways 
but the spraying method. It is widely known, 
however, that the films of TiO,'”, In,0;'® 
and CdO’ prepared by sputtering and succed- 
ing heat treatments, show considerably good 
conductivity. Thus, from our preliminary 
attempts, no decision could be made about 
what is the origin of free electron in Nesa. 

It is to be noted that the films of PbO, and 
TiO: prepared by the equivalent method to 
Nesa, sintered SnO, and vacuum evaporated 
SnO are all insulators having the resistivities 
of larger than 10° ohm cm, which was our 
limit of measurements. 

If Sb is put into Nesa as the impurity, 
maximum conductivity is attained when its 
concentration in the weight is 1%, and the 
conductivity decreases remarkably as the 
concentration becomes larger. This phenom- 
enon, which was already reported by Akiyoshi 
et al,*:*” is probably caused by the increase 
of impurity scattering, which would also be 
responsible for the behavior of In-doped 
Nesa.*? On heating above 800°C, Nesa doped 
with Sb is very stable and neither its conduc- 
tivity nor optical properties are subject to 
any remarkable change in contrast with Nesa 
without doping. Usually Nesa opaque and 
blackish when the concentration of Sb  in- 
creases. 


§4. Determination of the Hole Effective 
Mass. 


The most prominent effect of temperatures 
to the absorption edge would be observed 
for the absorption to the indirect transition. 
Our measurements, however, are confined to 
the region where only the absorption by the 
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direct transitions are important because of 
their order of magnitude. Therefore, the 
shift of the absorption edge observed in our 
measurements should be considered as the 
variation of the forbidden energy gap 4E, 
by the temperature variation. Temperature 
variations cause the shift of energy bands 
through 

iby 

2). intensity of the lattice vibration. 


The first effect was treated by Shockley 
and Bardeen?» for the the elemental semi- 
conductors and the second was discussed in 
detail by Fan and by Muto and Oyama. *” 
In practice, both the polar and nonpolar crys- 
tals are treated in a similar way, that is, 
taking account of the carrier mobility deter- 
mind by the lattice scattering in the former 


volume dilatation 


- case and calculating the change of the elec- 


tron-lattice interaction energy of the crystal 
resulting from excitation of electrons in the 
latter case. The effective energy gay E, for 
sufficiently high temperatures is given by!” 


= + (282) ps {( 282) 
y= Bat ( Fe 


B\/ OEg 
— (oar) +P 

where P, T and V refer to pressure, absolute 
temperature, and volume, respectively, while 
x is the compressibility and 8 represents the 
thermal coefficient of volume expansion. The 
first term of the right hand is Ay>=Fa4+ Evy, 
i.e., the sum of Ey, the energy gap at 0°K, 
where atoms are quiescent at their equilibrium 
position, and Liz, the correction for the ener- 
gy gap taking into account the variation of the 
electron-lattice interaction energy according 
to excitation of electrons at 0°K. Therefore, 
the quantity to be compared with our 
measurements is 

te) = (96) -(8)(28) a) 
Aaa ee ker a) or), 
where the first term of the right hand is the 
coefficient of electron-lattice interaction and 
the second term is the coefficient of the change 
due to the volume dilatation. Radkowsky*” 
and Fan”) derived a formultion of (0E,/0T)y 
for the diatomic polar crystal as follows: 


_ anlere) ( 2 ibe 
OM ho, 


4E,= 
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(e124 m2) 
expl[hai/kT |- 


where © is the volume of the unit cell, M 
is the reduced atomic mass, while m*,, m*, 
are the effective masses of the electron and 
the hole, respectively. w, is the longitudinal 
fundamental frequency of the lattice vibration 
belonging to the optical mode and related to 
the Reststrahl frequency o; by 2” 


1/2 
o=(2) OD 
e* is the effective ionic charge given by 


4re™ =MQo,*(——— = 


aS & 


(2) 


in which e, e». are the dielectric constants 
for zero and optical froquencies, respec- 
tively. Now, we shall use these relation 
to determine the effective mass of the 
hole in SnO,. First, it is required the value 
of (8/%) (OE,/0P)r which could not be measu- 
red directly in our laboratory. We estimated 
it from the value of 0£,/01 determined from 
the plot of the absorption edge shift against 
the lattice constants of several materials 
of the same crystal form and value of 
[ ¥a@c — */(a+day(c+4c)] (Fig. 5), the decre- 
ment of the lattice constants with decreas- 
ing temperatures. Thus we get 


8[%-(0E,/0P)r= (4) Gr). Ge). 


eet OE 
SE: 


=4.9xl0are VK 
Using Eq. (1) and Table III, we get 


(QE,/0T vy =(AEg|/0T)p + (B/X)OEg/OP)x 
=—2.0x10-*+4.9x 10-° 


=—1.51x10“* eV K (shy) 


When the calculation is made by Eq. (2), 
it should be noted that two values of ; exist 
as clearly seen in Fig. 6, corresponding to 
the two types of Sn-O bond in the SnO, cry- 
stal. We treated these two modes of the 
lattice vibration independently and neglected 
their coulping which might be expected when 
they interact with the electron. Then the 
total effect is given by the sum of their 
independent contribution to the energy. Ta- 
ble VI shows the results, which are the 
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Table VI. The table to calculate (0E,/0T )y. 
We 5.66 x 108 cm-! 4.83 x 1033 cm-! § 2-1 
eo 2356 23.6 J.A. p. 40 
Sos 3292 3.92 § 2-2 
We 1.39 x10 cms 1.18 x10! cm-! V €0/e0° we 
4re*/Ma 4.10 x 1027 cm-? 2.92 x 1027 cm-2 w712(1/Ec — 1/0) 
¥ 2hoe 2.66 x 10-8 OEAeO SS erg-V/2sec~1/2em3/2 
2re?Y/2m/A2My hw 2237 X1051 2.16 x10-1 eV 
exp (fiw,/kT) 34.295 20.03 at T=300°K 
exp (fiw7/kT) 1177.4 399.59 at 2 1502Ks 
L/exp (hw,/kT)—-1 0.03003 0.05255 at f= 3007K 
L/exp (fiw,/kKT)—-1 0.00085 0.00251 (ae Ahi lad © 
° ean value between 
—dE,/dT 4.6x10-5eV/°K 7.2x10-5eV/°K bi 300° ~150°K 


averages of the values for 150°K and 300°K. 
Now, we get 


(0E,/0 T )yeate. =| SG Omar 


fer ea eVeK (4) 
m m 


If we substitute the value of Eq. (8) and 
put m.*=0.15m” into the relation, we get the 
value of the effective mass of the hole as; 


m*,=0.82m. 


Discussions about the Energy Band 
Structures of Nesa and SnO,. 


$5. 


Nesa was found to be a semicondctor of 
n-type substantially made of SnO, from our 
experiments. Free electrons are to be sup- 
plied by some imperfections such as the 
impurity atoms or the lattice defects, which 
should be observed in the absorption measure- 
ments. Although we have briefly pointed 
out that in §2, we shall give more detailed 
discussions here. 

The level density is estimated to be of 
comparable order as the free electron density 
which is about 10° cm-‘, and it would give 
the absorption constant a=5x10‘cm~!, if we 
assume the broadening of the level 4iw=0.02 
eV and the oscillator strength to be unity. 
Thus, some effects are expected to be obser- 
ved if the impurities of such large density 
exist. As well, the results of the electrical 
measurements are not favorable to the exist- 
ence of impurity levels, because the carrier 
density suffers no appreciable change by 
lowering temperatures. It is known 
that the activation energy reduces with in- 


crease of impurity density in Ge and Si, and, 
for example, in Si, it becomes effectivly zero 
as the impurity levels merge in to bottom of 
the conduction band.* It is probably due 
to the increased interaction between the im- 
purity atoms when they are brought toge- 
ther, or the increased shielding effect of 
impurity centers by the free electrons.*® If 
the situation is similar in our case, the im- 
purity levels and the conduction band might 
interact to eacn other and merge into one 
indistinguishable band, and the whole conduc- 
tion band at the same time will move up or 
down.*? Though it seems somewhat inconse- 
quent that (OF£,/0T)» is the same for Nesa 
and SnO,, it is understood by taking into 
account the degenerecy which is also support- 
ed by the electrical measurements. We have 
to conclude that the locations of the extrema 
of the conduction band and the valence band 
do not coincide in the K-space because the 
values of activation energy obtained from the 
measurements of the absorption edges and 
the thermal analysis of the conductivity are 
different. We shall here propose a band 
model which will explain not only this dif- 
ference but also the shift observed between 
the absorption edge of Nesa and that of SnQ,. 
We assume that the constant effective mass 
approximation is valid for each of the con- 
duction band and the valence band. The pro- 
posed model is illustrated in Fig. 10. The 
energy in the condution band measured from 
the valence band is given by 


E= E+ (hékg?/2mo*)+h(K—Ky)?/2mc* (5) 
From the minimum condition of Te Ee. 


1960) 
OE/Ok,=0 
K=K(m-*+me*)/mo* (6) 
Substituting Eq. (6) into Eq. (5), we get 
dk Lae 6 me* 
|e a “ - 
cm 2my* (1+ am) ; et) 


Solving this equation for ky, 
mo* 


pes eas cae) . 
h ~(+me*/my*) ~ 


Using the values described before, m,*= 
SZ, wie —0.1oms— Ln, =9.11 €V, F,=3.4 
eV, K, and K are determind as 

HKG— 2.68) 0" Crime 

KB X10" cm 
where we assumed that the shaps of conduc- 
tion bands for Nesa and SnO, are the same 
and paralle to each other. 

Now that we have determined the relative 


position of the conduction band and the 
poe band of Niesa 
(me = 0.15 
SnOz 
Joe ,<0066~0, 
[aes ie 
os 
| ue 
~~ 0.0) DAN L\ Nw = 
— .¥: \ \/, _ 
> 38 SOA Ge 
® = = Ns An = 
as Be Ny 
ao - ~ ae 
wi 5 aS 
ee | Ee > 
meee eee >e 
| SES t= 
ino) 2 (oes 
| Zé wre 
z= 
lJ — 


0.078\e 


\/' 7 
ice =2.376xIO 
Tie ac. A 


valence band 
f NesagSnOz 
=2,811 x10" e 
(my=0.82m) 
Fig. 10. Energy bands scheme of Nesa and SnOz. 
The effective mass of SnO, was assumed to be 
same as Nesa, 
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valence band of SnO, and the location of the 
minimum energy separation where the opti- 
cal excitation commences, we want to explain 
the difference observed between the absorp- 
tion edges of Nesa and SnO,. The Fermi 
level € of Nesa lies at 0.09~0.17 eV above 
the bottom of the conduction band, for the 
carrier densities obtained from the electrical 
MeASUMeEMeNtS as anew w/olO=7—~ ley al O Lar criimes 
Hence, the electrons fill the conduction band 
up to the energy to which the corresponding 
wave numbers range from 8.0x10® to 4.6x 
10° cm-'. Since electrons can not be excited 
to this filled region, the threshold of optical 
excitation must move to the point B’E’, while 
the energy in the valence band increases by 
AB=0.09~0.01 eV correspondeng to K,=2.61 
x 10’~2.27x 10’ cm-!. Then the absorption 
edge of Nesa should be 0.043 eV higher than 
non-conducting SnO,, where as the optical 
measurements give the value 0.11 eV. If 
this discrepancy is attributed to the shift 
of the whole conduction band 4 Ez caused by 
its overlapping with the impurity levels, it 


(0.10 —4O 


oS 
fe) 
16) 
a 
re) 

eV/°K 


Kand Ko (cm') 
4 
_OIe 
(B/x)(GEg/2P )q 3 


-005 


1 1 al =f L 4 ee 1 
2 Ce 8 10 
Effective mass (m%/m) 


Fig. 11. 4H, K, Ko and (B/y(OHg/op)r as a 
function of effective mass of hole. The suf- 
fixes of 4H, denote the upper and lower limits 
of experimental error, respectivly, 
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should be 0.067 eV, which is somewhat too 
large. However, taking account of rather 
rough approximations employed in deriving 
my*, it would not be approriate to discuss 
the value of 4H. in further details. We 
could, however, say that the value of 4E, 
obtained was not so unreasonable as to prove 
the method used to derive m,.* to be inade- 
quate. 

In order to check the validity of the value 
of m,* determined in §4, we computed 4E:z, 

B ( OF, 
K, K, and ae a 
of m,*. The results are illustrated in Fig. 
11, for the values of m,* ranging from 0.5m 
to 10m. The shift of the absorption edge 
depends remakably on the density of the free 
electron for the larger values of m,*, while 
it becomes almost independent of the carrier 
density and the shift is entirely due to the 
movement of the band as a whole when m,* 
is less than 0.5m. The upper limit of m,* 
just given corresponds to the shift of 0.07 eV 
which is slightly larger than the sum of er- 
rors in determining the absorption edges for 
Nesa, 0.03 eV, and SnO,, 0.025eV. Thus, 
our measurements are not so accurate as to 
estimate the effect of the change of carrier 
density on the absorption edge. Numerical 
dvalues given in our model are, therefore, 
the mean values which obtained from the 
experiments. The values of a OF cor- 
responding to the extrema of m,* are +7 
10° and —22x10-° eV/°K. In these and other 
crystals this quantity is usually about 5x10-° 
eV/°K, giving the value of m* as 0.075m~ 
3m. Since 4E, is positive up to m*=10m, 
the conduction band will move toward higher 
energy when the density of the impurity in- 
creases. 

We assigned the minimum of the conduc- 
tion band to K=0 and the top of the valence 
band off the origin under the assumption 
that the conduction band of SnO, would be 
composed of s state and the valence band 
may be of p or d character. 


) to the various values 
Tt 
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Screened Impurity Potentials in Metals 


By E. C. MclIrvine* 


John Jay Hopkins Laboratory for Pure and 
Applied Science, General Atomic Division 
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San Diego, California 


(Received February 4, 1960) 


In a recent article), Takimoto discusses the 
screening of an impurity potential by conduction 
electrons. The purpose of this note is to make 
some observations on the nature of the real-space 
potential which corresponds to this Fermi-Thomas 
treatment. 

In the case of a degenerate electron gas (metal), 
one obtains a Fourier transform potential 


Uo= —4AnZe ; 
K2-+-@2G(«/2ko) 
where kp is the wave vector corresponding to the 
Fermi energy ¢, and 
oa 


come 3(L-a) me]. 


These expressions are contained in Eqs. (5.6) and 
(5.5) of Takimoto’s paper.** 
The Mott screening parameter?) gq is defined by 


(1) 


»__ Orne? 
= ae (3) 


In the discussion which follows, it was found con- 
venient to use in addition a ‘“‘ plasma screening ”’ 
parameter qg,, defined by 


IrP?=Mw»/h , (4) 
where w» is the plasma frequency. This parameter, 
which appears to govern screening when (<hw», 
may also be expressed directly in terms of the 
Mott screening parameter by 


V 3ar=kg . (5) 

The Fourier transform of Eq. (1) i. e. the potential 

in real space, may be obtained analytically in two 

special cases. For fiwy<2¢, (AX 3 ko), G(a) may 

be expanded for small a, and the integration yields 
the real-space Mott potential2) 


2 


U(re)=- == exp (—are) . (6) 


Only two terms of the expansion are retained, and 


* Now at Scientific Laboratory, Ford Motor 
Company, Dearborn, Michigan. 

** A slight misprint in Eq. (5.5) has been cor- 
rected. 


terms of the order of g2/12k 2 are neglected. The 
potential is a simple screened potential, because 
x2-+-¢2G(x/2ko) has pure imaginary zeros in this 
approximation. 

For hwy>4¢, (dp>7/ 2 ko), Gla) may be expanded 
in 2-1. Even with the retention of only the first 
term, the zeros of «2-+q2G(«/2ko) are now complex, 
and the resulting potential has an oscillatory nature 
in addition to screening characterized by qp: 


Co) 


Zee 
U(r) = ae ONTO ED (—@pTo) - 
0 


The appearance of an oscillating, but exponen- 
tially screened, potential will be characteristic of 
the general real-space solution of the Fermi-Thomas 
problem since, in the integration, complex exponen- 
tials are introduced by complex poles. Purely ex- 
ponential screening can occur only if all the poles 
are pure imaginary. Purely oscillatory behavior®).4) 
cannot result from the Fermi-Thomas treatment, 
since this would require negative G(a) and real 
poles. 

It is interesting to note that for copper, the 
Fermi energy from specific heat data is 4.8eV. 
The calculated plasma frequency gives iwp=9eV; 
characteristic energy losses in copper occur at 20eV. 
If the characteristic energy losses are due to plasma 
oscillations, then for copper ww,=4.2¢. Even if 
the calculated value is correct, fiwp=1.9¢. Clearly, 
the condition for Mott screening is not well satisfied. 
Although the extreme potential given by Eq. (7) 
does not apply rigorously, it is probably as close 
to the truth as is Eq. (6). The actual potential 
for any metal will certainly contain some oscil- 
latory behavior of the nature discussed, and will 
be dominated by exponential screening with a 
parameter given roughly by the smaller of the two 
screening parameters q and qp. 

I wish to acknowledge an interesting conversation 
with Dr. A. D. Brailsford, who has independently 
considered this problem. 
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Magnetic Anisotropy Induced by Cold 
Rolling of Cu-Co Alloy 


By Tadayasu MITUI 
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University of Hokkaido, Sapporo, Japan 
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The study was made for the purpose of making 
clear an origin of ferromagnetic anisotropy induced 
by cold rolling on the various precipitation pro- 
cesses of Cu-Co alloy containing ca. 2wt.% Co. 
Specimens were prepared from electrolytic copper 
of 99.9% purity and electrolytic cobalt of 99.8% 
ina Tammann furnace. After melting in crucibles, 
ingots were homogenized at ca. 1000°C and ma- 
chined into disks with 10mm in diameter and 4 
mm in thickness. The disks were given a solid 
solution treatment consisting of a 2 hours anneal 
in vacuum at 1000°C followed by quenching into 
water. Subsequent 750°C-aging was done in vacu- 
um and followed by water quenching. 


X10* dyne-cm/cc 


3 750°C, |2hr aging 
2 
| ee direction 
he 
el 
5-2 345% reduction of thickness 
-3 
-4 
0. 20. 40.60. 80 100 120 140 160 180 
ANGLE OF APPLIED FIELD FROM ROLL DIRECTION, 
IN DEGREES. 
Fig. 1. Torque curve showing anisotropy pro- 


duced by 34.5%-thickness reduction by cold 
rolling, measured in magnetic field of ca. 10K 
Oe at 300°K. 


x104 ERGS/CC 


300°K 77°K 
6 \2 hr aging 
30 min aging 
15 min aging 


INDUCED UNIAXIAL ANISOTROPY 


°% 10 20 30 40 50 60 70 80 90 100 
REDUCTION IN THICKNESS (%) 


Fig. 2. Magnetic anisotropy vs thickness reduc- 
tion for various aged states of 27% Co-Cu alloy. 
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Cold rolling on the aged specimens was done at 
room temperature without annealing. Determina- 
tion of the induced anisotropy was made by means 
of the torque magnetometer. Specimens for this 
were cut into disk form from the rolled plane. 
The disks were prepared by successive rolling and 
shaping for the purpose of measuring the torque 
as a function of thickness reduction. The size of 
the disks was 10mm in diameter and 4~0.4 mm in 
thickness. 

The rolling produced a uniaxial magnetic aniso- 
tropy with the easy direction alloy the roll direc- 
tion as shown in Fig. 1. The effect of changing 
the precipitation process on the anisotropy-thickness 
reduction curve is shown Fig. 2. 

From these results, two significant features are 
to be seen. First, the anisotropy in the over-aged 
state is found to be the same at both 77°K and 
300°K. This is a strong evidence for the shape 
anisotropy relating the shape change of the pre- 
cipitates to the plastic deformation of the specimen. 
Secondly, the anisotropy as a function of the amount 
of reduction in thickness increases at first, and 
then, in the severely rolled states, decreases gradu- 
ally as the mean size of precipitates decreases. 
This is interpreted in terms of the shape changes 
resulting from the cutting-off of precipitates by 
inhomogeneous slip. It is also concluded that the 
temperature dependence of the anisotropy is due 
to superparamagnetic effect resulting from the de- 
crease in size of precipitates through cutting-off. 
Such a superparamrgnetic effect in Cu-Co alloy 
was also demonstrated by Weil!). Saté and the 
author?) found the decrease of coercivities induced 
by severe rolling in this alloy. On the other hand, 
Becker and Livingston) and Jan*) have concluded 
for Cu-Co alloy and for Al-Ag and Al-Zn alloys 
respectively that the plastic deformation in these 
alloys takes place by zones of homogeneous fine 
slip rather than large amounts of glide in a limited 
number of glide planes. However, their conclu- 
sion would be unlikely to explain our result for 
the heavy deformation. 

Accordingly, we do wish to point out that the 
relative magnitude of the size of precipitates and 
the glide distance of slip is important for the pur- 
pose of using a precipitation phenomenon as a 
tool to study a mechanism of slip. 

The detailed report will be published in this 


Journal. 
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On the Alpha-particles from the N**(d, a)C” 
Ground State Reaction 


By Nawoyuki KAWAI 


Department of Physics, Faculty of Science, 
Kyushu University, Fukuoka, Japan 


(Received February 22, 1960) 


Angular distributions of the alpha-particles from 
the N14(d, a)C!2 ground state reaction were meas- 
ured in the energy range of deuterons from 1.4 to 
2.9MeV. This preliminary measurement was per- 
formed together with the investigation on the 
N14(d, p)N! reaction and the details of experimental 
procedures will be described in the report on this 
reaction). 

The deuteron beam from the electrostatic gener- 
ator was collimated with a silver slit of 4mm in 
diameter and then was incident upon a target 
placed at the center of a scattering chamber. The 
target used was melamine (C3H,N.) evaporated on 
a silver backing in vacuum and the thickness of 
melamine was measured to be 0.3mg/cm?. The 
emitted alpha-particles, after passing through aper- 
tures of 6mm in diameter bored at intervals of 
15° at the side wall of the scattering chamber 
and sealed with 20,» thick aluminium foils, were 
detected with an 1mm thick CsI(Tl) crystal and a 


», 
3.0 a Ed (lab) 


fo) 


(mb /sterad) 


Q em 
Ome 


=2.90MeV 


®_,_e’ 
On 30° 60° 90° O° 

Ocm. 

Fig. 1. Angular distributions of the alpha-parti- 

cles from the N14(d, a)C!2 ground state reaction. 


30° 60° 90? 120° 
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photomultiplier. Pulses from the detector were? 
fed to a linear amplifier and analyzed witha twenty)| 
channel pulse height analyzer. 

In the pulse height distributions observed at} 
each angle, the peak corresponding to the alpha--| 
particles from N!4(d,a)C!2 ground state reaction | 
was assigned by the reaction kinematics. This} 
peak was clearly separated from the proton groups} 


from the N'4(d, p)N* and C12(d, p)C! reactions in i 


by the above mentioned proton groups and so} 
angular distributions were measured only in the: 
range below this angle. In Fig. 1, observed angv-- 
lar distributions are shown. Absolute values of} 
the differential cross sections were evaluated by’ 
comparing them with that of the C12(d, »)C!® ground! 
state reaction?) and so the absolute scales of ordi-. 
nates in Fig. 1 were expected to have an uncertainty ' 
of factor 2. 

In the energy range of deuterons investigated, , 
general feature of angular distributions is a for-. 
ward peak and considerably rapid decrease down) 
to a minimum at about 80°. Beyond this minimum, , 
it increases again rather gradually. These results; 
are consistent with that of Booth et al. at . 
deuteron energy below 1MeV® and of Gibson 
et al. at 8MeV®. It will be interesting to notice: 
that these angular distributions are considered te) 
show asymmetry about 90°, although the measure-. 
ment is confined only in the range below 105°.. 
From this fact, it may be concluded that, even in| 
such a lower energy region of deuterons as in the: 
present experiment, the N'4(d,a@)C! ground state: 
reaction still proceeds not only by the compound | 
nucleus process, but also by the direct interaction, 
probably the pick-up process pointed out by Fischer 
et al. at the higher energy region5). 

More detailed experiments on this reaction are 
now in progress in our laboratory. 

The author wishes to express his cordial thanks 
to Prof. I. Nonaka, Dr. M. Morita and all other 
staffs of the nuclear laboratory of Kyushu Univer- 


sity for their support and discussions throughout 
this work. 
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Ferromagnetism of Mn-Zn Alloy 
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Mejiro, Tokyo 
(Received March 3, 1960) 


Nowotny and Bittner!) have briefly reported that 
Mn-Zn alloys containing about 30at.2% Mn are 
ferromagnetic at room temperature if quenched 
from high temperatures. According to Schramm2) 
the high-temperature phase (e-phase) has the c.p.h. 
lattice, while the low-temperature phase (a-phase) 
is f.c.c. in the range 25-30at.% Mn. The present 
authors have found that the ferromagnetism of 
these alloys is due to the existence of a metastable 
phase which is c.p.h. probably with superlattice 
structure. 

The specimens containing 27 at.% Mn were pre- 
pared by melting Mn and Zn sealed together in 
evacuated quartz tubes. After homogenized at 
550°C the specimens were quenched into water. 
The Debye-Scherrer photograph shows only c.p.h. 
lines (a=2.75A, c/a=1.61), and the magnetization 
of the same specimens is not large at room tem- 
perature. It is remarkable, however, that the 
magnetization becomes much larger if the quenched 
specimens are annealed at rather low temperatures. 
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Fig. i. Magnetization at room temperature in 


magnetic field of 7000Oe, plotted against an- 
nealing time. 
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Fig. 2. X-ray diffraction intensities for a/-phase, 
measured by stop-counting method using Fe Ka 


radiation. 
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Fig. 1 shows the room-temperature values of mag- 
netization pllotted against the annealing times, the 
annealing temperatures being 100°C, 78°C and 48°C. 
As can be seen in the figure, the ferromagnetic 
phase is merely metastable. 

The Debye-Scherrer photograph of the specimen 
which has the largest value of magnetization 
shows distinct c.p.h. lines together with faint 
f.c.c. lines, while that of the specimen annealed 
at 100°C for several hundred hours shows only 
f.c.c. lines (a=3.87A). Since the atomic numbers 
of Mn and Zn are not very different, the super- 
lattice lines cannot be detected in the Debye- 
Scherrer photographs. By using an X-ray diffrac- 
tometer, however, the superlattice in the f.c.c. 
phase (a’-phase) has been confirmed, as shown in 
Fig. 2. The calculated intensities based on the 
CuzAu-type (L1l2-type) structure are in rough agree- 
ment with the experimental values. It is very 
likely that also the metastable ferromagnetic c.p.h. 
phase has the superlattice structure (D0j9-type), 
although the direct confirmation has not yet been 
made. This phase is referred to as e/-phase. It 
can be concluded from the above results that the 
transformation caused by the low-temperature an- 
nealing is as e>e’>a’. The ee’ transformation 
requires diffusion of atoms, whereas the e/-a’ 
transformation requires only the change in stack- 
ing order of the atomic planes normal to the c-axis 
of the c.p.h. lattice. 

It has also been found that the a’-phase becomes 
ferromagnetic at 140°K. The ferromagnetic Curie 
point of the e/-phase, on the other hand, is evi- 
dently higher than 400°K. In both the e/- and a’- 
phases of MnZn;, each Mn atom is surrounded by 
six Mn atoms at a distance of 3.87A. The remark- 
able difference in Curie point between the two 
phases may thus be due to the next-near-neighbour 
interaction; the next-near-neighbour distances be- 
tween Mn atoms are 4.42A and 5.47A in the e’- 
and a!/-phases, respectively. The details of this 
work will be published later together with the 
studies on the Mn-Zn alloys with other composi- 
tions. 
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Ferrimagnetism of Mn;Ge, 
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Recently, in the course of our study on the mag- 
netic properties of intermetallic compounds in Mn— 
Ge system, we have confirmed that Mn;Ge; and 
Mn;Ge, are ferromagnetic and parasitic ferro- 
magnetic respectively, as were reported by Fakidov 
et al.1), and found Mn;,..,Ge to be antiferromagnetic 
in its disordered state). 

In the present note will be reported, the tem- 
perature dependence of the magnetic property of 
Mn;Gey (28.6 at.% Ge) measured by a pendulum 
magnetometer and a magnetic balance as well as 
a ferrimagnetic behavior found in its low tempera- 
ture phase. The specimen of the compound used 
in the experiment was prepared as follows; powders 
of electrolytic manganese (99.9%) and germanium 
(seven-nine purity) were mixed at the desired pro- 
portion, Mn : Ge=5: 2, and the mixture was sealed 
in a evacuated quartz tube, melted by an electric 
furnace at 1150°C, and quenched into water at 
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Fig. 1. I. Saturation magnetization of the low 


temperature phase of Mn;Gey vs temperature. 
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750°C, and then annealed at 500°C for three days | 
and quenched again into water. 


same figure, curve III. 


decreased monotonically and disappeared at 395°K. 


Then it began to grow again, and finally, after it 


reached a maximum value at 630°K, declined quite 


rapidly toward zero at 710°K. The occurance of . 


magnetization curve of this kind was suggested as 
N-type by Néel in his theory of ferrimagnetism?»), 
and first reported experimentally for Li-Cr-ferrite 
by Gorter and Schulkes#. According to Néel’s 


theory, in the N-type ferrimagnetism, the spontane- | 


ous magnetization changes sign at a certain tem- 
perature, “compensation” point. Then, in order 
to ascertain the reversal of the spontaneous mag- 
netization in our specimen, a simple demonstration 
was carried out as in the following; a rod of this 
material was magnetized and suspended torsion- 
free in a small magnetic field (<H,), and on heat- 
ing or cooling through 395°K, the reversal of the 
direction of the rod was confirmed apparently. It 
is seen by this result that the spontaneous mag- 
netization indeed changes its sign at that tempera- 
ture, curve II. 

Thus the intermetallic compound, the low tem- 
perature phase of Mn;Ge., may be considered as 
a typical N-type ferrimagnetic material with Néel 
point of 710°K and compensation point of 395°K. 
This conclusion is also supported by the fact that 
curve III is concave against the temperature axis. 
The examination with X-ray diffractometer to de- 
termine the crystal structure of Mn;Ge, is now in 
progress. The details will be published later. 

The authors wish to express their hearty thanks 
to Prof. S. Kaya, the President of Tokyo Univer- 
sity, for his constant encouragement and are also 
very grateful to Profs. Y. Tomono and S. lida of 
Tokyo University who gave them facilities to 
achieve the work. 
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The absolute | 
values of the saturation magnetization of the com- | 
pound are plotted against temperature in Fig. 1, | 
curve I, and the inverse values of its magnetic | 
susceptibilities over 700°K are also shown in the | 
With increasing tempera- | 
ture from 90°K, first, the saturation magnetization | 
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Spin Order in the Doublet at the Second 
Excited level in Even-even 
Medium Nuclei 
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By Mitsuo SAKAI 


Institute for Nuclear Study, University of 
Tokyo, Tanashi-machi, Tokyo 


(Received March 1, 1960) 


Accumulation of experimental data in the last 
decade appears to increase the significance of the 
presence of two spin levels, 2+ and 4+, in a 
close doublet at about twice the energy of the first 
excited level in even-even medium nuclei!). Espe- 
cially the recent experiments on the Coulomb ex- 
citation by McGowan and Stelson2) have shown in 
many nuclei the presence of 2+ level close to the 
known second 4+ level. In this paper, we call 
this pair of levels as a doublet. So many such 
nuclei have been found that it is very attractive 
to believe the presence of the doublet at the second 
excited level as a general feature of the even-even 
medium nuclei. In order to make sure such a 
view, it is desirable to find more example of such 
a nucleus by the help of some guiding rules, either 
experimental or theoretical. It is just for this 
purpose that in a recent article») we have discussed 
the appearance of these spin levels from the point 
of view of beta decay selection rules. 

In this note we present systematics of the spin 
order of 2+ and 4+ level in tne doublet, which 
may help us to predict the position of the unknown 
partner of the doublet. All the even-even nuclei, 
which are known up to the present to have the 
doublet, are included in Fig. 1, in which ¢;(4)/e2(2) 
is plotted against e:(2)/e,(2), €:(4), €2(2) and e,(2) 


4 
oct ues 
OGMNOOMNLONl.CumL4> abe a EEG) 2a 2.6. 
Fig. 1. Plot of 2,(4)/E2(2) vs E,(2)/E\(2). The 


curve denoted D. F. is the theoretical curve 
from Davidov and Filippov’s paper). Two ex- 
ceptional isotopes Ni® and Ge? may be ex- 
plained by the magic number Z=28 for the 
former isotope and the sub-magic number N=40 
for the latter isotope. 
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being the gamma ray energies defined in igs eZ: 
It is rather surprising that tne points are found 
nearly on a smooth curve. Therefore, if we have 
a known 2+ level, we can easily predict from this 
diagram the position of the unknown 4+ level by 
using the known ratio of ¢,(2)/2,(2). It can be 
concluded also from this figure that in the nuclei 
having ¢2(2)/e;(2)<1.3, the upper level in the doub- 
let should be 4+-. 


Cat 
4+ 


Fig. 2. Schematical presentation of low !ying 
level system in even-even medium nuclei. 


The curve expected from the asymmetric rotor 
theory, whicn has had a remarkable success in 
explaining almost all experimental data on nuclear 
properties throughout the nuclear chart, is also 
drawn in Fig. 1. Although this and the emperical 
curve are nearly parallel, a large discrepancy can 
be noticed. This situation is just contrary to that 
in the heavy nuclei, of which the points are found 
nearly on this theoretical curve. These findings 
may be correlated to the facts that the ratio ¢,(4) 
/Je.(2) is 1.3 and 2.3 for the medium nuclei and for 
the heavy nuclei, respectively, as pointed out by 
Mallmann*) and that the 4+ level in the nuclei 
having a smaller ¢,(4)/e,(2) value than 1.3 has no 
2+ level partner. 

The author wishes to thank Messrs. H. Ikegami 
and T. Yamazaki for the helpful discussions. 


References 


1) K. Way et al.: Ann. Rev. Nucl. Sci. 6 (1956) 
129, 

2) P. H. Stelson and F. K. McGowan: 
Amer. Phys. Soc. 2 (1957) 267. 

3) M. Sakai: Institute for Nuclear Study Report 
INS-J 19 July (1959). 

4) C. Marty: Nucl. Phys. 1 (1956) 85; Nucl. Phys. 
3 (1957) 193. A. Davydov and G. Filippov: 
Nucl. Physics 8 (1958) 237. D. M. Van Patter: 
Nucl. Physics 14 (1959) 42. 

5) C. A. Mallmann: Phys. Rev. Letters 2 (1959) 


507. 


Bull. of 


934 


J. Puys. Soc. JAPAN 15 (1960) 934 


On the F—F”’ Conversion in the Presence 
of A-, M-, R- and Z,-Centers 


By Hiroshi OHKURA, Katsunobu AWANE 
and Shigeko MIYAMOTO 


Department of Applied Physics, 
Osaka City University, Osaka 
(Received March 24, 1960) 


The decrease of the optical quantum efficiency 
for the F—>F’ conversion in potassium chloride 
crystals in the presence of A-, M-, R- and Z- 
centers was investigated. 

Single crystals of potassium chloride made by 
careful repetitions of Kyropoulos method were col- 
ored additively. To introduce Z,-centers the cry- 
stals were doped previously with a small amount 
of strontium chloride. Optical absorption measure- 
ments and Flight irradiations were made with the 
help of the Hitachi EPU-2 type spectrophotometer. 
All measurements of optical absorption were made 
at liquid air temperature. 

The successive decreases of the F’-absorption 
peak due to the fF" conversion caused by the 
successive irradiation with F-light at —100°+3°C 
were measured. The Flight we used was 520 mz 
in wave-length and 5myz in band pass. The de- 
creases of F’-center density 4N,y were calculated 
assuming the oscillator strength to be 0.8. The 
ratios of 4Ny against initial density Nr, were 
plotted as functions of irradiation time as shown 
as curve 1 in Fig. 1. 
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Fig. 1. The successive decreases of /F-center 
density versus irradiation time at —100°C. The 
ordinate is the ratio of the decrease of F-center 


density against initial F’-center density in each 
run. 


Curve 1: pure F-center (Nr,=1.7 x 1018 1/cc), 
Curve 2: # and A, 

Curve 3: F, A and M, 

Curve 4: A, M and R, 


1, 
Curve 5: F, A, M and R, 
Curve 6; FF, M and R. 
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The results of the same measurements carried 
out in the presence of A-, M- and R-centers which 
had been converted previously from F’-centers 
under irradiation with F-light at room temperature 
were shown as curves 2, 3, 4, 5, 6 in Fig. 1. The 
wave-length used to irradiate at room temperature 
was 550 my with band pass of 30my. The same 
plots for strontium-doped and colored potassium 
chloride crystals are shown in Fig. 2 for the vari- 
ous concentrations of Z,-centers. 
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Fig. 2. The successive decreases of /-center 
density versus irradiation time at —100°C. The 
ordinate is the ratio of decrease of F-center 
density against initial F’-center density in each 
run. 


Curve 1: pure F-centers (Ny,=2.7 x 10! 1/cc), 
Curves 2 Fk, Avand Ze 

Curve 3: FF, Z%, 

Curve 4: F, Z;. 


These experimental results clearly show that both 
the intial speeds of FF’ conversion (which cor- 
respond to optical quantum efficiencies) and the 
saturated values of 4Nr/ Nr, are considerably re- 
duced by the presence of A-, M-, R- and Z,- 
centers. Although these facts can be qualitatively 
interpreted in terms of enhancement of the trapping 
probability of photo-electrons due to the presence 
of complex (impurity) centers and newly increased 
negative ion vacancies by F-bleaching, which acts 
to decrease the probability of F—F’ conversion, 
the details of investigation will give some insight 
into the structure of complex centers, the mecha- 
nism of creating processes of these centers and 
the role of negative ion vacancies. 

Authors wish to express their thanks to Profes- 
sor H. Kawamura for giving us his whole-hearted 
guidance in the course of this work. 

This work was supported by the Scientific Re- 
search Fund of Ministry of Education. 
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Observation of Microplasma Pulses and 
Electroluminescence in Gallium 
Phosphide Single Crystal 


By Makoto KIKUCHI and Takashi IIzUKA 
Electrotechnical Laboratory, Tokyo, Japan 
(Received March 9, 1960) 


Microplasma pulse noise similar to those ob- 
served in Si p-n junction and silver-paste electrode 
on Si has been found in reverse-biased point con- 
tact electrode on gallium phosphide single crystal. 
Single crystals of GaP were prepared in quartz 
ampoule mixing 10 to 20% of phosphorus in Ga. 
Single crystals of about 3mm in diameter were 
formed after careful heat treatment. 

Typical reverse voltage-current characteristic of 
tungsten point contact on GaP is shown in Fig. 1. 


5 


Pulse noise, as shown in Fig. 2, which is quite 
similar to those observed in Si p-n junction, ap- 
pears at point A and disappears as the bias voltage 
is increased up to point B. In the case of Fig. 2, 


pulse height was about 7 micro-amp. at the bias 


| (pA) 


A: pulse noise appears 
to B: pulse noise disappears 


0 


V (volt) 
Fig. 1. Reverse characteristic of point contact 
on Gap. 


Fig. 2. Microplasma pulse noise in point contact 


on Gap. 
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(b) 
(a) Photomicrograph of point contact on 
Gap and (b) electroluminescence. 


Fig, 3. 


voltage slightly above point A. In general, it was 
much more difficult to catch clear pattern of micro- 
plasma pulses on the synchroscope than in the case 
of Si p-n junction because of high level of current 
noise, which might partly be attributed to the 
choice of tungsten needle for metal electrode. The 
pulse width ranged from 1 to 20 microseconds near 
the bias point of its appearance. 

Electroluminescence was observed as shown in 
Fig. 3(b). By careful observation, it seemed likely 
that the true light-emitting spot was located just 
beneath the point contact, as can be seen in Fig. 
3, and other bright spots were only reflections of 
the light emitted from it. 

In our samples, without intentional doping, no 
electroluminescence could be observed in the for- 
ward bias either by naked eyes or through micro- 
scope. It must also be noted that no photoelectric 
effect could be detected with the light from a pro- 
jector lamp, 
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Magnetic Annealing of Co and 
Co-Ni Alloys 


By Minoru TAKAHASHI and Tatsuo KONo 


The Research Institute for Iron, Steel and 
Other Metals, Tohoku University, Sendai 


(Received February 29, 1960) 


For several years, the present author has studied 
the magnetic behavior of various ferromagnetic 
alloys under isothermal magnetic annealing at high 
temperatures, in order to elucidate the origin of 
the magnetic annealing effect, and has obtained 
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some results which are not expected from the | 
theory of atomic pair orientation”. The present 
report concerns the magnetic annealing effect of i 
polycrystalline pure Co and Co-Ni alloys with the | 
phase trasition 7SSe. 
To prepare the specimens, Inco electrolytic nickel 
and Katango electrolytic cobalt were used. The 
results of chemical analysis are given in Table I. | 
The specimen shape was a circular disc, 12.8mm 
in diameter and 0.45mm in thickness. The torque 
measurement was carried out by a usual torque- 
magnetometer, and the field strength for the mea- - 
surement was 22500,. The torque values were 
obtained both from the specimens annealed with 
magnetic field of 4100, and from those annealed 


Table I. Results of chemical analysis of metals used. 
J | : | [ 
Metal | Fe (%) | Co (%)| Ni (%)| C (%) ‘Mn (%) Si (%) | INMIGA!| IP“) || SGA) ‘Cu (%) 
Electrolytic Ni | 0.01, 0.16 | = | 0.003 | trace | 0.00; | — | trace trace 0.00.4 
Electrolytic Co | 0.04, — | 0.34 | 0.00, trace | 0.00; | trace | 0.002 trace — 


without magnetic field. The difference of these 
values gave the induced magnetic anisotropy. Ex- 
amples of the torque curve are shown in Fig. 1. 
As seen from this figure, the shape of the curves 
is represented by sin 29, in which @ is the angle 
between the direction of intrinsic magnetization 
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and that of the applied field in the cooling, and 
hence the amplitude of the curves should give Ky, 
which is the constant of uniaxial anisotropy. For 
nickel-rich Co-Ni alloys without ‘phase transition, 
the torque is the same order in magnitude as that 
of Ni-Fe alloys. For cobalt-rich Co-Ni alloys, on 
the other hand, it is extremly large, and it should 
be noted that even pure cobalt has the uniaxial 
anisotropy, The field direction in the magnetic 
cooling is parallel to the axis of easy magnetiza- 


<3 


Induced Magnetic Anisotropy Constant, Ku x (Oergs/c.c. 


Fig. 2(a) 


Fig. 2(a), 2(b). 
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tion except in pure cobalt and 95% Co _Ni alloy, 


while in these cases it is parallel to the axis of 
difficult magnetization, as seen in Pigsels “Whe 
value of K,, was plotted as a function of concent- 
ration of cobalt in Fig. 2(a). The 7-phase region 
of this figure is magnified in Fig. 2(b), where the 
curve Can approximately be expressed by C,2C;2, 
provided that Cy and C, are concentrations of Ni 
and Co, respectively. Ky, is very large in the e 
phase region and depends on the field strength in 
the magnetic cooling. The maximum value, 23.0 
x104ergs/cc, was obtained at about 80% Co-Ni 
alloy, while the value is —6.0x 104 ergs/cc for pure 
cobalt. These large values of |Ky| seem to be 
closely connected with the ;—e phase transition. 
The detailed report will be published in the near 
future. 
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Electrical Properties of Stannic 
Oxide Films 


By Isamu IMAI 


Department of Physics, 
College of General Educations, 
University of Tokyo 
(Received February 24, 1960) 


We have already reported some results derived 
from optical and electrical properties of stannic 
oxide films at room temperature). In the present 
paper the temperature dependence of the electrical 
properties of this substance was measured in order 
to obtain another support of the previously re- 
ported conclusions. 

The specimens used in these measurements were 
prepared on the fused quartz plates by the same 
method as the previous experiment”. Since the 
irreversible changes occur when the temperature 
of the specimen is raised above ~200°C in vacuum, 
we have measured the conductivity o, Hall constant 
Ry and Seebeck effect dO/dT in the region be- 
tween the room and liquid nitrogen temperatures, 
where these effects are reproducible. (Fig. 1) The 
existence of ohmic law in the electrical properties 
of the specimens was always confirmed because 
they were polycrystalline thin films. 

From Fig. 1, we recognize that both o and Rg 
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increase slightly with temperature. But as there 
is the doubt that this effects might be due to the 
difference between thermal expansion coefficients 
of the film and the substrate, the electrical pro- 
perties of the specimen prepared on the soda glass 
at the same time with the specimen Sn42 were also 
measured. Since the results show the same charac- 
teristics, it is concluded that these behaviours are 
intrinsic of the stannic oxide film. 

100? O - 100°C 


Sn(Sb) 18 


(97 cm!) 


Sn(In)6~ 


Conductivity o 
Hall coeff. Ru (cm? coul') 


Sn (Sb) 18 
TA SIRS Tater RETIN KIA 


Sn (In) 6 


ro) 2 4 6 8 10 
— 10 / T°K 
Figs o vs.1/T and --- Ry vs.1/T. 


Speccimen Sn42 was prepared by spraying alco- 
hol solution of pure SnCl, on the fused quartz 
substrate. Specimens Sn(Sb)18 and Sn(In)6 were 
obtained by spraying solutions SnCl,+1mol% 
SbCl; and SnCl4+3_mol% InCl; respectively. 


As is seen from the fact in Fig. 1 that o and 
Ry do not change appreciably with temperature 
and d0/dT has small values, it is expected that 
these substances are in considerably degenerate 
states. It is due to this fact that stannic oxide 
films show metallic conduction. We have applied 
the free electron theory to analyze the experimental 
data, though the Seebeck effect is not usually used 
so much for it. In the procedure, we first made 
an attempt to estimate the expected value of the 
Seebeck effect from Ry and appropriately adopted 
effective mass value m* of free carrier by using 
the relations 

tv 1/Rue ? n=4n(2m*k T/h2)3/2F'/2(€) 
and 
adO/dT 
= — (kle){(p +5) Fes nye) P+3) Fas pyle) — EF» 
where p is scattering index defined from the pro- 
portionality of relaxation time rt to v” and F’,(é) is 
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Fermi integral, the value of which was obtained 
graphically. Assuming m*=m/7, which is the value 
obtained from optical and electrical measurements 
in the provious work), the expected values of 
d0/dT are shown in Table I. It may be seen from 
the table that the agreement between the experi- 
mental and calculated values of dO/dT is better in 
the case p=3 than p=—1. This implies that the 
free carriers are largely scattered by ionized centers. 


Table I. d0O/dT(uV/deg.) 
300°K 100°K 
p=3| p=-1 | exp. | p=3 p=-1| exp. 
Sn42 193 82 145 54 Ig, 50 
Sn(Sb)18} 32 11 38 al 3.6 | 14 
Sn(In)6 78 28 80 — = = 
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On the other hand, there are some facts that are 
compatible with this conclusion as follows: (1) If 
we calculate from Fig. 1 the difference of the car- 
rier densities between the specimen Sn(Sb)18 and 
Sn42, we shall find it nearly equal to the added 
density of Sb, indicating that Sb seems to act as 
a donor. Since a donor will be positively charged 
after supplying a free electron, as is seen from 
the Ry values in Fig. 1 the ionized impurity density 
in the specimen becomes so high that impurity 
scattering will be more important than lattice scat- 
tering in the conduction mechanism. (2) The mob- 
ilities ~7—=Ryzo obtained from Fig. 1 increase with 
the temperature in the specimens except Sn(Sb)18, 
which is independent of temperature on account of 
high degree of degeneracy. Their exponents on 
temperature dependence are approximately +1, 
while it should be +3/2 in pure p=3 case and 
—3/2 in p=—1. 

In conclusion, conversely if »=3 in the speci- 
mens is valid by the reasons mentioned above, the 
present measurements seem to support that the 
ratio of the effective free electron mass to the true 
electron mass is about 1/7, whose value have been 
observed in the previous work, 


Reference 


1) K. Ishiguro, T. Sasaki, T. Arai and I. Imai: 
J. Phys. Soc. Japan 13 (1958) 296. 


J. PHys. Soc. JAPAN 15 (1960) 938~939 


Post-Irradiation Effect in Visible Absorp- 
tion Spectra of Polyvinyl 
Chloride Sheets 
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We applied visible absorption spectrophotometry | 
to irradiated sheets of polyvinyl chloride so as toe | 
obtain some information about mechanism for post- | 
irradiation effect and color change with time. ) 

Irradiation was done with electron beams (energy | 
1 MeV, current 100A). Samples of polyvinyl chlo. 
ride sheets 1mm in thickness, 5cmx3cm in size, — 
contained only a kind of organic tin as stabilizer 
so that they were optically transparent. They were 
irradiated up to dose 108 rad or 107 rad, some were 
irradiated in water and others in air. 

The spectra were measured by means of a Sima- 
zu-QB-50 type unit. In particular, we traced the 
absorption change with time after irradiation for 
about 24 hours. We could not measure a color 
change in the samples irradiated up to 108 rad be- 
cause of its too strong absorption. All the sub- 
sequent discussions therefore refer to the samples 
irradiated up to 107 rad only. 

Visual color gradually changed from blue to 
green after irradiation. An example of absorption 
spectrum is shown in Fig. 1. 


t=30 


uw 
ie) 


7“ 


Curve | 
. mee 
t=60 


t=150 


nm 
fe} 


Percent Transmittance 


Curve 2 

ol t=1160 

450 500 550 600 650 mye 
Wave Length 


Fig. 1. Absorption spectra of a sample irradiated 
in water. Curve 1 and Curve 2 refer to meas- 
urements at 30min and 1160 min, after irradi- 
ation. 


As shown in Fig. 1, two absorption bands (at 
570 mp and 630 mp) were observed. Although one 
might be tempted to think that the change in color 
means a shift of the bands, but they did not shift 
with time. Consequently, visual change in color 
above mentioned is due to a certain gradual dis- 
tortion of a spectral shape. We calculated color 
specification according to the CIE standard system 
from the spectra in Fig. 1. For curve 1, Ap—500 
my (bluish green), p=7% and Y=26.83; for curve 
2, A&qa=541 mp (yellowish green), p.=36% and Y= 
7.20, where dg, pe, and Y represent dominant wave- 
length, excitation purity and illuminous refractance 
respectively. These values are consistent with our 
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visual observations. 

The value of log (/I) at the absorption bands 
is plotted against time in Fig. 2, where J stands 
for the intensity of transmission of an irradiated 
sample and J) for that of an unirradiated sample. 
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©: Irradiated in water. 
@: Irradiated in air. 


A possible interpretation of our present result is 
given as follows. The primary product due to ir- 
radiation may be a metastable species without 
visible absorption. This species may then convert 
itself secondarily to a chromophore responsible for 
the absorption band above mentioned. The con- 
version process will be supposed to be unimolecular, 
at least apparently. The secondary product, or 
the chromophore, may be considered to be a stable 
species because of its constancy at the absorption 
wavelength. 

From the first order reaction kinetics, the next 
functional relationship may be applied to the curve 
in Fig. 2. 

r=7ro+rill —exp (—4t)] . 

Here, 7 represents log (J)/I) at time ¢ and 7 that 
at time t=0. ¢ represents time after irradiation. 
7, and A are constants to be determined independent 
of time. 7, is connected with 7 by the equation, 
where 7. is log (Jy)/I) at time t>. 

Vo=fotit - 

Evidently 7 is proportional to concentration of the 
chromophore. If we adjust the parameters as 7o= 
9.35, 710.61 and A=2.2x10-2 min-}; the above 
equation can reproduce the curve 3 in Fig. 2, ap- 
proximately, so that the half life of the primary 
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product turns out to be 32 min. 
More detailed study is now in progress, 
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The electron configuration of the Fe3+ ion in 
[Fe(CN),]’- complex is (de). A cubic field gives 
a ground orbital triplet which is split further by 
the combined action of the spin-orbit interaction 
and fields of lower symmetry). The ground level 
may be described by an effective spin S’=1/2.2 
Because the orbital momentum is only partially 
quenched there is a possibility of anisotropic ex- 
change», A detailed measurement by McKim and 
Wolf of the Weiss constants in a single crystal 
has shown the existence of a rather large aniso- 
tropic component. The anomalously large line 
breadth of the paramagnetic resonance line in a 
concentrated salt has been interpreted as due to 
this anisotropic exchange). 
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Fig. 1. Position of lines in bc-plane. —@W— Solid 


line calculated using values of anisotropic ex- 
change listed in Table I and with c-axis as the 
z-axis; -—-x— isolated ion line, g,=2.18, gc= 
0.92; ---©--- dotted line drawn through experi- 
mental points. 


We have observed paramagnetic resonance in 
samples diluted by K;Co(CN),. At about 5% Fe3* 
concentration a fine structure consisting of many 
lines are observed which have intensities of about 
one tenth of the line due to isolated ions. Fig. 1 
shows the angular dependence of these lines in the 
be-plane. The lines can be separated into those 
which are situated approximately symmetrically 
about the isolated ion line (points joined by a solid 
line) and those which are not (points joined by 
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dotted line). The origin of the latter lines are 
not clear at the moment. We shall present here 
a brief report on the analysis of only the former 
lines as these appear to have a close connection 
with the anisotropic component of the Weiss con- 
stant. 

According to Barkhatov and Zhdanov® the crystal 
is monoclinic with two differently oriented com- 
The relevent parameters are 
listed in Table II. The magnetic axes coincide 
with the crystal axes. The former lines appear 
to be due to exchange coupled pairs of similarly 
oriented ions from the behavior in the ab-plane 
and reasons to be given later. With S’=1/2 the 
ions combine to give a total spin T=1 or 0. It 
has been shown that the anisotropic component of 
exchange splits the triplet and gives rise to a pair 
of lines situated approximately about the non- 
displaced positions?). The lines can be analysed 
with the following Hamiltonian 

SF = 98H. (S'+S")+S'KS" . (Gis) 
The angular dependence of the lines indicate that 
the principal axes of the exchange interaction 
tensor lie along the crystal axes. Hence the prin- 
cipal values of the anisotropic component will be 
denoted by Ja, J, and J, where a, b and ¢ denote 
the crystal axes. Now besides the anisotropic ex- 
change, dipolar interaction between ions also con- 
tributes to the splitting of the triplet. In the pre- 
sent case this amounts to about 20% of the aniso- 
tropic exchange and cannot be neglected. The 
contribution will depend on the sign of the aniso- 
tropic exchange and the orientation of ion pairs. 
The factors were taken so as the resulting values 
of J, etc. after correction for the dipole effect 
satisfied the condition Jz+J,+J-=0. This deter- 
mines the sign of J, etc. and also shows that the 
lines are most probably due to pairs of similar 
ions. For all alternative cases there arises a 10% 
discrepancy between J,+J,) and the observed J. 
The values thus derived are shown in TableI. It 
is not clear from the crystal structure why there 
should be two different similar ion pairs. When 
the number of nearest neighbours are taken to be 
n=2, the anisotropic Weiss constant gives values 
listed in the last row of Table I. 

It is seen that they agree very well in both 
magnitude and sign with the average of the two 
pairs. This is another reason why we believe the 
lines to be due to similar ion pairs as n=—4 for 
dissimilar ions. McKim and Wolf have also noted 
that a fair agreement between the Weiss constant 
and the magnetic specific heat could be obtained 
only when one assnmes n=2 instead of n=6 as 
suggested from the crystal structure. Although 
the reason is not clear these facts are consistent 
with each other and can be understood if we as- 
sume that the anisotropic component of the inter- 


plexes per unit cell. 
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| 
Table I. | 
Ja(em-1) | Jy (cm) | Jo(em-") | 
Pair! — .038 — .016 + .055 
Pai it — .047 — .025 + .072 
Average: oft: Sate egigel|  Spoal sy aaa Oes 
From Weiss 
const.#) with as- — .044 — .024 + .067 
sumption of n=2 


Table II. Crystal parameters for K3Fe(CN).. 
a (A) | b(A) | (A) | 8 | Z 
7.05 | 10.44 | 8.40 | 107.5 | 2 


Fe at 000; 430 


action between dissimilar ions is very small. 

We have also made adiabatic demagnetization) 
measurements on a single crystal of concentrated | 
salt with hope of obtaining more information on} 
the isotropic exchange. There appears a peak in} 
the susceptibility at the entropy S/R=0.165. Using? 
the Weiss constants this is calculated to be aboutt 
0.2°K. An independent experimental determination) 
of the absolute temperature is being made. The 
results will be reported together with a detailed] 
discussion of the resonance results in a forthcoming; i 
paper. 

The author expresses his thanks to Prof. E. Kanda} 
for his encouragement throughout the course of f 
this work. 
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Temperature. Dependence-of Infrared perties and other properties such as electrical con- 


Absorption Bands of n-Higher 
Alcohols 


By Mitugi HASIKUNI 


Department of Physics, Faculty of Science, 
Hiroshima University 


(Received March 2, 1960) 


The temperature dependence of infrared absorp- 
tion bands of n-higher alcohols was examined in 
the range from 700cm-! to 1500cm-!. It was 
found that the intensities of some of the bands 
changed markedly with temperature. When the 
sample was heated from room temperature (20°C), 
each of the bands which are characteristic of the 
solid state became gradually fainter and finally 
disappeared at a certain temperature which was 
different from band to band. When the sample is 
cooled down from the liquid state, the bands begin 
to reappear at temperatures which are lower by 
several degrees than those corresponding to the 
heating process. 

In the spectra on the #-states, three progres- 
sions of bands (P, Q and Q!/ in Fig. i) were ob- 
served. These bands are characterized by uni- 
fomity of relative intensity and spacing, and by 
the same dependence on temperature. 

Fig. 1 shows the absorption curves for C,gH3;0H, 
CigH330H, and Cy,H2g0OH in the liquid, a- and 8- 
states. respectively. Though the spectra of the 
liquids agree well with the spectrogram reported 
by N. Neuilly), the spectra of the f-states reveal 
more structure than that observed by him. How- 
ever, the spectra do not confirm the fact that the 
bands between 1350cm-! and 1180cm~! (P and Q 
in Fig. 1) consist of two overlapping series of 
bands as mentioned by R. N. Jones, A. F. MeKay 
and R. G. Sinclair2. Nevertheless, these bands 
can be classified into two groups by their tem- 
perature dependence, the gaoup between 1250 cm~! 
and 1350cm~! (P group in Fig. 1) and the group 
between 1180 cm-! and 1250cm~! (Q group in Fig. 
1). 

In the case of cooling process from the liquid 
state to solid state, the @ and Q/ (bands between 
1048cm-1! and 964cm~1) groups begin to appear 
when the specimen freezes. Next, the P group 
appear at somewhat lower temperature. Finally, 
the doublet at 720 cm~! begins to split at the transi- 
tion temperature for a—f modification. All the 
bands which appear only in the solid state are 
gradually intensified as the temperature becomes 
lower. 

The fact that no abrupt change in the intensity 
of the spectra occurs in the process of passing 
through the liquid-a and a—f transition points is 
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Fig. 1. Infrared spectra of n-higher alcohols in 
three states. 
(a) CisHg,OH 


(b) C1gH330H (c) Ci4H2_90H 
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ductivity or dielectric loss which change abruptly 
at these temperatures®). 
A detailed description will be published later. 
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In recent years the stress in vacuum-evaporated 
films has aroused the interest of the workers in 
thin film physics, and not a few papers have been 
published on this subject*. It seems, however, 
that no systematic study has yet been carried out 
on the relation between the magnitude of the stress 
and the thickness of the film. The authors have 
measured the tensile stress in silver films of 30~ 
2,500 A thickness evaporated 7m vacuo on thin pieces 
of mica, and obtained the results illustrated in 
Bisa: 

The substrate, a thin piece of mica (3~5cm in 
length, 0.4~0.8cm in width and 0.001~0.005 cm in 
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* These works have been reviewed by Kondo 
and Kinosita). 
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thickness), was clamped on to a copper block as ! 
This block was mounted hori- 


is shown in Fig. 2. 
zontally in a bell-jar and silver was evaporated 
from a molybdenum boat placed 40cm below the 
block. The evaporation was carried out at 1~3 
«10-5 mmHg, the speed being between 20 and 40 


A|sec. 


copper block 


Fig. 2. Mica piece and its support. Before and 


after evaporation. 


The displacement of the free end of the mica 
piece was observed through a window of the bell- 
jar by means of a horizontal microscope equipped 
with an ocular micrometer. During the evapora- 
tion the mica piece shows a free-end-up deforma- 
tion due to thermal effect, but when the evapora- 
tion is finished and the thermal equilibrium is 
reached, the free end comes to a standstill after 
being shifted downward by an amount ¢ (0.001~ 


0.05cm). This displacement is caused by the ten- 
sile stress o in the silver film. It can be shown 
that 


6=3ldc/HD , 

where #' and D are the Young’s modulus and the 
thickness of the substrate, and 1] and d are the 
length and the thickness of the silver film respec- 
tively. # was determined for each substrate by 
the method of vibrating reed». The thickness of 
the silver film, d, was measured making use of the 
multiple-beam Fizeau fringe technique. 

Fig. 1 indicates that above 500A film thickness 
(the region which have been studied hitherto) o 
increases slightly as d decreases. But below 500A 
o increases steeply as d decreases, by far exceed- 
ing the tensile strength of bulk silver (1.6x 109 
dyn/cm?). It would be worthy of note that the o-d 
relation given in Fig. 1 resembles that between 
the electric resistivity and the thickness of the 
evaporated silver film3), 

The general trend of the co-d curve suggests 
that the stress is concentrated in a surface layer 
of the evaporated film. This view would be more 
favourable to Wilman’s theory® than to Hoffman’s®). 

It seems that the sharp rise in « below 500A is 
beyond the scope of any existing theories. It is 
substantial to know more about the structure of 
these thin films before any theory for the cause of 
the stress in this region can be proposed. The 
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authors have started electron microscopic observa- 
tion of very thin (d<100 A) films of silver evapo- 
rated on mica under the same conditions as de- 
scribed above. The micrographs obtained up to 
the present show agglomerated structures, but 
there is strong evidence that agglomeration is ac- 
celerated by the electron beam. The authors are 
rather inclined to suppose that evaporated silver 
atoms form a continuous film on freshly cleaved 
mica surface, which by irradiation with the elec- 
tron beam or by aging may be metamorphosed 
into an agglomerated structure. 
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Spectrum of electron spin resonance in irradiated 
pure polytetrafluoroethylene (PTFE) has been re- 
ported by Rexroad and Gordy to consist of two 
quintets, partially superimposed, arising from radi- 


cals of the form of “CRECECE 0), We have also 
been investigating the ESR of irradiated PTFE, 
and observed some new phenomena. 

Measurements were made at a frequency of 9400 
Mc/sec with a reflection-type apparatus (JES ESR 
spectrometer). Irradiation was carried out at room 
temperature with ;-rays from a 1000-curie ®Co 
source giving a dose rate of 3.4x10°r/hr. PPE 
samples in the form of rod, 3mm in diameter, 
having a crystallinity of approximately 60% were 
irradiated in glass tubes, after degassing and seal- 
ing in vacuum, with dose of up to 6x107r. 
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Integrated curve of derivative tracing of spec- 
trum obtained at 27°C is given by curve S in Fig. 
l(a). This spectrum cannot be explained by two 
quintets with an intensity distribution of 1:4:6: 
4:1. Though the intensity of the spectrum hardly 
decays at room temperature, it varies with eleva- 
tion of the temperature as shown in Fig. 2, the 
heating time of the sample being 3min. at each 
temperature. Two principal decay regions are ob- 
served, the first arose in the 70-100°C region and 
the second above about 180°C. The polymer lost 
its spectrum entirely on heating at 320°C. Since 
in PTEE the segmental motion in the amorphous 
regions occurs at about 100°C2) and the crystalline 
regions melt at 327°C, the radical decays observed 
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Fig. 1. Integrated curve of derivative tracing of 
spectrum at 27°C for PTFE. (a) Initial spec- 
trum, S, and the part of the spectrum which 
disappeared on heating at 130°C, A. (b) Spec- 
trum which remained on heating at 170°C, C, 
and its decomposition into two components C; 
and C». 
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Fig. 2. Relative intensity of spectrum asa func- 
tion of heating temperature for PTFE. 
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seem to correlate with the chain motion of the 
polymer. 

After the first decay region the spectral inten- 
sity decreases to about 60% of its initial value, 
showing that the radicals in the amorphous regions 
decay first. This spectrum which disappeared con- 
sists of several overlapping lines smeared out as 
shown by curve A in Fig. 1(a), which is obtained 
by subtracting the spectrum resulting from heating 
at 130°C from the original curve S. The partial 
conversion of A into C; (Fig. 1(b)) also occurs, so 
the actual curve of A should be obtained by adding 
this converted part to the apparantly disappeared 
line Ap. 

On heating at 170°C, spectrum shown by curve 
C in Fig. 1(b) was obtained. This spectrum can 
probably be attributed to radicals produced in the 
crystalline regions. The spectrum may be resolved 
into two components C, and C2, the former being 
composed of three narrow lines and the latter of 
two quintets with but slight difference in g-factors 
(about 0.001). The relative intensity of five lines 
is approximately 1:4:6:4:1, and that of three 
lines, 1:2:1. The vertical bars drawn directly 
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below the curves represent the theoretical inten- 
sity. The curve C, is thought to arise from the 
radical with five coupling fluorines—one with coupl- 
ing of 87 gauss and four with equivalent couplings 
of 32 gauss each. The curve C; is to be attributed 
to the second radical in the crystalline regions 
with hyperfine intervals of 14 gauss. On heating 
at 280°C, the curve C, disappears completely leav- 
ing curve C2 of diminished intensity. 

Thus the complex spectrum of irradiated PTFE 
may be explained by superposition of curves A, 
C; and C, originating from at least three different 
kinds of radicals. 

The author is deeply indebted to Dr. Kenichi 
Shinohara for his encouragement and interest in 
this work. He is also grateful to Mr. T. Matsuga- 
shita for his helpful discussion. 
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Temperature Reducibility of the Relaxation and Retardation Spectra 


By Osamu NAKADA 
J. Phys. Soc. Japan 12 (1957) 1218 


Eq. (40), which we had derived as the condition for the microscopic reducibility, should be revised 
partly as follows. The solution of Eq. (32) with F.=F d(¢) is expressed formally 


fila, D=e-“fiq, 0), t20. (E-1) 
While, the direct integration of Eq. (32) in the neighborhood of t=0 leads to 
fig, 0)= — Fo div (fo/¢) . (E-2) 
Thus 
Fig, = —e- UF) div (fol) - (E-3) 


Accordingly the conditions for f; to be described in the form of Eqs. (23) and (24) should be Eq. (40) 
and 


FG T/C T)=A(T)fola, To)/¢(To) 5 (E-4) 


the latter of which we had missed in the original text. The equilibrium distribution function f) depends 
on temperature through Boltzmann’s factor except when the potential energy of the system is every- 
where constant in the configuration space, i.e., except when the component L; equals zero. But as we 
see easily considering Eq. (40) together with Eqs. (33), (34), (85) and (36), the condition that L; should 
be zero is already involved in Eq. (40). So our conclusion previously derived will not be altered ulti- 
mately by inclusion of the supplementary condition (E-4). The author should like to express his sincere 
thanks to Mr. K. Okano of the Institute of Physical and Chemical Research who pointed out the mistake. 


Measures of Finite Strain and Stress-Strain Relations 


By Wataru SEGAWA 
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Further Study of the Reaction. ’Li(7t)'He 


By Mitsuo Miwa and Mikio YAMANOUCHI 


Depariment of Physics, Tokyo University of Education, Tokyo 
(Received February 2, 1960) 


The reaction ’Li(jt)‘He is studied by using betatron bremsstrahlung and 


nuclear emulsion. 


Resonance peaks are found in the excitation function 


at 7.8, 8.9, 9.8 and 13.5 Mey, in agreement with those found previous- 


ly by one of the authors (Miwa). 


From the angular distribution analysis, 


it is concluded that the spin and the parity of the 8.9 Mev level in ?Li 


cay ar 


Introduction 


§1. 

In the former work" (hereafter referred to 
as I), one of the authors (Miwa) investigated 
the excitation function of the reaction 7Li(y?) 
-He up to the x-ray energy of 21 Mev, find- 
ing peaks in the excitation curve at the pho- 
ton energies of 7.6, 8.6, 9.6, 11.7, (13.5) and 
16.2 Mev. A few of the peaks were found to 
correspond to the known excited levels of 7Li 
nucleus. Some others, however, were some- 
what uncertain and did not correspond to any 
known levels. 

In the present work, we have tried to con- 


firm the existence of the peaks observed in 


I by observing more events. Besides the 
energy distribution of the events, the angular 
distribution of reaction products has also been 
studied in order to make up for defects in 
determining the resonances only from ap- 
parent peaks in the cross section curves, be- 
cause there may appear spurious peaks due 
to statistical fluctuation. 

We have identified and established some of 
the peaks found in I, and where it was pos- 
sible, we have tentatively assigned the spins 
of the corresponding levels of ‘Li nucleus. 


§2. Experimental Procedure 


Five nuclear plates have been examined. 
Three of which (Nos. 1, 2, and 3) were the 
plates exposed to the bremsstrahlung from 
the betatron at the University of Illinois, 
while the other two (Nos. 4 and 5) were those 
irradiated with the betatron at the Tokyo 
University of Education. 

As was described in I, the plates Nos. 1, 2 
and 3 were exposed to the x-ray beam with 
their surface normal to the beam. This ar- 
rangement had the advantage of reducing 
fogging in the emulsion. In this case, how- 
ever, it was difficult to observe tracks with 


angles larger than around 50° to the plate. 
Therefore the plates Nos. 4 and 5 were set 
with their surfaces at 10° tothe beam. This 
setting was a compromise between reducing 
fogging and increasing observable angular 
range. 200-micron Ilford El plates loaded 
with lithium of 32mg per cm* emulsion were 
used throughout the work. 

The arrangement of experimental apparatus 
in exposing the plates Nos. 4 and 5 was near- 
ly the same as in I. Nuclear plates were 
placed at the center of a long cadmium tube 
with its axis parallel to the x-ray beam 
to get rid of undesirable alpha-triton pairs 
arising from the reaction *Li(mt)*He, and, in 
order to reduce the fogging of the emulsions 
to the same degree as in the case when the 
plate was placed normally to the beam, the 
bremsstrahlung was filtered by a tungsten 
plate of 4mm thickness. The x-ray dose was 
measured by a Victoreen chamber encased in 
a paraffin cylinder of 20cm diameter placed 
far behind the nuclear plate. 


Table I. 

Plate | No.1 No.2 No.3 No.4 No.5 
Betatron 
energy (Mev) AS HY A a a 
Given dose 200 260 140 220 220 
(roentgen) 
Area scanned cae eG 3.8 2.9 3.0 
(cm?) 
Tracks Wy SE RAI 21) eske 
measured 


Table I shows the betatron energy and the 
dose given to each plate together with the 
area scanned and the number of tracks 
measured. 

Irradiated plates were processed by the 
usual method of temperature development. 
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The developing agent was a modified normal 
amidol developer, pH value of which was 6.5 
at 19°C. Satisfactory discrimination of 
alpha-triton pairs was achieved against back- 
ground tracks and foggs. 

The energy of the photon having produced 
each alpha-triton pair was determined from 
the observed range of the pair. Hence the 
struggling of alpha particles and tritons in 
the emulsion caused some ambiguity in de- 
termining the photon energy. In order to 
estimate the magnitude of the resultant un- 
certainty in the photon energy, the struggl- 
ing of alpha particles was measured, by ob- 
serving the ranges of alpha particles of 
samarium and polonium in Fuji ET2E plates. 
The measured struggling was in good agree- 
ment with that obtained by Rotblat?) for 
Ilford C2 emulsion. 

From these results, the nucertainty of the 
photon energy determined from the observed 
alpha particle energy was estimated to be less 
than 0.4 Mev at about 8 Mev photon energy. 
Triton tracks were expected to exhibit much 
less struggling. Finally, photon energies Fi 
and £2 for each pair were calculated from 
the observed ranges of its alpha and triton 
components respectively, and to make sure 
the pair identification, few pairs having €= 
(E:—E.)/E2 greater than 0.07 were excluded 
from the data. 

In studying the angular distribution, the 
tritons emitted between 40° and 140° with 
respect to the x-ray beam were measured for 
the plates Nos. 1, 2 and 3, and for the plates 
Nos. 4 and 5 only those tracks having dip 
angles less than 50° with respect to the sur- 
face of the plates were accepted for measure- 
ment. Necessary corrections for the limitted 
observable angular range and for the escap- 
ing of the emitted particles from the emul- 
sion in the case of the plates Nos. 4 and 5 


were applied in a similar way to that of 
Wachter®?. 


§3. Results and Discussion 


Figs. 1(a), (b) and (c) represent energy dis- 
tributions of the alpha-triton pairs which sur- 
vived the criterion mentioned in the preced- 
ing section. Corresponding excitation func- 
tions are shown in Fig. 2. The result of I 
is reproduced in Fig. 2 for comparison. 
Although the absolute values of reaction cross 
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section are not in good accord in some cases, 
it may safely be said that the excitation 
functions in Fig. 2 obtained from different 
measurements show a marked similarity in 
their general trend. Absolute cross sections 
at the x-ray energy of 6.8 Mev obtained from 
the plates Nos. 4 and 5 are also indicated in 
Fig. 2. These values however are not ex- 
pected to be quite accurate because of the 
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Fig. 1. Energy distribution of alpha-triton pairs 


from the reaction *Li(7t)*He. 
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Fig. 2. Excitation function of the reaction 7Li 
(7t)*He. 
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poor accuracy in dose determination in the 
present experiment, and are shown only for 
demonstrating the mutual consistency of the 
separate measurements. Apparent resonance 
peaks obtained from the statistically more 
reliable data are tabulated in Table II, toge- 
ther with those found in I and the known 
levels of *Li compiled by Ajzenberg-Selove 
and Lauritsen). 


Table II. 
Plate Resonance Peaks (Mev) 
No. 1 GES TAS 8: 9988) 13.5 
GREK 3) 4920 (13.8) 
3 (7.0) (8.0) 8.8 

Ref. I TE OF SAG Obs Nol ey, (13.5) 
Ajzenberg ai 

and ee 04 /eA/, Decne ela’ nbkeha) 
Lauritsen 


Because of poor statistics, the energy 
values of corresponding peaks are not in good 
agreement in some cases and some peaks are 
even indiscernible in some plates. Angular 
distributions of the emitted particles there- 
fore has been studied to make sure the ex- 
istence of reasonance peaks observed in the 
excitation function. If the observed peaks 
correspond to the resonance absorption of 
photons by isolated levels of lithium nucleus, 
the angular distribution of emitted particles 
in the center of mass system is expected to 
be symmetric about 90° as will be discussed 
later, while the distribution for the inter-re- 
sonance region exhibit quite a different fea- 
ture due, in some cases, to interference 
between adjacent two states of opposite 
parity. 

The angular distributions of tritons in the 
energy interval of 0.5Mev at resonance and 
inter-resonance energies, observed in the 
plate No. 1, are given in Fig. 3(a). Similar 
angular distributions at the resonance peaks 
obtained from the plates Nos. 2, 3 and 4 are 
also shown in Figs. 3(b), (c) and (d) respec- 
tively. As is seen from the figures, all the 
distributions at resonance peaks except those 
at 6.8 Mev seem to have the expected sym- 
metry. The distribution at 6.8 Mev, how- 
ever, suggests asymmetry around 90° in spite 
of the resonance-like peaks in the excitation 
functions. 
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The angular distributions at about 8.9 Mev 
X-Yay energy can be fitted by a function of 
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Fig. 3. Angular distribution in the center of 
mass system of tritons emitted by the reaction 
7Li(ys)$He. Ordinates are in arbitrary units. 
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the form a—bcos? 0, a/b being 0.7. As to 
the peak around 7.8Mev, definite conclu- 
sion on the angular distribution was hardly 
possible because of the lack of information 
in sufficiently wide range of angle. Never- 
theless, most likely distribution function seems 
to be a—bcos? 8, in which a/b varies from 
0.6 to 1.0 depending on the interpretation of 
the data. 

These angular distributions can be compar- 
ed with those derived theoretically by Morita 
et al... They have given a general expres- 
sion for the differential cross section for 
photo-reaction of the type 

Pk = Yb 
If we assume that only one separate level of 
7Li nucleus takes part in the reaction, and 
that photons of definite type and multipolari- 
ty are absorbed by the nucleus, Morita’s 
formula reduces to the form 


fO)=x (E11 LL) Wi Lys 3/28) 
LU JV J; 1/2k)-Px(cos @) CG 


with the restriction 2L—k=even, where L 
and / represent respectively the total angular 
momentum of the photon and the compound 
nucleus, and 7’ is the orbital angular momen- 
tum of the alpha-triton system in the final 
state. 

The angular distribution for the resonance 
at 8.9 Mev can be reasonably interpreted, if 
we assume the level to have the spin of 5/2 
and to absorb electric dipole or magnetic di- 
pole radiation. In either case, the formula 
(1) gives an angular distribution of the form 
1—0.5 cos? 6, which is in fair agreement with 
that obtained in the present experiment. 
Therefore, 5/2 is most likely assigned for the 
spin of the level at 8.9Mev. Other spin 
values than 5/2 and the absorption of higher 
multipole radiation as well may be ruled out 
from the angular distribution consideration. 

For the resonance peak at 7.8 Mev, although 
the same transition seems to be most prob- 
able in view of the angular distribution, an- 
other possibility of the transition in which 
a level with spin 5/2 absorbs electric quadru- 
pole radiation may not be excluded. In this 
case the angular distribution is represented 


* Erdés et al.6 has previously calculated the 
angular distribution function for the reaction 7Li- 
(yt)*He which is identical with (1). 
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by 1—1.8cos? +2.5 cos! @. In any case, most 
favorable value for the spin of 7.8 Mev level 
is 5/2. Other possibility will be again exclud- 
ed by comparing the experimental distribu- 
tion with those calculated from the formula 
(1). 

An asymmetric angular distribution may 
be interpreted in terms of interference 
between two states of opposite parity. The 
interference effect contributing to the angular 
distribution for the inter-resonance regions 
will be qualitatively argued, by making use 
of the formula derived by Morita et al. (Eq. 
(15) "Of rel-25). 

If we assume that the level at 7.8 Mev 
corresponds to the known level of odd parity 
with J=5/2 and that the level at 8.9 Mev has 
5/2+, angular distributions calculated for the 
region between these levels give the form a+b 
cos 9—ccos? 6. This is just the case for the 
angular distribution shown in Fig. 3(a). If 
the level at 8.9 Mev has odd parity, the dis- 
tribution will be symmetric around 90°. 
Hence we conclude that the level at about 
8.9 Mev has /=5/2 and even parity. 

Asymmetry in the angular distribution for 
the resonance like region around 6.8 Mev 
hardly be explained by the interference effect 
due to the known levels of 3/2+ at 6.5 Mev 
and that of 5/2- at 7.5 Mev. (one more level 
may be assumed to exist between these two 
levels, which will cause the angular distri- 
bution for the 6.8Mev region to have the 
from of a+dcos@+ccos?@. Detailed discus- 
sion, however, will be worth little because 
of the poor statistics of the present data.) 

The resonance at 9.6 Mev found in IJ is not 
separated well in this experiment. However, 
a hump on the excitation curve favours the 
existence of a resonance peak. Rybka and 
Katz? have reported a level at 9.66 Mev 
found in the (7m) process of lithium nucleus. 

Although we have not investigated angular 
distributions for the peak at about 13.5 Mev, 
existence of a level is quite probable. 
Romanowaki and Voelker®) has studied the 
photoneutron cross section of *Li and found 
a broad resonance peak around 14 Mev. 
Heinrich and Rubin® have also found a peak 
centered around 15 Mev in the cross section 
curve of the reaction "Li(ym)*Li. The peak 
at about 13.5 Mev found in the present work 
perphaps corresponds to the resonances re- 
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ported in these (yz) experiments. But Rybka 
and Katz obtained a quite different excitation 
curve for the same reaction. 

In the preceding arguments, we have not 
considered the effect of “two body” mecha- 
nism on the angular distribution of the reac- 
tion products. Czyz'? has investigated the 
cross section of the reaction *Li(7t)4He on the 
basis of two body mechanism, and explained 
the gross structure of the excitation function. 
But, as is guessed from Fig. 3, this process 
will contribute to the cross section as a rather 
smooth background superposing on sharp 
resonance peaks and may not be so large as 
to alter the form of angular distribution. 

In conclusion the authors wish to express 
their gratitude to Mr. K. Kuriyama and Mr. 
T. Akiba for their collaboration in exposing 
the plates and to Mr. F. Shiga for his assis- 
tance in the scanning work. This work was 
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Reactions of Argon-40 with Alpha-Particles 


By Shigeo TANAKA,* Michiaki FuruKAWA,* Takashi MIKUMO,* 
Shiro IwaTa,** Masuo Yaci*** and Hiroshi AMANO**** 
Institute for Nuclear Study, University of Tokyo, 
Tanashi-machi, Tokyo 
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Excitation functions for the (a, p) and (a, pn) reactions on A‘ were 
measured by the activation method using a “modified stacked-foil ” 
technique. The bombardments were made with an alpha-particle beam 
from the 160cm INSJ cyclotron. The beam was collected in a Faraday 
cup and measured by a current integrator. The disintegration rates of 
product nuclei were determined by 4rxf-counting. The results were 
compared with the predictions based on the statistical model of nuclear 
reaction by use of a level density expression of the form w= 
c exp [2(aH)/2]. The experimental cross sections appear to agree with 
the calculated values for rp21.1x10—13cm and a=1~2Mev-!. The 
considerably low value of 7) might indicate that the statistical model is 


not completely applicable. 


§1. 


It has been reported!” that the bombard- 
ment of argon with alpha-particles results in 
the production of K** and K* in high yields. 
Neither the absolute cross section nor the ex- 
citation curve of the (a, p) and the (a, pn) 
reaction of A‘? has been measured. It is of 
interest to elucidate whether the cross sections 
of these reactions are really exceptionally 
large, as compared with the predictions based 
on the statistical theory of nuclear reaction. 
As few data?-* are available on the cross 
sections of alpha-induced reactions, accumu- 
lation of more experimental data is desira- 
ble for further developments on the elucida- 
tion of nuclear reaction mechanism. This 
experiment is a part of the present authors’ 
study” in which the cross sections of alpha- 
induced reactions on medium weight nuclei 
at intermediate energies of alpha-particles are 
studied. 

In this experiment, excitation functions for 
the (a, p) and the (a, pm) reaction on A“ 
were measured for alpha-particle energies up 
to 36 Mev. Argon gas was bombarded with 
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an alpha-particle beam from the 160cm INSJ 
cyclotron. In order to measure the energy 
dependence of cross sections, a “stacked-gas” 
techinique was developed. The disintegration 
rates of the product nuclei (K*? and K*?) were 
measured by 478-countring and the energy 
dependence of the yields was obtained by 
gamma-ray countings with an Nal(T1) scintil- 
lation spectrometer. 


§2. Experimental 


Bombardments 

The deflected beam from the 160cm INSJ 
cyclotron was focused by a pair of quadrupole 
magnets and by a sector-type focusing mag- 
net and led through a concrete wall to the 
Measuring Room. In different experiments, 
the energies of the deflected beam were 40.0 
Mev and 32.0Mev as calculated from the 
cyclotron frequencies. The energy spread of 
the incident beam was estimated to be less 
than +1%. The change in frequency during 
the bombardiment was monitored and was less 
than +0.5%. At the end of the beam duct 
was placed a rectangular gas chamber which 
also served as a Faraday cup. (Fig. 1.) In 
front of this cup there were narrow carbon 
slits. (mot shown in Fig. 1.) The gas cham- 
ber was filled with pure argon gas (760mm 
Hg) which was separated from the vacuum 
beam duct by an aluminum foil of 50 wu 
thickness. 


To determine the energy dependence of 
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cross sections, a “ stacked-gas ” technique was 
used. In the gas chamber the argon gas was 
divided by six aluminum square cups, with 
holes in their bases forming diaphragms. 
Aluminum absorbers of appropriate thicknes- 
ses were placed on the centre holes of the 
diaphragms so as to let the beam pass 
through and degrade its energy. The ener- 
gies of alpha-particles just entering and leav- 
ing each target gas were determined by cal- 
culating the energy loss in each section of 
argon gas in the stack. The energy loss of 
alpha-particles in each aluminum absorber 
and in each section of argon gas were cal- 
culated from the range-energy curves of 
Aron et al.® Each diaphragm had a small 
hole at one corner through which was stretch- 
ed a platinum wire supplied with a potential 
of —300V with respect to the Faraday cup 
by a dry-cell, isolated from the ground. It 
was expected that almost all the potassium 
ions produced by A‘(a, p) and A*(a@, pn) 
reaction could be collected on this platinum 
wire without losing all of the charge through 
collisions with argon atoms. The centre 
holes in the bottom of the aluminum 
diaphragms were so large that the alpha- 
particle beam reached the graphite plate at 
the end of the Farady cup. Total charge of 
the beam was measured by a 100% feed- 
back type beam current integrator. 
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Chemical procedures 

After the bombardment, the argon gas was 
pumped out and passed through a washing 
bottle filled with dilute hydrochloric acid in 
order to absorb radioactive potassium remain- 
ing in the gas. The washing solution was 
evaporated to 2m]. The platinum wire was 
thereafter removed and cut into six pieces, 
each piece corresponding to each gas section. 
The activities on each piece were leached 
with 2ml. of dilute hydrochloric acid and 
measured with a constant geometry. Radio- 
active products remaining in the sections 
were removed with 2~5ml. of dilute potas- 
sium hydroxide solution. The washing solu- 
tions were neutralized with hydrochloric acid 
and evaporated to2ml. All the samples were 
adjusted to a constant volume of 2ml. and 
were put in polyethylene vessels. 


Relative gamma-counting 

These samples were submitted to a scintil- 
lation spectrometer with a 2in. dia.x2in. 
thick Nal (Tl) crystal and a Dumont type 
6292 photo-multiplier. The relative yields of 
K‘*3 were obtained from photo-peaks at 0.37 
Mev and 0.61 Mev after subtraction of Com- 
pton tails from the 1.53 Mev gamma-ray emitt- 
ed from K#2. Relative yields of K*? were 
given by counting with the spectrometer 
biased to eliminate gamma-rays below 1Mev. 
This discriminates K* against K**. 
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Absolute beta-counting 

The disintegration rate was determined by 
4r8-counting method. With this technique, 
absolute beta-counting for a #--emitter can 
be done within an accuracy of about 2%, 
provided the counting system is properly 
adjusted. In this work Q-gas was used as 
the counting gas. The counter was operated 
in the Geiger region (about 1.25kV), but the 
counting rate was kept moderate. In most 
cases, the total background of the counter 
was about 100 counts per minute. The 
source was mounted on a thin gold-sputtered 
polyvinyl acetate film whose thickness was 
about 50 wg/cm?. A small absorption correc- 
tion was made. A self-absorption correction 
was not made, but should very small in this 
experiment. The disintegration rate of K* 
was determined by applying the above proce- 
dures to a sample below the threshold of the 
A°(a, pn)K#? reaction. The disintegration 
rate of K42 was determined, after the contri- 
bution from K** activity was subtracted by 
analysing the decay curve from Geiger count- 
ing. 

When the sample solution of almost carrier- 
free potassium was dispensed using glass 
pipettes and beakers, the activity loss by 
adsorption on the wall of glass vessel was of 
question. This loss was estimated not to 
exceed 10% of the total activity. 


§3. Results 


With the present technique, a most part 
of the activity was found on the platinum 
wire. The activity remaining in the argon gas 
and on the wall of the aluminum cups and of 
the Faraday cup was examined, and was less 
than 20% of the total activity. This activity 
was involved in the calculation of the cross 
sections. As the effect of the field distortions 
near the end of the wire was not corrected, 
the result from the end diaphragm was ignor- 
ed. The fraction of the activity which 
migrate from one section to another was 
estimated to be very small. 

The cross sections were calculated in a 
direct manner using the values of half-life; 
22.4h for K* and 12.4h for K#2. These were 
obtained from the compilation of Strominger 
et al.” The cross sections are plotted as a 
function of alpha-particle energy in Fig. 2, 
together with the energy with in the target 


S. TANAKA, M. FuRUKAWA, T. MIkuUMO, S. IWATA, M. YAGI and H. AMANO 


(Vol. 15, 


gas and with the estimated standard error 
of the magnitude of cross section. The ex- 
citation function for the (a, p) reaction at- 
tains its maximum value at about 18 Mev and 
decreases rather slowly at higher energies. 


o (mb) 


| 1 n =) 4 
10 15 20 25 30 £8) 40 
(E-goiton: (Mev) 


Fig. 2. Excitation functions for the (a, p) and 
the (a, pn) reaction on A‘?. 


§ 4. Discussion 


The angular distributions of protons emitt- 
ed by the (a, ~p) reactions leaving the residual 
nuclei in low-lying states have, in general, 
forward peaks for many of the medium 
weight nuclei, including A‘, at intermediate 
energies.’ Most of the alpha-induced reac- 
tions leaving the residual nuclei in low-lying 
states seem to proceed by direct interaction. 
In contrast, the cross sections of alpha- 
induced reactions obtained by the activation 
method, e.g. on Mn**, Cu%?, Cu and Ag?°, 
agree fairly well with the calculations based 
on the statistical model of nuclear reaction, 
so the compound nucleus formation process 
may be of predominant importance.*).?),10 

From this point of view, a comparison of 
the observed cross sections with those predict- 
ed by the statistical model of nuclear reaction 
is of some interest, although it might be ex- 
pected that A‘? is too light in weight to be 
treated on a statistical foundation. 

It was assumed that neutrons, protons and 
alpha-particles were the only particles involv- 
ed. The evaporation of deuterons would 


lin 


. 
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increase the (a, pv) reaction cross section, 
but this type of process appears to be 


of existence at the nuclear surface and of 10-"cm and g=1 Mev-!. 


the difficulty in penetrating the Coulomb 
barrier.) Tritons would be in the same situa- 
tion as deuterons. The cross sections for 
(a, p) and (a, pn) reaction may be written") 


a(a, p)=cc( Ea) Sol fi 
and 
o(a, pn)=de( Ea): (Son +fav)! & ee 


Where o-(Ea) is the cross section for the 
formation of compound nucleus at an incident 
energy of alpha-particles Ez. The quantities 
To, fon and fnp are proportional to the pro- 
babilities for the emission of a proton alone, 
of a proton followed by a neutron and of a 
neutron followed by a proton, respectively. 
2 fi is a quantity proportional to the sum of 


the emission probabilities of all the probable 
modes of decay. The values of oc(Ew) as wall 
as the cross sections for the inverse process 
were taken from Shapiro’s calculation.’ The 
inverse reaction cross section for neutrons 
was taken as the geometric cross section 7 R? 
of the product nucleus. It was assumed that 
the interaction radius R was expressed by R 
=rox AV8+o;. op: was taken as 1.21x10-% 
cm for alpha-particles, and zero for protons 
and neutrons. The values of nuclear binding 
energy were obtained from the compilation 
of Wapstra.!*’ The level density » of residual 
nucleus was assumed to be given by the ex- 
pression w=c exp [2(aE)?], in which a and c 
were constants. The dependence of level 
density on odd-odd, odd-even, even-odd and 
even-even nucleus was taken into account as 
follows.!” 
BNEe, GOOG EON Oe 8 
12 5 il 

The values of 7 and a used in the calcula- 
tion were left as adjustable parameters to be 
determined by comparison with the experi- 
mental results. 

The comparison of experimental and cal- 
culated values is given in Figs. 3~5. 

Fig. 3 shows the dependence of the excita- 
tion functions on the value of a with 7=1.3 
«10-2 cm. This comparison appears to show 
that a=1 Mev-! is favourable to fit the experi- 
mental data of the energy dependence for 
the (a, p) reaction, and a=2 Mev~! for the 
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(a, pn) reaction. 


u The experimental cross sections agree fairly 
negligible because of their small probability well with the calculated values for ro=1.1x 


(Fig. 4) The con- 
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Fig. 3. Comparison of the experimental and cal- 
culated excitation functions. 
on the basis 7=1.3x10-%cm for different 


values of a@ are shown. 
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Fig. 4. Comparison of the experimental and cal- 
culated excitation functions. 
on the basis a=1 MeV~! for different values of 


yo are shown, f=1 10-13 cm. 
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siderably low value of 7» required to fit the 
experimental data is inconsistent with the 
previous experiments. In the alpha-induced 
reactions measured to date, for many of the 
medium weight nuclei, 48< A<110, the 
cross section for the formation of compound 
nucleus is consistent with 7.=(1.6+0.1) x 10-* 
cm.*):®.7.1) Most of the excitation functions 
measured to date appear to be consistent with 
a=2 Mev-, regardless of mass number. Ac- 
cording to the Fermi gas model, however, a 
is proportional to the mass number of the 
residual nucleus in question, and this predic- 
tion has been exhibited indeed from several 
measurements of energy spectra of emitted 
particles.'° In this situation, the smaller 
value of a@ (a=1 Mev~') for this mass region 
might be not necessarily inconsistent with 
the previously obtained value of a (a=2 Mev~*) 
for the medium weight nuclei. 

Another agreement between experimental 
and calculated values seems to be obtained 
for a=2 Mev and? 77> = at ea cm: 
(Fig. 5) In this case, the experimental cross 
sections for the (a, pf) reaction above the 
threshould energy for a secondary particle 
emission exceed the calculated values. This 
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= A0y dae 
b | 3 ; / jf 
sae |) 
20 {/ [/ | 
| / 
He / : 3 
6} 
4 | 
| 
G=2 Mey! 
j t Ls . ’ fo=l, lf 
20 2S 20m. eis 40 45 
Excitation Energy of” Compound Nucleus 
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Fig. 5. Comparison of the experimental and cal- 


culated excitation functions. Calculated curves 
on the basis a=2 MeV~! for different values of 
7) are shown. f=1x10-18cm. 
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discrepancy might suggest a contribution of | 
some reaction mechanism without passing | 
through the compound nucleus formation | 
process. 

In view of the assumptions in the calcula- 
tion, especially the rough consideration for — 
the level density of the individual residual 
nucleus, the above results may not be taken | 
as evidence for or against compound nucleus | 
mechanism. Furthermore, it is in doubt 
whether the statistical model applies exactly 
to a nucleus as light as A‘*®. However, in 
view of the above inconsistencies, it seems 
desirable to make further excitation-function 
measurements in the light-element region in 
order to obtain a more decisive conclusion 
on the reaction mechanism. 

Authors’ thanks are due to Prof. I. Nonaka 
and the other members of staff of Low 
Energy Division in this Institute for their 
interest and encouragement. They are also 
grateful to the Cyclotron Crew for their 
cyclotron operation. 
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The first and the second excited states in Ge?! were studied in detail 


from the decay of As’. 


The possibility of the presence of 0-+- excited level 


was checked by searching for an internal conversion line corresponding 
to EO transition by means of a beta-ray spectrometer, but no detectable 
peak was observed. From the gamma-gamma coincidence measurements 
the relative intensity T(2’—2)/T(2’->0) was obtained to be 1.7. From the 
gamma-gamma angular-correlation measurements the spin of the second 
excited state was assigned to be 2 and the E2/M1 mixing ratio 6 in the 


2’>2 gamma transition was found to be -(1 


+9 


ead These results 


were discussed in view of systematics on the medium-weight even-even 


nuclei. 


$1. 


Recently many systematic features on 
medium-weight even-even nuclei were made 
clear. For these nuclei vibrational models, 
such as the Scharff-Goldhaber and Weneser’s 
spherical vibrational model” and the Wilets and 
Jean’s non-spherical vibrational model?’, give 
fairly successful explanation but are not at all 
satisfactory, in contrast to the complete success 
of the Bohr and Mottelison’s rotational model® 
for heavy nuclei. On the other hand, from 
a different standpoint, Davydov and Fillipov 
proposed an axially asymmetric rotor model’, 
which descrives excited states of medium- 
weight nuclei as well as heavy nuclei by two 
deformation parameters. With such develop- 
ments in nuclear models, it becomes very 
important to make clear systematic properties 
of excited states, such as not only level 
spacings and spin sequences, but also absolute 
and relative transition probabilities (level-lives 
and branching ratios), multipole mixing ratios 
and its phases of gamma transitions and fr- 
values in beta decays. 

From such a view point, the excited states 
of Ge”, which belongs to so called® Ist S(2) 
group (38<N<48), were studied from the 
decay of 17.5-day As’. Previously, from the 
beta-ray spectrometer measurements of As” 
by Johansson et al.”, only the first 596 KeV 
level in Ge’! and the first 635 KeV level in 
Se’ were known. Recently the presence of 
the second 1200 KeV level, which was sug- 
gested by Sinclair? from the experiment on 
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neutron inelastic scattering, was verified. 
Grigoriev et al®. found a weak 1200 KeV 
gamma ray from the external conversion 
electron spectrum of As. Horen et al.» .!% 
found, by scintillation spectrometry, not only 
the second level but also the third 2.2 MeV 
level and proposed a new decay scheme, as 
given in Fig. 1. McGowan and Stelson™ re- 
ported that the second 1200 KeV level in Ge 
was observed by the Coulomb excitation.* 
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Decay scheme for As as proposed by 
Some values are modified by the 


Fig. 1. 
Horen et al. 
present authors. 


Since the branching ratios of the decay to 
the second and the higher excited states are 
very small, precise measurements seemed to 
be difficult. The present work was focused 
to search for low lying 0+ level, to measure 
the relative transition probability of the cas- 


* Note added in root, After Paving written 
this article, the authors noticed other works®®). 27) 
on the excited states in Ge”, 
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cade gamma ray to the crossover gamma ray 
from the second excited state and to deter- 
mine the E2/M1 mixing ratio of the cascade 
gamma ray. 


§2. Source Preparation 


The As” activity was produced by Ge" 
(p,n) As’ reaction. Natural GeO, powder 
was bombarded with the 14 MeV proton beam 
of about 20 wA for 6 hours in the INS 160 cm 
cyclotron. After the bombardment, the arse- 
nic activities were chemically separated. The 
arsenic samples for gamma-ray measurements 
were obtained in As:S; form with carrier. 
For beta-ray measurements an almost carrier- 
free sample was prepared in arsenate form, 
which was carefully mounted on a 200 ug/cm? 
thick venyl chloride membrane. The chemi- 
cal procedure will be described in detail else- 
where by K. Saito et al.!?) The measurements 
on As™ were started more than ten days 
after the bombardment, when other shorter 
lived activities, such as As”, As” and As’, 
vanished completely. The 76-day activity of 
As® affected no disturbance, since it decays 
solely by electron capture and has only two 
very soft gamma rays’. 


§3. The Search for a 0+ Excited State in 
Ge™ and Se” 


From the systematics of low-lying excited 
levels in the germanium isotopes presented 
in Fig. 2, one can expect the presence of a 
low-lying 0+ excited state in Ge’ and Se”. 
If this were the case, the decay populated to 


3 
2+ 
2 
3 
= 
2+ 
ra 
> on x 
| 
Ve 2+ 
ia O+ 
2+ 
O O+ O+ O+ 
326050 32604 32Ge2 
Fig. 2. Low-lying excited states of germanium 
isotopes. 
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this level should be deexcited to the ground 


state by emitting uniquely the internally con- | 


version electrons by a beta-ray spectrometer 
was considered as the best method for the 
detection of this level. 

As almost carrier-free source, 3-mm wide 
and 25mm long, was put in the INS III beta- 
ray spectrometer*. The resolution was found 


to be 0.8%. The electron spectrum in the | 
region between 200 and 720 KeV was shown — 


in Fig.°3. Any electron peak could not be : 


observed except the K- and L+M-conversion 
lines of the 596 KeV gamma ray in Ge” and 
the 635 KeV gamma ray in Se’, which were 
already reported by Grigoriev et al®. 
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Fig. 3. Beta spectrum of As! in the region be- 
tween 200 and 720 KeV. 


From the statistic consideration of the 
measurement it was concluded that the peak 
of one sixth of the intensity of the 596 KeV 
K-line can be detected. In taking account of 
the K-conversion coefficient 1.2x10- for this 
gamma ray obtained by the interpolation of 
the values in the Rose’s table’) and in taking 
account of the branching ratio 62%® of the 
decay involved in this excited level, the up- 
per limit of the branching ratio of the decay 
via the 0+ level was found to be 3.3x10-. 
Assuming that this 0+ level is at 500 KeV, 
the log ft value of the beta transition to this 
level can be deduced by using the Moszkowski 
diagram’? and by adopting the upper limit 
of the branching ratio. One can find it is 
more than 10.0. Of course, one can not ex- 
clude that possibility of the presence of 0+ 
level from the present measurement. A fur- 
ther precise measurement would be expected. 


* The INS III beta-ray spectrometer is a sector- 


type double-focusing magnetic spectrometer of 
radius=18 cm!4), 
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_§4. The Single and Coincidence Spectra of 
the Gamma Rays in Ge”. 


The gamma-ray spectra were measured us- 
ing a 1}’’6x2” Nal (TI) crystal coupled with 
an RCA-6342 photomultiplier and an INS 20- 
Channel Pulse Height Analyser. The source, 
covered with a Lucite beta absorber of enough 
thickness, was placed at various distances 
from the detector. Since the intensities of 
the gamma rays are very much weak above 
635 KeV, the solid-angle addition of the two 
intense coincident gamma rays of 510 and 596 
KeV have much contribution to the pulse 
height spectra above 700 KeV, as shown in 
Fig. 4. By changing the solid angle it is 


: 
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Fig. 4. Single scintillation spectra of the gamma 
rays from As’. 


Table I. Relative intensities of gamma rays in 
Ge™, 
Gamma-ray Relative intensity 
energy in Saar 
Horen | Grigoriev 
hey Present et al. etal. 
Wa ES) 100 100 100 
72 600 De =s0.3 OFZ = 
73 1200 0.7740.10)0.86+0.09 0.43 
27+ 510 90 9249 _ 


verified that the peak at 1200 KeV is a true 
photo-peak, but that the peak at 1100 KeV 
was merely a sum peak. No other distinct 
peak was found under 1200 KeV. The con- 
tinuous tail above 700 KeV was then thought 
to consist mainly of the 1200 KeV gamma ray, 
the bremsstrahlung of the beta rays and the 
annihilation in flight of the positrons’. From 
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these spectra the relative intensities were 
obtained in Table I, which were in good 
agreement with those of Horen et al”. 

In order to obtain the relative intensity of 
the cascade 600 KeV gamma ray from the se- 
cond to the first excited state, the coincidence 
spectrum with the 600 KeV gamma ray was 
measured. The signal from the reference 
detector was sent to the gate of the 20-Chan- 
nel Pulse Height Analyser after passing 
through a fast-slow coincidence circuit with 
the 2c-=50 mys. Each detector was placed at 
five centimeters from the source and shielded 
from each other by the lead absorber. 

Since the 2’-2 cascade gamma ray 72 is 
very weak and has the same energy as the 
intense 2-0 gamma ray 71, particular cau- 
sions should be paid for deriving the relative 
intensity of the former gamma ray by. the 
coincidence method. 

Since the 600-KeV photo-peak was incom- 
pletely resolved from the 510 KeV annihila- 
tion peak, the position and the width of the 
gate window was chosen very carefully, as in 
Fig. 5, for avoiding the contribution from the 
510 KeV peak. This effect was checked by 
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taking the coincidence spectra for various 
window settings. So far as the contribution 
from the upper tail is concerned, it could be 
easily corrected by subtracting the coincidence 
spectra with the window set at the upper tail. 

In case two gamma rays, one of which has 
a small branching ratio &, are in cascade, the 
singles and the coincidence counts in a coin- 
cidence experiment can be written as M~ NE, 
Nox~é:-NE2 and Ne=&-NE&:€:, respectively, 
where & and & are the overall detecting 
efficiencies for each detector, of which the 
gate is set at each photo-peak. Hence, we 
get Nac/Nex2crN. In the present case, how- 
ever, where the energies are the same, singles 
and the coincidence counts become M~ 
(1+&)NE&:, Ne=(1+8&) NE and Ne=&-NE:E&. 
Hence, we have Nic/Ne~2rNA+&)/E which 
is about € times smaller than that in an or- 
dinary case. Therefore, it is required that 
the coincidence resolving time is made as 
short as possible and the source intensity is 
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Fig. 6. Coincidence spectra with the upper tail 


at ¢=90° and 9=180°. 
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kept much weaker than in a usual case. The | 
present measurement was carried out with | 
2c of 510-8 sec and with the source of about | 
one microcurie. 
By setting the gate of the reference detector | 
at B in Fig. 5, the coincidence spectra were | 
first measured. As shown in Fig. 6, the two _ 
spectra with the angles between two detectors 1 
of 90° and 180° are considerablly different. — 
First, the 510 KeV peak is extremely higher 
at 0=180° than sat @0=90°, which’ isieasilya: 
explained as the coincidence of the 510 KeV 
annihilation quanta with the solid-angle addi- 
tion of the partner quanta and the 600 KeV 
gamma ray at 9=180°. Secondly, the con- 
tinuous tail above the 600 KeV peak is higher | 
at 0=180°, while it is nearly zero at 0=90°. 
This point, being serious in angular correla- 
tion measurements, will be discussed later. 
On a basis of these preliminary measure- 
ments, the coincidence spectrum with the 600 
KeV peak (window A in Fig. 5) was measured 
at 6=90° and corrected for coincidence with 
the tail. Fig. 7 shows a final result, from 
which one can obtain the branching ratio & 
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Fig. 7. Corrected coincidence spectrum with the 
600 KeV gamma ray. 
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by the following relation: 


see, yy ale k Ne(600—600) 

Nw) a0 E600 N-(510—600) i 
where a@=82+/(82+ +e.) =0.40-40.089 »8) 10 , &510 
and €s00 are photo-peak efficiencies of the 
detector for the 510- and 600 KeV gamma 
rays, respectively, N.(600—600)/N(510—600) 
is a measured relative intensity of the 600 
KeV to the 510 KeV photo-peak in coincidence 
with the 600 KeV photo-peak. The result is 
presented also in Table I. The present value 
of E is several times larger than that of Horen 
et al’. 


§5. The Gamma-Gamma Angular Correlation 
of the 600—690 KeV Cascade in Ge". 

The block diagram of .the angular-correla- 

tion apparatus is shown in Fig. 8. Two 
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13°62” Nal(Tl) crystals coupled with RCA- 
6342 photomultipliers were used. Each detec- 
tor, shielded from each other by Pb absorbers, 
was placed at six centimeters from the source. 
The 2r of the fast-slow coincidence circuit 
was about 5x10-§sec. The apparatus was 
completely automatized so as to be suitable 
for a long-time measurement, which was in- 
dispensablly neccessary for the present case. 
The singles and coincidence counts in every 
800 seconds were printed by two Tsukuba 
Printers and an Ametron Printer. The record- 
ing was caused by the signal from the time 
programmer. At the same time the movable 
detector started to move by the relay mechan- 
ism until the next position. The positions 
were chosen at 90°, 120, 150° and 180°. 

A solid source of a few microcuries covered 
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Fig. 8. Block diagram of the angular-correlation apparatus. 


with Lucite absorber were used. The inten- 
sity could not be made stronger because of 
larger accidental ratio, as described in §4. 
The attenuation of the angular-correlation 
function caused by extranuclear fields was 
believed to be negligible, since the life of the 
first excited state was known to be 2x10-¥ 
Seco). 

The windows of the differential discrimina- 
tor were chosen as described in §4, so that 
the contribution from the 510 KeV peak might 
be quite negligible and the one from the 
continuous tail might be as small as possible. 
Since a small drift might cause a serious 
change in this setting, the circuits should be 
kept in a constant condition. F ortunately, 
the stabilities were so good within 1% in 


over-all gain that no difficulty occurred on 
this point. 

We began to start the angular-correlation 
measurements by setting the gate window of 
one detector at the continuous tail above the 
600 KeV peak (window Bin Fig. 5), and that 
of the other detector at the 600 KeV peak 
(window A in Fig. 5). The experimental 
angular-correlation function obtained showed 
the bumps at 0=180° and 9=120°, which, as 
discussed in 4, was ascribable to the unusual 
angular dependence of the tail—tail coinci- 
dence. One at 180° might be due to the coinci- 
dences among the solid-angle additions of 71, 
Compton of 71, scattered 71, 7*, Compton of 
y+ and scattered y*, where 7* means an an- 
nihilation gamma ray (Fig. 9). The other at 
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120° might be due to a kinematical relation 
between two annihilation in flight radiations 
(Fig. 10). It seems to be interesting to verify 
these in detail, but no further experiments 
were made. 

Next, peak—peak angular correlation was 
measured. In this case windows of both 
detectors were set at the 600 KeV peak. Coin- 
cidence counts were about 27 per an hour. 
The measurements were continued for 40 
days. The pattern thus obtained was cor- 
rected for peak—tail and tail—tail coincidences. 


a) 


y*+ Scattered y* 
£ 690Kev 


y, + Compton of y+ 
< 930Kev 


b) 


yi+ Scattered y, 
£ 690Kev 


yi+ Compton of y 
£ 930Kev 


Fig. 9. Scattering effects at g=180°. 


In case k=k’ ; 
@ = 2cos'(A)” 


® in degree 


O poet ay tL ni | eee ate 
1.0 20 $.0 
k 
Fig. 10. Kinematic relation between two annihi- 


lation in flight gamma rays. In case the ener- 
gies of the two photons are the same, the angle 
between them are shown as a simple function 
of the photon energy (or the incident-positron 
energy). 


T. YAMAZAKI, H. IkEGAMI and M. SAKAI 


(Vol. 15, 


The corrected experimental angular-correla- 
tion functions for the 600—600 KeV cascade is 
shown in Fig. 11. The errors were due not | 
only to poor statistics but also to the umbi- 
guities resulting from the corrections. Least- | 
squares fitting gave A2’=—0.205+0.084 and 
Au’ =0.134+0.126. Since the energies are not 
so different from 510 KeV, the correction for 
finite solid angle of detectors was made ac- | 
cording to the Church and Kraushaar’s > 
method, using annihilation radiations. The | 
attenuation factors were then found to be 
Q2/Q.=0.89 and Qs/Qo=0.67. Hence, A2z= 
—0.230+0.094 and As=0.200+0.188. 


| 100-— —— - 
ANGULAR CORRELATION IN Ge“* 
600 Kev-600Kev 
|OOOF 
My 
4 900° iS 
Ne(®) : 
Ny 
800+ * 
See Pat | 
| 
7OOr 
6 | Ll =f sl J 
-~ 90° 20° 150° \go° 
8 
Fig. 11. The corrected angular correlation func- 


tion of the 600—600 KeV cascade in Ge74. 


These values may be fitted to the theoretical 
ones?” with the spin sequence 2—2—0 with 
ke, 
—0.5 
fit the spin sequences 3—2—0 and 1—2—0. 
Hence, it was concluded that the second level 
has spin of two and the E2/M1 mixing ratio 6 


of the 2’—2 transition is (et ae a ise;5 


100% ZE2=20%. 


mixing ratio d= = il ). No mixture will 


§6. Discussions 


A. Level sequence and beta transitions. 

A low-lying 0+ level could not be found by 
searching for EO transition. A 0+ state may 
exist with rather higher excitation energy. 

It was already known from the Coulomb 
excitation experiment by McGowan and 
Stelson™ that the second excited state has 
spin of two. This 0—2—2 sequence, agreeing 
with the systematics on medium-weight nuclei, 
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was now confirmed by the angular-correlation 
measurement. It can be possible that the 
1200 KeV level is a doublet one with 10% 
mixture of 4+ state, but it would be improb- 
able, since a 4+ level is expected to present 
at about 1.4MeV from the systematics of 
doublets” in medium-weight nuclei. If this 
expected 4+ state were present, gamma-ray 
transition to the first 2+ state would occur. 
No gamma ray of about 800 KeV, however, 
could be observed. One can then estimate 
that the lower limit of the log fr value to 
this 4+ state is about 8.5. Recently one of 
the authors (M.S.) pointed out?2) from the 
systematics of beta decays that beta transi- 
tion from a parent 2— state to a daughter 4+ 
state is unfavoured. The present case agrees 
with this systematics. The log fr values of 
the beta transitions from As’ to Ge™ are 
summarized in Table II. It may be worth 
pointing out that the beta transition to the 
second 2+ state is unfavoured. 


Table Il. log fr values of beta transitions from 
As™ to Ge’, 


log fr-value 


Transition | 
to ground 8.6 
to Ist 6.9 


xs: 


B. Reduced relative transition probability 

From the values of the branching ratio and 
the mixing ratio one can get the reduced re- 
lative transition probability: 


PGE 2, 2/52) Ley LEZ, 2°=>2) 
B(E2, 2/0) T(E2, 2’-0) 
_ 95 o>? _cascade__ 97 +27 
1+062 crossover —15 


This value is similar to those in many other 
nuclei. The value obtained by Horen et al. 
is about one order smaller than the present 
and differs from systematics. 

The systematic trends of these finite values, 
which can not be followed from pure vibra- 
tional models, were explained fairly well by 
Davydovy and Fillipov’s asymmetric rotor 
mode]®).22). For Ge, in which F2/F: is nearly 
two and 7 is about 30°, a very large value is 
* predicted, being inconsistent with the experi- 
mental value. But, since this ratio is very 
sensitive to 7 and the E/E; ratio may be 
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perturbed by residual interactions, this dis- 
crepancy might not have so severe sense. 


C. E2/M1 mixing ratio of the 2/2 transition. 

In order to see the systematics of £2/M1 
mixing ratio of 2’-—2 transition, the elliptical 
representation of angular-correlation func- 
tion is presented in Fig. 12 for Ge’ and other 
Ist S(2) nuclei. 


-01 “ +01 5 P é 
02° 03 04 05 O06 
“A2(8) 


Fig. 12. Elliptical representation of the angular- 
correlation functions of the 2’~2~—0 cascades in 
Ge, Ge?2 and Se’. The parameter on the el- 
lipse indicates 6. The theoretical values pre- 
dicted by Davydov and Fillipov are also plotted 
in the figure. 


Recently finite values of mixing ratio, which 
could not be explained’ by pure vibrational 
models, were shown) to agree fairly well 
with those predicted by Davydov and Fillipov*. 
For Ge™ one obtains |6|=2.7 from the Davy- 
dov-Fillipov formula, being agreeable with 
the experimental value s=—(1 oe In 
Fig. 12 are plotted also the predicted values. 

It was pointed out®) from poor statistics 
that the signs of 6 in nuclei with 0—2—2 spin 
sequence are negative in the regions 383<N< 
48 and 110<N<124 and positive in the region 
64<N<74. The negative sign of 6 in Ge" 
seems to confirm this rule. This rule may 
be very important for understanding the 
physical meaning of mixing ratio and the 
excitation mechanism in these nuclei. 
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The formula for the surface energy os=kr*t/160x is proved to be 
nearly valid for any self-consistent surface barrier, independently both 
of the surface shape and of the potential form. 

1) On the basis of Friedel theorem and the extended expression 
N(k) =k V/3x2—k?S/8x of Weyl-Laue theorem, it is proved that the 
formula ogs=ky*/160x holds not only for the plane surface but also for 
the surface of any shape, provided the surface potential barrier is infi- 
nitely high. 

2) As the Friedel sum rule for the plane surface potential, the charge 
neutrality condition in the interior is obtained as 


k 
es kale dite = 


in terms of the phase shift 7(ky). 


surface energy is derived, where 


80 1 
p=— 


x kr 


tk» 


8 
Then the formula o=8og for the 


k 
\ ” n( kaka? dx —5 « 
0 


By these formulae, we can prove the approximate validity of og (or 
8 —=1) for any self-consistent potential on the plane surface. 

3) The surface energy of a small spherical cavity is calculated as a 
function of the radius, assuming the quasi self-consistent infinite barrier 


for the cavity surface. 


4) The formation energy of an atomic vacancy and that of a vacancy 


pair are discussed as special cases of small volume cavities. 


The analysis 


shows the approximate validity of og for any potential form. 


$1. Introduction 


The surface of metals is an interesting 
subject from theoretical point of view. The 
plane surface, one of the simplest imperfec- 
tions, is a good example for us to test the 
validity of theoretical approaches. The con- 
sideration of surface of cavities reveals an 
intimate connection between theories of the 
plane surface and those of the atomic vacancy. 

An imperfection in a metal is specified 
usually by a deformation in the lattice of 
positive ions. The perturbation potential of 
the imperfection, however, is not determined 
by the deformation alone, but also by the 
perturbation produced self-consistently in the 
free electrons. 

Electron theories for imperfect lattices have 
been mainly developed for the point imper- 
fection and the free plane surface, using the 
following three approaches: 

(i) Thomas-Fermi approach. In spite of 
its success in the self-consistent treatment 
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of many-body problems”, the T-F approach 
fails in the self-consistent treatment of sur- 
face problems. The T-F approach leads to 
zero work function” and a negative surface 
energy”. 

(ii) Auxiliary potential approach. We 
make often use of a simple perturbation po- 
tential which gives an analytical solution of 
wave equations. The potential is fixed either 
by the observed work function®) and the ob- 
served depth of conduction band*, or by the 
theoretical requirement®.® that the potential 
satisfies a condition for self-consistency. In 
the latter case a quasi self-consistent aux- 
iliary potential is used. 

(iii) Numerical approach. This approach 
was taken in the calculation of the formation 
energy of vacancy in copper” :*) and the plane 
surface energy of sodium”. Although this 
approach is orthodox, it involves complicated 
numerical calculations for an individual metal 
and does not give results ready to be gener- 
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alized to other metals. 

If a self-consistent perturbation potential 
is used for a localized imperfection, the per- 
turbation in free electrons should be localized 
around the imperfection, and the region far 
from the imperfection should remain elec- 
trically neutral. Thus the charge neutrality 
is a necessary condition for the potential to 
be self-consistent. Friedel’ has first point 
out the importance of the necessary condition 
and expressed the condition in a general 
form, proving Friedel theorem. 

Applying his theorem to a point imperfec- 
tion, he derived a useful rule, the Friedel sum 
rule, by which the heap up electrons around 
the imperfection is expressed in terms of 
the phase shift only. This rule was applied 
first by Fumi!” to the calculation of the for- 
mation energy of a vacancy. Friedel theorem 
is applicable to any other localized imperfec- 
tion. 

In this paper its application to the plane 
surface is discussed. The theorem gives a 
simple formula for the condition. Ina special 
case, this formula is reduced to “the charge 
neutrality condition in the interior” given by 
the previous authors®).!), 

The main purpose of the present paper is 
to prove the approximate validity of the sur- 
face energy os=k,r'*/160z* for any surface 
barrier, independently both of the boundary 
surface shape and of the potential barrier 
form. The verification is based on Friedel 
theorem, using the charge neutrality condition 
for the plane surface and the Friedel sum rule 
for the cavity. Previously the vacancy and 
the plane surface have been investigated in- 
dependently. The present work connects the 
theory of the vacancy with that of the plane 


surface through the theory of the surface for 
the cavity. 


§2. Surface Energy of the Infinite Wall 
We assume a metal to be composed of the 


positive jelly’ with uniform charge density 
oo, volume Vo, and area of the boundary sur- 
face So, and of a number M=poVo of elec- 


ok Atomic units e=m=h=1 are used throughout 
the paper, and then og for monovalent metals is 
0.01466 (¢/rs?), where (=k,y2/2 is the usual Fermi 
level energy and rg the Wigner-Seitz radius. The 
energy per one atom on the surface is given by 
(ky*/160x)- (x75?) =0.0460¢. 
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trons moving free in a potential box. 

We begin with the potential box enclosed | 
by an infinitely high barrier, the infinite wall. — 
The box has the volume V slightly different _ 
from Vo and its boundary surface has the | 
area S~S). Following Huntington”, the sur- 
face of the positive jelly is called geometrical | 
and that of the potential box physical (see in — 
Figeibe 


External 
surface 


Internal 


Geometrical surface 


Physical surface 


Fig. 1. Illustration of the geometrical, the physi- 
cal, the internal, and the external surface. The 
hatching part shows the positive jelly, and the 
shading shows the infinitely high potential 
barrier. 


2.1 An application of Friedel theorem and 
an extended expression of Weyl-Laue 
theorem to surface problems 

As is well-known, the free electron is speci- 
fied by wave number & related with the 
energy eigen value Ey by E,.=k?/2. 

The total number of electrons NM(k) within 

a given value of k is expressed formally by 


Mb = Vv—aks (2.1) 
ae 

to the order of k?. Now we do not impose 
any restriction on the shape of the positive 
jelly but its volume needs to be large. The 
first term represents the usual Weyl! -Laue™ 
theorem and the second is a correction term 
important in our discussion. The factor k®S 
is obtained by the dimensional anylysis and 
the numerical factor a is assumed to be 


a=1/8x (2:2) 


for any shape, the validity of the assumption 
being discussed in § 2.2. 

Now the maximum wave number km is 
given by the relation 


a 


NRm)& ees bees AR? S= N= 0o Vo . (Ass) 


When we can neglect the surface effect at 
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all, Rm becomes the usual Fermi momentum 
ky» defined by 


Rv =(37200)"/3 =1.919Z/3/r5 (2.4) 


with vs the Wigner-Seitz radius of the Z- 
valent metals. In the following, however, 
we are concerned with monovalent metals 
except in § 6.4. 

With Eq. (2.1), we can generalize some of 
characteristics of the surface, which have 
been obtained for the plane surface, to the 
surface with any shape without detailed calcu- 
lations’, 


(i) Tendency of the infinite wall to expel 
free electrons 

The density of the free electron gas o(r) 
must be zero on the infinite wall and will 
increase to a constant p: in the interior. A 
- detailed analysis of o(r) for the plane surface 
is carried out to higher order approximation 
in §2.3. The results prove the validity of 
the T-F relation for the interior density 9, 
to the first order of S/Vkm& So/Vokr; 


pi=FEm /Bx* 5 (2.5) 
which is written as 
No ARmn2S 
= 2.6 
m= ta (2.6) 
by using Eq. (2.3). The apparent excess 


charge a@kn2S~kr?So/8x over the average 
density M/V must cause the corresponding 
decrease in the surface region. Therefore, 
the infinite wall has the tendency to expel 
the free electrons into the interior by the 
amount @Rm?~k-r?/8x per unit area. 


(ii) Quasi self-consistent 
physical surface 
We should have 


location of the 


0i=o , (2,7) 


and then 
Rm=Rr (2.8) 

to the first order of So/Vokr; otherwise, an 
uncompensated charge distribution in the in- 
terior, even if as small as the first order of 
So/Vokw, causes an increase in energy pro- 
portional to the volume, besides the incon- 
sistency with the initial assumption of the 
free electron. Eq. (2.7) expresses the charge 
neutrality in the interior and Egtk(2.8) texe 
presses Friedel theorem. 

Eq. (2.8), with Eq. (2.3), requires the rela- 
tion 
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V=VW0+t4V=Vy +b..So 
with 


krb..=37'a (2.9) 


or 


bya feeb ie 
b.==—— ——- ~~ 4 
8 ( On ) rs~ 0.641 rs , 


showing that the physical surface must be 
placed outward the geometrical surface by 
width b.. Such physical surface should be 
called the quasi self-consistent infinite wall. 


(ili) Surface energy 
The total energy of the free electron gas’ 
is obtained by 


im 1 ON) Rie ak 2 

asi ke \ os i ma, 
\ 2. eee batantd onal ats ves 
(2.10) 


to the first order of So/Vokr. Replacing Rin 

and V by surface-independent quanties kr 

and Vo given by Eqs. (2.8) and (2.9), we have 

_- ke® aky* 

1072 °* 20 

the second term of which expresses the sur- 

face energy 

os=akr'*/20=kr*/1607 (Aer) 
per unit area. This is a derivation generaliz- 
ed to any surface, internal or external, of 
the surface energy os, which has been ob- 
tained for the plane surface by the previous 
authors” ©. In the following, we take or as 
the unit of the surface energy. 

2.2 Validity of the term k*?S/8x in the ex- 
tended expression of Weyl-Laue theorem 
and the surface energy of Brager and 
Schuchowitzky 

On the simple assumption V= Vo, we obtain 


E 


So, 


(212) 


2 
kun=Rhn©? =kr sacra So 


from Eq. (2.3), and then rewritting Eq. (2.10) 
as 


5 4 
E=#2Vs 4+ ates, 
we have the surface energy 
oY =akr/4 . (Calle)) 
On the other hand, the surface energy 
oY =kpt/327 (2.14) 


has been obtained, on the same assumption 
V=V., by Feenberg!” and by Brager and 
Schuchowitzky'® for the plane surface, and 


968 


by Brager’ for the external surface of 
sphere. 

The surface energy o™, called the Brager- 
Schuchowitzky surface energy, is only of a 
poor approximation from the physical point 
of view, because the assumption V= Vo gives 
the excess interior density 
Rm 8 

32? 
over Oo. Their investigations, however, serve 
both as a simple mathematical proof of a= 
1/8z and as a starting stage in the two-stage 
procedure taken later (§ 3). 


(i) Validity of a=1/8x 

Comparing Eq. (2.13) with (2.14), we can 
prove a=1/8x immediately. In addition to 
the above investigations, we shall see in §5.3 
that the assumption V= Vp» leads to the sur- 
face energy o again for the internal surface 
of large spherical cavity. These examples 
prove the validity of a=1/8z for a surface 
whether its curvature is positive or negative 
or zero. Then we can take a=1/8z for any 
shape. 

It is, however, desirable that the validity 
should be proved mathematically as an ex- 
tension of Weyl-Laue theorem. 


ak? 


Geis 
ee ek 


NZGHOCS =o 


(ii) Role of starting surface energy 

In the two-stage procedure, we start with 
the assumption V=V>o and then replace the 
infinite wall on the geometrical surface by a 
more reasonable potential barrier so that the 
charge neutrality is satisfied. 

The quasi self-consistent infinite wall is 
obtained also as one of the simplest examples 
of this procedure. In the starting stage we 
obtain 6 and o:“. And then we expand 
the infinite wall uniformly by an amount b 


normal to the surface so that pi=oo. Since 
V=Vo+bSo and 
Vo kr® So 
=o) <= 2 Be 
pi=0 V Po+ 372 Vy (37?a—krb) , 
the condition pi=po determines b=)... The 


expansion of the electron gas reduces the 
total kinetic energy 4E. by an amount pro- 
portional to surface area 


4Ee/ E> —(2/3)(4V/ Vo) = —(2/3)(b..So/ Vo) 
ANop=GHoS) with Oe=—akr't!5 * 
Therefore the total surface energy is again 


a 
6=o0" +6.= kt =oyg ; 
20 
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2.3. Illustration of the plane surface of the 
infinite wall 
To see the validity of w=1/8z and the be- 
haviour p(r) explicitly, we consider a metal 
with a finite thickness Lo in x-direction and 
infinite breadth in y and z directions, and take 
the surface potential 


Vr)=V(x)=0; 


=oo ; » otherwise. 


0<433L 
(2.16) 


Under the cyclic boundary condition of 
length Zi in y and z directions, we have the 
wave function 


b(k, r)=x(Rz, x)-(/L1)-exp i(Ryy +kez) 
x(ke, x) =(2/L)/?-sin kex 3 O<x<L 
24 


(2.17) 

otherwise 

and the quantum relation k=k(n); 
Re=Rz Me) —=Tiel le 5 
Ry=Ry(ny) =27Ny/Li; ny 
Re=Rhe Re erMel lan | Me 


Nees ve Hin) ne 


bo, 1, £2, ee Mg 
(2.18) 


The quantities, obtained when we put L=JL», 
are surperscribed by (1) as V(x), d™, x, 
k(n), etc., which are taken as the starting 
of the two-stage procedure in § 3.1. 

The state of the free electron is represented 
by the lattice point in k-space. At 0°K, the 
total occupied states form the positive half 
of kz of the so-called the Fermi sphere with 
the radius km in k-space. 

The total number of the occupied states 
within km is given 


(hee 
Nibem)=—y- Sait {hud —ke*(M0e)} 


ant dn 12 
3 
=Ny= 22 DD (2.19) 


Since only the terms of the first order of 
So/Vokr=1/Loke are important, Eq. (2.19) is 
simplified to the extended Weyl-Laue theorem 


3 
Nim) =P™ vy — Pm s 
3702 


87 (2.20) 


with VSLeE and S=2i,4%: 
1/8x for the plane surface. 


The density of the electron gas is expressed 
analytically as 


This proves a= 


1960) 


or) =2xlP(k, r)|? 


1 nr 

ato in Ix(Re, X)|? Rm? —Rz?(Mz)) = o(x) 
At ait 1 1 ( 7 ){ 1 3. cos (2RmX) 

S704 4 LR, sin? (7x/L) 
. 3 ( Te ees (7x/L) sin om 

SUN in sin’ (7x/L) al| ¥ 

(2.21) 

Except in the vicinity of the surface |x/L| 

<1 or |1—(#/L)|<1, o(x) is simplified to the 


constant interior density to the first order of 
1/Lokr as 


Rm? No | kr’ 
327? VV 4nL 
Eq. (2.22) proves the higher order validity of 
T-F relation and the tendency to expel kr?/8z 
electrons per unit area of the infinite wall, 
* because (kr?/4zL)- V=(kw?/8z)-S. 

In the vicinity of the surface, o(x) is sim- 
plified to 


o(x)> i= i6 (2.22) 


O(x) ~ ei{1—g(2krx)} 
with 

g (t)=3(sin f—t cos £)/#? . (2.23) 
This formula agrees with that derived by 
Swiatecki!, except o: for oo, and is shown 
in Fig. 2. Although the approximation made 
in its derivation is no longer valid for larger 
krx, Eq. (2.23) holds higher order validity, 
because 

oi" g2hea) dx=kr?/8zx . 

0 


We define the region 0<*<bs (@5rs), in 


(2 an 
tL LEXIE 


~k?2/4mLo 


alla 
6) 2 4 6 8 10 
kx 192X/r, 


Fig. 2. Density (a) of the free electron gas for 
the infinite wall which is placed on the geo- 
metrical surface is shown as a function of the 
distance from the surface. ; and (~ show the 
interior (constant) and the positive jelly density, 
respectively. 
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which o(x) deviates considerably from the T-F 
density pi=Rm*/3x?, as the surface thickness, 
although the numerical value is chosen some- 
what arbitrarily. In the discussion of sur- 
faces, the behaviour of electrons in the surface 
thickness is important. This is a reason why 
the T-F approach fails in the self-consistent 
treatment of surfaces. by shows the depth 
of the effect of the infinite wall on the elec- 
tron density in the free space and then is a 
measure of the applicable range of Friedel 
theorem for a thin metallic film. 


§3. Plane Surface Energy of the Self- 
Consistent Potential 


The infinite wall, even if quasi self-con- 
sistent, is of a rough approximation to an 
actual surface potential, which cannot be infi- 
nite nor discontinuous. 


3.1 Fundamental formulae for the surface 
potential 

As the starting stage, we take the infinite 
wall V®(«), and obtain the wave function 
~™, the surface energy o and the excess 
density 0;. Then we replace V(x) by an- 
other potential V(x), and obtain the wave 
function 


bk, r)={14+ dz) }x™ Re, x) 


SCE OS, (3.1) 
5(Re) = oS cues. (3.2) 


where 7 (kz) is the phase shift defined by the 
asymptotic behaviour 
4 (Re, x)—>(2/Lo)'/? sin {Rex +(e) } 
in the interior. We assume that the poten- 
tial V(x) traps no electrons in the surface 
region that is 
70) 08. (G3) 

The density o™(x) is complicated in the 
surface region, but becomes a constant 0: 
given by 


' 1 Ke 2 2 
oi) = 04 rod O(ka) (Re? —kz*) de 
27? 0 
Daal mae, fee epee 
= Por ee id ie 7 x IVs | 
(3.4) 


in the interior. Eq. (3.4) is derived also by 
summing Eq. (3.1) with the asymptotic form 


for x¥™. 
The detailed discussions of Eqs. (3.2), (3.4) 
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are closely related with a rigorous derivation 
of Friedel theorem, and will be given in the 
later paper with the definition of the Fermi 
momentum km in the perturbed electron 
gas. 

The charge neutrality pi=o0 in Eq. (3.4) 


gives 


Is ala) e d= hr (3.5) 


The change in energy of the free electron 
produced by the replacement is also described 
by the phase shift only. The symmetry of 
%4™ about xc=L,/2 yields the quantum con- 
dition 
he (2) 2+ 1 a (e)) = a= he (ey S - 


(3.6) 


Therefore the quantum value k-"! is displaced 
to 


kz) 5 k,™® =k, + Ak. 
with 


Zz : 
Ak; = —— bes (a 
7,7 (22) 


2, 2, 
eas RY i) Send ae xv) « 
L,\ (Nx) ie ) 


Summing up the change in energy kz" Akz 
over the Fermi distribution, we obtain the 


energy change 4E, proportional to the surface 
area 


AE p=6°S0 
with 
(er 
Oo=— 5 \ Re: tlks)-(ler?—kz*) dhe, (3.7, 
7 Jo 


and then the total surface energy 
a =¢\ + ¢p= Bas 

with 
g=s—S 


zw kr 


kK Ay 
| * a(ke)ka(ke®—he®) dite. (3.8) 
0 


Furthermore, when 7(kz) statisfies the charge 
neutrality (3.5), we can simplify Eq. (3.8) to 


_80 1 (* 
p= eT | (Re)Re dke—5 . (3.9) 
3.2 General survey of the plane surface 
energy 


8 seems sensitive to a form of the surface 
potential, for Eq. (3.9) is expressed by sub- 
tracting two large quantities. @ for any self- 
consistent surface potential, however, cannot 
deviate so widely from 1.0, 
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Since 7(0)=0, (ke) may be expanded in a 
Taylor series 
(Re) = Cil(Re/Rr) +C2(kelkr)* , (3.10) 
without any detailed knowledge about the 
surface potential but the repulsive potentia.. 
The condition (3.5), applied to Eq. (3.10), 
requires the relation 
ConG: 2 
Mei 
The formula (3.9) gives the surface energy 
o=Bos with 


p= (S+ | 5 


(3.18) 


qe NS: 6 
and then 
5) Ta6ue, 4 Cy 
= =] SaliZ 
3 Omar . Be : 


With Ed. (oll) 

There are restrictions on the allowed range 
of C; and C:. First 07/0kz should not be a 
monotoneously decreasing function of kz; for 
the probability of an electron being found 
outside the geometrical surface is proportional 
to 07/0k:z, and should not decrease with ener- 
gy. Secondly 7(k:) will also be a monotone- 


0.2 


04 06 
Kx/ke 


Fig. 3. Typical behaviours of the phase shift 
(kx) as functions of kz; curve 1 represents 
(kx) for C,=3n/8, C2=0 and then B=0)" and 
curve 2 represents 7(k,z) for C,=0, C,=n/2 and 
then @=5/3, ; 


08 1.0 


ously increasing function of kz; for; when 
taking the approximation of cutting the Taylor 
expansion down to the only first two terms, 
we implicitly assume the predominancy of 
the linear term. 

Therefore we obtain 


FE SC.>0 : Frer20 ; 


and then 


pee! (3.13) 
In Fig. 3, we show two curves of 7(k-) for 
the limiting cases C:=3z/8, C2=0; and Ci=0, 
C:=7/2, corresponding values of 8 being 1.0 
and 5/3, respectively. These curves are good 
approximations to those of 7(kz) shown in 
Fig. 5, which are calculated for various forms 
for the potential barrier. The approximation 
proves the reasonablity of the Taylor expan- 
sion. 
§4. Application to Several Forms for the 
Plane Surface Potential Barrier 


We are now ready to discuss the theories 
of surface energy given by several authors 


=, (0X 0 
(Sb) 


LS 


Fig. 4. Schematical illustration of surface poten- 
tials. 
(a) the step potential barrier of height ho2/2 at 
b outward the geometrical surface. 
(b) the linear potential barrier with a slope 
parameter kya) and the displacement 6. The 
hatching part shows the positive jelly and the 
shading shows tiie potential barrier. 
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by applying our formulae (3.5), (3.9). 


4.1 Quasi self-consistent treatment of the 
jinite step potential 

We consider the step potential barrier with 

a finite height o?/2 just outside the geometrical 

surface. The barrier produces the phase shift 


(kz) =sin-"(Re/ko) . (4.1) 
Our formulae determine 
ho=kr , and then @=1.25. (4.2) 


In order to take an arbitrary value for fo, 
we should introduce another adjustable para- 
meter; we have only to displace the step 
potential barrier rigidly by 6 outward, as 
shown in Fig. 4(a). The displaced potential 
produces the phase shift 


no(Rx) =sin'!(kz/ko) +k.b . (4.3) 


The charge neutrality (3.5) requires the rela- 
tion between 6 and ko 


het = " he + : (Ro? 2Rkr’*) sin-( a 


(4.4) 


Li wee 


———E——E 
02 04 O6 08 1.0 


Fig. 5. Behaviours of (kr) for several (quasi) 
self-consistent potential barriers; curve l, 2D 
represent the step potential barrier with ko= 
kp» and k)=2k,, respectively; curve Seithe 
linear potential barrier with the slope parameter 
Ie e%9=0.5533, for which b=0; curve 4 the 
Huntington’s (kx) of Eq. (4.13), while curve 
5 is the corrected phase shift Eq. (4.14). 
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which reduces to Eq. (2.9), say krb=3z/8, as 
ko co, and to Eq. (4.2), say b=0, as ko kr. 
The typical behaviours of 7(Rr) for ko=ker and 
ko=2kr are shown in curve 1 and 2 in Fig. 
5, respectively. The relation (4.4) agrees 
with “the charge conservation law ”* intro- 
duced by Bardeen’. 

Formula (3.9), combined with Eq. (4.4), 
gives the surface energy 


p-1—{1 3) + EG) be) 
Ay pisuereer, 6 Me 
(4.5) 


which agrees with the results given by Hun- 
tington”, giving 1.0 for k,n oo, and 1.25 for 
ko=kr. 

Although the application cannot bring new 
results in this case, the results given by 
previous authors are obtained on a firmer 
basis as simple examples for our formulae. 

In this connection, we shall discuss a con- 
venient method of correcting a potential, the 
phase shift of which does not satisfy the 
condition (3.5); we have only to displace the 
potential rigidly outward by 6b so that the 
displaced phase shift 
may satisfy the condition (3.5). 

il 


keb= eal “hehe dhe 


(4.6) 
And we have 


or 


bla =1—{\ "ake dRe{(hr?/8)\ (4.7) 


Such correction may be called a correcting 
displacement. The surface energy B is ex- 
pressed in terms of yc(kx) and then, eliminat- 
ing b by Eq. (4.7), in terms of 7(kz); 


kK iy" 
Oe 149 i\ F (adhe. 
0 


kr* 


-2 kr 
which is regarded as a generalization of Eq. 
(3.9) to any surface potential, whether the 
phase shift satisfies the charge neutrality or 
not. Eq. (4.8) is a simple, analytical expres- 
sion for Swiatecki’s'® formula of the (nuclear) 


2 Ie hoes de! (a8 


ics naming seems improper, for it may re- 
sult from his wrong 
factor. 


* 


use of the normalization 
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surface energy, which is expressed in terms 
of the kinetic and the potential energy density. 
An application to the nuclear surface energy 
will be discussed later. 

Eqs. (4.4), (4.5) are obtained also as ex- 
amples of the formulae (4.7), (4.8). 
4.2 Quasi-consistent treatment of linear poten- 

tial barrier 

The linear potential barrier, the left hand 
side of oe is expressed as 

Vin= 2 - 


a Ex) xo ; 
=—=() ; 


has been investigated by Swiatecki’®. 
have the phase shift 


4(kz)=F(o) 
= tan [{fijs(@) + J-1/3(@) }/{ J-2/3(@) — J2/s(@) 1 , 
(4.9) 


x 


x<0 


otherwise 
We 


with 
o=0-(kz/kr) , 
6=(2/3)(Rexo) , 
Jv; the Bessel function of order v. 


Although he considered the slope parameter 
krxo adjustable, our formulae determine 


Rkrxo=0.5533, and then @=1.054 (4.10) 


uniquely. 7(kz) with this value of krxo is 
shown as curve 3 in Fig. 5. 

In order to make krxo an adjustable para- 
meter, we may introduce another parameter, 
the correcting displacement 5, as shown in 


Fig. 4(b). With Eqs. (4.6) and (4.7) we obtain 

nolkz)=F(w)+keb 
with 

a) oes 

krb 3} 3 apie Af F(a)o/8 do} » (ab 

and 
0 
f= 1 mr. a eae (ool dw 


Frege Fo)a-/s do |. (4.12) 


For small krxo, 
64 eee r F 
— 1-{PA/3yF2/3)} Jerse 


307 
=1+0.08128krx%. (4.12’) 


Eq. (4.12’) is an analytical expression for the 
numerical result given by Swiatecki!, and 
Eq. (4.12) is a quantitative expression for the 
qualitative result suggested by him2”, The 


pu1+—— 


- 1960) 


_ results of numerical calculation for b and B 
are shown in Fig. 6(a) and (b), respectively. 
The values given in Eq. (4. 10) are obtained 
by setting b=0 in these figures. 


1.0 
0.8 


04 08 1.2 1.6 2.0 2.4 


1.00 


(b) 


Fig. 6. Results of the numerical calculation for 
the quasi self-consistent linear potential barrer. 
(a) b/bo is given as a function of the slope 
parameter kro. 

(b) B is given as a function of the slope para- 
meter krm. 


4.3. Analysis of the self-consistent potential 
for sodium by Huntington 

The self-consistent surface potential is de- 
termined by the coulomb interaction due to 
an uncompensated charge distribution in the 
surface region. 

The interaction is analyzed usually into 
three parts; the average electrostatic, the 
spin-dependent exchange and the correlation 
interaction. It is very complicated even on 
the simplest model to calculate each interac- 
tion potential so as to be consistent with itself 
and with the other two. There is, however, 
an approach taken by Bardeen’) and later by 
Huntington”, who found that the exchange 
and the correlation potential do not depend 
so sensitively on the distribution of electrons 
in the surface region as the average electro- 
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Static potential. In Bardeen’s theory of 
the work function of sodium, the surface 
potential depends on k. Huntington, follow- 
ing Bardeen, has made further simplification 
that the potential for the fixed value, kz= 
0.8kr, ky=kz-=0, may be regarded, to a good 
approximation, as a common potential to all 
electrons. 


Huntington obtained the phase shift 
n(kz)=kzxr's[0.66 +0.7{0.8—(Re/kr)}?] 
and the surface energy 
B=0.41 


for his self-consistent potential. 

Since the potential in his approximation is 
a function of kz only, the previous formulae 
are applicable*. But Eq. (4.13) gives 


(4.13) 


k G 
| * Whe )ee dk2=1.12- (zkr?/8) 
0 


inconsistent with Eq. (3.5). This shows ex- 
istence of some errors in his calculation, which 
might be caused by a lack of care in the 
normalization procedure**. 

His potential should be corrected by the 
previous method of correcting displacement. 
We should, however, be careful in the direct 
application of the method; for the self-con- 
sistent barrier cannot be displaced rigidly. 
Huntington’s potential, when displaced out- 
ward by J, produces the phase shift 


where 4y represents the effect of deformation 
of the potential produced by the displacement 
on 7(k«). For small kzb, we may expect 
n= p-keb 

with w a numerical factor, because 47=0 for 
kz=0 by the assumption (3.3) and for b=0 
by the definition. Therefore, when we are 
sure that the deformation is small, we can 
apply the method of correcting displacement 
by taking the effective displacement 


* “When the surface potential depends also on 
k, the phase shift 7 is a function of kz, ky, kz. 
Therefore we should modify our formulae. The 
modification will be discussed in the later paper. 
** He did not normalize the charge of each elec- 
tron but normalized the total density o; of electron 
gas in the interior so that o;=(0. The differ- 
ence between 0; and go, even if it exist, is too 
small to be computed by a numerical calculation 


directly. 
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both of the surface shape of the infinite wall 1 
and of the potential form on the plane sur- | 


pal +b 


for b in the previous formulae. 

The deformation of Huntington’s potential 
is considered to be small for the following 
reasons. The displacement cannot cause any 
considerable change in the form of the aver- 
age electrostatic potential, because his poten- 
tial is calculated as if 0: were equal to 
exactly. The displacement justifies the basis 
of his calculation for the average potential. 
The exchange and the correlation potential 
are affected by the displacement, but produced 
changes in these potentials would be small in 
the interior for the similar reason to the 
average potential. Outside the geometrical 
surface, an image type interaction is pre- 
dominant of the three, and this is insensitive 
to a small change in the surface region. 
Considering other approximations made by 
him, we can say that the deformation is 
small. 

The phase shift thus corrected is 


no (ke) =kzrs[0.586 +0.7{0.8 —(Rke/kv) }?] 
with 


be= —0.120.0.=—0.074rz¢ . (4.14) 
And the surface energy Bos is given as 
=Ofor - (4.15) 


Curve 4 and 5 show the uncorrected and the 
corrected phase shift, Eq. (4.13) and (4.14), 
respectively. The correction is rather small 
in the phase shift but large in the surface 
energy. 

Huntington has corrected the errors both 
of counting twice the interaction between 
free electrons and of neglecting cell structures. 
According to him, these corrections contribute 
0.16 to 8. Therefore the total surface energy 
is 

B=—103., 
whereas Huntington’s is @=0.57. 

The close agreement with the simplified 
model of the quasi self-consistent infinite wall 
wili result from a fortuitous fact that the 
exchange and the correlation energy neglected 
in the simplified model are nearly compensated 
by overestimation of counting twice the inter- 
action between electrons. 


§5. Dependence of Spherical Surface Energy 
on its Radius 


So far we have seen @~1 independently 


face. 
ture of the surface on the surface energy ex- 
plicitly. 


5.1 Spherical metal 


We start with a spherical metal with a | 


given radius Ro. This is approximated by 
the free electron gas in a spherical box with 
radius R enclosed by the quasi self-consistent 
infinite wall. Therefore the radial part of 
the wave function is the Bessel function of 
the order of half-integer /rsij2(k-v), and k is 
quantized to be kijm=%1,m/R, where x1,m is the 
m-th root Jr+1/2(*1,m)=0. 

The total energy E(R)=2(Ki,m/2) is rewrit- 
ten as 


B(R)=AE-Rv-0o( 0) +4 Reto 


eet kr Ro? +i kr*Ro? 


157 eeu 


and we obtain the surface energy o=Bos as 
a function of radius Ro, if only we know the 
relation between FR and fo. 

For a larger radius, R should be determined 
by the charge neutrality condition in the in- 
terior and then the previous discussion gives 
R=R.+b. and B=1, nearly independently of 
Ro. 

For small radius, 8 may depend on Ro, 
although actual calculations involve the same 
difficulty as the calculations of the thin metal- 
lic film do. A criterion for the small radius 
is Roe~4.8bs, for which the volume of the 
surface thickness is equal to that of the in- 
terior. Assuming the previous value bs ~ 5rs 
even for the spherical surface, we can esti- 
mate Ro~24rs. 

In metal physics the surface effect of a 
small spherical box absorbs less interests and 
requires more complicated calculations than 
that of a small cavity does. But the effect 
may be important to the theory of nuclear 
surface, because Rce>R) for any real nucleus. 


5.2 Spherical cavity 


The formation energy 4E of a cavity of 
macroscopic scale is chiefly required to form 
an internal surface in metals. And we define 


Now we discuss effects of the curva- | 


! 


1960) 


the (apparent) surface energy* o as 4E/So, 
where Sp is the area of the geometrical sur- 
face of the cavity, even for a cavity of micro- 
scopic scale. 

We start with a spherical metal with a 
sufficiently large radius Ry. The effect of 
the outer surface, which is now not interest- 
ing, is approximated by the quasi self-con- 
sistent infinite wall with radius R=R)+b... 
Then we introduce a cavity with the geo- 
metrical radius a at the center of the metal. 

The formation produces an expansion of 
the external radius by 42) in order to con- 
serve the total volume of the positive jelly, 
and produces perturbation on the wave func- 
tion so that its radial part is 


Fur) = Jusiplkr)—(—)"*! tan p(k) - Jas (kr) 
(5.2) 


with y the phase shift, besides the change 
in the normalization factor. 

The boundary condition on the outer sphere 
f(R+4Ro)=0 determines the change in the 
quantized value k;.m—=k1,m+4k; 

Ak=Ake+ Ak 
with 
Ake=—k-(ARo/R) 
Akp=—yn(k)/R-sint; cost=(1+4)/R-R , 
(533) 
because the boundary condition is simplified 
to 


bes (J-+4)(tan oe) Ttml =0 


ki m=hk1,m+4k=U+ 3)/(R+ AR») COs 7’ 
by using Debye’s asymptotic formulae?®”.®”) 
Juv sec T) 


~ Cos {»(tan eee O/B tant 


* In the classical treatment?), the formation 
energy 4H(a) of a spherical cavity with radius 
d in an elastic medium with rigidity modulus G 
is given as 

AE (Qo) =41G0?- 0° {1-+(0/k rao) }-! , 


ie ome 
se 2\ 4 Grs 


with o) the surface ‘energy for the plane. 
we have 
o=f'00, 


Then 


B'={1+(6/krao)}~ 

as function of kra. 6 varies with metals from 
0.2 for copper to 0.6 for sodium. #’ should be 
compared with Eq. (5.24). 
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Yv(y-sec 7) 


~sin jtane—2)— 4h Jy tane : 
G4) 


Therefore the change in the total energy 
consists of two terms 


4E=4E.+4Ep 
with 
AFe= 21, m2(21+1) Rim: (—ARo/ R) 


=—Aky R?AR/15 , 
AB yp =D, m2(21+1) ‘Rim: {—ni(k)/R sin tT} 


k=(+4)/Rceost. (5.5) 


Since the increase in the total surface area 
is effectively 47a ?, the surface energy o=fos 
is defined by 


AE(ao) =4rav2o = BR rtac?/40 . (5.6) 


The value of 4R) and the phase shift w 
are connected with a through the charge 
Q expelled with the formation of the cavity. 
We have 


7 


u 
3 


Q= Qo*00= stu pds (Oa) 
9x 


as the expelled positive jelly, and 
Q=4rRP?ARo- 00 


4p sR24R,~ ky RAR, (5.8) 
37 37c 


as the expansion of the outer surface. On 
the other hand, the Friedel sum rule gives 


Q= -= > (21+ 1)yi(Rr) (5.9) 


as the number of the expelled free electrons. 
With Eqs. (5.7), (6.8), 4E. is easily rewrit- 
ten as 


High Mess any Zip’ 5.10) 
Ak — isa? ao 5o Q, Ko; 


independently of the details of the perturba- 
tion potential. 

For the calculation of 4E», we can use the 
approximate summation 


kk KX hes 
Sy 2l+DGp/sin 2) ~ Sr C+ Dm ~ SuQl+ Vm, 
0 

(5.11) 
because y with />ra fare small and yet 
ao<R so that we have only to take terms 
with sinc—1 into account. Further calcula- 
tion requires a detailed knowledge of the 
potential form. 
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5.3 Cavity with the infinite wall 

We begin with the quasi self-consistent 
infinith wall on the physical surface with 
radius a. Now the phase shift w is deter- 
mined by the boundary condition on the 
(internal) physical surface: 


tan y(ka)=(—)"*" frsiy2(Ra)/J—a+1/2 (Ra) . 


(i) Cavity with large radius 

We consider the cavity with a@s7s to show 
6-63 aS @—o«. Now we can obtain an 
approximate expression of 7 as a function 
of ka, by applying Debye formulae to Eq. 
(5,12): 


(5.12) 


—y(ka) ~ (1+ 43)(tan «—k) nee 


for l<ka 
fOr eka (Onl) 


cos c=(1+4)/ka ; 
mu(ka) ~ 0 ; 
And then we can estimate 
py (21+-l)yi(ka) ~ — i" (21-+1)yi(ka) dl 
ecrrenticn terms 
= =. (ka)? — i (ka)? +lower terms 


(5.14) 


for large 7. Such simplification is based on 
the assumption that a is large enough to 
allow us to use Debye approximation and yet 
small enough to allow us to neglect terms 
with sint+1 in Eq. (5.11). In the negligible 
lower terms are included the correction terms 
for the summation such as arising from the 
removal of the terms k=0, Euler-Maclaurin 
terms, and care for the upper limit of sum- 
mation, that are important to the surface 
energy of the plane and the spherical surface. 

Since the summation with respect to m can 
be replaced by the approximate integration 
of Eq. (5.14) with respect to k over 0~é&r, 
we obtain 


4E y= pen Rea’ +p hea! ; (5.15) 


457 
Substituting Eq. (5.14) in Eq. (5.9), we have 


= iy b 373 an 242 ° 
Q= Gp krae+ 9 Re dias (5.16) 


This is rewritten as 


QO= 


Ar 4 ke 
5 4 oi Sees 
3 @-0o+4ra Bn 


The first term represents the volume effect 
that the infinite wall expels the free electron 
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gas into interior, and the second the surface _ 


effect. 


With Eqs. (5.16), (5.7), we have the relation | 


as expected from § 2.1 (ii). 
Then 4E, is expressed in terms of a as 


vid 


AE,= 
Be 457 


ketal +7 ketas ‘ (5.18) 


Adding 4E., we obtain the total energy change 


AE=4E,+ 4E,= pine’ 


proportional to the area 47a’, and therefore 
the surface energy 


o=kr'*/160z =<as , b=T" Ons) 


proving a@=1/8z for the internal surface of a 
large spherical cavity. 

In this connection, we derive the Brager- 
Schuchowitzky surface energy on the simple 
assumption @=do; 


AE y= aa i cy) +f shentas? : 


457 
and then 
6=kr'/32n7 =o 
and 
Qa a krae+ ; hw ao” - 


showing the defect common to o”, the excess 
interior density due to expelling k»r?/8z per 
unit area. 


(ii) Cavity with small radius 

We shall discuss the dependence of the 
surface energy of a spherical cavity on its 
radius explicitly, preparing for discussion of 
the vacancy. Now we have only to carry 
out numerical calculations of 7, Q@, and 4E», 
instead of taking the approximate integral and 
Debye formulae. 

For a given value of a, we first calculate 
my. and express Q and then @ as function of 
ka. For convenience of comparison with the 
treatment of larger cavity, it is better to re- 
write Q as 

Q=<heta + Shea (5.20) 
and the result of numerical calculations is 
expressed by y as a function of ka. The re- 
sults for kra=0~10 are approximated by 


1960) 


0.855 


7~1 
kra 


, (5.21) 
as shown in Fig. 7. The relation between a 


and @ is 
ey 6 ye" 
\ . 


oe il lakes 
8 7) Sa +3r(% 


O04 O95 


0.3 
|/k,.a 


0.2 


Eig. 7. 7 as a function of the reciprocal of the 
radius a of the physical surface of the spherical 
cavity. 


Table I. Q, krao, and @ as function of kza. 


kra Q kpdo AH/é B 

0.6 0.50087 1.5241 0.10369 0.8927 
0.7 0.62688 1.6425 0.12231 0.9067 
0.8 0.76882 1.7581 0.14170 0.9169 
0.9 0.92748 1.8716 0.16199 0.9249 
1.0 1.10371 1.9833 0.18320 0.9315 
ipa 1.29819 2.0936 0.20538 0.9371 
ee 1.51223 2.2028 0.22848 0.9417 
1.4 2.00125 2.4185 0.27758 0.9494 
1.6 Zoli 2.6314 0.33069 0.9552 
1.8 3.24847 2.8423 0.38764 0.9597 
2.0 4.02028 3.0516 0.44988 0.9634 
eee 4.89994 3.2597 0.51491 0.9664 
2.4 5.89428 3.4667 0.58318 0.9689 
26 7.01025 3.6730 0.65575 0.9712 
2.8 8.25416 3.8785 0.73249 0.9732 
30 9.63328 4.0835 0.81317 0.9748 


The calculation of energy 4E» is carried out 
in the range 0<kra<3, as shown in Table I. 
The surface energy o=fas is obtained from 
the formation energy 4E(Q) of cavity with 


Q; 
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BQ) =20-(4E/E)-(9nQ/4)2/ 
~5.430(AE/C)-Q-2/8 


The calculated values of 8 are shown in Fig. 
8 and approximated by 


0.065 0.15 
Rrdo (Rao)? ; 


showing the continuous transition of the sur- 
face energy from the internal surface of the 
vacancy to the plate. 


(5.23) 


B(Rao)~1 


(5.24) 


1.00 


98 


co 


Ol O02 03 04 05 O06 
17k, 


Fig. 8. 8 as-a function of the reciprocal of the 
radius ad of the cavity. 


§6. Application to the Formation Energy 
of a Vacancy 


We shall now consider the dependence of 
8 on the form of the potential barrier of 
cavities for fixed values of radius a. 

As interesting values of a, we consider 
naturally two limiting cases; q@—°o and q@= 
ys. The discussion of cavity with ad— 
(and yet a@<R) has been proved to be equal 
to that of the plane surface, in which the 
insensitiveness of 8 to the potential form has 
been proved in §§ 3, 4. 

Therefore, we confine ourselves to the case 
Q=rs, the atomic vacancy, to discuss the 
insensitiveness of $8. Since 27(2/+1)y(ka) 
cannot always be expressed in a simple analyti- 
cal function of ka, even if m(ka) is given as 
a simple function of ka, we cannot discuss the 
problem in a general way but have to be 
contented with the analysis of theories of 
vacancy given by previous authors. 
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Quasi self-consistent treatment of the 
finite step potential 

As the vacancy potential in monovalent 
metals, Fumi!” took a spherical potential bar- 
rier with radius @a=aq=rs and height ko?/2 
which was adjusted so as to give Q=1. His 
model seems to be more reasonable than the 
infinite wall model, but requires more labour 
in calculations, producing approximately the 
same results. 

Using the Born approximation in calculating 
y. for J/>1, Fumi found ky)=0.86kr satisfying 
Q=1 and obtained the formation energy Ev 
of a vacancy 


6.1 


vw C/6 ’ 
which, substituted in Eq. (5.23), gives 
B=20,9 le \0.1) 


Seeger and Bross®®) have carried out sys- 
tematic calculations of Ey by using the finite 
step potential barrier, as Huntington took for 
the plane surface in § 4.1. Their results can 
be expressed only numerically. Four sets of 
their quasi self-consistent choice of (a, Ro) and 
the corresponding values of /, are reproduced 
in Table II, supplemented by the calculated 
values of 8. We see § for the four sets 
nearly equal to 0.93 for ky oo. 


Table II. a, 4H, and 8 as function of kp. 


kya Q 4Ey/~ AE B 


koa 
co 0.9424 1.0000 0.5715 0.1715 0.931 
2.9720 1.5000 1.0000 0.5715 0.1715 0.931 
1.8010* 1.9192 1.0015 0.5730 0.1724 0.935 
1.0000 0.5834 0.1834 0.996 


1.5830 2.2000 


perSincee @s=ie 
and P. 


corrections are made for 4E/¢ 


In the limit kon-0, a>oo, we can obtain, 
according to Fumi, the analytical expressions 


kr-ko?-a@=37/2, eS AGi 5 
and then 
LO ee eee i? 
6-5 ( = ) ~1.448 , (6.2) 


because the use of the Born approximation 
taken by Fumi is now justified in calculating 
all yy. 

8 for a real vacancy potential should take 
a value between these two limiting values, 
i.e. 0.93~1.45. 
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6.2 Negative Hartree-Fock potential 
Taking the negative Hartree-Fock potential 
of the free copper ion for the vacancy in 
copper, Seeger’) obtained E.=0.166€,. from 
which we obtain 
B=0.90 . (6.3) 


6.3 Analysis of the self-consistent potential 
for vacancy in copper 

Huntington and Seitz? used the variational 
approach and obtained the electronic contri- 
bution to the formation energy E»=1.4~1.9 
ev., from which we obtain 

B=1.1 1.4, (6.4) 
taking € for copper as 7.2eV. in Eq. (5.23). 

In addition, they found that their results 
are not sensitive to a form of a trial function 
so long as the function represents the effect 
of expelling just one electron. 

Huntington®, taking the exchange interac- 
tion into account self-consistently, carried out 
a more laborious calculation and obtained the 
electronic contribution /y,=1.23 eV., from 
which we have 

B=0:04% (6.5) 


A good agreement with B=0.93 for the quasi 
self-consistent infinite wall will be due to the 
same reason as in the case of the plane 
surface energy in § 4.3. 

In order to make a more reasonable com- 
parison, it is desirable that self-consistent cal- 
culations both of the vacancy and of the plane 
surface should be carried out for the same 
metal with the same accuracy. 


6.4 Vacancy in polyvalent metals 

We shall now estimate the formation ener- 
gy E(Z) of a vacancy in Z-valent metals 
as an extension of the previous treatment. 
Z-valent metals are now regarded as systems 
of Z free electrons per ion in the free elec- 
tron model. Therefore E,(Z) is equivalent 
to that of the cavity with Q=Z in the mono- 
valent metal; 


Ep(Z)=4E(Z)= Ep(1)-Z*/-B(Z)/B) . (6.6) 

Neglecting the small difference between B(Z) 

and @(1) and taking the approximate evalu- 
ation £y(1)~¢/6 by Fumi, we obtain 

EKA) 7 BG. (6.7) 

As an interesting example, we apply Eq. 

(6.7) to the estimation of the formation energy 


of a vacancy in nickel. Taking Z=0.54, we 
obtain 
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EY(0.54) ~ 0.1006 (6.8) 
On the other hand the interpolated value from 
Table I is 
E.(0.54) =4E(0.54) =0.110€ . (6.9) 
Seeger®®), taking the same value for Z and 
the quasi self-consistent infinite wall, obtained 
E»(0.54) = —0.074¢ (6.10) 
by calculating 4£,=0.326€ and 4E.=—0.4¢. 
Evidently, Ey cannot be negative in stable lat- 
tices. He attributed this discrepancy to the 
disregard of the interaction with the imcom- 
plete d-electrons. 

There is, however, a trivial error in his 
calculations; 4&. should be corrected so that 
4E.=—0.4€ x 0.54= —0.216€ . 

When corrected, 
E2(0.54) =0.326€ —0.216€=0.110€ (6.11) 


in a good agreement with our estimations 
(6.8) and (6.9). 


§7. Surface Energy of Elipsoidal Cavity 
So far we have seen the rule 8&1 for the 


Fig. 9. Schematical illustration of the process of 
the transformation of the two single vacancies 
into one cavity, the volume of which is twice 
as large as the single vacancy. 

(a) two single vacancies in consideration with 
separation distance 2C. 

(b) the vacancy pair represented by the rota- 
tional ellipsoidal cavity. 

(c) the most stable cavity with the volume 
Q=2, which is equivalent to the single vacancy 
in divalent metals. r- is the radius of the 
sphere in which one electron is found in 
average; 7.—=rs for monovalent metals and 
re=7rsZ-1/3 for Z-valent metals. 

(d) another possible model for vacancy pair 
(cylindrical model). 
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spherical surface. It is desirable that the 
rule should be confirmed for a surface with 
non-uniform curvature. There is an interest- 
ing example of physical significance for the 
check of the rule, the ellipsoidal cavity. 
7.1 Formation energy of vacancy pair 

A vacancy pair is a system of two vacan- 
cies arranged on the nearest neighbour lattice 
sites of crystals, separated by 2C, and ap- 
proximated by a cavity of rotational ellipsoid 
with twice the volume of the single vacancy, 
as shown in Fig. 9 (a), (b). 

We change the variables x, y, z to &, 7, ¢ 
by 


x=CV (&—1ld—7*) cos¢ 
yecVv C= ii=7) sine 
Z=CT 
The area of the geometrical surface is given 
as 
So(C) 


=2nC?{ (Eo? —-1) +f E21 -&0?-sin-*(1/Eo)} , 
(7.1) 


where & is determined by 
Vo(C)=Z CHE DE = eh x2. (7.2) 


Then the formation energy of the ellipsoidal 
cavity E»-p is expressed as 


Ee-p=Baz-SfC). C8) 
From our rule, we expect B to be 1.0 or more 
closely 0.95 for the spherical cavity with Q=2. 


Table III. g as function of the separating 


distance C. 


C/rs by By—p/¢ fo B 


1.2687 
1.2298 
1.1973 
1.1702 


krC 


0.9542 
0.9551 
0.9559 
0.9567 


1.8178 
1.7305 
1.6549 
1.5891 


0.2805 
0.2812 
0.2819 
0.2827 


0.7816 
0.8337 
0.8858 
0.9379 


1.500 
1.600 
1.700 
1.800 


Seeger and Bross” calculated E»v-» for the 
range C/rs=0.78~0.94, which includes the 
nearest neighbour distances in the three 
typical cubic structures. They solved wave 
eqs. on the assumption of the infinite wall 
on the physical surface &1, the value of which 
was determined by the Friedel sum rule. The 
results of their numerical calculation are re- 
produced in Table III, supplemented by the 
values of & and 8 by Egs. (7.2) and (7.3), 
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respectively. The calculated values of @ for 
all ellipsoids considered are in good agree- 
ment with our estimation 0.95. 

In this model, since the association energy 
of a vacancy pair is difference between the 
formation energy of one vacancy pair and 
twice that of the single vacancy, it is pos- 
sible to interprete the association energy 
simply as an energy gain due to the reduc- 
tion of the total surface area when two indi- 
vidual spheres are transformed into one 
ellipsoid with the same volume. 


7.2 Interaction energy between two vacancies 

We can give a rough estimation of the 
interaction energy E7(C) between two vacan- 
cies separated by 2C as 


Ex(C) ~0.96¢5+So(C)—2Ex(1) (7.4) 


by assuming 8=0.96 for C>0.94rs, as shown 
in curve 1 in Fig. 10. 


pete eae eee aaa 
2c/"s 


Fig. 10. Interaction energy E/(C) between two 
vacancies as functions of the separating distance 
2C. Curve 1 is calculated on the basis of the 
surface energy model, while curve 2 is based 
on the T-F model where the matrix metal is 
assumed to be silver. 


Even if we assume a cylindrical cavity as 
shown schematically in Fig. 9(d), the inter- 
action energy is expressed nearly analogougly 
to curve 1 in Fig. 10, provided that 8 be con- 
stant over all the points on the surface re- 
gardless of the small curvature dependence. 

In this model, two separated vacancies are 
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more stable than a vacancy pair in the range 
2C>5.8rs. This means that the interaction 
is weak attraction of short range. 


§ 8. Discussion and Conclusion 


We have proved the approximate validity 
of the surface energy formula os=kr‘/160z 
or 8&1 on the basis of Friedel theorem and of 
the extended Weyl-Laue theorem, nearly inde- 
pendently of the shape and of the form of 
the surface potential barrier. And we have 
found intimate relations between the theories 
given independently by previous authors for 
the surface energy of metals, the formation 
energy of the vacancy and the vacancy pair, 
and the nuclear surface energy. Furthermore, 
even when our rule does not agree with some 
results of the previous authors”:** we can 
correct their errors and find the validity of 
our rule. 

Comparisons of the theoretical values with 
the experimental ones have been made by 
the previous authors on their particular cases, 
and good agreements have been obtained, al- 
though we do not reproduce numerical values 
of both. There is a note on the meaning of 
the good agreement: 

(i) As for the theoretical values, os is a 
main but only one part of the electronic con- 
tribution to the surface energy. As mentioned 
already, it is rather fortuitous that the negli- 
gence of the correlation and the exchange 
contribution is nearly compensated by the 
over-estimation of counting twice the inter- 
action of electrons both in the case of plane 
surface and in the vacancy. There are other 
contributions such as distortion of surround- 
ing ions and change in the normal modes of 
the vibration. The theoretical values, there- 
fore, involve some ambiguities. 

(ii) As for the experimental values, the plane 
surface energy is affected by the treatment 
and the contamination of the surface and de- 
pends on crystallographic orientations and on 
temperature. The vacancy energy is esti- 
mated from somewhat indirect effects. The 
experimental values are often found in com- 
paratively wide range. 

Therefore agreements between the experi- 
mental and the theoretical values do not 
necessarily prove the validity of a particular 
model taken as the basis of theories; for 
quite another model, so long as it still stands 
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on the free electron model, will give a good 
agreement. 

Finally we should note a fundamental ques- 
tion on the free electron model with the posi- 
tive jelly approximation. The free electron 
model for conduction electrons in periodic 
lattices is not justified by the similarity be- 
tween the charge distribution but by that 
between the dependences of their energy 
eigen value E(k) upon the wave vector k with 
an appropriate effective mass. Therefore we 
Should be careful in treating the charge densi- 
ty, particularly when it is near the lattice 
points, in the free electron model. 

Therefore our results are only of a first 
approximation. For higher approximations, 
we should take cell structures into account, 
instead of modifying the model within the 
positive jelly approximation. 

The author wishes to express his thanks to 
Prof. S. Miyahara and Assist. Prof. T. Toya 
of Hokkaido Univ. for their advices and dis- 
cussions, and to Mr. T. Inoue and Mr. M. 
Inagaki for their labour in numerical calcu- 
lations. This work was supported in part by 
the research grant of the Ministry of Educa- 
tion. 


Appendix. A criticism on T-F approach 
to the impurity atom in the free 
electron metal 


Lazarus”, calculating the interaction energy 
between an impurity atom and the vacancy 
on the basis of the T-F relation, has suc- 
ceeded in explaining the dependence of an 
impurity diffusion in metals on the valence 
difference. And then interest is refocussed 
on the T-F approach to an impurity atom in 
metals?”?)-*, 

In these works, the formation of the vacancy 
is regarded as putting a “pseud” negative 
point charge in the uniform positive jelly. 

But the T-F approach to vacancy based on 
the pseud point charge picture is of a poor 
approximation. We give two examples of 
failure. First it leads to negative formation 
energy of a vacancy, besides an infinite self- 
energy of the point charge. An application 
to the vacancy in silver gives —14.5eV in 
the linearized approximation by Mott’, and 
—8.3 eV in the higher approximation by Alfred 
and March?*). Secondly, it leads to repulsive 
interaction between two vacancies, contrary 
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to the tendency to form a pair. A rough 
estimation of the interaction in silver is made 
on the basis of Mott’s approximation as shown 
in curve 2 in Fig. 10. A more accurate calcu- 
lation taken recently by Alfred and March2® 
does not seem to improve the repulsive nature 
essentially. 

Even if we replace the pseud point charge 
picture by a more reasonable one, for example, 
the spherical cavity, the T-F approach to the 
vacancy gives negative formation energy in 
the same way as seen in the derivation? of 
negative surface energy for the plane surface. 

Accordingly, the T-F approach is not ap- 
propriate to the discussion of the vacancy 
energy and then the interaction energy of the 
vacancy-impurity complex. Therefore there 
is a fear in the success of Lazarus that his 
explanation may not be to the point. 
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Interaction of Conduction Electrons with Acoustic Waves 


§ 1. 


Introduction 


in Simple Semiconductors 
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A semi-classical theory is given of the interaction of conduction elec- 
trons with acoustic waves in single-valley semiconductors with spheri- 
cal energy surface, using Pippard’s approach to the ultrasonic absorption 
in monovalent metals. For longitudinal acoustic waves, the acousto- 
electric effect is identical with that obtained by Weinreich-Holstein’s 
phenomenological approach, if gl<1 and |C|Smwy?/q?>2¢/3, where q is 
the wave number of acoustic waves, C the deformation potential con- 
stant and 1, m, wp, ¢ are the mean free path, effective mass, plasma 
frequency, Fermi energy (or average thermal energy) of conduction 
electrons respectively. Under such conditions as gl>>1 and |C| and 
2¢/3>mw p2/q@2, the acoustoelectric effect is essentially identical with that 
derived from the quantum-mechanical calculation. In the sufficiently 
low frequency range, where gil<1 and |C| and 2¢/3<mwy?/q?, the in- 
teraction can be described by the term of the electronic viscosity as in 
monovalent metals. For transverse acoustic waves, C=0 in cubic cry- 
stals and the interaction is analogous to that in monovalent metals, 
with the two exceptions that there is no region in which the absorption 
coefficient depends linearly on the frequency of waves, and the coefficient 
approaches to the limiting value in the relatively low frequency range. 


In contrast to metals, there are some am- 


In metals, the theories” .2) of the ultrasonic 
absorption by conduction electrons in zero or 
finite magnetic field have been shown to be 
in good agreement with experiments.®).” 
Although there is no experiment of the ac- 
oustoelectric effect in metals, reasonable theo- 
ries have been recently given by Blount® and 
the present author.» In general, we may 
conclude that the interaction of conduction 
electrons with acoustic waves has become 
considerably clear in metals at present. 


biguities about the interaction in semiconduc- 
tors. For example, we consider the acousto- 
electric effect in semiconductors, which has. 
been discussed so far from the various points | 
of view. Parmenter’s two approaches”):®) in the | 
low and high frequency ranges have been shown . 
to be deficient by several authors.” Weinreich- 
Holstein’s phenomenological method™.!) Jed. 
to too small effect in relatively low frequency 
range, at least in metals.” But for transverse | 
waves in many-valley semiconductors, this. 
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method led to the formula! in excellent 
agreement with the experiments. Therefore, 
it will be necessary to check the condition 
for the applicability of their method, using 
more detailed theory of the electron-acoustic 
wave interaction. 

In relatively high frequency range, Van den 
Beukel’s method’? may be a reasonable ap- 
proach, which is based on the treatment of 
the interaction as a collision problem between 
conduction electrons and acoustic phonon 
beams. In fact, the effect in metals obtained 
by semi-classical Boltzmann theory® was es- 
sentially identical with Van den Beukel’s in 
the relevant frequency range. As has been 
pointed out in a previous paper,® the effect 
of the space charge in the semi-classical 
theory is involved implicitly in the electron- 
phonon coupling constant in Van den Beukel’s 
method. In semiconductors, however, the 
corresponding coupling constant is due to the 
deformation potential, which has the different 
origin from the effect of the space charge. 
Then, it will be also necessary to check the 
condition for the applicability to semiconduc- 
tors of Van den Beukel’s method, taking the 
effect of the Coulomb force into account ex- 
plicitly. 

Roughly speaking, there are three different 
types in semiconductors): single-valley semi- 
conductor with spherical energy surface such 
as n-InSb (hereafter called simple semicon- 
ductor), simple many-valley semiconductor 
such as n-Ge and degenerate single-valley 
semiconductor such as pf-Ge. We restrict 
ourselves to the discussion of simple semi- 
conductors in this paper. The case of many- 
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valley semiconductors will be discussed in the 
forthcoming paper. 

In §2, we shall give the basic equations 
for a degenerate electron gas and calculate 
n (local fluctuation of the number density of 
electrons), E (internal electric field) and J 
(internal current density), making use of Pip- 
pard’s approach” to the ultrasonic absorption 
in monovalent metals. In §3, we take a typi- 
cal sample of m-InSb to make the numerical 
estimations of the physical quantities involv- 
ed in the basic equations. In § 4, the absorp- 
tion coefficient of acoustic waves and the 
acoustoelectric effect are calculated for vari- 
ous frequency ranges. The required modifi- 
cations for a non-degenerate electron gas are 
made in §5. In the last section, § 6, we shall 
compare the obtained results with those in 
monovalent metals. In particular, the appli- 
cability conditions of Weinreich-Holstein’s 
and Van den Beukel’s methods are discussed 
in detail. 


§2. Basic Equations 


Throughout this paper, the following as- 
sumptions are made. (1) We consider only 
the case of one carrier. Then, of course, we 
ignore the recombination of electrons with 
holes. (2) The following two effects caused 
by acoustic waves are neglected: (a) ioniza- 
tion of electrons from impurities and (b) re- 
combination of electrons with charged impuri- 
ties. 

It is necessary, for the determinations of 
n, E and J, to solve Maxwell’s equation, the 
equation of continuity and the Boltzmann 
equation. Maxwell’s equation is written as 


(2.1) 


where WN is the number density of ionized impurities (and then equal to the density of con- 
duction electrons in equilibrium), uw the local velocity of impurities and 6&, é, c are the di- 
electric constant, the charge of an electron, the light velocity respectively. For longitudinal 


waves propagating in z-direction, we get 


E,=22™ (2 —u,) ; a) F 
we \ Ne 


where w,—(4rNe?/mé)'/? is the plasma frequency of conduction electrons, m the effective 
mass of electrons, » the angular frequency of acoustic waves. For transverse waves propa- 


gating in z-direction and polarized in x-direction, 


mko® (4 
get \ Ne 


(2.2) 


(2.3) 


n= te) ’ Ey) ) 
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where ko2?=i42Ne2wr/mc?, t is the relaxation time of electrons, g the wave number of acous- | 
tic waves. We neglected the displacement current in (233): 
Next, solving the equation of continuity, 


T (ne) + div J=O05 2 od (2.4) | 


we obtain 1k 
n=qj-/we and n=0 (2.5) 


for longitudinal and transverse waves, respectively. The Boltzmann equation of the distri- 
bution function f is given by 


of wp of +2 (F’ Po fa=- fesieios . (2.6) 
ot m T 


Here v is the velocity of electrons and 
2 ~ 
| ae et a 2.7) 
we 


C is the deformation potential constant and is the characteristic force constant in semicon- 
ductors. (For transverse waves C=0 in cubic crystals.) In fact, only the electric field was 
taken into account in Pippard’s theory of monovalent metals. For mathematical simplicity, 
we take a degenerate electron gas model in this section. The modification needed for the | 
Maxwell distribution will be discussed in §5. The distribution function is as follows: 


f=fo(|v—u|)—Y(v) -Ofo/Ov , 
fo) ={exp| -m(ot— ve) /RT [+ tee (2.8) 


1/3 
ma eV zs n)| 
m\| 8x 


where / is the Planck constant, k the Boltzmann constant, vo the Fermi velocity. From 
(2.6), (2.7) and (2.8), ¥(v) for longitudinal and transverse waves are given by 


A x aB v 1 v 
W(p) = 242. pon -( fe Bes) A 
() ql eas ql v 1—iax Sh Diy Sa 
vo=| a. s —te | T=38- 08 6, (2.9b) 
ql = 1—iax 


respectively, where we use the polar coordinates (v, 0, ¢) about z-axis in the velocity space 
and put for brevity 


4 = Cosi: 
/=tv (mean free path of electrons) , 


a= qd/A+ior) 
and 


Ue , A 


OIBG eF;’ 
A.= eS a aoe, : B=nv)/3N . (2.10) 


Using the solutions of the Boltzmann equation and the current expression 


Zee le 
j= i v-fivd'v , (2.11) 
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we calculate the current density as follows: 


{pees alas iB) (2.12a) 
ql 
for longitudinal waves, 
Jun Netto (2.12b) 


for transverse waves, where Pippard’s functions” 


d 3 
= aay) of g= 3 0—-p/at) 
=1 l= 14% 2 
are used. In (2.12) and hereafter, J, , g and a@ mean their values at the Fermi surface. 
From (2.2), (2.3), (2.5), (2.10) and (2.12), we can get the basic equations for latter uses: 
(1) Longitudinal waves; 


ae Je=NeuQ, — B,=i27™(Q-1), (2.13) 

where 
ce / (1 cree a) 2.14 
V= (1 “he Te + pt ) a Seren)? +4 oy). (2.14) 

Then, 


here Sagua fe oe \/( aql (2 e Bl healt 2.15) 
A.=( iE Us—Uz ys Car Uz Fo Sip a)t anes ) mr eG 


B=2 Lud (2.16) 
OT 
(2) Transverse waves; 
mkv? 
= = ‘2 =———(1-P) , 2.17) 
u— Ue IE NeuzP, E. eqrr ( ) ( 
where 
_ & (ge +k’) 
Fat eRe ne 
siihens 
As ales (2.19) 
qv ko 


where we put 2’ = ag/ql. 


§3. Numerical Estimations 

To make the numerical estimations of the basic quantities, we take a typical sample of n- 
InSb, which is a cubic crystal and has nearly spherical energy surface. The sample sided e 
=10'*cm-? may be sufficiently degenerate at very low temperatures. Then, we take the 


following values of physical parameters: 


o(density)=5.8 g-cm™, €=16, m=0.015 mo (electronic mass) , 


Visound velocity) =3 x 10° cm -sect!, C=—7.2eV., t=5xX10-* sec. 


It is convenient to consider various frequency ranges separately, the critical frequencies of 


which are tabulated as 
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o1=1.2 10 (frequency at which g/=1), 
w2=2x10" (frequency at which wr=1) , 
o3=1.110° (frequency at which q?=|ko’|) , 
4=3.8X 10° (frequency at which |C|=mo,’/q’) , 
@s=1.210"! (frequency at which 2¢/3=mo,?/q’) , 


where € = mv,?/2 is the Fermi energy. For longitudinal waves, we consider separately four 
frequency ranges to give the approximate expressions for Az and B: 


(1) gl<1, |C| and 2&/3 < mo,?/¢q’; 


Ags SE (1— 12 ny, eg ee 3.1) 
3p OT 3. OG 
(2) q@l<1, |C|> may/q? > 2€/3; 
Ta rene ie B= L/ a Vit (3.2) 
3p ot/\Mo,? 3. ot\mMay 
(3) g@l>1, ICI> mo,?/¢ > 2/3; 
The expressions for A, and B are identical with (3.2). 
(4) qgi>1, |C| and 20/3 > ma,"/q’; 
a1 AE RD oy acta cee He: 
A= a a oe Tee ee ae 3 de (3.3) 


In the above expressions, we assume that a@ can be taken to be real up to wr~1, as in Pip- 
pard’s theory” in monovalent metals. 
For transverse waves, we can take the following three ranges: 
(gl = 1,°¢? < ko; 
Agate « (3.4) 
(2) ql<1, @ > |ko’|; 
Are ue C5) 


(3) g@>1, @> lk’; 
The expression for Az is identical with (3.5). 


§4. Ultrasonic Absorption and Acoustoelectric Effect 


We shall calculate the ultrasonic absorption and the acoustoelectric effect. For a de- 
generate electron gas in semiconductors, the formulae® for monovalent metals can be used. 
The absorption coefficient 4 and the acousto-electromotive force F are given by 


3mN i = 
ee v & 
Arp V\ul?c a gas ay 
3mr a hs 
ee eee do|¥ & 
Azpe V2|ul?r | aa. uae ag) 


respectively,* between which Weinreich’s relation”, 


A/F=NeV/r , (4.3) 


* The formula (4.2) is clearly connected with the component of the second order current of Ue OF 
Uz, V.€. Ji=mev1, where m and v,<uzx or wu, There exists another component Joe= Neve, where v2 is 
the second order drift velocity. Since ,< (internal force acting on electrons), Jz has no observable 
de part under zero external de electric field. In this respect, see also references (5) and (7). 
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holds. Here, 7 =olu|?V/2 
energy flow density. 

Substituting (2.9a), (2.9b), (3.1)—(3.5) into 
(4.1) and (4.2), we obtain the results for 
various frequency ranges as follows: 


[1] Longitudinal waves: 
(1) g@l<1, |C| and 2/3 < ma,?/q; 


is the acoustic 


4. Nmv?tw? 


ue 
15 ilies (4.4a) 
4 mpvP?tw? 
Pees att Bie Tai, 
15a pa aD 
(2) gl<1, IC|> mayp/q? > 2¢/3; 
Cq? \2*Nm 
Hi Jee ) 
[oats a7 (4.5a) 
CX? 
Iie : 
eae oe 
(3) g@l>1, IC|> mo,?/q? > 2¢/3; 
Cq@ \?xzNmvow 
Wee 
ct) ae (4.6a) 
Cq? \? zmuow 
pe . : 
(3) 60e V a kE8D) 
(4) gl>1, |C| and 2¢/3 > ma,?/q’; 
3C\?2¥ 27 Nmv0w 
ve Al 
(Ge) 6p?’ au 
38C\? zmv0w 
he | —— : 4.7b 
lar) 6pe V2 eae) 
[2] Transverse waves: 
(1) g™l<l1, ¢<\h0"l; 
1 Nmap ?to? 8 
A= : —_ py 4.8 
5 V8 {1 a Ot (4.8a) 
1 mov ?to'’r 8 
= : 1 Lae 4.8b 
eee hg 35 2" a 


gi <1, q@? > |ko’|; 


i! Nmv2tw? 3 
: il Lee. ada) 
= oV8 7 (ql) ( 


(2) 
Uh brew 


1 eae 3 
if 5 peV* a Co a 
(3) gl>1, g@ > ko"; 
A= Nm/oVt , (4.10a) 


F=mrloeV’t . (4.10b) 
§5. Maxwell Distribution 

We have treated hitherto a degenerate 
electron gas model. Some modifications need- 
ed for the Maxwell distribution will be dis- 
cussed in this section, First, instead of (2.8) 
we must put 
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fo(v)=exp | onto -) [eT] f 


ie (aa ) In 21/2 nls( a (N + n)} 


(5.1) 


Then, instead of vo involved in ¥(v) in (2.9a) 
we must use 
V1 = (BkT/m)'? . (5.2) 

Although there exist some mathematical 
complications for the analytical solution, it 
can be easily seen that the modifications are 
simply given by the displacement, 
(5.3) 
in the equations below (2.12). Here a isa 
numerical factor of order unity depending on 
(1) the kinds of waves, (2) the frequency 
ranges, (3) the velocity-dependence of the 
relaxation time. Since all the essential’ fea- 
tures can be made clear in a degenerate 
electron gas model, we don’t perform the de- 
tailed calculation of @ in this paper. 


vo? > akT/m 


§6. Discussions 
[1] Longitudinal waves: 

(1) Weinreich-Holstein’s method for the 
low frequency range (q/<1). We consider 
the case of one carrier, to which Weinreich- 


Holstein’s method is applied. Instead of 
(2.12a) we put 
De OU On 
a = = DoS 6. 
baer NN aiisges Pea aes 
where D is the diffusion constant and 
U= Uat Un . (6.2) 


Here U. is the electrostatic potential due to 
the charge fluctuation of electrons and is de- 
termined by 
0? UL/O2=—Anen/é . (6.3) 
U, is the deformation potential and is given 
by 
U,=—Cu./V . (6.4) 
Then, we can calculate the dc current from 
(6.1)-(6.4) and the equation of continuity, 
(2.4). The accusto-electromotive force F can 
be derived from dividing the dc current by 
the electrical conductivity o = Ne’r/m. The 
result obtained is just identical with (4.5b). 
As has been pointed out by Parmenter,” 
Weinreich-Holstein’s method ignores the ef- 
fects of the charge of impurities and its mo- 
tion induced by waves. This is the reason why 
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the condition |C| Smoy,?/q? must be required, 
which is the same condition pointed out by 
Bardeen-Shockley’® for the neglect of the 
electrostatic potential of impurities in com- 
parison with the deformation potential. 

(2) Van den Beukel’s method for gi>1. 
Van den Beukel’s method is based on the 
treatment of the interaction as a collision 
problem between conduction electrons and 
acoustic phonon beams. It takes only the de- 
formation potential term in the interaction 
Hamiltonian. Therefore, his method neglects 
undoubtedly two effects; (a) the electrostatic 
potential of impurities and (b) the electrosta- 
tic potential due to the charge fluctuation of 
electrons. 

For the neutral impurity scattering, for ex- 
ample, his method leads to” 

_ (2n)'2C2m'?o 

~ peV(RT 2 
for the Maxwell distribution, which becomes 
identical with (4.7b) when we put a=3?/371/3 
/2. The applicability conditions of Van den 
Beukel’s approach may be interpreted as fol- 
lows: (A) g@i>1; This is the condition for 
the treatment of acoustic waves as phonon 
beams. (B) |C| > mo,?/q?; This is the con- 
dition for neglecting the effect of the charge 
of impurities. (C) 2€/3 mwa,?/q?; This con- 
dition is most severe for acoustic waves used 
practically and can be rewritten as 


4<2nXor , 
where 2 is the acoustic wave-length and 


(6.5) 


(6.6) 


are =( Emvo? Ne 
127 Ne? 
is the quantum analog to the Debye length in 


Thomas-Fermi model. For the Maxwell dis- 
tribution 


(6.6a) 


(6.7) 


A <2n(a/3)'/Ap , | 


Hee’ \e 
r>=( ) : 

47 Ne? 
where Ap is the Debye length. Here, 4» or 
Arr has the physical meaning of the distance 
within which the charge fluctuation of elec- 
trons does not vary appreciably in the magni- 
tude. Then, (6.6) or 6.7) is interpreted as 
the condition under which the effect of the 
charge fluctuation of electrons can be ignor- 

ed in the interaction Hamiltonian. 

It will be necessary to study the effect of 
the last condition, (C), on the ordinary con- 
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i 
duction problems. The wave-length of ther-» 
“mal phonons coupled to thermal electrons is ) 
about the same order of magnitude as de: 
Broglie’s wave-length of thermal electrons,*® 
Therefore, inserting 4:2 into (6.6) | 


Ain & h/mv. 
or (6.7), the condition (C) becomes 
hin<C€ or hop<kT 


respectively. Then, at sufficiently high tem- 
peratures, the deformation potential theory 
of Bardeen-Shockley can be used without. 
taking account of the effect of the space 
charge in conduction problems. On the other 
hand, at low temperatures where the condi- 
tion (6.8) does not hold, the dominant scat 

tering mechanism of conduction electrons is 
due to impurities.‘” In ordinary conduction 
problems, therefore, the effect of the space 
charge can be ignored in general. 

(3) Low frequency range in which g/ <1, 
IC| and 2¢/3<mo,?/q?. As is seen from 
(4.4a) and (4.4b), the dominant mechanism in 
this range is due to the electronic viscosity 


[2] Transverse waves: 
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(6.8) | 
for the degenerate or non-degenerate cases, | 


as in the low frequency range (g/<1) in 
monovalent metals. | 


The reason why the dc current along the | 


direction of propagation is generated by 
transverse waves will be interpreted from 
the classical point of view as follows. In the 
first order of wz, the local current is in x- 
direction and also electrons move in z-direction 
without net current (e.g. viscosity mecha- 
nism). In the second order, however, net dc 
current in z-direction is generated owing to 
the finite relaxation time. 

The differences of the formulae (4.8)-(4.10) 
from those in monovalent metals are as fol- 
lows; (a) There is no frequency range in 
which the absorption coefficient 4 depends 
linearly on w and is independent of r. (b) 
Even in the intermediate frequency range (qi 
=>1, wt<1), A approaches to the limiting 
value, (4.10a). (c) In the low frequency 
range, somewhat different formulae are deriv- 
ed according as q? = |k,?}. 

In conclusion, we may expect to check the 
theory by the experiment of microwave 
phonon beams in future. 

The author should express his thanks to 
M. Shibuya for the valuable discussions. He 
also is indebted to W. Sasaki for the constant 
encouragements, 
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Experimental studies were made of electrical resistivity and Hall 
coefficient of stoichiometric, non-stoichiometric and impurity-doped GeSe 
crystals over the temperature range from 100°K to 800°K. The energy 
gap was estimated to be nearly 1.0eV from the slope of the resistivity 
curves at high temperatures. There were two ways in which hole mobi- 
lity varied with temperature: one was as J'~-2.° and the other as T*3. 
The results on low temperature Hall coefficient were qualitatively inter- 
preted on the assumption that there were two kinds of impurity levels 
in GeSe, one of which was acceptor level due to the impurity atoms 
common to all specimens and the other donor level or trapping center 
of holes due to germanium atoms in excess of stoichiometry. An ano- 
malous behavior found in the Hall coefficient was explained by the same 
assumption as in the case of SnSe that new acceptors were introduced 
into GeSe by heat-treatment at high temperatures and that these introduced 
acceptors were annihilated by the heat-treatment at lower temperatures. 


in our laboratory with respect to the electri- 
cal properties and crystal structures. Among 
these compounds SnTe” and GeTe”*) were 
found to show so-called semi-metallic proper- 
ties while SnSe*) some ordinary semi-conduct- 


§1. Introduction 
The systematic investigations have recently 
been made of IV-VI intermetallic compounds 


- This work was performed at Kyusyu Univer- 
sity. 
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ing properties. The crystal structure of GeSe 
has been reported to be orthorhombic®, and 
in connection with the same crystal structure 
as that of SnSe®, it seems interesting to 
study the electrical properties of GeSe. An 
anomalous hump was found to occur at about 
500°K in the Hall coefficient of quenched or 
non-stoichiometric specimen. In some of the 
intermetallic compounds e.g. InAs”, GaAs®.® 
or PbTe”, Hall anomalies have been reported 
but there seems to be no possible explanation 
for those anomalies. We have already found 
the Hall anomalies’”.!” in SnSe and GeSe 
crystals, and in the case of SnSe we have 
attempted to interpret the experimental results 
qualitatively in terms of acceptor formation 
by the heat-treatment at high temperatures. 
The validity of similar explanation is expected 
in the case of GeSe from its close resemblance 
to SnSe. In order to get the confirmation it 
seems essential to investigate if an increase 
in carrier density is caused by other mecha- 
nism than thermal generation, if the linear 
relationship holds between Hall voltage and 
magnetic field and if the Hall coefficient is 
affected by heat-treatment. 


§2. Experimental Procedures 


GeSe crystals were prepared as follows: 
germanium (a few 2cm) and_ selenium 
(99.997%) were sealed in an evacuated silica 
tube or put into a graphite crucible as illusi: 
rated in Fig. 1. The silica tube or graphite 
crucible was further sealed into an evacuated 
silica tube to protect the specimen from oxi- 
dation by air caused by break-up of the 
silica tube on solidification. Putting the tube 
vertically into a furnace whose temperature 
was automatically controlled, it was kept at 


Fig. 1. Schematic indication of GeSe crystals 
prepared in graphite crucibles. A: silica tube, 
B: carbon film, C: graphite crucible, D: GeSe 
ingot, E: specimen 603, F: specimen 606, G: 
specimen 604, 


S. ASANABE and A. OKAZAKI 


(Vol. 15, 


1000°C for 50 hours to get complete reaction. 
It was then cooled rapidly to 800°C and then 
with the cooling rate of 10°C per hour to 


Resistivity P (Qem) 


if 2 S: 4 5 6 Bf 8 9 10 
10°/ Temperature T (°K”) 


(a) Resistivity 


R_ (cm3/coulomb) 


Hall coefficient 


5 6 ie 8 i) 10 


| aT eae oe 
10°/ Temperature T (°K™) 


(b) Hall coefficient 


(cm?/volt.sec) 


Hall mobility Hx 


I 2 4 
10°/ Temperature T (°K7) 


Ch Salle 


(c) Hall mobility 


Fig. 2. Resistivity (a), Hall coefficient (b) and 
Hall mobility (c) versus inverse absolute tem- 
perature for GeSe single crystals (p-type) with 
stoichiometric compositions, 
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600°C (melting point of GeSe=780°C). The 
tube was annealed at 600°C for 12 hours and 
cooled to room temperature in 50 hours. Some 
of the specimens were prepared by quench- 
ing the tube to room temperature after the 
melt of germanium and selenium was violently 
shaken on a Bunsen burner for a few minutes. 
Specimens were cut in the shape of a rectan- 
gular parallelepiped whose surfaces were 
polished by emery-paper. An ordinary d.c. 
method was used on measuring the resistivity 
and Hall coefficient. An apparatus was the 
same as described in §3 of reference 11. 
When the resistivity of the specimen was 
very high at low temperatures, a microarm- 
meter and a vacuum tube voltmeter were 
used in place of a potentiometer. 


§3. Experimental Results 


(i) Resistivity and hall coefficient 

The electrical resistivity o and Hall coeffi- 
cient R have been measured over the tem- 
perature range from 100°K to 800°K. The 
d.c. current and magnetic field were applied 


Table I. Description of specimens. 
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parallel and perpendicular, respectively, to 
the plane perpendicular to c-axis of the single 
crystal. A family of resistivity or Hall curves 
indicates that there should be four groups of 
crystals into which the resistivities or Hall 
coefficients are classified: they are single 
crystals, polycrystals with stoichiometric com- 
positions, non-stoichiometric crystals and 
impurity-doped crystals. 

In Fig. 2 (a), (b) and (c) are, respectively, 
shown the values of op, R and Hall mobility 
Ua (=R/o) for GeSe single crystals. Figs. 3, 
4 and 5 show the similar experimental results 
on polycrystalline, non-stoichiometric and 
impurity-doped GeSe, respectively. The speci- 
mens used in these investigations are listed 
in Table I. The ingots from which the speci- 
mens 603, 604 and 605 were cut were pre- 
pared in graphite crucibles as illustrated in 
Fig. 1. The ascending straight lines with 
increasing temperatures in the mobility curves 
of Figs. 3(c), 4(c) and 5(c) were drawn pro- 
portional to T*-? and descending straight lines 
in those of Figs. 2 (c), 3(c) and 4(c) to T~*°. 


Specimens veenaterials é eee | Crystal growth rate Crystal type 
601 E:P. D. GeSe slow cooling single 
601’ EPs D: GeSe slow cooling single 
602 EER. D. GeSe slow cooling single 
610A E-P. Sake GeSe slow cooling single 
1p EXP. Saks GeSe slow cooling poly 
4p BP. SK. GeSe slow cooling poly 
4PQ 4P 4P quenching poly 
603 Bl 2, D. GeSe slow cooling poly 
604 Dele D. GeSe slow cooling poly 
606 Bae. JNSSY GeSe slow cooling poly 
608Q abe A.S. GeSe quenching poly 
609Q EPs A.S. GeSep 95 quenching poly 
609 A 609Q 609Q slow cooling poly 
2IP ie 1P-+1%I slow cooling poly 
3IPQ unknown GeSe-+5%I quenching poly 
4BIP 4P 4P--1%Bi slow cooling poly 
4SBP 4P 4P-+1%Sb slow cooling poly 
4SBA 4SBP 4SBP slow cooling poly 

Symbols: E.P. Eagle Picher Co. 

D. Dengen-Sya. 
S.K. Shindengen Kogyo K.K. 


A.S. 


American Smelting and Refining Co. 
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(ii) Field dependence of p or R 
In connection with the Hall anomaly, it 
seems essential to study if there holds a linear 


10° 


Resistivity P (2 cm) 


| 2 3 4 io} 6 {4 8 2) 10 
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fa) Resistivity 
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(cm?/volt-sec) 


mobility. Au 


Hall 


| @ 4 
10°/ Temperature T (°K~) 


o Ee 


(c) Hall mobility 
Fig. 3. Resistivity (a), Hall coefficient (b) and 
Hall mobility (c) versus inverse absolute tem- 


perature for GeSe polycrystals (p-type) with 
stoichiometric compositions. 
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relationship at room temperature between ap- 
plied electric field and current or if the Hall 
voltage is proportional to magnetic field at 
the temperature corresponding to the Hall 
anomaly. In Fig. 6, the potential drop V be- 
tween the resistivity probes is plotted against 
the electric current Jat room temperature for 
the specimen 4PQ which exhibits the Hall 
anomaly. Fig. 7 shows the relationship be- 
tween the Hall voltage Vz and magnetic field 
H for the same specimen over the tempera- 
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Fig. 4. Resistivity (a), Hall coefficient (b) and 
Hall mobility (c) versus inverse absolute tem- 
perature for GeSe crystals (p-type) with non- 
stoichiometric compositions. 
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ture range from 16°C to 285°C where the 
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(iii) Hall anomaly varsus heat-treatment 
It was seen that a large Hall anomaly was 
observed at about 500°K in the quenched 
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Fig. 5. Resistivity (a), Hall coefficient (b) and 
Hall mobility (c) versus inverse absolute tem- 
perature for impurity-doped GeSe crystals (p- 
type). 


specimens. Here, we studied if the Hall 
anomaly might be interpreted in terms of ac- 
ceptor generation by heat-treatment at high 
temperatures and annihilation of induced ac- 
ceptors by heat-treatment at lower tempera- 
tures, as it was probably the case in SnSe. 
Firstly, the investigations were carried out to 
study how o and R depended on the tempera- 
ture and time of the heat-treatment. The 
specimen sealed in an evacuated Pyrex tube 
was suddenly put into a furnace whose tem- 
perature was kept at 200°C, 310°C and 530°C, 
respectively. It was kept, respectively, at 
200°C for 15 hours and at 310°C and 530°C 
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for 15 minutes, and then quenched to room 


temperature by taking it out of the furnace. 
Then p and R were measured at room tem- 
perature. The results are shown in Table II 
where the calculated hole concentrations, the 
temperature and the time of the heat-treat- 
ment are included for three different speci- 
mens. Throughout the heat-treatment, cal- 
culated Hall mobility remains nearly constant. 
Fig. 8 shows the typical aspect of the acceptor 
formation by heat-treatment at 440°C and its 
annihilation by heat-treatment at 220°C. 
Secondly, we studied how the temperature 
dependence of p or R was affected by quench- 
ing or annealing of the specimen 4PQ. This 
specimen exhibited the Hall anomaly as grown. 
The values of p, Rand vz are shown in Fig. 
9. The considerable changes in o or R were 
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Table IJ. Changes in hole concentrations at room 
temperature with heat-treatment in vacuum. 


Heat-treatment Hole concentrations (cm~?) 


Temp. | Period | 610A | 609Q | 1P 


15 mins. |7.67 x 1017 |4.77 x 1017 | 1.08 x 1018 


15 mins. |4.98 x 1017 | 2.50 x 1017 |2.00 x 1017 
15hrs. |1.42 10!" 1.24 100 |1.32 10" 
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Fig. 8. A typical variation of added hole con- 
centrations with heat-treatment time at 440°C 
and 220°C for GeSe single crystal 610A. 


caused by the heat-treatment but there were 
little changes in sz. 


(iv) Photoconductive properties 

If GeSe was irradiated with 10W white 
light lamp, a few tenth meter apart from 
the specimen, the resistivity decreased by 
a considerable amount. The fractional changes 
in the resistivity were, for instance, 20% for 
the specimen 603, 4% for 4P at room tem- 
perature and 50% for 604 at 150°K, respec- 
tively. 


$4. Discussion 


(1) Resistivity and hall coefficient 

While four specimens 603, 604, 606 and 608Q 
were originally in stoichiometric compositions 
as seen in Table I, the resistivity and Hall 
curves were found to belong to rather non- 
stoichiometric group. This is interpreted as 
follows: when the stoichiometric amounts of 
germanium and selenium are melted and 
solidified in a graphite crucible sealed into an 
evacuated silica tube as illustrated in Fig. 1, 
it is expected that the ingot inside the crucible 
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contains more germanium atoms and ingot 
outside the crucible more selenium atoms in 
deviation from stoichiometry. In reality, the 
crystal outside the crucible has yellow-green 
color which is characteristic to GeSe2!*) cry- 
stal. The specimen 608Q is considered to be 
germanium-rich because it has experienced 
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Fig. 9. Resistivity (a), Hall coefficient (b) and 
Hall mobility (c) versus inverse absolute tem- 
perature for GeSeo,9; crystal 609Q. Curves A 
and B were obtained on quenched and annealed 
crystals, respectively. 
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such a short period of melting that the com- 
plete reaction of germanium with selenium 
was not expected. 

From Figs. 2(b), 3(b) and 4(b) it is seen 
that the Hall coefficients of stoichiometric 
specimens decrease slowly with increasing 
temperature and fall abruptly at about 500°K. 
The non-stoichiometric specimens have larger 
values of the Hall coefficient at low tempera- 
tures but nearly the same values at about 
500°K compared with those in stoichiometric 
specimens. All of the specimens in Fig. 3 (b) 
and the specimen 4PQ in Fig. 2(b) exhibit 
the Hall anomaly which will be discussed 
later. Neglecting the Hall anomaly, we can 
interpret the Hall data qualitatively just as 
in the case of gold-doped germanium™. We 
assume two kinds of impurity levels in GeSe: 
one is an ordinary acceptor level (Na.cm~*) 
originating from impurities whose concentra- 
tion is equal in all specimens and whose ioni- 
zation energy is very small. Another is a 
donor level (Nacm=*) which originates from 
germanium atoms in excess of stoichiometry 
and located below a half of the energy gap 
between the conduction band and the valence 
band in the energy band diagram. Accord- 
ing to Kroger’s proposition, germanium 
atoms located in interstitials or vacancies of 
GeSe lattice may act as donors because ger- 
manium is more electropositive than selenium. 
The proposed energy band diagram in GeSe 
is shown schematically in Fig. 10. Figs. 10 
(a) and 10 (c) show, respectively, the specimen 
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Fig. 10. Schematic diagram of proposed energy 
diagram in GeSe crystals. (a): with small Na 
at low temperatures. (b): with large Na at low 
temperatures. (c): with small Na at higher 
temperatures. (d): with large Na at higher 


temperatures. 
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with small Na at low and high temperatures, 
and Figs. 10(b) and 10 (d) one with large Na 
at low and high temperatures, respectively. 
In low temperatures the concentration of free 
holes decreases with increasing Na as shown 
in Figs. 10(a) and 10(b). It is reasonable 
that the Hall coefficients of non-stoichiometric 
specimens in which Na is considered to be 
large are larger than those of stoichiometric 
specimens as seen in Figs. 2(b), 3(b) and 
4(b). As the donor is located below a_ half 
of the forbidden band it plays effectively a 
role of an acceptor at high temperatures. Be- 
cause of this the concentration of holes in 
exhaustion range equals to Na, being indepen- 
dent of Na as illustrated in Figs. 10(c) and 
10(d). This is in good agreement with the 
experimental results that the Hall coefficients 
of specimens both with stoichiometric and 
with non-stoichiometric compositions are 
nearly equal in exhaustion range as seen in 
Figs. 2(b), 3(b) and 4(b). The temperature 
dependence of Fermi level is greatly affected 
by the value of Na relative to Na and this 
results in the diversity of the slope of the 
Hall curves in low temperature range: the 
slope equals to zero when Na=0O and then 
increases with increasing Na. It may be con- 
cluded from Figs. 2(b), 3(b) and 4(b) that Na 
is nearly zero for the specimen 601 and in- 
creases from 1P to 608Q via 610A and 609Q. If 
Na is greater than Na the ionization energy of 
the donor can be estimated from the slope of 
the curve of In R versus 1/T in low tempera- 
tures. The value of about 0.2eV is obtained 
in Hall curves of the specimens 608Q and 606. 
In impurity-doped specimens both iodine and 
antimony atoms seem to act as donors and the 
antimony-doped specimen shows nearly intrin- 
sic properties even at room temperature. This 
is reasonable if there is any covalent character 
in GeSe and iodine atoms or antimony atoms 
enter into the lattice by substitution for ger- 
manium atoms. 

Remarkable differences from sample to 
sample in the resistivity curves were observed 
below room temperature. The values of the 
resistivity in low temperature range are small 
for stoichiometric single crystals but large for 
stoichiometric polycrystals and further larger 
for non-stoichiometric crystals. The resistivi- 
ties of three specimens prepared in the gra- 
phite crucibles are especially large and do not 
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saturate in low temperatures. At high tem- 
peratures the resistivities can be approximated 
by a straight line common to all specimens. 
Though acceptor generation occurs at high 
temperatures as will be described later, we 
can estimate an energy separation between 
conduction band and valence band by assum- 
ing that a formation energy of an acceptor is 
small compared with half of the energy gap 
in GeSe. The value of about 1.0eV was ob- 
tained as the energy gap by assuming that 0 
was proportional to exp (—E,/2kT). 

It is sometimes more convenient to discuss 
about the mobility than about the resistivity 
if the information as to the temperature 
dependence of carrier concentrations is ob- 
tained from the Hall measurements. The 
mobility of holes in stoichiometric single cry- 
stals varies as T-?-° as seen in Fig. 2(c). 
While the hole mobility of polycrystals both 
with stoichiometric and with non-stoichio- 
metric compositions varies as T~?-° above 
350°K, but below that temperature it decreases 
with decreasing temperature as 7‘*:? as illu- 
strated in Figs. 3(c) and 4(c). In the case of 
impurity-doped specimens except 2IP the hole 
mobility varies as 7*-? from room tempera- 
ture up to the highest temperature investi- 
gated. TJ ?-° dependence of the mobility is 
explained on the assumption of both optical 
and acoustical mode scatterings. On the con- 
trary, J+. dependence is not clear but the 
scattering by the grain boundaries is con- 
sidered to play an important role, probably. 
(a1) Hall anomaly 

The anomalous phenomenon that the Hall 
coefficient increases with increasing tempera- 
ture before the onset of intrinsic conduction 
cannot be explained by an elementary semi- 
conductor model. If the carrier is created by 
some other mechanism than thermal genera- 
tion or if the Hall voltage is not proportional 
to magnetic field, then the anomalous hump 
of the Hall coefficient may be expected to 
occur. If the application of an electric field 
may produce an avalanche excitation of car- 
riers” below the temperature corresponding 
to the Hall anomaly, the increase in carrier 
concentrations would then cause a sharp drop 
in the Hall coefficient at that temperature. 
From Fig. 6 it is seen that Ohm’s law holds 
in the current-voltage range used in the ex- 
periment at room temperature and no possibi- 
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lity of avalanche may be expected. 

The Hall coefficient is usually derived by 
Vu/IH neglecting the higher terms than H o 
where Vz, J and H are, respectively Hall 
voltage, electric current and magnetic field. 
If H® term were too large to be neglected at 
the temperature where the Hall anomaly oc- 
curs, the value derived by Va/IJH would show 
a larger value than true value of the Hall 
coefficient. In Fig. 6 we see that the Hall 
voltage is proportional to magnetic field at 
temperature corresponding to the Hall ano- 
maly. The attempt to explain the Hall ano- 
maly in terms of nonlinearity between Vz and 
H is also denied. 

There is an other mechanism for the ex- 
planation of the Hall maximum: two holes 
model in Ge’” or mixed conduction of elect- 
rons and holes in SnTe!®. In the case of Ge 
or SnTe the phenomena involved are rever- 
sible with temperature, but it is not the case 
for SnSe or GeSe. As seen in Table II or 
Fig. 8 the concentrations of holes increase by 
the high temperature heat-treatment and 
decrease by the low temperature heat-treat- 
ment. This situation is similar to one in SnSe 
reported in the previous paper. ‘Though the 
investigation was not so completely made as 
in SnSe, the Hall anomaly may be explained 
by assuming that an acceptor with small ioni- 
zation energy is generated by high tempera- 
ture heat-treatment and annihilated by low 
temperatue heat-treatment. The above as- 
sumption was made on SnSe and may be 
valid in the case of GeSe considering the fact 
that both SnSe and GeSe belong to IV-VI 
compounds and have same crystal structure 
and p-type semiconducting properties. As 
seen in Figs. 2(b), 3(b) and 4(b) the Hall 
anomaly is observed to be remarkable in non- 
stoichiometric specimens though they were 
prepared by same slow cooling as in stoichio- 
metric specimens. This suggests that accep- 
tor generation is enhanced by the presence 
of the lattice imperfections which might be 
caused by the deviation from the stoichio- 
metry. In order to make clear the validity 
of the assumption that the Hall anomaly is 
attributed to acceptor generation and annihila- 
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tion by heat-treatment, it is desired that the 
perfection of the crystal is controlled arti- 
ficially and the study is made on the relation 
between the densities of dislocation and the 
induced acceptors. 

The authors should express their sincere 
thanks to Dr. T. Okada, Messrs. Y. Matsu- 
kura and K. Hashimoto for their interests in 
the present investigation. One of us (S.A.) 
is greatly indebted to Dr. Y. Ishikawa, chief 
of the fundamental research section, for his 
continued encouragement. 
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Magnetoresistance, Hall effect and resistivity are measured for n-type 
silicon which has been plastically deformed by compression, and it is 
found that the symmetry relation between relaxation time tensor and effec- 
mass tensor is violated, although it holds in as grown silicon sample. It 
is ascribed to the presence of dislocation scattering, violating the origi- 
nal symmetry of relaxation time tensor of lattice scattering. Read’s 
theory is extended, when magnetic field is parallel to dislocation line, 
to explain the magnetoresistance in the presence of dislocation on the 
basis of spherical energy surface, and dislocation density, radius of 
space charge cylinder around the dislocation, and fraction of dislocation 
sites that have accepted electrons are estimated. 


Introduction 


§1. 


For several years it has been known” that 
plastic deformation of n-type germanium 
causes a pronounced reduction both in car- 
rier density and mobility. In p-type germa- 
nium, on the other hand, plastic deformation 
has negligible effect on the transport proper- 
ties. It is therefore believed that dislocations 
act as acceptor sites in germanium. 

Read’) has considered the nature of disloca- 
tions in germanium, taking into account the 
fact that they act as acceptors. In n-type 
germanium the acceptor sites along the dis- 
location are partially filled and the dislocation 
line is negatively charged. The charge is 
neutralized by a cylindrical space charge of 
fixed donors around the dislocation. Read 
ascribes the mobility effects to these space 
charge tubes which may occupy an appreciable 
fraction of the total volume of the deformed 
material. In silicon, however, few of the 
experimental works have been publiseed con- 
cerning the effects of dislocation on the trans- 
port properties. 

Magnetoresistance experiments on single 
crystal silicon were carried out by Pearson 
and Herring®. In their experiment samples 
were cut with their length along [100], [110] 
and [111] directions. Based upon the nearly 
vanishing longitudinal magnetoresistance along 
the [100] direction, they suggested that the 
energy surfaces consisted of six ellipsoids 
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along the [100] axes corresponding to six 
minima along these directions somewhere be- 
tween the center and the edge of the Bril- 
louin zone. 

Herring and Vogt’ have noted if the relaxa- 
tion time is a tensor which is diagonal in the 
same coordinate system as the effective mass 
(a situation which exists if the carriers are 
scattered by transverse acoustic phonons?.)®, 
or by impurities”), the magnetoresistance ana- 
lysis yields the ratio of the effective masses, 
devided by the ratio of longitudinal to trans- 
verse relaxation times. 

We have measured the magnetoresistance, 
Hall effect and resistivity of n-type silicon 
which has been plastically deformed by com- 
pression, and found the violation of the sym- 
metry relation between relaxation time tensor 
and effective mass tensor, which holds in our 
as grown silicon sample. We have ascribed 
it to the presence of dislocation scattering, 
violating the original symmetry of relaxation 
time tensor of lattice scattering. We have 
extended Read’s theory”, magnetic field is 
parallel to dislocation line, to explain the 
magnetoresistance in the presence of disloca- 
tion on the basis of spherical energy surface, 
and estimated dislocation density, radius of 
space charge cylinder around dislocation and 
fraction of dislocation sites that have accepted 
electrons. 


§2. Experimental Procedures 


Three rods measuring about 4mm» 6mm x 
16mm where obtained from adjacent regions 
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of phosphorus-doped single crystal grown by 
pulling method in the [111] direction. The rods 
were oriented as shown in Fig. l-a by light- 
figure method within the error of +79, One 
of the rods was compressed along [021] direc- 
tion in Ar atmosphere at about 960°C, another 
was just heated in the same atmosphere and 
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Fig. l-a, -b. Orientation of a rod to be com- 
pressed (a) and a bridge for measurement of 
magnetoresistance (b). Direction of compression 
is along [021] direction, and dislocation line on 


primary slip plane is along [112] direction. 


a by 


Photograph of single-slipped sample af- 
ter etching. Dislocation density N=2.3 x 10#/cm?. 


Photo. 3. 
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at the same temperature for the same time 
interval as the compressed one, but not com- 
pressed. It was a sample to test the effect 
of heat treatment. The last one was kept as 
&rown. Bridge-shaped samples were cut from 
the above three rods. Photo. 1 and Fig. 1-b 
show the illustrations of the bridges and its 
orientations respectively. As-doped gold plate 
electrodes were attached by locally heating 
the bridges. It was ascertained that this 
process did not affect the measured electrical 
behaviors of the samples. The apparatus 
used to make the measurements was conven- 
tional, consisting of a Dewar, a sample holder, 
calibrated Pt-PtRh thermocouple mounted on 
the sample holder, and an electromagnet. The 
magnetic field was determined from the magnet 
field current by means of a calibration against 
a standard magnet using germanium Hall 
effect piece. Runs were made by cooling the 
apparatus with liquid nitrogen. Measure- 
ments, both for Hall effect and magnetoresis- 
tance, were made with both polarities of 
magnetic field. The currents through the 
samples were measured by D.C. milliammeter. 
All voltages were measured by potentiometer- 


Photo. 2. Photograph of double-slipped sample 
after etching to reveal dislocation. 


Photo. 4. Photograph of single-slipped after etch, 
ing. N=1.7x104/cm?. 


i 
| 
1000 Koji KAMADA (Vol. 15, 1 


galvanometer system. Geometries of the bridges, the direction of current is fixed in \ 
bridges were measured by micrometer. Be- any given sample and is along [021] axis. 
sides the above mentioned samples, we also The results, 4o/oH* vs. H, are given in} 
worked with two other samples obtained from Fig. 2 and Fig. 3 for as grown and double- 
another ingot with the same doping material, slipped samples respectively. The results for” 
phosphorus, and the same resistivities as heat treated sample were coincident with as} 
afore-mentioned sample. The only difference grown sample within experimental error, al- | 
was the amount of compression, i.e., these though they are not given in the above: 
samples were compressed lighter than before, figures. We have not performed this experi-. 
resulting in single slips over an appreciable ment for single-slipped samples. In order ta} 
area of the rods. Photo. 3 and Photo. 4 show calculate certain fundamental constants to be | 
the photographs of the samples after etching described in later section it is necessary to) 


to reveal dislocation pits. determine 4p/o.H? as H approaches zero for’ 

various directions of H. These data are alse 

§3. Experimental Results shown in the above figures. The general fea 
A) Magnetoresistance vs. field strength. tures of these curves are: 

Measurements were first made of p—0/p0.H? 1) The magnitudes of magnetoresistance 


=Ap/ooH? as a function of magnetic field. are considerably reduced for double-slipped 
Directions of current, I, and magnetic field, sample as compared with as grown sample 
H, with respect to the crystal axes are shown This is because of the reduction of mobility 
in Fig. 1-b. @ is the angle between Iand H. by the presence of dislocations. 


Since current is always along the length of 2) In as grown sample experimental values © 
for 6=90° are larger than for 6=0°, although | 
6, x10° T= 85°K jibe ee the converse is true for double-slipped sample. 
ao abe O8 ie 3) Curves for double-slipped sample are 
~ 5 > horizontal up to 6000 Gauss indicating an 
3 a aw exact square law relationship between 4o/ 
© at and H. Curves for as grown sample, on the 
ats = other hand, do not flatten even at low fields. 
a oo These may be because of the reduction of 
> 2 relaxation time for the former and er/mc 
2t 2 becoming much smaller than that of the as 
Pee oS a ata eee grown sample. 

\} B) Magnetoresistance vs. angle 0. 
Measurements were next made of 4o/o.H? 
Ol ie er an te for fixed values of magnetic field strength 
HW Gales and temperature and a fixed direction of cur- 
Fig. 2. 4p/ovH? vs. magnetic field for as grown Tent, i.e., [021] direction, but with varying 
sample. direction of magnetic field with respect to the 
crystal axes. Magnetic field was set at either 
9 =120-degree 4600 Gauss or 5200 Gauss. Fig. 4 gives the 
T= 85°K & OR SOsasgree results of such measurements on as grown 


ec omoreaee sample, two kinds of single-slipped samples 


which are shown in Photo. 3 and Photo 4 and 
on a double-slipped sample. For the single- 
slipped samples magnetic field was set at 
5200 Gauss, and solid circles indicate the re- 
sults for the one of N=1.7x10*/cm? and open 
circles are for the one of N=2.3x104/cm?. 
Because the experimental value at a fixed 
angle is the average of two polarities of 
Fig. 3. 40/00H® vs. magnetic field for double. magnetic field as mentioned before, two values 

slipped sample. with 180° separation on a curve are equal. 
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4 asgrown (H=4600 Gauss) 
o Single-slipped ( H= 5200 Gauss) 


5 double-slipped (H=4600 Gauss) 


Oo 
O 20 40 60 80 100 120 140 IGO 180 200 220 240 260 280 300 320 340 360 
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deqree 


Fig. 4. Magnetoresistance vs. the angle between I and H. I is along [021] direction and H rotates 


in the plane which is made of [021] and [112] axes. 


The occurence of maximum and minimum 
points near 50° and 130° respectively in as 
grown sample are the consequence of large 
departure of crystal axes of our samples from 
cubic axes of the crystal. It shall be shown 
later from the phenomenological theory of 
Seitz®”. 


$4. Discussion 

After the phenomenological theory of Seitz, 
the magnetoresistance in the system shown 
in Fig. 1-b is given as follows. 


M=—49_=+-4d/15-+ (c+31d/75) cos? 
oolT® 
6d sin 20 
51/30) 3 
b, c and d are constants introduced by Pear- 
son and Suh], and are given 


(1) 


b= —(B+ 0a”) po 

c=—(7T — 000") 00 

G= —00 ’ 
where a, 8, y and 06 were given in Seitz’s 
theory as functions of effective mass and 
relaxation time, and go is specific resistivity 
in the case of no magnetic field. 


Table I. Limiting values of 4o/0)9H2 as H ap- 
proaches zero. 


Mo Moo Moo M20 

x 109 x 109 x 109 x 109 
as grown | oiSeb cardGele  SaOusle Saas 
double-slipped 2 ae 1.0 1.6 i) 


The limiting values of 4o/o.0H*® as H appro- 
aches zero are given in Table I for 6=0°, 60°, 
90° and 120° for both as grown and double- 


Table II. Constants b, c, d and b-+c-+d calculated from Table I and Eq. (I). 


c 6=0; 60,.90-degres @=90, 120, 0-degree 
eee b-Fe--d 
px1o | exto | dxio | PtCED | pxioe | exio | dxioe | FSR 
as grown 6.23 ee Ne) 8) ae (), 07 6.23 | SN eee: 
double-slipped 2.65 2.293 —3.95 0.93 2.65 2.20 —3.95 0.93 
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slipped samples. These values are obtained 
from Fig. 2 and Fig. 3. The constants b,c 
and d are calculated from Table I using Eq. 
(1), and are given in Table II with values of 
(o+c+d). There are given in Table II two 
Aalues for each constant, one of them is cal- 
culated from Mo, Meo and Moo, and the other 
is from Moo, Mis. and Mo. Both values coin- 
cide accurately. As stated in the literature’, 
b+c+d is proportional to the magnetoresis- 
tance when both current and magnetic field 
are oriented along 100 direction, which is the 
direction of principal axis of energy ellipsoid 
in conduction band of n-type silicon. There- 
fore it must be zero provided the assumption 
of relaxation time tensor having the symmetry 
of the energy ellipsoids holds®?!%. In as 
grown sample this condition is fulfilled with- 
in experimental error, however it is violated 
in double-slipped sample. This violation in- 
creases as the amount of compression in- 
creases (Table III; The values of this table 
were calculated from Fig. 4 without taking 
the limiting values, consequently they are 


Table III. Variation of constants b, c, d and b-++ 
c-++d with amount of the deformation. 


(c-Fc-Fd) 
bx10® | cx109 | dx109 |\" LF 99 
as grown 5.3 3.0 —8.4 —0.1 
single-slipped | 3.9 2.3 —5.7 0.51 
double-slipped 2.28 1.62 —3.14 0.76 


different from the values tabulated in Table 
II.). We ascribe these features to the result 
of mixing of dislocation scattering with lattice 
scattering. According to Read?), in the coor- 
dinate system in which the dislocation line is 
along z-axis, relaxation time tensor of dis- 
location scattering is given as follows, 


nO FO 

ot fide 1 

hii 0 = W We Ti == Ta), (2) 
OF iO tn 


where v: is the velocity component in the 
plane perpendicular to dislocation line. We 
choose the coordinate system as shown in 
Fig. 1-b. Then in the coordinate system of 
the energy ellipsoids, i.e., that of cubic axes 
of crystal, the above matrix becomes 
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om of a4 

Gnd & 3 
i Pine 5 al (3) 
ToD © AG 6 Orres 

a ea 

3 30 lo 


Total relaxation time tensor, i.e., the sum of 
the reciprocals of the relaxation time tensors 
of lattice and dislocation scatterings, is 


1 1 il 
eS 
5 1 1 1 
6r1 cc) Br 3t1 
5 5 if 1 
etn om 671 at 7) 3r1 ae 
1 i i) iL 
31 3t1 Vices: 


where the relaxation time tensor for lattice 
scattering in this system is 


1 0 
ath) 
1 
= (5) 
1 
0 73) 


Therefore, the mixing of the dislocation scat- 
tering violates the symmetry relation between 
the relaxation time tensor and effective mass 
tensor, which is diagonal in the above coordi- 
nate system as 1/z:. Another influence of 
the dislocation on scattering mechanism may 
be the change of the effective mass tensor 
because of the presence of stress field around 
the dislocations although we do not discuss it 
here. 


Table IV. Hall constants, resistivities and Hall 
mobilities calculated from them. 


Rx 10-4 ux 10-8 
cm3/Coul | ? 2cm cm2/V-sec 
as grown 1.46 1.08 Sia 
[oe) 
double-slipped eed 3.64 6.17 i 
y 
as grown 1.52 8.31 133. ees 
(Ge) 
double-slipped| 1.9 11.0 ie as 
& 


Hall constants, resistivities and Hall mobiti- 
ties are tabulated in Table IV. The forma- 
tion of the acceptor centers by deformation 
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is evident from the data. 


§5. Estimation of Dislocation Density and 
Radius of Space Charge Cylinder 


Read”) has calculated conductivity and Hail 
effect on the basis of simplified model of dis- 
locations. We have calculated magnetoresis- 
tance in the presence of dislocation extending 
his results to higher order term in magnetic 
field when magnetic field is parallel to dislo- 
cation line, namely, 6=90° in Fig. 1-b. 

In the following discussions we set current 
flow in x-direction, and magnetic field and 
dislocation line both parallel to y-direction 
(Fig. 5). 

Using experimental values of conductivities 
and magnetoresistances together with follow- 
ing theoretical results we have estimated the 
dislocation density and the radius of space 
chage cylinder around the dislocations. We 
have further estimated the fraction of dis- 
location sites that have accepted electrons 
from the results, and obtained good agree- 
ment with Read’s analysis. 

In following calculation we have assumed 
spherical energy surface, and ignored impurity 
scattering. Further, we have neglected the 
existence of two kinds of slip systems in our 


double-slipped sample. One of the slip sys- 
tems is (111) [110], and dislocation line is 


along [112] which is also the direction of 
magnetic field in our measurement of Mov. 


But the other is (111) and dislocation line is 


along [112] direction making about 42° with 
the above magnetic field. 
It might be supposed that dislocation den- 


Vz 


spherical energy 
surface 


Ww 
ID, !H 


Vx 


ID; Direction of dislocation line 


IH; Manetic field 


I> Current 


Fig. 5. Illustration of various quantities used in 
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sity could be measured directly by etch pit 
counting. But actually, dislocation density 
N>10'/cm? cannot be reliably estimated by 
direct counting because of the overlapping of 
etch pits. 

Let f and fo be distribution function of 
electrons in perturbed and non-perturbed sys- 
tem respectively. We begin with the equa- 
tion of continuity in momentum space 


(6) 


It will be understood that all time derivative 
in this section refer to changes due to the 
fields only. We expand f in a series in 
powers of the magnitudes FE and H, i.e., 


F=fothithetfs , (7) 


where 

fi; OSU 

f. 20¢ HH 

f. 30c LH? 
fs refers to the magnetoresistance term. Sub- 
stituting Eq. (7) into Eq. (6) and equating the 
terms of same powers in EF and H, we obtain 


(8) 


SA cE poh ; (9) 
fe yx Fp of, (10) 
at 

Of Bap Hp, (11) 
ot C 


In following discussions, we shall concern 
only the consequences of Eq. (11), namely, 
magnetoresistance only. Read’s theory con- 
cerns the consequences of Eq. (9) and Eq. 
(10). When magnetic field is parallel to dis- 
location line, fz is given as follows after 
Read’s theory, 


ew Bi 9 : 12 
fa aa Jo : mc’ ( ) 
where Tt is 


1 
tu4+,=, (13) 


‘Gs Tt T1 

t, and t: are the relaxation times of lattice 

and dislocation scatterings respectively. Fur- 

ther, t is given as follows (Fig. 5), 
il 


pds aa 
aes he 


where 7; and /; are mean free paths of lattice 
and dislocation scatterings respectively. On 


(14) 


— 
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substituting Eq. (12) into Eq. (11), remenber- 
ing that H=Hy only and vx HP» is the deriva- 
tive in a direction tangent to the constant 
energy surface and in a plane normal to H, 
namely on the circle c in Fig. 5, and further 
fo and tc are constant over this circle, we 
obtain 


(15) 


Ofs ew 2 
Pe ae 


Eq. (15) shows that 0f/;/dt due to the field is 
propertional to vz. Thus the arguments” ap- 


plied to fi: also apply to f; and we have the 
following equation due to scattering 


— 


Then, in equilibrium 


fa (16) 


(a 


Ofc ee Ole a2 
resulting to 
2 472 
n= a Tv2Exfo . (18) 


The next step is to calculate additional cur- 
sent due to the f;. The current is (Fig. 5) 


TEC Vif sds 


= c aa | veectdn , (19) 
where s is state density and 
dn=frds=v" sin ¢ exp (— pp dedode : 
Consequently, 
joao Be e ers Ohk, HOD) 


Lesions 

0 eee 
G Ba? ) 
where x, electron density, is given by 


bade RT [Ome 


Conductivity changes due to magnetic field is 
given as 


a ew? n (#2 sin? @ 
oo—o= RT ait e re (21) 
ik Sa 
l; I; 


where o and oo are conductivities with and 
without magnetic field, respectively. Accord- 
ing to Read, o is given by 
ne? 
Fo puts ; 


where 
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and <v> is the thermal velocity of electron 
and F, is a numerical factor which is nearly 
equal to unity. Therefore the magnetoresis- 
tance M is given by 
Jom Ov pice, LW: pie sin’ 
on - 2 la Fs 0 (eure = 
lt ly 


We shall discuss two cases; 

1) I>, i.e., dislocation scattering is not 
present. Then Eq. (22) becomes 
= ew? 2 

<uyFy : 

(2) li~l, i.e., both lattice and dislocation 
scatterings are present. In this case M is 
given by Eq. (22). 

M and M.. refer respectively to the mag- 
netoresistance of deformed and as grown 
samples. The radio of these two quantities 


(22) 


oS 


(23) 


1/2 i 
SLE rs Aes tk Lp 
is 


Fig. 6 shows Eq. (24) as a function of J;/l:. 


1.0 
0.9 
0.8 
0.7 
0.6 

£05 

S04 
0.3 
0.2 
0.1 


0 
ce) 0.5 1.0 SS 


le/ ty 
Fig. 6. Plot of Eq. (24) as a function of J;/l;. 
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l:, mean free path of lattice scattering, is 
given as follows™, 


1=4.12x We andl eo 
m 


=5.25x10-5cm , (25) 
where effective mass of electrons, mn, is put 
equal to free electron mass, m, and pa is the 
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Hall mobility of as grown sample measured 
at 85°K (Table IV). | 
Consequently, we can estimate 11, mean 
free path of dislocation scattering, from meas- 
urements of M and M.. using Fig. 6 and Eq. 
(25). On the other hand, J; can be calculated 
from the density of dislocations N and the 
radius of space charge cylinder Ro, namaly, 
oh BIsmre 
~ 8NRo * 
The fraction of volume occupied by the space 


charge cylinders, &, is given from the defini- 
tion 


I; (26) 


E=z7zRPN . (27) 
On the other hand, we can estimate & experi- 
mentally by the measurement of resistivities 
of deformed and as grown samples, p* and p 
respectively, using next equation and Read’s 
plot” of (1—€&)g(&) vs. &. 
0=o*(1—€)g(€) . (28) 
Therefore, using Eq. (26) and Eq. (27) we can 
obtain Ro and N. 


According to the above-mentioned proce- 
adures we have estimated Ry and N numeri- 


cally. Refering to Mo’s of Table I, we 
obtain 

M 

r=) 4455 

M. 


The ratio of resistivities at 85°K is (Table IV) 


Seg 
fe 0.297 


Consequently 
LS OSA seme €=0.52% 

From Eq. (26) and Eq. (27) we obtain 

Ro=4000 A 

N=108/cm? . (29) 
As it was impossible to estimate N directly, 
we calculated the fraction f’ of dislocation 
sites that have accepted electrons from the 
above obtained numerical values of N and & 
using the relation 

Visca, 

~ No He: 
where s’ is the distance between adjacent 
dangling bonds and N»o—Na is the net donor 
density. Putting s’=5A and No—Ni=4.1x 
10, which is estimated from the measure- 
ment of Hall constant at room temperature, 


e 
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we obtain 

fc iN ol 
Read has given the statistical theory for the 
filling of dislocation acceptor sites for several 
different models, resulting f’=0.087~0.099 at 
85°K. Our estimation is in good agreement 
with his results. 


§ 6. Conclusion 


Measurements of magnetoresistance of plas- 
tically deformed n-type silicon is reported. 
Violation of the symmetry relation between 
relaxation time tensor and effective mass 
tensor is ascertained. Theoretical consequences 
of Read’s theory to explain the magnetoresis- 
tance in the presence of dislocation are dis- 
cussed. Together with the measurements of 
resistivities and Hall constants, the disloca- 
tion density, the radius of space charge cylin- 
der and the fraction of occupation of disloca- 
tion acceptor sites are estimated. The fraction 
of occupation of dislocation acceptor sites thus 
obtained is in good agreement with Read’s 
analysis. 

The present author wish to thank Mr. S. 
Iwata of this laboratory, Dr. Y. Uemura and 
Mr. E. Matsuura of Tokyo University for 
valuable discussions during the progress of 
this work. Thanks are also due to Mr. K. 
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Growth and evaporation processes of tungsten oxide crystals formed 
on a surface of metallic tungsten filament at elevated temperature were 
observed continuously by an electron microscope. 
ranges of 700~1300°C, 1300~1600°C and 1600~1800°C, needle crystals, 
lump-like crystals and thin films were grown up respectively, but they 
soon disappeared by evaporation, and above 2000°C, no crystals were 
The effect of preliminary heating of the specimen filament in 
air on the crystal growth was also ascertained. 

It became clear that the material needed for crystal growth was sup- 
plied from the vapour phase, and a simple relation between growth rate 


grown. 


and needle diameter was obtained. 


Introduction 


§1. 

Many researches have been performed on 
the crystals of metallic oxide in recent ten 
years or so”), Arnold and Koonce” and 
Pfefferkorn” have observed the needle type 
crystals grown on the surfaces of almost all 
elementary metals when they were heated in 
air and held at elevated temperatures. Ta- 


kagi®) confirmed, independently, by electron : 


diffraction that the needle crystals were the 
oxides of base metals. But any information 
on the process of such crystal growth was 
hardly obtained because of technical diffi- 
culties of continuous observations. 

Many reports on the needle type crystals 
of tungsten oxide have been published” —”. 
Especially Takagi” found a condition favou- 
rable to the growth of the needle crystals 
and the discussed the role of the oxide al- 
ready existed on the base metal before heat- 
ing of the specimen in vacuum. He also 
gave some data on the crystal structure of 
the needle crystal. But some ambiguities on 
the growth mechanism and chemical com- 
position of the crystal were left unsolved. 

In order to observe continuously the whole 
process of crystal growth, we have made a 
special specimen holder!?) by which the tem- 
perature of the metallic samples can be ele- 
vated close to their melting point without 
giving any hurt to the apparatus, especially 
onto a pole piece of an objective lens. Some 
results obtained by this apparatus were re- 
ported previously*®), in which a tungsten wire 


In the temperature 


was used as the specimen in order to gro 
needle crystals of tungsten oxide in vacuum 
of 3x10-*mmHg at 850°C. It was ascer- 
tained that these crystals were the 7-tungsten} 
oxide (WO:2.7)' and the needle axis was¢ 
parallel to the b-axis of the monoclinic sys; 
tem, and the needle had a bundle structure 
which consisted of parallel microcrystals with 
azimuths distributed around the b-axis. I 
this paper, the results of further researc 

will be reported in detail. j 
§2. Experimental Procedure 

For high temperature observation withoutt 
any hurt to the apparatus by heat radiation: 
it is necessary to use high efficiency furnace: 
with small heat capacity. Besides, easy con- 
trolling and precise adjustment of specimen: 
temperature are desirable. From these points 
of view we used metallic filaments of 0.08 
mm and 0.1mm in diameter as specimens, 
which were heated directly by an electric 
current. 

Fig. 1 shows the cross-section of specimen 
chamber of an electronmicroscope with three 
stage lenses. A specimen (1) of thin metallic 
filament is connected to the tips of copper 
terminals (2) of electric wires (3). Electron 
beam is introduced through a hole into the 
center of the specimen holder. The specimen 
and the terminal parts are covered by a cop- 
per cap (4) to protect the apparatus from 
heat radiation and from smearing by eva- 
porated substance. To obtain specimen tem- 
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perature from 700°C to 3000°C by this spe- 
cimen chamber, electric power of 0.6-6 watts 
was sufficient in the case of tungsten filament 
of 0.08mm in diameter. Deflection of the 
image caused by magnetic field produced by 
heating current was so slight that it was 
easily adjustable. 

The temperature of the specimen under 
observation was determined by a current- 
temperature diagram, which had been made 
previously by use of an optical pyrometer 
through a glass window. This diagram would 
be influenced by the degree of vacuum in 
which the sample was exposed, but in vacuum 
of 10-* mmHg and 10-? mmHg the difference 
of temperature was less than the error of 
pyrometer reading. 


i 


Gr 
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Fig. 1. Specimen heating device at high tem- 
perature. 
1) Thin metallic filament. 
2) Copper terminals. 
3) Lead wire. 
4) Copper cap. 


§3. Observations 


As reported previously” the growth of 
needle crystals of oxide is hardly observed 
by heating the polished tungsten filament in 
vacuum. In the present experiment dark 
grey filament was used as the sample, which 
had been left in air for a long time. And 
preliminary heat-treatment of the filament in 
air at 300~500°C for an hour accelerated the 
growth of needle crystals as compared with 
the case of no such treatment. Moreover, 
we recognized some differences in dimensions 
and in the mode of growth between these 
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two different samples. 


(a) Case of no preliminary heating in air 
When the tungsten filament without preli- 
minary heating in air was heated in the spe- 
cimen chamber in vacuum, many small cry- 
stals of tungsten oxide were grown up on 
the surface of the filament. The pressure in 
the specimen chamber was varied in the 
range from 10-* to 10-*mmHg. The most 
suitable pressure for continuous observation 


NAR RN a 
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Growth of needle crystals at 850°C in 
without 


Photo. 1. 
3x10-3mmHg on tungsten filament 
preliminary heating in air. 


Photo. 2. Evaporation of needle crystals at 1000~ 
1300°C in 3x10-?mmHg. 1) 5min, 2) 15min 
and 3) 20min after beginning of heating. 


ie 


Photo. 3. The lump-like crystal at 1300~1600°C, 
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Photo. 5. Surface remained after evaporation of 
thin film above 2000°C. 


Photo. 4. Thin film of WO3. | 


SHERRI 


(c) 30 min. (d) 35 min. 


Photo. 6. Growth of needle crystals at 900°C in 4x 10-4 mmHg on tungsten filament with preli- 
minary heating in air at 500°C for an hour. 
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was 3x10-*mmHg. Photo. 1 shows the 
growth of the needle crystals at 850°C and 
in 3x10-* mmHg. In this figure, photographs 
were taken at 5, 20 and 40 minutes respec- 
tively after the elevation of the filament tem- 
perature. They grew gradually in the length- 
wise direction without changing their dia- 
meters, although some one caused the growth 
suddenly. 

In the temperature range of 100~1300°C 
at 3x10-* mmHg (Photo. 2), the needle cry- 
stals shown in Photo. 1 evaporated from their 
tips and near the roots leaving a single or a 
few thin needles, and several steps appeared 
in the side wall. At 1300-1600°C the needle 
crystals almost evaporated and some lump- 
like crystals of several thousands Angstroms 
were formed (Photo. 3). At 1600°C thin films 
were grown abruptly (Photo. 4) and at about 
1800°C they faded away. The diffraction 
pattern of this thin film showed that it was 
a-tungsten oxide (WO:;) so perfect as to give 
clear Kikuchi lines. And above 2000°C all 
oxide disappeared and the surface became 
smooth and bright which seemed to be bare 
metallic surface (Photo. 5). 


(b) Case of preliminary heating in air 

In the case with preliminary heat-treatment 
at 500°C in air for an hour, the tungsten 
filament was covered with a thick sheath of 
its oxide. Needle crystals were grown up 
by heating this sample in vacuum of 4x10‘ 
mmHg at 9000°C (Photo. 6). Photographs 
were taken at 20, 25, 30 and 35 minutes re- 
spectively after elevation of temperature. 
The crystals thus grown are much thinner, 
as compared with the case shown in Photo. 
1, indicating that they had been grown ap- 


Fig. 2. Bundle structure of tungsten oxide needle 
crystal. 
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parently from their tips. It is characteristic 
in this case that the needle wall has several 
steps. 


(c) Bundle structure of a needle 

It can be seen from Photo. 2 that each 
thick needle crystal was corroded as if indi- 
vidual thin needles constituting the whole 
needle evaporated independently. It seems 
to be an evidence supporitng the bundle struc- 
ture of a needle (Fig. 2), which was also 
confirmed from the high resolution electron 
diffraction pattern (Photo. 7). Diffraction 
spots on a series of layer lines perpendi- 
cular to the needle axis correspond to oscil- 
lation photograph of a single crystal. And 
as reported previously, the bundle structure 
is most probable than any other structures. 


High resolution electron diffraction 
pattern from many needle crystals with different 
orientations, indicating that each needle has 
bundle structure. 


Photo. 7. 


In this structure, many microcrystalline ne- 
edles are bundled together with their b-axis 
parallel to the common needle axis, and form 
a thick needle in which individual needles 
orient within some angular range less than 
30 degrees. In Photo. 8, the diffraction pat- 
terns of needles with various diameters are 
summarized. But, in the patterns given by 
the needles thinner than 100 Angstroms (c, 
d, e), the spots from the needles with larger 
diameters are inevitably included, since it is 
difficult to pick up thin needles only. 


(d) Crystal deformation and the effect of 
smearing 
The electron irradiation for a long time at 
1100°C in vacuum of 4x10-‘mmHg caused 
some deformation of the needle (Photo. 9). 
Several transparent segments of about 200 
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(a) 500A, 130A 
(b) 4004 

(c) 100A 

(d) 80~60A4 
(e) 50~30A 


Photo. 8. Diffraction patterns of needles with 
various diameters. | 
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Angstroms in length appeared in the needle 
crystal at intervals of 2 or 3 thousands ang- 
stroms. Then the needle was broken up into 
several pieces at these transparent parts by 
subsequent irradiation. It seems that these 
weak points are the crystal boundaries formed 
by some effects of impurities which have been 
introduced into the crystal during the growth 
process. The breaking down of the needles 
also took place when some foreign material 
attached to them at elevated temperature. 
An example is given in Photo. 10 in which 
ZnO smoke was used as a poison. 


PG 


, 


ae 


Photo. 9. Deformation of a needle by electron 
irradiation. 


The ZnO fine crystal, condensed onto the 
needle by evaporation, deformed at 950°C 
and in 4x10-!mmHg and the fine legs of 
ZnO crystal twisted together with the tungsten 
oxide needle, and then the needle broke away 
at the twisted part, due presumable to some 
chemical reaction by smearing. 

In order to study the possibility of surface 
and inner migration of supplied growth 
material, thick smearing by ZnO smoke was 
given on the surface of the needles (Photo, 
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lla). And diffraction pattern from the area 
surrounded by a circle gives only the rings 
of ZnO crystals. By subsequent heating at 
higher temperature of 1000°C, the thin needles 
of tungsten oxide were grown on the cry- 
stals of ZnO. The diffraction pattern indicat- 
ing y-tungsten oxide was taken from the 
same area. In this case these thin needles 
of about 30~50 angstrom in thickness have 
random orientation. Since they were grown 
in cluster very rapidly, it seems that the 
growth material was supplied from the vapour 
phase. 


ENERO ole 


5) 
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Photo. 10. Deformation of needle by attachment 
of ZnO smoke at 950°C and 1000°C. 


Discussions 


§ 4. 
(a) Growth mechanism 

As seen in many other needle crystals of 
metallic oxides, needles of tungsten oxide 
also grow from the tips, which will be dis- 
cussed in the next part (b). For the process 
of crystal growth, the following three man- 
ners would be possible for the supply of 
growth material: (1) Tungsten atoms or ions 
are supplied to the tips by diffusion process 
through the inner part of the needles and 
they react with oxygen molecules remained 
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Photo, 11. 
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Smearing of needle crystals by ZnO and corresponding diffraction patterns. 


(a) ZnO smoke was attached onto the needles. 


(b) 


in vacuum, (2) the metallic tungsten or the 
tungsten oxide molecules migrate on the ne- 
edle surface to the tips, (3) condensation of 
oxide molecules onto the tips of needles from 
the vapour phase surrounding crystal. 
Among these three cases, the case (3) is 
most suitable in accord with high vapour 
pressure of tungsten oxide. An the cases (1) 
and (2) have little importance in the present 
experimental conditions, because, as can be 
seen in Photo. 9, the crystal boundary per- 
pendicular to the needle axis should be a high 
potential barrier for migration of material. 
And if the reactions of tungsten atoms or 
ions with oxygen play some important role, 
the pressure of oxygen in vacuum must give 
some influence on the growth rate. But any 


Needle crystal was held for 10sec at 1000°C in 4x10-4mmHg. 


detectable difference in growth rate could 
hot be observed in different degrees of vacuum 
(10-? mmHg and 10-*mmHg). The observa- 
tion of needle growth on smeared crystal 
(Photo. 11) supports the case (3), as men- 
tioned in the previous section. 

There are two possibilities for attaining 
the stoichiometric composition of needles, 
that is, WO: 72 (y-tungsten oxide) in partici- 
pation of WO; vapour molecules, namely: 

(1) W+WO:;; 

(2) Reduction of WOs. 

The case (1) means that WOs reacts with 
tungsten atoms or ions supplied by migration 
through the needle or by condensation from 
the vapour phase. In this case, migration 
of tungsten atoms or ions through the needle 
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has a difficulty mentioned above, and conden- 
_ sation from the vapour may be impossible 
_ owing to the very low vapour pressure of 
tungsten metal near 900°C. It seems that 
the trioxide is apt to be reduced in vacuum, 
as many other multivalent metallic oxides do 
so, so that the case (2) is more possible. 
(b) Growth rates 

The relationship between the crystal length 
and heating time in the case of no _ prelimi- 
nary heat-treatment in air is shown in Fig. 3, 
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Fig. 3. The relationship between the needle 
length and heating time, measured from Fig. 2 
(without heat-treatment). 


for a few needles, which was measured from 
Photo. 1. In these curves the growth velocity 
is relatively large within 15 or 20 minutes 
after beginning of heating, and thereafter 
decreases gradually, the initial growth velocity 
being 0.03~0.045 4/min. Extrapolating these 
curves to the zero point of needle length, an 
induction period can be obtained, which is 
the time interval necessary for forming a 
nucleus of needle crystal. It is nearly equal 
to zero in this case, meaning that the nucleus 
has existed from the beginning on the fila- 
ment surface or it has been formed within a 
time too short to be detected. 

Fig. 4 gives the length versus time rela- 
tionship in the case of pre-heated needles 
with diameters of 0.02, 0.04 and 0.104 re- 
spectively, which was measured from Photo. 
6. The growth velocity is of comparable 
order with that of initial part in Fig. 3. Ex- 
trapolation of the curve to zero as before 
shows that the induction perion becomes 
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again to zero, which is naturally anticipathd 
from Fig. 3, because the nucleus formation 
should be more easy by preliminary heat- 
treatment. 

The marked decreases of growth velocity 
in comparison of Fig. 3 with Fig. 4, can be 
explained as follows. Namely, the oxide 
molecules to be supplied from the filament 
surface through the vapour phase are almost 
evaporated away within 15~20 minutes, 
whereas in Fig. 4 the thick oxide layer formed 
by pre-heating secures the smooth growth of 
needles. 


SHO) 
28 
26 


needle 
diameters 


© (0.02.2) 
4 (0,04,) 
a (0,1 On) 


O 10 


20 30 


Time 


40 
(min.) 


50 60 

Fig. 4. The relationship between the needle 
length and heating time, measured from Fig. 
7 (without preliminary treatment in air). 


The regularity in the growth rates of vari- 
ous needle diameters in Fig. 4 can be ac- 
counted for by the following considerations. 

We postulate that there exist everlasting 
sites or steps suitable for growth material to 
fix on the needle tips. If all the growth 
materials supplied from the vapour phase 
within a certain distance from the growth 
end contribute to the needle growth by sur- 
face migration, the total volume of growth 
material per unit time may be almost pro- 
portional to the needle radius. On the other 
hand, the growth velocity V should be inver- 
sely proportional to the square of the radius. 
Thus the relation between the growth velocity 
and the needle radius 7 should be 
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Veeck ; 
r 
Fig. 4 shows a satisfactory agreement with 
this formula. And the disagreement in the 
case of Fig. 3 can be understood if we take 
into account that the oxide layer on the fila- 
ment surface supplying growth material is 
so thin that the growth condition can be 
varied locally on the filament. 


(c) Individual needles and imperfections 

It is estimated that the diameters of indi- 
vidual needles forming a bundled needle cry- 
stal is less than 150 angstroms, which cor- 
responds to a thickness less than ten unit 
cells. We have explained the growth rate 
in the previous section (b) by postulating that 
there are sites suitable for fixing the growth 
material on the needle tips. In the growth 
conditions realized in the present experiment, 
the two-dimensional successive nucleation is 
presumably impossible, considering from the 
value of vapour pressure. Here the existence 
of axial screw dislocations in individual need- 
les are recollected. Wilson'®) has discussed 
this subject theoretically. According to his 
calculations, the reflections on zero order 
layer line prependicular to the screw disloca- 
tions are unaffected by the axial screw dis- 
locations, and the spreading of high intensity 
region appears in the layer lines of higher 
orders. From the view-point of line spread- 
ing the existence of screw dislocations in the 
needles in the present experiment (Photo. 7) 
is fairly suspicious. 

However, it may be possible that the 
growth materials are settled in crystal bound- 
aries with small tilt angles formed between 
individual needles. Or, in the crystal which 
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has distinct anisotropy like compelx oxide, it) 
should not be overlooked the possibility that: 
the variation of surface energy of respective i 
lattice plane is so large as to make some’ 
crystal surface to have a deep minimum of | 
surface migration potential or stable mole: | 
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cular sites for supplied molecules. 
Anyway, it is most important subject to 


know the kind and grade of imperfections in | 


the needle crystals. 
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Dislocations in a thin section of a pure iron foil deformed by bending 
have been observed by transmission electron microscopy. The parallel 
dislocations up to several » length or more, presumably intersecting 
but no degenerating dislocations, loops and_ half loops of dislocations 
are found. The average density of dislocations in a well annealed state 
and in a bent foil are, respectively, 10°~108/em? or less and 1011~10!2/ 
cm*. The formation of dislocations due to the bending is concluded 
from the increase in the density of dislocations and from the stress 
present in the foil. The three-dimensional arrangement of dislocations 
in the specimen is proposed to interpret the results obtained. A simple 


method for the preparation of a thin foil is also developed. 


Introduction 


§1. 

Since P. B. Hirsch and his co-workers” suc- 
ceeded in observing dislocations in a beaten 
aluminium foil by transmission electron micro- 
scopy, many experiments have been reported 
on dislocations in annealed and deformed 
foils,2-” in evaporated films,® and in quench- 
ed foils of metals.®°!” Thus, the behaviours 
of dislocations in a thin foil has been verified 
in terms of theory of dislocation. 

In the course of their investigations on the 
motion and source of dislocations, Whelan et 
al.2” applied complicated stress to the rolled 
foil of stainless steel by using a large beam 
current and fine focus illumination, whereas 
A. Berghezan et al.” extended the alumi- 
nium foil in tension in the electron micro- 
scope. However, it seems to be interesting 
to examine dislocations in a foil deformed by 
bending because of the presence of the neut- 
ral layer. Besides, it is worth while to make 
clear the behaviour of dislocations in a metal 
having body centered cubic lattice, because 
most of the experiments published hitherto 
have been done for the metals with face cen- 
tred cubic lattice. 

The purpose of the present experiment is 
to show the results obtained from the direct 


observation of dislocations in a@ iron foil de- 
formed by bending at room temperature. 
Especially, the behaviours of long dislocations 
almost parallel to each other, complete loops, 
half loops of dislocation lines, and the nucle- 
ation of dislocations are examined in details. 
As for the preparation of thin sections of a 
metal, a very simple method is developed, 
which quite differs from W. Bollmann’s 
method!” and H. M. Tomlinson’s method." 


§2. Experimental Procedures 


The pure iron sheet supplied from Showa 
Denko Co. was cold rolled down to 7/100 mm 
thickness. Many strips 11 mmx 25mm in size 
were cut off from the rolled sheet. They 
were annealed in vacuo at 750°C for 3 hours 
and furnace cooled. The chemical analyses 
are given in Table I. 

The specimens used in this experiment 
were prepared by electropolishing the strips. 
A strip serving as anode was sandwitched 
between two metal frames, as shown in Fig. 
1, of the same material as the strip to be 
polished, namely iron. The anode was thinned 
down by electropolishing in a bath of 95% 
glacial acetic acid and 5% perchloric acid un- 
til the strip was perforated in several places 


Table I. Analyses of specimen used. 
= “ : er aS 
Compositions C | S | Si | Mn Ni Cu | P | O2 | H, | Ne | Fe 
% | 0.904 | 0.005 | 0.004 | 0.003 | 0.005 | 0.0009 | 0.0003 | <0.0030 +<0-.0001 trace | >99.97 
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at the window of the frame. The polishing 
at a current corresponding to the plateau on 
the current-voltage curve and at temperature 
below 30°C of the electrolyte gave good re- 
sult. The voltage accross the electrodes was 
about 35V. The strip thus polished was re- 
moved from the frames and washed in ethyl 
alcohol. After dried quickly in vacuum, the 
deformation by bending was carefully appli- 
ed to the strip placed between two annealed 
aluminium plates of about 5/100mm_ thick- 
ness. Then, the several specimens were cut 
away with a razor-blade from the deformed 
or as-annealed foils and each of them was 
mounted on a 150 mesh copper grid for the 
direct examination by transmission in the 
electron microscope. 


Metal frame 


Thin section 
for electron 


microscopy 


Fig. 1. Frame-shape anode of iron. A strip to 
be electropolished is sandwitched between these 
two frames and thinned down until it has been 
perforated in several places at the window. 


Japan Electron Optics Laboratory JEM-5 
electron microscope operating at about 90KV 
was used to observe dislocations existing in 
the specimen. An objective sperture of about 
10 4 was used so that Bragg reflections did 
not contribute to final image. Care was paid 
not to change the arrangement of dislocations 
during the observation by illuminating the 
specimen with an appropriate beam currrent 
of electrons. However, a higher beam cur- 
rent was used in order to examine the mo- 
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tion and rearrangement of dislocations. The 
electron micrographs at an instrumental 
magnification of 15,000 and 25,000, bright and 
dark-field, and the electron diffraction pat- 
terns from selected areas, were taken. They 
were, also, taken at several stages of tilting 
the specimen through a few degrees in order 
that the investigation of dislocations could be 
done more securely. 


§3. Experimental Results 


(1) Texture of specimen as-annealed 

The crystal grains in the annealed strips 
varied from 8 to 40 in size and had no pre- 
ferred orientation according to the optical and 
X-ray investigations, respectively. The foils 
prepared by electropolishing were covered by 
the films consisting mainly of iron hydroxide. 
The composition of the films was determined 
from the photographs of the electron diffrac- 
tion patterns of the films. Precipitations in 
the foils could seldom be observed both in 
the grains and in the boundaries, but some 
very small pin holes about several hundred A 
in dia. existed. 

There appears to be very few dislocations 
in the grains. Straight dislocations attached 
to or close to the grain boundaries can be 
observed. They indicate the absence of stress 
in the foil well annealed. One of their typi- 
cal photographs is shown in Photo 1. Preli- 
minary observations suggests that their densi- 
ty would be 10° to 108/cm? or even less in 
the material annealed at temperature below 
a to y transformation (910°C). Sub-structure 
can not be observed inside a grain in good 


agreement with the previous experiment on 
etch pits.) 


(2) Arrangement of dislocations due to 
bending 

Photo 2 and 3 show the arrangement of 
dislocations inside a grain and Photo 4 the 
one close to a boundary, in a specimen de- 
formed by bending. In these micrographs 
almost parallel dislocations up to several yp 
length or more can be clearly seen near to 
and in the extinction contours. It is interest- 
ing to note that such long dislocations can 
exist stably in the specimens. Now, two sets 
of dislocation lines with quite different direc- 
tions is shown in Photo 3. Some of the dis- 
location lines would presumably intersect and 
the others appear to observe the intersection. 
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2000A 20004 
Photo 1. A straight dislocation in an annealed Photo 4. Dislocations near to the boundaries. 
foil. Most of the dislocations observed so far Many dislocations terminate at the boundary. 


exist in the regions near to the boundaries. 


apg 2000A 
2000A 
Photo 2. Long dislocations almost parallel to Photo 5. Small loops L of dislocation. 


each other, which are observed in a grain of a 
foil deformed by bending. Black and broad 
bands are extinction contours. 


2000A 
ngs Photo 6. Arrangement of dislocations near to a 
Photo 3. Two sets of dislocation lines with dif- boundary. A denotes the half loop and B the 
ferent directions. There seems to be no dege- dislocation having the end at a surface of a 


nerating lines even when the lines intersect. foil. 
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Those could be, in some cases, deduced by 
the fact whether the both sets of dislocation 
lines can be focussed simultaneously by chang- 
ing the focal length of the objective lens of 
the electron microscope or not. There are 
no degenerating dislocation lines even in the 
case of intersection. The intersecting dis- 
locations would possibly exist at the film- 
metal interface or just below the hydroxide 
film, because the strain is maximum at the 
surface of the bent specimen. 

In addition to the dislocations shown in 
these photographs, the micrographs of the 
various types of dislocations such as shown 
in Photo 5, 6 and 7 were frequently taken. 
Photo 5 shows the small dislocation loops 
whose minimum radius of curvature in the 
slip plane is about 250A. The stress o act- 
ing on the loop, for which the bending of 
the specimen is responsible, can be calculat- 
ed from the relation o=bG/2r,”, where b is 
Burgers vector, G the shear modulus and 7 
the radius of curvature of the loop. The 
estimated value is about G/210, by taking the 
values b=2.4A and r=250A. This stress pre- 
sent in a foil is hundred times higher in value 
than the flow stress of the bulk material. 

Photo 6 shows the half loop A of disloca- 
tion line. It is not clear whether a loop has 
originated at the boundary and grown into 
the grain or it has nucleated inside the grain 
and extended to the boundary. Further, 
there is a dislocation line B whose end ter- 
minates in the area of the figure. Judging 
from the property of dislocation which should 


° 
2000A 


Photo 7. Regularly bent dislocations which sup- 
posed to be cross slip. Dislocations A and B 
will correspond to the two components of a dis- 
location loop. 
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not have the ends inside a crystal, middle 
parts of the dislocation line would exist near 
to the neutral layer of the bent specimen 
and the both ends would emerge at the sur- 
face, in stead of lying always just below the 
film. 

Photo 7 shows the many lines bowing sharp- 
ly and rather regularly. Among them two 
lines parallel to each other and bowing at the 
same place, for example A and B, imply that 
they are two components of a loop, and that 
the one of them must lie at the surface of 
the foil and the other in the region near to 
the neutral layer. Each part of a bent line 
would not lie in one slip plane, but in the 
conjugate slip planes since dislocation line in 


— 


2000A 


Photo 8. Arrangement of dislocations in exactly 
the same area as in Photo 2 after strong illumi- 
nation with a higher beam current of electrons. 
It is scarecely observed for dislocations to 
move or to annihilate by the strong illumi- 
nation. 


rm— 
2000A 


Photo 9. Appearently indistinct dislocations be- 
cause of the shift of the extinction contour by 
illumination. Most of the dislocations corres- 
pond to the ones in Photo 4. 
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one slip plane has a nature which tends to 
be straight to lower its energy unless strong 
obstacles interrupt to be short. Thus, the 
bent line is supposed to show cross slip. 
Many occurrences of the bends of dislocation 
line Suggest the feasibility of cross slip in 
iron in good agreement with the results ob- 
tained previously.!®» 

The average density 104 ~ 10!2/cm? of dis- 
locations is obtained from the many micro- 
graphs, taking into consideration of the ave- 
rage thickness of the foil. The exact thick- 
ness concerned can not be measured in this 
experiment, because it is very difficult to 
make the dislocations slip in order to calculate 
the thickness of the foil (cf. 3). However, 
the thickness desired can be estimated from 
the width of slip of a dislocation in the foil 
prepared by electropolishing the stretched 
specimen, because thickness suitable for ob- 
serving dislocations does not vary in order 
of magnitude in both cases. The details of 
the experiment on dislocations in a foil 
stretched in tension will be published eles- 
where. 

(3) Effect of heating on dislocations 

In order to investigate the motion and an- 
nihilation of dislocation by stress and tem- 
perature, the foil was tried to illuminate 
with a higher beam current of electrons after 
the observations described above had been 
finished. A part of the specimen was heated 
up immediately below the a-—vy transforma- 
tion temperature. The temperature of the 
specimen was deduced by the fact that the 
transformation of specimen was accomplished 
in the field of view under investigation by 
the increase of the very small amount of a 
beam current. Thus, the micrographs, Photo 
8 and 9 were respectively taken from the 
same area as Photo 2 and 4 after the strong 
illumination. 

The extinction contours are displaced from 
their original positions and also change their 
appearances because of the variation of the 
buckling of the foil. Nevertheless, it is 
scarecely observed for dislocations to move or 
to annihilate as seen from these figures. 
Dislocations are kept remained even when 
they can not be clearly seen after strong il- 
lumination. The displacement of the extinc- 
tion contours causes merely the difficulty in 
observing dislocations. In such cases dislo- 
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cations enable to show themselves up again 
by tilting the specimen adequately. There is 
a question whether the difficulty in motion of 
dislocations is attributed to the kinds of de- 
formation such as bending and tension, or to 
the crystal structure of a@ iron having body 
centered cubic lattice. Thus, the experiments 
for the specimens stretched in tension have 
been done as mentioned above. The answer 
is that such a difficulty in motion arises from 
the bending of the specimen, but not from 
the crystal structure, because dislocations in 
stretched specimen can rearrange easily to 
make sub-boundaries and can, also, move by 
leaving the dislocations at the both surfaces 
of the foil. 


84, 

(1) Nucleation of dislocations 

Most of the dislocations in the annealed 
specimen are observed in the region near to 
the boundary instead of existing inside the 
grain, and the average density is 10°~108/cm? 
or even less. On the other hand, dislocations 
in the foil deformed by bending exist inside 
the grain as well as closely to the boundary, 
and their average density is 10!!~10"/cm’, 
which shows the increase in value more than 
four orders of magnitude. No micrographs 
as shown multiplication of dislocations from 
Frank-Read source are taken up to now. 
Consequently, such increase may be attribut- 
ed to (A) the growing probability, in observ- 
ing dislocations, due to the buckling of the 
foil, (B) the movement of dislocations by 
bending into the thin sections from the thi- 
cker parts through which an electron beam 
hardly transmits, and (C) nucleation of dis- 
locations. The increase from (A) can be 
estimated roughly by the experiment of tilt- 
ing the specimen and the one from (B) by 
extrapolating the density of dislocation in the 
thicker part of the specimen from the density 
in the thin section, taking into account that 
each dislocation leaves two components of 
half loop of dislocation by slip. These 
estimations may account for the increase by 
one order of magnitude at most. Thus, it 
can be concluded that the dislocations should 
nucleate in the thin foil or from the surface 
of the foil. However, there seems to be two 
mechanisms for dislocation loops to be 
nucleated; (a) dislocation loop formed by the 
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coalescence of vacancies created from the in- 
tersection of dislocations and (b) dislocation 
loop nucleated by the slip due to the action 
of the applied stress. In the former case, 
dislocation density more than 10!%/cm? will be 
necessary to form dislocation loops with 250A 
radius in the foil of 500A thickness. It is 
impossible for the dislocation loops to 
nucleate by the former mechanism, because 
the dislocation density in the annealed foil is 
smaller than 108/cm*. Therefore, it is believ- 
ed that the dislocation loops nucleate from 
the mechanism of the latter case. This con- 
clusion can, also, be supported from the 
result which the maximum stress acting on 
dislocation line is about G/200 as descreibed 
before. Cottrell!® have pointed out that slip 
can not be nucleate unless the stress exceed 
G/100, which is two times larger than ours. 
Since the observed loop has the larger radius 
of curvature than the critical size at which 
the loop begins to grow by the applied stress, 
it is reasonable to consider that the stress 
larger than G/100 would be submitted to 
nucleate dislocation to the foil while bending. 

Furthermore, M. J. Whelan et al.?) have 
observed the nucleation of dislocation in a 
wedge crystal such as occurs near a hole in 
the foil. In the present experiment, disloca- 
tions are observed to increase by bending in 
a wedge crystal as well as in a crystal with 
uniform thickness where there is no hole at 
all. However, in the former case, dislocation 
can uncleate at much lower stress of G/800, 
which is smaller by a factor of four than 
ours. 


(2) Configuration of dislocations 

In a bent foil there are many types of dis- 
locations, such as complete loops, half loops, 
parallel dislocations up to several » length or 
more, intersecting dislocations, dislocation 
lines having their ends at the surface of the 
foil, and the ones with sharp bends. These 
dislocations are characteristic for a bent 
foil. 

From the results already described the 
three dimensional arrangement of such dis- 
locations can be considered as shown in Fig. 
2, where P and Q denote the primary and 
conjugate slip planes’? in a crystal, respec- 
tively. There are neutral layer N at the 
middle part of the foil, and films mainly con- 
sisted of hydroxide occupy both top and bot- 
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tom surfaces. The small loop (1), the largert 
one (2) a part of which is pinned at the sur-- 
face of the foil, half loop (3) whose both ends: 
are anchored at a surface or at a crystal] 
boundary, and the loop (4) existing in the? 
conjugate slip planes are drawn schematical-- 
ly in Fig. 2(a). The dislocations in the planesy 
conjugate to each other may intersect at Ki 
because the stress at the surface is maximum.,, 
but do not necessarily intersect at K’ near’ 
to the neutral layer N as the shear stress: 
acting on the dislocation in the slip plane /?’ 
differs from that in the plane Q. 

Now, the small loop nucleated in the foil) 
grows under the applied stress. If there is} 
an obstacle which the tip of the growing looy) 
can not surmount, the loop comes out of the: 
original slip plane and goes into the other. 
Thus cross slip takes place as shown in Fig 
2(b), where cross slip for the two types of 
dislocations, namely complete loop and half 


(b) 


Fig. 2. Proposed arrangement of dislocations 
written pictorially. 
(a) Complete loops (1) and (2), half loop (3), 
and loop (4) intersecting at K, but not neces- 
sarily intersecting at K’ with the loop (2). P 
and @ are primary and conjugate slip planes 
respectively. N denotes a neutral layer. 
(b) Bent dislocation lines showing cross slip. 
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The intensity of the forbidden 222-reflection of electrons from germa- 
nium at the Bragg position is calculated as the function of the crystal 
thickness by means of three kinds of approximation, i.e. (1) exact solu- 
tion in the harmonic potential corresponding to the 111-Fourier potential, 
(2) Feynman expansion of the scattering matrix for the harmonic po- 
tential taking account of the influence of the 333-Fourier potential, and 
(3) expansion of the scattering matrix taking account of the three waves 
(000), (111) and (222). 

The integrated intensities of the 222-reflection due to systematic inter- 
actions and the 200-reflection due to accidental interactions are also cal- 
culated by the expansion of the scattering matrix. The results show 
that the ratio of the integrated intensity of the 222-reflection to that of 
the 111-reflection is proportional to the square of crystal thickness and 
of wave length, and the ratio of the integrated intensity of the 200- 
reflection to that of the 222-reflection is independent of wave length. 


$1. Introduction at arbitrary crystal azimuth even if the con- 
The appearance of the forbidden reflections dition for the accidental interactions for 311- 
in electron diffraction has been often reported and 111-reflections is not satisfied. 
for single crystals. Raether’ explained this The forbidden reflections such as 200- and 
appearance by the double reflections between 420-reflections of germanium, on the other 
allowed reflections. Germer?) reported that hand, are expected to arise only from the 
the fairly strong 222-reflections appear also accidental interactions. In fact, it has been 
in Debye patterns from CuCl and CaF. films observed experimentally that the intensities 
in spite of vanishingly small structure ampli- of these reflections in Debye patterns are 


tudes of these reflections. very weak compared with that of the 222- 
Heidenreich® observed the 222-reflection reflection”. 


from germanium, which is forbidden by the The purpose of this paper is to study the 
space group symmetry, appearing in Debye dependence of the intensity of the forbidden 
patterns as well as in single crystalline pat- reflections on the crystal thickness and wave 
terns. He showed theoretically that the length, using the scattering matrix presented 
strong intensity of the 222-reflection is ex- jp previous paper®*, Firstly, we discuss 
pected as the result of the accidental inter- using the Feynman Brnanant the fadiey 
actions between 311- and 111-reflections. On of the 222-reflection in the Bragg position by 
the other hand, Hoerni* pointed out that the taking account of the influence of vss, which 
systematic interactions are important in ger- is not taken into account in the treatment 
manium for which the Fourier coefficient of assuming the harmonic potential. Secondly 
potential Yi iS of considerable magnitude. we study the integrated intensity of the 299. 
Since for germanium v22.2=0 and vsss, vasg etc. reflection taking account of the systematic 
are small, he assumed that the potential interactions, and that of the 200-reflection 


vane in the direction Hl] can be ap- assuming the condition of the accidental inter- 
proximated by a harmonic potential, and actions. 


showed, by the use of a “ Mathieu function ” eee 

: : : pice y * In the following, Part I and II are referred to 
which is the exact solution of the Schrédinger as I and Il; respectivelyy wBduationdeueancelaeceens 
equation for harmonic potential, that the 222- 


in Part I are cited by addi = 
reflection of germanium may be fairly strong Section 2-I ee scion ihe al 
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§2. Intensity of 222-Reflection at Bragg M=M.+M’ 


Position 
where 


In Il, we have deduced the formula for 


the amplitude of reflection by the use of the pide 
“Feynman expansion” of the scattering cca : 
matrix. Let us apply the formula (17-II) to Gas 
the 222-reflection of germanium. Mo= VM po 
Considering only the systematic interactions | aaa nl 
between the hh-reflections, we have 0 vps 
- pz v-1 Dee ge ple’ and 
os V1 Da WAN w=: eae : eb etry 
M=). Te OL Pog U ge Oot) att 0. ci Ve 0 
V3 v2 Oh. ~ jth V1 ; : 0 0 0 0 4s 
a? a ee on Oh SO10 SOI: OF 4173 
5) oh Met, _ Minis wo Or) Or OU Yes 
where v, abbreviates van. When the 222- ie 0 eee 
reflection is in the Bragg position, py is given acon vene Ouse 
by 0 eo So Mor 
(i aia w jad? Foy 
from (27-I), where 6111=22/di11.t Mo being the unperturbed matrix which cor- 


For germanium, v2=0 and we may put responds to a crystal with harmonic potential 
Unx=v-n. In order to study the effect of vs on treated by Hoerni. In this case, the intensity 
the 222-reflection, we may neglect wu, vs---. of the 222-reflection given by the first and 
Then, we may put the second terms of (17-II) is written as 


dite A ipl) ly, 
leo = s P09 oc) exp (3 DE | 


| i 2k 
ies Saas 
exp (i op exp {72 Oh Xe) 
mI x Dy Poco Pacey? icoyVicoy8 aL Dy ar Thos; sages 20 > @) 
eaniced) Xo Xv) Xo * co) 


|g—t|=3 


where x/,. and ¢/.,) are the eigen value and the component of the normalized eigen vector 


Table. Values of eigen values x/,. and the components of normalized eigen vectors Poo) of 
* 


v w(o/bin1 ic0) P30) P50) Pico $500) P60) 

‘ 1 > +0 45681 +0. 86544 +0.35142 +0.04469 +-0.00267 -+-0.00009 +0.00000 
Zz —0.89674 0 ~0.69543 =) 2704 —0.00888 — 0.00033 —0.00000 
3 Sieur | +0.49961 — 0.59872 —0.12901 —0.00951 — (0.00037 —().00000 
4 —4.03995 0) — 0.12785 +-0.69095 +-0.07876 +0.00371 +0.00008 
5 —4,04532 +-0.03732 — (0.13421 +-0.68927 -+0.07867 +0.00371 +-0.00010 
6 —9.01811 | 0 — 0.00556 +0.07913 —0.70034 — 0.05658 —0.00197 
ih | —9.01811 -+-0.00069 — (0.00560 -+-0.07914 ~0.70028 — (0.05658 —0.00199 

* gi =dh_ ge) for odd i, and $5 )=— + _ 40) for even 1%. 


Ch As shown in I, pg is defined by the following equation, namely 
B—ke=—at+pg, (7-1) 


where x is the eigen value of M and is the parameter determing the position of the dispersion surface. 
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of Mb», respectively. The values of x{,, and {oy for Bragg position, which are tabulated i ini) 
Table, can be obtained by utilizing the table of Mathieu solutions”. It must be remembered || 
in the calculation that the terms for 7=j in the second term in (1) become 


bie: 
. py o ECO exp (i ob ae . 
We 


In the numerical calculation, we use the values OG Tar 
V4,) 02, = 0.563 and 953/02, = —0.184 , 


which are obtained from the value of f/f. for 
germanium given by Ibers®. 

In Fig. 1, Curve 1 represents the intensity 
of the 222-reflection in the Bragg position 
calculated by (1). Curve 2 and 3 are given 
for comparison, of which Curve 2 represents 
the intensity obtained by assuming the har- 
monic potential, namely 


& D 
ha=|| exp ( (ip Me ) 
20 


and Curve 3, that given by 


0.6/7 


O-4+ 


0.2¢ 


, (2) 


Oo =i 1 es 1 
50 100 150 200 
Fig. 1. Intensities of the 222-reflection of Ge at — 
L eae) \ Pee LN eee, Coe . Bragg position obtained by (1) Feynman expan- ~ 
pee 2h Nis 12\ oR V1 +h V1 sion of the scattering matrix for the harmonic 

1/D* potential taking account of the influence of 
ot 8 Rese ) (mt +3 00. ibaa btn ost aed Vss3, (2) harmonic potential and (3) expansion of 

O\ 2k 3 the scattering matrix for three waves, where 
)) k=100A-1, 


which represents the expansion on the scattering matrix taking account of the waves, 0, 111 
and 222. 


$3. Integrated Intensity of 222-Reflection 


For the sake of comparison with the experimental results, it is necessary to calculate the 
integrated intensity. According to the observation of Germer, the ratio of the integrated 
intensity of the 222-reflection to that of the 11l-reflection has not the linear relation with 


the grain size. It is interest to study the relation between the integrated intensity and the 
crystal thickness applying our theory. 


The intensity profile of the reflection for which v,=0 is given by (20-1) as follows: 
LON SS Dey VS. 
h= 4 Cale on-000)——( o Ob y[15" Va—qUa on Va—gVg—lVi—mUm 
g#l,léAm 


+2 a Vg" a Var—gVg + = (Dg + pi)Un—gUg—W1 +57 Do Uneasy 1 


g#l J 


Lan wee 
MO |= a Vn—gUg— wv) +(3 patn-a0o) sey D3) Un—gVg—1V2 SV bavn-avah 
9, 7] 
g#l 


Be 2 


8 et Un wo {( bot Pn) a Un—gg—1i+(po+ pn) x’ PoVn—gVo 


sey 


—( po? — pofa+ pr?) = navel [+ Bee (4) 


The term of (D/2k)? vanishes and the term of (D/2k)* is independent of tthe direction of in- 
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cident beam. 


For germanium, v1 is finite and v.=0. So long as the integrated intensity of the 222- 
reflection 1S concerned, the systematic interactions are more important than the accidental 
interactions, as will be understood in Section 5. Accordingly, we consider here only the 
systematic interactions, taking account of the three waves 0, 111 and 222. If we adopt 


P= [es Doin s, 


where s is the deviation of wave point from the Bragg position of the 222-reflection (see 
27-1 and Fig. 2-I) Neglecting the higher terms, we get 


Sind ED NE haf UDG. dhs 1 ‘ 
Loo9 4 ( ob \ov ite ) |e yg a bos mabe 010GS* : (5) 


Integrating (5) in a similar way as in I, the integrated intensity is given by 


Jus | he da= 3 Teo2ds 


—Sp 


V6 wt (D3 lesa 1 3/2 
=S— 1 el ean BY! 
6 cm eon 3 oe) (@ +5 bn) oe 
where the integration is performed over the range of s, within which the value of 22 given 
by (5) is positive; s=so being the zero point of f22. When D/2k is small, (6) is rewritten 


as 
ta MS (BY ABV Lis) m 


For comparison with experiment, the calculation of Jee2/Ji11 should be useful. It is con- 
ceived that the two-wave approximation is fairly accurate for the 111-reflection, since v222.=0. 
In the usual calculation of the intensity based on the two-wave approximation, the integra- 
tion of intensity is carried out over s from —o to ~®, For the calculation of Je22/Ji11, how- 
ever, it may be better to apply for /ii: the same approximation as is used in deriving Jo, 
i.e. expressing the intensity in a quadratic formula and integrating it with respect to s over 
range /1:20. Then we get 


Sine ae Aiea ee Gree! i 
inet anes yp BE eis aoe 
From (7) and (8), the ratio Jox2 to Jin is given by 
Jam V2 ( D ) Al D yo l 9 
Tad Bo oR) DN Oe A?) 


This result indicates that the ratio Jor to Ji is proportional to (D/2k)? when D/2k is small. 
Fig. 2 shows Jes2/Jis1 as the function of D (k=100A~‘). Curve 1 represents the value 
given by (9), and Curve 2, that of the first term of (9), and Curve 3, that given by* 


x The reason for considering (10) is as follows. According to the result of Blackman, the inte- 
grated intensity deduced by the two-wave approximation is given by 


2vn (D/2k IY p, =n )1-3(5-) Bae 3.5 iL : g! 
Te lh 9 [or ieade= Feo tt alan) mee (8) 
On the other hand, by the same procedure as is used in deriving (7) (quadratic approximation), we get 
AY 3 saci yell ) - 
ee — \21——{ — | yp2t. (8’) 
Ju Sai kb NOR alog ) %y 


The difference between (8’) and (8/’) lies not only in the numerical factor 4,/ 3/3 but in the coefficient of 
(D/2k)2 in the curly bracket. These numerical values depend on the order of approximation. The 
calculation of Jo22 without the quadratic approximation is highly tedious. If we assume that paints 
of Joo calculated in this way has the same numerical factor and the same coefficient of (D/2k)? in the 


curly bracket as those in (8’), we obtain (10). 


\] 
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§4. Integrated Intensity of 200-Reflection . 
The 200- and 420-reflections of germanium can arise only from the accidental interactions. 
Let us study the 200-reflection as an example of the forbidden reflection due to this kind of |} 
interactions. Among many types of double reflections which may give rise to the 200- | 
reflection, the most important is the reflections 111 followed by 111 and the reflections tif | 
followed by 111. In this section, we consider first the interaction between 111- and 111-. 


reflections. 


3IT 3M 
@ @ 
J2202/Jy1) 


O 50 100 150 
Fig. 2. Integrated intensity ratio of 222-reflec- 
tion to 11l-reflection of Ge. (1) value given by TWH TW 
Eq. (9), (2) the first term of Eq. (9) and (3) value ‘ xf 
given by Eq. (10), where k=100A-!. Fig. 3. Reciprocal lattice space relating to 200- 
reflection. 


The geometry of the reciprocal lattice points concerned is shown in Fig. 3. Indicating the 
position of wave point L by (E&, 7, ky), where ky is the normal component of wave vector of 
the primary wave, we have 

Pooo= — (E? +4? + 21007) 
po=—@+7— 21009) 

pin= Sales ED Say 2 binE + Broo) 
Pui =—-(C +7 +2V 2 Sie + O5,,) « 


Substituting (11) into (4) and using 


e35) 


Vii1= Vii and Vo22=V022 5 
we obtain 


3\ 2k 
When we integrate (12) with & and 7 i i i 
% in the region where loo given by (12) is iti 
obtain the integrated intensity of the 200-reflection as follows: he a 


DN lees 
lho= ts 2 : D, 8 
200 i ) Vn a Oh ) (Vox 1 20},4— COs Ostet Ona) Une at D ) vt D2 2E2 +7) : (12) 


4 
J00 Tae [food 


~38V 2 _ vin ee ay Lael anG 2 i 
8 BD’ \ 2k ) | sia 2k ) (Poe: F120} ~ 2omPion + Pico) ine 
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For small D/2k, we get 


7 SCAT ee en D 3 2 2 
8  Rb?,, \ 2k 9 =.) (Oa + 12091, — 20 peab tno + Ofoo) : (14) 


(13) and (14) represent the intensity of the 200-reflection averaged over the total solid angle 
corresponding to the rotation of the [200] direction of the crystal. The numerical factor 4 
4 ao numerator of 4/4zk? in (13) comes from the fact that there are four orientations 
giving rise to the 200-reflection through the double reflections among 111, 111, 111 and 111 
According to the similar definition of the integrated intensity Joo given oe (13), we et 
show the fact that the integrated intensity for the 222-reflection is equal to the hatt of Je22 
value given by (7). Therefore, the ratio of the integrated intensity of the 200-reflection to 
that of the 222-reflection for small D/2k is given by 


493 Ou 1 
nove AS D- it) 


Joo 38V 2 Vin ( D ) 7 6 on D ‘i 
2k 


Tore/2 8 Rb, \ 2k Peal Shree 
The ratio to the ordinary reflection such as the 111-reflection is given by 


J200 — 3V 6 Vm D 
Ji11/2 Sy Bete heal 


15’) 


In (15) and (15’), the multiplicity of reflection which is to be taken into account in the dis- 
cussion of Debye patterns is not included. Introducing 0111=1.94 A-! and dio=1.12 A-! into 
(15), we obtain 


7p 8.047, (D: A unit). (16) 
This result shows that the ratio of the integrated intensity of the forbidden (200) arising 
from the accidental interactions to that of the forbidden (222) arising from the systematic 
interactions is independent of the wave length. 

In the above calculation, we have considered the interactions among four waves 0, 200, 111 
and 111 (Case I). It is interesting to compare the above result with that given by taking 
account of the interactions of three waves 0, 200 and 111 (Case II), since we can suppose that 
the latter approximation is better than the former for large & and D/2k, in view of the fol- 
lowing circumstances. From (1-II), the intensity of the 200-reflection is given by 


Too = —2 Dd, UbgoUioq SiN? Face x) | ‘ (17) 
iJ 4k 


As seen in Fig. 4(a), which shows a section of the dispersion surface at y=0 in Case I, 
|x*—x#| (i=1, 2, 3) is appreciably larger than |x¢—x4| (¢, 7=1, 2, 3) at large €& As we have 
calculated the intensity by taking the terms in the power series expansion of sin?[(D/4k)(«'—x*)] 
up to (D/2k)’, and so long as such a terminated series is calculated, we are confronted with 
the frustrating increase in magnitude of the terms containing |\x+—x‘| (¢=1, 2, 3) with &, even 
if the corresponding w4,,u%,) is small. Accordingly the calculated intensity decreases rapidly 
with & at large D/2k. In order to avoid such a apparent decrease, it is reasonable to assume 


Case II for the region of large & by neglecting the m;,, i.e. not to take into account 111- 


reciprocal lattice point. Fig. 4(b) shows the section of the dispersion surface at 7=0 in 


such case. ae 
The intensity formulas for 7=0 are given, when (111) is neglected, by 


1i/oDus it /mayeans 1 owas’ mi arn Ve 
rat oe) Tal oe 9 ee Pl wh Ey iypks 8) ee 


and, when (111) is neglected, by 
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Wf JO Ne L/D? 
hn=(3,) Vin — rier Via 


9\ 2k 


= (S 5) Mittal F 1v = Dr00 ) , (18’) 


4 


where 7=0 and E=// 2/4-bioo represents the 
position of the simultanious reflection of 200- 


and 111-waves. 


(O) Ht 
C) ® 


(200) 
(O) UI 
C) @ 


(b) 


Fig. 4. Section of the dispersion surfaces for 


200-reflection at 7= 


0. 


(a) Taking account of 0-, 200-, 111- and 111- 


waves. 


(b) Taking account of 0-, 200- and 111-waves. 


The intensities given by (12), (18) and (18’) 
are shown by Curves 1, 2 and 2’ in Fig. 5, 
respectively, in which (a) is for D=50A and 
(b), for D=100 A (k=100 A-! in each case). 
In the case of D=50 A, Curve 1 is considered 
to give a better approximation for the range 
of small |E| and Curves 2 and 2’ for the 


range of large |é|. 


If we take into account 


a sufficient number of higher terms in (12), 
we may get the curve connecting Curve 1 
with Curve 2 for E>0 and with Curve 2’ for 
E<0, as shown schematically by the dotted 


curves in Fig. 5(a). 


As the integrated inten- 


sity given by such a curve is mainly contri- 1 
buted by Curve 1, we may conclude that the | 
exact value of Joo is approximated consid- 
erably well by (14). On the other hand, Fig. | 
5(b) indicates that the value of J200 calculated 
by (14) is too small compared with that due | 
to the exact calculation, and suggests that it | 
is necessary to take account of the higher 1 
terms in (12) in order to obtain Joo for thick — 
crystals more exactly. 


as 
-3 =2 al 


: aie 
(Db) 
Fig. 5. Intensities of 200-reflection at 7=0, k= 
100A}. 
(a) D=50A and (b) D=100A. 


(1) Taking account of 0-, 200-, 111- and 111- 
waves. 


(2) Taking account of 0-, 200- and 111-waves. 
(2') Taking account of 0-, 200- and 111-waves. 


$5. Discussions 


i) In Fig. 1, we find that Curve 2, which 
corresponds to the intensity of the 222-reflec- 
tion calculated by using the Mathieu function, 
nearly coincides up to fairly large thickness 
with Curve 3 given by the three-wave ap- 
proximation taking account of 0, 111 and 222. 
This result indicates that the method of three- 
wave approximation, which is simpler than 
the method of the Mathieu function, is reliable 
for small D/2k. 

However, we find appreciable difference be- 
tween the intensity given by the Feynman 
expansion taking account of vsss, shown by 
Curve 1, and that shown by Curve 2. It is 
conceived that the intensity obtained by the 
Feynman expansion is more exact for small 


1960) 


D/2k. It diverges, however, at large D/2k, 
since we do not take into account the higher 
terms of the Feynman expansion, and the 
discrepancy between Curves 1 and 2 at large 
thickness seems to arise from this circum- 
stance. More accurate calculation by the 
Feynman expansion is now being carried on, 
with the intention to compare its result with 
Curves 2 and 3 at the range of large D/2k. 

ii) Since v222 of CuCl is vanishingly small, 
the intensity of this reflection can be dealt 
with by the present theory. The fact pointed 
out by Germer, that the intensity ratio of 
the 222-reflection to the 111-reflection in Debye 
patterns of CuCl is not proportional to the 
grain size, can be explained by the relation 
(9), according to which this ratio should be 
proportional to D?. 

According to (7), (14) and (15), the depend- 
ence of the integrated intensity of the for- 
bidden reflection (222) arising from the sys- 
tematic interactions on D and & is different 
from that of the 200-reflection arising from 
the accidental interactions, and, in particular, 
the ratio of these integrated intensities is 
proportional to 1/D and independent of k& for 
small D/2k. It is interesting to confirm these 
results by experiment. 

Heidenreich® has explained the appearance 
of the 222-reflection of germanium by the 
accidental interactions between 311- and 111- 
reflections. So far as the intensity of Debye 
pattern is concerned, however, it is expected 
that the contribution of the accidental inter- 
actions is much smaller than that of the sys- 
tematic interactions. According to (16), the 
thickness at which the integrated intensity 
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of the 222-reflection ‘of germanium and that 
of the 200-reflection are comparable at about 
8A. The forbidden reflection from such a 
thin crystal will be too weak to be observed. 
For thicker crystals, the intensity of the 222- 
reflection which is proportional to D* will be 
much stronger than that of the 200-reflection 
which is proportional to D2. 

The 222-reflection in Debye patterns may 
contain the contributions both from the sys- 
tematic and accidental interactions, but the 
former contribution will be dominant by the 
same reason as mentioned abve. 

Although, as clarified above, the integrated 
intensity J of reflections arising from ac- 
cidental interactions may not be appreciable 
in most of cases, it should be noticed that 
the value of the intensity J of these reflection 
may be appreciable at its maximum. 

The author would like to thank Prof. S. 
Takagi for his guidance and helpful discus- 
sions in this work. 
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The ordered structure of Au;Mn alloy has been investigated by electron 
diffraction using oriented, evaporated films. The structure can be 
thought of as formed from the fundamental face-centred orthorhombic 
lattice, in which the atoms arrange themselves as in the ordered lattice 
of Cu,Au but the first kind of out-of-step periodically occurs along both 
the and y directions. In some cases the periods are 1.2 a; and 2.2 a 
respectively, where ai=4.08A, a2=4.05A, a3=4.03A are the lattice con- 
stants of the fundamental lattice. Thus, a two-dimensional anti-phase 
domain structure of a new type takes place, which belongs to the space 
group Prnm-D}, in the idealized case. 


Introduction 


$1. 

Recently, the gold-manganese alloy system 
was investigated by Raub, Zwicker and Baur” 
and Kussmann and Raub”, and the phase 
diagram as shown in Fig. 1 was proposed. 
According to them, two types of ordered 
alloy, AusMn and AusMn, are present in the 
@ phase which is face-centred cubic in the 
disordered state. The former alloy has an 
ordered structure with tetragonal symmetry 
below about 645°C and the latter alloy has 
an ordered face-centred tetragonal lattice (c/a 
<1) below about 420°C, but the atomic ar- 
rangement in both phases has as yet been 
unknown. On the other hand, it was shown 
by Kussmann and Raub?) and Meyer?) that 
these ordered alloys have interesting magne- 
tic properties. That is to say, the ordered 
AusMn is ferromagnetic below about 88°C, 
and the ordered AusMn is metamagnetic like 
AuzMn®, having the Néel point of antiferro- 
magnetism at about 145°K, while the disorder- 
ed cubic AusMn phase quenched from above 
625°C is ferromagnetic below 120°K. It is 
natural that these magnetic properties are 
closely connected with the crystal structures 
of both phases, but a full explanation of 
the above properties has not been given due 
to a lack of information on the crystal struc- 
ture. Thus, the present electron diffraction 
work has been undertaken to elucidate the 
complex crystal structure of the ordered 


* A short note concerning this work has been 


published in J. Phys. Soc. Japan 13 (1958) 535. 


alloys, AusMn and AusMn, using single-crys- 
talline evaporated thin films. 

In the present paper, it will be shown that 
the ordered structure of AusMn is formed 
from the fundamental face-centred orthorhom- 
bic lattice in which the atoms arrange them- 
selves as in the ordered structure of Cu;Au, 
and that the first kind of out-of-step periodi- 
cally occurs along both the x and y directions 
and therefore a two-dimensional anti-phase 
domain structure of a new type is formed. 


>; See 


Aus Mn a 


(0) [O20 
Atomic % Mn 


30 40 


Fig. 1. Gold-rich side of the phase diagram of 
gold-manganese system. 


The satellites flanking main reflections were 
observed also in the present alloy, the cir- 
cumstances being the same as in CuAu(II)® 
and CusPd”. Discussion on the origin of the 
satellites will be given in Part III® of the 
present work. The result concerning the 


ordered alloy AusMn will be reported in Part 
1, 
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§2. Experimental Method 


Single-crystalline films of gold-manganese 
alloys were prepared in the following way: 
oriented gold films were first formed in vacuo 
on cleavage surfaces of rocksalt heated at 
400°C, and secondly, after the films were de- 
tached from the substrates in water, mount- 
ed on nickel supporters and heated at 450~ 
900°C, manganese was evaporated im vacuo 
on them. The composite films were imme- 
diately annealed without breaking vacuum 
at about 450°C for 1~2 hr., in order to bring 
about the alloying and to avoid the oxidation 
of manganese. A gold wire drawn into 0.19 
mm in diameter and a plate of electrolytic 
manganese 1mm in thickness were used as 
materials to be evaporated. Both metals had 
a purity of 99.99 per cent. The thickness of 
the alloy films estimated from the evaporat- 
ed quantities was 400~450A. 

Films formed as above were heated in 
vacuo in a silica tube and quenched by pour- 
ing water onto the tube, and all the diffrac- 
tion patterns were obtained from quenched 
films. The heat-treatment was carried out in 
the temperature range between 300 and 700°C 
for various durations, but the treatment above 
600°C was stopped within 0.5~1 hr., because 
there was the possibility of oxidation of 
manganese and of the change of film compo- 
sition in the course of a long period of heat- 
ing. The Au;Mn phase films quenched from 
700°C showed superlattice reflections which 
Raub ef al also obtained from quenched 
specimens, because the quenching of the dis- 
order state was not successful owing to very 
quick formation of the ordered phase. Hence, 
the investigation concerning the disordered 
state of the AusMn phase was not carried 
out, and therefore the lattice constant of the 
disordered face-centred cubic lattices was not 
measured in the present work. Even if it 
were possible, however, the atomic composi- 
tion of alloy films could not be determined 
from the lattice constant of the cubic phase 
as usual, because a change of lattice constants 
of this phase with the manganese content is 
very small (4.06~4.05A), as reported by Bumm 
and Dehlinger.'” The composition was 
estimated both from the quantities of metals 
evaporated and from comparison of the 
observed alloy structure with the X-ray re- 


sults previously reported.” .” 
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A diffraction camera of a camera length 
309mm made by the Hitachi Co. was used, 
the applied voltage being about 50kV. 
Although the intensities of diffraction spots 
were estimated visually in most of the photo- 
graphic plates, a microphotometer was used 
in some cases in order to compare the in- 
tensities calculated from the proposed struc- 
ture model with the observed ones. As point- 
ed out by Cowley,!” the microphotometer 
method is difficult to measure the intensity 
of the focused spots photographically record- 
ed, but the present author adopted tentative- 
ly the following procedure: A series of dif- 
fraction photographs of one and the same 
specimen was successively taken with dif- 
ferent exposures, and the photometry was 
performed. Intensity distribution curves were 
obtained from microphotometer traces, utiliz- 
ing Karle and Karle’s method.” Integrated 
intensities of the diffraction spots were 
evaluated by measuring the peak area of the 
intensity curve. The intensities of very 
weak spots of higher order, however, were 
visually estimated. 


§3. Superstructure of Au;Mn 


(1) Electron diffraction pattern 

Films containing about 25 per cent man- 
ganese,* which were annealed at 450°C for 
lhr. after the deposition of manganese and 
were slowly cooled down to room tempera- 
ture with cooling velocity of 5°C/min., al- 
ready exhibited complex superlattice reflec- 
tions, besides main reflections. The patterns 
did not change their aspects even after the 
films were annealed at 700°C for 0.5~1 hr. 
and slowly cooled down to room temperature, 
and therefore it was considered that the al- 
loying, and also the ordering, were sufficient- 
ly accomplished by the annealing at 450°C 
for lhr. after the deposition. In order to 
attain the complete ordering, however, further 
heat-treatments were carried out mainly be- 
low 500°C. 

Details of the aspects of diffraction patterns 
will be described as follows: Photo. 1 shows 
a typical pattern of a thin alloy film contain- 
ing about 25 per cent manganese, which was 
slowly cooled after annealing at 4502Carorec 
hr. It was found from the splits of the 


* In the present paper, all percentages refer to 


atomic per cent, 
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main reflections that the fundamental lattice 
of the ordered AusMn is face-centred ortho- 
rhombic close to cubic, the lattice constants 
being am=4.08, @m=4.05, as=4.03+0.01A, 
while Raub and others” reported that this 
phase has a fundamental cell of face-centred 
tetragonal, the axial ratio being close to 
unity. Although the pattern in Photo. 1 re- 
sembles to some extent that of the ordered 
alloy CusPd,* the split manner of superlattice 
reflections is more complex. Satellites are also 
observed around the main reflections as in 
CuAu (IJ) and Cu;Pd. An illustration of 
Photo. 1 is shown in Fig. 2, where superlat- 
tice reflections and satellites are represented 
by the small closed and open circles respec- 
tively. Mutual distances of the superlattice 
reflections in each group and separations of 


- 


Photo. 1. Electron diffraction pattern of the or- 
dered Au;Mn film; normal incidence. Indices 
assigned to normal reflections refer to the dis- 
ordered cubic lattice. 


Fig. 2. 


Illustration of Photo. 1. 
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satellites from each relevant main reflection 
are defined by two values of separation, “71” 
and “m.”. Aspects of patterns change very 
little with a slight change of the composition, 
but the ratios of m: and m: to the fundamen- 
tal reciprocal lattice constants were found to 
change to some extent. On the analogy of 
anti-phase domains in CuAu (II) and CusPd, 
therefore, the complex superlattice reflections 
may be considered to be formed by splits of 
reciprocal points with indices of mixed in- 
tegers. 

Such a complex pattern as above scarcely 
changed after a prolonged annealing below 
the critical point of order-disorder (Tc),* and 
the lattice spacings measured from main re- 
flections and superlattice reflections almost 
coincided with those obtained from an X-ray 
Debye photograph of the Au;sMn alloy by 
Raub and others,” as shown in the third and 
the fourth column of Table I, so that dif- 
fraction pattern as shown in Photo. 1 was 
confirmed to reveal the ordered state of the 
Au;sMn alloy. 


(2) Interpretation for the diffraction pattern 

and determination of the structure 

As described in the preceding section, the 
patterns obtained from the ordered AuzMn 
resemble those of the ordered alloys with 
anti-phase domains, CuAu (II) and CusPd, in 
the splitting of superlattice reflections and in 
the appearance of satellite spots flanking the 
intense main reflections, but the present split 
manner differs from either case. The fact 
that the fundamental lattice of the present 
alloy is orthorhombic, as mentioned above, is 
readily found both from the fine splits of 
main reflections of higher indices and from 
the positions of split superlattice reflections 
in Photo. 1 and Fig. 2. The fine splits of 
main reflections mean that the pattern cor- 
responds to a superposition of several orien- 
tations, as was the case with CusAu, CuAu 
(I) and Cu;Pd. After a careful examination 
the fundamental intensity distribution in re- 
ciprocal space, corresponding to one orien- 
tation, can be derived, as shown in Fig. 3, 
where the indices, (Aihshs), are used in terms 
of the fundamental lattice. The actual intensi- 


* 


In alloy films containing manganese less than 
25 per cent, the pattern changed after annealing at 


temperatures below 400°C, as will be reported in 
Part II. 
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Table I. Lattice Spacings of the ordered Au;Mn. 
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hy he hs* | My=1:2 | doos.(A) | dacray(R)** Mi=1.0 a he hat 
M,=2 2 22> 
0, 1/Mz,0 8.91 9.15 8.91 ( 0, +1/Mb, a 
sivany lite 0 4.89 4.81 4.41 ery eet 1/2M.,0 
1—1/2M;, 1—1/2M,.0 4.193 4.21 4.080 | ( +1/M,, oat 
1, +1/2M,,0 3.976 3.99 3.976 1, neue. 
pleat a 3 tos 3.74 3.627 +1/2M,, 1,0 
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Table I. (Continued) 
alo a Susehied en’ desma co 2, deai(A) 
hi he he* | ao) dovs.(A) | dx.ray(A)** M,=1.0 hy he hs* 
N22 | Ms=2.2 | 
 241/2Mh, 2,1 1.234 | 1.228 3, ti 
Ate 12 ee, 1.238 1.221 i 371 
et 1.228 1.228 1.217 1; 1.3 
1. 311] {oer 1.220 || 1.216 st. 1.212 2-+-1/2M;, 21 
1 13 1.217 1.218 [1210 2--1/2M;, 12 
1-+41/2M;, 073 1.217 1.219 1.209 2—1/2M;, 3/0 
0; 3-41/2Mo,1 1.198 1.204 || 1.203 v.v.w. 1.204 1-+1/2M,, 0.3 
2-1/2M;, 3:0 | 1.196 | 1.199] 1.191 v.v.w. 1.198 0, 3--1/2My,1 


* Parenthesized indices, (hih2h3), correspond to satellites flanking the main reflections. 


** Lattice spacings measured by Raub and others were obtained from an alloy containing 26.5 per 


cent manganese. 


ty distribution in Photo. 1 and Fig. 2 cor- 
responds to a sixfold superposition of that of 
Fig..-3: 

Now, we shall examine the intensity dis- 
tribution on the basis of anti-phase domains. 
As readily supposed from Fig. 3, all the su- 
perlattice reflections are thought of as form- 
ed by the splitting of the reciprocal lattice 
points with mixed integers, /uih2 and hs, the 
distances of splitting being -:7./2 along the 
[2:00] direction and =-:m,/2 along the [0/20] 
direction respectively. Hence, it is probable 
that the ordered lattice of AusMn is built up 
from face-centred orthorhombic cells with the 
atomic arrangement similar to that in CusAu 
but possesses two kinds of out-of-steps along 
the a: and a: directions. According to the 
concept of anti-phase domain structure,®>” 
the splits of the superlattice reflections with 
mixed fz and hs along the [i100] direction 


m/e 


Fig. 3. Fundamental intensity distribution in 
reciprocal space derived from diffraction pat- 
terns of Au;Mn film. Superlattice reflections 
and satellites are represented by the small closed 
and open circles respectively. The cross re- 
presents the centre of the splitting of the su- 
perlattice reflections. 


and of those with mixed /i and h; along the 
[0 h2 0] direction suggest that there are line- 
ups of anti-phase domains with stepshifts, 
-+(a@2-taz)/2 and -=k(aska1)/2, at every Mi 
cells and at every M2 cells along the x and 
y directions respectively. Here a, a2 and as 
are the fundamental lattice vectors along the 
x, y and z axes. It should be noted from 
the split manner of superlattice reflections, 
especially from the double splits of (110) in 
Fig. 3, that these two kinds of out-of-steps 
do not occur independently but are intimate- 
ly connected with each other in a crystal, 
forming a two-dimensional anti-phase domain 
structure, as was the case with CusPd. In 
reciprocal space the separation of the split 
superlattice spots measured from the centre 
of the splitting? is given by m:a:*/2M, or n:a2* 
/2M: which satisfies the following relation, 

m:/2=ar*/2M, or m2/2=a2*/2M:z , (1) 
where a:* and a:* are reciprocal lattice con- 
stants corresponding to a: and a2 respective- 
ly and m: and m2 are odd integers. A model 
of the crystal structure of the ordered Au;Mn 
derived from the above consideration is pro- 
posed, as shown in Fig. 4. M; and M2 were 
measured from separations of split super- 
lattice reflections, using Eq. (1), and were 
found to have fractional values slightly larger 
than 1 and 2 respectively. However, they 
are assumed to be 1 and 2 in Fig. 4. That 
is to say, we deal with an idealized case in 
the present model. If these M’s were defini- 
te throughout the crystal, a large orthorhom- 
bic cell shown by the broad black lines 


} The centre of the splitting corresponds to the 
reciprocal lattice point with mixed integers, h, 
hy and hs, and is represented by the cross in Fig. 3. 
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would be considered to be the unit cell of 
this ordered alloy. 

Some explanations seem to be required 
about this model. When the large unit cell 
is divided into four domains, as shown by 
the broken lines, it can readily be seen that 
each domain is built up from face-centred 
cells with the atomic arrangement similar to 
that in CusAu and that the sites of man- 
ganese atoms in four domains correspond to 
four basic sites in the face-centred lattice, 


(b) 


A model of the two-dimensional anti- 
phase domain structure of AusMn. M,=1 and 
M:,=2 are chosen in this model. Out-of-steps 
occur at places indicated by arrows. 

(a) Large orthorhombic unit cell is shown by 
the broad black lines. 

(b) Distribution of atoms in the plane PP’ 
situated immediately behind the front plane in 


(a). 


Fig. 4. 


respectively. Moreover, it will be seen that 
the domains IIJ and IV can be built up by 
the introduction of the shifts, --(as-ka:)/2, at 
every M2 cells along the y direction into the 
domains I and II, respectively, and also the 
domains II and IV can be built up by the in- 
troduction of the shifts, -:(a2-tas)/2, at every 
M, cells along the x direction into the 
domains I and III, respectively. Here, the 
stepshifts both belong to “the first kind ” 
and therefore the present two-dimensional 
structure is different from that found in 
CusPd. If the domains IJ and IV change 
places with each other, a Cus;Pd type anti- 
phase domain structure is built up. 

Now, we shall re-examine the crystal struc- 
ture of the present alloy from a viewpoint 
of the convensional structure analysis based 
on the space group. For this purpose, all 
the reflections in reciprocal space in Fig. 3 
should be indexed with integers. As already 
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mentioned, however, M’s are actually frac- 
tional numbers, and therefore, all the reflec- 
tions should be given indices with large 
number and hence an enormous unit cell 
would have to be assumed. This makes an 
analysis fairly difficult, and more over, it 
may be somewhat waste of labor, because 
M’s vary with composition. Therefore, we 
simplified the problem, starting afresh by 
assuming M’s to be integers nearest to their 
true values. This procedure made the indices 
simpler, and hence the unit cell became 
smaller. Fig. 5 shows the reciprocal lattice 
obtained in this way,* which corresponds to 
an orthorhombic unit cell 2x4x1 times as 
large as the fundamental cell. Though this 
idealization displaces superlattice reflections 
and satellites from their true positions, it is 
clear that the general character of the prob- 
lem is not altered, as will be described later. 


Fig. 5. Reciprocal lattice corresponding to the 
orthorhombic unit cell 2x4x1 times as large 
as the fundamental cell. 


The extinction rule suggests that the 
idealized lattice belongs to the space group 
Pnnm-Dy. As the unit cell contains eight 
fundamental cells, there are 24 gold and 8 
manganese atoms in the unit cell. All these 
atoms must be situated on eight kinds of 4 
(g) positions (xi, yi, 0:%+, Hi, 0:1/2 +x, 1/2—yi, 
1/2:1/2—xi, 1/2+y, 1/2), and two kinds of 
them should be occupied by manganese 
atoms. Eight kinds of parameters, x: and yi, 
can be easily determined, keeping in mind 
the fact that the ordered alloy has the face- 
centred lattice fundamentally. After some 
trials, the atomic arrangement as shown in 
Fig. 6, where two manganese atoms are ina 
row along the y direction, was proved to be 

* In Fig. 5, index, (Hi HH), is used in order 
to distinguish from (Aihihs) in Fig. 3. 
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able to explain the intensity distribution in 
Fig. 5 best. It can easily be seen that the 
atomic arrangement in this figure is identical 
with that obtained in Fig. 4. That is to say, 
the fundamental lattice has an atomic 
arrangement similar to CuzAu and the first 
kind of out-of-steps occurs at every cell of 


O Mn Atom 


Fig. 6. The ordered structure of AusMn, viewed 
along [001]cu». Out-of-steps occur at places in- 
dicated by arrows. ay!=2a,;=8.16A, a2!=4a2= 
16.20A. 


the fundamental lattice along the x direction | 
and also at every two cells along the y direc- 
tion. 
The structure amplitude for the lattice | 
shown in Fig. 6, F, is given by the following © 
equation. 


8 
F=4 > Ei-cos 2x Hix:-cos 27 A2yi 
i= 
for AHi+HA2+H3;=2n 5 
8 
F=—4 > Ei-sin 27 Aix: sin 27 Ay: 
j=1 


for HA,+HA2+ H3;=2n-+1, 
(2) 


where &; is the atomic scattering factor for 
electron of 7-th atom. In Table II, |Fcai| of 
reflections with (Hi H20) indices calculated 
from the above equation is tabulated. Fig. 7 
shows the intensity distribution in reciprocal 
space corresponding to the proposed model. 
As already mentioned, the intensity distribu- 
tion in reciprocal space corresponding to an 
actual ordered alloy must be a sixfold super- 


Table Il. The observed and calculated structure amplitudes for the ordered Au;Mn. 
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position of the intensity distribution in Fig. 
7. The coincidence of Fig. 7 with Figne5 zis 
very good, concerning the splits of the super- 
lattice reflections. Therefore, it seems that 
the present model almost represents the 
ordered structure of this alloy. However, 
there are some disagreements between the 
model and the observed facts as follows: 

(i) Those satellites flanking intense main 
reflections, which are represented by small 
open circles in Figs. 3 and 5, cannot be 
derived from the present model. The cir- 
cumstance is the same as in CuAu (II) and 
CusPd. It is sure that the satellites arise 
from the lattice modulation, such as a perio- 
dic change of the lattice spacing or of the 
scattering factor, with. the same period as 
that of out-of-steps. The detailed discussion 
will be given in Part III. 


(O80) 


Fig. 7. Fundamental intensity distribution in re- 
ciprocal space derived from the proposed 
model. 


(ii) Strictly speaking, the positions of the 
split superlattice reflections in Fig. 3 do not 
coincide with those in Figs. 5 and 7. This 
disagreement is attributable to the fact that 
M, and MM; are not 1 and 2, as assumed in 
the analysis, but fractional values. The 
measured values of Mi and MM, change from 
1.0 and 2.1 to 1.3 and 2.5 respectively with 
the alloy composition and the heat-treatment.* 
According to Fujiwara,’ the fractional pro- 
perty of domain size means a mixture of dif- 
ferent sizes of domains in the actual lattice. 
Thus, an enormous unit cell has to be taken 
as an exact unit cell for the actual, fractional 
domain size. For example, if we start from 
Fig. 3, where M; and M: are measured to be 


* The estimated error of the M value is +1 


per cent. 
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about 1.2 and 2.2 respectively! and the ex- 
tinction rule is the same as in Fig. 5, we are 
able to deduce the positions of gold and 
Manganese atoms on the basis of the same 
space group as above, Punm-Dy., taking 
into account a large orthorhombic cell with 
the size of 12a: x22a.xas, but the atomic ar- 
rangement obtained in this way is nothing 
but the two-dimensional anti-phase domain 
structure in which domains with M,=2 and 
M:=3 are uniformly mixed in domains with 
Mi=1 and M.=2 along the x and y directions 


respectively. Of course, different modes of 
of ae 
wn 
Be 
.' @ HSC dso ‘= 
° ‘ = 
\ i ; 
e & @ mem, 
° a 
° @ e = L- 
' ia Te -- 2 ' 
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Fig. 8. Detailed illustration of splits in {110}eu. 
The weak streaks and the excessive peaks are 
shown by the straight lines and the open 
squares respectively. 


mixture of domains are conceivable, because 
a uniform irregular mixture and a uniform 
regular mixture of different sizes of anti- 
phase domains yield a similar intensity dis- 
tribution of diffraction, as pointed out by 
Fujiwara. It should be noted that after a 
careful examination of the patterns of the 
present alloy we can often observe very 
weak streaks connecting a pair of split super- 
lattice reflections and excessive peaks with 
weak intensities on the streaks, as shown in 
Fig. 8, where the streaks and the excessive 
peaks are illustrated by the straight lines and 
the open squares respectively. The separa- 
tions of the excessive peaks from the centre 
of splits are approximately zero and +a2*/8 
~a:*/10 and correspond to -tka:*/2»M2 with 
k=0 and integer, where 2yMz (v: positive in- 
teger) is a minimum value of integer.'f This 


t Exactly speaking, M; and M, are 1.18 and 
2.24, respectively. 

tt If Me is 2.24, 2vM2 is 112. 
ponding to the excessive peaks are approximately 
zero and 14~11. 


is-values corres- 
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fact is well explained by the theory of Fuji- 
wara and of Perio and Tournarie.) The 
latter investigators also treated mathematical- 
ly the problem of the fractional property of 
the size of domains. The present case seems 
to correspond to the irregular statistical ar- 
rangement with a certain degree of non- 
uniform mixing in the treatment of Fuji- 
wara. 

At any rate, it is obvious that the ordered 
structure of the present alloy is the two- 
dimensional anti-phase domain structure with 
the first kind of out-of-steps, and the model 
shown in Figs. 4 and 6 reveals an idealized 
lattice. In Table I, the lattice spacings 
measured from diffraction spots in Photo. 1 
are compared with the spacings calculated 
from the model with Mi=1.2 and M2=2.2 
and the fairly good coincidence is seen except 
the satellites. On the other hand, the spac- 
ings obtained by Raub ef al are almost ex- 
plained by the model with Mi=1.0 and M2.= 
Vple 


(3) Comparison between observed and calculat- 
ed structure amplitudes. 

Next, the structure amplitude obtained from 
the observed intensity, |Fops|], will be com- 
pared with |Fcai| calculated from equation (2). 
Integrated intensities of the diffraction spots 
were measured photometrically as well as 
visually, as mentioned in §2, taking into ac- 
count the fact that the diffraction pattern as 
shown in Photo. 1 reveals a superposition of 
the intensity distributions in the three planes 
of coordinates, (HiH20), (0H2Hs) and (H,0Hs), 
in reciprocal space. 


De SS eS 
O2ET 04 4 06 503 


Sin@/d (A") 


Fig. 9. Comparison of IH; Hz Hs)ovs/ 112 ,0,0)ovs 
and |F( Hie Hs)cai|?/| (12,0, 0)cai|2. 
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In the kinematical theory the integrated in- 1 
tensity is given by 
I(HH2 Hs) « |FHH2Hs)|?. (3) | 
(A: H2Hs)ops/ 112, 0, O)obs and | F (Al: He As) cai\* 
/|F(2, 0, Ocal? for the strong main reflections | 
are plotted against sin@/2 in Fig. 9, where | 
the observed intensity of (12, 0, 0) reflection — 
is normalized with the calculated value and 
the temperature effect is taken into account, 
assuming the B value in the temperature | 
factor exp {—2B(sin 6/A)*} to be 0.5-10-*° cm?.* 
The fact that the relative values observed 
for the lower angles considerably deviate 
downward from the calculated ones is most 
likely to be due to the primary extinction 
effect, since this effect is stronger for the 
reflections having larger structure amplitudes. 
According to the theory of primary extinc- 
tion, the diffraction intensity is given by 


Ic f(x) - | F(A A Hs)|?. (4) 
f(x) is the primary extinction coefficient for 


the Laue case of electron diffraction 
parallel plate crystal and is given by 


fx)= Ds Jansi(2x)/ 2 , 


x=: |F\/v , 
where J2n+1 is the Bessel function of the odd 
order, v is the unit cell volume and 0 is the 
effective thickness of the crystal. In order 
to obtain the values of f(x), only the know- 
ledge of @ is required in the present case, 
since we can obtain the values of |F| and v 
from the above mentioned structure. How- 
ever, what can be obtained from the half- 
value breadth of intensity profile of diffrac- 
tion spots is not the effective thickness of 
crystallites but the extension of coherent re- 
gion in the film plane. Therefore, the cor- 
rection of the primary extinction is perform- 
ed in the following way: The values of f(x) 
are calculated for various values of 6 and the 
observed intensities are corrected by these 
values of f(x). Comparing the corrected re- 
lative intensities, J(MiH2Hs)/J(12, 0, 0), with 
the calculated ones [PH Hes) cai|*/ [F12, 0, 


* This value was estimated by using Debye 
temperature and atomic mass for the composition 
Au;Mn which were calculated as arithmetic means 
of Debye temperature and atomic mass for com- 
ponent atoms. On the other hand, the B values 
for gold and Manganese atoms were calculated to 
be 0.56-10-16 and 0.52-10-16 cm2 respectively. 


iny -agy 
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O)cail?, the most appropriate value of 0 was 
so selected that both ratios might coincide. 
0 was estimated to be 804, and it was the 
same order of magnitude as the extension of 
coherent region in the film plane, which was 
measured as 100+20A from the half-value 
breadth. Utilizing the former value for 0; 
f(x) is estimated to be 0.94 for (12, 0, 0) re- 
flection, and therefore the normalization due 
to this reflection is considered to be reason- 
able. By this procedure, the structure ampli- 
tudes |Fops| can be obtained from the observ- 
ed intensities corrected for the primary ex- 
tinction and the thermal vibration. They are 
tabulated in Table IJ. The agreement 
between |Fops! and |Fcail is satisfactory except 
the satellites flanking the main reflections. 
Although only the reflections with (Hi H2 0) 
indices are dealt with in Table II, the cir- 
cumstances are almost similar also in reflec- 
tions with other indices. 


{ 


§4. Conclusion 


The present electron diffraction work has 
elucidated a complicated anti-phase domain 
structure of the ordered AusMn alloy. This 
structure can be thought of as formed from 
the fundamental face-centred orthorhombic 
lattice (a:=4.08, d2=4.05, a3=4.03 A), in which 
the atoms arrange themselves as in the 
ordered structure of CusAu but the two kinds 
of stepshift, --(@2:as)/2 and —(as-:a1)/2, occur 
at every M cells and M2 cells along the x 
and y directions respectively. Thus the two- 
dimensional anti-phase domain structure is 
formed, which is considered to have a large 
orthorhombic unit cell belonging to the space 
group Punm-D3., if Mi and M: are sufficient- 
ly definite throughout the lattice. This type 
of two-dimensional structure is different from 
that found in Cu;Pd and has recently been 
found also in the Cu;sAuzZn; alloy by Wilkens 
and Schubert’? using X-rays.* Mi and M2 
are, however, not integers actually, even 
after a long period of annealing, and change 
from 1.0 and 2.1 to 1.3 and 2.5 respectively 
with the alloy composition and the heat: 
treatment, as described in §3. This fractional 
property of domain size is common to all the 


* According to Wilkens and Schubert, the 
fundamental cell of the ordered Cu;Auz2Zn; alloy is 
face-centred cubic and the domain size is 1.77a in 
either direction. 
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anti-phase domain structures so far examin- 
ed and can be interpreted by considering a 
mixture of different sizes of domains, as dis- 
cussed by Fujiwara, and the mode of mix- 
ture corresponding to the irregular statistical 
arrangement seems to occur in the present 
case, as described in §3-(2). Thus, it should 
be noted that the model proposed in Fig. 4 
and Fig. 6 corresponds to an idealized lattice 
of the ordered Au;sMn, and for the actual, 
fractional domain size we shall not be able 
to define an exact unit cell. 

Since the metamagnetism of the ordered 
alloy AusMn was discovered by Meyer, the 
alloy is being watched with great interest by 
many investigators of magnetism. As the 
magnetic property is closely connected with 
the crystal structure, we shall briefly consider 
the relation between the ordered structure of 
AusMn obtained in the present work and the 
metamagnetism. From Figs. 4 and 6, it is 
readily known that there are two kinds of 
distance of manganese-manganese pairs, i.e. 
2.87 and 4.05 A. The former distance corres- 
ponds to that between manganese atoms 
located at an anti-phase domain boundary 
and seems to give rise to the antiferromagne- 
tic interaction, while the latter is the man- 
ganese-manganese distance inside each domain 
and is likely to give the ferromagnetic inter- 
action within the domain. The ferromagne- 
tism of the disordered Au;Mn phase is pro- 
bably due to the disappearance of the regular 
distribution of manganese-manganese pairs 
with the shorter distance 2.87 A. 

The present author wishes to express his 
sincere thanks to Professor S. Ogawa for the 
kind guidance and encouragement. His 
thanks are due to Dr. M. Hirabayashi whose 
discussion was very useful, and also due to 
Professor A. J. P. Meyer of Université de 
Strasbourg who gave a valuable suggestion 
about the magnetic property. 
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Re-appreciation of the Second Order Transition Phenomena 


in Polyethylene 
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The second order transition phenomena in polyethylene are discussed 
based on our dilatometric measurement. Calculating the value (V,— Vo) 
/(V2— Vo) from the result of measurement on three samples, each having 
different crystallinity, it is found that the crystallinity of polyethylene 
changes with temperature above —30°C. Also the transition at —55°C 
is found, below which the expansion coefficient of crystalline phase be- 
comes equal to that of amorphous phase, and this phenomenon is 
thought to be the true second order transition. The crystallinity of 
each sample is calculated by using the method of Hoffmann and Weeks 
as the first approximation and applying some further calculation. The 
application of the least-mean-square method to the decision of transition 
by means of the electronic computor is attempted. 


§1. 


So many values were hitherto suggested as 
the second order transition temperature of 
polyethylene, each by different author,®).»-? 
and none has ever discussed which of them 
is the true second order transition point. And 
the nature of this transition was nearly un- 
known, though several hypothetical conside- 
rations should have been made. 

We have previously carried out some dila- 
tometric measurements on polyethylene in 
the range higher than the room temperature, 
and recently in the low temperature range. 
From these experimental results we tried to 
get some knowledge on the second order 
transition phenomena and on the crystalliza- 


Introduction 


tion of this polymer as far as possible. 


§2. Method of Experiment and Sample 


The usual Bekkedahl type glass diatome- 
ter” was used throughout our experiment. 
As the filling liquid we adopted z-propyl 
alcohol faintly coloured with a trace of Sudan 
Black, but special cautions were needed for 
the use of the liquids like this. Such organic 
liquid had about three times higher expan- 
sion coefficient than polyethylene itself, and 
the equilibrium of temperature between the 
filling liquid and the bath was rather doubt- 
ful, especially in the low temperature range. 
So if the measurement of temperature was 
carried out with some error, it would result 


1960) 


the three times larger error in the specific 
volume of sample, and the following techni- 
que was necessary for the precision of 
measurement. 
_ In our experimental equipment, in addition 
to the dilatometer tube a short tube was set 
which was also filled with m-propyl alcohol 
and a copper-constantan thermocouple was in- 
serted into it. The equilibrium of tempera- 
ture between the filling liquid of dilatometer 
and of this tube was thought to be sure, and 
in the blank test the relation between the 
thermoelectric force of the couple and the 
specific volume of m-propyl alcohol was cali- 
brated and after the main experiment this 
relation was used to calculate the specific 
volume of sample. 

The low temperature bath was a domestic 
thermos jar filled with denatured alcohol. 
Crushed dry ice was added into it and low 
temperature of —76°C was performed. (Of 
course performation of —78°C was possible, 
but it required an excess amount of dry ice 
and the elevation of temperature was here- 
after too slow till the excess dry ice evapo- 
lated away, only meaned loss of experimental 
time.) The elevation of temperature was 
proceeded with a speed of about 0.1°C per 
minute by means of a hand-made electric 
heater. Measurements were done at every 
ten minutes. 

Seven samples were prepared for our ex- 
periment. Marlex 50/15, usualiy thought to 
have the same nature as the low pressure 
polyethylene, and Alathon 10, a typical high 
pressure polyethylene, were each measured 
in the state of original pellet, in the state 
melted and quenched to the dry ice tempera- 
ture, and in the state melted and annealed 
gradually. And as the abnormally low mo- 
lecular weighted sample, DYGT, molecular 
weight of about 7000 and thought to have 
much molecular chain branching, was adopted. 
This sample was vacuum-melted to remove 
the gas foam occluded in the original pellet 
and cooled simply, as it had too high fluidity 
in the melted state and delicate heat-treatment 
was difficult. In the succeeding description 
these samples will be written abbrebiatedly 
as M,, My, Ma, An, Aa Aa, and G. 


§3. Decision of Transition Point 
Some of our experimental results are shown 
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in Figs. 1, 2,3. The direct decision of tran- 
sition point from these curves is rather dif- 
ficult and subjective, though many authors 
have adopted this direct method.®).*) If such 


Marlex 50-15 


1.04 


02 


-40 e0) (o) 


T (°C) —4 


+20 


Fig. 1. The experimental relations between the 
temperature and the specific volume in Marlex 
50/15. 
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Vsp 
1.09 


Alathon 10 


1.08 


1.07 


+20 
T(°c) —> 
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Fig. 2. The experimental relations between the 
temperature and the specific volume in Alathon 
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a curve is perfectly a crossing of two lines, 
the decision of the crossing point is possible 
by means of a least-mean-square method as 
will be described in the Appendix of this 
article, but these temperature vs. specific 
volume curves essentially have nature of 


108 
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Fig. 3. The experimental relations between the 
temperature and the specific volume in DYGT. 
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Fig. 4.Difference between the specific volume 
of various polyethylene samples. 
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higher order, and the approximation of it by 
a crossing of two lines is actually inreason- 
able. So some discussion is necessary before 
the decision of the transition point from our 
experimental result. 

By plotting the difference between the 
specific volume of quenched Marlex and an- 
nealed Marlex against the temperature, we 
got the plot shown in Fig. 4. In this figure 
it is clearly seen that this value becomes con- 
stant below —55°C. This means that below 
this temperature the relation 


aV. dVa 
= i! 
atandy Gy 
stands. It suggests the presence of the se- 
cond order transition at this point as 


Kovacs” refered to it. Here Ve is the speci- 
fic volume of pure crystalline phase and Va 
is that of pure amorphous phase. 


0.05 


-40 -20 0 
Teo) et 


+20 


Fig. 5. The same as Fig. 4, showing the other 
part. 


The crystallinity of polymer is usually de- 
fined as 


Va-V 


6=——_ 

Va—Ve 
if based on dilatometric data. If the 
measurements are done on three samples, 


each having the different crystallinity, the 
equation 
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A:—8 Vi aad Vo 

62-00. Vi Vo 
stands at any temperature, even if V. or Ve 
has some discontinuous points. If the crystal- 
linity does not change with temperature, the 
right hand side of this equation should be a 
constant independent of temperature. On the 
contrary, if the right hand side of this equ- 
ation varies with temperature, this is the 
sufficient condition for the crystallinity 
change. The word ‘sufficient’ is needed, be- 
cause if the crystallinity changes in linear 
form as 


OT )=0(T)+a(T)0(T)+0(T) 

this value also remaines constant. 
Calculating the value. 

V(Mn)— V\Ma) 
VM)— VM) 
from our experimental data we get the result 
shown in Fig. 6. From this we find that the 
crystallinity of this polyethylene has changed 
at least above —30°C. The value —21°C, 


(3) 


Ky (4) 


0.55 


-20 (0) 
ICG) 


-60 -40 

Fig. 6. K-value test. The change of this value 
is the sufficient condition for the change of 
crystallinity. 


reported by Danusso and others as the se- 
cond order transition point of polyethylene, 
should correspond to this value, shifted in the 
process of defining transition, because they 
defined the transition as the break point of 
line, and we defined it as the beginning of 
change in our K-value test. 


§4. Calculation of Crystallinity 

Hoffman and Weeks” calculated the crystal- 
linity of polychlorotrifloroethylene from its 
specific volume and second order transition 
point. Their method can be applied to po- 
lyethylene if its second order transition point 
is clearly known, and an introductory descrip- 
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tion about their method is here necessary. 

In the temperature range where the cry- 
Stallinity of polymer substance does not 
change with temperature, 


Poh _(Wi_ dvi) (dV _d¥, 
ViWe sdT md Bf aT ar) 


Yievi : 
Vee Vs f ) 
ee Vi-- V2 Vi — V2’ 


O.= 


Vi-Vve Vi Wee (6) 


where V; is the specific volume of the liquid 
phase. From these equations we have 
Vil Vi! — V2’) + Vi! (V2— Vi) = Va Vi’ — Vi V2. 
CP) 
If V: can be represented as 
Vi=A+BT+CT®?, 
substituting it into (7) we get 
A(Vi— V2) + B((V2— Vit) + TV’ — V2) } 
+C{(Vi’ — Vo’) T? +2T(V2— Vi)} 
=V2Vi/— Vi V2! é (9) 
On the other hand if the specific volume of 
the sample is measured at two points in the 


temperature range higher than the melting 
point, we have 


VET eB Pe Cre 


(8) 


(10) 
and 
Vi(T2)=A+BT24+CTs? . (11) 

A, B, and C can be calculated from (9), (10) 
and (11), and in this way we get the complete 
representation of Vi. For the calculation of 
Ve, the change of slope at the second order 
transition point, 4a, is used. This angle 
should be proportional to (1—@), or the con- 
tent of the amorphous part, so long as the 
second order transition is thought to appear 
only in the amorphous part. On the other 
hand, the crystallinity should be proportional 
to Vi—V, and so for two samples of different 
crystallinity 

1=6:+(1—6:)=a4Vitbd4a, (12) 

1=0.:4+(1—62)=a4 V2+bdar (13) 
stand, and from these two equations we can 
get a and b, and the crystallinity of these 
two samples can be calculated. 

Hoffman and Weeks’ method has its un- 
reliability in using the first order derivatives 
of the experimental curves, which are thought 
to be of less accuracy, but this method can 
be used as the first order approximation in 
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our calculation. 
Following to our experimental data we find 


that 
V=1.0306 V’=0.00029 for M, 
V=1.0200 V’=0.00025 for Ma 
at —50°C, and from our previous measure- 
ment?) 
Vi(+120°C) =1.2600 
Vi(+150°C) =1.2885 . 


From these we get 


A=1.1641 
B=0.000666 (14) 
C =0.0000011 


by solving the equations (9), (10) and (11). 
As described above, we have seen that 
below —55°C 


Vo’ = Va‘ =0.000234. 


Equation (14) gives V:’=0.000654, and so for 
a pure amorphous sample the change of slope 
at this point should be 0.000420. 

With our experimental data for M, the 
change of slope in the T vs. specific volume 
curve at —55°C was evaluated as 0.000020 or 
0.000015. From the ratio of this value to the 
value 0.000420 the crystallinity of M. can be 
calculated as 95 or 97%. This value cannot 
be expected of much high accuracy, so we 
assume it as 95%. From this evaluation the 
crystallinity of M, is calculated by using 


Vil 552C) =1.1308 
Va{—55°C) =1.0292 


and we get the value of 80.4%. The differen- 
ce between the crystallinity of M, and M, is 
14.6% in this approximation, and the change 
of slope in the experimental curve at —55°C 
is 0.000044, so it should be 0.000301 for pure 
amorphous sample, not consistent with the 
above calculated value 0.000420. 

Here our calculation proceeds to the second 
approximation. Leaving from the method of 
Hoffman and Weeks and assuming the change 
of slope at —55°C is 


0.000301 +- 0.000234 =0.000535 


(15) 


for pure amorphous sample and again using 
the value of V: at 120°C and 150°C, the 
coefficients A, B, C are again calculated. In 
this way we get 
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A=1.1657 
B=0.000655 
C =0.00000109 


(16) | 


and 
Vi=11330 
V.=1.0050 
(Vi— Vv) =0.1280 
O(M1)=95.4% 
0(M,) =81.0% 
Aa(0%) =0.000306 


Calculation of Ve in the temperature range 
where it changes is a little conventional. 
Assuming #(M.) does not vary with tempera- 
ture we get the first approximation curve of 
T vs. 6(M,). But 0M.) itself should change 
with temperature also, so we assume that 
this change is proportional to (1—@) though 
it is a little inconsistent with the principle of 
the above described K-value test, and get the 
curve shown in Fig. 7. This calculation is 
done without using the principle of K-value 
test, and so we again prove the change of 
crystallinity above —30°C. 


(at —55°C) 


80,5 
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Fig. 7. Change of crystallinity with temperature 
in quenched Marlex. 


Our now described calculation contains the 
evaluation of Vc, and making it continuous 
with the slope below —55°C, we get 


AY 110208 
B’=0.000337 
C’=0.00000103 
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for the coefficients of 
Vea AEB RECL?. . 
Below —55°C, obviously 
Ve=1.0019+0.000234(T'-+55) 
V,=1.1300+0.000234(T-+55) . 


Where Vy means the specific volume of the 
non-crystalline phase under the second order 
transition point. 


§5. Result on High Pressure Polyethylene 


The same process of analysis as above 
might be applied to our experimental data on 
high pressure polyethylene, but in doing so 
we met some difficulties. One of these was 
that the specific volume of this polyethylene 
did change only a few amount by heat treat- 
ment such as quenching or annealing. In ad- 
dition to this, the specific volume of original 
pellet of Alathon was sometimes higher than 
that of quenched one, and its T vs. Vsp curve 
was a little anormalous as shown in Fig. 2, 
namely it showed the specific volume quite 
near to that of A, at room temperature and 
considerably higher value compared with that 
of A, at dry ice temperature. 

These phenomena should have originated 
from some residual stress left in this sample. 
The presence of this stress was made visible 
by heating a piece of Alathon 10 at 150°C 
for several minutes. The pellet which at 
first cubelike shaped turned into a narrow 
ribbon, about 2 times elongation in two direc- 
tions and nearly 1/2 times contraction in one 
direction. The pellet of Alathon should have 
been made by cutting into pieces a hot-rolled 
plate, so having some residual shear stress 
frozen in it. So when we are going to 
measure some quantities on such pellet, care 
must be taken on this point. (the pellet of 
Marlex was short-cut cylinder shaped and 
our above discussion should have been quite 
safe on this point.) 

In spite of these difficulties, we tried to 
apply the same method to our experimental 
data on high pressure polyethylene. The 
value V(A,)—V(Aa) is shown in the lowest 
place in Fig. 4. In this curve, we can see 
that about below —47°C this value becomes 
constant, and this point should be thought as 
the second order transition point of high pres- 
sure polyethylene.» It is rather probable 
that low pressure polyethylene and high 
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pressure polyethylene have each different 
second order transition point, but the value 
V(Ay)—V(A.) is smaller than the value 
V(M2)— V(Mz), so of less accuracy, and this 
difference of the transition points may con- 
tain some experimental error. 

As shown in Fig. 5, the value V(A,) 
—V(Ma) or V(Aa)—V(M.) did not become 
constant even below —55°C, only became 
linear about below —47°C. If our above con- 
siderations are right, this means that either 
Vi or Ve or both of them are not of the 
same value for Mand A. In the tempera- 
ture range higher than the melting point, the 
specific volume of every polyethylene was 
nearly on a same line, so in the first sight 
Vi seems to do not change with sample kind. 
But in a half crystallized sample, the amor- 
phous part may have higher concentration of 
methyl groups than the melted one, so it is 
probable that V: of different polyethylenes 
are each different at a temperature far below 
the melting point. And saying about Ve, the 
X-ray diffraction pattern gives larger lattice 
constant for high pressure polyethylene than 
for low pressure polyethylene. Thus both V; 
and V. may possess different values for dif- 
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Fig. 8. Change of crystallinity with temperature 
in various samples. 
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ferent polyethylenes. But to take into ac- 
count these variation of V: and Ve makes 
the definition of crystallinity too tedious, as 
in doing so we must decide V; and Ve at 
least of the function of molecular chain 
branching. 

Considering these situations, we calculated 
the crystallinity of Alathon and DYGY as the 
function of temperature simply using our 
above described relations, and showed it in 
Fig. 8. From this we can see that the cry- 
stallinity of Alathon changes above —35°C. 
And saying about DYGT, this polyethylene 
has about the same crystallinity as Alathon 
at low temperature, and its melting range 
spreads deeply into the low temperature 
region and so shows the larger volume than 
Alathon at room temperature. Its crystallini- 
ty change transition may lie at —50°C or 
lower, and almost covered by the transition 
at —55°C or —47°C. 


$6. 

The mechanism of the second order tran- 
sition cannot be said to have been clearly 
known at present stage even for non-crystal- 
line polymer. The existing theories of this 
phenomena are the one based’ on the intra- 
molecular rotation of chain element and its 
frozen-in at low temperature,” and the one 
chiefly based on rheological consideration.” 
The second order transition in crystalline 
polymer is usually thought to happen only in 
its non-crystalline part, a quite natural pre- 
sumption, but as we discussed above the in- 
teraction between the crystalline part and the 
amorphous part is not negligible and this 
should be taken into consideration in some 
case. 

Our previous experiment on the increase of 
crystallinity in the melting range and its me- 
mory phenomena® was well interpretable as 
the growth of crystallite size; and the shape 
of Tvs. Vsy curve was also interpreted with 
the concept of crystallite size distribution. 
The smaller sized crystallite suffers more ef- 
fect from surface energy, so shows the lower 
melting point. If this concept is right, at 
some low temperature the crystallinity should 
cease to change with temperature. Previous- 
ly we described this means the second order 
transition, but our new experiment showed 
that this phenomena, if exist, may correspond 
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to the 


crystallinity change transition at | 


—30°C. Our previous calculation?) gave the | 


value for this transition in polyethylene as 
—35°C or —40°C, a quite good agreement 
with the experimental result comparing with 
the roughness of our assumption. 

The theory of Kovacs‘) which treats polye- 
thylene as the mixture of low molecular 
normal paraffins considering the fact that the 


| 
| 
| 
| 


main chain of this polymer molecule is ef- 
fectively cut into shorter sub-chains at the | 


points where the side chains exist so long 
as the crystallization phenomena concern, is 
also able to interpret these experimental re- 
sults. In the melting range the sample hav- 
ing unsaturated crystallinity increases its cry- 
stallinity as the consequence of sub-chain ag- 
gregation having the melting point higher 
than the temperature at which it kept, and 
the shape of 7 vs. Vsp curve itself tells the 
distribution of sub-chain length, and the cry- 
stallinity change transition corresponds to the 
shortest sub-chain length. 


However, our experiment showed that even 
Marlex which was thought to have few 
chain branchings changed its crystallinity in 
enough low temperature range, a phenomenon 
not interpretable directly with his concept. 
On the other hand, the fact that the more 
branched polyethylene shows the wider 
melting range is quite naturally understood 
with his concept, which is also able to be 
elucidated with our concept of crystallite size 
distribution as its size is restricted by the 
presence of side chain. Kovacs’ concept and 
ours may be of the same nature ultimately 
if the calculations are carried out completely, 
but at present stage the concept of crystallite 
size distribution is thought to be more natu- 


ral, because the presence of surface energy | 


may part some role in the crystallization 
phenomena 

For the transition at —55°C, which have 
been supposed to be the true second order 
transition, only a rough description can be 
given hypothetically. The fact that the cry- 
stallinity does not change below —30°C 
means that there remains no amorphous part 
which is able to crystallize, as it suffers con- 
siderable traction from neighbouring crystal- 
line part. The crystallite is supposed to have 
strong anisotropic expansion coefficient,!” and 
as the temperature lowered this traction may 
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become stronger, at last at one temperature, 
probably —55°C, the volume of amorphous 
part becomes to change only in the same 
ratio as the crystalline part, and the change 
of temperature only causes change of traction 
in the amorphous part. Speaking more 
schematically, the amorphous part becomes 
to be completely besieged by the crystailine 
part and cannot expand or contract freely. 

However, there exist some other ways of 
interpretation. One of them is that even be- 
low —30°C the crystallinity still continues to 
change, for our K-value test tells only the 
sufficient condition of crystallinity change, 
and moreover, because of the amorphous 
part suffers considerable tension as the result 
of volume constraction in crystallization, the 
amorphous part may have lower density than 
the liquid phase, so the increase of density 
by crystallization is almost compensated by 
this effect, and at —55°C the crystallinity 
ceases to change and here the transition ap- 
pears. But the test of such possibility can- 
not be judged by the dilatometric experiment 
only. 

The author wishes to express his sincere 
thanks to Dr. K. Nagamatsu for his sugges- 
tion on the necessity of the absolute decision 
of the transition point, and to Dr. A. Nishi- 
oka for his kind discussions and advices. 


Appendix. Determination of the Transi- 
tion Point by Electronic Computor 


When some experimentally measured points 
are thought to have enough reasons being 
distributed on two lines as shown in Fig. 9, 
its breaking point can be decided by least- 


y 


Fig. 9. Schematic diagram interpreting the 


principle for the decision of transition. 
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mean-square method. } 

Firstly we place the imaginary breaking 
point between 2 and 3 and decide two lines 
separately with least-mean-square method by 
using the points from 1 to 2 and from 3 to 
11, and calculate the deviation “162 of these 
points from these lines. 

Then shifting the breaking point to the 
position between 3 and 4, the deviation is 
again caiculated in the same way. By re- 
peating this process, the deviation should 
show its minimum value when the breaking 
point is placed at its appropriate position ac- 
cording to the principle of least-mean-square 
method. 

As the number of points increases, this 
calculation turns to be so enormous one that 
the computation by usual method becomes 
practically impossible. 

The electronic computor M—1 in our La- 
boratory can be used for this problem. As 
the testing data we adopted the result of our 
experiment on original pellet of Marlex in 
the temperature range from —35°C to +25C, 
using mercury as the filling for the sake of 
precision. 41 points were measured, and these 
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Fig. 10. Decision of the transition by least-mean- 
square method. The deviation should show its 


minimum at the transition point, 


1048 Ryuichi NAKANE (Vol. 15, | 


values were converted to a form adapting to 
the technical requirements of this computor. 

The result of our calculation is shown in 
Fig. 10. The deviation showed its minimum 
at —28°C, a reasonable result, but the adrupt 
change at —20°C is quite uninterpretable. 

As described above, this Tvs. Vs» curve 
could not be said of a linear form, and if a 
point near the real breaking point was a 
little shifted downward by some experimental 
error, this point has much possibility to be 
judged apparently as the breaking point. In 
addition to this, our measured points were 
distributed unbalancingly below and above the 
crystallinity transition point, and this might 
have also caused some error. 

After all, as this point at —30°C or —28°C 
should not be the true second order transition 
point as described above, our present method 
rather should be applied to the true second 
order transition at —55°C, by converting the 
experimental data as possible as linear form 
in reasonable way. There may exist many 
other phenomena in various fields of science 


on which our calculating method is applicable. | 
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In the calculation of the binding energies of o bonds, it is necessary 
to take full account of the overlap integrals between bonded orbitals, but 
it is sufficient to take up to the second order terms for the overlap 
integrals between non-bonded orbital into account, because the magnitude 
of the latter overlap integrals is much smaller than that of the former 
integrals. The binding energy of a a bond in the above approximation 


is discussed. 


$1. Introduction 


It is hardly necessary to mention here how 
fruitful the concept of the bond proved to be, 
particularly in organic chemistry where the 
additive rules of the bond energies and the 
bond moments have served so well. Since, 
however, there are many objections against 
the additive character of the bond properties, 


it may be desirable to study the molecule 
consisting of only o bonds (We shall call it 
the saturated molecule.) by the use of quantum 
mechanics. The attempt for doing this has 
hitherto been undertaken by using the ap- 
proximate method of electron pair bonds, 
which assumes the following simplifications.“ 
(1) Each atom is promoted to an appropriate 


1960) 


| 


| 


valence state. 

(2) Valence orbitals are linked together in 
pairs to form chemical bonds, so that only 
one pairing scheme needs to be considered. 
(3) The non-orthogonality between the valence 
orbitals is neglected. 

(4) In spite of the above assumption, the 
overlaps between the valence orbitals in the 
exchange terms in the energy expression are 
taken into account. 

(5) All ionic terms are neglected. 

The first assumption was investigated for 
methane by several authors,@ and they 
obtained the result that the effect due to 
including all the valence states in the s*p? and 
sp® electron configurations of the carbon atom 
may not give rise any. appreciable contribu- 
tion to the value of the binding energy of 
methane evaluated under the assumption of 
the tetravalent carbon atom. Thus, we shall 
not discuss further this problem. The second 
assumption is kept in our discussion and this 
may be plausible at least for the ground states 
of the saturated molecules. The third and 
fourth assumptions are very serious because 
of the two reasons the one that the assump- 
tions themselves are not consistent and the 
other that the overlap integrals between paired 
orbitals are not generally so small to be 
neglected. The main object of this article is 
to discuss the problem due to the non- 
orthogonality of the orbitals. The last as- 
sumption is not valid in the discussion of the 
bond moment and appropriate ionic terms 
should be included, but will not be discussed 
in the present article. 


§2. Wave Functions 

Usually, a description of a bond is given 
in terms of both of the directional valence 
orbitals, wherein valence orbitals project out 
along the directions from the individual atoms 
to the attached atoms, and of electron pairing, 
wherein the spins of two electrons in paired 
orbitals should be anti-parallel. Thus the 
wave function of a bond A— 8B connecting 
two atoms A and B is expressed as 

Gis(1, 2)= bi(1)0(2)4(@MB2)—BA)at2)) , (2-1) 
where ¢; and ¢; are the atomic valence orbitals 
of the atoms A and B, respectively, and they 
are given by promoting each atom to an ap- 
propriate valence state to describe the direc- 
tional character above mentioned. In Eq. 
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(2.1), $(a(1)8(2)—B(1)a(2)) is the spin part of 
the wave function, and 1 and 2 denote the 
coordinates of the Ist and 2nd electrons, 
respectively. This approximate description 
corresponds to the so-called Heitler-London 
method, but there is another extreme method 
to describe the chemical bond, namely the 
molecular orbital method.“ In the molecular 
orbital method we use a molecular orbital sp 
which is localized in the region of the bond 
A—B, as the directional orbital instead ot 
the atomic orbitals ¢; and $4; in Eq. (2.1).* 
The molecular orbital c is usually expressed 
as a linear combination of the atomic orbitals 
g@: and ¢;._ There is, of course, another point 
of view intermediate between the above two 
methods, in which we define a pair of semi- 
localized bond orbitals x; and x; by 


a 
Cj = ee One 
ViLEaSsaeh er AG) 


1 

x5 VitiaSa tes Mee ’ 

where Si; is the overlap integral between ¢; 
and ¢;, and A and yw are parameters to be 
determined by the condition of minimizing the 
total energy of the molecule. %; and %; are 
used as the directional valence orbitals. This 
method includes both of the previous two 
methods as the extreme cases, and may be 
more preferable because of its adequate cogni- 
zance of the correlational repulsion between 
pairing electrons and its inclusion of ionic 
terms in the individual chemical bonds. Then, 
we use an orbital pair to describe a chemical 
bond and a set of orbitals pairs to represent 
the constituent chemical bonds of a saturated 
molecule, whichever we choose in the previous 
three methods. In addition, each atom in the 
molecule generally has several orbitals which 
are filled up by two electrons with opposite 
spins. Hereafter we shall call these simply 
core orbitals. It is, however, not necessary 
to distinguish the difference between the 
valence and core orbitals in general formulae, 
because of the same spin dependence in both 
cases. Thus, the wave function of the total 
system can be obtained by the assumption 
thet each of the orbital pairs, (¢:, 63) (bx, 2), 
(dp, $a), ***, is occupied by the two electrons 


(2.2) 


otk The relation between the methods of localized 
and non-localized molecular orbitals was discussed 
by Coulson.” 
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which are coupled to form a singlet. These 
paired orbitals are either the appropriate 
valence orbitals being in charge of a chemical 
bond or the same orbitals representing an 
atomic core. Although we shall adopt the 
description of a bond in the Heitler-London 
method, the expression for the total energy 
is applicable in the other two methods, mutatis 
mutandis. 

By the above consideration, the primitive 
wave function ¥° of the molecule composed 
of v orbital pairs is expressible as a product 
of wave functions for the orbital pairs: 


¥° = DO= his1, 2)heilB, 4)- + Poel2r—I, 27) , 
(2.3) 


where @ and @ are the orbital and spin parts 
of the wave function, respectively, and ¢i; is 
the wave function (2.1) and so on. From the 
primitive function ¥°, we can construct the 
total wave function of the molecule ¥: 


U = SePPw, (2.4) 
122 


where P denotes a permutation of the whole 
electrons, ¢? is +1 or —1 according as P is 
even or odd, and the summation is taken over 
all permutations. 


$3. Discussion on Non-orthogonality 
If & is the Hamiltonian of the entire 
system, the total energy of the molecule is 
calculated by the equation 
ae Dep U(P)H(P) 
Dp UP)AP) ’ 


(3.1) 


where U(P)=e? [oreas and this integration 


is taken over the spin coordinates of all the 
electrons. Throughout the article, we assume 
the wave functions to be real, and then we 
have 


H(P)= \Pozewav 
(3.2) 
A(P) = \Powav 


where the integrations are taken over the co- 
ordinates of all electrons. 

Before the detailed of discussion of Eq. (S195 
we shall consider the problem of the non- 
orthogonality. In any of the the three methods 
in the preceding section, overlap integrals 
may be classified into two classes with respect 
to their magnitude, namely the overlap between 
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paired orbitals and the one between unpaired it 
orbitals. Usually, the magnitude of overlap | 
integrals between paired orbitals is so large | 
that they should be thoroughly taken into | 
account in the calculation of any physical | 
quantity of the molecule. On the other hand, 
the magnitude of overlap integrals between 
unpaired orbitals is very smaller than unity, | 
and it may be plausible to neglect the quan- © 
tities of the order of higher than third power 
of the overlap integrals between unpaired — 
orbitals. 

The state of affairs corresponds to take only 
the following two types of permutations in 
Eq. (3.2) into consideration. The first consists 
of the permutations which are written in the 
form of products of interchanges between 
electrons in paired orbitals (P, will be used 
to designate a permutation of this type.) and 
the second consists of the permutations which 
can be written in the form of products of 
an interchange between electrons in unpaired 
orbitals and P,’s (A permutation of the second 
type will be denoted by P,). According to the 
assignment of the numbers to the electrons in 
Eq. (2.3), they can be expressed as 


Po= (1; 2G; 425,16) ++) Zr 1,27), 


P,=(2m—1, 2n)P, , (3.3) 


MN , 
where any of 4,, 42, As, ---, ar takes the values 
of either 0 or 1 independently each other, and 
m and n are positive integers. 

Under the approximation above mentioned, 
the value of the total energy of the molecule 
(3.1) becomes 

H+ 
E=—— 
Ay+A, ” ry 


where 


A= > UP) HP), A= > UP Aare 
and u = | 


f= 3 UP) HP), 42= 2 UP )APs) . 


H, and 4, are the quantities of the second 
order in the overlap between unpaired orbitals. 
We will use different notations for the above 
two kinds of overlap integrals, namely Si; 
for the overlap integral between paired orbitals 
gi and ¢;, and Ti for the one between unpaired 


orbitals ¢; and ¢,. Then we have 
A= It (Lich Sy), (3.6) 


and 
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4p/dy= — ij 
lds=—4 3) Ai, A), (8.7) 


where 
o 1 
Soe Gai ilest 

+ Tp +2Si( Tie Tye t+ Ter Tp) + 2S ul Tin Tir 

+ Ty T51) + 2S 5Skl Tie Ty + Tit T3x)} . (3.8) 
Avij, kl) comes from the non-orthogonality 
between two orbital pairs (¢:, ;) and (dx, ¢). 
The product in Eq. (3.6) extends over all orbital 
pairs, and the summation in Eq. (3.7) over all 
pairs of orbital pairs. It should be here noted 
that so far as the non-orthogonality resulting 
from the overlaps between valence and core 
orbitals is concerned, the difficulty can be 
overcome in the following way. We can take 
anew atomic valence orbitals biA in place of 
the atomic valence orbital ¢;4 of an atom A: 

1 

VY {= ss T?, (piA py Tivoy®) ’ 
where ¢,2 is a core orbital of the atom B 
which is bonded to the atom A by ¢:4 and 
Tiy is the overlap integral between ¢:;4 and 
oby®. bi4 may be assumed to be orthogonal to 
core orbitals of other atoms, since it may be 
plausible to neglect overlap integrals between 
¢:4 and core orbitals of other atoms than the 
atom B and those between core orbitals in 
different atoms. Though we shall not use di 
but use ¢: for the valence orbital, but we 
will assume all the valence orbitals to be 
orthogonal to all the core orbitals. This defect 
can be easily removed by using di in place 
of ¢:. In Eq. (3.6) it is, therefore, sufficient 
to consider overlaps between unpaired valence 
orbitals. Let us here assume that the saturated 
molecule under consideration is composed of 
N equivalent atoms, individual atoms have 
n neighbours linked by m chemical bonds, the 


Tie cted g745 Tie 


(3.9) 


piA= 
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neighbouring chemical bonds, and A(ij, kl)’s 
have a common value 6. From EGen (Saipan 
follows that 4;/4,=—4n(n—1)No, if we neglect 
the edge effect. Usually, 6 can be assumed 
to be very smaller than unity, but 4,/4, is 
not small. Thus, we cannot generally expand 
(1+4;/4))-* as a power series of 4,/4) except 
for small molecule in which N is small. We 
assume, however, the cancellation of the terms 
resulting from higher order permutations and 
postulate the possibility of the above expan- 
sion. Thus, the approximate value of the 
total energy of the molecule is calculated by 
the expansion: 


Hy 4 fh _ MA, 
A,\ de AG 
where the first term H,/4, is of the zeroth 
order in T and may give the main term in 
the total energy of the molecule, and the 
second and third terms are of the order of 
T*® and may be assumed as the correction for 
the first term. 


E=— (3.10) 


$4. Details of the Energy Expression 


The Hamiltonian of the entire system is 
taken as 


= DKw)+ 3 +S 2x eae iy 
(HY) Tuy (XY) Rxry 
where 
Kips ; Ape. Se 
x 1 Xu 


h(w) is the core operator which depends only 
on the coordinates of the wth electron and 
the second and third terms in Eq. (4.1) give 
the repulsive Coulomb potentials between 
electrons and between nuclei, respectively. 
Then, we easily obtain the following expres- 
sions for the individual terms in the approxi- 
mate formula (3.10) for the energy of the 


pairs of orbitals pairs (di, gj) and (¢x, ¢:) molecule. For the first term in Eq. (3.10), 
with non-vaishing 4(ij, kl) corresponds to the we obtain 
ZxlLy 
=SHG)+ > AG M+ ER, _—_ (4.2) 
a (4) )Rxy ’ 
where 
H@= Tet me Tn +} Ly + 2Sisls + Cyt Kis, | 
6G bC2 PONE Os, HIS DEGEDUG) a2) 
Ly ath pds Lacttes oe p i i1 ij Dr ig + Di, 15 
A(ij, Rl) (+S) +Sh) bo OjK rr Oj j j j | 


+ 2S Di, x1 + D3, x2) +45; 5SeiNi5 nit 


with 
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Teton 6,)=dynayatdde, 
Cuda 6,65) || bios), ou) 12 dodo, 
b(2)6,1)5-G(L)6(2)dosdv. (4.4) | 


Dxij=(bxbe; G16) = 


Kij=(bibs, Gib) = \\ 
| (1) i2)--du(1)9,2)devde, 


Nin Zut bub | oud)on2)--d(D)oui2dordes 


Sand >) denote the summation over all the orbital pairs and of all pairs of orbital pairs, 
(iJ) { (83) (k1)} 


respectively. The second term in Eq. (3.10) is written as the following: 


Hd (Bi, k+AGi, RIE" Hod+ SN" Alba sO BE 48) 
Ao 2 {G5 (ed "a ae 
with 
1 
(1+Si)0+S i) 
+2Sn(Li,ni+ Lj.) +2815 Sex Nix, 32+ Nit, ix) 
4 (Tet Tt 2ST Tait (Tint Tir t2SirTin Tia; 
+ (Lint Tir t2SisTaTnaet (Ti+ T+ 28is Tie Pas 
+26 Tie Diet Tir T r+ Sel Tix Ti+ Ti Tjx)} Bis 
+2 Tix Tart Te Tyr t Si Tie Tit t+ Tit T5x)} Be 
+2( Tin t+ Ses Tj + Suet Tit + Sep Ser Tj) Bix 
+2(T jet Sis Ti+ Si T jx + Si 5 Ser Tir) B jx 
+2(Tirt Sig Tyr t+ Sei Tix t+ SipSii Tx) Bar 
+2( Tyr t+ Sig Tit t+ Ser Tie + Sis Ser Tix) B jr 
AG TirCie+ TinCie+ TyeCaT ieCrt2TaTrDeiigt2T eT xDi,0; 
+27 xT 5D xt +2 Tix T 51D3 xr +2 Die T jit Tir T jx) Nij, x1 
+2( Tir t+ Sei Tir)(Dj tx +L 5,14) +2( Tint Sig Tie) (Dy, ie + Li ix) 
+2 Tye+ Sea T 51) Di, je + Li, je) +2( T+ Sig Tix) Di, je + Lr, 5x) 
+ 2( Tir t+ Sei Tix )(D5 ca + L511) +2( Tir + Sig T5)(De, tc + Le, it) 


+ 2D} Sa TX De tLe) +2 Tsr+ Sy Ta Da r+ Le.) | : (4.6) 


AG ADS | Kat Kurt Kit Kir4 28u(Loy +L) 


and 


aw=ln+ >)" 
2 
(pq) i => 5 


Bu=hi + i 
z ? 24 ne 


(Cipt+ Cig a eae aa) 


@>. ig +Da, tj +2S nalV nq, aj) « 
where 
Lss=(Gs05 $,s)=\ \ dull) Bi2)- Nol 2idoado, 
and >{’’ denotes the summation over all the orbital pairs other than the two pairs (ij) and 


(pa) 


(ki). We shall use the notation (77) to refer to the orbital pair (¢:, ¢;) and the correspond- 
ing bond. We assume the exchange integrals between unpaired orbitals as second order 
terms. By making use of Eqs. (3.7) and (4.2), the third term in Eq. (3.10) is expressed as 


ae 
a 
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>, Aids, kel )ie> tt 4 ZxL 
Zins MO" Ha) +, 2, Alba st 22) an 


a as Barua aipe a pee brackets in Eq. (4.7) give no contribution to the total energy 
ion wi € same terms in Eq. (4.5). Thus, the net ibuti 
total energy from the quantities of order T? is Bi: Stel we Hai 


H, 4,Hy 1 % AO , 
A BD atten A HG) + HRD+ AG, kl) 


+" (A@, pg)+ A(kl, pg))}—BGj, kl). (4.8) 
It should be noted that Eq. (4.8) does not contain the quantity proportional to N 2, if we 
assume the exponential decrease of the overlap integrals and the neutralization of the poten- 
tials due to the remoting atoms. 


§ 5. 

We shall rearrange the terms in the formulae given in the preceding section to compare 
with the description in the electron pair bond theory. The term H,/4) of Eq. (4.2) involves 
the atomic energy terms, Coulomb terms and the exchange terms between the bonding 
electrons. If we consider that the expression 


Comparison with the Electron Pair Bond Theory 


LxLy 


Pie 


1 
Iyj+— ai 
to ae Cust > (5.1) 


(XY) 


corresponds to the atomic energy terms and the Coulomb terms, we should interpret 


J) =H Ku +284 Py 


14+-S7; 


1 
= Tey Dest Dis +25uNis.xd} 


— Sit Lijyt+ Cis Fa Cot Cec Crk Co 


Sey, Sis Suc 
2 te 14+ S7)04+ Sin 


as the exchange term between the bonding 
electrons which occupy the orbital pair (¢:, ¢)). 
Eq. (5.1) is equivalent to the usual definition 
in the electron pair bond theory, but we have 
to add the intra-atomic exchange integrals to 
Eq. (5.1) to obtain the sum of the atomic 
energies. Under such consideration Eq. (5.1) 
is expanded as 


DY Eat Pak) ; (9.3) 


where E,* is the energy of a valence state 
of a constituent atom A and the summation 
extends over all atoms in the molecule. In 
the Heitler-London approximation we can 
easily obtain the following expression for £4”: 


PSEO+D, leat 3 (Coa —BKua') , 4) 


where 


y Sear Cae Citar Carat Cite Na (5.2) 


I,=(al—34+ V4l0) 
= #a(1)l—340)+ VAI $a(L)dvr , 


and E,° is the part of the atomic energy which 
depends only on the core electrons and V4“ is 
the core potential for the valence electron 
which consists of the Hartree-Fock field due 
to the core electrons and the Coulomb poten- 
tial due to the nucleus in the atom A. Q(AB) 
corresponds to the Coulomb interaction energy 
between the two neutral atoms A and B: 


QAB)=> VeatS Vint & Cast Vap , (9.9) 


where 
V2,=(al V2lbs)= [esc V%aypu(t)do, 


and V2 is the core potential of the atom B 
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just as V4 is that of the atom A. The summa- 
tions S| and & extend over the valence orbitals 
a b 


of the atoms A and B, respectively. Vaz, repre- 

sented the repulsive potential between the two 

atomic cores. >» in Eq. (5.3) shows the sum- 
(AB) 


mation over all the pairs of the constituent 
atoms. Now, we shall consider the corre- 
spondence of Eq. (5.2) with the usual defini- 
tion. For doing this, the Mulliken approxima- 
tion is assumed for the many center energy 
integrals according to the next two steps: 
1. Ni5,x1=SevDx,153+ Dz, 13) 
~4FSijSe(Cire t+ Cirt+Cia+Cyz), 
2. V+ Douss (5.6) 


aH(VE +E: Col) +(VEi+S Cos)} 


where Vj=(¢i|Vl¢;) and V®% stands for the 
core potential of the atom C, and ¢; and 4; 
are the valence orbitals belonging to the other 
atoms than the atom C. c denotes a valence 
orbitals of the atom C and x represents the 


summation over all the valence orbitals of the 
atom C. Under the above assumption we get 
the expression of 


Mid== [Kis t+ 2S? + 2 Ds, wt 2 Dp ,as} 
— Sil? +157" Cat Se (Cat + Cas) 
+31! (Cor +Cos)}] , (5.7) 
oFJ 
where 


4B —(4,|—-44+ V4 VAlG,) 
2 | oay—24c)+ VA(1) + V2) di(Ddr, - 


Further, if we assume that the valence orbital 
gi of the atom A is the eigenfunction of the 
Sey: 


—4$44+ aes (Ca—4Ka)}bi=e146: , (5.8) 
beers (Ca—4Ka) indicates the Hartree-Fock 


type field due to the valence electrons other 
than the electron under consideration, and 
the summation is taken over all the valence 
orbitals of the atom A other than the orbital 
gi. e:4 is the quantity corresponding to the 
ionization potential of the valence orbital bi 
in the atom A. The analogous assumption 
has been made both in the z electron theory 
and in the electron pair bond theory. Add- 
ing the appropriate exchange type integrals 
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to Eq. (5.7), we obtain the expression 


i= [Kit Sif Vis+ Vis 


43) Daag +D! Dots} St Vie 
aFi o¥) i 
+ VIi+Cyu+AD! Curt d! Cas}, 6.9) 
oF) axi 


under the above assumption. This expression | 
for the exchange term between the bonding © 
electrons is somewhat different from the usual | 
definition in the electron pair bond theory. 
The second order term H,/4,—H)4,/40 expres- 
ses the contribution from the exchange terms 
between the non-bonding electrons. We can- 
not easily divide it into the individual exchange 
terms as usually done in the electron pair 
bond theory and must consider the exchange 
term between the two bonds (7) and (R/). 
According to Eq. (4.8) we take the following 
definition of the bond-bond exchange term: 
Jj, kl)=BGj, kl)—AGj, RIXAG)+ AR) 
AG, RI) + 3" (A(ij, pqg)+ A(RI, pq))} 

(5.10) 
If the two bonds (27) and (Rl) are adjacent 
and ¢; and ¢x are the valence orbitals of the 
same atom, we must add the appropiate ex- 
change integrals to cancel out the terms con- 
sidered in the derivation of Eqs. (5.3) and 
(5.9), since the corresponding terms are in- 
cluded in /(zj, kl). These terms are 


— Kix 
or 
Sis Si 
(1 1183 rs) ee ON 
2Si5 t 2Sx1 _29Kt_ 
PiaShres see Sos 


according as we adopt (5.7) or (5.9) for the 
definition of J(z7), respectively. We assume 
that J(zj, kl) involves implicitely the correc- 
tion term (5.11) in its definition. Now, the 
total energy of the system expressed to the 
second order in the overlap integral T is 


E=>, Es*+ 3: Q(AB)+ J) 


4 ety I: Rl) . (5.12) 


Thus, we must alter the definition of the 
exchange terms in the electron pair bond 
scheme, when we consider the non-orthogona- 
lity between the valence orbitals. The 
similar discussion was given by Nukasawa™ 
and Carr. In their treatment, only one 
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atomic orbital was assumed for each atom and 
the magnitude of all the overlap integrals 
were assumed to be about the same, as 
Nukasawa considered the z electron system 
and Carr considered the system of electrons 
_ in the solid in connection with the theory of 
magnetism. In our system, each atom has 
several valence orbitals and the overlap in- 
tegral between paired orbitals is distinguished 
from that between unpaired orbitals. Then, 
our definition for /(7/) differs from that given 
by the above authors by a factor 1/(1+})), 
as seen from Eq. (5.2), and this factor cannot 
be approximated with unity in our system. 
The definition for an exchange term in their 
papers is rather similar to that of /J(ij, kl), 
since a pair of orbitals for a chemical bond in 
our system corresponds to an atomic orbital in 
their system. These exchange terms originally 
contains the potential of the whole molecule, 
as Carr also pointed out. However, if we 
assume the approximate relation (5.6) for the 
- molecular energy integrals, /(zj) can be reduced 
to the from (5.7) and which depends only on 
the two atoms A and B. Under the equivalent 
assumption, it is easily found that j(z, kl) 
approximately depends only on the three of 
four atoms to which the orbitals $i, ¢;, dx 
and ¢, belong. The similar fact was also 
reported by Nukasawa. 


§ 6. 


Inglis firstly pointed out the difficulty due 
to the presence of the non-orthogonality 
inherent in the Heitler-London method. A- 
gainst him, Vleck“ and Nukasawa“? discus- 
sed the contribution of the higher order 
permutations and obtained the conclusion that 
the expression of the total energy up to the 
second order of the overlaps in the Heitler- 
London method, which is equivalent to the 
electron pair bond theory, is rather a good 
approximation, although their discussions 
were based on the different appoximate treat- 
ments. This result is, however, correct only 
in the case that the magnitude of the overlap 
integrals is small. In the saturated molecules 
which consist of only « bonds, the magnitude 
of the overlap integral between paired orbitals 
S may be nearly equal to unity, but that 
between unpaired orbitals T is generally 
small. Thus, we must take S throughly into 
account, while we may stop with second order 
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of T. Eq. (3.10) is derived under the above 
consideration and may give a good approxima- 
tion for the total energy of the molecule. In 
the preceding section, we showed that Eq. 
(3.10) gives the expression (5.12) in the electron 
pair bond scheme, if the exchange terms are 
interpreted appropriately. Therefore, it may 
be also a good approximation to use Eq. (5.12) 
for the calculation of the binding energy of 
the saturated molecule. Using Eq. (5.12) the 
binding energy D(AB) of a bond A—B, which 
is bonded by the orbital pair (¢:, ¢;), may be 
defined as 
1 

Na+no 


DAB es AB) +S Q(AC) 


1 BOAT IO of 10.9 
Tp OBD) + Hii) 3 Hai, BD 


ie 


{EP Ea)t 5 Eo Ea} (6.1) 
Nas Np 

where v4 is the total number of the valence 

orbitals of the atom A. We have assumed 

for each atom to have the equivalent valence 

orbitals. The summations Dy and x extends 


over the atoms which do not link with the 
atom A and B, respectively. 4 and EF; are 
the energies of the ground states of the atoms 
A and B, respectively, and Ey*—E, and 
E;*—E, are the promotional energies from 
the ground states to the valence states of the 
atoms A and B, respectively. In Eq. (6.1) the 
term > 1/(H#4+70)Q(AC)+ py 1/(m2+nN7)Q(BD) 


may be small enough to be neglected, if the 
definition (5.5) of @ term is recalled. The 
value of j(ij, kl) may be at least roughly 
proportional to the value of 4(z, kl), and then 
we may safely neglect the exchange term 
between the bonds separated far from each 
other. In the first approximation it may be 
sufficient to assume that the summation Pay 


in Eq. (6.1) is taken over the nearest neighbour 
bonds alone. If the exchange term between 
adjacent bonds is also small enough, the ad- 
ditive character of the binding energy in the 
saturated hydrocarbons is unlikely to be entire- 
ly accidental. 

We next discussed the Mulliken approxima- 
tion (5.6) which is used for the estimation of 
the many center energy integrals. If the 
orbital ¢; of the atom A is expanded in terms 
of the atomic orbitals of the atom B, we get 


pi=Sishst+ >) Tivdo , (6.2) 
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where ¢, denotes an atomic orbitals of the 
atom B other than ¢;: The formulae (5.6) 
hold, if we retain only the first term in this 
expansion.®? If we substitute Eq. (6.2) into 
the expression of energy integral, we get 


I Nha Sig Dar = TipNoj,x1 » | 
| (6.3) 


where Ti, is the overlap integral between ¢: 
and ¢,, and its value is usually smaller than 
Siz. Further the magnitudes of the energy 
integrals involved in the second term of the 
right hand side of Eq. (6.3) may be also small 
because of the orthogonality between ¢; and 
¢@». Hence the approximate formulae (5.6) 
seems to be valid. 

A calculation for the cohesive energy of 
diamond lattice has been carried out as an 
application of the present treatment and its 
detail will be published in the second article 
of this series. We shall discuss the contribu- 
tion of the ionic terms to the binding energy 
of o bond in the third article of this series. 


Dee eV ist oy De45 = Si Vist 2: Co3) 
+ >)’ Tis Viot owe) 5 
vA) c 
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There is no definite answer for the question 
whether a further approximation is necessary 
or not. The discussion on this problem will 


be given in the fourth article in the light of 


the molecular orbital method. 


The author wishes to express his sincere 


thanks to Professor K. Niira for his incessant 
encouragement and also for his kind reading 
of the manuscript, and to professor E. Ishiguro 
for his valuable suggestions. This work is 


| 
| 


indebted to the Ministry of Education for its © 


research grant. 


References 


1) C. A. Coulson: 
1951) 155. 

2) H. H. Voge: J. Chem. Phys. 4 (1936) 581. 
M. Kotani: Research on the Molecular Structures 
(Iwanami-shoten, 1953) 1. (in Japanese). 

3) E. Aihara and K. Niira: J Phys. Soc. Japan 11 
(1956) 1261. 

4) K. Nukasawa: J. Chem. Phys. 20 (1952) 1983. 

5) We J. Carr Jr Phys. Reve 921955) 25 

6) D. R. Inglis: Phys. Rev. 46 (1934) 135. 

7) J. H. Van Vleck: Phys. Rev. 49 (1936) 232. 

8) K. Rtidenberg: J. Chem. Phys. 19 (1951) 1433. 


Valence (Oxford Univ. Press., 


JOURNAL OF THE PHYSICAL SocIETY oF JAPAN, Vol. 15, No. 6, JUNE, 1959 


Intramolecular NMR Second Moment of the Polymer Chain 


By Akira MIyAKE 


Department of Physics, Faculty of Liberal Arts and Science 
Shizuoka University, Shizuoka 


(Received November 28, 1959) 


The intramolecular NMR second moments of various amorphous vinyl- 
type polymers have been calculated in terms of the local regularity 
parameter z, the fraction of gauche-configuration bonds. These values of 
second moments at z=0 are to be compared with those calculated for 
crystalline polymers. The influence of foreign magnetic nuclei is 
negligibly small except for that of F' nuclei to H-resonance and vice versa. 
The difference between isotactic and syndiotactic vinyl polymers has been 
shown. The error caused by omitting the contributions of farther distant 
nuclei than those where two C-C bonds and two C-H bonds intervene is 
estimated as less than a few percent of the total second moment for the 


amorphous polyethylene. 


Introduction 


Pi. 


The NMR second moments in the 
state of various polymers are obtained 
the observed NMR absorption lines. For 
crystalline polymers, many successful com- 
parisions between calculated values and ob- 
“served ones of the second moment have given 
useful knowledges of the molecular structure 
and of the crystal structure.’~*? The powder 
average of theoretical NMR second moment 
has been given by Van Vleck” as 


3 eee) pies arg 6) 


Ld +1) ee 

ee N ‘e: ly A) ra, thd 
where N is the number of resonating nuclei, 
I their spin quantum number, yu their mag- 
netic moment, 7jx the distance between the jth 
and the kth resonating nucleus, < > denotes 
the average value at the temperature 7, the 
subscript f is concerned with the foreign 
magnetic nucleus. 

In the solid polymer, we may usually con- 
sider only the secular contribution of nuclear 
magnetic interactions, because the spin-lattice 
relaxation time is relatively long. However 
if the non-secular contribution is especially 
to be taken.into account, that is when the 
spin-lattice relaxation time is comparable with 
the spin-spin relaxation time, then instead of 
Eq. (1) we must use the equation given by 


the author and Chajéo,” 


rigid 
from 


4H,’ = 


AH, = PEELS Po dreg 
SK 


LU; by \? 
fee eS) Gis 

It is worthy of notice, that we must take 
account of the effect of cutting off the long 
tails of absorption line on the observed second 
moment, when we speak of the motional 
narrowing of empirical second moment, which 
is not such a complete one as the theory 
predicts, and which varies usually in approxi- 
mate parallel with the motional narrowing 
of line width... On the other hand, the 
theoretical one, Eq. (1), is independent of the 
motional narrowing, as verified by Anderson’? 
and by Kubo and Tomita,’ but is slightly 
dependent on the temperature through <7;,>, 
which is concerned with the main subject of 
the present study. 

Now for amorphous polymers, several values 
of the second moment observed in the rigid 
state have been reported,'” but no theoretical 
ones accurately calculated are known, except 
for a supposition that these values in the 
amorphous region are scarcely different from 
those in the crystalline region because of the 
fact, that the observed value for the crystal- 
line polymer of less than 100% degree of 
crystallization is in good accordance with the 
theoretical one for 100% degree of crystalliza- 
tion. 

In order to clarify the difference between 
these values, we must calculate the NMR 


a, / 
SRF ms 
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second moment for the amorphous polymer, 
with the similar accuracy to that retained 
for the crystalline polymer. Unfortunately, 
the intermolecular contribution to the second 
moment is so difficult to calculate with a good 
accuracy for the amorphous polymer, that 
here we are content to examine only the intra- 
molecular contribution, based on the statistics 
of trans-gauche transformation.**? 


§2. Polyethylene-Type Chain 
The author and Adachi!» have shown, that 
the local regularity concerning the trans- 
gauche transformation of a linear chain is 
well described by a parameter, the fraction 
of gauche-configuration bonds z, which is 
equal to’? 
és 


2 2 mia 
4 9--exp (elkT) exPolkT)( ar) ze 42) 


where 0 is the skeletal C—C bond length, 
the bond angle is taken as tetrahedral one, 
e the energy difference between gauche- and 


Hist 


Hi 


Fig. 1. Configuration of H; and H;’ nuclei. 


Table I. Coefficients of the quadratic form 


Akira MIYAKE 


(Vol. 15, 


trans-configuration, f the stretching force im-_ 
posed on both ends of the chain, k the | 
Boltzmann constant, 7 the temperature. 

Let the C—H bond length be a, «HCH and 
<CCH be tetrahedral angles, H nuclei corre- 
sponding to G-(g=z/3) and G’-position (g= 
—z7/3) be denoted by Hi and Hi’, respectively, | 
when C nucleus is in T-position (g=z), the | 
subscript i means the ordinal number of C. 
nucleus to which H nuclei are bonded (cf. 
Fig. 1). Then the square of H—H distance © 
can be written as the quadratic form of a 
and b, the coefficients of which are given in 
Table I. 

Using Table I, and summing up the contri- | 
butions of as. far as. and..H,’ to H, and 
H,' in terms of the parameter z, we have 
intramolecular 4H,’ of polyethylene-type 
polymer as 


4AY=$ ua {Li +2 L6+L)l—z)+SLet+Li)z 
+2(L24+Ls)\1—2)+2(Le+Ls+2L)1—z)z 


+4(1,4+L;+4L,+2L;)2} , (3) | 
where 
L=Ge, L=@e, Leeroy, 


L,=(8@+3ab+$b) >, L,=($a+3ab+$b'y, 
L;=($a@+$ab+by*, L,=4a+$ab+by> . 
(4) 
Assuming for the amorphous polyethylene, 
CH,—CH,—, the following values: 


of a and b, for the square of H-H distance. 


a | os | a ab wm | we ab | 2 a 8 | @ oo B® 
| | (HH! | 
8/3 0 
(A, He)? (Ai H')2 (Ai! He)? (Ay! Ae") 
T Aa vteAlSihatel-wel. aSuclS  (gisunleeds oman enea Rieti Wes 
G ABS ABareel tele es 0 ade iat eee Cee rae Vl 
iG AIS (AS no Toul Bcd Ae Siiwile Oe ee Sele meee 
(HH)? (HH!) (Hy! Hs)? (Hi! He’)? 
T | *r 0 gis" P88 © 0 3/3 | 8/3 0 s/3 | 0 0 8/3 
T choad Bil. ema 33 | 88 38 83 | 0 0 3/3 | 838 83 8 
. Gr") Veir | Bau eTe ae) kine ae 33 | 88 83 38 | 339 0° 8 
G T. |.88 33 "3s"! 8B" ga) Feeiiig aig 35h)" a3 so! nekeg 
G G | 88 38 988 | 88 168 98 | 88 oO 3/3 | 8/3 83 8/3 
G G | 88 168 8 | 88 “88° “ee” "sig” Ba) Seg up atl gamelan 
a rT | 88 Oo 33 10 0 33 | 83 83 93 | 88 88 8 
é G [9 0 3 | 83 88 938 | 98 8 383 | 98 168 29) 
| G@ | 88 88 98 | 88 0 33 | 33 163 983 | 88 88 82 
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Ua=2.193 X 5.050 x 10-*4 erg/gauss , 
Pamkeo Ae as B= G2 L 629 
we obtain 
4H,’ =18.82—2.082z+0.722? gauss? 
(—CH,—CH,—, H-res.) . (6) 
Similarly for the amorphous polytetrafluoro- 
ethylene, —CF.—CF,—, using, instead of 
Eq. (5), the following values: 
Mr =2.627 x 5.050 x 10-*4 erg/gauss , 5) 
G=1 33h; G54 Aye Oe 
we obtain 


4H,’ =7.86—1.46z+0.632? gauss? 
(—CF,—CF,—, F-res.) . (#25) 


Eqs. (6) and (7) are shown graphically in 
Fig. 2, where 4H,’ decreases monotonously 
with the increase of z. 
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Fig. 2. 4H22 vs. z for polyethylene (H-resonance) 
and for polytetrafluoroethylene (F-resonance). 


If we put z—0, then as for the polyethylene 
chain of all T-configurations Eq. (6) gives 
18.82 gauss’, which is to be compared with 
values for the crystalline one, 18.5 gauss’ calcu- 
lated by Andrew and Newman,” 18.7 gauss’ 
by McCall and Slichter? and 17.8 gauss® by 
Nishioka ef al.,» and as for the polytetrafluo- 
roethylene chain Eq. (7) gives 7.86 gauss” to 
be compared with 7.66 gauss’ by Smith,” 
7.6 gauss? by Wilson and Pake®, 7.5 gauss? 
by Slichter?? and 9.23 gauss? by Nishioka et 
al.» A slight discrepancy among these values 
comes from trifling differences of bond lengths 
and bond angles adopted. We must care that 
the crystalline polytetrafluoroethylene has a 
helical structure, as reported by Bunn and 
Howells,’ and so the calculated values based 
on the plane zig-zag structure are to be 
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modified. 


§3. Polyvinyl Chloride-Type Chain 


The stereospecificity of the polyvinyl chlo- 
ride-type chain appears according as Cl nucleus 
resides in G- or G’-position when skeletal C 
nuclei are all in T-position. We must dis- 
tinguish between the isotactic chain, in which 
all Cl nuclei reside in one side only of two 
positions, and the syndiotactic chain, in which 
Cl nuclei reside alternately in both positions. 

Let the C-C/ bond length be c, then the 
H-Cl distance can be written as the quadratic 
form of a,b and c, the coefficients of which 
are given in Table II, where the super- and 
the subscript denote the similar meanings to 
the previous section. 

Using Table II, we have 
i) for the isotactic polyvinyl chloride chain 


AHP =$ uw {2L, 4+ 4Le4+L)1—z)+28L,4+L)z 
+2(3L,+2L3;)\1—z)’+2(2L,+3L; 
+5L,)1—2)z+$(8L.+2L3+10L,+5L;)z*} 
tes ter®{M, +2(M.+M,)(1—z) +(83Mz 
+M,)z+2N.1—z)?+(2N,4+ N3 
+Ni)1—z)z+d(Net+NetNitNs)2z"} , 
(8) 
and ii) for the syndiotactic polyvinyl] chloride 
chain 
4H =$ ug {2L,+4Le+Ll)0—z)+28L.4+Li)z 
+2(2L,+3L,)1—z)+2(3L,+2L; 
+5L,)(1—z)z+42L.+3L,4+10L,+5L;)2*} 
+4'5erP{M, +2(M,+M,)1—z) +382 
+M,)z+2N,1—2)+(2No+Ns 
+N,)\1—z)z+3(Nit Not Ni+N5)2"} , 


(8’) 
where 

M,=(7+C+8ac) , 

=(@2+b? +c? +3ab+3bc—Bac) , 
M,=(@+0?+c+3ab+3be+2acy , 
N,=(248?+c?—2acy* , 
N,=(2 +80? +e? +8ac)? , 
N,=(@ +30? +c? +$ab+Bac) , 
N,=(@+80? +0? + $bc+ac)*, 
N,=(@ +80? +0? +8ab+$bc+4acy> . 


(4") 


Thus, using the values of 
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Table Il. Coefficients of the quadratic form of a, b and c, for the square of HCl distance 
1 ein $2 | ‘ a b? Cad be ac | CP cab be ” ae 
-— H,Cly')? 
| | I ‘I si 0 0 2/3 
(Hi Cl.) (ACl,!)? 
fh 1 1 1 2/3 2/3 Z 1 il 1 2/3 2/3 —2/3 
G Weert LO v238, 528 —2Zi3 aac 1 23 2/3 —2/3 
Gr iP kt f Qe TeB, —28 i Agia 1 oo 26 ee 
(A,Cls)2 (AiCls3')? 
T vig re soneel 0 0 eo Them Sie sueered 0 2/3 
48 a frei 8/3 eae SLO 0 2/3 iOMs0 The oe 3/3 2/8 
ii G! i Yosea trig © 8/3 2/3 io Be-enta at-@ 0 20 
G i Pe 98 A hese a aw 2/3 1 58% 4 clap Ribas <0 2/3 
G é 1 pee Sr ed, Teer sarG 2/3 1) © Sah PUBS Se Tes 
C G’ i gre | Seu eRe 28 fe eye 29 Wh Bee PO 2/3 
G fhe 1 8/3 1 0 0 2/3 1 8/3 1 0 0 —2 
G’ G i “SO sen lee 0 2, pet gee pli” 8/3 2/8 
G! Gi tL so. ee 8/3 2/3 1 Ss 1-90 0 2/3 
Hy’/Cl,)? 
ane! Kee OH - 28 
(Hy!Cle)? (Ay!Cle!)? 
SP 1 1 1 2/3 2/3 —2/3 1 il 1 2/3 2/3 2 
G | 88. 28 -2 i—y-t i 284 428.9823 
Gq! 1 1 1 2/3 2/3 —2/3 1 1 1 2/3 2/3 —2/3 
(A,'Cl3)? (A,'Cls')2 
df! 1h it 8/3 1 0 0 2/3 1 8/3 i 0 0 —2 
Tt G 1 8/3 1 0 0 —2 1 8/3 1 0 8/3 2/3 
fp G’ 1 8/3 1 0 8/3 2/3 1 8/3 1 0 0 2/3 
G Ibe 1 8/3 1 0 0 —2 1 8/3 1 0 0 2/3 
G e Ns “SB At Tw 0 2/3 ee ..  ar any Pome 8/3 2/3 
G G’ 1 8/3 1 0 8/3 2/3 1 8/3 1 0 0 —2 
G' Ak 1 8/3 1 8/3 0 Zs il 8/3 1 8/3 0 2/3 
G’ G it 8/3 1 8/3 0 2/3 1 8/3 1 8/3 8/3 2/3 
G’ G’ 1 8/3 1 8/3 8/3 2/3 1 8/3 1 8/3 0) 2/3 
er = 0.7893 x 5.050 x 10-*4 erg/gauss*) (5!) where those terms within the brackets ex- 
Cali A., press the contribution of Cl nuclei to the H-: 


together with Eq. (5), we obtain for the 
amorphous polyvinyl chloride, —CH,—CHC/—, 
4H,?=13.47—2.89z+1.342? + (0.06 
+0.01z—0.02z?) gauss? 
(iso. —CH,—CHCI—, H-res.) (9) 
and 
AH,?=12.81—0.90z—0.16z? 
+(0.08—0.05z+0.03z?) gauss? 
(syn. -CH.-CHCI-, H-res.), (9') 


This value is the root mean square of the 
magnetic moments for %5C1(75.42) and 37Cl(24.6%),. 


resonance. We can realize that those contri- 
butions are less than 1% and that the dif- 
ference of stereospecificity, which affects AH.2 
by a few percent as a whole, appears in the 
contributions of H nuclei rather than those 
of Cl nuclei. 

Similarly, using Eqs. (5’) and (5’’), for the 
amorphous _ polytrifluoromonochloroethylene 
we have 


AH,?=6.08—2.882+ 1.292? 
+(0.04+0.03z—0.0322) gauss? 
(iso, -CF,-CFCI-, F-res.) (10) 


| 


| 
) 
\y 
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and 


AH,?=5.40—0.842—0.232? 
+(0.07—0.05z+0.03z?) gauss? 
(syn. -CF,-CFCI-, F-res.). (10’) 


In Fig. 3, Eqs. (9), (9’), G0). and (10’) are 
shown graphically, and we can see the dif- 
ference between isotactic and  syndiotactic 
disappears at z=2/3, where T-, G- and G/— 
position are equally weighted. The values at 
z=0 in Eqs. (9) and (9’) are to be compared 
with 12.7 gauss? (iso.) and 12.1 gauss? (syn.) 
calculated by Nishioka et al.) and 12.7 gauss? 
by Odajima et al.’ for the crystalline poly- 
vinyl chloride. And those in Eqs. (10) and 
(10’) are to be compared with 7.4 gauss? (iso.) 
and 6.4 gauss? (syn.) by Nishioka ef al.) for 
the crystalline polytrifluoromonochloroethy- 
lene. 


4H3 (gauss?) 


iso. 


SaCho— CrCl 


0.2 O4 0.6 08 Zz 
Fig. 3. 4H? vs. z for polyvinyl chloride (H- 
resonance) and for  polytrifluoromonochloro- 


ethylene (F-resonance). 


§4. Fluorine Derivatives of Polyethylene 
Chain 


For the amorphous polyvinyl fluoride, 
—CH,-CHF-, using the values of 
n= 2.793 x 5.050 x 10-*4 erg/gauss, 
* pp =2.627 x 5.050 x 10-** erg/gauss, (5!") 


a=1.09A, b=1.544, c=1.33A, 
we obtain as AH.? of H-resonance, similarly 
to Eqs. (9) and (9’), 
AH,?=13.47 —2.89z+1.342? 
+(1.2440.32z—0.262?) gauss? 
(iso. -CH,-CHF-, H-res.) (11) 


and 
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AH,?=12.81—0.90z—0.162? 
+(1.51—0.50z+0.362?) gauss? 
(syn. -CH,-CHF-, H-res.), (11’) 


where the contributions of F nuclei within 

the brackets are appreciable, in contrast to 

Eqs. (9) and (9’), because the magnetic mo- 

ment of F nucleus, is comparable to one of H 

nucleus, while that of CZ nucleus is much 

smaller. 

As for 4H,’ of F-resonance, by means of 

Eq. (5’’’) and the following equations: 

1) for the zsotactic polyvinyl fluoride 

4H? =r? {M,+2(M.4+M,)1—z)+(3M2+M,)z 
+2N(1—z)?+(2N,+.N3+ Ni) —z)z 
+4(N,+.N3+Ni+N5)z?} 
+$r{2L(1—2) +205! +L) —2)z 
ee ac, Cle lee ep 

and ii) for the syndiotactic polyvinyl fluoride 

AH. =40n*(M, +2(M.+M,\1—2)+(8M2+M,)z 

+2N,(1—z)’ +(2N2+N3+N,)1—2)2 

+4(N,+N3+Ni+N5)27} 

+$ ur 2, l—2) +20, FL 22 

alr 4(L,! +204! +L5')2"} , 

where 

L,’=40? +40), 


(12) 


(12') 


L,'=@60'+$bce+3c?)*, 


L=@0?+3bc+$c?)*, (4) 
we obtain 
AH.2=4.18 +1.08z—0.882" 
+(2.50—4.39z+2.6027) gauss” 
(iso. —CH,—CHF-—, F-res.) (13) 
and 
4H,?=5.10—1.68z+1.192? 
+(0.474+-1.70z—1.97z*) gauss’ 
(syn. CH,—CHF-—, F-res.) , Gish) 


where the terms within the brackets express 
the contributions of H nuclei. 

Similarly, for the amorphous polytrifluoro- 
ethylene, —CF,—CFH-—, the counter-polymer 
of polyvinyl fluoride, we have for /-resonance 


AH? =6.08—2.882+1.292? 
+(1.40+0.35z—0.29z’) gauss” 


(iso. —CF,—CFH-—, F-res.) , (14) 
AH,2=5.40—0.84z—0.232° 
+(1.71—0.57z+0.40z") gauss” 
(syn. —CF,—CFH—, F-res.), (14’) 
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and for H-resonance, 
AH,?=3.70+0.96z—0.792” 
+(2.83—4.97z+2.94z") gauss” 


(iso. —CF,—CFH—, H-res.) , (15) 
4H.2=4.52—1.50z+1.062? 
+(0.53+1.93z—2.23+ 2”) gauss” 
(syn. —CF,—CFH—, H-res.). (15’) 


Now, for the amorphous polyvinylidene 
fluoride, —CH,—CF,—, by means of Eq. (5’’’) 
and the equation: 
4H? =$ uw {L,+2(L.4+L3)1—zP+24L.+Ls 

+20, \1—z)2+4(L.+L3+4L,+2L;)z7} 
+ $ur{2(M,+M;)1—z)+(8M2+Ms)z} , 


(16) 
we have for H-resonance 
4H,?=14.93—3.41z+0.982? 
+(1.11+0.32z) gauss’ 
(—CH,—CF,—, H-res.) (17) 


and similarly for F-resonance 


AHS (gauss?) 


== higs- Cue 


0.2 


Fig. 4. 4H? vs. z for polyvinyl fluoride, H- 
resonance (full curves) and F-resonance (dotted 
curves). 


0.4 0.6 08 z 


aH (gauss?) 


0.2 


0,4 0.6 0.8 Z 


Fig. 5. 4H? vs. z for polytrifluoroethylene, H- 
resonance (full curves) and F-resonance (dotted 
curves). 
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4H,?=5.99—2.69z+0.562? 
+(1.25+0.37z) gauss? 
(—CH,—CF,—, F-res.) . (18) | 


Eqs. (11), (11), (13) and (13’) are shown | 
graphically in Fig. 4, Eqs. (14), (14’), (15) | 
and (15’) are in Fig. 5, and Eqs. (17) and (18) | 
are in Fig. 6, where the values at z=0 are | 
to be compared with those calculated by 
Slichter2 for the crystalline polymers, 
14.3 gauss? (H-res.) and 5.8 gauss’ (F-res.) for — 
polyvinyl fluoride, 5.9 gauss’(H-res.) and | 
6.8 gauss? (F-res.) for polytrifluoroethylene and 
15.7 gauss? (H-res.) and 7.1 gauss’ (F-res.) for — 
polyvinylidene fluoride. 


AHe(gaus#) 


0.2 O04 0.6 0.8 2 
Fig. 6. 4H? vs. z for polyvinylidene fluoride, 
H-resonance (full curves) and _ F-resonance 


(dotted curves). 


§5. Discussions 


Let us estimate the error caused by omitt- 
ing the contributions of farther distant mag- 
netic nuclei from the calculations given above. 

For instance, in the case of polyethylene, 
the contributions of those nuclei distant 
farther than H,; and H,' to Ay; and HA,’ are 
neglected. Suppose the distance between H, 
or H,’ and H, or AH,’ is equivalent to the 
distance of 4 skeletal bonds, as the former 
distance involves 2 C—H bonds and 3 C—C 
bonds, and soon. The mean square distance 
of 2 skeletal bonds is given by!” 


(rn? =nb’3{1+42 exp (e/kT)}=2nb?, (19) 


provided the bond angles are tetrahedral 
ones and e=0. Considering the excluded 
volume effect, we may take approximately 


(rn DK 5 


1960) 


then the error of 4H,? for amorphous poly- 
ethylene is calculated as 


SAH? =ey > 2 Wrged-8 


2 our < 
~ 100? 2 


ay iint=0. 53 gauss’ , (20) 
which is less than a few percent of total 
4H,’. In other cases we can expect the error 
of the similar percentage, which is less than 
the difference in 4H, due to the stereospeci- 
ficity shown in §§4 and 5. 

We must remark that, as referred to in §1, 
in order to compare the calculated second 
moment with the observed one, one must 
take account of the intermolecular contribu- 
tion, which is untouched in the present study, 
in addition to the intramolecular contribution 
examined in the present article, and, sorry to 
say, the intermolecular one is much less ac- 
curately known for the amorphous polymer 
than for the crystalline one. 


The author is grateful to Mr. R. Chijé 
for good assistance in the present work. 
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Zeeman Quadrupole Spectra in p-dichlorobenzene and 


p-chlorobenzoic Acid 
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Zeeman effects of nuclear quadrupole resonance of p-dichlorobenzene 
and p-chlorobenzoic acid were studied. For p-chlorobenzoic acid only one 
C-Cl bond direction was: observed. The molecular orientation against 
the crystal c-axis was obtained by the w-ray measurement. The asymme- 
try parameter was determined from the Zeeman effect to be 8%. For 
p-dichlorobenzene, the molcular orientation of the a phase to the B 
phase was ‘studied. In most crystals examined the orientation in two 
phases is defined respectivey. However, there is no relation in two 


phases. The orientation may be restricted by dislocations which exist 


previously in single crystal. 


The obtained value of the asymmetry 


parameter is 6% which is smaller than Dean’s. 


§1. Introduction 


In the case of chlorine nucleus, having 
nuclear spin 1=3/2 a single quadrupole re- 
sonance line corresponding to _ transition 
Mz= 1/2 +3/2 is observed. From the re- 
sonance frequency and the Zeeman effect of 
the resonance line, informations about the 
molecular structure are obtained. For a 
chlorine nucleus in C-Cl bond the principal 
axis of the electric field gradient tensor qzz 
considered to lie upon the bond direction. 
Three principal components of the field gra- 
dient tensor give a field asymmetry parame- 
ete 

Nuclear quadrupole resonance spectra and 
Zeeman effect of p-dichlorobenzene were 
studied by Dean’”. It has two phases which 
are sometimes observed simultaneously at 
the temperatures near the transition point 
of 32°C. The resonance frequency of high 
temperature phase (8) is lower about 23kc 
than that of low temperature phase (a). The 
structure of the @ phase is monoclinic and 
the unit cell contains two molecules. The 
8 phase was studied also by Dean and 
Lutz». The crystal structure is triclinic and 
the unit cell has only one molecule. Lutz’s 
Zeeman data showed that the C1-Cl direction 
in the 8 phase could not be related to the 
two C1-Cl directions in the @ phase. We 
also investigated the relation of the C1-Cl 
directions in two phases. Each single crys- 
tal was made to change its phase repeatedly 
to observe the Zeeman effect for every 


phase. 

Zeeman effect was also studied for a single 
crystal of p-chlorobenzoic scid. Nuclear qua- 
drupole resonance line was observed by 
Allen®. Zeeman effect was not studied. 


§2. Procedure of Experiment and Analysis 


a) Single crystals 
A glass cylinder of 30mm in diameter and 


50mm long tapered to a capillary about a 


few'cm long was sealed after the powdered 
sample was filled. The sample was melted ina 
furnace and was descended slowly to a position 
cooled with a water bath». p-dichlorobenzene 
has the melting point of 57°C. Temperature of 
the furnace was 80°C and the temperature 
gradient was 7°C/cm. ‘The speed of descend- 
ing the ampule was Icm/h. Usually colour- 
less transparent crystal of the a phase was 
easily obtained. In summer, however, the 
crystal was several times in the B phase. 
About thirty single crystals were made. 
p-chlorobenzoic acid has the melting point 
of 243°C and sublimes. A sealed ampule 
was suspended with a copper wire and the 
sample was melted in a furnace at a tem- 
perature about 350°C. The furnace has a 
temperature gradient of 10°C/cem and a des- 
cending speed of 3mm/h. Higher rates of 
descending speed could not make a single 
crystal adequately. In stead of the water 
bath above mentioned a oil bath was used 
to keep a constant temperature plane. The 
surface of oik was 120°C. The sample segre- 


1064 


1960) 


_ gated impurities at the glass wall and small 
thin crystals were deposited over the crystal 
surface. The ampule was carefully cut at 
the end of the sealed position to prevent the 
explosion account of the accumulated inner 
pressure of decomposed gas. When a crys- 
tallization was repeated three times after the 
removal of impurities at every time, the 
resonance signal on the oscilloscope was 
improved surprisingly. 

b) Apparatus 

An LC-tuned superregenerative oscillator 
was used to observe the lines». The resonan- 
ce frequencies are about 3.42Mc at room 
temperature. Magnetic field for Zeeman 
study was provided by Helmholtz coils which 
had a mean diameter of 20cm and mounted 
on a rotating plate. The axis of the coils 
was rotated about a vertical axis. Field 
strengh was 100 gauss usually and was vari- 
ed up to 500 gauss for detail survey. The 
direction of the magnetic field to the rf field 
was indicated by rotating angles with an ac- 
curacy of 18’. The crystal was rotated 
about the axis of the rf field. The accuracy 
of the rotating angles was 12’. 

In order to study the phase relation of p- 
dichlorobenzene, a crystal was warmed in a 
box with the resonating oscillator coil and 
the magnet. Zeeman study was carried out 
under this condition. The magnet was con- 
trolled from outside of the box and the an- 
gle was read through the window. When 
the Zeeman pattern on oscilloscope changed 
under the same orientation of the sample 
and the magnet, the occurance of the phase 
transition was recognized. For the purpose 
of obtaining the angles from the Zeeman 
study of a phase against that of 8 phase 
accurately, it is preferable to observe the 
pattern of both phase without taking off the 
sample from the oscillator coil. The time 
required for this process was longer than 
several hours. Because of the different crystal 
densities for two phases, the crystal was 
sometimes distorted by strains when the phase 
transition occured. In these cases the com- 
ponent lines of the Zeeman pattern became 
so broad that the detailed analysis was im- 
possible. Thus the process of changing 
temperature through several hours did not 
sufficient for our purpose. It is better to 
have several days without any undesirable 
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strains. Therefore the sample was taken 
off from the oscillator coil after analyzing 
the patterns of one phase and put into a 
thermostat about four days at the tempera- 
tures of 35°C and 10°C for change from a 
to 8 or reverse, respectively. 


c) Zeeman effect 


The energy levels of pure quadrupole in- 
teraction in a crystal for nuclear spin I=3/2; 


2\ 1/2 
Bini = CQ Gzz (1+ 0 ) 
4 3 (1) 
2\ 1/2 
where y=|dze—Qyy/Qz|, iS an asymmetry 


parameter. When a static magnetic field is 
applied, above two degenerate levels split 
into four, in which the levels corresponding 
to m:=+1/2 are mixed. Single resonance 
line thus splits into four. The splitting isa 
function of the angle between the direction 
of the magnetic field and the axis of the 
field gradient tensor. When the orientation 
of the magnetic field satisfies the following 
relation 


sin * 0=1/(8—7 cos 2¢) , (ZY) 


the inner components coalesce to a single 
line. Where @ and ¢ show polar coordinates 
of the applied magnetic field reffered to the 
principal axis system of the field gradient 
tensor®. When 7=0, the trace of this orien- 
tation produces a locus of #0=54°44’. The 
direction of the center of this locus may be 
considered to lie upon the z-axis of the field 
gradient tensor. If the asymmetry exists, 
% is determined by the following relation; 


“ 3(sin® Amin — Sin? Ona) 
(sin? Omin-+ sin’ Omaz) 


(3) 


The field gradient tensor axes of Qrx and 
Qyy are determined from the directions of 
Oia and live 


§3. Results 


1) p-dichlorobenzene 

One of the results of Zeeman effect for 
the repeated phase change on one crystal 
is shown in Fig. 1. In this figure relative 
orientation of the two phases is indicated. 
In Fig. 1 (b) the x-axis represents the plane 
which contains two C1-Cl directions of mole- 
cules in the a phase. The origin corresponds 
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to the crystal b-axis bisecting the angle com- 
posed of the two C1-Cl directions. The dot 
shows the position of the molecule in the @ 
phase, and the bar indicates the benzene 
plane. The circle with bar shows the mole- 
cular orientation of the B phase against the 
last orientation of the a phase. It is recogni- 
zed from this figure that in the repetition 
of the phase transition, the 8 phase usually 
retransforms to have nearly the same mole- 
cular orientation agains the a phase. This 
orientation, however, shows a small disorder 
which can not be interpreted as the experi- 
mental error. The similar results were ob- 
tained form other crystals except having the 
different orientations between the two phases. 


C-axis 


a 


Fig. 1. a) Molecular orientation of -dichloro- 
benzene for a phase. b) An example of molecular 
orientations in the 8 phase against to that in 
a phase. X-axis show the plane contained two 
C-Cl directions in the « phase. The bar shows 
a benzene plane. The group of bars (1) shows 
the orientations of the @ phase in one crystal 
resulted from a repeated phase change experi- 
ments. The bar (2) shows one of the orientation 
of the ® phase in an other crystal. 


One example is indicated with bar 2 in Fig. 
1 (b). In a few cases above relation between 
the two phases could not be found even in 
one crystal. The relative orientation of the 
phases in each crystal was not affected by 
annealing at 50°C for a week. 
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From the present results it is concluded 
that there are originally no universal relations _ 


between the molecular orientations of the 
two phases as observed by Lutz». However, 
in an individual crystal there seem to exist 
some causes to make the phase transition 
occur in the same way in every repetition. 
One of the causes may be the effect of the 
macroscopic structure of the glass ampule. 
This was, however, easily discarded since 
the crystal which was cut out to a different 
form showed the same relative orientation 
of the two phases as that in the ampule. It 
is likely that the dislocation in a crystal is 
one of the fundamental causes. The above 
phenomena suggest that in the repetition of 
the phase transition or in the annealing, the 
dislocations which initiate the phase transi- 
tion remain unchanged as produced at the 
initial solidification. 

2) p-chlorobenzoic acid 

The single crystal used in this experiment 
was cut out through cleavages from a crys- 
tal produced in a glass cylinder. The crys- 
tal used for Zeeman study was 20mm long 
and 5x9mm? in square. It elongated along 
the cylinder axis. The crystal was mounted 
as the crystal axis being parallel to the rf 
field. The crystal structure was studied by J. 
Joussoint with x-ray analysis». It is a triclinic 
the three angles are a=91°38’, B=95°18/ and 
7=92°44’, and lengths of a unit cell are 
a=14.36, b=6.28 and c=3.85KX. The mole- 
cule is placed almost parallel to the plane 
(111) and the C1-COOH axis lie in the plane 
bisector of (001)A(100). There are two mole- 
cules in a unit cell and their Cl-COOH axes 
situate antiparallel to each other. The plane 
of the benzene ring has an angle of 20° with 
(001). 

Zeeman effect was studied in tracing the 
locus of the triplet pattern. From the an- 
alysis of the locus only one bonding direction 
was obtained. In Zeeman study of pure 
quadrupole resonance the difference of two 
above mentioned antiparallel molecules in a 
unit cell can not be obtained separately. 
The benzene plane was determined by the 
analysis of the triplet locus. The crystal 
axis of this sample was determined by the 
Laue pattern. The axis parallel to the glass 
cylinder was known to be the c-axis. The 
results are summarized in Table I. The er- 
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Table I. 
present experiment u-ray : 
The angle between 
c-axis and C-Cl direction. [3° 5° (es 
The angle between c-axis 
and normal of the benzene 18os- 10° 20° 
plane 
Table II. 
Molecule 0(%) Ca CCA) C+ Cl-(% 
p-C1ODCOOH 843 2.6641 20+1 
p-CloM, a and PB 642 1.66+0.7 20922057, 
p-ClzD, Dean 8+2 2.2640.7 20.4+0.7 


ror was estimated from the geometrical 
- arrangement of the sample axis taken as 
parallel to a horizontal plane contains ano- 
ther source of error which results from the 
ambiguity to determine the direction of gzz. 
The data calculated from the x-ray analysis 
by J. Joussoint are also shown in this Table. 
3) Bond characters 

Asymmetry paramenters of these com- 
pounds were derived from the deviated valu- 
es of the triplet locus. Fig. 2 shows one 
example in the case of p-dichlorobenzene. 


Fig. 2. One example for devia- 
tions of zerosplitting locus in 
paradichlorobenzene. 


— 125% 
= 17% 


The ordinate is an angle measured from the 
center of the locus. The abscissa is the la- 
titude about the direction of this center. In 
this figure solid lines show the calculated 
curves of y as 5% and 7%. The results of 
the two phases are plotted in the same 
scales. Since the intermolecular interaction 
is considered to be small for both phase, 
the same value of v7 of 6% is taken. Dean 
obtained the value of 7 for the @ phase as 
8%. From Fig. 2 the present value does not 
show a good consistency with Dean’s. 


The character of C-C1 bond consists mainly 
of covalent bond. Double bond and ionic 
bound characters are also possible. These 
bondings are a and z bonds, the fractions 
of which are a and J, respectively. It is as- 
sumed that @ bond is s-p hybridized orbit 
and z bond is a pure p orbit. The numbers 
of unbalanced p electrons and y are given 
from the following relations?!” 


Uz=—(af /2—bc) 
U,y=—(af/2+bc/2) , 


U.=(af—be/2) , (4) 
a 3 bc 
7 Tape 


where c is a screening correction and estima- 
ted as 1.25'. fis the fraction of p character 
of o bond and estimated as 0.85’. From 
these equations and with the relation of ob- 
served frequency 


CQ n- Use ( 0° 1/2 
obs— if ’ 5 
hi (be 7 (5) 
all the bond characters are calulated. eQ,» is 


nuclear quadrupole coupling per p electron. 
In Cl atom it is 109.6 Mc/sec.. 

The values of p-dichlorobenzene are com- 
pared to Dean’s values. The difference of 7 
does not affect largely to the bonding charac- 
ters. 

The asymmetry parameter of 8% in p-chlo- 
robenzoic acid shows that the hydrogen bond 
in this molecule is not combined to Cl atom 
but to oxygen atom of neighbour molecule 
as indicated from x-ray measurement. 
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For the spin system in FeCl, we developed a statistical theory with 
Bethe-Peierls method and performed the numerical calculations to compare | 
the results with experimental data of antiferro-ferro transition. Our 
results are also compared with those obtained by the molecular field 
approximation. The short range correlation gives rise to the following 
effects: the decrease of the Néel temperature, more rapid increase of the 
sublattice magnetization with decreasing temperature, and larger critical 
magnetic field of antiferro-ferro transition. From the experimental data 
of the critical magnetic field of antiferro-ferro transition, the values of 
two exchange coupling constants are estimated. For these values, it is 
concluded from theoretical considerations that the antiferro-ferro transi- 


tion is of the first kind in almost whole the temperature region below 
the Néel point. 


§1. Introduction cluded that the Ising model is well applicable 
The purpose of this paper is to investi- to the spin system of FeCl, the spins being 
gate the statistical properties of the spin unable to deviate from the c-axis. Although 
systems in FeCl,. This substance has a he showed that the statistical properties of 
crystalline structure of the CdCl, type, in this substance are qualitatively well described 
which the metallic ions in the arrangement by the molecular field theory, it is still 
of close-packed hexagonal layers are imbedded desirable to take account of the short range 
in the close-packed nearly cubic arrangement Correlation between different spins, in order 
of the non-metallic ions (the hexagonal axis torefine the theory. In this paper we develop 
coinciding with the [111] axis of the cubic sucha theory with the Bethe-Peierls approxi- 
arrangement). From neutron’ diffraction mation. 
measurements”), it has been established Starr, Bitter and Kaufmann” and Bizette®.” 
that the spins of the metallic ions constitute found that in FeCl, the magnetization shows 
a superstructure of the layer type in ordered at low temperatures a sudden increase when 
state, the hexagonal layers being alternately the applied field exceeds 10‘ ce, followed by 
occupied by up and down spins, i.e., by spins a gradual increase. This phenomenon has 
parallel and antiparallel to the +c axis. A been called “metamagnetism”. <A theoretical 
theoretical investigation by Kanamori‘) con- study of this sort of antiferro-ferro transition 


~ 1960) 


-under magnetic field was developed by 
Garrett and Ziman® and then generalized 
by Gorter and Van Peski-Tinbergen™, as well 
as by Kanamori, Motizuki and Yosida™, all 
using the molecular field approximation, ex- 
cept Ziman who used the Bethe-Peierls ap- 
proximation. Garrett has shown that the 
transition in his specialized model is of the 
second kind, while Gorter et al. and Kana- 
mori et al. have found that a first kind anti- 
ferro-ferro transition occurs in a certain range 
of temperature when the anisotropy energy 
is sufficiently large and the ratio of the two 
exchange constants between spins on similar 
and dissimilar sites satisfies a certain condi- 
tion. In ordinary antiferromagnets with small 
anisotropy energies, an increasing magnetic 
field causes the spins turn to the direction 

_ perpendicular to it before it attains the value 
required for the antiferro-to-ferro transition. 
In FeCl,, however, the spins are so tighly 
bound to the hexagonal principal axis that no 
such turning can occur. The neutron diffrac- 
tion observation made by Koehler® showed 
that the diffraction pattern changes under 
high magnetic field and he could confirm the 
sudden antiferro-ferro transition. 

Néel’?» also give an explanation of the 
metamagnetism of FeCl, (as well as that of 
MnAu,) by asimilar consideration. In Ziman’s 
calculation the exchange interaction within 
the same sublattice was neglected, which is 
important in the present case. 

According to Kanamori’s theory’, the 
ground orbital state of Fe?* in the main cubic 
crystalline field of FeCl, is triply degenerate 
(F;) and this is further split into a doublet 
and a singlet by the additional weak trigonal 
field, the doublet lying lower. In this doublet, 
the components of the orbital angular 
momentum have matrices 


met 2G 
L=(5 CHE 


Further the spin-orbit coupling splits this 
state into five equidistant doublets. Kanamo- 
ri estimates that the level seperation of these 
doublets is 144°K. Thus, in the vicinity or 
below the Néel temperature of 24°K, only the 
lowest doublet (s.=2, L-=1; s=—2, L.=—1) is 
‘populated and therefore the Ising model is 
applicable. This is further supported by the 
fact that the entropy change estimated form 
‘the specific heat experiment is fairly close to 


Le a 
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Rin2. We shall study this Ising system by 
the Bethe-Peierls method and calculate the 
effects of the short range correlation on the 
Néel temperature, sublattice magnetization, 


susceptibility and antiferro-ferro transition 
field. 


§2. Quasi-chemical Relations and Free 
Energy 


We consider the system of the hexagonal 
layers of the iron ions to consist of alternate 
A and B layers and assume that the Fe?+ 
ions have+spins on layers A and—spins on 
layers B in ordered state. Namely, we 
assume a ferromagnetic exchange coupling 
between neighbouring ions in the same layer 
and antiferromagnetic supper-exchange coupl- 
ing between neighbouring ions on adjacent 
layers. We denote the interaction energy by 
—A for the pair of neighbouring parallel 
spins in the same layer and by —A’ for the 
neighbouring pair of antiparallel spins on 
adjacent layers. We consider a system con- 
sisting of a central atom on sublattice A or 
B and its twelve neighbours which couple 
with the central atom, and number the central 
atom as 0, the neighbours lying in the same 
layer as 1,2,---,6, and those lying in the 
different layers as 7,8,---,12. We denote 
by oo; the magnetic moment of the 7-th atom, 
and distinguish the spin directions by o,==+1. 

When a magnetic field H is applied in the 
direction parallel to the hexagonal axis, the 
partition function for the cluster of 1+12 
atoms having the central atom on the A-sub- 
lattice can be written as 


LA= 2D : 
oy=+1 oy=+1 o7=+1 Tjg>+1 
: po lt [ola 
is aaa a Se +06 
exp} Peo er 


A 
4 Mort <<) +412) +7 pool + "+ ta) 


/ 


Ai adort + +0) |, (1) 


where H, is the effective field acting on atoms 
124 (ook the A-sublattice and H, that 
acting on atoms 7, 8, --- 12 of the B-sublattice. 
These H, and Hz can be determined as func- 
tions of the field H and temperature T from 
conditions that the mean values of the mag- 
netic moments of the atoms in equivalent 
positions are equal. Now, writing briefly as 
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poe kT, MolL4/RT= I’, MoHs/kT=1"" A/kT= 
J, A'/kT=J', we have 


Za= d, e701 11 ( S ett arewea x 
y=+1 J=1 \oj=21 
«Hi ( bas gtr stab, 
j=1 o4=£1 
=el[2chI' + J)\*[2chd"— Jy 
+e-*[2ch' — J) [2chd"' + J' PF =Zat+Za- , 


(2) 
where Z4* and Z,~ represent the relative pro- 
babilities for o.>=+1 and —1, respectively. 
So we have 

Lda he 
ZA 
On the other hand, we have for any one of 
the atoms j=1, 2, ---,6 


come 


[Zavthe ey) Zath TS 


(60 av= 


@ al! log Z4 


2 JY 
So the condition <o.»)=<oj> can be expressed 
as 
CHT JOSRINCH CEJ See 
erage ath cous 


Zr= SD ely Wey F0ye yf 9ch( I! + Io) ]*[2ch(I" — 


o)=21 oI 


Sie eC legs SOCTLAC NCR cet I Lcebie 


oy= tl o7=21 

Each summand of the right-hand side of (6) 
gives the relative probability of an asigned 
combination<0fud,=-e) and @j=+1"S0) Gf 
<Qa++>, <Qa--> and <Qus-> are the mean 
numbers of +4, and +— pairs of 
nearest neighbours on A-sublattice, we have 
the following quasi-chemical relations for the 
pairs within the same layer: 


(Qa+—)* <Qa+-»” 
(Q44+4><Qa-_-> (Q5+4><Qa--> : 


Similarly, from the right-hand side of (6)’ we 
have the following quasi-chemical relation for 
the pairs between layers: 


CE (8) 
(Ree Rea 

where Ry, etc. are the numbers of pairs 

which have + spin on A-sublattice and — 

spin on B-sublattice. Furthermore, denoting 

by Na+, Na-, Nes and Nz the numbers of + 


=4e-*F — 


(7) 
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A similar relation is obtained from the parti- 
tion function for the cluster having the central | 
atom on the B-sublattice, that is, \ 
Beenlelek a (4).|| 
cht” —J) | cht J") ) 
In the case of vanishing external field, 
H=0U=0), it can be shown that a solution | 
I'=I'=0 exists at any temperature and | 
another solution J’/=—I'’ below a certain tem- 
perature (the Néel temperature). If we put — 
I'=—I" in equation (3), take its logarithm : 
and expand it in powers of J’, assuming J’ 
to be small, we have 


13 
21’ =10th yr — cht J++: | 


i 
sma ya i De 
3 ch7? J+ | 


Then, we can find a finite value of = 
f?=l"? 


+1atny] I 
—["; 
3ch? Jch? J’ 


~ 5ch® sh J+ 6ch* /sh J’ 


and can determine the Néel temperature Ty 
from 


[5th /+6th/’—1+-- | 


1=dth/+6th/’ . C5) 
Now, we rewrite equation (1) as follows: 


I'69)\8 (6) 


J'o0))° . (6 )/ 


and — spins on A and B sublattices, respec- 
tively, we have the following relations: 


2Q 444+ Q41-=6Na4, 2Q4—+ Qas+-=6Na- ’ 


(90) 

2Q 5+4+Qar-=6Na+, 2Q2_-- FO ne =6N5- ; 
(10) 
erate = ON ales Ye CEES GIN (eR8) 


Ri++R-+.=6Nae:, R= R= 6Niee > (12) 
Na++Na-=Na=N/2, Nz++Nzp-=Nz=N/2, (13) 


where JN is the total number of the lattice 
sites. Of the four equations of (11) and (12), 
three are independent. Therefore we have 
nine independent relations for fourteen para- 
meters (Nas, Na-, Nas, Nz-, Qa+4, Qas-, GES 
Qae+, Qart, Oxi, Rey, Rey RE, RO); ard 986 
we have to regard five parameters as inde- 
pendent. 


The energy of the system can be written 


1960) 


as a function of five parameters as 


W Na+, Na, Qa+-, Qa4-, Rye; fads) 

=— A(Q44+t+Qa--—Qa4-+Q 244 4+Qp-_-— Q 5+-) 
al ARR, bre! _ pie pi.) 
— po Na+Na+—Na-—No-) 

= —3MA—A')4+2A(Qa+-+Q4-) 
—2A'[2R.-—6(Nur—No)I 


— oH [2(Na++Na+)—N] . (14) 


For given Na+ and Nes, the average value 
of the energy is related to the free energy F 
by 


(W(Na+, Nas, Qa, <Qa+-), (Rs); H, T)> 


=O[F (Na+, Novi H, TIT VA =| (15) 
Integrating this equation, we obtain 
F/T=(FIT) -— i WaT, 06) 


where (F/T). can be expressed by the total 
number of spin configurations for fixed Na+ 
and Nz+, as 
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N/2! 


=~) log 
a (F-Na)! 


N/2! 


vapepree lie 
Np! (F—Now 


Now, introducing order parameters s(1=s=0) 
and s’ l2s’=—1) by Nas=M1+8)/4, Nav= 
Ni1+s')/4, and by making use of equation 
(7), (9) and (13), we have 


ae s*\(et4/7 _])]3 — 


(17) 


Qs = By IT a (18) 
Similarly, from (7), (10) and (13), 
oe [1+(1—s!?\(et4/*? —1)]2—-1 
Qa.= a . (19) 
and from te (11), (12) and (13) 
3N 5 2 
R= Mars ean | 
al 2 2 
4 “| (2+s- + ae 7) 
4eta'lk 
— d+ Si ane (20) 


Furthermore, from (16) and (17), the following 


(F/T) ~ (S)pe free energy expression is obtained after a 
¥ Te ee a somewhat complicated calculation: 
F(s, 8's H, 5A 1 A[kT—A'|kT) 2-404 (5 +5! 
+{(1+s) log (1+s)+(1—s) log 1—s)+(1+s’) log (1+s’)+(1—s’) log (1—s’)—4 log 2} 
+3{(+5) log = £5 4-(1—s) log =*_2 log ##* 
; j a'—s! 2] a1) 
+(1+s’) log * ae is s') log fs) og 2 
wa ae el, Fae / 
Vp SS mh Vr = r+ = 
ne nee lo 
6ilog 21—7) 2 2 l 1—ss’ 
af iy 
s—s 
(Sars 18s \ ek tS. 
s+s’ log VP H( 2 oH s+s! ) } s+s’ (21) 
2 1+ss’ 
1— 
(1+ ime aac 7) 
where For the sake of comparison, the free energy 
; 2)(gtAlk? 1) in the Bragg-Williams or molecular field ap- 
cael rls i proximation will also be given here. This 
a?—1+(1—s!*)et4/*?—]) . is obtained by putting J/=/'=0 in the right- 
(siashy BiG _1_p-4a"er, hand side terms of the quasi-chemical relations. 
Mr)= a ea cit Or it can be obtained readily using the pro- 


4 
(22) 


babilities of finding + or — spin on each 
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lattice site. That is, 


Fra -S NAG +s") +3NAlss! —T noH(s+s ) 


AB ia+y log (1+s)+(1—s) log (1—s) 

+(1+s') log 1+s’)+(1—s’) log —s’) 

—4 log 2]. (23) 
From the minimum condition of this free 
energy with respect to the parameters -s and 
s’, or the sublattice magnetization M,= 
Nyys/2, Mg=Nys'/2, the total magnetization 
M.a=Np(s+s')/2 can be determined as func- 
tions of H and T. 

We shall calculate in the following sections 
the critical data and the magnetic and caloric 
quantities of our spin system, using the free 
energy expressions (21) and (23). 


$3. The Néel Temperature 
It is expected that in FeCl, there is a strong 


F(s, s'; H, T)=—3N(A— 
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ferromagnetic coupling in the same layer and 
a weak antiferromagnetic coupling between 
adjacent layers. 
calculation, we shall rather arbitrarily put 
A=10A’; 
this ratio is reasonable. 
copling constants the Néel temperature is 
calculated to be Ty=A/(0.180k) from (5) (R: 
Boltzmann constant). Since the observed Ty 
is 24°K, we have A=10A’=0.18 x 24k=4.32k. 
The parameter 7 defined by (22) is therefore 


To simplify our numerical | 


it will be shown later (§8) that | 
For this ratio of the | 


small compared with 1 over a wide range of © 


temperature, i.e., above a few degree absolute. 
At T=Ty, 7y=0.069. Thus for such tempera- 
tures, we may expand the free energy expres- 


sion in powers of 7 and take terms up to | 


order 7. In fact, the free energy value at 


the Néel temperatures calculated up to first © 


order of 7 is in error only by one percent. 
The free energy expression including terms 
of order 7? is 


, 
A) —SgHs+s") 


_N,7iArs) log (1+s)+(1—s) log (1—s) ; 
2 Ls (uses!) log (l 4541-8") low d—s) Aloe? 
"aie sr +4 +58 )-—(1—s*)\1—s")]+-- |} 4 SNRT log (l—7y) 
SNer {O49 108 (a+s)+(1—s) log (a—s)—2 log (a+1) L. (24) 
+(1+s’) log (a’+s’)+(1—s") log (a’—s’)—2 log (a’ +1) 
From the conditions 0F/@s=0, OF/@s'=0, we obtain 
tmH l+s 3 
LT log alee log * a rst rr +2)s! 27 siz 
H “a 3 ‘+s’ 3 3 5 ce 
Le ES" 4s alge 5 
= eT 108 ows log.— 2 “se girs at git sat sist ==). 


The Néel temperature is determined by the 
following conditions: 


fea): (a hex +) =0 : 
@F/Os>0 , OF /Os=0F/0s'—0 , s=s'=0. 


Putting 4=10A’ and H=0 (vanishing external 
field), we can obtain the ratio of the Néel 
temperature to A to order y from 


| (26) 


ase s S)— n=O, 


Ty=A/(0.1782) . (27) 


Thus the value of Ty calculated from this 
equation agrees practically with that calcu- 
lated from (5). 

With the molecular field approximation, one 
would obtain Ty=A/(0.1538). 


$4. Sublattice Magnetization 


In vanishing external field, H=0, the order 
parameters s and s’ are determined as func- 
tions of temperature by the following equa- 
tion which is obtained from (25) by putting 
s=s°, ss=—S)S 


1960) 


| 


3 8) 
gril ++ 57}s)=0 : 


A) =A(Sp) . 


The corresponding equation in the molecular 
field approximation follows from equation 


(23) as: 
ate 


l 
og = 


wo 12 fyi 
= pret A NS5 


where s)” indicates the value of s for H=0O 
Fig. 
(1) shows the variation of the order parameter 
So (or the sublattice magnetization M,=M,= 
N/oS)/2) and that of s)™ as functions of tem- 
It is seen that the establishment 
of order with decreasing temperature is more 
rapid with the Bethe-Peierls approximation 


in the molecular field approximation. 


perature. 


than the molecular field approximation. 


§5. Parallel Susceptibility 


In the presence of a small external field H 
parallel to the hexagonal axis, the parameters 
The 
small quantity « is determined as a function 
of H and T from (25) and (28), and we find 


‘s,s’ take values s=ste, s/=—Sot+e. 


the parallel susceptibilits x), for TS Ty: 
%);;=M/H=Noe/H 


Craw hrs aro dus :) a 
as 2; S ’ 
ee a lected gee gh 


(30) 
where C=Ny?/k. The paramagnetic suscep- 


tibility for T=Ty, %», is obtained as 


_cP3 3, 9\.7% 
=| 2 “Ate woe 


The curve of 1/%» vs T is not a straight line 
as it is in the molecular field approximation. 


However, at high temperatures, we have 
C cg 


TE GAL AD h. ToLU.OTES, 


The corresponding formulae in the molecular 


field theory are 


C 
“lI FAs.) 6(A— AV 
C ” 
n Peni 
7 Fas) 0. 82TF | ») 
as Ca aaugeyianile, Mo pelsinys; 


Te Aa Aliibs pl 0.8215 


(33) 
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, (29) 


(31) 


= (32) 
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The value of the susceptibility at the Néel 
point in the Bethe-Peierls approximation is 
slightly larger than that in the molecular field 
approximation: 


tn = 0.89872 1™ = 0.83 alt ty /X=1.07 . 


The calculated susceptibility curves are shown 
also in Fig. (1) in reduced scale. 


0.55 


ae OS 1.0 


Fig. 1. Order parameter and susceptibility vs. 
temperature in reduced scale. The solid curves 
represent the present results and the dashed 
curves are obtained from the molecular field 
approximation. 


T/ Tx 


EO ar Ser ae iia oot me ree OLIK 
EN 
eee 
PAK est 22°K 
O05 ( 
as 30°K 
see 
witieitods “ae 
Oe wlige C656 eGo Bott /p! 
Fig. 2. Magnetization curves representing the 


antiferro-ferro transition which obtained from 
our calculation. 


§6. Antiferro-ferro Transition by the Appli- 
cation of a Magnetic Field 
When we solve s and s’ from (25), two 
possible solutions can be found: antiferro- 
magnetic solution and paramagnetic (or, rather 
ferromagnetic) solution. Magnetization vs. 
field curves corresponding to these solutions 
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are drawn in Fig. (2) for various values of 
temperature. The transition field from the 
antiferromagnetic state to the paramagnetic 
state can be determined by the law of equal 
area, as shown in Fig. (8) (area B,B,B,;=area 
B;B,B;) where we compare the magnetization 
curve at 20°K in the Bethe-Peierls approxima- 
tion with that in the molecular field approxi- 
mation. The critical field (transition field) 


4M / Mo 
1.0 


at T = 20°K 


Bragg-Williams 
Ms 
0.5: <6 Bethe-Peierls 


Swy/B2 


7 


= sa r —+ U 

O 5 ToeH /a 
Fig. 3. Comparison between the transition curves 
obtained by the Bethe-Peierls approximation and 
that obtained by the molecular field approxima- 


tion. 
-3 
Tn 10 
40; Mu 40 
I4°K 
30 20°K 
20 30°K 
10 
= ___—__——_—_—>H loo auss 
j 
05 10 15 20 25 : 
Fig. 4. Magnetization curves measured by Bizette 
et al”. 
» LoH /N 


6.0-————_____ 
Bethe - Peierls 


4.0} 


2.0; 


0 —— 


5 [O° fel 


Fig. 5. Transition field vs. temperature. 
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vs. temperature is plotted in Fig. (5). The? 


corresponding experimental results due to) 
Bizette et al.” are shown in Fig. (4). Although) 
we find only a qualitative agreement, the» 
experimental results are open to arguments) 
in that the magnetization did not reach satu-; 
ration even at a field as strong as 25000 ce: 
and that the magnetization curve at 30°K) 
(above the Néel temperature) showed a trace: 
of the antiferro-ferro transition. 
Kanamori, Motizuki and Yosida' previously’ 
discussed this transition by the molecular’ 
field approximation and found that the transi-: 
tion is no longer of the first kind beyond the: 
temperature T7* given by 
T*/Ty=(3A—A')/3A ; 
it becomes of the second kind for T*<T<Ty,, 
if 1= A/(A+A’)=3/8. In our case (A=10A’),, 
this last condition is satisfied and we have 
T*/Ty=0.967. The existence of such a tem-; 
perature also in our approximation can be) 
seen in the following way. First we note 
that the field strength at which the antifer-- 
romagnetic state joins the paramagnetic state: 
(point B, in Fig. 3) is characterized by the? 
vanishing of the parameter g=(s—s’)/2.. Then 
we see that 7* is the temperature at which) 
the magnetization curve has an infinite slope? 
for g-0, or limg.sdp/dH=a, where p=: 
(s+s’)/2. Above T7*, lime.» dp/dH should be: 
positive if the transition is to be of the second! 
kind. Now, to estimate 7*, we assume that: 
s and s’ have small values, since we expect! 
T* to be close to Ty, and expand the loga-: 
rithmic terms of equations (25) in power of! 
sands’. Further, we neglect terms of order: 
y’. Then the two equations of (25) become: 
as follows; 


apt+q)+b(b—q)—clb+qP—h+++-=0, (34) 
alp—q)+b(p+q)—clb—g? —h+---=0, Cai 
where a=2e7*4*"—2, 6=37/2=30—e-4 ™) an 


c=2/3—3e-4/*7/2 + le-®4/'7/2, h=uwH/kT. Fron 
these equations, we obtain p* in powers of q: 


p*=(a—B)/30— q+ ae (36) 


With a fixed temperature, we differentiate 
(34) with respect to H and calculate the value 
of limg..dp/dH. In this calculation we need 
the value of d*p/dg’ (as dp/dq-0 for q->0), 
which can be obtained from (36). The result 
is 
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_ bol kT 
2(2b—3a) 


ry Mol RT 
6(3e-24/k7 e-44’/kT_3) 


lim dp/dH=— 
q0 


(37) 


This quantity becomes infinite when 7/Ty= 
T*/Ty=0.975, positive above this temperature 
and negative below it. This ratio of the 
temperature T* to Ty in Bethe-Peierls ap- 
proximation is slightly higher than that in 
the molecular field approximation. However, 
as this temperature is very close Ty (0.6° 
below Ty=24°K), it will have no practical 
importance. 


§7. Jump in Specific Heat and Change in 


Entropy 


Formulae for the entropy and specific heat 
can be calculated by the usual procedure. We 
shall give only the results for the jump of 
the specific heat at the Néel temperature and 
the entropy value at this temperature. The 
former is 4Cy=Cr,-)—Cry+9=2.43—0.16=2.27 
cal deg-' mol-', in contrast to a jump of 1.99 
cal deg“! mol“! with the molecular field ap- 
proximation, and the latter is (4S)7w =0.64Nk= 
1.27 cal deg“! mol“!, while obviously the total 
entropy change should be (4S)) =k log 2%= 
0.69Nk=1.37 cal deg"! mol-!; thus only 1/14 
of the total entropy remains beyond the Néel 
temperature. The experimental entropy 
change is estimated from the measured specific 
heat curve’ to be about 1.4 cal deg-' mod~’, 
of which about 10% are distributed above the 
Néel temperature. 


§8. Evaluation of A and A’ 


_ The two parameters, A and A’, contained 
in our theory and their ratio A/A’ can be 
evaluated in the following way. The anti- 
ferro-ferro transition field H at absolute zero 
is related to A’ by the relation “H=6A’ 
(see Fig. 2). This field at absolute zero has 
been observed” to be about 1.1x10* ce. In 
order to correct this field for the demagnetiz- 
ing field, we must know the magnitude of 
the sublattice magnetizations. Assuming 
<L>=1 and g.=2.0, the magnetic moment of 
an Fe2* ion will be “o=(29-+<L>)u2=5ue and 
the sublattice magnetization Maan /2=857 
gauss par c.c.. Therefore the demagnetizing 
field will be of the order of (42/3) x 2=3000 ce. 
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The value of the transition field at absolute 
zero corrected for this demagnetizing field 
will thus be about 8000ce. The relation 
YoH/A'=6 then gives A’=0.447k. With this 
value, and the observed value of Ty(=24°R), 
we obtain from (5) (where /=A/kTw and 
J'=Al[RTy)A=4.31k, and so A=9.7A’. The 
ratio A/A’=10 used in our preceding calcula- 
tions is therefore seen to be reasonable, 


§9. Discussion and Summary 


We performed the numerical calculations 
for the spin system of FeCl, with the Bethe- 
Peierls method and the molecular field ap- 
proximation and compared the results obtained 
by these two methods. The short range cor- 
relation gives rise to the following four effects: 
(1) the decrease of the Néel temperature, as 
given by the ratio Ty/Ty=0.153/0.180=0.85, 
where Ty is the Néel temperature by the 
molecular field approximation, (2) more rapid 
increase of the sublattice magnetization with 
decreasing temperature, (3) steeper decrease 
of the parallel susceptibility with decreasing 
temperature, below the Néel temperature, and 
more lenient decrease of the paramagnetic 
susceptibility above the Néeel temperature, 
and (4) larger critical magnetic field of anti- 
ferro-ferro transition. From the experimental 
data of the critical field of antiferro-ferro 
transition and the Néel temperature, the value 
of the two exchange coupling constants and 
their ratio can be estimated as about A~4.3k, 
A'=0.45k and A/A'=9.7. For such values of 
A and A’, it is concluded from theoretical 
considerations that the antiferro-ferro transi- 
tion is of the first kind in almost whole the 
temperature region below the Néel point. In 
order to estimate more correct values of the 
exchange constants A, A’ and to make clear 
the doubtful points which we have pointed 
out in § 6, it is desirable to make more refined 
experiment on the antiferro-ferro transition 
under magnetic field. On the other hand, 
since the numerical calculation is laborious 
even in the Bethe-Peierls approximation, it 
seems unpractical to elevate the order of ap- 
proximation. 

The author is indebted to Prof. T. Naga- 
miya and the members of his laboratory for 
helpful discussions, and especially he wishes 
to thank Mr. H. Suzuki for the help in 
numerical calculations, 
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A systematic investigation has been made on ionization in argon mix- 
tures by electrons in a convergent field. Total filling pressure is 760 mmHg 
and the added impurities are organic vapors and inert gases. 

The ionization current increases by the addition of these impurities 
even when their ionization potentials are higher than the metastable 


potential of argon. 


The increase in ionization seems to become more remarkable as the 
ionization potential of the impurity lowers and the optimum concentra- 
tion that gives a maximum ionization decreases with the effectiveness of 


the added impurities. 


From the result of a series of our measurement possibility of direct 
impact ionization and photoeletric ionization is suggested. 


Introduction 


$1. 

Although the very interesting feature of 
an increase in ionization in neon-argon mix- 
tures has been well known since the detail- 
ed studies of A. A. Kruithoff and F. M. 
Penning in 1936-1940, knowledge of ioniza- 
tion in other different mixtures of gases 
is still in a very unsatisfactory state. It 
has been generally agreed that in Ne-A 


mixtures the increase in ionization is due to 
the metastable neon atoms, which transfer 
their excitation energy and _ ionize argon 
atoms. The influence of the admixture on 
the ionization rate is so high that it has 
been believed that just the ‘‘Penning effect’’ 
could be competent for a convincing quanti- 
tative explanation. 

Furthermore, 
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have been generally consistent with this 
basic assumption of energy transfer from 
metastable atoms to impurities. Penning 
investigated the sparking potential of neon 
with a small admixture of argon irradiating 
with visible Ne light and observed an increa- 
se in the sparking potential. Recently 
T. Nakaya® carried out similar experiments 
for A-Hg mixtures under illumination of a 
Hg arc lamp or an incandescent lamp and 
obtained the same effect. 


These experiments favor Penning effect in 
that the metastable atoms will perform a 
predominant role in the ionization of mixture 
gases. 

However, it is worthy of our notice that 
the average energy loss per ion pair produced 
by a-particles decreases in mixture gases, 
as C. E. Melton et al have recently demons- 
trated clearly. Their experiment indicated 
that even a small amount of a foregin gas, 
whose ionization potential is higher than the 
metastable potential of the main gas, lowers 
the value of the energy loss per ion pair. 

The result of C. E. Melton et al. suggests 
a similar increase of ionization in mixture 
gases in the case of electron collision in an 
electric field. Hewever, if a foreign gas, 
whose ionization potential is higher than 
the metastable potential of the main gas, 
would give rise to an increase in ionization, 
it should be a matter of prime concern in 
gaseous discharge in mixture gases. It is 
for this reason that the present work is under- 
taken. 

In the present work an attempt has been 
made to make a systematic experiment and 
to from a consistent picture of the multipli- 
cation process in mixture gases. The ioniza- 
tion current is measured in argon with admix- 
ture of organic vapors and inert gases at a 
total filling pressure of 760mmHg. To ob- 
tain informations of the effect of different 
admixtures and to provide a basis of compari- 
son between them the same procedure is adop- 
ted throughout the experiments. 


§2. Experimental Procedure 

The experimental tube used in this inves- 
tigation is shown in Fig. 1. The electrodes 
are two concentric cylinders of very different 
radii. Anode is a tungsten central wire of 
0.2mm in diameter, the ends of which are 
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shielded by a glass bead and a glass guard 
tube to avoid regions of abnormally high 
electric field, and cathode is a copper outer 
cylinder of 30mm in diameter and 70mm 
in length. 

To investigate the initial build up of the 
gas multiplication RaD of about 4yc is moun- 
ted in the tube such that a-particles from 
RaF enter the active region in direction of 
the axis and expend all of their energy in 
the gas. 


Fig. 1. Experimental tube for measuring ioniza- 


tion current. 


Before filling gas mixtures, the entire gas 
filling system is evacuated down to 10-*’mm 
Hg, but the tube is not baked for fear of the 
evaporation of the radio-active substance. 

Throughout the experiments filling pres- 
sure of argon and argon mixture gases is 
760mm Hg in order to facilitate analysis of 
the ionization in mixture gases. The purity 
of the gases used is above 99.9%. 

The ionization current measured with a 
vibtrating reed electrometer is plotted against 
applied voltage from the range of the satura- 
tion current (ionization chamber) to that of 
the gas multiplication (proportional counter). 


§3. Results 

3.1 Argon-Alkanes 

The ionization current plotted against vol- 
tage for argon-alkanes mixtures at a total 
pressure of 760mmHg is shown in figures 
from Fig. 2 to Fig. 6. Alkanes used in our 
measurements are methane, ethane, propane, 
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normal-butane,iso-butane, normal-pentane, and 
iso-pentane. The concentration of alkanes in 
mixture gases is indicated by the figures on 
the curves. 

In pure argon the region of the saturation 


argone methane 
Ptotal-760 mm Ky 


(2) 

1 mm ty 
5 mmkg 
10 mm 
20 meg 
40mm ty 
100 mmHg 


w 


nN 
QH9O6 90 


Ss 


CURRENT IN AMPERES 
“w 


w 


32 ppb VOLTAGE IN VOLTS ee 

Fig. 2. Ionization current in argon-methane 
mixtures at Protaz=760 mm. Partial pressure of 
methane is indicated by the figures on the 
curves. 
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Fig. 3. Ionization current in argon-ethane mix- 
tures at Protaz=760mm Hg. Partial pressure 
of ethane is indicated by the figures on the 
curves. 
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Fig. 4. Ionization current in argon-propane mix- 
tures at Ptotaa=760mm Hg. Partial pressure 
of propane is indicated by the figures on the 
curves, 
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current, i), extends form 50V to about 350V, 
yielding a saturation current of about 1.75 
10-#°A. Beyond 350V is seen an approxima- 
tely exponential rise of current and the ratio 
of the ionization current to the saturation 
current i/% is given by the equation 


= exp |e ds (1) 


Zo Be 
where a is the radius of the central wire, %e 
the distance from the center of the wire at 
which avalanche starts and a is the Town- 
send ionization coefficient. 
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Fig. 5. Ionization current in argon-butane mix- 
tures at Prosaz=760mm Hg. Partial pressure 
of butane is indicated by the figures on the 
curves. 
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Fig. 6. Ionization current in argon-pentane mix- 
tures at Protaz=760 mm Hg. Partial pressure of 
pentane is indicated by the figures on the 
curves. 


To provide a basis for the reliability of 
the values of a/P obtained from the ioniza- 
tion curves in convergent field, our values 
of a/P and Kruithoffs data are compared in 
Table I. A method of calculating a/P in a 
convergent field will be described in Sec. 4. 

For argon-methane mixtures the gas mul- 
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tiplication increases as the concentration of 
methane increases, reaches a maximum at a 
partial pressure of about 20 mm Hg, and then 
decreases. It is seen that the increase in the 
gas multiplication at a partial pressure of 
20mm Hg of methane is 20% at V=700, 60% 
at V=1000 and 480% at V=1500. It is now 
of interest to inquire why the presence of 
methane increases the gas multiplication, 
since the ionization potential of methane is 
13.1eV and is appreciably higher than the 
metastable potential of argon. (11.55eV) 
Probably 11.55 volts can hardly be transfered 
to ionize methane molecule. 


Table I. 

V 600 700 800 1000 1500 
X/P)maz 15°83 91874) “21303263? 30.5 
(a/P) 0.06 0.08 0.15 0.22 0.45 
(a/P)xruit- | 0.038 0.062 0.11 0.155 0.425 


The saturation current does not vary ap- 
preciably with the addition of methane, 
whereas the rise of the current at lower ap- 
plied voltage (0~50V) becomes slower. 

For argon-ethane mixtures the behavior of 
the gas multiplication is similar to that for 
argon-methane mixtures, viz. it increases, 
reaches a maximum and then decreases with 
the addition of ethane. However the effect 
of ethane is more sensitive and the optimum 
pressure that gives a miximum gas multipli- 
cation is about 5mmHg. At this partial 
pressure of ethane, the increase in the gas 
multiplication is 380% at V=700, and 780% 
at V=1000. 

On the basis of energy diagram the increa- 
se in the gas multiplication could be explain- 
ed as the contribution of the second kind 
collision of the atoms, since the ionization 
potential of ethane is 11.6eV and the defect 
of 0°05 eV could be supplied by their kinetic 
energies. 

In passing, it is found that the region of 
ionization chamber operation becomes narrow 
and steep as the concentration of ethane 
increases. Moreover the saturation current 
increases appréciably, as is easily expected 
from the measurements of Melton et al on 
the average energy loss per ion pair by a- 
particles. 

For argon-propane mixtures it is seen that 
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the degree of the increase in the gas multi- 
plication with the addition of propane is 
more marked, and furthermore, the optimum 
pressure is about 1mm Hg, which is less than 
those of above mentioned two gases. The 
gas multiplication at this partial pressure is 
is about 32 times the value for pure argon 
at V=700. 

With this more marked effectiveness of 
propane it is to be noted that the ionization 
potential of propane is 11.2eV, thus the re- 
sonance defect 4E between this and the 
metastable potential of argon is 0.35eV and 
larger than that for argon-ethane. 

For argon-normal butane mixtures the cur- 
ves of ionization current are shown in Fig. 5. 
Quite similar curves are obtained also for 
argon-7so butane mixtures. The effect of 
traces of butane is more remarkable than 
those of above mentioned gases. The gas 
multiplication at a optimum partial pressure 
of 0.3mmHg of butane is about 80 times 
the value for pure argon at V=700. 

The ionization potential of normal butane 
is 10.8eV and the energy differene between 
this and the metastable potential of argon 
increases further. 


Fig. 6 gives the ionization current for ar- 
gon-normal pentane mixtures. Also for ar- 
gon-iso pentane mixtures no appreciable dif- 
ference is observed on the behavior of the 
gas multiplication. The effect of pentane 
on increasing the gas multiplication is most 
prominent among argon-alkanes mixtures 
investigated. Again, it is to be noted that 
the ionization potential of mormal pentane is 
10.55eV and thus the the resonance defect 
increases further. 

The conclusions to be drawn from our 
measurements on the ionization in argon-al- 
kanes mixtures are then as follows. 

(1) The gas multiplication increases when 
a small quantity any alkane gas is added to 
argon. By further addition, it reaches a 
maximum and then decreases. 

(2) The degree of the gas multiplication 
at the presence of traces of alkane gas in- 
creases progressively in order of methane, 
methane, ethane, propane, butane and pen- 
tane. Recalling gradual reduction of the 
ionization potential in this order, this feature 
would have a bearing on the ionization poten- 
tial of added gas. 
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(3) The optimum pressure that gives a 
maximum gas multiplication decreases in 
above mentioned order. 

For convenience of direct comparison, the 
gas multiplication, 7/%,, at V=700 is shown in 
Fig. 7. The values of the Townsend ionization 
coefficient in optimum mixtures of argon- 
alkanes and the values of optimum concentra- 
tion are summarized in Table II. 
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Fig. 7. Gas multiplication i/i) in argon-alkanes 
mixtures at V=700 as a function of the con- 
centration of alkanes. 


Table II. 
Vi = 
CH, 10.5 6.5x10-4 0.31 
CsHg 9.8 4x10-4 0.33 
C.Hg(1) 9.7 4x10-4 0.47 
cis CaHg(2) 9.3 123 S054 0.25 


3.2 Argon-Alkenes 

Alkenes used in our investigation are ethy- 
lene, propylene, butene (1), iso  butene, 
trans-butene (2) and cis-butene (2), among 
which iso butene and frans-butene (2) exhibit 
the curves closely resembling to those for 

cis-butene (2). 

General tendency of the curves for these 
gas mixtures are similar to those for argon- 
alkanes. It is found that, as the concentra- 
tion of alkenes is raised from small to large 
value, the gas multiplication rises and after 
passing a maximum it falls. 

The effect of the impurities on increasing 
the gas multiplication advances orderly with 
alkene’s number. This feature is also con- 
sistent with that for argon-alkanes, since the 
ionization potentials of alkenes are 10.5eV 
for ethylene, 9.8eV for propylene, 9.7 eV for 
butene (1) and 9.3eV for cis-butene (2) and 
thus the increase seems mainly depend on 
the ionization potentials of added impurities. 
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Here again, we cannot observe a resonanece? 
between the added impurities and the metas-} 
table atoms of argon. | 

Moreover it is found that the optimum} 
pressure of alkenes, though slightly, decrea- 
ses in this order. i] 

For direct comparison of above mentioned | 
characteristics, the gas multiplication 7/Z, at] 
V=700 is plotted in Fig. 8. The values of i 
the Townsend ionization coefficient at X/P= 
1.58 V/cmMymmzg in optimum mixtures and the: 
values of optimum concentration are shown | 
in Table III. 
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Fig. 8. Gas multiplication 7/i) in argon-alkenes 
mixtures at V=700 as a function of the con- | 
centration of alkenes. 


Table III. 

Qa 

Vi Cant ‘Pp 
CHg fa | 2.6x10-2 0.08 
C.Hes 11.6 4x10-3 0.19 
CsHs Tie? 1.3 x10-3 0.32 
CsHy 10.8 4x10-4 0.50 
CsHis 10°55 4x10-4 0.55 


3.3 Argon- Alcohols 

Alcohols used in our experiments are methyl 
alcohol, ethyl alcohol and normal propyl alcohol 
whose ionization potentials 10.8eV, 10.6eV 
and 10.4eV respectively. The results obtain- 
ed show that a small quantity of alcohols in- 
creases the gas multiplication in the same 
way as in above mentioned mixtures. How- 
ever, quite the reverse is observed in the 
effect of admixtures in increasing the gas 
multiplication, that is, it decreases gradually 
in order of methyl alcohol, ethyl alcohol and 
propyl alcohol. Again, in these gas mixtures 
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resonance is not observed, since the resona- 
nce defect between the ionization popential 
of the impurity and the metastable potential 
of argon is minimum for argon-ethyl alcohol. 

Fig. 9. shows the curves of the gas 
multiplication vs concentration of the im- 
purities at V=700 and Table IV shows 
the values of the Townsend ionization coe- 
ficient at X/P=15.8V/cmMjmngg in optimum 
mixtures and the values of optimum concen- 
tration. 
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Fig. 9. Gas multiplication 7/i9 in argon-alcohols 
mixtures at V=700 as a function of the con- 
centration of alcohols. 


Table IV. 
Vi Cops a/P 
CH;0H 10.8 13 Om 0.47 
C.H;0H 10.6 LoeelOme 0.33 


nC3H70H 10.4 4x14-4 0.30 


3.4 Argon-Benzene, Argon- Acetylene 

Fig. 10 shows the ionization current vs 
voltage for argon-benzene mixtures. Again, 
an increase in the ionization current is obser- 
ved when a small amount of benzene is add- 
ed to argon. The effect of benzene, however, 
is very sensitive, that is, the optimum par- 
pressure of benzene is as small as about 
0.01mm Hg and about 10mm Hg of benzene 
almost suppresses the increase in ionization. 

The ionization potential of benzene is 
9.24 V and is about equal to that of cis-butene 
(2). The difference of the effect between 
two gases will be due to supposed difference 
between their ionization cross-sections. 

Fig. 11 is the curves of the ionization 
current vs voltages for argon-acetylene mix- 
tures, The optimum pressure of acetylene of 
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0.5mm Hg gives greater gas multiplication 
than any other gas of optimum pressure 
investigated in our measurements. This is 
in accordance with the experiments of Melton 
al on energy loss by a-particles. 
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Fig. 10. lonization current in argon-benzene mix- 
tures at Protas. =760 mm Hg. Partial pressure of 
benzene is indicated by the figures on the 
curves. 
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Fig. 11. JIonization current in argon-acetylene 
mixtures at Prori7=760mm Hg. Partial pres- 
sure of acetylene is indicated by the figures on 
the curves. 


3.5 Argon-Krypton, Argon-Xenon 

Inert gases lower ionization potential than 
that of argon are krypon and xenon. The 
values are 14eV and 12.15eV respectively. 

Again, a small amount to krypton and 
xenon increases the gas multiplication when 
added to argon, as organic vapors do. ‘The 
degree of the increase in ionization is more 
marked in the latter gas mixtures and the 
optimum pressures are about 100mmHg 
for krypton and about 10mmHg for xenen. 
This tendency coincides with those for argon- 
alkanes and argon-alkenes. 

The appreciablly higher ionization poten- 
tials of these gases than the metastable poten- 
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tial of argon suggest that Penning effect 
could not occur in these gas mixtures. 

The curves of the gas multiplication vs 
concentration of krypton and xenon at V= 
700 are shown in Fig. 12. Table V shows 
the values of the Towsend ionization coeffi- 
cient at X/P=15.8 V/cm/mmuz in optimum mix- 
tures and the values of the optimum concen- 
tration. 


V-700 
* a@rgon+krypton 
© argon? Xenon 


GAS MULTIPLICATION 


/O- 10 
CONCENTRATION 
Fig. 12. Gas multiplication i/i9 in argon-krypton 


and argon-xenon mixtures at V=700 as a func- 
tion of the concentration of krypton and xenon. 


Table V. 
Vi Cont. a/P 
Kr 14.0 13x 10e2 0.13 
Xe 12S ipesaO se: 0.29 


$4. Townsend Ionization Coefficient in 
Argon-alkanes Mixtures 


For the convenience of theoretical discus- 
sion, it is necessary to evaluate the Town- 
sent ionization coefficient from our ionization 
curves. Our measurements are carried out 
in a convergent field and the determination 
of @ in this field has been scarecely attempt- 
ed, since a has a validity only when electric 
field does not vary appreciablly in the range 
of electron mean free path. In our case 
filling pressure is one atmosphere and the len- 
gth of electron mean free path is of order 
of 10-°cm and is short enough to evaluate a. 

Now in our coaxial cylindrical electrode 
system, a swarm of electrons starts an av- 
alanche at a distance of critical (X/P)orit. 
near anode and proceeds down to the surface 
of the anode. Thus the gas multiplication 
is given by (1). Since X/Xm 2z=a/x, we find 
readily, 
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“S)() @)n(P) 


1 (ZIP) az, 
—= exp 


(X/P) crit 


(2))] 


t 1 1 t 
DS 
aP (X/P)maz Io 


a (LIP) max ( a Gales, (3) 
sf tans) Ve PB 
By differentiation with respect to (X/P)maz, 
we obtain 


B (eae WS a : - = 
=(5).. 


This equation is quite the same as John- 
sons fomula in a divergent field®». Since the 
relation between maximum field strength and 


Me) 


argon-methane 
Protal = 76OmmHg 


0.75 


% 05 


0.25 


Fig. 13. Ionization coefficient a/p for argon- 
methane mixtures. Protaz=760 mm Hg. Partial 
pressure of methane is indicatied by the figures. 
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@ 
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6) 
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Fig. 14. Tonization coefficient a/p for argon- 
normal pentane mixtures. Prosqz=760 mm Hg. 


Partial pressure of pentane is indicated by the 
figures. 
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applied voltage is given by, 


V 
Xwmax.= ———— 
aln b/a >) 
Eq. (4) reduces to 
(B) (Pa OG 
— =( — In : 
1B Mm va IP moan a 
1 ad i Z 
Saree ae agg 
The values of the Townsent ionization 


coefficient obtained by means of (6) from the 
ionization curves in argon-alkanes mixtures 
are shown in Figs. 13-16. 


argon + alkanes 
@ methane 
@ ethane 
°5)'@ propane 
@ butane 
% © pentane 


Proto! = 760mm 


Fig. 15. 
alkanes mixtures. 


Ionization coefficient a/p for 
Protat =760 mm Hg. 
pressure of alkanes is 1mm Hg. 


argon- 
Partial 


pee argon+ alkanes 

7 Ptotal=760Omm1q 

@ methane2Omty ® 
® ethaneZmnyg } 
05|-@ propane Imm =all 
@ butane O3mmkg @ 


% © pentane OJmmHg 


025 + 
fe) ee 
° 5 ite) 15 20 25 30 
Yp 
Fig. 16. Ionization coefficient a/p for optimum 


argon-alkanes mixtmes.  Prota,=760 mm Hg. 
Optimum partial pressure of alkanes in in- 
dicated by the figures. 


§5. Discussions 


5.1 Penning effect 

According to generally accepted Penning 
effect, electrons in collision with gas aotms 
G, such as neon atoms, may excite the 
atoms, leave them in the metastable states 
Gimer which at the presence of a small amo- 
unt of the second gas G,, ionize the latter. 
This process will occur provided that the 
ionization potential Vi of the second gas is 
less than, but close to the potential Vimer of 
the metastables Gumer. 

Furthermore it is assumed that for a given 
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producttion rate of Gime: there is an optimum 
amount of G, for Gime: to be completely re- 
moved. 

Applying this mechanism to our results, 
there are two kinds of difficulty, as has been 
occasionally mentioned. First, it is difficult 
to explain the increase in ionization in mix- 
tures of argon-methane, argon-krypton and 
argan-xenon. The metastable potential of 
argon is 11.55 eV and the ionization potentials 
of methane, krypton and xenon are 13.leV, 
14eV and 12.15eV respectively and thus the 
condition Vimer=>Voi: is not satisfied. Next, 
the ionization rate, dn/dt, due to the meta- 
stable atoms will be given by, 


dn 

dt (7) 
where “mer is the density of the metastable 
atoms, m, that of the second gas, g cross- 
section of this process and u relative velocity 
between the colliding atoms. The cross-sec- 
tion of the energy transfer of excitation 
energy between atoms on collision has been 
known to be of resonance type, as Morse and 
Stueckelberg®) made a detailed calculation 
for the second kind collision. The probabi- 
lity of this energy transfer is maximum when 
the resonance defect 4E is zero. Therefore, 
for a given production rate of the metastable 
atoms an optimum quantity of any added gas 
will give about the same ionization and the 
least quantity is needed when 4E=0. 

On the basis of above discussion it is im- 
possible to explain the results of a series of 
our measurements. In argon-alkanes mix- 
tures the resonance defect is least for argon- 
ethane mixture, whereas our results show 
the gradual decrease in optimum quantity and 
the gradual increase in ionization with the 
continual reduction of the ionization poten- 
tials of added gases. In argon-alkenes mix- 
tures the resonance defect is least for argon- 
ethylene mixture, whereas our results are 
about the same for argon-alkanes. Again in 
argon-alcohols mixtures, the resonance pheno- 
mena is not observed. 

Howerver, these difficulties of the Penning 
effect are expected from the experiment of 
A. H. Futch and F. A. Grant” on the mean 
life of *P, metastable argon atoms. The 
mean life of *P, metastable argon due to the 
destruction by three body collision was given 


by, 


=Nimet. N2Qu 
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PAY i! 
13507 
where p is pressure in mmHg. In our case 
of p=760 mmHg; -=1!3x10— secu Phe? ire- 
quency of collision of a metastable argon 
atom with impurity gas of partial pressure 
of 1mmHg is about 10°/sec, and thus only 
1% of metastable atoms could collide with 
imprity atoms during the mean life time. 
5.2 Direct impact ionization 
The Townsend ionization coefficient can be 
easily obtained, provided that electron dis- 
tribution is assumed to be Mexwellian, and 
is given by, 


(8) 


ef WE y= eile (Vig Ve) 
7 
ayn, aa es = e-VeilVe(VaitVe) (9) 


where a is the initial slope of the ionization 
cross-section, ” the density of the gas, f the 
average fractional loss of electron energy 
per collision, V: ionization potential of the 
gas, Ve mean energy of electrons. The se- 
cond term represents the contribution of the 
added impurity gas and is expected from 
Fig. 17 to become more effective as the 
ionization potential of the impurity lowers. 
For the numerical evaluation of this term, 
we use Townsend and Baileys data® relating 
avereage electron energy and loss factor to 
the ratio X/P. In argon at X/P=15 V/cm/ 
mmHoreV-=11skeV. Sande f==83.8,x%10-4.45 As: 
suming that a,~a,, the ratios of the second 
term to the first in optimum mixtures are 
3.1x10-? for methane, 5.8x10-° for ethane, 


a 


N1Q, Vii 1 ( 


os “ay Vee \?r* 
VF VEER (3/2k) k ) 


aie 


N22 Voi 
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1.5x10-? for propane, 6.3x10-* for butane © 
and 3.2x10-! for pentane respectively. The | 
agreement is quite unsatisfactory. But this || 
disagreement is not unexpected, for it has 
been mentioned that theoretical values of 
a/P in argon are from two to four orders of 
magnitude too high and thus the distribution 
curve in argon shuold fall off very much © 
steeply than Maxwellian with increase in i 
energy above about the mean energy”. 


Ple)orize) 


Pe oin(e) 


N 


e- Vie Vin 


Fig. 17. Graphical illustration of direct impact _ 
ionization in a mixture gas. @: electron energy | 
distribution. 4%: ionization cross-section of the | 
main gas. oj: ionization cross-section of the 
impurity gas. 


Therefore the actual electron distribution 
curve in argon would be of following form, 
as proposed by H. D. Deas-and K. G. 
Emeleus'? 
iV k 
F(V)=AxV'? exp \-(ez) (10) 


Applying this distribution function, the 
Townsend ionization coefficient is given by 
the incomplete gamma function, which is 
approximately expressed by, 


= (vad 


ist 


For the arbitrary choice of k=8, the ratios 
of the second term to the first in optimum 
mixtures are 3.2x10? for methane, 4.010? 
for ethane, 2.5x10* for propane, 1.210 for 
butane, and 2.0x10* for pentane respectively. 
The contribution of the impurities to an 
increase in ionization is sufficiently large 
compared with that of the main gas. 

Let us next discuss briefly the optimum 


i 
V Ff VP GRR B/2k) ral 


Voi 2-2k 
cS ex 
Ve ) . 


ilove 


quantity relating to the direct impact process. 
The addition of that impurity will give rise 
to an increase in ionization in above men- 
tioned manner, whereas it will reduce elec- 
tron mean energy due to supposed larger value 


(11) 


of the loss factor of the impurity. The 
electron mean energy is given by 
AX 
=) | TZ) 
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In the case of small admixture, 2 will not 
change substantially, and it is sufficient to 
to take into accounnt the variation of x. 
Evidently the loss factor in mixture gases is 
the average of those for the component gas- 
es and is expressed by 


Sin Son > 
f= iM ahs ree 22 
Sy Fark Sn So=fit ce 


Sa (13) 


where 


S=average collision cross-section in mix- 
ture gases 
Si,2=corresponding quantities of the com- 
ponents. 
Substituting (13) in (12) we obtain in approxi- 
mation that 


ysis ta a Int Sefer Ms ) 
ae QeSokt. 2 
=V.(1- 1 Sf #) 
2 Supt en 

where Vz) is the mean energy in pure main 
gas. Eq. (14) represents linear decrease in the 
electron mean energy as a function of the 
concentration of the impurity gas and the 
degree of the decrease is proportional to the 
ratio of the loss factor multiplied by the 
cross-section. 

Substituting (14) in the second term of (11), 
we obtain that 


ers N2Q2 Voi 1 ( 
n nV (b/2R)V(3/k k 
ra (15) 


exp + ce) (ae 


This formula expresses that a/n increases 
with concentration of the impurity, reaches 
a maximum at a value of 


es ~( Veo \F.25-Siti 
eal ae PENS 
and then decreases. 

Theoretical result of optimum quantity 
given by (16) represents that this quantity 
depends mainly on the ratio S,f,/S2f2, since 
Veo/Vox is of order of unity. In alkanes it 
will be supposed that the loss-factor /, and 
the cross-section S, will become greater 
with increasing chain of alkanes. Thus the 
gradual decrease of this quantity in this 
order is quite a satisfactory agreement quali- 
tatively. 

The weakness of the direct impact ioniza- 
tion process is an arbitrary assumption of 


(14) 


Va Baga 
¥ om 


(16) 
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electron distribution function, and thus for 
more thorough discussion it is necessary to 
determine an accurate distribution function. 


9.3 Phototonization 

The existence of photoinization in dischar- 
ges of argon-organic vapor mixtures has been 
believed from the experiments of Geiger 
counters. 

The spectra of argon in the region of ex- 
treme ultraviolet was investigated by J. C. 
Boyce!» and in spark discharge two lines 
with sufficient intensity (1066.66A.1048,22A) 
and four weak lines (894-3A, 876.06A, 869.754, 
866.804) were observed. These spectra are 
emitted by transitions from states 4s, 5s and 
3d to ground state. Photons corresponding 
to two intence lines with energies of 11.6eV 
and 11.8eV can ionize propane, butane and 
pentane and those corresponding four weak 
lines having energies of 13.8eV, 14.leV, 14.2eV 
and 14.3eV can ionize also methane and 
ethane. 

Production of these photons per cm path 
in the direction of field will be expressed by, 


pee Veo =i ea 
Vf VIORArC2R) k\ Ve 


exp \¢ al (17) 


where Vexz= the excitation potential. When 
we assume k=8, and that the slope of the 
excitation cross-section is nearly equal to 
that of the ionization cross-section, the ratio 
w/a will reach about 2x10* for Vez=11.5eV 
and 5x10? for Vez=14eV. 

As to the values of the absorption coeffici- 
ent for photo-ionization of organic vapors, 
data are available only for methane, ethylene 
and acetylene’ The value of the cross-sec- 
tion for methane at 4=850A are about 1.5x 
10-7 cm?, and those for ethylene and acetylene 
at 2=1050A are about 2x10-!"cm*. From the 
absorption formula exp(—oNPx), about a 
half of these photons is absorbed by these 
addition gases at partial pressure of lmmHg, 
and thus the effect of photoionization cannot 
be neglected. 

In conclusion of above discussions, it seems 
clear that the increase in ionization in argon 
mixtures at higher pressure will be ascribed 
partly to direct impact ionization and partly 
to photoionization. The investigation on the 
low pressure discharge in mixture gases is 
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contemplated for the future to make clear 
as yet ambiguous points. 

The author wishes to express his sincere 
thanks to Professor K, Honda and Dr. H. 
Tamagawa for their helpful descussions and 
to Mr. I. Makino, Dr. M. Sugawara and 
Dr. J. Nakamura for their kind guidance 
throughout the experiments. 
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Non-linear effects are investigated in the excitation of electron-plasma 
oscillations, by considering a non-linear term in the Boltzmann equation 
as a perturbation. With the growth of fundamental component, the second 
and the higher harmonics are generated as forced oscillations. 
tudes of these components are estimated which give the criteria of validity | 
of linear approximation. Finally the behaviours of excited waves in the 
limit of large amplitude are described. | 


§1. Introduction 


The linear theory of electron-oscillations 
excited by the interaction between a plasma 
medium and a traversing electron beam has 
already been investigated in some detail by 
the same author.')-* The increase of oscillat- 
ing amplitude beyond the linear approxima- 
tion will give rise to some non-linear effects. 
This paper will mainly deal with the genesis 
and characteristics of these effects. 

A number of papers on non-linear plasma 
oscillations have since been published,*)-!» 
but most of them have not treated the ex- 
citation mechanism explicitly. In some works 
only a final state with large stationary ampli- 


The magni- 


tude has been considered in the presence of ' 
interacting electron beams, and hence the: 
process of generation of higher harmonics; 
involved has not been discussed. | 


In the present article we shall deal with a 
non-linear term in the fundamental equations: 
as a perturbation and examine non-linear > 
effects which will cause appreciable correc-: 
tions to consequences obtained by the linear: 
theory. Higher harmonics and the higher-: 
order corrections to fundamental component: 
will be calculated by means of successive: 
approximation. In the limit of wave-growth) 
the oscillation amplitude will be expected to) 
attain a saturation level. 
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§2. Fundamental Equations 


We shall not intend here general considera- 
| tions of non-linear effects, but restrict our- 
selves to the following case. 1) Ions are 
regarded as a uniform background of positive 
charge. 2) The effect of short-range collisions 
on the oscillation is neglected. 3) No static 
fields are present. 4) We consider only one- 
dimensional case. 5) Electrons are divided 
into two groups: one constituting a plasma- 
medium and the other running to form a 
beam. 6) Waves, growing up in time or in 
space as a result of interaction between two 
electron-groups, are supposed to have, re- 
spectively, a definite wave-number or frequen- 
cy. Hence only coherent oscillations are 
considered and incoherent or noisy components 
are discarded for the present. 

Fundamental equations are the Boltzmann 
equation for the distribution function of elec- 
tron-velocity and the Poisson equation satis- 
fied by the oscillating electric field arising 
from long-range correlations between elec- 


trons. Under the assumptions made in the 
last paragraph they are written as 
Of pot & 7 Oho poe 5 
21 
ain “Ox Ra one, m a el) 
OE é 
— = — 22, 
s om 2.2) 


where fy is a stationary part of the distribu- 
tion function and / its oscillating one. 

First a wave excited in time will be ex- 
amined, and a wave growing in space will 
be discussed in a later section. 

The functions f and £& are Fourier-analysed 
in a unit interval of space. Hence 


j= fe Le Dy E,et* 
k 
The summation extends over all values of & 


which are integral multiples of 2z. 
and E are real, the following relations result 


= ye: Lu Ex 
where the asterisk denotes the complex con- 
jugate of respective quantity. Then (2.1) 
and (2.2) become 
Ofn—ke 
Be ito £52 ZEN te: a, (2:3) 
mM mM ki’ 
thEn= aa : (2.4) 
0 


The right-hand side of (2.3) represents the 
non-linear term in this problem. In order to 
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regard this term as a perturbation, we in- 

troduce a parameter 2 for convenience to 

write it 

Shen. h—k’, 

aria 
p> 

According to the usual procedure of perturba- 

tion method, we put 


fr=fOO+ POF RAO +s, 


(2.5) 
Ey= EO +I EO + PEO, 


Inserting these into (2.3) and (2.4) and taking 
terms of the same power with respect to 4, 
we get the series of following equations in 
the successive approximation. Here it should 
be noted that by virtue of the assumption 
6) only a wave with a definite wave-number 
has a considerable amplitude and therefore 
another wave-component becomes negligible 
at the stage of linear approximation. As a 
result, we can greatly simplify the non-linear 
terms and obtain 

zeroth-order equations: 


Ores 
at 


REO eae ; 
Eo 


£ porla—o ; 


(ones 
eee thof Ap 


(2.6) 


first-order equations: 


OF om gay & pa fo ALO 
“Bet Ret Ae on = in dv ’ 


2ikEY = a fDdv , 
0 
2.7) 


second-order equations: 


6 Siinawiebe , Of 
a + 3ikuf 2) — Ee ye 


$ Of pend) 
salen = Ona AOR) E 


(2.8) 


sik =—*| Fao . 
0 


and 


Of? 
0 


: Of 
ee (yeild OLS 
t ToT mov 


(2.9) 


— Of pwF%, (0) soe 
sre ae v pe Ov /’ 


RE = — =| fray 
Eo 
third-order equations: 


We know that zeroth-order equations pro- 
vide the linear approximation of the funda- 
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mental wave, first-order ones second harmonics 
and second-order equations third harmonics 
and the correction to fundamental wave. 


§3. Fundamental and Harmonic Waves 


The fundamental wave is obtained in the 
linear approximation by solving (2.6). As 
was discussed in the preceding work,” ex- 
cited waves exist for the suitable distribution 
function fp. When a growing wave becomes 
enough large to neglect transient effects, it 
may be written as 


ExO= Ede" , (3.1) 


where w=a)+i7, 7 being positive. Thus the 
wave increases proportionally to exp(7?t). @ 
and k& are connected with each other by the 
dispersion relation 

ice bi 
a a (w—kv) 
It is known that the wave-number k of ex- 
cited wave, in general, takes any value within 
a certain range. However, if a wave with a 
single value of & is strongly excited, as is 
realized in the plasma-layer,?” the oscillat- 
ing part of distribution function becomes 


te Of,/Ov 
m (w—kv) 


quail 3 


(3.2) 


LO=— —-——TEXQeR Ds (3.3) 
When the wave grows up in the quiescent 
plasma-medium, the initial field £.(0) corre- 
sponds to a thermal level of plasma oscilla- 
tions. 

Next we can get the second harmonics 
from (2.7). The non-linear term of this equa- 
tion is represented by the fundamental wave 
of linearized theory, say, by (3.1) and (3.3). 
Thus it varies with time as exp (—2iwf)= 
exp (27t) exp (—2iat). The increase of this 
term brings about the second-harmonic com- 
ponent as a forced oscillation, resulting its 
electric field 


B= — Sa MEO? 


(3.4) 


where /, stands for the integration 


Hs _ovpey to 
= 
(w—kv)* 


and wy’=Npe"/mey, Ny being the number densi- 
ty of plasma-medium. 


In a similar manner the third harmonics 
is obtained from (2.8), which gives 


dv , 
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Eg=— 2 (SE) ht + SL KEOY 
where 
L= = wpe” e fo 
nt (o— Bin 


If we es to higher-order equations, 
we could calculate the fourth, the fifth har- 
monics and so on. 


(EOyrs 


The second-order correction term of funda- . 


mental wave is given by the solution of (2.9). 
Considering the time factor exp(3ry/)exp(—ta@ot) 
of the non-linear term, we get a result of a 
form 


E,® 
= ek* = 2(2G,' +1! JF) B02. EO , 
MO yp (1—Lo") 
(3.6) 
where 
e fo 
i dv , 
I mn (o—kv-+2iry 
_ Ove? to 
ri Pakee kv+2ir)'(o*— my 
fo | 
lads 2M , 
ee Ope fo 
sg Mey | 2\ (@—kv+2ir)*(o—kv) ae 
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§4. Evaluations of Higher-order Components 


Higher-order components represented by 
(3.4)-(3.6) can be evaluated most easily in 
the case where the number density of elect- 
rons in the plasma-medium m”» is of the same 
order of magnitude of that in the beam mp. 
Then it is shown that integrals L, l,, fy’, G2, 
G,’ and J,’ are all of the order of magnitude 
unity. 


Denoting ne=| Fidv, we get 


PE ORE 
£9 


(3.5) | 


In general, it is shown | 
that the m-th harmonics is proportional to 
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Thus (3.4) gives 


E® n 
Roar (4.1) 


Similarly from (3.5) and (8.6), we find 
i) Sy ExG) Nr 2 
Bo~ Bo (2) - 


Writing higher harmonic 


(4.2) 


components of 


density as na=| Foxdv and na=|F 3xQv, We get 


Np 


Nok (23) 
Bisby a (ite, 
Np Np 


As for the m-th harmonics, in general, we 
can write as 

fat _( fe)” 

Np Np 


py et) Me m—1 

Eo~ us 

Next consider the case where the value of 
density ratio, o=m,/m», is far from unity. 
Then it is necessary to discriminate the group 
of electrons in the plasma-medium from that 
in the beam. The reason is that the non- 
linear effects on oscillations of one group are 
expected to be different from those of an- 
other. Thus fundamental equations (2.3) and 
(2.4) are replaced by the following three 
equations 


Usk 
Np 


(4.3) 


(4.4) 


‘Pp 
ee Et ky fx? rp, ihe Pe ee 
Ov ms’ Ov 
(4.5) 
Ofn? poe Je Of en ke! 
my ge aiyyeer™ ay” 


(4.6) 


thREx= Cee ; (4.7) 
0 

Superscript p or 0 indicates the component 
for plasma-medium or beam, respectively. 

By means of the perturbation method de- 
veloped in §2, we can derive the system of 
equations of each order from (4.5)-(4.7). 
Electric field components Ex, Es; and E3x 
obtained from these equations are the same 
as those in §2. Therefore the remaining 
task is to find fx?, fu’; fin, foe; -** by use of 
above equations. 

In what follows, we assume the distribu- 
tion functions 


fo? =n(ml[2nnT)'” exp (—mv?/2eT) , 


So? =N,0(v—») , 
where v, is the electron-velocity in the beam. 


(4.8) 
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We shall consider only the case where vr= 
(2xT/m)'” is negligible compared with vp. 

Corresponding to (3.3), the linear approxima- 
tion of fx? becomes 


Si? = eS Bo (Oye ‘ (4.9) 


m(a—kv) 
Since the phase velocity of the excited wave 
is comparable with the beam velocity, using 
(4.8) and the assumption that vr<v», we get 


2 
net =| fatdv = Ee ViO)e-** , (4.10) 
Ma 


where E,(0) is replaced by V:(0), by means 
of the relation: E,(0)=0V:x(0)/Ox=7k V:(0). 
Thus the electric potential arising from elec- 
trons in the plasma-medium is 


V, yen a p— Or — 

k = Se Ne? = - ViO)e-*” , (4.11) 
Corresponding quantities for the beam are 
written as 

ree eee is 


= i paee ViO)e-* , 


(4.12) 


and 


Vi2= ViCO)e-*" , (4.13) 


(o— Le i 
where w,?=me?/me,. The total potential be- 
comes naturally 
Vie= Vt? + Vie? = Ve(O)e-* , 
with the aid of the dispersion relation for 
this case. 
As for the second harmonics, we obtain 


Dp p 
nie penny (ew os AeGar) 
and the similar expression for the beam com- 
ponent f?,. These functions are integrated 
over the velocity space, yielding n>, and mx. 
Then the ratios of the second harmonics to 
the fundamental component are given by 


p 
Be ao (Gai t3)( 2) Seaees 
Dp (2) Np 


Nk” 2 
(4.14) 
Mh ae Ee, +3 
Nx” 2 p 
2 
sitar Neer) (4.15) 
o—kvo/ no OK 


where ox=1x?/nNx”. 
In order to find conditions for which the 


linear theory is valid, we have to evaluate 
ratios |x” |/tp and |x” |/0. Then (4.10) and 


(4.12) give 
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| x? | _ ek? VO) oy += (My v(t), 
Np m| w |? | 
lm? | ___ ek® Ve(0) nl kv» is ; 
No moval |wo—kv» | Me 
where 
K=O (4.16) 
MV 


Now using (A.6) and (A.8) in the Appendix 
we find for o/?<1 


ot a 
p oe" 
and for oS] 
Ate? | erga Pineal TE an oppose) 
p Nob 


Before evaluating further, the ratio of oscil- 
lating densities are required 


= orheR Bi gtr (4.19) 
Oy’ |w? ‘ : 
where o may take any value. Making use 


of this and (A.6), (A.8) and (A.9), the ratios 
(4.14) and (4.15) are estimated for o\?<1 


Nak 40) Nx. r(t) 
a eae ws ae (4.20) 
and etog on si 
p b 
PE) TV a2y(t), |) wo*r(t). (4.21) 
D Ni? 


Thus from (4.19) and (4.12), we obtain the 
ratio 


b 
fat uy 
p 


2h 


(4.22) 


Ook = 
for all values of o. 


§5. Conditions of Linear Approximation 
and Behaviours at Large Amplitude 
The inspection of the estimations in the 
last section will lead at once to the conditions 
for the validity of linear approximation, which 
can be written as 


POE 


Vb< 1 ’ 


o72/3 


(5.1) 


according to, respectively, 
< 
ew), 
> 
For all cases above, in fact, we have 
Np>|Ne? |>| 21, 


No>| ne? |>|n2| . (5.2) 
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If the oscillating amplitude becomes larger, 


resulting | 
r(t)h~o/*® for o?<€1, (5.3) 
we find instead of (5.2) 
Ny>| Nu? |>| mae | 5 


No~| Nx” |~| Nok hs 


This implies that, when the electron density | 


in the beam is very much lower than that in 
the plasma, the beam is bunched almost com- 


pletely and hence very rich at harmonics, . 


while the plasma is still at the small-ampli- 
tude level. In other words, at this level the 
wave in the plasma can be treated by the 
linear theory and the modulation in the beam 
must be described by the non-linear theory. 
For o'/? >1, if r(t{)~o? «1, we get similarly 
Nyp~| Nx? |~| nx | , 
Ny >| nx? |>| 2361 - 
This shows just reverse situations to (5.4). 
The bunching of electrons is then strong in 
the plasma and weak in the beam. 


(5.5) 


(5.4) | 


The state represented by either (5.4) or | 


(5.5) would correspond to the saturation level, 
which will be discussed in the following. 


Consider a state given by (5.4) in which > 
the traveling wave in the plasma is supposed | 
If. the. 


to have a rather large amplitude. 
potential difference Vm between the top and 
the bottom of the wave amounts to almost a 
value given by 
CVn ~(m/2)(V»—Vwy , (5.6) 
where vw=a@/k is the phase velocity of the 
wave, some electrons in the beam begin to 
be trapped in the potential valley. The 
number of trapped electrons would increase 
with the value of Vm. The maximum energy 
transferred to the wave per trapped electron 
is of the order of m(v.*—v.’). As the number 
of electrons incident on the plasma layer per 
unit time and per unit area is ”)v,, the total 
rate of energy transferred from beam to 
wave is at most ,v,(m/2)(v.?—vw?). Hence, 
denoting the total energy of oscillation field 
as W, we may suppose dW/dt~constant in 
such a limit; or W increases proportionally 
to time. In the linear theory we know that 
W builds up with a factor exp (2yt). Thus 
the time increase of W is reduced to a linear 
rate from an exponential one. 
In earlier discussions any loss of oscilla- 
tions has not been taken into account. If 
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we consider various sorts of loss in the sys- 
tem, e.g., losses by collision, by reflection of 
wave at the layer-boundaries and the like, 
we might obtain dW/dt-0 which yields an 
oscillation with a stationary amplitude. There- 
fore it would be reasonable to regard the 
level given by (5.6) as the limit of large 
amplitude, since the magnitude of this level 
becomes for o/°<1 


ena ee ve) woth 3 


Mv," Vo 67) 


indicating that it coincides with the amplitude 
at which a strong bunching takes place. 


8 6. 

Non-linear effects in the case of spatially 
growing plasma waves can also be discussed 
in quite a similar way as in the previous 
sections. For components of density modula- 
tion with a certain frequency and for their 
higher harmonics, we obtain the results as 
follows : 


bile? |, . eR” Zs at heed a: - | 
Been =” _ VY O)et =rn (2 ) (1 ee 


Case of Traveling Plasma Waves 


Np TO) w 
(6.1) 
4252 | ek? 
= V.(O)er” 
Ny m|o—kvy |* (Oe 
vo \?_(+7%/hs*) 
= s 6.2 
ra(2*) [1—kov/o |? oe) 
te 1 ( #43) (28) ay, 
Ny 2 Nae: o/] Np 


(6.3) 


b ake 2 
Mr 1 ies He 1+ 3 | 
Woe i, Op 
2 
sf Geet ees tae 
o—kvy Nd Ow 
where R=k)—i7, do=Nw?/Nwo”. V(0) is a modu- 
lation potential at the origin and 
éeV.(0)e” 
my 


If we estimate (6.1) to (6.4) for the case 
a’ <1 [see (A.12) and (A.13)], we get finally 


(6.4) 


(x)= (6.5) 


p Ni? FACS 
Ine?l yg, lel 66) 
Ny No al 
bd b 
Now WX 
Now ~7(X), 2 ~~ 2 4 (6.7) 
No” Nw” a 
and 
| Me” oO 
Ail ha ian 
' Ow | nD als << ? 
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or 1 according to 


1 
Pais 
Pa'®>1 orZ1. 


Thus the criterion of validity of linear theory 
can be written as 


r(x) Karl , (6.8) 
Then we can find 
Np >| No? |>| Nol , (6.9) 
Ny >| Mo” |>| 2201 5 
If the wave propagates further, we get 
r(x)rael? , (6.10) 
Then 
Ny >|Nwo” | >| Now| , (6.11) 


Ny~|No” |~| m3. | ’ 


which shows a strong bunching of the beam 
and a small modulation in the plasma. As 
saon as the potential of the wave reaches 
about a value represented by (5.6), the runn- 
ing electrons are trapped in the potential 
trough. We can estimate such a magnitude 
of the potential with the aid of (A.12) and 
obtain 

CVn asi 


— (6.12) 


Comparing this with (6.10), we might con- 
clude that the strong bunching and trapping 
of electrons in the beam would occur at the 
same level and the wave would saturate at 
the same time on account of some dissipation. 

For the case of a'/*>1, on the contrary, the 
electrons in the medium would be tightly 
bunched with much harmonics and the beam 
would be slightly modulated only by the 
fundamental component. 


§7. Discussion 

It is shown in §5 that the oscillating am- 
plitude saturates when 7(f)~o?/* for o/*°<1. 
Now we should like to see after how many 
cycles of oscillation the amplitude amounts 
to its ultimate level. For this we must esti- 
mate 7(t) of (4.16). Since v(t) involves Vi(0)= 
E,(0)/ik, Ex(0) must be obtained. Here Ex(0) 
is the mean amplitude of one mode in the 
thermal-plasma oscillations. Since the mean 
energy per mode is known as «T, we find 


Ex(0)~(2«T /eo)'/?~10-$T'” volt/cm , 


where T is measured by °K in the last ex- 
pression, 
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For a numerical example, we take o~1, 
T~10!°K, mv,?~100 eV and k~10. Then from 
(4.16) and (5.1) we obtain exp(yt)«10° and 
hence exp (y#)~10° or 7f~18. When o~m1, l/r 
is about one period of oscillation. Thus we 
see the linear theory gives a reasonable re- 
sults up to 20 cycles or so after the oscilla- 
tion starts. After this time only a few cycles 
would be required for the saturation of am- 
plitude. 

If we suppose o~10-°, with other parameters 
unaltered, we find the linear approximation 
is valid for exp(rt)<10", namely for 7t~14. 
In this case, however, y/@~o'~0.1. Thus 
nearly a hundred cycles are allowable for the 
linear theory, and further twenty cycles are 
to be needed for the saturation. 

Hitherto we have considered only a one- 
dimensional case. Therefore we have to take 
account of corrections die to the fact that 
the actual system is of three dimensions. If 
the electron beam has a finite cross section, 
the plasma wave excited would lose its energy 
through the surface of the beam as well as 
by reflection at both boundaries of the plasma 
layer. Furthermore the loss due to spectral 
decay would be possible by an additional non- 
linear effect.‘ If the total loss becomes com- 
paratively large, the oscillation would be 
suppressed within the linear theory and if it 
is small enough, non-linear effects could be 
expected. 

Finally the author is indebted to Professor 
T. Kihara of University of Tokyo and many 
members of our Laboratory for their interests 
and discussions. 


Appendix 
To make order-estimations of various quanti- 
ties concerning a plasma wave excited with 
time, we shall first solve the dispersion re- 
lation 
2 2 
Naa co ash ee tt : 
o (o—kvo)? Si sé 
by approximating for o<l. Assume e= 
(r/@)*«1 and x=(kv»/m)—-1«1. Then (A.1) 
is reduced to [see the reference 1)], 


@i\e y*—e 
—)=1+6 , 
© (x7+e) 


(x-+e)'=on.. 


(A.2) 


(A.3) 


The highest frequency is obtained for e—0, 
which results 


Masao SUMI 


(Se) =142 and sy 0's. | 


Op 


Thus for of"<T; 
(L)=(2)'se-va-2. As 


Op Op 


) 
From this we get easily the maximum value: 
of y for y=(0/2)'/3/2. At this value we find 


> =1-(£)" r = 2)" 
Op WD : ; | 


Op Zar 2, 
1/3 
Ow shy sich (A.5) 
Vd 2 
and 

Oy aye Rvs kv» ~on/3 

|w—kvy | * lol ” |w—kvo| ’ 
(A.6) 


For o/?>1, according to the consideration 
given in section 5 of reference 1), we obtain 


ooo te 5 (LYM ziva(iy" 
weit, sf? Ni2eih Ay owmideaaer ; 


(A.7)) 
Hence 
Pally kup ey Fo gas Lol ay 
lo—kvo| |w—kvs| ” l|o| ry) huang . 
(A.8)) 
Now the integration J, is given by | 
4 2 2 
fix +) ee clef 
e Gs —eoe 


which becomes, according to o/°<1 and 1, 
IL~o-¥8 $1 and L~o? <1. (A.9) | 


In the case of traveling plasma wave, the as- 
sumptions y=1—(w/kvy)«1 and &=(v,/v7?>1 
give the approximate dispersion relation [see 
reference 3)], 

Ges} 


wo \2 3 
a Sab nnDEAy ba G2-teeb ik 
(g+eyr=ay , (A.11) 


where e=y/k, and a=(2/3)Eo. For a'/<1, 
it is found y attains its maximum for y= 
(a/2)'/8/2. Then we get 


+o (A.10) 


o 3 ry V3/avi3 
isch! ty Ape SANG 
aoa it Teta oan ea Ba 
RIA Sh uae 
Vo 22 
and 
Wp ight? 


|S Resi (A.12) 
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Thus J, becomes finally 


1 


Oo 
I,~1+ Palle . 


atk 


yy a 
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The oscillations in a bounded plasma in an external magnetic field were 
studied. The hot cathode discharge tubes used were filled with mercury 
vapour at pressure of the order of 10-?mmHg. The weak uniform magne- 
tic field whose strength was in a region between 0 and 350 gauss was 


applied parallel to the direction of discharge current. 


The oscillations 


were detected by a super-regenerative detector adjusted to a constant 


frequency. 


The oscillations of two types were detected: One has a frequency 
which depends on the magnetic field strength alone, and the other has a 
frequency which depends on the electron concentration as well as the 
magnetic field strength. The former is interpreted as the cyclotron re- 
sonance oscillation, and the latter as the plasma type oscillation. 


§1. Introduction 


The oscillations in a plasma generated in 
the discharge tubes of Merrill-Webb type” 
have been investigated, and some of results 
were reported by Kojima et al. whose papers 
are hereafter referred to as I? and II». It 
was concluded there that the oscillations 
classified into three groups were observed in 
the discharge tube. In the present experi- 
ments, the oscillations in a plasma generated 
in the discharge tubes of the same type were 
investigated in the presence of the external 
magnetic field parallel to the direction of the 
discharge current. First, the changes of the 


oscillations of three groups were observed in 
relation to the change of visual structure in 
the discharge tube, as the magnetic field 
strength was increased from zero. The 
results seem to support the interpretations 
given in II. 

The frequency of the plasma oscillation 
observed in absence of an external magnetic 
field is nearly equal to the so-called plasma 
frequency given as 


fo =V Ne|xm , 


where e and m are the charge and the mass 
of electron, respectively, and N is the elect- 


(1) 
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ron concentration. When the plasma is put 
into an external magnetic field, the plasma 
type oscillation excited there should have a 
different frequency from /». Furthermore, 
it should be expected to give rise to the cy- 
clotron resonance phenomena as the frequency 
of the plasma type oscillations closes to the 


cyclotron frequency or its multiples. The 
cyclotron frequency is represented by 
fe = eBlaxm Ga) 


for the electron gyration in a magnetic field 
of strength B. On the other hand, the fre- 
quency of the plasma type oscillation excited 
in plasma in a magnetic field is given appro- 
ximately by the well known expression 

f=V fo + fe sin*s , (3) 
where @ is the angle between the direction 
of propagation of oscillation and external 
magnetic field®. 

The plasma type oscillation in a magnetic 
field has been discussed theoretically by 
Gross? and Bernstein». It seems, however, 
that the plasma oscillations whose frequency 
is given by Eq. (3) have not yet been observ- 
ed in any experiment. On the other hand, 
the theoretical treatments on the cyclotron 
resonance oscillations have been given by 
Hwa® and Kelly et al.2. The experiments 
on the cyclotron resonance have been at- 
tempted in a rather strong magnetic field by 
Kelly et al. and others. In the present 
experiments, the oscillations of two types 
mentioned above are detected in the weak 
magnetic field up to 350 gauss, and they are 
explained in correlation with each other. In 
the following, the procedures and the results 
of our experiments will be mentioned in de- 
tail, and the discussions on the results will 
be given. 


$2. Experimental Apparatus and Procedure 


The type of discharge tubes used is shown 
in Fig. 1. It is similar to that used in the 
previous experiments (II) on the plasma oscil- 
lations. They contained mercury drops, and 
hence they were filled with mercury vapour 
at a low pressure of the order of 10-° mm Hg 
at the room temperature. The anode was a 
disk having a diameter of 12mm, and was 
set 16 mm away from a cathode. The indirect- 
ly heated cathode was a cylinder, 5mm in 
diameter and 10mm deep, with an oxcide- 
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coated front surface. 
nickel is preferable for an active emitting 
surface, but it disturbs the uniformity of 
magnetic field. Therefore, the electrodes 


made of platinum were also used. The two | 
electrodes were injected into a glass sphere | 
tube of 60mm in diameter which was large | 
enough to avoide the effect of tube wall on the | 


plasma. A single tungsten wire probe, 0.1 
mm in diameter and 2mm long, could be 


moved through the region of the plasma, and | 


picked up the oscillation. 


Fig. 1. 


Type of discharge tube. 


A uniform magnetic field was furnished 
by a Helmholtz coil and was homogeneous 
within 1% over the plasma. The magnetic 
field strength was measured by a fluxmeter 
which was calibrated with a proton reso- 
nance. The magnetic field was applied paral- 
lel to the direction of discharge current, the 
strength of which was changed with a coil 
direct current in a region between 0 and 350 
gauss. The coil current was modulated by 
use of a 50-c/s sine wave superimposed on 
a direct current. 

Oscillations were detected by a super-rege- 
nerative detector capacitatively coupled to the 
movable probe, and after amplification the 
output was displayed on the vertical axis of 
an oscilloscope, the horizontal deflection of 
which was made proportional to the strength 
of the magnetic field. Thus the oscilloscope 


A cathode made of | 
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displayed a plot of the intensity of the oscil- 
lation as a function of the strength of a 
magnetic field. The block diagram illustrat- 
ing this experimental method is shown in 
Fig. 2. 

Oscillations were observed by the detector 
adjusted to a constant frequency, because it 
was hard for our apparatus to change exten- 
sively the frequency of detector without giv- 
ing considerable influence on its sensitivity. 


aie 


Fig. 2. Block diagram illustrating our experi- 
mental method. 


As the magnetic field strength is increased, 
the frequency of oscillation in plasma would 
change, so that, in order to detect the oscil- 
lation by the detector with a fixed frequency, 
it is necessary to restore the frequency of 
oscillation by changing the discharge current. 
In the following section, most of results of 
measurements will be given in diagrams show- 
ing the relations of magnetic field strength 
to the discharge current which gives maximum 
amplitude to the detector. The following is 
acertained in our experiments: If the dis- 
charge current is decreased as the magnetic 
field strength is increased, it is implies that 
the frequency of oscillation would increase 
with the magnetic field strength if the dis- 
charge current were fixed. These circum- 
stances correspond to the fact that the 
frequency of plasma type oscillation increases 
with the electron concentration or the dis- 
chargecurrent. Hence, the qualitative changes 
of the frequency of oscillation due to the 
magnetic field strength can be conjectured 
from an experiment with a fixed frequency. 
The quantitative changes of the frequency 
due to the changes of the magnetic field st- 
rength or the discharge current were obtained 
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by doing the experiments with different fixed 
frequencies. 


§3. Experimental Results and Discussions 


(A). It was reported in I that the oscil- 
lations of three groups were detected in the 
tube mentioned above. These are the oscil- 
lations of the first group generated in the 
central part of plasma by a convergent beam, 
the oscillations of the second group generat- 
ed in the wider region of the plasma by a 
divergent beam, and the oscillations of the 
third group generated at the periphery of the 
convergent beam. In order to verify these 
results still more, the changes of the beha- 
viour of oscillations in plasma, as the magne- 
tic field strength was increased from zero, 
were compared with the changes of visual 
structure of the plasma in tube. In this ex- 
periment the discharge tube with nickel élect- 
rodes was used. When the magnetic field 
was not applied, the convergent and the 
divergent beam and their boundary were 
clearly distinguished each other. This is 
shown schematically in Fig. 3. If the probe 


Fig. 3. Scheme demonstrating the visual struc- 
ture of a plasma in the discharge tube. 


is set at the position A in Fig. 3 where the 
convergent and divergent beams are clearly 
bounded, the oscillations of the third group 
alone can be detected. As the magnetic 
field strength was increased from 0, the 
behaviour of the oscillations having constant 
frequency fa = 720 Mc, where fa is frequency 
of the detector, changed as shown in Fig. 4. 
In (a) of Fig. 4, the external magnetic field 
strength H at which the oscillations of 720 
Mc could be detected, is represented for the 
discharge current J», and in (b), the change 
of the intensity J, of oscillations is shown. 
The relation of this behaviour to a visual 
structure in the tube is as follows: When the 
magnetic field strength was slightly increas- 
ed from zero, the outside of convergent beam 
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got coloured brightly and the boundary of 
the convergent beam became less clear. In 
that case, the oscillations became unstable. 
At about 10 gauss, the contraction of plasma 
came in sight at the circumference, then the 
boundary of the convergent beam became 
clearer than before. Now, the oscillations 
became stable again and their intensity grew 
larger. Then the intensity arrived at maxi- 
mum and the boundary of the beam kept 
clear for a while. After that, as the contrac- 


Ni -electrodes 
fg = 720Mc 
p =5xl0 mmHg 


20 


O 10 20 gauss 


Fig. 4. (a) Plots of external magnetic field 
strength vs. discharge current, for the oscilation 
of the 3rd group. (b) Plots of its intensity vs. 
magnetic field strength. 


Ni— electrodes 
fa= 755 Mc 


p= 5.2x io” mmHg 


2nd group 


Ist group 


aca 


O 10 20 gauss 
H 


Fig. 5. (a) Plots of external magnetic field 
strength vs. discharge current, for the oscilla- 
tions of the Ist and the 2nd group, respectively. 
(b) Plots of their intensity vs. magnetic field 
strength. 


tion at the circumference went on, the bound- | 
ary of the beam became less and less clear. | 
While, the oscillations weakened, and at about | 


25 gauss they disappeared. The above-men- 


tioned supports the interpretation of the third | 


group given in II. 


The oscillations of the first and the second | 


groups were inquired in the weak magnetic 
field up to 30 gauss. They were detected by 
a probe set at the central position B in the 
tube. Their behaviour is shown in Fig. 5. 


These plots represent a relation between the | 


magnetic field strength and the discharge 
current: In this relation the oscillations of 
755 Mc could be detected. From about 15 
gauss, the oscillations of the second group 
weakened, and they disappeared above 20 
gauss. The oscillations of the first group, 
considered as main plasma oscillations, once 
disappeared at about 30 gauss (This fact is 
also reported by M.D. Gabovich and L.L. 
Pasechnik®) and appeared again at some larg- 
er magnetic field strength (~40 gauss). As 
to the behaviour of these oscillations, the 
experimental results and the discussions will 


be given in (B). In (B) the region of the 


stronger magnetic field is treated mainly, 
where the change of the visual structure is 
not observed. 

(B). The observations of oscillations in a 
plasma in the axial external magnetic field, 


Pt-electrodes 


fa=700Mc 
gauss p=!xlO mmHg 


200 


100 


0 10 20 30 40 50 60 mA 
Ip 
Fig. 6. H-Iy diagram for the oscillations obser- 
ved by the detector adjusted at 700 Mc. 
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whose strength was changed from 0 to 350 
gauss, were carried out by using the tube 
with platinum electrodes. First, oscillations 
were detected through a probe by a super- 
regenerative detector adjusted to 700 Mc. 
Since the observed oscillations were consider- 
ably broad, the field strength giving the 
maximum intensity was plotted against the 
discharge current. A H—TI, diagram obtain- 
ed by such a way is shown in Fig. 6, which 
represents a relation between ‘the external 
magnetic field H and the discharge current 
Tp: In this relation the oscillations of cons- 
tant frequencies were detected. It is found 
from this result that the oscillations of two 
types were detected: These are the oscilla- 
tion distinguished as C type, whose frequ- 
ency depends on the magnetic field alone, but 
not on the discharge current, and the oscil- 
lation distinguished as P type, whose frequ- 
ency changes with discharge current or 
electron concentration. Therefore the oscil- 
lation of C type is possibly interpreted as 
the cyclotron resonance oscillation having 
the frequency given by Eq. (2). On the other 
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hand, as shown in the following, it is possi- 
ble to explain the oscillation of P type as the 
plasma type oscillation having the frequency 
given approximately by Eq. (3). 

1. Plasma oscillation. According to Bern- 
stain,®? the dispersion relation for the plasma 
waves of angular frequency » is given, in 
the presence of magnetic field, by 

wo ~ay + we sin?d + 3neT/m)k?, (4) 
where @»=27fp, We =2nfe, e and T are the 
Boltzmann constant and electron temperature, 
respectively, and k is the wave nnmber. In 
the limiting case 7-0, Eq. (4) is reduced to 
Eq. (3), and the frequency of the oscillations 
excited in plasma is determined by the elect- 
ron concentration and the magnetic field st- 
rength. In our case, the temperature of 
plasma electron is low enough (~10*°K) and 
k is the order of 1~10cm~', so that the Eq. 
(3) is applicable. Furthermore, it is known 
that for oscillations propagating perpendicular 
to the external magnetic field, there are gaps 
in the spectrum of allowed frequencies at mul- 
tiples of the electron gyration frequency.” 
This existence of gaps may be explained as 


fy=700Mc 


ae (700Mc)* 


fo =(I400Mc 


f= f+ fe =(I4OOMcl 


x 


2_ 2 
phe te ata 


Fig. 7. fe®-fp? diagram transformed from H-I, diagram in Fig. 6. 
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a sort of resonance phenomena taking place 
at O=NM. 

In a diagram which takes fy’ as an abscis- 
sa and f.2 as an ordinate, the expressions f/?= 
fe fo const» and 77=/f, are represented 
by straight lines. The observed plots should 
be in the region between these two straight 
lines if the direction of propagation of wave 
is taken into account. /f- is proportional to 
H, and ff,” is considered to be proportional 
to I» similarly to the case of no magnetic 
field in I, so far as the visual structure in 
tube does not change and the contraction is 
not observed. Therefore the plots in H— Jp 
diagram are transformed easily to the f.?—/y” 
diagram. (For example, J»=18mA for fo= 
700 Mc. When the contraction of plasma in 
weak magnetic field was remarkable, the re- 
lation of Jp to fp» was obtained by finding the 
change of J, due to the contraction as the 
magnetic field strength was increased from 
zero to a small value for which f. is small 
compared with fy, and by extraporating this 
change to a field strength for which the con- 
traction could not be seen.) In Fig. 7, the 
line f? = (700 M.)? is drawn through the two 
points C and P, where C is corresponding to 
the oscillation of C type detected at 700 Mc, 
and P is corresponding to the plasma oscil- 
lation in the absence of magnetic field. The 
experimental plots were transformed from 
H—TIp, diagram to f.’—f,* diagram in Fig. 7. 
The region enclosed with dotted line is the 
observable region by our apparatus. It is re- 
markable that the plots are placed in the 
neighbourhood of lines f?=(2fa)? and f.’?=fa’, 
where fa=700 Mc. (See also Fig. 9 and 10.) 
From these diagrams, it is clear that the os- 
cillations having the frequencies 700 Mc, 1400 
Mc and others (350 Mc, etc.) were detected 
simultaneously by our detector adjusted to 
700 Mc. Accordingly, it is reasonable to con- 
sider that the oscillations of P type are mainly 
the plasma type oscillations propagating per- 
pendicular to the external magnetic field and 
having the frequency f approximately given 
by 


FaV fs thes (5) 

Since the plasma oscillation is excited by a 

beam gyrating ina magnetic field, it may be 

considered that the oscillation propagates in 
a direction perpendicular to the field. 

Furthermore, the experimental plots had a 
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tendency to shift towards the large value of | 
fr in fe—fy? diagram, as 2f- closes to f with | 
In || 


change of the magnetic field strength. 
other words, the observed frequencies become 
smaller than the value given by expression 
(5). 


are quenched discontinuously in the neigh- 


bourhood of f=2f,(i. e., in the neibourhood of ] 


X in Fig. 7 for the plasma type oscillation 
of frequency 1400Mc). These facts may be 
considered in connection with the resonance 
phenomena. 
enhancement of organized electron gyration 
at the neighbourhood of f=2f., the state of 
plasma is considerably changed, so that the 
approximation used in reduction of Eq. (5) 
becomes unacceptable. Furthermore, owing 
to the large energy transfer to the cyclotron 
oscillation of frequency f/,, the maintenance 
of the plasma type oscillation of frequency 
nfe may be forbidden. 


fad=700Mc 


Pt- electrodes 


p=x10 mmHg 


250; p=3x 10 mmHg 


20 30 40 60 mA 


50 
Ip 


Fig. 8. H-I, diagram for the oscillations obser- 
ved at the different pressures. 


In the experiments reported above, the 
temperature of the tube, and hence the pres- 
sure in the tube were kept constant through 
the observation. When the oscillations were 
observed in plasma in different pressures, the 
H—TI, diagrams were obtained as shown in 
Fig. 8. In these cases the detector was also 
adjusted to the frequency of 700Mc. It is 
found that the plots corresponding to the 
plasma type oscillations of constant frequency 
shift towards the small value of J» in H—Ip 
diagram, as the pressure becomes larger. 

The intensity of oscillation of P type was 
several times larger than that of C type when 
they were observed simultaneously. 

2. Cyclotron resonance oscillation. The os- 
cillations of C type considered to be the cy- 
clotron resonance oscillations were detected 
with three different frequencies of detector 
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After that, the oscillations of P type 1 


It seems that as the results of | 


| 


\| 
\| 
| 
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together with the oscillations of plasma type 
with twofold frequencies. These are given 
in Fig. 9 by H—J, diagram. These plots 


p= 1.3x !OmmHg 


Pt-electrodes 


gauss 
300 
H 
“C type 
* fg=672Mc 
0O 
2 * fg=652Mc 
° f4=265Mc 
vid type 
100 : 
C type 
@) x 
O 10 20 30 40 50 60 mA 
Ip 
Fig. 9. H-Ip diagram for the oscillations obser- 


ved with different frequencies of detector. 


e* 
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were transformed to the /2—/,? diagram, as 
shown in Fig. 10. It seems that this diagram 
gives some support to the above explanation 
on the oscillation of P type. The oscillation 
of C type has a tendency that their intensity 
becomes larger as the discharge current in- 
creases and f closes to 2f.. 

Combining with the experimental plots of 
different frequencies one another, we can 
draw the frequency characteristics for the 
applied magnetic field strength as shown in 
Fig. 11. This diagram tells us that the fre- 
quencies of oscillations of C type are some- 
what smaller systematically than the calculat- 
ed cyclotron frequency from the external 
magnetic field strength. These differences 
are the order of several percent for the mag- 
nitude of fc. If these discrepancies are attri- 
buted to the diamagnetism of plasma entirely, 
they are considerably larger than expected 
value from the theoretical point of view. 
However, when the experiments were per- 
formed using the nickel electrodes instead of 
the platinum, the above difference was hardly 
shown. Accordingly the difference between 


x f,=672Mc 
e fy=652Mc 
© fy=265Mc 

=(1344Mc) 


f° =(1304Mc)° 


15 xlO” Mc* 


Fig. 10. fc?-fp® diagram transformed from H-I, diagram in Fig. 9. 


1100 


external and internal magnetic field strength 
may be considered to be the order of magni- 
tude which is able to cancel out the magne- 
tic field induced by the nickel electrodes. 
While, by Max Steenbeck,’” it was shown 
experimentally that the plasma in magnetic 
field exhibits the large diamagnetism of the 
order of 0.1~1% which is larger than his 
theoretical value. It is also possible to give 
another explanation based on the concept of 
effective mass of electron which follows from 
the disturbance for electron gyration by ion. 
But in our case of low pressure, the effect 
of the electron effective mass is small that 
it may be neglected. 


Mc e Ni-electrodes 
e Pt—electrodes 


200 


1) 100 200 


H gauss 


300 


Fig. 11. Observed frequencies of cyclotron oscil- 
lations for the applied external magnetic field 
strength. 


The half width was measured for the cyclo- 
tron resonance oscillation. It is, for example, 
about 15 Mc at resonance frequency of 700 Mc. 
Namely, the ratio of the half width to cyclo- 
tron frequency is about 0.02 for the electron 
concentration of about 10!°cm-°, and it is 
consistent with the value given by Hwa.” 
Then the collision time is calculated from it 
to be the order of 10-* sec. 


Conclusion 


§ 4. 


In the presence of an external magnetic 
field, the oscillation of two types are observ- 
ed in the plasma generated in a. discharge 
tube. These are interpreted as the plasma 
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type oscillations and as the cyclotron oscilla- 
tions, respectively. The former is the oscil- 
lation excited by a convergent beam at the 
central region of the tube, and is correspond- 
ing to that of the first group in II. Its fre- 
quency is given approximately by 
T= Ve areas 

but as it closes to the twofold cyclotron fre- 
quency it becomes smaller than the above 
expression, and after that, it is quenched dis- 
continuously. These results seem to be con- 
sistent with the theory given up to this time. 

The oscillation generated in the wider re- 
gion of plasma by a divergent electron beam 
disappeared as the plasma is contracted by a 
magnetic field. The intensity of the oscilla- 
tion generated at a clear boundary of a main 
electron beam is increased with clarity of 
the boundary. These results support the in- 
terpretation given in II. 

The frequency of the observed cyclotron 
resonance oscillation is somewhat smaller than 
the calculated cyclotron frequency from the 
external magnetic field strength. If- these 
discrepancies attributed entirely to the 
diamagnetism of plasma, it is far larger 
than the theoretical value. 

The author wishes to express her sincere 
thanks to Professor S. Kojima for his gui- 
dance and encouragement. The author is al- 
so indebted to Dr. K. Takayama and Dr. M. 
Sumi of the Electrical Communication Labo- 
ratory for their interest and valuable dis- 
cussions, and to Dr. S. Hagiwara, Dr. S. 
Ohara and Mr. R. Matsuzaki for help on 
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Irreversible processes in plasmas in a strong magnetic field are dis- 
cussed from both phenomenological and microscopic points of view. The 
thermodynamics of irreversible processes is applied and it is shown that 
the Onsager-Casimir reciprocity relation takes a symmetrical form for 
plasmas in a magnetic field. For a two-component fully ionized gas where 
the electrons make many free gyrations interference between electrical 
and thermal conductions vanish. When the mean gyration radius 1g of 
the electrons is shorter than the Debye length Jp, the diagonal elements 
of tensors of the electric conductivity and diffusion coefficient perpendic- 
ular to the magnetic field are proportional to 


In (KT1p/Ze?) + (3/4)[In (lp/179) 2 , 
where Ze and ~e are the charges of an ion and electron respectively. 


§1. Introduction 


Theory of irreversible processes may be 
divided into phenomenological (or macroscopic) 
approach and molecular (or microscopic) ap- 
proach. The purpose of the phenomenological 
theory in this paper is an application of the 
thermodynamics of irreversible processes to 
plasmas in a strong magnetic field; and the 
main purpose of our microscopic theory is an 
application of the force-correlation formalism 
to a gaseous plasma. 

In the absence of the magnetic field, or 
for weak fields at most, the phenomenological 
coefficients in linear relations for irreversible 
processes are scalars. This case has been 
treated by Maecker and Peters’? and by 
Kihara”. In the presence of a strong mag- 
netic field these coefficients are tensors, whose 
characteristic features will be discussed in 
this paper. 

When the mean gyration radius of electrons 
is larger than the Debye length, the micro- 
scopic theory can be developed by use of the 
Boltzmann equation; in fact many works have 
been done along this line??””. In the pres- 


ent paper the electron gyration radius can be 
smaller than the Debye length, and the 
Boltzmann equation will not be used. 


§2. Phenomenological Foundation 


The thermodynamics of irreversible proces- 
ses, which has been developed since Onsager- 
Casimir’s reciprocity theorem, will be applied, 
in Section 2 and 3, to plasmas in a strong 
magnetic field. A fundamental assumption 
is that the system is not far from thermal 
equilibrium. We shall consider plasmas com- 
posed of several species of component fluids 
in which neither ionization nor recombination 
occurs and radiation plays no role. We sup- 
pose that no temperature difference exists 
between plasma components and that the 
viscosity is negligible. 

Let 1; and vu; be, respectively, the number 
density and the flow velocity of jth com- 
ponent. Then equation of continuity for the 
component is 

0n;(Ot+div (njvj)=0 . Zab) 

Denoting by mym; and mje; the mass and 

charge densities of the jth component, we 
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adopt the equation of motion 


23m; tee grad) 


Eni e e( E405 x B) +mg |—grad P 


for the — as a whole. Here v is the 


average flow 


v= >> 25;0;| >) nM; 


(S=>), 
j 


E and B the electric and the magnetic fields, 
g the gravitational acceleration, and P the 
pressure. (The Gauss system of units is used, 
and c=3x10'cm/sec.) The equation of mo- 
tion can be written in the form 


> n;F3*— grad P=0 ; (2.2) 
where 
rex e( E+ 2; x B) 
oo 
a5 md 9 (eet v: grad) o| : (23) 


Following Prigogine” we ‘‘decompose’’ the 
pressure gradient into 
grad P= 2;(grad y;)r . 
Here 4; is the chemical potential per particle 
of the jth species and 
Ou; 
0 F i composition 
T being the temperature. The equation of 
motion (2.2) then becomes 
> 23[F*—(grad #;)7r]=0. (2.4) 
Assuming that the plasma is not very far 
from thermal equilibrium, we can adopt the 
thermodynamics of irreversible processes, 
which gives the rate of entropy production 
(@s/Oz)ixe due to irreversible processes in the 
form* 


(grad 4:;)r=grad ay—( Gran 2. 


r(3 BH aay ee 


+35 N 505° [F* — (grad Lj) rl < 


Here q is the heat flow, sometimes called 
reduced heat flow, due to conduction. 

By virtue of (2.4), v; and F;* in (2.5) can 
be replaced respectively by v;—v and 


(2.5) 


Fy=e( E+-0x B) 


— ~ = 


0 
| — f = se z b] 
|g (3: +t grad)o | . (2.6) 


+m; 


namely 
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7(4) = —q- grad In T 


+3 n(vj—v):[F;—(grad y4;)7] . 


(2.7) | 


The entropy production (2.5) or (2.7) in- | 
dicates that forces conjugate to fluxes g and © 


v; are respectively 

—gradIn T and n,[F'*—(grad yu;)r] . 
With forces Xa conjugate to fluxes Ya the 
entropy production (2.5) or (2.7) is thus ex- 
pressed in the form 


Os 
Xa Vo - 2.8 
ee = ) a (2.8) 
When a linear relation 
A= ee: Yep (2.9) 


is assumed among forces and fluxes, the so- 
called phenomenological coefficients Lag are 
tensors. For the choice (2.9) of the linear 
relation the Onsager-Casimir reciprocity? 
takes the simplest form 
Lap(B)=Lha(—B) . (2.10) 
This relation means that the tensor Lag in 
the magnetic field B is equal to the transposed 
tensor Lj, in the field —B. 
Let us take in the plasma a rectangular 
coordinate system with the z-axis in the 
direction of B. Then each tensor is of the 


form 
Pearce T Bal 
Piel ap a6 0) (2.11) 
0 Ocho 
because the tensor must be invariant with 
respect to rotations about the z-axis. Fur- 


thermore (2.11) must be invariant with re- 
spect to the transformation 


Bh, Okara re Pee 
hence 
Lap(B)=Lie(—B), 
Lip(B)=—Lii(—B), 
LABS Leap) 
or 


Lad BY Leg OB (2.12) 
From (2.10) and (2.12) we obtain therefore 
Lap B)=Lea(B) (2.13) 
for all a and 8. 

Ina weak magnetic fleld the phenomenolog- 
ical coefficients Las are scalars independent 
of the magnetic field for which the Onsager- 
Casimir reciprocity is simply Los=Lge. This 


| 


| 
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case has been treated by Maecker and Peters", 
It is a characteristic feature of (otherwise 
isotropic) plasmas in a magnetic field that 
the Onsager-Casimir reciprocity (2.10) reduces 
to the simple reciprocal relation (2.13) between 
tensors. 

If, instead of (2.9), we express the linear 
relation in such a ‘‘mixed’”’ form as 


Y, = KooX ee KuY; 


. (2.14 

Xj5=Kj.X+ Dd Kuli (g=1, 2, -++) 
then the reciprocity relation becomes 

Koj=—Kjo, Ky=Ky; . (215) 


§3. Linear Relations 


(a) Equation of motion for components 
From (2.5), follows the linear relation 


a= — Kqgrad In gaa Kouvi , 


n3LF'3*—(grad y;)r) 
= — Ky grad In Dee Kjvi ? 


(3.1) 


of the type (2.14) with coefficient tensors 
satisfying the reciprocity (2.15). As the 
entropy production is always positive, the 
quadratic form for the coefficients is positive 
definite; in particular, tensors Ky, and Kj; 
are positive, the thermal conductivity 2= Koo/T 
being positive. By virtue of (2.4) hold the 
relations 


> Kjo= di Kyj=0, x Kn=> KG—0re G2) 
ef j Jj 


The second set of equations (3.1) gives the 
equation of motion of each component which 
can be transformed, by use of (3.2), into 


n;[F7*—(grad ;)r]|+Kjgrad In T 


ae (—Kji)(vi—v;j)=0 . (3.3) 


The term with Kj, indicates as inner force 
due to thermal diffusion and the last term is 
the friction due to relative motion. For two- 
component plasmas the coefficient of friction 
—K,,. is positive definite. 


(b) Transport coefficients 
In the following we neglect the gravitation 
and inertia, 


a 
peli A =Oie 
g (ate grade 


Then (2.7) becomes 
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Os 
Mes ah =—q- grad In T+ 3) nj;(vj—v) 
| e(#+4oxB)—(erad 19 | maece) 


In the absence of the mutual diffusion, i.e. 
when 
>i 2j(Vj—v)-(grad 4;)r=0, 
(3.4) reduces to 


r( es ) =—q: grad In T+J-(E+~vxB) 


Ob see 
(3:8) 
in terms of the conduction current 
J=) njej(vj—v) . (3.6) 
From (3.5) follows the linear relation 
q=—Ta gradln T+aJ | 
E+c vx B=a grad ln T+yJ a?) 


4,7, a being tensors of the type (2.11): 


RL Le 0 
pal uw 0 ) etc. 
0 0 yess 
The 4 is the thermal conductivity and 7 is 
the electric resistivity, both being positive 
definite. 


Returning to (3.4) we next consider a neutral 
two-component plasma under uniform pressure 


Nye, +N e,=0 , 
ni(grad 4y)r+n2(grad f2)r=0 . 
Then it follows that 
é, (grad p,)r=e2- ‘(grad p2)r 
=(€,—e)"[(grad sn)r—(grad /2)r] 
Then (3.4) can be transformed into 


Lhoah —q- grad In T 
+f. {EH-+c-'vx B—(€,—e)"! 
x [(grad 1)r—(grad 2)r]} , 
the corresponding linear relation being 
g=—Tagradin T+aJ , 
E+c"'vx B—(¢,—@)"‘[(grad “4)r7—(grad 42)7] 
=agrad|ln T+7J. 
(3.9) 
Here we introduce the electric conductivity 
o, which is the inverse 7~' to the electric 
resistivity, or 
f2 7! eats Yo 
(y+ Gt’ Caan cas 
L (3.10) 


III 
2 


ot 


(fll 
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in terms of the components 


We —yit 0 of —gll @) 
r-(o y! 0 ’ sale ot 0 
0 0 ee (@) 0 gilt 
concerning the rectangular coordinate system 
with the z-axis in the direction of B. Then 
we have, for H+c-'vx B=0, the equation of 
diffusion 
U,—V,=J |[nNye; 
= —o(nye?-+nze,?)-'[(grad s)r —(grad 2)r] 
—oa(nye,)'grad ln T . 
Introducing the ‘‘modified’’ diffusion coeffi- 
cient D* and the thermal diffusion ratio ky by 


=v, =D apiterad i)r—(grad p)r] 


2 
aT grad In r (3.11) 


NN» 
with the Boltzmann constant k, we obtain 
~ finally 

D*/kRT=o6/(nye? +2€2”) ; 

(M1 +2)? ee MC + Neo” ae 

NsNo Me, kT 

In the following we consider a dilute gaseous 

plasma for which the chemical potential 4; 

of jth species is related to the partial pres- 
sure P; of the same species simply by 


(3.12) 
(3-13) 


njgrad pj)r=grad P; . 
The modified diffusion coefficient D* then 
reduces to the conventional diffusion coefficient 


DE =D 0 
p-(o» De S0 
0 0 DM 
defined by 
v,—v,= — Dn," grad m,—n.-'grad n:), (3.14) 
and (3.12) reduces to the Einstein type rela- 
tion 


D[RT=o6](nye? +n2€,”) . (3.15) 


§4. Diffusion and Electric Conduction 


In this and the following sections transport 
coefficients across a strong magnetic field will 
be calculated, forces and fluxes being sup- 
posed to be perpendicular to the magnetic 
field. We consider a fully ionized gas com- 
posed of one type of positive ion, as species 
1, and electrons, as species 2. The electric 
charge of an ion will be denoted by e,—Ze 
and that of an electron by e,=—e; charge 
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neutrality Zu,=mn, (or quasi-neutrality in case © 
of diffusion) and the condition Z*<m,/m, are | 
assumed. 

In this section we assume that the electrons | 
make many gyrations in a time interval be- 
tween effective collisions (while in the next 
section such an assumption will be made 
both for electrons and ions). 

First of all it will be proved that under 
these conditions interference terms with coef- 
ficient a can be ignored. When electrons do 
not collide in a period of gyration they have 
a drift velocity cB'1E°xb(b=B/B) with re- 
spect to the coordinate system moving with 
the flow v, of ions or the mean flow v. Here 
E°® is the electric field in this coordinate 
system, E°=E+c"'vx B. This electron drift 
does not cause any conduction of heat. We 
have therefore 

J=n,ecB-'bx(E+c"'vx B) and q=0 (4.1) 
for grad T=0. (It should be remebered that 
qg is the reduced heat flow excluding the con- 
vection heat.) Hence a=0 at the limit of 
free gyration of electrons; and, for weak 
interactions, the terms with @ can be ne- 
glected, the tensor a’ being sufficiently 
smaller than the tensor T Ay. 

(a) Dando 

At the limit of vanishing interaction D” 
takes a definit value, which will be calculated 
in the following. We choose a coordinate 
system where the flow v, of ions (and there- 
fore v also) vanishes. 

When the electric field does not exist in 
this coordinate system, H+c-'vx B=0, the 
flow v, of electrons is simply 


pg 1 
B —eny, 


bx grad n, (4.2) 


at the limit of vanishing interaction, a proof 
being given in the following. The component 
D", which is defined by the relation 
vv, = — Bt” pnp x grad Ne , 
NNg 

is therefore 

Ny ckhT 
Mtn, eB 

Proof of (4.2): In terms of the distribution 
function f2(¢2, r) of the electron velocity c, at 
a position r, the flow v, is determined by 


LEE se (4.3) 


maleic, rigor (4.4) 
Nz 


| 
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When electrons gyrate many times during a 
time interval between successive collisions, 
the function f, is equal to a Maxwellian dis- 
tribution with respect to the position of the 
guiding center, 
r+a, where a.=o,"'¢,xb. 

Thus 
Frl€2, r)=fo"(C2, r+ a2) 

=f,"(e2, r)[1+a,-grad In ny] 

=f2(e2, r)[1+e.-1e,-bx grad In ny] , 


(4.5) 
where 


Wo 3/2 Y. 2 
F&(cs, r=ns( at exp ( ee ete) 


nm, being the number density of guiding cen- 

ters of electrons at the position r. Substitut- 
ing (4.5) into (4.4) we obtain 
0 

lave je de, 

Ws Nz 

_ 6x grad In (° 1 (. Mz a 

lech epi id 


_ bxgrad Inn, 
v,=——2 


We 0 


MC.” fey 
ORT are dy 


mt bx grad Inn, kT 


> mM,’ 


xexp(— 


the final expression being equal to (4.2). 
The non-diagonal element of the electric 

conductivity is given by the relation (3.15): 

(4.7) 


Ze : 
cn oe 


This result agrees with (4.1). 

(b) D! and ao! 

The diagonal element D! of the coefficient 
of diffusion perpendicular to the magnetic 
field appears when there is an interaction 
between an ion and electron. 

The guiding center r, of an ion with the 
velocity c, at the position r is given by 

rg=rto, (ex), 
where ; is the gyration frequency of the 
ions: 


ls 


o,=ZeB/me . 
For an increment in ion velocity, 4c:, due to 
the interaction with surrounding electrons in 
a time interval 4t, the displacement of the 
guiding center is given by 
Arg=o,7'(4e; x 6). 
Here 4t is taken to be much larger than the 
time characteristic of fluctuation of the inter- 
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action, but it must be much smaller than the 
ion gyration period. Taking average in re- 
gard to the ion velocity and the interaction 
with surrounding electrons we have 


gia 2 
wo. At NAG. XO) ae 


(4.8) 
Now, (3.14) can be written in the form 


1 
ait | Arg SS 


rad Ny 
Ng Ny 


U,— v0, > 


and the diagonal element of the coefficient 
(11+2)n."1D is given by” 
iy got 


Ny +N 5 
en)! eee eee Ay a cee 
Ny 4 At <14rg > 


Hence we obtain 
ipa A Ne 1 


1 , 
4 mtn. w,? At ss aero ae 
(4.9) 


The diagonal element o/ of the electric 
conductivity is calculated, by use of (3.15), 
to be 


o=Le(RT )-'(n, +n2)D? 
she iii ee aa 
=— —— —<|4 EeoN; B 
4 kT -) fy AE lies 
The evaluation of (4t)-'<|4e,x b|?>ay can be 
performed along a line quite similar to the 
previous paper’. The increment in ion 
velocity de, is given by 


(4.10) 


i C4tinw 
Je.=— | F(c)dr 
My Jo 

where F(c), the force acting on the ion at 
time rt, is sum of contributions from all the 
surrounding electrons. Then under the as- 
sumption that the force due to an electron 
is independent of force due to other electrons, 
we get 

1 A ewe: 

—<|de, x b| >av= 2 [F'(0) x 6] 

At m 


1 


-[F(t) x bl f.de.drdt , (4.11) 
where F(t) is force due to an electron at time 
t. The electron is assumed to be located at 
r and to have velocity c, at time 0 in the 
absence of the interaction and f, is the veloci- 
ty distribution function for electrons, namely 


3/2 2 
fi=m( sur) exp (eas) (4.12) 


When the asymptotic expression for the 
case In (kTIp/Ze”)>1 is required, it is sufficient 
to make integration of (4.11) over the domain 


te 
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of ‘‘weak interaction without correlation” 
namely ¢;Z|t|Zt». Here tp, the period of 
plasma oscillation, and ts, the mean time of 
passage through a sphere of strong interac- 
tion, are given by 


Me, \'? Mes, Me Ze? 
cE d 3X “ 
ke ceri ip Aue & kT 


When coordinate origin is taken at position 
of the ion, sins and F(t) are given by 

r+s(t, €2) 
|r+s@, e2)|° 


FQ) =2 F@)=Z2e 


rk ; 
where s(t, c.) is the displacement of the elec- 
tron during time ¢. The integration with 
respect to r can be performed using integra- 
tion by parts and gives the result 


Gap polar 
— Tail bt gPacos 0)| 


where P, is the Legendre polynomial of the 
order 2 and cos 0=b-s/|s|. 

Since the effect of the interaction with the 
ion on the motion of electron is negligibly 
small in the integration domain, we have 


|s(Z, e2) |=[2(c 1/2)" —cos wt) +cy7] (4.14) 
and 
cos? 86=1+2(c1/c)*1—cos a2t)/(@.t) 


(4.13) 


(4.15) 


where c, and c, denote the parallel and 
perpendicular components of the electron 
velocity with respect to the magnetic field. 
Then the integration with respect to e is 
performed, resulting 


\uro x B]-LF(L) x bl fpdexdr 


oye it SA er acral algae) 4 
= —. A (CAN 

3 Zar ) va 
tanh! v3} 


| 
Wie BED 
4¥?| ¥ 


eae Nee 1/2 
Nie Doe a a and v=aof . 
Thus we have the final result: 


ec rai) /2 
densa «any Reals 6 kT _ ) 
i 3 m\ Me 


he’ ale 2*»| tanh-! Y 
PT = s)t 
x ( ; ) | n (tp/ts) i i il 


‘agra aaa a ery 2p ees 
Y y 


Mz 
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The right-hand side is equivalent to 


In @p/ts) for @stpSl 


fi (tolts)-+ Ln ont si shothontiesle 


(4.16) 


It should be noted that the limiting expres- | 
sion (3/4)[In (sty)? can be derived in an ele- | 


mentary way'». 


(eytyiand a 
As regards electric resistivity, (3.10) re- 
duces to 
=o), pis =—(gy* 


since (o')?<(o™)* for weak interactions. 


§5. Thermal Conduction 


The thermal conductivity 2 will be treated 
under the assumption that both electrons and 
positive ions make many gyrations between 
effective collisions. 

(a) Expression for 2 

When collisions can be neglected entirely 
the reduced heat flow q is given by 


q=>: =m Nesess i(e;, r)de; 6G.) 
j=l 


in terms of the distribution function f,(e;, r). 

Here function /; is equal to a Maxwellian 

distribution /f;° with respect to position of 

the guiding center r+a; where 
aj=o;'c;Xb, 

w; being the gyration frequency. Thus 


Files, r)=f;"(c3, r+a5) 


mice 5 
=fitenn) 1+( FS) 


Xx a;- grad In r| ; (5.2) 


where it has been taken into account that 
the number density ; is inversely propor- 
tional to the temperature 7. Substituting 
(5.2) into (5.1) we have 


gas NEE he radin sia 
oe mj; 
Since 4" is defined by 
q=4"bx (—grad T) 
we finally obtain 
Y Ra -24 foe (5.4) 
j ac 


It is important to note that all v; vanish, 


w= levlen r)de;=0 
Nj 
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as it should since there is no interference 
_ between thermal and electric conductions 
(cf. the third paragraph of Section 4). 

(b) Expression for 2 

When the magnetic field is so strong that 
the electrons and ions make many free gyra- 
tions, only collisions between ions determine 
the heat conduction in the direction of the 
temperature gradient which is assumed to be 
perpendicular to the strong magnetic field. 
(Because an effective collision between ions 
Causes an energy transfer proportional to the 
square of the ion gyration radius, which is 
nearly m,/m, times the square of the electron 
gyration radius. The collision frequency be- 
tween electrons or between ion and electron 
is only (m,/m,)'/* times the collision frequency 
between ions.) The ion gyration radius is 
- usually larger than the Debye shielding length, 
and the collisions between ions can be treated 
in a way similar to collision integrals in the 
kinetic theory of gases. In fact the coefficient 
of thermal conduction in this case has been 
obtained by Fradkin®», who solved the Boltz- 
-mann equation. Here we shall develop a short 
discussion without using the Boltzmann equa- 
tion. 

Let e denote the unit vector in the direction 
of grad T. Then 


m = Woe aes 
Epey Cran Oa Oa Mar O-y)"€ 


or 
ELLE, 
Oo, 
indicates energy transferred in the direction 
of e by acollision with initial velocities e, ¢, 
and final velocities e¢,', é,’.. The component g 
of the heat flow in the direction e is 


1 mM Toye a ah 
—— +¢,'°C 
u 2 male eS i i 


—c,’e,—C/°E,)-(6xe)filer, r)f (C1, r) 

x gbdbdede,dt: , (5.5) 
where g is the relative speed |e,:—@,|, 5 is the 
impact parameter, and ¢ is the azimuthal 
angle of the orbit of relative motion. 

The expression (5.5) can be transformed, 
by virtue of (5.2) for j=1, into 


€1°€;): (bX e) 


= 125 2 
Ct, Clee Cr Or 
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Ey 


CED || Jeter +are'—ete 


WS lea en Hd VL HE ICE 
ayy cE (med 2kT 2 )+a( RT Sea 
x fi(erfi(€,)gbdbdede,dé, . (5.6) 
Introducing the center-of-mass velocity G= 
2(Ci+e,) and the relative velocity g=e,—é, 
and integrating with respect to G, we can 
reduce (5.6) to 


g=—)|erad In Tat 7% Ai os (ee My, i 
ART 


q=|grad In os oe 


xvi 9 w(t Ma fay ee cos? 0)gbdbdg 


(54) 
where @ is the angle of diffraction in the 
orbit of relative motion. Evaluating the in- 
tegral in (5.7) we obtain the thermal conduc- 
tivity across a strong magnetic field, 


Shen dil Wel Vi Leo) Re 
N=— k— eee 
8 Oa My, ats ( My eg ( kT +) ue 


which agrees with Fradkin’s*®) expression. 

According to (5.8) 4“/k is equal to the square 
of ion gyration radius, kRT/m,o,’, multiplied 
by the ion-ion collision frequency per unit 
volume, as it should. 
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An analysis is given for the flow of a condensing vapour with heat 
exchange which passes through a pipe of constant cross-sectional area. 
The solutions obtained here are the extension of Chiarulli-Dressler’s 
ones, and the general features of the phenomena are illustrated by an 


application to a flow with definite initial conditions. 


The two figures 


given by numerical calculations show distinctly the differences of the 
flow patterns between the supersonic and subsonic cases. 


$1. Introduction 


In the historical development of hydrody- 
namics the theory of condensation has played 
a particular role. Indeed, the theory of con- 
densation was frequently applied to the 
investigations on the shock-like phenomena 
occurred near the throat of a diverging 
nozzle which was used to obtain the super- 
sonic flow in the laboratory.':*? Namely, it 
was applied to the phenomena caused exclusive- 
ly by the adiabatic expansion of the vapour, 
as well as to the cases in which the amount 
of condensation occurred in the flow was so 
small that the gas characteristics of the fluid 
were predominant. In the later development 
of the theory by Chiarulli and Dressler, how- 
ever, a different order of magnitude of the 
condensation was treated, namely, their as- 
sumed conditions were such that the total 
condensation took place*. On the other 
hand, the flows of non-condensing vapours 
in pipes have been extensively treated by 
means of the one-dimensional approach”. 

Thus the remaining problem is to develop 
an analysis which may be applicable to both 
an intermediate stage and the limiting cases 
mentioned above. In order to see especially 
what changes would appear in the flow pattern 
due to the condensation phenomena caused 
by the thermal conduction, we have discussed 
the effects due only to the heat exchange at 
the pipe walls, leaving aside the phenomena 
caused by the adiabatic change of the vapour. 
We shall show in the following that the pre- 
sent problem can be treated by a method quite 
analogous to that employed by Chiarulli and 
Dressler. In order to simplify the considera- 
tions and calculations, following three assump- 


tions have been made. First, the flow is 
assumed to be one-dimensional, namely, the 
fluctuations of temperature, pressure and 
velocity in the inviscid fluid flow passing 
through a pipe of constant cross-sectional 
area are supposed to be negligible in each 
section. The second assumption is that the 
superasaturated state does not occur in the 
supersonic flow as well as in the subsonic 
one, though under this assumption we miss 
the condensation shock which is one of the 
most interesting condensation phenomena in 
the supersonic flow and which is expected to 
appear not only in the adiabatic expansion 
but also in our case. 

One of our purposes of extending the theory 
of condensation is to observe the qualitative 
effects that the phase transtion of the fluid 
from vapour to liquid caused by the heat 
exchange brings about in the states of flow. 
Thereby, neglecting complicated changes due 
to congelation, we assume lastly that the 
flow consists at most of the two phases of 
gas and liquid. 

Under these assumptions, the application 
of conservation laws of mass, momentum 
and energy to the states on both the end 
sections of the pipe leads to the extended 
Rnakine-Hugoniot relations which include the 
heat removal effect. In §2, we shall treat 
these conservation laws. 

The next step is to derive the solutions 
for the two-phase flow where the vapour and 
the liquid coexist. We shall show in §3 that 
if we assume the fluid to be ideal, the solu- 
tions are odtained by a method similar to 
that used by Chiarulli and Dressler. 

In §4 we shall continue the solutions ob- 
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tained in §3 to ones for the cases of the 
vapour alone or the liquid alone at the exit 
section of the pipe. We shall also discuss 
the meaning of the double signs appeared in 
the derived expressions. 

Finally, in §5, we shall illustrate the be- 
haviour of the flow by applying the solutions 
to a example with such initial conditions as 
P=125cmHg, T=200°C and M=1. 


§2. Conservation Laws 


In order to study the process of bringing 
about the condensation by means of the heat 
conduction through the walls, we now consi- 
der the case when the steam alone enters 
the initial section of a uniform pipe and 
there is no friction at the walls. It is assu- 
med that the cooling effect by the heat 
removed through the walls gives rise to the 
condensation of a part of the vapour until 
it reaches the exit section, thus the mixture 
of the vapour and the liquid issuing from 
the exit section. 

Then the rate of the mass flow, m, satis- 
fies the equation of continuity: 
(1) 
Here, as well as in the following, the sub- 
script e refers to the values at the entrance 
section, while the subscripts V and L refer 
to those for the vapour and liquid at the 
exit section respectively. 

When there are no losses of momentum, 
the equation of motion becomes 


AP+myUyt+m,UL=AcPe+mUe, (2) 


where A is the cross-sectional area of the 
passage, P the pressure and U the volocity. 
The energy equation is given by 


my( Hh +5U%) + Mi (H+ FU") 


MytmMyi=Me=mM 


=| He 5 U*)—h, (3) 


where fh is defined as the heat quantity re- 
moved from the fluid through the pipe walls 
between the two end sections and H repre- 
sents the enthalpy per unit mass. 

The equations so far given do not involve 
the condition that the cross-sectional area of 
the pipe is constant, which is represented 
by the equation: 

AytAr=Ae=A. (4) 
Since we have assumed that the flow is one- 
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dimensional, we have 
(te i= iy ( is) ) 
notwithstanding that the condensation occurs. 


Lastly, if we use the densities, my, mr 
and m. can be rewritten as: 


Mmy= Ay Uvoy ’ 
mu= A, Uzor ’ 
Me — WA ae ° 


(6) 
(7) 
(8) 


§3. Solutions of the Conservation Equations 
In this section, we shall derive the solu- 
tions of the conservation equations for a case 
in which 
O0<mi<m, or 0<my<m. (9) 
By virtue of (1), (5) and (8), the equation of 
motion (2) is reduced to 


P+ U,Uee=Pe+ UPapad (10) 
If we introduce a quantity m’ such that 
m=m/|A= pes, (11) 


the above equation (10) can be rewritten as: 
P+m'U=P.+m'U.. (12) 


The equation of energy (3) also takes the 
following form: 


mH + +-mU? + my Hy— Hi) 
=m( Hot U's )—h. (13) 


To eliminate the the unknown variable my 
from this equation, we use, in addition to 
(6) and (8), the following relation: 
ee CE Tes) 
oe or U(ov/or.—1) , 
which comes (1) and (4). Then the reduced 
energy equation becomes 


(14) 


1 ov(m'—o.U ) 
foal == (ea Hy Ay 
Gy a orm! (py/pi.—1) a 


1 h 


= H.+—U*,—— (15) 
2, m 
Since, however, an inequality: 
ev/or<1 (16) 


holds for a rather wide range of conditions, 
the term py/pr in Eq. (15) can be neglected 
in comparison with unity. With this appro- 
ximation, Eq. (15) reduces to 
Het Te poe Holy Hea) 
2; OLm 


=e U4 h ) (17) 
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where 
h'=h|m. (18) 
On the other hand, Eq. (12) gives 
U=(P.—P)/m'+U-. (19) 


Thus, substituting this into Eq. (17), we 
have 


of yy PEP +0.) 
2 m! 
sofas tu Pep +u.) tt Hai) 
m' m! OL 
phot SU hl! (20) 


Here, we reduce Eq. (20) to a relation 
giving the temperature JT as a function of 
h', by taking the following thermodynamic 
suppositions into account. Since the vapour 
coexists with the liquid at the exit section 
of the pipe in the case under consideration, 
the pressure is equal to the saturated vapour 
pressure, provided that the flow there is in 
euqlibrium state. Namely: 


(iN (21) 
Another significant simplification can be 
carried out by making use of the assumption 
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that the vapour is a perfect gas, so that its ! 
density and enthalpy may be approximated | 
respectively by 


pv=P(RT) , (22) | 


and | 

Hy Gols (23) 
where R is the gas constant and C, the spe- 
cific heat at constant pressure. 

The remaining simplification is made by 
considering that for many liquids, water 
being a prime example, the function Hy can 
be approximated as a linear function of the 
temperature for a fairly wide range of T”. 
We can then write 

Hy=rT+t , (24) 
where « is a known constant and the cons- 
tant &) is so chosen that the zero levels of 
the enthalpy for the liquid and the vapour 
are the same. The density of the liquid can 
now be considered as a function of T alone: 


(25) 


which can be obtained from existing tables. 
By virtue of Eqs. (21)~(25), Eq. (20) becomes 
ultimately 


0L>= oT) , 


koPs(T) ( _ PeelT)  UcorlT)\ oP T) 1 Qo—k 2 
TSA alent ni ) RT oP) ae ae 
Pe Ue Peper) Unt) \* Cok 
_ tial —™— | P, 
ene ate m! ( m2 m! rca LP(T)-+eT 
ee Paks 
See tare —h! (26) 
For each value of h’, Eqs. (26), (21), (19), P+m'U=P,+m'U., (29) 
(22) and (25) may be used to obtain the tem- 1 1 
perature, the velocity, the density of the H+ U * = HotU —h'. (30) 


vapour and the density of liquid, respectively. 


Continuation of the Solutions 


§ 4, 
The solutions derived in the preceding 
section for the case of mixture of two phases 
at the exit section of the pipe may be con- 
nected with the following two limiting cases. 
(a) Case when the fluid consists of the 
vapour alone. 
In this case 


my=m, m,=0, Cp) 


so that the equations of continuity, motion 
and energy reduce respectively to 


pU=psU Sm, (28) 


Here, both the equation of state (22) and 
the equation of enthalpy (23) still hold. ‘Thus, 
making use of these equation, we have 


P=m'RTIU, (31) 
mn Ut asuny hile 
T=(He+5 Uh! = ur) Cp, (32) 
m'ur( 2 5 RIC) U(P. + m'U.) 
m'R 1 
Vek Fae 2 ay . S 
+(e Loto. eo 


If we introduce the following four positive 
constants B, C, D and E expressed in terms 
of the initial conditions: 
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D=m'RIC,, E=He+ U's, (34) 
’ Eq. (83) yields 
v7 CrV C?+4BD(h'—E) ; (35) 


2B 

In order to inquire the meaning of the 
double singns in the above equation, we have 
to express U and h’ in terms of the Mach 
number M for a perfect gas, which is given 
by 

ME UjygrDy (36) 
y being as usual the adiabatic exponent. 
Substituting (22), (28) and (36) into Eq. (29), 
we have 
P+7PM?=const, 
or, alternatively, 


Poi/1+7M?). (37) 
. Similarly, the tempereture can be written as: 
Tx M?/1+7M’), (38) 

and therefore we have 
ox P/Tx<(+7M’*)/M? . (39) 

Thus, by (28) and (39), 
Uscl/pecM*/1+7M”") . (40) 


On the other hand, after similar reductions, 
Eq. (30) gives 


M*}1+ Srp"! 


41 
(+7M?y i 


H+ U?.—h'ce 
Now, differentiation of the right-hand sides 
of Eqs, (40) and (41) with respect to M yields 
2M/A+7rM?y and MA—M*)/1+7M’)y, 
respectively. The former is always positive 
for any value of M, but the latter is nega- 
tive unless 0<M<1. This fact implies that 
the increase of hk’ induces the speed-up of 
the fluid in the supersonic flow (the plues 
singn in Eq. (35) being therefore used for 
this case) and vice versa in the subsonic flow 
(the minus sign being used for this case). 
(b) Case when all the vapour condenses in 
the pipe. 
The solutions for this case were obtained 
by Chiarulli and Dressler. We now have 
my=0, mu=m, (42) 
so that the equation of motion (2) reduces 
to 
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P+m'U=P.+m'U, . (43) 


If we use the same approximation as (16), 
we get 


U=m! lor.< Us=m'|/00, (44) 
and Eq. (43) is rewritten as: 
P=P.+m'U, . (45) 


On the other hand, substituting (18), (24) 
and (42) into Eq. (3) and neglecting the qua- 
dratic terms of U, we have 

T=(Ho+4U*.—Kky—h')/n (46) 
This is in perfect agreement with the cor- 
responding Chiarulli-Dressler’s solution in 
which Tye Hote ye Usdty Vee lame hwceds 
Cp=« and c=. For this case the density 


o and the velocity U are also given respective- 
ly by Eq. (25) and (28). 


§5. Numerical Results and Conclusions 


Using the solutions of the conservation 
equations, we have carried out numerical 
calculations for an example with initial con- 
ditions such that P.=152cmHg =2.02x 10° 
dynestems, s.—200%c=4 737K wanda 
The last one means that the flow starts 
with the sonud velocity, from which we ob- 
tain | U.=5.39X 10" ¢m sec" Po 9 200 
gram cm-,. m'=5.00x10 gram cm" )sec;. 
By making use of the ordinary thermody- 
namic constants and relations, it can be 
approximately determined that P,7)=4.98 x 
101! exp (—4.89 x 107/T) dyne cm’, Ay= 
4.19x10°T—3.17x10" erg gram and oL= 
const=1 gram cm-*. The constants employ- 


Ux\O- 


T (crnsec') Px io A 
(°K) (dyne-cmn’) 
500- | 


400- 4 


300 - 
t ite J oO 

2 22l oe 4 # 
= WKIO (erg.cm*sec gram’) 


Fig. 1. 
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ed for the vapour are: R=4.61x10° erg 
gram’ deg-'.,.. Co=—1.86x10" erg. stan 
deg. and 7—1 50. 

The results of the calculations are shown 
in Figs. 1 and 2. In Fig. 1. the relations 
of the velocity, the temperature and the 
pressure versus the removed heat quantity 
are shown by full-line curves for the sub- 
sonic flow, and by broken-line curves for 
the supersonic one, while in Fig. 2, the same 
relations for the subsonic case are shown for 
larger values of h’. (The scales of ordinates 
and abscissae are different from each other 
in these two figures. It will be seen from 
these curves that the saturation is reached 
approximately at the values of h’=0.77x 10° 
erg sec gram in the supersonic case and at 
h'=2.21x10° erg sec gram=! in the case of 
subsonic flow. (Chain lines show the posi- 
tions of these values of h’.) Another interest- 
ing conclusion is also afforded by these 
curves, namely, the condensation phenomena 
cause the abrupt change in the slopes of 
every curve at the above positions, yet, with 
the exception of the curve for temperature, 
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Fig. 2. 


they make the curves take monotonous ten- 
dencies analogously to the case of flow of 
the vapour alone. The temperature for the 
subsonic branch has a maximum in the ear- 
lier state of the vapour alone, and in spite 
of the heat removal effect from the fluid, it 
increases again slightly in the region associat- 
ed with the condensation phenomena. 

In the subsonic case, h’=23.8x10° erg sec 
gram~ is the sufficient value (indicated by 


a chain-line in Fig. 2) to condense all the) 
vapour. Thenceforth, the completely condened | 
liquid flows downstream with the decrease; 
in temperature, both the pressure and the: 
velocity being however kept at constant 
values. On the other hand, it seems that 
complete condensation cannot be realized 
actually in the supersonic flow. In order te) 
substantiate this intuitive reasoning, can we 
derive the fact that the removed heat of 
amount of h’=26.9x10° erg sec gram7' will 

transform the whole fluid to the liquid phase | 
at the very state of zero Kelvin’s tempera- 

ture and zero pressure. At this unrealizable 

limiting state, Ar=0 in spite of mzu=m, be- 

cause the decrease in temperature causes | 
more rapid diminution of the pressure 

besides the increase of condensation, and as 2 

consequence, it enlarges the area through 

which the vapour flows. 

When the cooling effect for the supersonic 
flow brings out the transition to the subsonic 
state, curves also suggest the occurrence of 
a shock wave, particularly accompanied with 
the partial evaporation or condensation for 
the region 0.77x10°<h'<23.8x10° erg sec 
gram-' and with the whole phase change of 
the remaining vapour for 23.8x10°<h'<26.9 
x10° erg sec gram, provided that it is 
possible. 

The author wishes to express his cordial 
thanks to Prof. S. Tomotika not only for his 
encouragment but also for his kind inspec- 
tion of the manuscript. He is also indebted 
to Prof. T. Simasaki and to Dr. K. Hida for 
their useful discussions. 
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The ignition lag of n-hexane-air mixtures in shockwaves was measured, 
under different conditions, in order to analyze its fluctuations statistically. 
The probabilities of ignition of the mixtures were thus calculated. The 
ignition was considered to consist of two steps: the initiation reaction 


and the secondary reaction. 
were calculated in each case. 


The activation energies of both these steps 
These values were then used in an attempt 


to explain some aspect of the mechanism of ignition. 


§1. 


Nach der Theorie, die zuerst von K. Zuber” 
und von M. von Laue” aufgestellt und nach- 
her von M. Hirata*® weiter entwickelt wurde, 
-sollten die makroskopischen GrodBen einer Er- 
scheinung eine gewisse Schwankung haben, die 
mit einer kleinen mikroskopischen Anderung 
zunimmt, wie z. B. bei Elektrofunken, dem 
Bruch der Glaser und Metalle», oder 
Reibungserscheinungen®. Diese Schwankung 
entsteht natiirlich teilweise durch em- 
pirische Fehler, aber der groBte Teil ist aus 
physikalischen Griinden unvermeidlich, und 
auch wenn man es ganz genau untersucht 
hatte, wiirde man doch die Schwankung ha- 
ben. 

Wenn man z.B. die Induktionszeit einer 
Erscheinung, in der einige mikroskopischen 
Anderungen entstehen und zur makroskopi- 
schen GroBe wachsen, in zahlreichen Fallen 
unter derselben Bedingung messen konnte, 
wiirde man eine Verteilungskurve der Induk- 
tionszeit bekommen, wie sie in Bild 1 darge- 
stellt wird. 


Kinleitung 


Bild 1. 


Unterstellt man, daB 
Pit) edie Wahrscheinlichkeit dafiir ist, daB 


die Induktionszeit groBer als eine 
beliebige Zeit ¢ ist, 

q(t)- dt: das Haufigkeitsverhaltnis dafir ist, 
daB die Induktionszeit zwischen ¢ 


und dt liegt, 

die Wahrscheinlichkeit ist, wie oft 
die Erscheinung in der Zeiteinheit 
vorkommt, 


dann ist P(f)= \"a0 -dt. 


wt): 


Andererseits ist P(t)-(t)-dt = —dP und 
u(t) = — dln P(d)}/dt CX) 
Also kann man damit aus der Verteilungs- 

kurve die Wahrscheinlichkeit s(t) ersehen. 
Da in der Entziindung von Gasen” auch 
ein solcher Fall vorliegt, d.h. eine kleine 
Reaktion der Molekiile zur Flamme wéachst, 
konnte man hierbei auch die Theorie anwen- 
den. Dabei kann man dieses genauso betrach- 
ten, wie K. Zuber es sich zuerst beim Elektro- 
funken vorgestellt hat. Wenn namlich ein 
brennbares Gas in irgendeinem Zustand wird, 
z.B. auf eine hohe Temperatur, bei der es 
sich entziinden kann, sollte es erst tiberali 
mit Startreaktionen beginnen, die davon uber 
einige weitere Reaktionen zur Flamme fiih- 
ren. Diese Startreaktionen kénnen nur wei- 
ter zur Flamme fiihren, wenn sie andere 
aktivierte Molekiile immer wieder treffen und 
sich reagieren, ohne durch St6Be mit nicht 
aktivierten Molekiilen oder durch andere Sto- 
rungen ihre Energie zu verlieren. Es ist 
aber ganz zufallig, ob eine Startreaktion akti- 
vierte Molekiile weiter trifft und sich reagiert, 
oder nicht mehr. Wenn eine von den geblie- 
benen Startreaktionen am schnellsten zur 
Flamme wichst, dann beherrscht sie die In- 
duktionszeit, aber wenn sie irgendwo unter- 
wegs durch StéRe mit nicht aktivierten 
Molekiilen stirbt, mu& sie ihre Stelle der 
zweiten Startreaktion geben, die ihr an- 
schlieBt. Damit kann die zweite die Induk- 
tionszeit beherrschen. Dabei ist die Induktions- 


1113 


UGA! Kunio 


zeit langer als die von der ersten. Wenn die 
zweite auch unterwegs stirbt, wird die Ge- 
schichte wiederholt und die dritte beherrscht 
die Induktionszeit, die noch langer sein mu8B 
als die von der zweiten. So wird die Ge- 
schichte bis zur Entziindung immer wieder 
wiederholt. Wenn alle Startreaktionen unter- 
wegs sterben, kann das Gas nicht mehr ent- 
ziinden. Deshalb mu8 die Induktionszeit 
keinen bestimmten Wert haben, sondern eine 
Schwankung. Von der Schwankung kann 
man, wie gesagt, nach Gl. 1 die Wahrschein- 
lichkeit der Entziindung in der Zeiteinheit 
w(t) bekommen, die deswegen die Produkt 
von der Wahrscheinlichkeit fiir die Startreak- 


Ausgang zur 
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tion a und der fiir die Entwicklung zur Ent- | 


zundung P sein. 
ud)=a-B (2) 
Nach dieser Idee wollte ich die Selbstziin- 
dung des 
suchen. Dabei mu8 man die Temperatur des 
Gemisches méglichst schnell erhéhen, und 
hierzu ist die StoBwellenmethode sehr geeig- 
net. 


§2. Versuchsmethode 


Das fiir das Experiment hergestellte StoB- 


rohr ist aus 4 Stahlvierkantrohren zusam- 
mengesetzt. Jedes hat etwa die Lange von 
1m und einen Querschnitt von 3x3cm?. 


Eingang der Vaku umpumpe 
Hochdruckluft | Zum Ausléser des Oszillographen 
Wee 
Zum Hochdruck- | Le Zum Quecksi ber Plexiglas- 
éter 
manometer any i ontakt a anomeéte Vondeacunrdosan wre 


| 
ene: 


acl m 


i 
Membrane 
npg 


fa 
aac’ 


Querschnitt 
des 


StoBrohrs 


Phofomulti- 
Plier 


Eingan | 
des 2 F 
Gemisches™ | 


Oszil fograph 


Netzgeréte 


Bild 2. Schema der Versuchsvorrichtung. 


In das erste Stiick wird die Hochdrucktreib- 
luft und in die andern das m-Hexan-Luft- 
Gemisch eingefiihrt. Als Membrane zwischen 
Hoch- und Tiefdruckteilen wurden Aluminium- 
folien von 0,3 oder 0,2mm Starke benutzt, 
deren Zahl je nach dem Treibdruck geandert 
wurde. Die Membrane wurde von einer 
Stechnadel zerbrochen, wenn die Bedingungen 
erfiillt waren. In das letzte Stick waren 
zwei Kondensatordosen mit einem Abstand 
von 68cm eingestzt, um die Druckanderung 
der StoBwelle als Elektrokapazitatsanderung 
in einen Oszillographen weiterleiten zu k6én- 
nen. Die Druckempfangsmembrane jeder 
Kondersatordose hat 8mm Durdchmesser und 
0.5mm Starke. Am Ende des StoBrohres war 
eine Plexiglasplatte eingesetzt, so da®B die 
Entflammung von drauBen mit einem Photo- 


multplier gemessen werden konnte. Das n- 
Hexan-Luft-Gemisch wurde durch einen 
Doppelsattiger hergestellt, und in das hintere 
StoBrohr ein- und vom vorderen ausgefiihrt. 
Das Gemisch wurde mit 2 bis 3 Liter je Mi- 
nute und 12 bis 7 Minuten laufen gelassen, 
nach der Fullung erst mit einer Vakuumpum- 
pe abgepumpt und dann dicht zugemacht, 
um den Druck von 90 bis 180 mm Hg je nach 
den Bedingungen zu halten. 

Der gebrauchte Oszillograph ist ein Tekt- 
ronix Typ 545, dessen Ausléser durch die 
Abbrechung einer elektrischen Schaltung be- 
tatigt wurde, die mit einer von der StoBwelle 
bewegten Membrane mit der Wand des StoB8- 
rohrs fest gebunden war. Die beiden Kon- 
densatordosen sind parallel verbunden, so da& 
die Zeiten, in denen die StoBwelle an der er- 


n-Hexan-Luft-Gemisches unter-_ 


; 


i hee 
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_sten und zweiten Dose vorbeilauft, auf einer 


Linie aufgezeichnet werden. 

Bild 3a zeigt einen Druckverlauf der Sto8- 
welle, der nur mit der ersten Dose gemessen 
wurde, und Bild 3b zeigt einen solchen, der 
mit der zweiten Dose gemessen wurde. Wenn 
man die beiden Dose gleichzeitig parallel 
benutzt, dann bekommt man einen Druckver- 
lauf wie Bild 3c zeight, in dem der erste und 


Bild 3a. StoBwelle an der 


Druckverlauf der 
ersten Kondensatordose. 


Bild 3b. Druckverlauf der StoBwelle an der 
zweiten Kondensatordose. 


Bild 3c. Druckverlauf der StoBwelle, der gleich- 
zeitig von den beiden Kondensatordosen ge- 


messen wurde. 


Selbstziindung des n-Hexan-Luft-Gemisches in Stosswellen 
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der zweite Druckverlauf iiberlagert waren. 
Bild 4 zeigt diesen Druckverlauf in Bezug 
auf die Zeit. Wie das Bild zeigt, kann man 
mit dieser Methode nicht nur die Geschwin- 
digkeit der einfallenden StoBwelle, sondern 
auch die der reflektierenden StoBwelle mes- 
sen. Der Me8fehler ist weniger als 1%, wenn 
die Zeitauslésung des Oszillographen auf 5 
cm/1 Millisekunde gestellt ist. 


|. ERS of konami Tee 
Membrane 


le -TTy 
Kondensatordose 
Bild 4. Druckverlauf der StoBwelle an der Dose 
‘(D), an der Dose (II), und der iiberlagerte 


Druckverlauf (I--II) im Zusammenhang mit der 
StoBfront. 


Da die Riickwelle sich in etwas eineinhalb 
Millisekunde nach der Reflektion an die End- 
wand an der Kontaktflache stoBt und wieder 
teilweise reflektiert, kann man den Zustand 
darum kaum ausrechnen. Da ich die Ent- 
ziundung nur in der ersten Riickwelle messen 
wollte, durfte ich es nur in dieser Zeit, d.h. 
1,5 Millisekunde nach der Reflektion an der 
Endwand, zur Entziindung kommen lassen. 

Um die Entziindungszeit zu messen, war 
auBen beim Fenster am Ende des Sto8rohres 
ein Photmultiplier eingesetzt, der weiter 
in den Oszillographen eingefthrt war. Mit 
zwei Strahlen des Oszillographen, die gleich- 
zeitig laufen, kann man den Druckverlauf 
der StoBwelle, von dem man gleich die Ge- 
schwindigkeit und Zeit ausrechnen kann, in der 
die StoBwelle an der Endwand des StoSrohres 
ankommt, und die Entziindungszeit gleich- 
zeitig messen. Damit kann man weiter die 
Induktionszeit, d.h. den Zeit-abstand zwi- 
schen der Reflektionszeit an der Endwand und 
der Entziindungszeit messen. (Bild 5) 

Die Temperatur und den Druck der Riick- 
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welle kann man aus der Geschwindigkeit der 
StoBwelle berechnen®”, wenn das Verhaltnis 
der spezifischen Warme bekannt ist. Das 
Verhaltnis der spezifischen Warme habe ich 
nach der Tabelle des American Petroleum 
Institut Research Project 44 berechnet. 

Die Temperatur der Riickwelle anderte sich 
zwischen 700°K und 950°K, und der Druck 
immer fast konstant, d.h. 3,0 bis 3,5 at. ge- 
halten. Unter einer bestimmten Bedingung 
habe ich meistens iiber 80 Mal denselben Ver- 
such gemacht, die Bedingung, z.B. Mischungs- 
verhaltnis, Druckverhaltnis des Hoch-und 
Tiefdruckteils und Zimmertemperatur (--1°C) 
moglichst genau konstant haltend. Zu jedem 
Versuche wurde die Geschwindigkeit der 
StoBwelle auch immer gemessen, die immei 
dieselbe sein muB. 


Druckverlauf und Entziindung. 


Bild 5. 


§3. Versuchsergebnisse 


Bild 6 zeigt ein Beispiel der Verteilungs- 
kurve der Induktionszeit bei der Selbst- 
zundung des n-Hexan-Luft-Gemisches in StoR- 
wellen. Nach so einer Verteilungskurve kann 
man nach der Gl. 1 die Wahrscheinlichkeit der 
Entziindung in einer Zeiteinheit berechnen, 
aber dabei wird das Volumen des Gemisches 
nach der Reflektion an der Endwand mit der 
Zeit immer gr6Rer, welches fiir die Entziin- 
dung in Frage kommen soll. Namlich nach 
der Reflektion lauft die reflektierende StoB- 
welle immer weiter zuriick und mit der Riick- 
welle nimmt der Bereich der Hochtemperatur 
immer mehr zu. Deshalb mu& man diese Volu- 
menanderung dabei beriicksichtigen. 


Nimmt man jetzt folgendes an: 
wt): Wahrscheinlichkeit der Entziindung 


in einer Millisekunde und in einem | 


Mol, 


Kunio TERAO 
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V: Volumen des Gemisches, das in der. 
hohen Temperatur zur Entziindung | 


gebracht wird, 
: Volumen eines Mols des Gemisches, 
A: Querschnittsflache des StoBrohres, | 
Geschwindigkeit der Riickwelle 

t: Zeit nach der Refiektion an der End-— 


wand, 
VCS aCnnr 
wh) Vm —s dt 
A:D;-t _ dInP) 
i ap ee eT 
Wenn y(¢) konstant ist, dann ist 
il A-D, 
—— + -P=—In P(t)+C 
5 u(t) Vm Ph) 
Pye aie” ln P,—In P, (3) 


A-Dy+(t?— th?) 
Wenn (ft) wirklich konstant, d.h. unabhangig 
von der Zeit ist, muB die P(t)-Kurve in Be- 
zug auf ¢ immer eine Gerade sein. Bild 7 
zeigt es von Bild 6 her. Es ist eine Gerade 


ig 
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Bild 6. Verteilungskurve der Induktionszeit der 


Entziindung des n-Hexan-Luft-Gemisches bei 
A=1,0 und 790°K. 
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Bild 7. lm P(t) in Bezug auf Quadrat der In- 
duktionszeit. 
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Tabelle I 
Machsche Zahl x, 
der einfallenden Temperatur Druck u(t) t t, 
{ StoRwelle K at. Mol-!-msec—1 msec msec 
B20 730 3,45). rain S410 0,435 ove: , 
a 790 3,22 1 274 0,300 0,46 
: 873 SOO 5 880 0,195 0725 
Tabelle II 
(Mischungsverh4ltnis 0,6, Konzentration 1,33% Vol.) 
Machsche Zahl Temperatur Druck p(t) C ey 
K at. Mol-!-msec—1 msec msec 
2,195 765 3,45 2 020 0,298 0,38 Ss 
2-37 870 3.38 13 700 ORS 0,18 
Tabelle III 
(Mischungsverhaltnis 0,3) 
Machashe ZA Temperatur Druck pt) t ty 
K at. Mol—!-msec~! msec msec 
2,195 798 3,58 6 900 0,217 0,20 
2,37 890 3-20 58 500 0,072 0,086 
Tabelle IV 
(Mischungsverhaltnis 0,15) 
is Temperatur Druck p(t) t tC 
Machsche Zahl K° at Mol-!- msec msec Wee 
2,14 780 3,47 6 550 0,20 0,23 
goo: 865 3,10 59 800 0,06 0,079 


und ihre Neigung gegen ?/? ist die Wahrschein- 


tionszeit von der Gemischmenge abhangig, 


besonders bei wenigem Gemisch und _niedri- 
ger Temperatur. Bild 8 zeigt den Zusammen- 


lichkeit der Entziindung in einer Millisekunde 


und einem Mol. 
Tabelle 1 zeigt die Versuchsergebnisse fur 


das stéchiometrische Gemisch, d.h. bei einem Tas 
Mischungsverhaltnis 1,0 und Konzentration 30 
2.2% Vol.. Dabei bedeutet t die Zeitlange, in 
der keine Entziindung entsteht, und f, die 25 
durchschnittliche Induktionszeit. 
* Die Induktionszeit der Entziindung hat 201 
normalerweise 2 Teile. In dem ersten Teil e 
ziindet es sich iiberhaupt nicht, und in dem ee 
andern schwankt die Induktionszeit. Die durch- a 
schnittliche Induktionszeit der Selbstzin- z 
dung fiir eine bestimmte Gemischmenge, ee 2 Los 
N Mol unter adiabatischer Kompression be- 
tragt: 0,5 
ae 4) OE SeaDiy § Se 


Bild 8. 


Deswegen ist die durchschnittliche Induk- 
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hang zwischen der durchschnittlichen Induk- 
tionszeit, Gemischmenge und ‘Temperatur 
eines stéchiometrischen m-Hexan-Luft-Gemi- 
sches. Wenn man deshalb die Induktionszeit 
der Entziindung bei mehrer Gasmenge unter- 
sucht, z.B. ein noch gréBeres StoBrohr be- 
nutzt, wird die Schwankung geriger und die 
Induktionszeit kiirzer und nahrt sich zu Tt 
asymptotisch. 

Wie schon gesagt, soll w(t) aus 2 Teilen 
bestehen, d.h. aus der Wahrscheinlichkeit a, 
wieviel Startreaktion am Anfang vorhanden 
ist, und aus der Wahrscheinlichkeit 8 dafur, 
daB sich die Startreaktion zur Entziindung 
entwickelt. 

Mb)=a-B (2) 
Unter derselben Bedingung soll @ proportio- 
nal der Zahl der Molekiile sein, die in die 
Reaktion kommen, namlich der Menge des 
Gemisches. Mit dieser Wahrscheinlichkeit a 
ist (¢) proportional der Menge des Gemisches. 
Im iibrigen, wenn die Aktivierungsenergie der 
Startreaktion E, ist, soll die Wahrscheinlich- 
keit der Entziindung auch proportional e-“"1/"" 
sein. 

Dagegen hangt ® nur von dem Zustand der 
Molekiile einer Startreaktion. Nimmt man 
E, als die Aktivierungsenergie der Sekundar- 
reaktion und W als die Warme an, die aus 
der ersten und der anschlieBenden Reaktion 
ausgefiihrt und der Sekundarreaktion zugege- 
ben wird, dann soll 8 proportional e~(#?-W2/kr 
sein. Also 

Ahy= A-e7Byt Bo-W)/RT 
Dabei ist A ein Konstant. 

Die Zeitlange tc, in der keine Entziindung 
entsteht, ist noch unklar, aber man kénnte 
annehmen, dafB es die Zeitlange ist, die die 
Entziindung mindestens gebraucht, d.h. in 
der die Reaktion am giinstigsten und schnell 
sten vor sich geht. Da8B diese Zeitlange von 
der Gasmenge unabhangig ist, kénnte auch 
es bedeuten. Dann soll es auch proportional 
e,-w/kP sein. Namlich es hangt von der 


(5) 
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ten ist. 


Reaktiongeschwindigkeit ab, die am schnells- | 
r= Beg By-wo/at (6)) 
B ist auch ein Konstant. ) 
Von der Neigung von /v y(t) und Int in Be- | 
zug auf 1/T kann man nach der Gleichung 95) 
und 6 £,+£,—W und E,—W und weiter F,; | 
ausrechnen. Bild 9 zeigt die Kurven von 
In w(t) und Int in Bezug auf 1/T. Hera 
ersieht man gleich, daB je magerer das Ge-| 
misch ist, desto mehr die Neigung von /m p(t) 
und /mt, und A und B auch sind. 


Mol-ms 
10° t 


i 
ry) 12 13 x10" ae 


Bild 9. In p(t) und In c in Bezug auf 1/T fir 
verschiedene Mischungsverhialtnisse. 


Tabelle 5 zeigt £,+F,—W,E.—W,E,, A 

und # fiir verschiedene Mischungsverhaltnis- 
se. 
Aus diesen Ergebnissen kann man gleich erseh- 
en, da jede Aktivierungsenergie der 
Startreaktion in jedem Falle immer fast gleich 
etwa 16,3 Kcal/Mol ist. Das bedeutet namlich, 
daB die erste Reaktion fiir verschiedede Mi- 
schungsverhaltnisse immer dieselbe ist, und 
nur die anschlieBende Sekundarreaktion an- 
ders ist. 


§ 4. 


Bei der Selbstziindung des n-Hexan-Luft- 


Weitere Analyse 


Tabelle V 
Mischungs- Ei, + B,— W E,— W Ey 
verhaltnis Keal/Mol Keal/Mol Keal/Mol A B 
1,0 24,0 7,0 17,0 67,5 x 108 $5 xlone f 
0,6 24,6 8,9 15,7 22,4 10° 8,5x10-4 
0,3 32°7 16,4 16,3 60,6 x 1011 8,0x 10-6 
0,15 Dae. LORO L6E 3 50,7 x10” 9: OsahO ai 
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Gemisches handelt es sich hauptsachlich um 
n-Hexan- und Sauerstoffmolekiile. Ein n- 
Hexanmolekiile trifft direkt ein aktiviertes 
O,-Molekiil oder indirekt, d.h. vermittels ei- 
ner oder mehrer Sauerstoffverbindungen, im- 
mer wieder und erzeugt zum SchluB sich 
teilend CO, und H,O. 

Bei der ersten Stufe mii&ten einige n-Hex- 
anmolekiile auf O,-Molekiile treffen und sich 
reagieren, den nachkommenden O,-Molekiilen 
_oder den bei der Reaktion entstandenen Sauer- 
stoffverbindungen die Reaktionswarme iiber- 
gebend, oder sie bei sich behaltend. Hieran 
schlieBt sich die weitere Reaktion. Dabei 
kénnten sich die vier folgenden FaAlle erge- 
ben: 

(1) Das einmal reagierte n-Hexanmolekiil 
mit der Reaktionswarme trifft immer wieder 
auf ein aktiviertes 0,-Molekil, reagiert 
sich und kommt dadurch, daB die Temperautr 
durch die Reaktion hoch genug wird, zur Ent- 
flammung. Dabei bleibt die Reaktionswarme 
immer beim v-Hexanmolekiil. 

(2) Die bei der Reaktion enstandene Sau- 
erstoffverbindung mit der Reaktionswarme 
fliegt und trifft nur ein oder wenige bestimm- 
te mn-Hexanmolekiile, welches oder welche 
die erste Reaktion hinter sich haben und dann 
weiter zur Entflammung kommen. Die Reak- 
tionswarme wird durch die Sauerstoffverbin- 
dungen oder Zwischenprodukte transportiert. 

(3) Die 0,-Molekiile, die schon einmal rea- 
gierte m-Hexanmolekiile treffen und daher die 
Reaktionswirme bekommen, treffen auch nur 
ein Oder weniger bestimmte -Hexanmolekile, 
welche die erste Reaktion schon hinter sich 
haben und sich dann damit weiter zur Ent- 
flammung reagiert. Die Reaktionswarme wird 
durch 0,-Molekiile transpotiert. 

(4) Alle drei Falle treffen zusammen. In 
jedem Falle mu& ein m-Hexanmolekiil direkt 
oder indirekt immer wieder treffen, wahrend 
die Reaktionswarme zur weiteren Reaktion 
iibertragen wird, obwohl sie durch vergebli- 
che St6Be immer geringer wird. 

Ist 

e: die Aktivierungsenergie sich zu teilen 

und mit einem Sauerstoffmolekiil zu 
reagieren 

e,: die Aktivierungsenergie zu einer Start- 

reaktion 

e,: die Aktivierungsenergie zu einer Se- 

kundarreaktion 
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w: die Reaktions warme, die zu einer 
Sekundarreaktion aufgenommen wird 
n: die Reaktionsstufenzahl, d. h. die 
StoBzahl eines n-Hexanmolekiils mit 
einem 0,-oder demsprechenden Sauer- 
stoffverbindung, das sich damit rea- 
gieren kann 
m1: die Reaktionsstufenzahl bei der Start- 
reaktion 
m.: die Reaktions 
Sekundarreaktion 
vy, die Molekulardichte des n-Hexan 
vy, die Molekulardichte des Sauerstoffs 
Z: die gesamte StoBzahl der n-Hexanmo- 
lekiile mit 0. Molekiilen je Millisekunde 
fir ein Mol Gemisch, 
dann ist die Wahrscheinlichkeit dafiir, daB nur 
eine Bindung eines n-Hexanmolekiils ausein- 
andergeht und mit einem 0, Molekiil direkt 
oder indirekt reagiert : 


stufenzahl bei der 


W=a-e C/RT) 


a ist auch eine Wahrscheinlichkeit dafiir, daB 
ein 0,-Molekiil ein bestimmtes 2-Hexanmole- 
kul trifft. Wenn das m-Hexanmolekiil noch 
ofter z. B. m Mal kontinuierlich ein aktiviertes 
0.-Molekiil (direkt oder indirekt) trifft, mu8 
die Wahrscheinlichkeit dafir 


W)7= (a 5 GAP liececr ff Z e7 (ne/ RT) 


(7) 


sein. Die Wahrscheinlichkeit dafiir, daB ir- 
gendein m- Hexanmolekil in einem Mol-Gemisch 
wie oben ein 0.-Molekul 2 Mal je Millisekunde 
trifft und sich reagiert, ist 


Z: Qe -e7(ne/RT) 
Wenn man den Vorgang in die Startreaktion 
und die Sekundar-Reaktion teilt, mu es 
Zz: Gert mem (My Ey tg Fg— My )/ BL 
sein, und gleich s(t) sein, solange in jeder 
Stufe dieselbe Reaktion vor sich geht. Von 
Gl. 5 ist 
A e7 Ey t By W)/RT — Z. Gry eMy (My 8 FM y8y—-MQW)/ RL 
* (8) 
Daher 
Ey=nye1 
En=N2*€e 
W=n,:w 
AFL: Gs 
Unter der Voraussetzung, daB ein aktivier- 


tes 0,-Molekiil, wenn es ein m-Hexanmolekil 
trifft, sich reagieren und verschwinden muBf, 
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kann die Wahrscheinlichkeit dafiir, da8 nur 
ein 0.-Molekiil ein bestimmtes m-Hexanmolekiil 
trifft, in der nullten Annaherung proportio- 
nal 1/y, sein, solange es nicht beschrankt ist, 
wie oft es andere Molekiile trifft. Ande- 
rerseits ist Z proportional »,-¥). Daraus ergibt 
sich . 


Njy+N9 
A=C-rn-»( =) 


Vr 


(10) 


Wenn man », konstant annehmen kann, weil 
es im Vergleich mit », sehr gro8 und mit 
der Konzentration sich kaum 4Andert, kann 
man #,+7, von der Neigung der Kurve 
InA in Bezug auf J (1/y,) bekommen. Wenn 
man die Kurve als eine Gerade annehmen 
kann, ist es 5 bis 6. Fiir B von der GI.6 
kénnte es auch einen ahnlichen Zusammen- 
hang geben. Dabei kommt nur die Sekundar- 
reaktion in Frage. 
re en( >) e 
Var 

Genau so wie bei A kann man », von der 
Kurve Jz B in Bezug auf /n(1/y,) bekommen. 
Dabei ist 7. 4 bis 5. Deshalb 2,=1, oder 2 
und #2; = 4 oder 5. 


Tabelle VI 
ei Eg—-W 
2 %;—1, zi No=4, 5) 
Keal/Mol Kceal/Mol 
1,0 17,0 8,5 Seu, 1,8 1,4 
0,6 See 7,9 See ee 1,8 
0,3 16,3 8,2 ap! aod: 330 
0:55 — 1653 8,2 5,4 4,8 3,8 


Ueber FE, — W fiir verschiedene Konzentra- 
tionen 1a8t sich noch nichts sagen, aber wenn 
man sich in der nullten Annaherung E, — W 
fiir eine beliebige Konzentration durch Inter- 
polation vorstellen kénnte, kann man fiir alle 
Konzentrationen die Linien von »(#) und t in 
Bezug auf 1/T bekommen, damit man alle 
Induktionszeiten je nach dem Zustand er- 
rechnen kann. Bild 10 zeigt einige Linien von 
In #(#) und Inc fiir verschiedene Konzentra- 
tionen des m-Hexan in Bezug auf 1/T; die 
theoretisch ausgerechnet wurden, und Bild 11 
zeigt die durchschnittliche Induktionszeit 
der Selbstziindung des 0,01 Mol m-Hexan-Luft- 
Gemisches in Bezug auf die Konzentration 
mit Parameter T. Wie das Bild zeigt, ist 
das Mischungsverhaltnis, das die minimale 


Kunio TERAO 


(Vol. 15, 


Induktionszeit hat, je nach der Temperatur 
anders. Je hdher die Temperatur ist, desto 
magerer ist das Gemisch, das die minimale 
Induktionszeit hat. 

Es ist aber schwer zu sagen, daB 2,+m, fiir 
verschiedene Konzentrationen immer konstant 
ist. Es gibt noch eine Moglichkeit, da es 
um so mehr wird, je magerer das Gemisch 
wird, weil ein m-Hexanmolekiil mehrere 0,- 


Molekiile treffen kann als bei einem fettern © 


Gemisch. 
Ueber £,— W konnte man wenigstens sagen, 
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10 
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Bild 10. Im x(t) und In c des n-Hexan-Luft- 


Gemisches, die theoretisch ausgerechnet wurden. 
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duktionszeit der Entziindung des n-Hexan-Luft- 
Gemisches in Bezug auf Mischungsverhiltnis. 
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da es, wenn das magerer wird, zunimmt. 
Namlich je magerer das Gemisch ist, um so 
geringer ist die Warme W, weil ein Molekiil 
mit der Reaktionswarme, entweder n-Hexan 
oder 0, oder Sauerstoffverbindung, andere 
Molekiile als m-Hexan Ofter treffen muB8 als 
bei fetterm, bis es ein anderes n-Hexanmole- 
kul trifft, und es dann mehr Wiarme verlieren 
muf. 


§5. Vergleich mit anderen Arbeiten 

A. Martinengo und H. Gg. Wagner™ ha- 
ben die Selbstziindung des n-Hexan-Luft-Ge- 
misches unter adiabatischer Kompression 


Tabelle VII. 
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untersucht. Dabei wurde das Gemisch in 
einem Zylinder mit 3cm Durchmesser von 
einem Kolben sehr schnell adiabatisch unter 
Druck gestezt und geziindet. Nun miéchte 
ich die damit gemessenen Induktionszeiten 
und die, die mit der Gleichung 4 ausgerech- 
net wurden, vergleichen. Dieses wird in 
Tabelle VII gezeigt. Dabei ist 


Ti. 2 
w(t) x Molzahl ’” 


durchschnittliche Induktionszeit 


Ty=Tht+T 


und te ist die empirisch gemessene Induktions- 


n-Hexan-Luft-Gemisch bei 2=1,0 


Temperatur Druck Molzahl Molzahl x p(t) Te T Tg Te 
°K at. 10-3Mol sec—1 msec msec msec msec 
610 12EZ, 6,45 77,0 13,0 12 14,2 21,0 
650 14,5 7,18 359 ,0 7A So 0,8 3,6 eZ 
670 £71 8,2 656, 0 1,5 0,68 Iya 5,1 
700 19,8 9,5 155,0 0,65 0,54 1,19 2,0 
zeit. Die Mischung war stéchiometrisch. solange die Versuchsmethode anders ist, wah- 


Wenn man nach der Gleichung ty=Konstant x 
e2/kT Int, in Bezug auf 1/T zeichnet, erhalt 
man Bild 12a. Dann kann man von der Nei- 
gung der Linie /mt, die sogenannte anschau- 
liche Aktivierungsenergie bekommen. Wie 
das Bild zeigt, stimmt die Energie von der 
theoretischen Berechnung mit der empirisch 
gemessenen gut iiberein, obwohl die Tempera- 
tur parallel etwa 40°K nach unten verschoben 
ist. So ein MefSfehler kann oft vorkommen, 


= 
N 
YY 
{ey 
= 
x 
3 
rs) 
fo 
i 
1.42 1,50 160 x10" 1 
Bild 12. Induktionszeit der Entziindung des n- 


Hexan-Luft-Gemisches in Vergleich mit anderen 
Arbeiten. 


rend es relativ wenigen Fehler bei demselben 
Experiment gibt. 

Es gibt noch eine ahnliche Arbeit von Le- 

vedahl'», Dabei war das Mischungsverhaltnis 
0,375 und ebenfalls wurde das Gemisch in 
einer Kompressionmaschine adiabatisch ge- 
driickt und geziindet. y(t) habe ich von ,(Z) 
bei 2=0,3 berechnet, den Unterschied der 
Konzentration beriicksichtigend. Nach dem 
Unterschied von t bei 4=0,3 und bei 4=0,15 
soll der bei 42=0,375 und bei 4=0,3 nicht gro, 
héchsten 10% sein. Deshalb habe ich ¢ fir 
A=0,375 von denen bei 4=0,3 angenommen. 
Die Gemischmenge wurde vom Verdichtungs- 
verhaltnis, dem Durchmesser des Zylinders 
und vom Kolbenshub ausgeschatzt. Dabei 
stimmt es vielleicht nicht genau, aber da die 
Menge sehr gro8 ist, spielt der Fehler nur 
eine kleine Rolle. 
Bild 12b zeigt Imty und Inte in Bezug auf 
1/T. Beide Ergebnisse stimmen gut iiberein, 
und der Unterschied der Induktionszeit steht 
im Bereich der Schwankungen. 

Durch den Vergleich mit den zwei Arbeiten 
ergibt sich, da8 das Experiment und die theo- 
retische Idee richtig seien. Wenn man die 
Energie £,—W richtig schatzen kénnte, kon- 
nte man damit theoretisch, wie Bild 10 zeigt, 
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n-Hexan-Luft-Gemisch bei 4=0,375 


Temperatur Molzahl Molzahl x p(t) Th is T¢ Te 
°K 10-3Mol sec71 msec msec msec msec 
632 87 1 480 0,68 4,90 5,58 7,0 
671 93 6 900 0,145 PALS) 2,34 ee 


w(t) und t ausrechnen und die durchschnit- 
tliche Induktionszeit erhalten. 


$6. Zusammenfassung 


1) Wenn man die Induktionszeit in Gasen 
als einen Wahrscheinlichkeitsprozess statisch 
betrachtet, die immer eine Schwankung hat, 
die nicht nur aus dem empirischen Fehler 
kommt, sondern auch und zwar hauptsachlich 
aus einem physikalischen Grund, und die des- 
hlab unvermeidlich ist, dann erhalt man aus 
der Schwankung eine Entziindungswahrschein- 
lichkeit in einer Zeit- und Mengeneinheit. 

2) Die Induktionszeit der Entziindung be- 
steht aus zwei Teilen. Der eine ist der, in dem 
keine Entziindung entsteht, und der andere 
der, in dem die Entziindungszeit immer 
schwankt. Der erste scheint unabhangig von 
der Gasmenge und abhangig von der Reak- 
tionsgeschwindigkeit zu sein, aber der letzte 
hangt von der Gasmenge ab. Von den bei- 
den konnte man die Entziindungsreaktion als 
Zwei Reaktionen betrachten, d.h. als Start- 
und Sekundarreaktion. Daraus kann man 
die Aktivierungsenergie der Start- und Se- 
kundarreaktion erhalten, und die Reaktions- 
stufenzahl vermuten. 

3) Beim mz-Hexan-Luft-Gemisch ist die 
Startreaktion fiir verschiedene Mischungsver- 
haltnisse immer dieselbe und die Reaktions- 
stufenzahl (wie oft es sich mit 0,-Molekil 
reagiert) ist 1, oder 2. Die Aktivierungs- 
energie der Sekundarreaktion ist fiir verschie- 
dene Mischungsverhaltnisse immer anders. 
Je magerer das Gemisch ist, desto gréBer ist 
die Aktivierungsenergie. Es wurde die Reak- 
tionsstufenzahl 4 oder 5 vermutet. 

4) Aus der Entziindungswahrscheinlichkeit 
und der Zeitlange, in der \iiberhaupt keine 
Entziindung entsteht, {kann man die durch- 
schnittliche Induktionszeit je nach dem Zus- 
tand errechnen. 

5) Das Mischungsverhialtnis, das die mini- 
male durchschnittliche Induktionszeit hat, ist 
je nach der Temperatur anders. Je niedriger 
die Temperatur ist, um so fetter muB das 


Gemisch sein, das die minimale Induktions- | 


zeit hat. 


Der Charakter der Induktionszeit der Ent- | 
zindung in Gasen ist damit ziemlich klar . 


geworden, aber es besteht noch die Frage, 
welche chemischen Bindungen z.B. C—H, oder 
C—C an der Reaktion teilnehmen, oder die 
Reaktionsstufenzahl, die Warme, die die Reak- 


tion fordert, usw. sind noch nicht ganz klar. | 


Wenn man noch mehr Brennstoff untersucht, 
wurde es allmahlich klar werden. 

Als Entziindungszeit wurde die Entflam- 
mungszeit angenommen. Wenn die Versuchs- 
methode anders und als Entziindungszeit 
anders angenommen wide, z.B. raschen 
Druckanstieg des Gases, kann das Ergebnis 
konkret etwas anders sein. 

Zum Schlu8 danke ich Herrn Prof. Dr. W. 
Jost und Dr. H. Gg. Wagner fiir die freund- 
liche Leitung und die guten Ratschlage fir 
die Arbeit. 
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Magnetic Anisotropy of Chalcopyrite 


By Teruo TERANISHI 


Department of Physics, Faculty of Science, 
Hokkaido University, Sapporo 


(Received February 8, 1960) 


Chalcopyrite, CuFeS,, has been known as a semi- 
conductor including iron, of which we have special 
interest in connexion with the study of magnetism. 
Donnay et al.2) investigated the material by neutron 
diffraction and found it to be antiferromagnetics 
at room temperature. 

We have made magnetic measurements using 
single crystal of chalcopyrite. A disc parallel to 
(110)-plane is cut out from a large natural single 
crystal found at Arakawa mine, Japan. According 
to chemical analysis this crystal contains 33.54 
weight % of copper, 31.7% iron, 33.9% sulphur 
and 0.90% of insoluble matter. 
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Fig. 2. Temperature variations of susceptibilities 
of chalcopyrite. 


The torque in a uniform magnetic field of 10200 
Oe is measured at —172°C and room temperature 
by a torque magnetometer. At both temperatures 
the torque shows two-fold symmetry as shown in 
Fig. 1. The easy direction of the torque is [110]. 
The variation of maximum torque with the square 
of magnetic field strength is found to be linear. 
The maximum torque decreases nearly linearly 
with rising temperature and at about 550°C the 
torque vanishes. This uniaxial torque is caused 
from the difference between two principal suscepti- 
bilities, y,, and y,, of the crystal in which the 
magnetic moments are presumably aligned anti- 
ferromagnetically and directed along [001] direction. 
The Néel temperature of this antiferromagnetism 
is considered to be 550°C where the torque van- 
ishes. 

The variation with temperature of powder sus- 
ceptibility of this crystal is shown in Fig. 2 denoted 
as XY». From powder susceptibility and the torque 
we can calculate y,, and x,. Temperature de- 
pendencies of these susceptibilities are shown in 
Fig. 2, too. x, is nearly independent upon the tem- 
perature and y,, goes down to zero as the temper- 
ature decreases to absolute zero, just as the theory 
of antiferromagnetism suggests. 

Powder susceptibility continues to increase above 
the Néel temperature. This is probably due to the 
decomposition of the specimen into other substances 
one of which (for example, FeS) has high magnetic 
susceptibility. When chalcopyrite in the evacuated 
silica tube is quenched from 900°C, we can observe 
a considerable amount of sulphur adhering on the 
wall of silica tube. But we cannot detect other 
substances than chalcopyrite by X-ray diffraction 
method. 

The author wishes to thank Prof. Miyahara for 
valuable discussions and Prof. Harada for deliver- 
ing the single crystal of chalcopyrite. 
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Electron Emission Current From Oxide 
Coated Cathode Subject To High 
Electric Field 


By Chokichiro SHIBATA 


Research Division, Nihon Musen, 
Mitaka, Tokyo 


(Received April 11, 1960) 


In the process of experimental studies on the 
electron emission from oxide coated cathode subject 
to high electric field such as is encountered in high 
power magnetrons and klystrons, the author has 
found the fact that the relation between electron 
emission current and applied field differs from the 
well known “Schottky effect ”. 

Test tubes were small gap diodes, in which the 
anode was made of tungsten rod 4mm in diameter 
and the cathode consisted of a nickel disc 6mm in 
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diameter, whose oxide coated area was 2mm in | 


diameter. 

In the Schottky region, log i vs YW FE curves should 
show straight lines!). In fact, it is seen, in fig. 1 
(a), that the relation in the low field region where 
DC measurement was made, is in agreement with 
the Schottky effect, but in the high field region 
where pulsed measurement was made, deviation 
from the Schottky effect is observed. 

Tube. No. 1 had the cathode of 50u oxide coating. 
Tube No. 2 was prepared as follows, by using tube 
No. 1 after completing all the measurements with 
it. 

Tube No. 1 was injected with wet hydrogen gas 
and the cathode heated in that atmosphere, then 
the tube exhausted and treated in ordinary ways. 
After these processes, the No. 2 cathode is con- 
sidered to be far less porous than the No. 1 cathode. 

The dependency of log i/T? upon 1/T is shown 
in fig. 1 (bj). There have been several discussions 
about the anomalous emission from oxide coated 
cathode?)s), One of those is that the anomalous 
emission is due to the local high field on the oxide 
surface. In that case, the dependency of log i/T?2 
upon 1/7 must be a straight line. In fig. 1 (b), this 
relation appears correct only in the low field region. 

The gradient of the Schottky line is given by 


d log i/d/ B=e3/2/kT 


Measurements of the relation of dlogi/d WE VS 
1/T are shown by the curves in fig. 2. In DC 
measurements (low field) using both No. 1 and No 
2, and in pulse measurements (high field) using No. 
2, the curves seem to be parallel to the theoretical 
line. But pulse emission from No. 1 cathode does 
not obey this relation. 

From these measurements, it seems that in very 
high fields, such as of a few thousands volts per 
centimeter, the mechanism of the high emission 
current from oxide coated cathode differs from the 
mechanism of the so called “ Schottky effect ”. As 
to this anomalous emissions, the author wishes to 
publish his own theoretical interpretation elsewhere, 
and presently only the measured results are re- 
ported in brief. 

The author wishes to thank Prof. I. Takahashi, 
Prof. H. Kawamura and Prof. S. Mito for their 
discussions and the author’s thanks are due to Dr. 
S. Fukagawa and Dr. Y. Yasuoka for their encour- 
agements and also to Mr. Y. Araki for his assist- 
ance. 
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Magnetic Hyperfine Structure of the 3, 2 
Line of Ammonia 


By Koichi SHIMODA and Kunitaka KONDO 


Department of Physics, Faculty of Science, 
University of Tokyo, Tokyo, Japan 


(Received April 14, 1960) 


The magnetic hyperfine structure of the J=3, 
K=2 line of N!*H3 was observed by a beam type 
maser spectrometer. Fairly complete investigations 
on the magnetic hyperfine structure in the inversion 
spectrum of ammonia have been carried out by 
several authors).2), However, the 3, 2 line exhibits 
an exceptional case, where the quadrupole interac- 
tion vanishes in the first order so that the spin of 
the nitrogen nucleus Jy is coupled to the rotational 
angular momentum J only by the weak magnetic 
interaction. This coupling competes with the mag- 
netic interaction between the protons and the mag- 
netic field due to molecular rotation. Then the 
coupling scheme which is used for other rotational 
states breaks down, and F,=J-+JIy is no longer a 
constant of motion for the 3,2 state. Theoretical 
treatment for this case was given by Hadley*®?, who 
calculated the magnetic hyperfine structure shown 
in Fig. 1. 

The focuser, the beam source and the cavity are 
essentially the same as those reported before*). 
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Calculated spectrum of the 3, 2 line». 
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Fig. 2. Observed spectrum of the 3, 2 line. 
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The microwave power is supplied by a crystal 
doubler driven by a klystron X-13. The multiplied 
frequency f is converted into f+45Mc and f—45 
Mc by a crystal converter, so that one of these 
sideband frequencies may fit the frequency of the 
line at 22,834.18Mc. The signal power emitted 
from the molecular beam is mixed with the carrier 
wave of frequency f to produce 45 Mc beat, which 
is amplified, rectified and displayed on an oscillo- 
scope. A typical picture of the observed spectrum 
is shown in Fig. 2. 

The frequency separation of magnetic hyperfine 
satellites and the half-width of the line were meas- 
ured by using modulation sidebands of the central 
line which were generated by biasing the caystal 
doubler at a frequency variable from 2 to 70 kc. 

If the electronic structure or the atomic distances 
for the upper and lower inversion states are not 
exactly the same, slight asymmetry in the hyperfine 
structure will appear. The observed separation 
appears to be symmetric about the main line within 
the accuracy of the present measurement. They 
are 62.59+0.30 kc for the outer and 24.35+0.15 ke 
for the inner satellites. 

The inner satellites were observed as single lines 
with the typical half-width of 6.140.2kc. This is 
an apparent inconsistency with the theoretical 
spectrum in Fig. 1, which gives doublet structure 
for the inner satellites with the separation of 6.9 
kc. The observed half-width of the main line and 
the inner satellites changes from 3.6kc to more 
than 7 kc with the increase of signal power. Weak 
field Zeeman effect of the line was also measured. 
The outer satellites are considered to be somewhat 
broadened by the residual magnetic field of the 
order of 0.8 oersteds. 

The complete analysis of the Zeeman effect as 
well as the hyperfine structure of the line is now 
in progress and will be reported in near future. 
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Some Observations on the Domain Walls 
in Thin Films 


By Yasuo GONDO and Zenya FUNATOGAWA 


Department of Physics, Yokohama National 
University, Yokohama 


(Received March 16, 1960) 


We have observed the colloidal patterns on 20% 
Fe-Ni films with uniaxial magnetic anisotropy. The 
films were evaporated on microscope cover glasses. 
The thickness of the films varied from 100A to 
4000A and the substrate temperature was changed 
from the room temperature up to 300°C. The 
evaporation was performed in vacuum of 3x1075 
mmHg and the observations were done without 
annealing. 

The character of walls observed on the films are 
In the thinner films (< 250A) the 
Néel type double walls).2).3) occur and in the 
thicker films the Bloch type walls!). The so-called 
cross-tie walls#).5) are only observed in the inter- 
mediate thickness range (from about 250A to 1000~ 
2500A). It is noted that the range is dependent 
on the substrate temperature remarkablly. In the 
thicker films the walls become more straight and 
thin, and it is explained by the development of the 
Bloch type walls. The thicker the film thickness, 
the more difficult the colloidal observation of the 
Bloch type walls was. 


shown in Fig. 1. 
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Fig. 1. Character of the domain walls observed 
on thin 20% Fe-Ni films. @: the Bloch type, 
©: the cross-tie type and (): the Neel type. 
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Fig. 2. Dependence of the wall coercive force on 
the film thickness and the substrate temperature. 
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An anomaly of the wall coercive force is found 
in a certain thickness range of the films evaporated 
at 300°C. It is shown in Fig. 2. The wall coercive 
force is affected by the wall energy and this 
anomaly is explained by an increase of the wall 
energy due to the magnetostatic energy of the wall 
in this thickness range!).2). Actually this range 
almost coincides with that of the cross-tie wall. 
However, the wall coercive force of the films 
evaporated at the room temperature has no anomaly. 
In these films large planar stresses are induced. 
In such cases, it is necessary that a contribution 
of the magnetoelastic energy to the wall energy is 
under consideration. Detailed discussions on the 
effect of the planar stress to the character of the 
wall and the wall coercive force will be reported 
in near future. 

A confirmation of the model of the cross-tie 
walls proposed by Huber e¢ al.4) is made by the 
application of a transverse magnetic field. In a 
demagnetized state stable cross-tie walls distinctly 
occur in the easy direction. Applying a weak field 
in the hard direction, a half of each section of the 
main wall disappears and the cross-ties begin to 
curve. Finaily the cross-tie wall turns into a sort 
of line of arrows (—> —~>). Reversing the weak 
field, the direction of the arrow is reversed re- 
versiblly (<— <—) (Fig. 3). It is suggested that 


(a) (b) 


Fig. 3. The cross-tie walls observed in a 400A 
20 Fe-Ni film. A weak transverse field is ap- 
plied in the film plane and perpendicular to the 
wall. (a) 1.5 Oe upward, and (b) 2 Oe downward. 


Ve 


Fig. 4. Suggested interpretation of the obser- 
vations in Fig. 3. The relation between rotation 
of the magnetization and the polarity of the 
wall in the film plane is shown. ©: JI vertically 
out of plane,*@; J vertically into plane, 
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this behavior is due to the reversible rotation of 
magnetization in domains and walls without wall 
displacement. A suggested interpretation of the 
observations, which is standing on the same model 
as the previous!) assuming the polarity reversal 
between neighbouring sections of the main wall 
and also between opposite halves of the wall of 
each cross-tie, is shown in Fig. 4. 

It is a pleasure to acknowledge a part of the 
measurements by H. Koyama and H. Konno. The 
present work was partly supported by the Scientific 
Research Grant from the Ministry of Education. 
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On the Possibility of Ferromagnetism 
for an Electron Gas 


By Masao SHIMIZU 


Department of Physics, Tokyo Metropolitan 
University, Tokyo 


(Received April 4, 1960) 


The conclusion that an electron gas does not 
show ferromagnetism at all electron densities 
because of the effect of the correlation was given 
by Wigner!) and Pines?) respectively. They com- 
pared the energy of an electron gas when all the 
spins of electrons are parallel with that when the 
electron gas is in a normal non-magnetic state by 
their respective methods and obtained the above 
conclusion. 

At first sight it may be imagined that if an 
electron has a heavier effective mass the electron 
gas would be ferromagnetic, but this is not neces- 
sarily so. Although this fact has already been 
described in the previous paper?), in this short note 
we would like to give a more definite proof to 
this point. 

We compare the energy of the electron gas at 
the ferromagnetic state with that at the normal 
state. The electron gas has the Hamiltonian, H= 
— > (#2/2m*)p2+ Dd e/rij;, where m* is an effective 

4 i<j 


mass and is supposed to be larger than the ordinary 

electron mass m, that is, 4=m*/m>1. If we 

replace the effective mass m* and the electron 

coordinates r in H by 24m and r’/A respectively, 

we have H=a4{— SG /2m)y i+ Zi elres'}, where 
a 


rij =|ri! — 15! |= Ariz. This Hamiltonian is nothing 


but 4 times larger than the ordinary Hamiltonian, 
although all the electron coordinates are elongated 
by a. 

Since the energy of the electron gas with the 
ordinary Hamiltonian, in which m*/m=A=1, when 
all electron spins are parallel cannot become lowest 
at all electron densities, we can conclude that also in 
the electron gas with the Hamiltonian H, in which 
m*/m=A>1, the energy for the state in which all 
the spins are parallel cannot become lowest at all 
electron densities and at all values of 2. 

As pointed out by Wigner, state with intermediate 
moments should also be considered. Making use of 
the Bohm-Pines collective description of electron 
interaction’) and the assumption that the screening 
distance is independent of magnetization, and 
including the short-range correlation energy due to 
the second-order perturbation-calculation of the 
screened Coulomb interaction, we have calculated 
the total energy of the electron gas with A=1 as a 
function of the total spin magnetic moment of the 
electron gas and found that the energies at all 
electron densities increase monotonously with in- 
creasing magnetic moments’). 

Then as a conclusion it is most probable that 
the electron gas is not ferromagnetic at all densities 
and at all effective masses, unless the electron gas 
becomes unstable as a gaseous aggregate!.®). 

On the other hand, if the periodic lattice potential 
is taken into account for the electron gas, we can 
expect that the electron gas becomes ferromagnetic 
at certain conditions as shown in the previous 
paper by using the simple model?). 

Anyhow, the periodic lattice potential is import- 
ant in explaining the ferromagnetism of transition 
metals by the itinerant electron gas modei, because 
the effect of the correlation prevents an electron 
gas from being ferromagnetic and the spin-wave 
motion in the electron gas model will be unstable 
because of the correlation if we disregard the effect 
of the lattice potential. 

I wish to express my sincere thanks to Prof. R. 
Kubo for giving me an opportunity to stay at 
Research Institute of Fundamental Physics, Kyoto 
University, and Prof. T. Matsubara, Drs. Y. Kita- 
no, A. Yoshimori and T. Izuyama for valuable dis- 
cussions at Research Institute of Fundamental 
Physics. 
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Structure of Giant Resonance in 
Al’’(p, 7) Reaction 


By Motoharu KIMURA, Katsufusa SHODA, 
Naoshi MutTsuro, Tsutomu TOHEI, 
Kazuo SATO, Kunishige KURODA, 


Deparement of Physics, Faculty of Science, 
Tohoku University, Sendai, Japan 


Katumi KURIYAMA and Tosimitu AKIBA 


Department of Physics, Faculty of Science, 
Tokyo University of Education, Otuka, 
Bunkyo-ku, Tokyo, Japan 


(Received March 26, 1960) 


Measurements of 90° yield of gamma rays re- 
sulting from the capture of protons, with energies 
from 7.5 to 14.7 MeV in Al?? have been made using 
the INS (University of Tokyo) variable energy 
cyclotron). Gamma rays leading to the ground 
state of Si?8 (Q=11.58 MeV) which will be referred 
to hereafter as 7), and those leading to the first 
excited state (1.78 MeV), 7:1, were measured using 
4''} x A'/Nal(T1) detector with enough shields. The 
two gammas could not be separated from each 
other. The target was an aluminum foil with 
purity of 99.6% and of 9, in thickness. Proton 
beams of 0.3~—0.5uA were passed through the foil 
with glancing angle of 45° and lead to the beam 
catcher. Fig. 1 is an example of the gamma ray 
spectrum which also shows the background spec- 
trum without target. Fig. 2 is the relative cross 
section curve for Al?*(p, 7o+7,)Si28 as a function 
of proton energy. This reveals a full structure of 
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Fig. 1. Example of the gamma ray spectrum 
and the background spectrum without target. 


Short Notes 


(Vol. 15, 


4 2332 24.27 
enimeyl657 1753 1g5 1947 2942 214 22,54 2952 24 


6.05 
93! 20,28 21.25 22.2 23.18 24,32 25. 260: 


Eyo(MeVv)I§35_ 19.3! 


(21,37, 
12 (20.04) B73 Mev 
875MeV | 
(18.94) | 
761MeV 


Al?” (P, %+n) Si”? 


fo2) @ 
iia T 


S 


ny 
“ 


Relative Cross Section 


T ix a i ame 
6 7 8 9 10 i 12 13 14 15 
Ep (MeV) 
Fig. 2. Relative cross section curve for Al?%(p, 
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giant reasonance if combined with results of Can- 
berra2). The width of giant reasonance is of the 
order of 4MeV with many reasonance peaks and 
also possibly with giant reasonance splitting due 
to deformation. 

At least three reasonances at 7.61 MeV, 8.75 MeV 
and 10.13 MeV of laboratory proton energy can be 
attributed to the excited level of Si28. Gove et al.¥, 
using tandem Van de Graaff, also found many reso- 
nances. If we neglect the sharp rise and down of 
resonances, it looks very plausible that the main 
part of giant resrnance is split into two peaks. 
According to the theory of Okamoto and Danos*, 
this means the spheroidal deformation of compound 
nucleus. If so, the eccentricity e=(R,—R:2)/Ro of 
Si?8 nucleus becomes about 0.05 with possible pro- 
late sign. This is very reasonable if we consider 
the deformation of Al?’ and Si2® to be +0.15 and 
—0.15 respectively according to Bromley et al.5). 
The absolute cross section of Al27(p, 79 +71)Si28 as- 


“suming isotropic emission of gammas at the proton 


energy of 10.13 MeV is about 160 »-barn with esti- 
mated error of +20%. This is the peak value and 
is too small if extrapolated from the Canberra re- 
sults. Expected cross section estimated from the 
Si28(y, ») process using detailed balance is about 
one order of magnitude larger than the above 
value. This is not unreasonable, however, if we 
consider the energy distribution of emitted protons 
in (7, p) process. Detailed description will be pub- 
lished later. 

We wish to acknowledge very stimulating and 
helpful discussions with Dr. K. Okamoto who is 
now at Tohoku University. We also express 
sincere thanks to the cyclotron crew of the INS, 
University of Tokyo, for their help in cyclotron 
operation and other arrangements. 
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The Behaviours of Free Radicals Trapped 
in 7-Irradiated Polyethylene 


By Hisatsugu KASHIWABARA*®) 
and 
Kenichi SHINOHARA 


Tokyo Laboratory, Japanese Association for 
Radiation Research on Polymers, Kamifuji- 
mae-cho, Bunkyo-ku, Tokyo 
(Received March 17, 1960) 


The behaviours of free radicals produced in ;- 
irradiated polyethylene were investigated by means 
of electron spin resonance (ESR). 

The samples used were high-density Marlex 50 
(HD) and low-density Sumikathene (LD), which were 
irradiated by ;-radiation of Co-60 in vacuum and 
at room temperature. The measurements were 
made at a frequency of 9400 Mc/sec under the same 
conditions as that of irradiation. 

A resonance spectrum of HD irradiated with dose 
of 3x10? rads consists of five lines which are diff- 
cult to resolve (Fig. la). The resonance spectra 
of HD and LD are almost the same in shape and 
spreading. Detailed discussions on the spectra, 
however, will be given in a forthcoming paper. 

The yields of free radicals vs irradiation dose 
for HD and LD are shown in Fig. 16. The num- 
ber of radicals produced is in the order of 2 spins 
per 10,000 carbons for HD irradiated in dose of 3 
x10? rads. The initial rates of free radical pro- 
ductions per 100eV of energy absorbed (G-value) 
are 0.5 and 0.3 for HD and LD, respectively. The 
ratio of the yields in HD and LD is proportional 
to the ratio of the degrees of crystallinity in re- 
spective samples. Hence it is considered that the 
free radicals which are detectable in ESR measure- 
ments at room temperature are the ones trapped 
in crystalline regions of the samples. 

If the polyethylene crystallite is assumed to be 
composed of n-paraffine chains), C,Hon+2, the part 
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Fig. la. ESR spectrum of irradiated Marlex 
00 (First Derivative curve). Fig. 16. Radical 
yields vs irradiation dose in vac. and room 
temp. 
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of crystalline portions which melts at a given tem- 
perature is a portion of »-paraffine chains, meiting 
point of which is below the same temperature. 
Fig. 2 shows the number of free radicals vs tem- 
perature of post-irradiation heating; after irradia- 
tion, samples were kept in a bath of each tem- 
perature until thermal equilibrium is_ reached, 
then absorption intensities due to free radicals re- 
maining were measured. The number of free radi- 
cals which vanish at various temperature ranges 
will be proportional to the density of n-paraffine 
in the crystallite which are to melt at the same 
temperature ranges; i.e., the crystal size distribu- 
tion as a function of m may be obtained. With 
LD, more than 90% of the initial radicals vanish 
below 105°C which is the melting point of C7pHy42. 
With HD, half of the radicals yet remain above 
the same temperature. Therefore, it is considered 
that the larger crystallites exist in HD than in 
LD. Since the curves tend to the melting points 
of respective samples, it is considered that the 
crystal destruction may be not apparent in the 
case of ;-irradiation in the range of dose of this 
study (3x10? rads). 
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Temperature Dependence of Tunnel 
Diode Characteristics 


By Yoshitaka FURUKAWA 


The Electrical Communication Laboratory, 
Musashinoshi, Tokyo 


(Received March 25, 1960) 


The qualitative features of the characteristics 
of tunnel diodes may be accounted for by writing 
the junction current as 


z\ {fo B)~ fol E) Yoo) pol BAB 


where z is the tunneling probability, and j’s are 
the Fermi functions. Both zg and the integral in 
above expression contribute to the temperature 
dependence of the maximum current Imax, in the 
forward direction. The integral increases and be- 
gins to saturate with decreasing temperature, and 
the more the degeneracy of electrons is, the faster 
the saturation occurs. On the other hand, z is 
given by exp {—cH,(1/n-+1/p)!/2}, where c is a con- 
stant and #,(T)=H,(0)—8T is the energy gap at 
T°K. 2 decreases with decreasing temperature, be- 
comes insensitive to JT for high carrier concent- 
rations. Therefore, it may be expected that Imax 
has positive temperature coefficient al low tempera- 
tures, and the higher the carrier concentration is, 
the less the temperature dependence becomes. 


i A yee a = 
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Fig. 1. Imax versus T curves. 


Tunnel diodes have been made of As- or Sb- 
doped germanium. Fig. 1 shows the temperature 
dependence of Imax. In this figure, [Imax is nor- 
malized for its maximum value in measured tem- 
perature range (77°K~293°K). Expected results 
have been obtained. 

For sample Sb-2, d/dT-log Imax is equal to 6.85 
x 10-8 (T-1) at low temperatures, and (1/n-+1/p)1/2 
of this sample is 4.7x10-19(cm3/2). cH, at 293°K 
has been determined experimentally2) and is 2.72 
x 1010 for Sb-doped germanium. Therefore, 8, the 
temperature coefficient of energy gap, is given by 

6.85 x 10-#Hy(293°K) 
~ 2.72 x 101(1/n-+ 1/p)v2 


=3.7 x 10-4(eV/°K) 
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Table I. 

Specimen | Impurity | N (cm~8) | Imax at 293°K 
As-1 | As 2.5x1019 35.8mA 
As-2 | As 6.1 x 1018 64.0 pA 
Sb-1 | Sb 6.0 x 1018 18.4 nA 
Sb-2 | Sb 4.91018 6.18 pA 


from the present experiment. This value is in 
good agreement with the value obtained from 
other experiments.*) 

However, an appreciable difference between As- 
and Sb-doped samples has been observed. For the 
same electron concentration, diodes made of Sb- 
doped germanium show positive temperature de- 
pendence even at room temperature, while diodes 
made of As- doped germanium show negative tem- 
perature dependence at this temperature. It is be- 
lieved, tentatively, that this difference relates with 
the degeneracy of conduction band,?).4).5) The 
conduction band of As-doped germanium is deform- 
ed by heavy doping, and the state density or the 
effective mass is increased, but this is not the case 
for Sb-doped germanium. The increase of effective 
mass results in the decrease of degeneracy tem- 
perature for a given carrier concentration. This 
explains the observed result. This hypothesis can 
also explain the difference®) of temperature depen- 
dence of electron mobility in As- and Sb- doped 
germanium. 

The author thanks Mr. Z. Kiyasu, the associated 
director and Dr. T. Niimi heartly for the encourage- 
ment in the course of this work. He is also in- 
debted to Mr. T. Takahashi for preparation of 
heavily doped crystals. 


References 


1) L. Esaki: Phys. Rev. 109 (1958) 603. 

2) Y. Furukawa: Phys. Soc. Japan 15 (1960) 730. 

3) G.G. Macfarlene et al.: Phys. Rev. 108 (1957) 
1ST 

4) N. Holonyak, I. A. Lesk, R. N. Hall, J. J. Tie- 
mann, H. Ehrenreich: Phys. Rev. Letter 3 
(1959) 167. 

5) “J. be Pankov: 

6) Y. Furukawa: 


Phys. Rev. Letter 4 (1960) 20. 
unpublished. 


: 
| 


1960) 


J. PHys. Soc. JAPAN 15 (1960) 1131~1132 


Paramagnetic Resonance of Mn*'-F- Pair 
in Sodium Chloride 


By Yasaburo YOKOZAWA 


Research Institute of Applied Electricity, 
Hokkaido University, Sapporo 


(Received Mach 10, 1960) 


Paramagnetic resonance of Mn++-F- pair in the 
single crystal of sodium chloride was observed.* 
Crystals were grown by the Kyropoulos method 
from a melt into which about 0.001 mole fraction 
of MnF, has been added. The sample was attach- 
ed to the bottom of a reflection cavity working at 
room temperature and in 10kMc/sec region and an 
external magnetic field was rotated in the (001) 
plane of the crystal. 
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The spectrum of Mnt+-F- in NaCl. 
M and M’ designate the magnetic quantum number of Mnt+: 
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Complex structures were observed in a “not- 
quenched ” crystal. The spectrum which is ob- 
served when a magnetic field is parallel to [100] 
direction is shown in Fig. 1. The doublet struc- 
tures of each hfs of Mn++ show the existence of 
Mn++-F- pair in the crystal. According as the 
direction of the magnetic field deviates from [100] 
direction, these complex structures become ob- 
scured, except the case when the magnetic field 
directs to [110]. This is because the Mn++-F- 
direction makes small angle with the cubic axis of 
the crystal and the energy levels of Mn++ mix 
complicately with each other. These spectra are 
described by the spin Hamiltonian 


HA = 98H-S--DS2-+ E(S22 — S32) 
+AS- I+’. A?-S, 


where 1, 2 and 3 indicate the directions of the 
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M corresponds to Mn++ those Mn++-F~ direction is parallel to HW and M’ perpendicular 


to H. 


principal axes of the hyperfine tensor which agrees 
almost with the cubic axes of the crystal, and I” 
is the fluorine nuclear spin and A” the hyperfine 
interaction tensor between the manganese electro- 
nic spin and the fluorine nuclear spin. The shift 
due to this interaction is calculated by Tinkham2 
and it is 
4H=AsIz+AplI(8 cos? 9-1), 

where @¢ is the angle between the external magne- 
tic field and the o-bonding axis of Mnt++-F-. 

The spin Hamiltonian constants are given in 
Table I. Since the axes 2 and 3 are equivalent, 
the both signs of H are available. The moderate- 
ly large value of H suggests the existence of a 
vacancy located in the next nearest neighbor cation 


* The resonance of Mnt++- O-- in NaCl which 
was observed by Watkins!) as a weak absorption 
overlapped on that of the host crystal, was also 
observed in some crystal used in the present study. 
In this experiment, it was fairly strong and not 
overlapped on the resonance of the host crystal. 


Table I. Spin Pawitened constants of Mntt- 


i> in Nac 
g aP 9988-40. 0004 
D —449.9+1.0 gauss 
iH +69.9+1.0 gauss 
A ~89.2+1.0 gauss 
|As| 15.2+0.5 gauss 
|Ap| 2.9+0.5 gauss 


site of Mn++ and perpendicular to Mn++-F- direc- 
tion. As for the super-hyperfine constants As; and 
Ap, they are nearly equal to those of Mn**(F~)6, 
that are observed by Hayes et al®). for Mn++ in 
NaF or other crystals.2)—5) 

From the value of As, one can estimate that a 
o-bond of Mn++-F- pair has 0.45% 2s character, 
while Watkins’ estimated that there is 3.3% 3s 
character per one bond in a c-bond of Mn+*(Cl~). 
in sodium chloride. By subtracting the contribu- 
tion of the direct dipole-dipole interaction, 0.6 
gauss, from Ap, it may be concluded that 2po 
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character is about 2.4% at fluorine nucleus. The 
contribution is calculated standing on a_point- 
charge model and assuming the same separation of 
Mn++-F- distance to that of Nat-Cl~ in sodium 
chloride. 

Weak absorptions were overlapped upon the 
above mentioned spectrum, but the analysis were 
not possible. 

The author wishes to thank Mr. S. Ogawa for 
the valuable discussions and Mr. Y. Kazumata for 
the preparation of crystals and the assistance of 
the measurement. 
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Inverse Solution of the Thomas-Fermi 
Equation 


By Louis Gold 


Project Matterhorn, Princeton University, 
Princeton, New Jersey 


(Received July 23, 1958) 
(Revised manuscript received January 18, 1960) 


The computational tables for the Thomas-Fermi 
(TF) function have been incomplete in the sense 
that an inverse function has been lacking. Thus if 
it is desired to find an untabulated radial position, 
corresponding to a specified potential, interpolation 
may be required; or successive approximations may 
have to be carried out to attain the desired degree 
of accuracy. 

The present communication provides the inverse 
TF series solution with expressions for the first 
eight coefficients. It turns out that these coefficients 
become increasingly laborious to evaluate and that 
the series is rapidly convergent in the neighborhood 
of the atomic nucleus where the reduced potential 
g—>1. Unfortunately, the inverse series is not 
generally better adapted for the tabulation of TF 
functions. It may, therefore, find rather limited 
application—at least in its present form. 

It may be inferred that heretofore the inverse 
solution defied description since the reversion ap- 
proach conventionally employed for this purpose 
does not lend itself to a formal attack. The present 
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note concerns the derivation of the inverse TF series 
directly from the appropriate differential equation 
by a method first described for the characterization 
of inverse Bessel functions). 
For the ordinary TF equation 
ap 3/2 
dx? ail? 
it is well known2) that the solution for smaller 
values of a may be expressed as a series having 
the form 


b=1-+a2a -+asa9/2-bayr? -+asx5/2 +--+ 


(1) 


(2) 
were the customary statistical atom boundary con- 
ditions 

¢(O)=1, (3) 
preclude the possibility of a closed-form solution. 
The a; coefficients are merely numerical coefficients 
or functions of ds, @: itself being chosen to represent 
certain physical situations; in the instance of the 
free neutral atom) 


a@2= —1.58807102 . 


Now an inverse solution intrinsically of the form 
x=@(¢) may be posed as x=/f(¢) where it is con- 
venient to define ¢=1-—¢. Thus an indicial equa- 
tion 


¢'(0)=const=az 


v= f(b)= bi? beh + P-L DghY +20 + =hd. ( 4) 
must be employed in the inverse differential equa- 
tion to prescribe y and p. The inverse of Eq. (1) 
can be shown! to be 


SOLFO) P-A — o8LF7(¢)]8=0 


with the concomitant findings 


(5) 


Table I: The }b; Coefficients for the Inverse 
TF Function 
by ays — : : 
be 4/35,5/2 
bs 8/3b,4 


by (2/45)b,5/2(140b,8 — 9) 

bs (1/405)b,4(6400B,3 — 729) 

bs (1/1890)b,5/2(80,080b,8 — 12,852b,3 +81) 

by (1/17,010)b,4(2,007,040b,8 — 413, 280b,3-+ 9396) 

bs (1/4,592,700)b,5/2(1,551,950,400b,° — 389,188, 8005, 
-+16,249,896b,3-+18,225) 


Table II: Numerical 6; for the Free Neutral 
Atom (a2= —1.58807102) 
bg Numerical Value 
by .6296947601 
be -4195308818 
bs -4192654250 
bg . 3629742276 
bs - 3373440088 
be .3103877877 
by - 2895808212 
bs . 2719917768 
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dy aE ai | A * 
dx eee by r as Pet a we ake 
v=1, p=1/2 


Further details of the analysis are outlined in the 
Appendix whereby the 6; coefficients are evaluated 
(see Table I). Numerical computations have been 
performed for the indicated a2 value associated with 
the free neutral atom. The so-determined values 
of 6; are listed in Table II. 

The author is greatly indebted to Miss Virginia 
Johnson of the MIT Lincoln Laboratory for aid 


9 
p? 5 160102" — b1°=0 
3b, bob ee, 3 — 915d. =0 
19203 16 2 1°42 
45 57 
Cs by( Abs? bite bs) “bk 1602 0 - 
3/2: 


189 


05 
yg? : be -++24b1b3b5 +g bibebs + 


— 60b;4b3? — 27001722b3 — 


3/2: 45b1b4b5 + 35b1b3b6 -+ 18016267 -+ 
~ 150b;4b3bs — 
b - b13b2? — 27b1°b2 
ote: 2 by babe- + 3601b52 +-48b1b3b7-+ = bibabs canoe 


465 
F “76 025" =i 28b32bs T> 


2025 
Ca 900b;3bobsb4 = 1606,3b3? _ ag Orb a%be aa 


3645 
1 bykbube + 180b 40s" + 8100s8bstDa tg 


It is evidenced, then, that calculation of b; beyond 
bg becomes prohibitive. The solutions for be, b3,---, 
bg in terms of 6; are compiled in Table I. 
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bg babsds- ee 
315 219 
16 bob? -+- 36b2b3b5 -F BGG: 


729 
e b12b22b4 — 360012b2b3? — 405b12b2°b3 — ae 


315 
24615b7 — "on. ~ 180b4b3bs — 405b13b22b; — - iB 
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during the earlier stages of the calculations, and 
to Mrs. Joan Peskin of the Matterhorn Computer 


Group for painstaking review and finalizing of the 
manuscript. 


Appendix: Development of 6; Coefficients 


The ansatz for /(%) given by equation (4) into 
the inverse differential equation (5), after some 
manipulation, leads to relations delineating the b,. 
Thus equating the coefficients of the indicated terms 
below to zero provides the expressions 


me bi4b2? ~ 12615b3 -+ 36,8 =0 


3b1(3b2b3 -+ 5b3b4) -+ 7b2b32 -F ygbtben (15bitby- -++90b14b2bs - 2 4,902) -+-27b;5bo=0 


225 
= bby -++4b33 — 18015b; — ~g bitbabs 


— ee be -+ 360153 - 1 tbo? 3b,8=0 


b22bg-+19b32b4 — 1350, 4b2b5 — 21b15b6 
b1b25 --45b15b4-+ 27061 4b2b3 
477 409 297 

g Onbabs -F ~g bxbads plan 71 6 b22b; 
bitb22 
810012223? — 


ee babes b3 - — TS b- -+-54b15bs 


by2bo4 cee 360,5b3 a “ > by tby? --b,8 


N. Metropolis and E. Teller: pee Rev. 75 
(1949) 1561. S. Kobayashi, T. Matsukuma, S. 
Nagai and K. Umeda: J. Phys. Soc. Japan 10 
(1955) 759. 

J. Chem. Phys. 24 (1956) 280. 
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A Simple Model of Aqueous Solution of 
Strong Electrolyte 


By Takeshi SATOH 


Department of Physics, Defense Academy, 
Obaradai, Yokosuka 
(Received March 4, 1960) 


Bockris!) has suggested that the term hydration 
should be generally divided into two, primary and 
secondary sheaths. This suggestion corresponds to 
a structural interpretation presented by Frank and 
Wen»). They consider the structure modifications 
in which an ion is surrounded by three concentric 
regions—the innermost one of immobilization of 
water molecules, the second one of structure break- 
ing and the third one of structurally normal water. 
Of course, we could not fix the boundaries between 
the region of structure breaking and that of normal 
water. Accordingly we admit that there remains 
some degree of unavoidable ambiguity in the defi- 
nition of the secondary hydration region. On the 
basis of this background the author should like to 
offer a model of 1-1 electrolyte aqueous solution 
to be used throughout the whole concentration 
range. 

It is convenient to introduce necessary quantities. 
Let the primary hydration number surrounded by 
each kation and anion be designated as my*), ny(—-) 
and the average values of secondary hydration 
number surrounded by each kation and anion as 
nyo*), ny‘) respectively. Besides, we accept the 
assumption that dissociation into ions is almost 
complete even in concentrated range. 

Let us consider the system in every state cor- 
responding to varying concentration. In dilute 
range average distance between any pair of ions 
is fairly large, whilst it will decrease gradually 
with increasing of concentration. At last we come 
to a step where normal water can scarcely exist. 
On the way to this critical range secondary hydra- 


Fig. 1. A schematic explanation of model for 
electrolytic aqueous solution. A, primary hy- 
dration region; B, secondary hydration region; 
C, region of structurally normal water. 
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tion number ny“*) or nm“) will, of course, change 
complicatedly, particularly the more considerable 
the nearer to the critical range. 

But here we assume that we can neglect such 
change occured in hydration numbers. After con- 
centration continues further, it will be possible to 
notice that a solution in such a concentrated range 
is different from that in a dilute range. It is clear 
that water molecules are in extraordinary state; 
in other words the system might be regarded to be 
an ionic solution dissolved in apparently different 
solvent. 

Its characteristic nature might consist in quasi 
ionic lattice something like that of molten salts. 
These features are sketched in Fig. 1. 

As evidence of our model we can quote several 
experimental data including molecular refraction 
and chemical shift of proton in nuclear magnetic 
Here we will pick up an example of 
dielectric relaxation. Hasted et al.3) have shown 
that, as for an example of NaCl solution, relaxation 
wave length As changes linearly to concentration ¢ 
up to 1.5 mole/lit. But we assert that this linearlity 
should be also valid with a different slope in con- 
centrated range. Fig. 2 reproduces the result itsels 
obtained by them. We would like to point out that 
the characteristic value As, of water in structure- 
broken state can be determined as 15.9cm by ex- 
trapolation from concentrated range. It is shorter 
than that of normal water by about 10%. 


reasonance. 


oe 
Cc mole/\it. 


Fig. 2. Plot of relaxation wavelength Ay of NaCl 
solution versus concentration c¢. 


In a case of molecular refraction we can also 
find similar circumstances, characteristic molecular 
refraction R; of water in structure-broken state 
being determined likewise. If we adopt convention- 
al relationship that polarizability is proportional to 
molecular refraction, polarizability a, correspond- 
ing to uncommon water molecule can be obtained. 
As for KBr solution its value is 1.426 A3, which is 
smaller compared with the value 1.468 A’ of normal 
water. 


We can also estimate reasonable over-all second- 
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ary hydration number, nyy{+)--ny(-). A fuller ac- 
count giving the details of these analysis is being 
prepared for submission to elsewhere. 

A kernal of our model is considered to consist 
in the existence of critical concentration which can 
be estimated to locate in almost 1.5~2.0 mole/lit. 
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Correction to the Paper “ Two-dimensional 
Flow of an Ideal Gas with Small 
Electric Conductivity past 
a Thin Profile ” 


By Takeo SAKURAI 


Department of Aeronautical Engineering, 
Faculty of Engineering, 
Kyoto University 
(Received March 28, 1960) 


Recently, the author published a paper on the 
two-dimensional flow of an ideal gas with small 
electric conductivity past a thin profile. Soon after 
the publication of the paper, the author received 
a kind letter from Mr. S. Ando. He suggested in 
the letter that the forward wake in the subsonic 
case (Fig. 2*) will appear in the direction 


= ! ee 
6=x+a/d a Vi- Me 
contrary to the author’s previous result 
Z 
= eet Se 49 
6=nr+tad a Vin, * + Moy 1— M,2 } (49) 


He also pointed out that the results in the super- 
sonic case have an extra factor 1/)/ 2, in the limit 
of the ordinary gasdynamical case. The author 
reexamined the previous results and found out 
some errors, which are corrected in this note. 

First, the forward wake in the subsonic case will 
appear in the direction 


— if ee 49! 
ee * : Y1— Mo Sade 
as Ando pointed out. (Fig. 2’) This is readily 


shown if one minimizes the expression in the 
parenthesis of Eq. (48), in which all the terms of 
order 62 should be neglected. The procedure is 


* The equations and the figures corresponding 
to those in the previous paper are distinguished 
by primes in this note. 
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consistent with the approximation applied to deduce 
Eqs. (39) and (40). 

Secondly, the extra factor 1/2 is found to 
come from erroneous application of Riemann’s 
method of integration in the previous paper. As 
is well known, the boundary curve of the region 
of integration must not cross a characteristic curve 
more than once. The boundary curve in Fig. 3 
clearly violates the condition. The region in which 
Riemann’s method of integration is performed 
must, therefore, be corrected as shown in Fig. 3’. 
Eq. (69) must, also, be corrected as follows 


En, pA) 


aA Tage 
a Pn I V (Em —b2— i) dé 


Lr Nv gists wt obo¢ 
2 \, Fer OG a Gia ) ae 
(697) 
vA 
Uo 
ee 
=% 
eee. 
i 
ign 2's 


Fig. 3’. 
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where the extra factors 1/;/ 2 disappear because 
of the fact that the length scale in the (y, v)-plane 
is just 2 times as large as that of the (, 7)- 
plane and cancels out the extra factors. In the 
above, ¢, will be eliminated by use of the bound- 
ary condition on the surface of the profile (Eq. (72)), 
and the velocity potential on the profile is 
determined by the boundary condition ¢=0 on the 
characteristic curve CD emanating from the lead- 
ing edge of the profile: 


E 
$(P)hn-0= — |" dé 


where only the quantities of the lowest orders with 
respect to L, K and K®6 are retained. The re- 
maining procedure of determining the velocity po- 
tential, the velocity distribution over the profile 
and so on are similar to those in the previous 


paper. Thus we have the results: 
u=—agemy | eel Full a 
lex Y Me—1 ne . B (g) 
ia (74) 
i sc bo dé 
— | 
afalao 2K fs® ~ ; 
Gi MMe Wn er ie i + Ko fz(é) (75’) 
Z 1 : 
Co= Fapenz |_, (falta | 
ee (76') 
(1 
Cr=-2tK8\ fu dt 
Cpe! 


Concluding the note, the author wishes to ex- 
press his cordial thanks to Mr. Sigenori Ando for 
his kind information of the faults in the author’s 
previous paper. 
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The Magnetic Properties of Mn-Sn—C 
Alloys 


By Mitsuru ASANUMA 


Department of Physics, Faculty of Science, 
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(Received February 18, 1960) 


It is known that the sign of exchange interaction 
of manganese atoms in various alloys of manganese 
can be both positive and negative. The sign is 
believed to be controlled by the mutual distance 
of manganese atoms and also by the kinds of inter- 
vening atoms. 

Guillaud) has discussed the magnetic interaction 
of a number of manganese compounds, i.e. Mn,Sb, 
Mn;As, Mn,N, MnBi, etc., and suggested that the 
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lower limit of the distance between manganese 
atoms which will give a positive exchange inter- 
action is about 2.81 A. : 

Mn,C2) and Mn,M2) have been known as the mag- 
netic manganese compounds with a simple crystal 
structure. Although Mn,C is stable only at high 
temperatures, the double carbides of manganese 
and one of the elements of IIB, IIIB, and IVB in 
the periodic table have the same crystal structure 
as Mn.C and Mn,N, i.e., pervskite type structure, 
and are stable even at lower temperatures#. In 
this case, the lattice parameter can be controlled 
by the addition of different amount of the elements 
of IIB, IIIB, and IVB. In view of this consider- 
ation, a number of compounds of Mn-Sn-C series 
was studied. 

The specimens were prepared by heating the 
mixture of manganese, tin and graphite in a evacu- 
ated silica tube at 1100°C for a day and then an- 
nealing it at 900°C for two days. The experimental 
results are shown in the Table and Figs. 1 and 2. 


Table 

Lattice Magneti- 
Composition Para= ae zation/ 5 UrTe 

meter ahi mol “mp 
Mn3.15Sno gC 3.967A 2.805A 1.90u—R 385°K 
Mng.25Sno.7C 3.961A 2.800A 1.80ug 434°K 
Mnsz.32Smp gC 3.955A 2.796A 1.75yp 520°K 
Mong. sSnpeoC 31947A  2.791A >) 1. 70pp > -570°K 
Mns 50SMo.50C 3.941A 2.786A 1.65un 592°K 
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Fig. 1. The dependence of saturation magnetiza- 
tion and lattice parameter on manganese con- 
tents. 
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Butters and Myers») have suggested from the X- 
ray experiment that in the composition Mn3;,7X;_2C, 
three manganese atoms occupy the face-centered 
positions, and the excess 4 manganese atoms occupy 
the positions of the cube corners of the pervskite 
unit cell. Here X is metalloid element. 

The relation of magnetization to composition sug- 
gests that the magnetic momont of manganese 
atom at the cube corner should be antiparallel to 
that at the face-centered position, the value of 
magnetic moment per manganese atom at cube 
corner should be 0.855 which is estimated by the 
gradient of the curve in Fig. 1, and that at face- 
centered position should be 0.743, which is obtained 
by extrapolating the curve in Fig. 1 to the com- 
position of MnzSnC. The Curie temperature in- 
creases with the decrease of lattice parameter as 
shown in the table, and this fact means that the 
coupling of magnetic moment increases with the 
decreases of Mn—Mn distance. 

In order to ensure the ferrimagnetic behavior of 
crystal, it is necessary to measure the magnetic 
susceptibility above the Curie temperature. The 
dependence of the inverse of magnetic susceptibility 
per mol of Mngz ;;Sno.g;C on temperature is concave 
against the temperature axis as shown in Fig. 2 (a). 


<P Se 
O 100 200 300 400 500 600 700 800 900 1000 


Fig. 2. The dependence of the inverse of mag- 
netic susceptibility per mol on temperature. 


When the experimental result is analysed by Néel’s 
equations®, the asymptote of experimental curve 
is obtained as in Fig. 2(b), and the Curie constant 
and the asymptotic Curie point are estimated as 
Cno1 = 11.0, 9=—121. From the Curie constant 
Cmot, the effective Bohr magneton per manganese 
atom Perr is calculated as Perr=2.97. Assuming 
the quenching of the orbital magnetic moment, this 
value corresponds to S=2.1/2 on the average in 
crystal, and does not agree with the spin value 
expected from the measurement of saturation mag- 
netization. This discrepancy is not explained at 


present. 
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Conductivity Induced by Injected Electrons 
in Liquid Dielectrics 


By Pyong-un CHONG, Tomihiko SUGIMOTO 
and Yoshio INUISHI 


Department of Electrical Engineering, College 
of Engineering, Osaka Uniuersity — 


(Received April 1, 1960) 


In the electric conduction and breakdown in 
liquid dielectrics drift mobility and ionization by 
collision may play an important réle. Recently H. 
LeBlanc has reported on the “electron” drift 
mobility!) in n-Hexane at lower electric fields. 
We have been investigating on the behaviours of 
electrons and ions in liquid dielectrics at higher 
electric fields. Here some of our results on drift 
mobility measurement in n-Hexane and Benzene 
will be mentioned. 


+D.C. High Voltage 


aa Pre amp H+1Synchroscopa 


Fig. 1. Experimental arrangement. 

The experimental methods, as shown in Bigeadl, 
were almost similar to those adopted in the inves- 
tigations of gaseous discharges?). Light pulse of 
about 4p sec duration, which was generated by 
discharging the air gap, injects photoelectrons into 
liguid dielectrics from the magnesium cathode. 
These initial electrons induce electric current under 
D.C. field application by drifting towards the 
anode as free electrons or as nagative ions. For 
the experimental convenience, charging method 
was adopted for induced current observation. 

Fig. 2 (a) shows a typical wave form of induced 
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charge signal on input stray capacitance by photo- 
induced current in n-Hexane. The slope of charge 
signal was constant upto the saturation value under 
a given D.C. field and electrode separation. This 
fact shows that the injected electrons or negative 
ions have a constant velocity across the gap. From 
thus obtained transit time, denoted by c in Fig. 2 
(a), we can calculate the drift mobility of negative 
charge carriers in pure n-Hexane, which was about 
0.85x 10-3 cm2/volts sec as shown in Fig. 3. It 
should be noticed that the drift mobility does not 
depend on the applied electric field nor gap distance 
in this range of the experiments. By adding 1% 
Ethyl Alcohol to n-Hexane somewhat different 
charge signal was observed. As shown in Fig. 2 
(b), the charge signal, in this case did not show 
such a sharp knee as in pure n-Hexane and the 
transit time was about two times longer than in 


Fig. 2. Induced change signals in (a) n-Hexane 
and (b) n-Hexane with 1% Ethyl Alcohol. 
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pure n-Hexane at the same condition. In Benzene 
the value of the drift mobility obtained by the 
same procedure was about 0.42 10-3 cm?/volts sec 
independent of the field and gap distance. 


3 x d=0.35mm 
x10 20°C * 0,50 
1.0 Gs. 55.0,60 
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Fig. 3. Drift mobility in n-Hexane and n-Hexane 
with 1% Ethyl Alcohol. 


At this stage of the experiments whether the 
drift mobility obtained here is that of electrons as 
was suggested by H. LeBlanc!) or that of negative 
ions?) can not be determined conclusively. Judging 
from the order of the mobility and the magnitudes 
of the viscosity of n-Hexane (3.04x10-3 poise) and 
Benzene (6.0010~-% poise), it is not so unreasonable 
to take it as that of negative ions formed by 
electron attachments. 

We are now proceeding our experiments at 
higher electric fields upto breakdown and trying 
to find the field dependency of the drift mobility of 
injected electrons and the existence of charge 
multiplication in liquid dielectrics. The authors 
wish to express their sincere thanks to Professor 
T. Suita for his guidance and encouragements. 
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Errata 
Magnetic Hyperfine Spectrum of H.CO by a Maser 
By Hiroshi TAKUMA, Tadao SHIMIZU and Koichi SHIMODA 
J. Phys. Soc. Japan 14 (1959) 1595 
Page Column Line 
1596 Eq. (4) H= dD [+--+ ]+---: should read H=— Si[---]+--- 
7 b(=--- should read b=--- 
3 from the bottom term should read part. 
1597 1 term should read part. 
Eq. (5) H= dX AxglxgJg—--- should read H=— x Axglg]ot +: 
K=1,2 g=2,y,z K=1,2 g=2,9,2 
t oe 
excan ae should read [geety—---| 
Eqs. (7 and 8) H=)>)--- should read H=—)»>.--- 
Eq. (4) Eq. (4) should read Eq. (9). 
1 to 3 from the bottom These equations should be denoted as Eq. (10). 
Eqs. (9 and 10) The sign of the right hand side should be reversed. 
1598 Left Fig. 3 The sign of the co-ordinate should be reversed. 
1599 «Left 12 Fig. 4 should read Fig. 3. 
lerelorand 6 Mvo—Ave should read 4v4—4y2, and 
4v4—Av3 should read 4v3—Av4. 
AX AY AX ANG 
= — = dA = — — 
21 Avy +1 AI+1)* AT+1\I+3) should rea Vo +1 AT +1) AT+1)(2S-+3) 
AX AX 
cate at an Ul th OT Raper lasts 
22 Avg a(t) * should read 4yz I+ ie 
AX AX 
23; ci fe Ga should read Ws leaps 
14 from the bottom <Jy2>=35(J+1)—K—C,; should read 
<Jy2>=3{ JJ+1)—K—Ci}- 
Right 11 Ay, —Av3 should read 4y3—4y,. 
12 Av3— Ave should read Avg— Avg. 


Angular Dependencies of Efficiencies for Sodium-Iodide Crystals 


By Tadayoshi DokE, Atsushi NAKAMOTO, Yasukiyo TAKAMI, 
Manabu HATTORI and Shinji OKANO 


J. Phys. Soc. Japan 15 (1960) 737-738 


The authors’ name “Shinji OKANO” should be read “Masaharu OKANO”. 
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Errata 


Theory of the Nuclear Magnetic Resonance of Co** in CoO 


By Kazuko MOTIZUKI 
J. Phys. Soc. Japan 15 (1960) 888 


In the paper titled as above the author took wrong relative signs for the two types of the hyperfine 
field in Cot++, one the hyperfine field arising from the residual orbital moment and spin dipole moment, 
Hi+Ha, and the other the Fermi type hyperfine field, Hy. The former should be parallel to the mag- 
netic moment of the ion, i.e., antiparallel to the angular momentum vector (spin and orbital), whereas 
the author took the reverse. The latter is antiparallel to the magnetic moment of the ion. Therefore, 
these two fields subtract each other instead of that they add. Since all the calculations given in this 
paper refer to the plus spin sub-lattice, the sign of H;+Ha has to be reversed. The frequency of the 
central line comes out to be 490 Mc, instead of 1028 Mc as given by Eq. (2.14). Further, the calculated 
line width becomes 0.017 Mc, instead of 0.115 Mc. Other modifications are as follows: : 


Sign should be reversed in the right-hand sides of (2.7), (2.8), (2.10), (3.5), and the first 
three lines of (4.9). 


In the right-hand side of (2.12), 10.29 should be read —4.91. 
(2.14) should be yy=490 Mc. 
6th line from the bottom on p. 893, left, is read 
—10.13 Mc, —0.0255 Mc, and +0.0020 Mc, re- 
2nd line from the bottom on p. 893, left, is read 
which is +0.0704 Mc, etc. 
On p. 895, correct numerical values are: 
@n.n, =+3.689 X 10-8 x --- | 
@n.n.n. = +6.969X 10-6 --- 
@n.n.=+.0.25 oe, Q@n.n.n.=+1.48 oe 
VY <(hidw)>>ay =8.53 oe 
8.53xX2=17.060e or 0.017 Mc (below (5.11)) 


There are typographical errors: 


p. 891, (3.4): — a2kg’ instead of atke 


p. 893, top line, middle: x10-8 instead of x 10-2 
p. 894, (5.1): dmx Instead of Px 
p 


. 895, (5.5), after the second double summation: #3 is to be eliminated 
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